Section 7.6

Double-angle and Half-angle
Formulas

PEARSON
e —



THEOREM

Double-angle Formulas

sin(26) = 2sin @ cos 6
cos(26) = cos” f — sin®f
cos(20) = 1 — 2sin” 6
cos(20) = 2cos* 6 — 1
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1 Use Double-angle Formulas to Find Exact Values
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[ EXAMPLE ] Finding Exact Values Using the Double-angle Formulas

If cos@ = —%,72' <@< 37” find the exact value of:

() sin(20) (b) cos(26) y =57 _2% = J21
(@) sin26 =2sin@cos = ZK—EJ(_EJ :4_\/Z
S 5 25
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(b) cos26 =cos’ & —sin® @
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2 Use Double-angle Formulas to Establish Identities
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( EXAMPLE | Establishing Identities

(a) Develop a formula for tan(26) in terms of tan 6.

(b) Develop a formula for sin(36) in terms of sin 6 and cos 6.

(a) In the sum formula for tan(a + B),leta = B = 6.

tan  + tan 3 tan 0 + tan 6

(a+ B) I —tanatan B tan(6 + 6) 1 —tanftan 6
2tan 60
tan(260) =
(26) 1 — tan’ 6

(b) To get a formula for sin(36), we write 360 as 20 + 6 and use the sum formula.
sin(36) = sin(20 + 6) = sin(260) cos # + cos(26) sin 6
= (2 sin 0 cos 0)(cos @) + (cos* @ — sin” #)(sin 0)
= 2sin 0 cos” 0 + sin @ cos” § — sin’

= 3 sin 0 cos* O — sin> 0
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cos(20) =1 — 2sin” 6

cos(26) = 2 cos* 0 — 1

1 — cos(26)

1 — cos(20)

sin® 2

tan’ 0 = =
. cosZ 0 1 + cos(20)

2

<D _
sin” 6 ;
1 + 26
cos’ 0 = cos(26)
2
2 1 — cos(26)
1 + cos(26)
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(_ EXAMPLE | Establishing an Identity

Write an equivalent expression for cos* # that does not involve any powers of sine
or cosine greater than 1.

1 + cos(260)\2 1
cos* 0 = (cos’ 9)2 = ( 5 ( )) = 1[1 + 2 cos(20) + cos*(20)]

1 1 1 I 1 1 (1 + cos|2(26
=1 -+ 5005(29) + —cos’(20 = — + —cos(20) + 4{ [2( ”}

4 4 2 2
1 1 1 3 1 1
213 cos(260) + 8[1 + cos(46) ] g T3 cos(26) 2 cos(40)
I + cos(20
cos® f = 5 (26)
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[ EXAMPLE ] Solving a Trigonometric Equation Using Identities

Solve the equation: cos28cosé@—sin20sin 6 = %

€0S 26 c0s @ —sin 26sin & = cos (20 +0) = cos 30 =

NI, N|-

c0s 260 cosH —sin 20sin @ = cos(29+6’) —c0s36 =

39:%+2k7z or 3«9:2?77+2k7z

cos(a + B) = cos acos B — sin «a sin B
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( EXAMPLE | Projectile Motion

An object is propelled upward at an angle 6 to the horizontal with an initial velocity
of v, feet per second. See Figure 28. If air resistance is ignored, the range R, the
horizontal distance that the object travels, 1s given by

1
R = —vjsin 6 cos 0

16
1 P i """. -
(a) Show that R = 0 —j sin(26). f\ .
0\
(b) Find the angle # for which R is a maximum. < | P é
1 1 ,2sin6cos 8 1
R(6O — 7 sin 6 cos 6 = o — 5 sin(26

Since the largest value of a sine function 1s 1, occurring when the argument 26 1s
90°, 1t follows that for maximum R we must have

260 = 90°
0 = 45°

An inclination to the horizontal of 45° results in the maximum range.
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3 Use Half-angle Formulas to Find Exact Values
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20 I — cos a o2 — I + cos a (a2 & — I — cos a
2 2 2 2 2 1 + cos «
THEOREM
Half-angle Formulas
o« N .3'1 — COS «
Sin — =
2 \ 2
x i ,f 1 + cos «
COS — = |
2 \ 2
t v 1 — COS «
Al — —
) \ 1 + cos a
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[ EXAMPLE ] Finding Exact Values Using Half-angle Formulas

Use a Half-angle Formula to find the exact value of:

(@) sin22.5° (b) co™
12
]__Q 9 \/E
(@) sin22.5°=sin 450:\/1_(:05450 = 2 :\/_—
2 2 2 4
o-2
7 \/1+cos 2
(b) cos>Z =cos-0 -
2 2
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[ EXAMPLE ] Finding Exact Values Using Half-angle Formulas

If cosa = —% % a < 7, find the exact value of:

@ sin% _ \/1 CoS 1—(—2) 3 3 15
2 5 J5 5
2
(b) COS— \/1+ COS 1-|— —3_;) - g _ \/E _ \/E
2 = > 5 J5 5
sin o 15
(C) tan__ 2_ 5 _\/1_5_ 150_5\/6_\/6
5 = — — — — —
COS — v10 V10 10 10 2
5
7T 94 JC a . .
—<a<m, S0 —<—<— S0 — IS In quadrant |
4 2 CZ 2
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Half-angle Formulas for tan %

tan — =
2

1 — cos «

SIN &

SIN «

1 4+ cos «
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