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SPECIAL SMARANDACHE CURVES IN R}

NURTEN (BAYRAK) GURSES, OZCAN BEKTAS, AND SALIM YUCE

ABSTRACT. In this study, we determine TIN-Smarandache curves whose posi-
tion vector is composed by Frenet frame vectors of another regular curve in
Minkowski 3-space ]R:I’. Then, we present some characterisations of Smaran-
dache curves and calculate Frenet invariants of these curves. Moreover, we
classify TN, TB,NB and TNB-Smarandache curves of a regular curve para-
metrized by arc length o by presenting a brief table with respect to the causal
character of a. Also, we will give some examples related to results.

1. INTRODUCTION

In differential geometry, there are many important consequences and properties
of curves studied by some authors [1, 2, 3]. Researchers always introduce some
new curves by using the existing studies. Special Smarandache curves are one of
them. Smarandache curve is defined as a regular curve whose position vector is
composed by Frenet frame vectors of another regular curve in Minkowski spacetime
in [4]. Special Smarandache curves have been studied by some authors [4, 5, 6].
M. Turgut and S. Yilmaz have identified a special case of such curves and called
them TBz-Smarandache curves in the space R} [4]. They have dealt with a special
Smarandache curve which is defined by the tangent and second binormal vector
fields. Besides, they have computed formulae of this kind of curves by the method
expressed in [4]. A. T. Ali has introduced some special Smarandache curves in
the Euclidean space [5]. Special Smarandache curves such as TNy, TNg, NNy
and TN;Ns-Smarandache curves according to Bishop frame in Euclidean 3-space
have been investigated by Cetin and Tuncer [6]. Furthermore, they have studied
differential geometric properties of these special curves and they have calculated
the first and second curvature (natural curvatures) of these curves. Also, they have
found the centres of the curvature spheres and osculating spheres of Smarandache
curves.
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In addition, special Smarandache curves according to Darboux frame in FEuclid-
ean 3-space have been introduced in [7]. They have investigated special Smaran-
dache curves such as Tg, Tn, gn and Tgn-Smarandache curves. Furthermore, they
have found some properties of these special curves and calculated normal curvature,
geodesic curvature and geodesic torsion of these curves.

In this study, we firstly mention the fundamental properties and Frenet invari-
ants of curves in R. Then, we give the definition of TN, TB,NB and TNB-
Smarandache curves of a regular curve parametrized by arc length o in R3. In
sections 2-4, we investigate and calculate Frenet invariants of TN-Smarandache
curves of a timelike, spacelike and null curves in R$. In section 5, we obtain the
characterisations of TN, TB, NB and TNB-Smarandache curves of a regular curve
parametrized by arc length « by presenting a brief table. We classify general results
of these Smarandache curves with respect to the causal character of a. Also, we
present some examples.

2. PRELIMINARIES

The Minkowski 3-space R$ is the real vector space provided with the standard
flat metric given by

<, >= —da? + dxi + da?,

where (z1,22,73) is a rectangular coordinate system of R$. An arbitrary vector
v = (v1,v2,v3) in R} can have one of three Lorentzian causal characters; it can be
spacelike if (v,v) > 0 or v = 0, timelike if (v,v) < 0 and null (lightlike) if (v,v) =
0 and v # 0. Similarly, an arbitrary curve « = «(s) can be locally spacelike,
timelike or null (lightlike) if all of its velocity vectors o’ (s) are spacelike, timelike
or null (lightlike), respectively. We say that a timelike vector is future pointing or
past pointing if the first component of the vector is positive or negative, respectively.
Also, the vector product of any vectors x = (21, x2,23) and y = (y1,y2,y3) in R is
defined by

€1 —€g —€3
XXy=|21 X2 T3 = (Z2ys — 3Y2, T1Y3 — T3Y1, T2Y1 — T1Y2),
Y1 Y2 Y3
where
€1 X eg = —e€3, €2 X €3 =¢€1, €3 X €1 = —€9.

Let a = a (s) be aregular curve parametrized by arc length in R and {T,N, B, k, 7}
be its Frenet invariants, where {T,N,B}, s and 7 are moving Frenet frame, cur-
vature and torsion of « (s), respectively. The Frenet formulae of a = a/(s) are
described with respect to the causal character of o/ (s). For an arbitrary timelike
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curve « (s) in the Minkowski space R3, the following Frenet formulae are given as
follows ([8]):

T = kN
N'=kT+7B (2.1)
B'= —7N,
where (T, T) = -1, (N,N) = (B,B) = 1, (T,N) = (T,B) = (N,B) = 0.
Then, we write Frenet invariants in this way: T(s) = o/(s), k(s) = ||T/(s)]],

N(s) = T'(s)/k(s), B(s) = T(s) x N(s) and 7(s) = (N(s)’, B(s)).
For an arbitrary spacelike curve « (s) in the space R, the Frenet formulae are
given as below ([8]):

T = kN
N'=—exT+7B (2.2)
B'= 7N,

where ¢ = +1. If ¢ = 1, then a(s) is a spacelike curve with spacelike principal
normal N and timelike binormal B. Also, (T, T) = (N,N) =1,(B,B) = —1 and
(T,N) = (T,B) = (N,B) = 0. If e = —1, then «a(s) is a spacelike curve with
timelike principal normal N and spacelike binormal B. Besides, (T, T) = (B,B) =
1,(N,N) = —1 and (T,N) = (T,B) = (N,B) = 0. We define Frenet invariants
for spacelike curves in this way: T(s) = o/(s), k(s) = /e < T'(s), T'(s) >,N(s) =
T'(s)/k(s), B(s) = T(s) x N(s) and 7(s) = —e < N'(s),B(s) >.

In addition, the Frenet formulae for a null curve parametrized by distinguished
parameter « (s) in R}, are given as follows:

T = kB
N'=—-B (2.3)
B'= —7T+kN,

where (T, T) = (N,N) = (T,B) = (N,B) = 0,(B,B) =1, (T,N) = 1 and
TxB=-T,TxN=-B,B xN = —N. In this state, T and N are null vectors
and B is a spacelike vector. We describe Frenet invariants T(s) = o/(s), x(s) =
IT"(s)||, N(s) = ((1/£)(7T + (1/5)"T" + (1/5)T"))(s5), B(s) = ((1/%)T")(s) and
7(s) =(1/2)[(1/&2)T"[[* = ((1/)")*K](s) ([9])-

Definition 2.1 ([4]). Let a = a(s) be a regular curve parametrized by arc length in

R$ with its Frenet frame {T,N,B}. Then, TN, TB,NB and TNB-Smarandache
curves of a are defined, respectively, as follows:

Bry = % (T+N),
Bre = % (T +B),

1

Bnp = \/§(N+B)7
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1
ﬁTNB:ﬁ(T+N+B)-

In the following sections, we investigate special TN-Smarandache curves for a
given regular curve a in R}. We consider Frenet invariants {T,N, B, k,7} and
{T*,N*,B*, k*, 7*} for o and its TN-Smarandache curve S, respectively.

3. TN-SMARANDACHE CURVES OF A TIMELIKE CURVE IN R}

Definition 3.1. Let the curve a = «(s) be a timelike curve parametrized by arc
length in R3. Then, TN-Smarandache curves of o can be determined by the Frenet

vectors of a such as:
1

BTN:E

where T is timelike, N and B are spacelike.

(T+N), (3.1)

Let us investigate the causal character of TN-Smarandache curve S, . By dif-
ferentiating Equation (3.1) with respect to s and using Equation (2.1), we get

¢ _dBpy 1
Bry = is 5 (kT + kN +7B), (3.2)
and
’ ’ T2
<5TNaﬁTN> = o

Therefore, there are two possibilities for the causal character of S, under the

conditions 7 # 0 and 7 = 0. Because of the fact that T—; # 1 for at least one 7 € R,
we know that s is not arc-length of 81, . Assume that s* is arc-length of By

Case 3.1. If 7 # 0, then TN-Smarandache curve By is a spacelike curve.

If we rearrange Equation (3.2), we obtain the tangent vector of 8,5 as below:

1
T = — (kT + kN +7B), (3.3)

il

where
ds* 7]

ds /2

i) Let By be a spacelike curve with timelike binormal.

(3.4)

If we differentiate Equation (3.3) with respect to s, we obtain

(VTN T4B), (3.5)
where
I'y = —Kk T — K27
Iy = k27— KT + 7 T

/ 2
I's = k17 —7'°.
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Substituting Equation (3.4) with Equation (3.5), we gain

. 2
T = |\7£| (1 T+T5N + TsB) .
According to the definition of the Frenet invariants of a spacelike curve with timelike
binormal, we can calculate the curvature and principal normal vector fields of 515
such as:

)
and

1
N‘=—— — (T)T+I,N+T3B),

/-T3+4T3 4+ 1'%

respectively. Furthermore, we have

T —-N -B
* * * 1
B =T"xN" = K K T
IT|v/—T3+13 + T3
r, Ty T4

Based upon this calculation, the binormal vector of B is

B* i T+pN + 113B)

_ 1 (
7|/ —T3+13 + T3

where

M1 = /€F3 — TFQ

Mo = —71I'1+kI3

ps = —kl's + KI'1.

So, the torsion of B,y is given as below:

—AD3 o+ (g + pg7) = T3(rTspay + T + p1oT)

—ol's(Ps(kpy — pa7) + psl'a + pol's)

*Fg(TFZin + Hll—‘; + Hsré) =+ F% (TDspg + Ta(kpy — pa7) — HzF/z - ,“31—‘;)
o ATa(sT3ps + Do (usTy + 13T + Ta(5apsy + 1171 + 11 T's))
7| (-T%+ T3 +1%)>

ii) Let Sy be a spacelike curve with timelike principal normal, then the
Frenet invariants of S, are given as below:
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1
™ = H(KT—&—/{N—&—TB),
T
. 1
N = W(F1T+F2N+F3B),
1
B* = T+p,N + p3B),
ENGE T ER (11 Tt p1g 13B)
2
K = |‘TC)| (—T2+4T3% +12),

HF?Mz"'Fg (Kpy — paT) + F%(TFBNQ + MlFll + HQF;)
T2l (T (kg — p7) / )
+usls + poI's) + Fg(TF?nuz +pa T — M/BFB) ,
T3 (—Tspy + F2(7"‘9ﬂ1 *IFL:')T) + ppl's — N3F3,)* ,
. Ty(kT3 g + Ta(pal'y + py T + Ts(kT sy + p1301 + 11, Ts))
71 (=TT + T3 +13)° '

Case 3.2. If 7 =0, then TN-Smarandache curve Brpy s a null curve.

If we differentiate Equation (3.1) with respect to s, the tangent vector of S,

can be written namely:
. 1 ds

T V2ds

By differentiating Equation (3.6), we obtain

#(T 4+ N). (3.6)

. 1
T* = —_T*(T + N),
AL (T+N)

. d*s ds \? , 9
r _<ds*2/{+(d8*> (/4: +I€) .

From the calculations of Frenet invariants of a null curve, we find that the curvature
k* of By is equal to zero. So, there is no calculation for N* and B* in this case.

where

4. TN-SMARANDACHE CURVES OF A SPACELIKE CURVE IN R}
4.1. TN-Smarandache curves of a spacelike curve with timelike binormal.

Definition 4.1. Let the curve o = a(s) be a spacelike curve parametrized by arc
length with timelike binormal in R3. Then, TIN-Smarandache curves of a can be
defined by the frame vectors of o such as:

Brn = % (T+N), (4.1)

where B is timelike, N and T are spacelike.
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Let us analyze the causal character of ;. By differentiating Equation (4.1)
with respect to s, we have

/ 1
= —(—kT+ &N+ 71B),
BTN \/5 ( )

and , ,

/ / 2k° — T

(B Brw) = =

In this situation, there are three possibilities for the causal character of S, under
the circumstances 2x? — 72 < 0, 22 — 72 > 0 and v/2|k| = |7|. Because of the fact

that # # 1 for at least one k or 7, we know that s is not arc-length of Spy .
Suppose that s* is arc-length of Sr -

Case 4.1. If 2% — 72 < 0, then TN-Smarandache curve Bpy is a timelike curve.

If we differentiate Equation (4.1) with respect to s, we obtain the tangent vector
of Brn as given below:

1
T = (—xT+&N+7B), (4.2)

VI2k2 — 72|

ds* |22 — 72
=z v 1 4.
7 7 (4.3)

By differentiating Equation (4.2) with respect to s, we have
dT* ds* 1
@ (A T+AsN+A;B), (4.4)
ds* ds 2 23
|22 — 72

where

where
Ay = —4r%K + 2677 — 267 — 72| (K2 4 K)
Ao = 4Kk — 2677 — |26 — 72| (K2 + K +72)
As = 4kk'T — 2727 — 267 — 72| (kT + 7).

Substituting Equation (4.3) with Equation (4.4), we gain

. 2

By using the definition of Frenet invariants of a timelike curve, the curvature and
principal normal vector fields of 8, are
V2

— (AT A3 - A

" H (262 — 12)2

and .
N = ——————= (A{T+A3N + A3B),

VAT AL A2
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respectively. Additionally, we gain

T -N -B
V1262 — 72\ /A? + A2 — A2
A Ay Ay
From this calculation, the binormal vector of B1 is
\ V2
B" = (m T+n,N + n3B),

where

V1262 = 72VAT + A3 - A3

m = F&Ag — TA2
n, = —kAz —TA;
n3 = k(A1 + Ag).

So, the torsion of B, is given by:

*
T

—RAS NS (k1 + 157) = AZ(TA0, + 01 Ay + 0505 — 305A3)

+A2 Az(Az(kmy +n37) — 2m3A5 — 275 A%)

—A3(rAgy + 1 Ay = nghh + 20505) + AT (TAs,

FA2(—Kny +137) + 0oy + 11 A7)

+A1 (kA3 — kAR, + 20yA) + 2Mamy 1y — As(ns Ay + 2, Ay))
22 2 (A5 A3 A2

Case 4.2. If2k? — 72 > 0, then TN-Smarandache curve B is a spacelike curve.

i) Let By be a spacelike curve with timelike binormal, then the Frenet in-

ii)

variants of Op are given as below:

T = ﬁ (—K/T + kN + TB),
]N->k - \/ﬁ (A1T+A2N + A3B),
B* - (m T+n,N + n3B),

T VR o2\ /AT A-A]
K= ﬁ\/ (AT + A3 —A3),
— A+ AS (=R + 137) — A%(TA3772 + 1A+ n2Ay — 3n3A3)
+A2 Az(As(kny +n37) — 2030y — 2myA%)—
A3(rAsn, +m Ay — 773A§,I + 2772/\//2) + A3 (TA3n,
+A2(—rny +n57) +n2Ag + ,771A1) , ) /
S +A1 (A3, — KAZN, + 200 A1 + 2A97 75 — Az(n3Ay + 27, A3))
[262 —72|(A3+AZ—AZ)2
Let Brn be a spacelike curve with timelike principal normal, then the
Frenet invariants of S, are namely:
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’:[H< = ﬁ (—KT + /QN + TB),
N* = \/ﬁ (A1T+A2N + ABB),
B* = 2 (mT+n,N +n;B),

V2RT —72\/—AZ—A3+A3
K = gl (-AT — A3+ A3),
—KAT N2+ A3 (=K +n3T) — A%(TA?)WQ + 1Ay 4+ naAg — 3n3As)
+A2 Ag(As(kmy + nsT) — 2n5Ay — 2nyA5)—
A3(rAsny +m A} — 773A3 + 2772A2> + A3 (TA3m,
Ao (—kny +7m37) + 0oy + 771A ) ) / )
o +A1 (kA3n, — KAZN, + 205 A1 + 289715 — As(3A] + 2, A3))
- 262 —72|(A3+A3—AZ)2
Case 4.3. If V2|k| = |7|, then TN-Smarandache curve By is a null curve.

The tangent vector of S, and its derivative with respect to s* are obtained,
respectively,

™ = %‘i‘i(—ﬁT—an—kTB)
Tr = L(A{T+A3N +A3B),

where

A = Lo (—k) + (&) (—+ — #2)
As = Lo () + ()" (v — K2 +72)

« _ d? ds \2
Ay = 555 (1) + (dss*) (" + k7).
Based upon these calculations, the Frenet invariants of 51, are namely:

((A%) + 2ATA3) (—V2K7 5 +1})
[A A3(A3) + (A])? ( 3) +(
+((A3)? +2A1A2)(\[’de* +772)
—[A3A5(A3) + (AD)'(A3)* + (
+((A5)? +2AIA*)(WT"’ji +13)
_[(A§)2(A§), + (A7) A5 + AZASAT + A3])B
((Ap2+20103) 2

+ (AD)'AZAIT

+ (A3)'AAT)N

N* =

K = % (A5)2 + 2ATAS,

* _ ((A§)2+2A’{A§)3(n§+2nf7}§)*4(/\§(A§)';rA’{(A§)'+(A1‘)’A§)2
8V2((A})2+2A7A3)2
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4.2. TN-Smarandache curves of a spacelike curve with timelike principal
normal.

Definition 4.2. Let the curve a = «(s) be a spacelike curve parametrized by arc
length with timelike principal normal in R}. Then, TN-Smarandache curves of
can be defined by the Frenet vectors of a such as:

1
v =75 (T+N), (4.5)

where N is timelike, T and B are spacelike.

Let us search the causal character of S, . If we differentiate Equation (4.5) with
respect to s, we get

, 1
= — (kKT+&N+7B).
BTN \/5 ( )
Then, we can obtain
2
-

Hence, there are two possibilities for the causal character of B, under the condi-

tions 7 # 0 and 7 = 0. Because of the fact that 72—2 # 1 for at least one 7 € R, we
suppose that s* is arc-length of By

Case 4.4. If 7 # 0, then TN-Smarandache curve By is a spacelike curve.

i) Let Spn be a spacelike curve with timelike binormal, then the Frenet
invariants of S5 are given as follows:

1
T* = W(HT+/€N+TB),
T
1

N* = ————— (\T+\N+ \3B),
\AT = A3+ A3

2
B* = \[ (w1T+w2N+w3B) s

[Tl /AT = A3+ A3
. V2

—ﬁ)\?/@—i—)\g(nwl + psT) + )\%(T)\ng/— wl)\ll + w2>\/2)

—)\2)\3()\3(/%01 + CU37') + (.U3)\2 + w2>\3)+

A3 (—TAswa + Wi + wsdz) + AT (=T Azws

+A2(kwy + w3T) — waldy + w3Ay)

FA(=ENS g + Ao (g d] — w1y 4+ A3(KAzws — wWad; + wid3))
| (AT = A3+ A3) 2
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where
A1 = —&7" + K| + K2|7]
Ay = —k7 4+ K |7| + K2|7| + 72|7|
A3 = =77 + KT|T| + 7| 7|

and

wi = I€>\3 — TAQ
Wwo = —T)\l-l-/i)\g
w3 = K)q — KJ/\Q.
ii) Let S5 be a spacelike curve with timelike principal normal, then the
Frenet invariants of 81, are as follows:

1
T = — (kT+&N+7B),

7]
1
N* = Vi (M T+XAN + A\3B),

A/ =AT A = A

2
]3”< = \[ (W1T+WQN+W3B) s

[Tl =AT + A3 = A3
* \/§ 2 2 2
K = W(*)\1+)\27)\3),
KNS wa— A3 (kw1 + wsT) — A3 (TAswa — w1>\/1 + wg)\;)
-‘1-)\2)\3()\3(,‘%01 + LU3T) + OJS)\Q + w2>\3)+
)\%(T)\g,bdg - w1/\1 — w3>\3) — /\?(—T/\gum
+A2(KJUJ1 —+ CU3T) — (,d2)\2 —+ LLJ3)\3)
+)\1(f<c)\§w2 + )\2(—w2)\1 + w1/\2 — )\3(/6)\3(4}2 — wg)\l + wl)\3))
LIS R ESYE '

Case 4.5. If 7 =0, then TN-Smarandache curve Brpy is a null curve.

If we differentiate Equation (4.5) with respect to s, we obtain the tangent vector
of B as below:
1 ds

* = ﬁ@K(T +N). (4.6)
Then, we get
T = %CﬁkA*(T +N),
where

. d*s ds \* PR
A _<ds*2ﬁ+<ds*) (w4 1%)
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From the calculations of Frenet invariants of a null curve, the curvature * of B,
is equal to zero. So, there is no calculation for N* and B* in this case.

5. TN-SMARANDACHE CURVES OF A NULL CURVE IN R}

Definition 5.1. Let the curve o = a(s) be a null curve parametrized by pseudo
arc length in R3. Then, TN-Smarandache curves of o can be defined by the Frenet
vectors of a such as:

1
= —(T+N), 5.1
BTN \/E ( ) ( )
where T and N are null and B is spacelike.

Let us investigate the causal character of 81, . By differentiating Equation (5.1)
with respect to s, we have

B = T = (=B,
and
<ﬂITN76/TN> = @
In this state, there are two possibilities for the causal character of S, under the
condition k # 7 and Kk = 7. Since @ # 1, for at least one x or 7, we know that

s is not arc-length of B,y . Let s* be arc-length of S,y .
Case 5.1. If k # 7, then TN-Smarandache curve Bry is a spacelike curve.

If we differentiate Equation (5.1) with respect to s, we obtain the tangent vector
of B as follows:

s
CV2dsx*

i) Let Sy be a spacelike curve with timelike binormal.

*

(k—7)B. (5.2)

If we differentiate Equation (5.2) with respect to s, we obtain
. 1
T = —2(61T + 05N + 03B),

where

01 = (dfis*)2 (—KT +72)
09 = (%)2 (k% — Tk)

5 N2
532%—1—(/{—7)(61‘15‘1) (K + 7).
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Then, Frenet invariants of 8, are as follows:

1 ds 1
B = ———————(k—1)(—6T+§N),
TN
N 1
K = ﬁ (5§+5152)a
1 ds 53_63 / / /
g 777(/4377' ——= (26305 + 6702 + 010
ﬁds* 2 (5% +5152)2 ( ° ' 2)
1

( —(52512 — 5253K) + 5/1 - 537’)

(635 + 6102)
ii) Let By be a spacelike curve with timelike principal normal.
Then, Frenet invariants of S, are given below:
1 ds
™ = ——(k-7)B
V2 dsx* (k= 7)B,
01T + 92N +63B
—02 — 6105

B - dS;(H—T)(—(sQTMlN),

V2 dsx /—53—5152
. 1
kY = ﬁ\/(—ag—mz)

1 ds 62— o5
7—* — _77(5—7 _— 2(535/ +(5152+(515/
V2 s+ L (62 + 6165)° (205 01 2

N* =

1
+ 52(5’ + 0903k — 5+ 03T
(03 + 6102) (0255 ! )
Case 5.2. If k = 7, then TN-Smarandache curve By is a null curve. In this
case, there is no calculation of Frenet invariants of Sry .

6. GENERAL RESULTS AND EXAMPLES

In this section, we will obtain the characterisations of TN, TB, NB and TNB-
Smarandache curves of a regular curve parametrized by arc length « in a brief
table given in the following without calculations. The calculations can be done by
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using the similar way giving in Section 2-5. We will classify general results of these
Smarandache curves with respect to the causal character of . Also, we will give
some examples related to Table 6.1.

TABLE 6.1. The characterisations of Smarandache curves in Minkowski Space

The casual charater of 8

The casual
character BrNn BrB BNB BTNB
of a
T#0= K#T = 2kZ7 — 72 <0 2 kT <0
spacelike spacelike = timelike = timelike
2 2 2
. . 7 =0 = null Kk =7 = null 2K 7T.>0 T 7~T.>O
Timelike = spacelike = spacelike

2k2 — 12 =0
= null

2 k=0
= null

252 — 72 <0 K # —T = K # 0= n2+n7<0
= timelike spacelike spacelike = timelike
Spacelike with 2 2 5
timelike 2k -7 >0= Kk = —7 = null k=0 = null Kot AT > 0
binormal spacelike = spacelike
2k2 — 72 =0 k24 rT=0
= null = null
Spacelike with T#0= K# —T = K # 0= KT > 0 = timelike
timelike spacelike timelike spacelike KT < 0=
principle normal 7 =0 = null Kk = —7 = null xk =0 = null spacelike

kT = 0 = null

n274n7+72<0

2 —
T~ 2kT <0 = timelike

= timelike
72 26T >0
= spacelike
2 2k =0
= null

k2 —2k7 <0
= timelike
k2 —2kT >0
= spacelike
k2 —2kT =0
= null

Kk # T = spacelike

k2 — ArT + 2 >0
= spacelike

w2 — drT + 2 =0
= null

Null k=7 = null

Example 1. Let
VT /5
o (S) = ﬁs, E

a timelike curve parametrized by arc length.

cos s, —sin s

V2

From the calculating of the Frenet invariants of a spacelike curve with timelike
principal normal, we get kK = \/5/72 >0and 7 = —\/7/72 # 0. Hence, it follows
that k # 7, 262 —72 > 0 and 72 — k7 > 0. From Table 6.1, under this conditions all
of TN, TB,NB and TNB-Smarandache curves of «a are spacelike curves. Indeed,
they can be given by using Definition 2.1 respectively, as follows:

Brn (s) = %(\ﬁ,f(\/gsins+\@coss),\/gcoss—ﬁsins)
Brp(s) = (\ﬁJr \/5) (1, —sin s, cos s)
Bnp(s) = %(\/5,—(\/500554-\ﬁsins),—\/isins—i—\ﬁcoss)

Brne (8)

= % ((\ﬁ—i-\/g) , — (\ﬁ-i— \/5) sins — \/icoss, (\ﬁ—&— \/3) CcoS s — \/§sins)
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It is obvious that all of the above curves are spacelike curves. They are shown in
Figure 1.

[11:]
7]
15 i 'ff_____h_hj-___
- —
- ek -l
17 — =
! -
P s
Fig‘ure 1. Smarandache Figure 2. Smarandache
curves of a timelike curve ourves of a spacelike curve

with timelike binormal

Example 2. Let

a(s) = ! sinh s ! cosh s \/gs
V5 V5 Vb
a spacelike curve parametrized by arc length with timelike binormal.

If we calculate Frenet invariants of a timelike curve, we get x = 1/v/5 # 0 and
T = —\/%. Hence, we have 2k%2 — 72 < 0, K # 7 < 0 and k? + k7 < 0. From
Table 6.1, TN, TNB-Smarandache curves of a are timelike curves, and TB, NB-
Smarandache curves of « are spacelike curves given as below:

Brn (8) = \/LTO (cosh s + /5 sinh s, sinh s + v/5 cosh s, v/6)

Brg (3) 1\7%6 (cosh s,sinh s, —1)

Byp(s) = \/% (\/gsinhs—\/écoshs,\/gcoshs—\/ésinhs,—l)
Brnp (5)

= \/% ((1 — \/6) cosh s + VBsinh s, (1 — \/6) sinh s + v/5 cosh s, V6 — 1)

They are shown in Figure 2.
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Example 3. Let

V3 V3 s
a(s) = (2 cosh s, > sinh s, 3

be a nonplanar spacelike curve parametrized by arc length with timelike principal

normal.

From the calculating of Frenet invariants of a timelike curve, we have k = V3 /2 #
0 and 7 = —1/2 # 0. Hence, it follows that k # —7, k7 < 0. Thus, from Table
6.1, TN,NB and TNB-Smarandache curves of a are spacelike curves and TB
Smarandache curve of « is a timelike curve given as below:

Brw (8)

L (\/§—|— 2sinh s + cosh s, /3 cosh s + 2sinh s, 1)

2v/2
ﬁ ((V3—1)sinhs, (V3 —1) coshs,vV3+1)
ﬁ (2cosh s — sinh s, 2sinh s — cosh s, v/3)

1

((\/§, 1) sinh s + 2 cosh s, (\/§, 1) coshs+2sinhs,\/§+ 1) .

3

2

Figure 3. Smarandache Figure 4. Smarandache
curves of a nonplanar spacelike curves of a planar spacelike
curve with timelike principal curve with timelike principal

normal

normal

Example 4. Let

a (s) = (cosh s,sinh s, 1)

be a planar spacelike curve parametrized by arc length with timelike principal nor-

mal.
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Frenet invariants of this curve can be calculated namely: xk =1 # 0 and 7 = 0.
Hence, it follows that x # —7 and k7 = 0. From Table 6.1 TB-Smarandache
curve is timelike curve, NB-Smarandache curve is spacelike curve and TN, TNB-
Smarandache curves are null curves such that:

Brn (8) = % (cosh s + sinh s, cosh s + sinh s, 0)
Brp(s) = % (sinh s, cosh s, 1)
Byp(s) = % (cosh s,sinh s, 1)

Brnp (8) = % (cosh s + sinh s, cosh s + sinh s, 1)

They are illustrated in Figure 4.
Example 5. Let

a(s) = (sinh s, s, cosh s)

be a null curve.

Frenet invariants of the above null curve can be obtained such that: Kk =10
and 7 = 1/2. Thus, we have k # 7, k> — 2kT = 0, 72 — 2k7 < 0 and K% —
4kT 4+ 72 < 0. By using these conditions, it is obvious from Table 6.1, NB, TNB-
Smarandache curves are timelike, TIN-Smarandache curve is spacelike curve and
TB-Smarandache curve is null curve such that:

Bry (8) = =i (coshs,3,sinhs)

2V2
Brp(s) = % (cosh s 4 sinh s, 1, cosh s + sinh s)
Byp(s) = 21?(—coshs—|—QSinhs,l,—sinhs—i—Qcoshs)
Bryp (s) = 53 (cosh s + 2sinh s, 3, sinh s + 2 cosh s)

They are indicated in Figure 5.

Figure 5. Smarandache curves of a null curve.
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