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Abstract:

In this thesis | am working on designing the controller for the non-linear Quadcopter model.
The controller is finely tuned using gradient descent method in order to find the best
parameters for the controller which guarantees the robustness of the model.

In the beginning of my work, the fundamental equations of motion and forces of the
Quadcopter are derived and the design parameters for the given Quadcopter are chosen. |
have created a non-linear model for the Quadcopter based on the equation of motion and
forces of moment. Generally, the non-linear model will be linearized at a given point. In this
thesis work, the model is made to hover at an altitude where the non-linear model is
linearized. Based on the inputs, the response of the linear and non-linear model are
analysed, it is made sure that both the models behaves in the same manner, if not then the
non-linear model and the linearization condition is checked. Once the output for both the
model is matched, the research work is further preceded. The controller for the non-linear
model is designed and the results are analysed. Finally, the controller is finely tuned using
‘Gradient Descent Method’ for best controller parameters. | define the ‘optimal’ set of
parameters as vector which minimizes the cost function. In my case, | would like to define a
cost function that penalizes high error over an extended duration of time. The best
parameter with the effective results for the given Quadcopter is fixed. For the given
simulation time, the performance of the Quadcopter model with the optimal controller
values are studied by analysing the 3-dimensional visualisation, the Angular velocity and
Angular displacement of the model.

The controller is designed in such a way that even if there are any disturbances in the
future, the model behaves well for the given set of inputs and the design parameters.
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Chapter 1 Introduction

The aim of this work is to design a linearized simulation model for a Quadcopter and design a
PID controller for the Quadcopter. The work progresses as follows, in the beginning a
detailed introduction is given about the UAVs, their dynamics and applications. In Chapter 2,
the simulation model for the Quadcopter is designed using the Quad-rotor dynamics. In
Chapter 3, the non-linear model is linearized using Jacobian Matrix method assigning
operating points for the Quadcopter. Then the controllability, observability of the linearized
model is determined. Later, the Root locus analysis and the bode plot analysis of the
linearized model is determined. In Chapter 4, a detailed description about the Simulink, the
methods to follow to design the simulink model is given and finally a brief note on stability is
given. In chapter 5, a brief note on the PID controller is given. The effect of each parameters
of the PID controller is defined using a table. In chapter 6, the simulation of the model for the
PD and PID controller is done and the performance of the system for the controller is studied.
Then, the best parameter for PID gain values is determined using the gradient descent
method and the plot for the cost to the iteration is plotted in this section. Finally in the
Chapter 7, a detailed conclusion of the report, the controller chosen for the model is
explained.

When developing the simulation model, first a detailed theoretical description of the problem
is studied followed by a paper calculation for the model, later followed by simulation analysis

for designing a PID controller.

1.1 Quadcopter

Quadcopter also known as Quad rotor Helicopter, Quad rotor is a multi-rotor helicopter that
is lifted and propelled by four rotors. Quadcopter are classified as rotorcraft, as opposed to
fixed-wing aircraft, because their lift is generated by a set of rotors (vertically oriented
propellers).

Unlike most helicopters, Quadcopter uses two set of identical fixed pitched propellers: tow
clock wise and two counters- clockwise. These use variation of RPM to control loft and torque.
Control of the Quadcopter is achieved by altering the rotation rate of one or more rotor discs,
thereby changing it torque load and thrust/lift characteristics.

A number of manned designs appeared in the 1920s and 1920s. These vehicles were among
the first successful heavier- than- air vertical take-off and landing (VTOL) vehicles [1].
However, early prototypes suffered from poor performance [1], and latter prototypes
required too much pilot work load, due to poor stability augmentation and limited control
authority.
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More recently Quadcopter designs have become popular in unmanned aerial vehicle (UAV)
research. These vehicles use an electronic control system and electronic sensors to stabilize
the aircraft. With their small size and agile manoeuvrability, these Quadcopter can be flown
indoors as well as outdoors.

A typical Quadcopter is equipped with an inertial navigation unit (3 accelerometers, 3
gyroscopes and 3 magnetometers) for attitude determination, a barometer (outdoor) or an
ultrasonic proximity sensor (indoor) for altitude measurements and optionally they come with
a camera or GPS receiver.

1.1.1 Indoor Quadcopter

Indoor Quadcopter cannot use GPS for absolute positioning and magnetometers provide
noisy measurements due to disturbed local magnetic field. However they take benefit from
absence of wind gusts, from relatively stable light conditions and their mission duration is
usually shorter than the outdoor Quadcopter. There are already many companies producing
Indoor Quadcopter, for example, Ascending Technologies GmBH [2]. The best example for an
Indoor Quadcopter is UDI U839, produced by UDI RC. The UDI U839 is shown below.

Figure 1: UDI U839- An Indoor Quadcopter

1.1.2 Outdoor Quadcopter

Outdoor Quadcopter are generally more durable, they take payload and can fly on longer
missions than the Indoor Quadcopter. Absolute positioning is provided by GPS receiver. The
best example for outdoor Quadcopter is Phantom 2 Vision+ [3]. The Phantom 2 Vision+ is
shown in the figure below.
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Figure 2: Phantom 2 Vision+ - An Outdoor Quadcopter

1.2 Advantages of Quadcopter over comparably scaled Helicopters

There are several advantages to Quadcopter over comparable- scaled helicopters. First,
Quadcopter do not require mechanical linkages to vary the rotor blade pitch angle as they
spin. This simplifies the design and maintenance of the vehicle [4]. Secondly, the use of four
rotors allows each individual rotor to have a smaller diameter than the equivalent helicopter
rotor, allowing them to possess less kinetic energy during flight. This reduces the damage
caused should the rotors hit anything. For small-scale UAVs this makes the vehicle safer for
close interaction. Some small-scale Quadcopter have frames that enclose the rotors,

permitting flights through more challenging environments, with lower risk of damaging the
vehicle or its surroundings [5].

Due to their ease of both construction and control, Quadcopter aircraft are frequently used as
amateur model aircraft projects.

1.3 Uses of Quadcopter

Research Platform: Quadcopter are a useful tool for university researchers to test and
evaluate new ideas in a number of different fields, including flight control theory, navigation,
real time systems, and robotics. In recent year many universities have shown Quadcopter
performing increasingly complex aerial manoeuvers.

Military Law Enforcement: Quadcopter unmanned aerial vehicles are used for surveillance
and reconnaissance by military and law enforcement agencies, as well as search and rescue
missions in urban environments. One such example is the Aeryon Scout, created by Canadian
company Aeryon Labs [6], which is a small UAV that can quietly hover in place and use a
camera to observe people and objects on the ground.

Commercial Use: The largest use of Quadcopter has been in the field of aerial imagery.
Quadcopter UAVs are suitable for this job because of their autonomous nature and huge cost

3
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savings [7]. In December 2013, the Deutsche Post gathered international media attention with
the project “Parcelcopter”, in which the company tested the shipment of medical products by
drone- delivery. As Quadcopter are becoming less expensive media outlets and newspapers
are using drones to capture photography of celebrities [8].

Investigating Purpose: Since Quadcopter is small in size and light in weight, they can get
into places, where people cannot get into like caves, holes, tunnels, etc. In 2014, in Tamil
Nadu, India Quadcopter was used to investigate the granite scam. Investigators used
Quadcopter installed with camera and sensors to get in the tunnel and find the granite in it.
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Chapter 2 Modelling of a Quadcopter
dynamics

This section presents the basic Quadcopter dynamics, as well as control concept. It is based
on [9] and [10]. The basic idea of the movement of the Quadcopter is shown in the following
figure. It can be seen from the figure that the Quadcopter is simple in mechanical design
compared to helicopters. Movement in horizontal frame is achieved by tilting the platform
whereas vertical movement is achieved by changing the total thrust of the motors. But,
Quadcopter arise certain difficulties with the control design.

Q ’”O
eea oéo o <] adc

3 3 3
e fi £l

Low speed High speed

Figure 3: Basic Flight movements of a Quadcopter

A coordinate frame of the Quadcopter is shown in the figure below.

Figure 4: Quadcopter coordinate system

The Quadcopter is designed on the following assumptions [10]:

The structure is supposed to be rigid

The Centre of Gravity and the body fixed frame origin are assumed to coincide

Thrust and drag are proportional to the square of the propeller's speed

The propellers are supposed to be rigid
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— The structure is supposed to be axis symmetrical

— Rotation matrix defined to transform the coordinates from Body to Earth co-ordinates
using Euler angles ¢ — roll angle, - pitch angle, - yaw angle

— About x by ¢, y by 6 and z by Y

Special attention should be given in the difference between the body rate measured p, q, 7 in
Body Fixed Frame and the Tait- Bryan angle rates expressed in Earth Fixed Frame. The
transformation matrix from [¢ 6 ] to[p q 7]"is given by [9],

p 1 0 —sinf 1[¢
[q]:[o cos¢p singcosf| |9

T 0 —sing cos¢pcosbl |y

Moreover, the rotation matrix of the Quadcopter's body must also be compensated during
position control. The compensation is achieved using the transpose of the rotation matrix.

R($,0,¢) = R(x,¢p)R(y, O)R(z,9)

1 0 0
R(x,¢) = [0 cos¢p —sinf
[0 sing cos¢ |

[cosf —siny
R(y,0) = [siny cosy
[ 0 0

0
0
1
[cosy —siny O]
R(z,3) = [sinyy cosyp O
L 0 0 1]

2.1 General Moments and Forces

The forces acting upon a Quadcopter are provided below. J. is a rotor inertia, T is thrust force,
H is the hub force (sum of horizontal forces acting on blade elements), Q is a drag moment of
a rotor (due to aerodynamic forces), R,, is a rolling moment of a rotor.

Rolling moments:

— Body gyro effect 6y, —1,,)

— Rolling moment due to forward flight (DY R
— Propeller gyro effect J,.610,

— Hub moment due to sideward flight hYt . Hy,

— Roll actuators action I(-T,+T,)
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Pitching moments:

— Body gyro effect

—  Hub moment due to forward flight

— Propeller gyro effect

— Rolling moment due to sideward flight

— Pitch actuators action
Yawing moments:

— Body gyro effect
— Hub force unbalance in forward flight

— Inertial counter- torque
— Hub force unbalance in sideward flight

— Counter torque unbalance
Forces along z Axis:

— Actuators action
— Weight

Forces along x Axis:

— Actuators action
— Hub force in x axis

—  Friction

Forces along y Axis:

— Actuators action
— Hub force iny axis

—  Friction

Pl = L)
h Z?:l Hxi
90,
(_1)i+1 Z?:l Rmyi
(T —T3)

06 (L, —1,,)
[(Hy, — Hyy)
A

l(-H,, +H,;3)

(_1)i Z?=1 Qi

cosypcosp X T;
mg

May 2016

(sinysin @ + cosysin O cosp) i, T;

- ZAillexi
1 Wl

(—cosy sing + siny sin 6 cosp) i, T;

V4
i=1Hyi

1 Wl
ECyAc)OY|y|

Where [ stands for a distance between the propeller axis and COG, h is a vertical distance

from centre of propeller to COG, (2, is an overall residual propeller angular speed and [ is

moment of inertia. Note that the DC motor dynamics is described by a first order transfer

function.
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2.2 Equations of Motion

The equations of motion are derived as follows, using moments and forces described in

section 2.1. Note that g is a gravitational acceleration and m represents a mass of the rigid
body.

4 4
Lxd=0(L, —1,)+]002,+1(-T,+T,) - hz Hy,; + (—1)”12 Ry
i=1 i=1
4 4
Iyyé = (]Sl)b(lzz - Ixx) _]r¢nr + I(Tl - T3) + hz Hy; + (_1)i+1z Rmyi
i=1 i=1
4
Izzl;b = 0¢(Ixx - Iyy) + 0 + l(sz - Hx4) + l(_Hyl + Hy3) + (_1)1'2 Q;
i=1
4
mZ = mg — (cosy cos ¢)Z T;
i=1

4 4
mi = (sin ¢ siny + cosy sinf cosd))ZTi —EHxi

i=1 i=1

4 4
my = (—sin¢cos¢+sin¢sin9cos¢)ZTi ‘zHﬂ

i=1 i=1

The main aerodynamic forces and moments acting on the Quadcopter, during a hovering
flight segment, corresponds to the thrust (T), the hub force (H) and the drag moment (Q)
because of vertical, horizontal and aerodynamic forces, respectively, followed by the rolling
moment (R) related to the integration, over the entire rotor, of the lift of each section, acting
at a given radius. An extended formulation of these forces and moments can be found in [11,
12]. The nonlinear dynamics of the system is described by the following equations.
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¢
oLy =1 l,
0y +0—0,.+—U,
b7 0 r 0
. ' I . l
| | gplmle_glrg 4 ey, VZ
0 Iy Iy Iy e
4 W W,
0
L — 1 9
¥ 6¢ w4y, W,
X=|Pl=1______ ezl __ |4} —-
. - 0
z Z e
5 U, w,
i g — (cos¢ cosf)— 0
. mS
X x W
y U, kK
LY uxﬁs 7
y
U1
Y m,
[Us] [ (27 + 05+ 05+03)
|U2 | | b(_[)% + 3421.)
U=|Usl=1| = bai-a
U4J ld(—02% + 02 — 0% + 0?)
r -0, +0,—0;,+10,
[ux] _ [cos ¢ sin 6 cosy + sin ¢ sin Y]
Uyl ™ |cos¢ sin O siny — sin ¢ cosy,
Where,
L1y, 1, Moment of Inertia of the Quadcopter about E,, E,, E, axis
- 1, Quadcopter arm length
b,d thrust, drag coefficient
- J, moment of inertia of the rotor about its axis of rotation
- mg total mass of the Quadcopter
- g acceleration of gravity ( 9.81 m/s?)

U is the input vector consisting of U, (total thrust), and U,,U;, U, which are related to the
rotation of the Quadcopter, and (2, representing the overall residual propeller angular speed
while ,,...,0, corresponds to the propeller's angular speeds, X is the state vector that
consists of the following,

1) The translational components ¢ = [x, y, z]” and their derivatives

2) The rotational components 77 = [(]5, 6, l/)]T and their derivatives
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The effects of the external disturbances are accounted by the additive disturbance vectorW.

The non-linearized model is defined in the Matlab simulink. The non-linear model is the set of
equations represented in the section [2.2]. Those equations are represented as a model using
Matlab simulink. The Drag moment is neglected since the effect of these forces inside a room
is small compared to the thrust produced by the Quadcopter.

The overall residual angular speed is taken as {2, = 475 rad/s. This angular speed is the
speed produced by the rotor used in Parrot drone [19], specified under the topic “Technical
Specifications”. Since a step input is given for the linearized model and the analysis is done
between the non-linearized and linearized model, a step input is considered for the trust in
non-linear model.

The design parameters of the model are given below.

DESIGN PARAMETER VALUE
m 0.5 kg
l 0.25m
I = 1, 0.0196 kg m?
I 0.0264 kg m?
Ti534 539N
b 3.0 107> N s2
d 1.1% 107° Nms?
0, sqrt (R? — R + RZ — R})
¢1,0, 9, 0 rad/,

Table 1: The design parameters for the Quadcopter model

The design parameters are substituted in the given matrices and the corresponding non-
linearized model is obtained for the given system.

10
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Chapter 3 Linearization of the model

In mathematics, linearization refers to finding the linear approximation to a function at a
given point. In the study of dynamical systems, linearization is a method for assessing the
local stability of an equilibrium point of a system of nonlinear differential equations or
discrete dynamical systems [13]. A set of nonlinear ODE’s (forces equations, moments
equations) are parameterized by mass characteristics of the system as well as aerodynamics.
The nonlinear equations are directly useful for simulations like computer games, flight
trainers, flight simulators and validation of control law. They are not directly useable for
development of control laws as the design methods rely on the linear systems and control
theory. The nonlinear equations come from the geometric transformations and describing
functions of aerodynamic coefficient. For this reason, the linearized system and control tools
are attractive and viable options for FCS design. In order to design a controller for a
Quadcopter it is suggested to have a linearized model of the system to have a precise
controller [14]. In this chapter the nonlinear model of the Quadcopter is linearized using the
Jacobian method.

3.1 Uses of linearization in Stability analysis

Linearization makes it possible to use tools for studying linear systems to analyse the
behaviour of a non-linear function near a given point. The linearization function is the first
order term of its Taylor expansion around the point of interest. For a system defined by the
equation

dx—F t
dt . 0)

The Linearized systems can be written as

dx
I ~F (x,t) + DF (x,t).(x— x,)

Where x,, is the point of interest and DF (x,) is the Jacobian of F (x) evaluated at x,,
Stability Analysis

In stability analysis of autonomous systems, one can use the eigenvalues of the Jacobian
matrix evaluated at a hyperbolic equilibrium point to determine the nature of that
equilibrium. This is the content of Linearization theorem. For time-varying systems, the
linearization requires additional justification [15].

11
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3.2 Jacobian Method

The Jacobian generalizes the gradient of a scalar- valued function of multiple variables, which
itself generalizes the derivative of a scalar- valued function of a single variable. In other
words, the Jacobian for a scalar- valued function of single variable is simply its derivative [16].
An example of how to solve a function using Jacobian method is given below,

Consider a system with ‘2’ equations and ‘2’ variables as given below,
Fl (x! }’) = ny

E,(x,y) = 5x+siny

05 or

ox 0

= | Y|

Je®Y) = o, oF, |
lax ayJ

I (ay) = [ny x? ]

FOYI =15 cosy

A similar method is used to linearize the nonlinear model of the system. Firstly, the operating

points for the system to be linearized are given and the Jacobian method is implemented to
linearize the equation.

3.3 Linearization of the model

In order to derive the linearized representation of the Quadcopter's linearized attitude
dynamics, small attitude perturbationsd,, withd € z*, around the operating points

[0, $°4,0,692,0,1°4]" are considered.

Xy = Apx, +Byu, +W,
x, = [, 60%,6,80%p, 6%
u, = [8U,,8U,,8U,,8U,, 60,17
W, = [0,6W,,0,5W,,0,5W;]"

The resulting linearized dynamics is an extension of the state space matrices represented in
the following equations.
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0 1 0 0 0 0
0 0 0 Iy’v_lzzl/)ovA o DTl
Lyx Lyx
0 0 0 1 0 0
A%: 0 Izz_lxxl/')c,,l 0 0 0 Izz_lxxd')o')L
Iyy Iyy
0 0 0 0 0 1
0 BTl o ExTlwgen 0
- IZZ IZZ
0 0 0 0 0
la ]T‘ o
0 — 0 0 =—0%
Ixx Ixx
0 0 0 0 0
B7/11= 0 0 l_a 0 _]_’”qi)o,/l
Ly Lix
0 0 0 0 0
1
0 0 0 — 0
- IZZ
1 000 0 0
[0 1 0 0 0 O]
ca=10 0 10 0 o
n |0 001 0 0|
0 0 00 1 OJ
0 000 0 1
[0 0 00 0
[0 0 0 0 O]
D§=io 0 00 oi
[0 0 0 0 OJ
0 0 00O

The above mentioned A%, B}}, C}, D matrices are the linearized matrices for the given system.

Where ¢%%, 0% 1) ®Athe pitch, roll and yaw are rate at the linearization point.

The design parameters given in the previous section are substituted in the matrices above and
obtained matrices are the linearized state space model for the system. The linearized model
can be used to design the controller.
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3.4 Response of Linearized and Non-linearized system

In this section, we shall see how both the non-linearized and linearized system react to the
given input. For our consideration, the input given was a step input and the corresponding
response is observed.

The input for the non-linearized as well as the linearized model is the propeller thrusts. The
output depends on the model we observe, for the non-linearized model; the outputs are as
follows- Roll angle, Roll rate, Pitch angle, Pitch rate, Yaw angle, Yaw rate, Velocity along 'z’
direction, Velocity along ‘x’ direction, Velocity along ‘y’ direction.

Whereas the output from the linearized model; depends on the parameter we require for
designing the controller. In my case, the output from the linearized model is as follows- Roll
angle, Roll rate, Pitch angle, Pitch rate, Yaw angle, Yaw rate. The response of the non-
linearized model and the linearized model for the given step input is given below.

roll angle

pitch angle

pitch rate

Yaw angle

Acceleration along z- axis

Acceleration along x-axis

Acceleration along y-axis

o

w %
fus

[

n
@
1
o
o
—

Figure 5: Response of the non-linearized model for the given input

The response of the non-linear Quadcopter is as given above. The reason for this kind of
response is in my model equation of motion, in the angular displacement equations the
thrust applied in the equation is cancelled out with each other. Hence the angular
displacement is zero throughout. Whereas the acceleration of the model with respect to
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particular direction is given by summation of all the forces (thrusts) acting on the model.
Acceleration along the z- axis depends on the gravitational factors; hence the deviation is
decreasing throughout the time. Whereas for the acceleration along the x and y direction
depends only on the thrust acting along the direction and the hub force. Hence the
acceleration of the model along the x and y direction increases by time. To summarize the
result, the angular acceleration of the non-linear model is zero throughout the time and the
acceleration along the directions varies throughout time.

Roll &ngle

Roll Rate

Pitch Angle

Pitch Rate

Yaw Angle

Yaw Rate

Figure 6: Response of the linearized model for the given step input

The response of the linearization model the reason for this response is because my
linearization point for my model is that my model is hovering at a particular point. Since the
model is hovering at a particular point, there is no deviation in any of its angle or angle rate.
The thrust is the only factor is acting on the model. An equal thrust is applied by every 4
motors. According to the figure “Basic Flight movements of a Quadcopter” and the flight
mechanics of the Quadcopter, for hovering, equal thrust produced by every motor. Hence
there is no deviation in angle or angle rate of the Quadcopter.

For the case of simplicity, these situations are considered. There are many situations where
the linearization of the model is considered. For example, the model is rotating in one
particular direction or on every direction. In case of one particular direction, the rate of
change of the angle for the particular direction is not zero and it implies that there is a
change in the angle with respect to time throughout the time of flight.
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For analysing the response of my linear and non-linear model, | have changed the thrusts
acting on the model and the change in angular rate of the model. For example, | have
changed the thrust acting on the rotor 2 and the rotor 4 and the change in phi angular rate. |
have applied the thrust acting in rotor 2 as 1.51875 and for rotor 4 as 2.1875 and the
change in phi angular rate as 1.6 * 10 ~>. The response of the non-linear and linear model is
given below.

roll angle

roll rate

pitch angle

pitch rate

‘

Yaw angle

1g
5

Yaw rate

Acceleration along z- axis

Acceleration along x-axis

Acceleration along y-axis

w
—

Figure 7: Response of the non-linear model for the change in given input

This is the response of the non-linear model for the change in input to my model. As we can see
for the change in input, there is a rise in the angle and the angular rate for all the theta.
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The response of the linear model is given below.

Roll &ngle

Roll Rate

Pitch Angle

Pitch Rate

Yaw Angle

Figure 8: The response of linear model for the change in given input

3.5 Analysis of the Linearized model

In this section, we analyse the linearized model of the quad copter for the given input. The
model is analysed based on the input given to the model. The response of the model is as
follows- Roll angle, Roll rate, Pitch angle, Pitch rate, Yaw angle and Yaw rate. The model is
analysed as, the Roll angel response for the different inputs given to the model, later the roll
rate for the given inputs and so on. 5 different inputs are considered for the model, they are-
Thrust from rotor 1, rotor 2, rotor 3 and rotor 4 lastly the overall angular rotor speed. The
overall angular speed is nothing but the speed at which the rotor rotates. The overall residual
angular speed is directly proportional to the thrust produced by the rotor. The response of
the linearized model is studied based on the input given to the system. Hence, there are a
total of 6 analysis studies, one for each degree of freedom of the system. A system is
considered unstable if the poles are placed on the right half plane. The response of the model
for the input is given below in the following figure.
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3.5.1 Analysis using Controllability and the Observability:

The controllability and observability represents 2 major concepts of modern control system
theory. It was introduced by R. Kalman in 1960 [17]. They can be roughly defined as follows:

Controllability; In order to be able to do whatever we want with the given dynamic system
under control input, the system must be controllable.

Observability; In order to see what is going on inside the system under observation, the
system must be observable.

Controllability of a Linear Time Invariant system:

Before determining the controllability of a LTI system, first let us understanding the
Reachability of a system. A particular state X; is called reachable if there exists an input that
transfers the state of the system from the initial state Xg to X; in some finite time interval [to,
t]. A system is reachable at time ty, if every state X; in the state- space is reachable at time t;.
Similarly, a system is controllable at time tg if every state X in the state- space is controllable
at time to.

For the LTI system, a system is reachable if and only if its controllability matrix T has a full rank
of p, where p is the dimension of matrix A and pxq is the dimension of B matrix. The
controllability matrix is given by,

{=[BABA®*B....... AP~1B] e RP*P4

A system is controllable or “Controllable to the origin” when any state X; can be driven to the
zero state X=0 in a finite number of steps. A system is controllable when the rank of the
system matrix A is p and the rank of the controllability matrix is equal to:

Rank ({) = Rank (A™*{)=p

If the second equation is not satisfied, then the system is not controllable. If Rank(A) < p,
then the controllability does not imply Reachability [18].

e Reachability always implies controllability
e Controllability only implies reachability when the transition matrix is non-singular.

Matlab allows one to create a controllability matrix with the ctrb command.
R =ctrb(A,B)

Then in order to find if the system is controllable or not we use the rank command to
determine if it has full rank.

rank(R)
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Observability of Linear Time Invariant system:

The observability of the system is dependant only on the system state and system output. The
state space equation of a system is given by,

x'(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

Therefore, we can show that observability of the system is dependant only on the co-efficient
matrices A & C. We can show precisely how to determine whether the system is observable,
using only these two matrices. The observability matrix Q is given by,

Q=[CCACA*...... CAPT

We can show that the system is observable if and only if the Q matrix has a rank of p. Notice
that the Q matrix has the dimension pr x p.

Matlab allows one to create the observability matrix with the obsv command as,
Q = obsv(4,0C)

Then in order to determine if the system is observable or not, we can use the rank command
to determine if it has full rank.

rank(Q)

Controllability and Observability of my model:

My model was checked for the controllability and observability using the same technique as
above. The controllable and observable matrix has full rank that is 6. Hence the system is
considered to be controllable and Observable.

3.5.2 Analysis using poles and zeros:

Poles and Zeros of a transfer function are the frequencies for which the value of the
denominator and numerator of transfer function becomes zero respectively. The values of the
poles and the zeros of a system determine whether the system is stable and how well the
system performs. The locations of the poles and the values of the real and imaginary parts of
the pole determine the response of the system. Real parts correspond to exponentials, and
imaginary parts correspond to sinusoidal values. Addition of poles to the transfer function has
the effect of pulling the root locus to the right, making the system less stable. Addition of
zeros to the transfer function has the effect of pulling the root locus to the left, making the
system more stable.
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The transfer function provides a basis for determining important system response
characteristics without solving the complete differential equation. As define, the transfer
function is a rational function in the complex variable s = o +j w, [19] that is

b,s™+ b,,_;s™ 1+ 4 b;s+ b,

H(s) =
(s) a,s™+ a,_;s"1+ -+ a;s+ a,

It is often convenient to the factor the polynomials in the numerator and denominator, and to
write the transfer function in terms of those factors:

_ N(s) (s—2z)(5=2,) . (S = 2 ) (S — Z)
- D(s) U (s P —D3) o (S = Pp-1) (S — Pp)

H(s)

Where the numerator and denominator polynomials, N(s) and D(s), have real coefficients

defined by the system’s differential equation and K = bm/an. As written in the previous

equation, the z;'s are the roots of the equation N(s) = 0, and are defined to be the system
zeros, and the p;’s are the roots of the equation D(s) = 0, and are defined to be the system
poles.

A system is characterized by its pole and zeros in the sense that they allow reconstruction of
the input or output differential equation. In general, the poles and zeros of a transfer function
may be complex, and the system dynamics may be represented graphically by plotting their
locations on the complex s-plane, whose axes represent the real and imaginary parts of the
complex variable s. Such plots are known as pole-zero plots. It is usual to mark the zero
location by a circle(o) and a pole location a cross(x). The location of the poles and zeros
provide qualitative insights into the response characteristics of a system.

Since my model is a six degree of freedom model, there are 6 poles present in the root locus
analysis plot.
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The response of the model (as given in the above paragraph) for the thrust from rotor 2 to the
Roll Angle and Roll Rate is shown in the following figure,
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