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My background



1.PhD on numerical optimization. In particular, Newton-type methods 

for signal/image processing and machine learning. Complexity of 

Newton-type methods and development of provably efficient 

preconditioners for iterative solution of linear systems. 

2.Three year postdoctoral fellow at University of California Berkeley. 

Experience on parallelizing optimization methods for ML and Graph 

analytics (this talk). Also worked a lot on variational perspective of 

local graph clustering (this talk).



Parallel methods for convex 
optimization

Avoiding synchronization in first-order methods for sparse convex optimization, A. 
Devarakonda, J. Demmel, K. Fountoulakis, M. Mahoney, IPDPS, 2018

Avoiding communication in primal and dual coordinate descent methods, A. Devarakonda, J. 
Demmel, K. Fountoulakis, M. Mahoney, SIAM Scientific Computing, 2018 (minor revisions)



Optimization problems

minimize �g(x) + f(x;A, b)

• Sparse 
regression

•  Elastic net

•  Group lasso

g(x) = kxk1

g(x) =
⌘

2
kxk22 + (1� ⌘)kxk1

g(x) =
JX

j=1

kxjkKj

f(x) = kAx� bk22

• Sparse 
SVM g(x) = kxk1
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mX

i=1

max(1� biA
T
i x, 0)

2



A

minimize �kxk22 +
1

2
kAx� bk22

Assumptions for this talk

Ridge Regression

1D Row Partition

Method: Single coordinate descent
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Scalable results for all data layouts

A A

* Best performance depends on dataset and algorithm

A

1D Row Partition 2D Block Partition 1D Column Partition



Methods that we can speed up

- Block coordinate descent

- Accelerated block coordinate descent

- Newton-type (first-order++) block coordinate descent

- Proximal versions of the above
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An example: coordinate descent

 10

- Sample a column of data

ek : indicator vector for chosen coordinate at kth iteration
<latexit sha1_base64="2pI/+8CziKBtvk78lwjw410jCc0="></latexit><latexit sha1_base64="2pI/+8CziKBtvk78lwjw410jCc0="></latexit><latexit sha1_base64="2pI/+8CziKBtvk78lwjw410jCc0="></latexit><latexit sha1_base64="2pI/+8CziKBtvk78lwjw410jCc0="></latexit>

xk+1 := xk + ek�xk
<latexit sha1_base64="Oad2RPivCH2EgeMSEMtpMp0/2Ck="></latexit><latexit sha1_base64="Oad2RPivCH2EgeMSEMtpMp0/2Ck="></latexit><latexit sha1_base64="Oad2RPivCH2EgeMSEMtpMp0/2Ck="></latexit><latexit sha1_base64="Oad2RPivCH2EgeMSEMtpMp0/2Ck="></latexit>

Or equivalently �xk := � 1

2�+Ak
TAk| {z }

step-size

(2�xk
Tek + (Axk � b)TAk)| {z }
partial derivative

<latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit><latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit><latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit><latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit>

�xk := argmin�x2R �kxk + ek�xk22 +
1

2
kAxk +Ak�x� bk22

<latexit sha1_base64="4/sUCbLfI0SS2yRMMy8FcJtI/Ho="></latexit><latexit sha1_base64="4/sUCbLfI0SS2yRMMy8FcJtI/Ho="></latexit><latexit sha1_base64="4/sUCbLfI0SS2yRMMy8FcJtI/Ho="></latexit><latexit sha1_base64="4/sUCbLfI0SS2yRMMy8FcJtI/Ho="></latexit>

Ak := Aek
<latexit sha1_base64="MtqTk6k+LfjAYlMoypJti+OaxAs=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZEUASh6sZlBfuAdhgymUwbmkmGJCOUoT/gxl9x40IRt+7d+Tdm2lnY1gMhh3Pu5d57goRRpR3nxyotLa+srpXXKxubW9s79u5eS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsY3uZ++5FIRQV/0KOEeDHqcxpRjLSRfPuoFwgWqlFsvuzaH44vr2YUSIzm21Wn5kwAF4lbkCoo0PDt714ocBoTrjFDSnVdJ9FehqSmmJFxpZcqkiA8RH3SNZSjmCgvm1wzhsdGCWEkpHlcw4n6tyNDscrXM5Ux0gM17+Xif1431dGFl1GepJpwPB0UpQxqAfNoYEglwZqNDEFYUrMrxAMkEdYmwIoJwZ0/eZG0TmuuSeb+rFq/KeIogwNwCE6AC85BHdyBBmgCDJ7AC3gD79az9Wp9WJ/T0pJV9OyDGVhfvys+nDo=</latexit><latexit sha1_base64="MtqTk6k+LfjAYlMoypJti+OaxAs=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZEUASh6sZlBfuAdhgymUwbmkmGJCOUoT/gxl9x40IRt+7d+Tdm2lnY1gMhh3Pu5d57goRRpR3nxyotLa+srpXXKxubW9s79u5eS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsY3uZ++5FIRQV/0KOEeDHqcxpRjLSRfPuoFwgWqlFsvuzaH44vr2YUSIzm21Wn5kwAF4lbkCoo0PDt714ocBoTrjFDSnVdJ9FehqSmmJFxpZcqkiA8RH3SNZSjmCgvm1wzhsdGCWEkpHlcw4n6tyNDscrXM5Ux0gM17+Xif1431dGFl1GepJpwPB0UpQxqAfNoYEglwZqNDEFYUrMrxAMkEdYmwIoJwZ0/eZG0TmuuSeb+rFq/KeIogwNwCE6AC85BHdyBBmgCDJ7AC3gD79az9Wp9WJ/T0pJV9OyDGVhfvys+nDo=</latexit><latexit sha1_base64="MtqTk6k+LfjAYlMoypJti+OaxAs=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZEUASh6sZlBfuAdhgymUwbmkmGJCOUoT/gxl9x40IRt+7d+Tdm2lnY1gMhh3Pu5d57goRRpR3nxyotLa+srpXXKxubW9s79u5eS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsY3uZ++5FIRQV/0KOEeDHqcxpRjLSRfPuoFwgWqlFsvuzaH44vr2YUSIzm21Wn5kwAF4lbkCoo0PDt714ocBoTrjFDSnVdJ9FehqSmmJFxpZcqkiA8RH3SNZSjmCgvm1wzhsdGCWEkpHlcw4n6tyNDscrXM5Ux0gM17+Xif1431dGFl1GepJpwPB0UpQxqAfNoYEglwZqNDEFYUrMrxAMkEdYmwIoJwZ0/eZG0TmuuSeb+rFq/KeIogwNwCE6AC85BHdyBBmgCDJ7AC3gD79az9Wp9WJ/T0pJV9OyDGVhfvys+nDo=</latexit><latexit sha1_base64="MtqTk6k+LfjAYlMoypJti+OaxAs=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWZEUASh6sZlBfuAdhgymUwbmkmGJCOUoT/gxl9x40IRt+7d+Tdm2lnY1gMhh3Pu5d57goRRpR3nxyotLa+srpXXKxubW9s79u5eS4lUYtLEggnZCZAijHLS1FQz0kkkQXHASDsY3uZ++5FIRQV/0KOEeDHqcxpRjLSRfPuoFwgWqlFsvuzaH44vr2YUSIzm21Wn5kwAF4lbkCoo0PDt714ocBoTrjFDSnVdJ9FehqSmmJFxpZcqkiA8RH3SNZSjmCgvm1wzhsdGCWEkpHlcw4n6tyNDscrXM5Ux0gM17+Xif1431dGFl1GepJpwPB0UpQxqAfNoYEglwZqNDEFYUrMrxAMkEdYmwIoJwZ0/eZG0TmuuSeb+rFq/KeIogwNwCE6AC85BHdyBBmgCDJ7AC3gD79az9Wp9WJ/T0pJV9OyDGVhfvys+nDo=</latexit>
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Ak+s
TAk+s

<latexit sha1_base64="xo+OuOWV0dmBOVXd37lK4bWG/Ng=">AAACE3icbVDLSgMxFM34rPU16tJNsAiiUGZE0GXVjcsKfUE7DplM2oZmkiHJCGWYf3Djr7hxoYhbN+78GzPtLLTtgZDDOfdy7z1BzKjSjvNjLS2vrK6tlzbKm1vbO7v23n5LiURi0sSCCdkJkCKMctLUVDPSiSVBUcBIOxjd5n77kUhFBW/ocUy8CA047VOMtJF8+7QXCBaqcWS+9NpPR2cqyx4ai1TfrjhVZwI4T9yCVECBum9/90KBk4hwjRlSqus6sfZSJDXFjGTlXqJIjPAIDUjXUI4iorx0clMGj40Swr6Q5nENJ+rfjhRFKl/QVEZID9Wsl4uLvG6i+1deSnmcaMLxdFA/YVALmAcEQyoJ1mxsCMKSml0hHiKJsDYxlk0I7uzJ86R1XnVNMvcXldpNEUcJHIIjcAJccAlq4A7UQRNg8ARewBt4t56tV+vD+pyWLllFzwH4B+vrF8ven1g=</latexit><latexit sha1_base64="xo+OuOWV0dmBOVXd37lK4bWG/Ng=">AAACE3icbVDLSgMxFM34rPU16tJNsAiiUGZE0GXVjcsKfUE7DplM2oZmkiHJCGWYf3Djr7hxoYhbN+78GzPtLLTtgZDDOfdy7z1BzKjSjvNjLS2vrK6tlzbKm1vbO7v23n5LiURi0sSCCdkJkCKMctLUVDPSiSVBUcBIOxjd5n77kUhFBW/ocUy8CA047VOMtJF8+7QXCBaqcWS+9NpPR2cqyx4ai1TfrjhVZwI4T9yCVECBum9/90KBk4hwjRlSqus6sfZSJDXFjGTlXqJIjPAIDUjXUI4iorx0clMGj40Swr6Q5nENJ+rfjhRFKl/QVEZID9Wsl4uLvG6i+1deSnmcaMLxdFA/YVALmAcEQyoJ1mxsCMKSml0hHiKJsDYxlk0I7uzJ86R1XnVNMvcXldpNEUcJHIIjcAJccAlq4A7UQRNg8ARewBt4t56tV+vD+pyWLllFzwH4B+vrF8ven1g=</latexit><latexit sha1_base64="xo+OuOWV0dmBOVXd37lK4bWG/Ng=">AAACE3icbVDLSgMxFM34rPU16tJNsAiiUGZE0GXVjcsKfUE7DplM2oZmkiHJCGWYf3Djr7hxoYhbN+78GzPtLLTtgZDDOfdy7z1BzKjSjvNjLS2vrK6tlzbKm1vbO7v23n5LiURi0sSCCdkJkCKMctLUVDPSiSVBUcBIOxjd5n77kUhFBW/ocUy8CA047VOMtJF8+7QXCBaqcWS+9NpPR2cqyx4ai1TfrjhVZwI4T9yCVECBum9/90KBk4hwjRlSqus6sfZSJDXFjGTlXqJIjPAIDUjXUI4iorx0clMGj40Swr6Q5nENJ+rfjhRFKl/QVEZID9Wsl4uLvG6i+1deSnmcaMLxdFA/YVALmAcEQyoJ1mxsCMKSml0hHiKJsDYxlk0I7uzJ86R1XnVNMvcXldpNEUcJHIIjcAJccAlq4A7UQRNg8ARewBt4t56tV+vD+pyWLllFzwH4B+vrF8ven1g=</latexit><latexit sha1_base64="xo+OuOWV0dmBOVXd37lK4bWG/Ng=">AAACE3icbVDLSgMxFM34rPU16tJNsAiiUGZE0GXVjcsKfUE7DplM2oZmkiHJCGWYf3Djr7hxoYhbN+78GzPtLLTtgZDDOfdy7z1BzKjSjvNjLS2vrK6tlzbKm1vbO7v23n5LiURi0sSCCdkJkCKMctLUVDPSiSVBUcBIOxjd5n77kUhFBW/ocUy8CA047VOMtJF8+7QXCBaqcWS+9NpPR2cqyx4ai1TfrjhVZwI4T9yCVECBum9/90KBk4hwjRlSqus6sfZSJDXFjGTlXqJIjPAIDUjXUI4iorx0clMGj40Swr6Q5nENJ+rfjhRFKl/QVEZID9Wsl4uLvG6i+1deSnmcaMLxdFA/YVALmAcEQyoJ1mxsCMKSml0hHiKJsDYxlk0I7uzJ86R1XnVNMvcXldpNEUcJHIIjcAJccAlq4A7UQRNg8ARewBt4t56tV+vD+pyWLllFzwH4B+vrF8ven1g=</latexit>

At each iteration we need to compute in parallel the following inner products

(Axk+s � b)TAk+s
<latexit sha1_base64="o6AO2IFhuoSw1Gx6vaxAKtczgEA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVsSRF0GXVjcsKfUEbw2QyaYdOJmFmIpaQ/3Djr7hxoYgrwYV/46TtwrYeGOZwzr3ce48XMyqVZf0YS8srq2vrhY3i5tb2zq65t9+SUSIwaeKIRaLjIUkY5aSpqGKkEwuCQo+Rtje8yf32AxGSRryhRjFxQtTnNKAYKS25ZrXc8yLmy1Gov/Tq0U2HpzKDZ9DLTu4bcMaceJlrlqyKNQZcJPaUlMAUddf86vkRTkLCFWZIyq5txcpJkVAUM5IVe4kkMcJD1CddTTkKiXTS8W0ZPNaKD4NI6McVHKt/O1IUynxBXRkiNZDzXi7+53UTFVw6KeVxogjHk0FBwqCKYB4U9KkgWLGRJggLqneFeIAEwkrHWdQh2PMnL5JWtWLrZO7OS7XraRwFcAiOQBnY4ALUwC2ogybA4Am8gDfwbjwbr8aH8TkpXTKmPQdgBsb3L/o/oWA=</latexit><latexit sha1_base64="o6AO2IFhuoSw1Gx6vaxAKtczgEA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVsSRF0GXVjcsKfUEbw2QyaYdOJmFmIpaQ/3Djr7hxoYgrwYV/46TtwrYeGOZwzr3ce48XMyqVZf0YS8srq2vrhY3i5tb2zq65t9+SUSIwaeKIRaLjIUkY5aSpqGKkEwuCQo+Rtje8yf32AxGSRryhRjFxQtTnNKAYKS25ZrXc8yLmy1Gov/Tq0U2HpzKDZ9DLTu4bcMaceJlrlqyKNQZcJPaUlMAUddf86vkRTkLCFWZIyq5txcpJkVAUM5IVe4kkMcJD1CddTTkKiXTS8W0ZPNaKD4NI6McVHKt/O1IUynxBXRkiNZDzXi7+53UTFVw6KeVxogjHk0FBwqCKYB4U9KkgWLGRJggLqneFeIAEwkrHWdQh2PMnL5JWtWLrZO7OS7XraRwFcAiOQBnY4ALUwC2ogybA4Am8gDfwbjwbr8aH8TkpXTKmPQdgBsb3L/o/oWA=</latexit><latexit sha1_base64="o6AO2IFhuoSw1Gx6vaxAKtczgEA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVsSRF0GXVjcsKfUEbw2QyaYdOJmFmIpaQ/3Djr7hxoYgrwYV/46TtwrYeGOZwzr3ce48XMyqVZf0YS8srq2vrhY3i5tb2zq65t9+SUSIwaeKIRaLjIUkY5aSpqGKkEwuCQo+Rtje8yf32AxGSRryhRjFxQtTnNKAYKS25ZrXc8yLmy1Gov/Tq0U2HpzKDZ9DLTu4bcMaceJlrlqyKNQZcJPaUlMAUddf86vkRTkLCFWZIyq5txcpJkVAUM5IVe4kkMcJD1CddTTkKiXTS8W0ZPNaKD4NI6McVHKt/O1IUynxBXRkiNZDzXi7+53UTFVw6KeVxogjHk0FBwqCKYB4U9KkgWLGRJggLqneFeIAEwkrHWdQh2PMnL5JWtWLrZO7OS7XraRwFcAiOQBnY4ALUwC2ogybA4Am8gDfwbjwbr8aH8TkpXTKmPQdgBsb3L/o/oWA=</latexit><latexit sha1_base64="o6AO2IFhuoSw1Gx6vaxAKtczgEA=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVsSRF0GXVjcsKfUEbw2QyaYdOJmFmIpaQ/3Djr7hxoYgrwYV/46TtwrYeGOZwzr3ce48XMyqVZf0YS8srq2vrhY3i5tb2zq65t9+SUSIwaeKIRaLjIUkY5aSpqGKkEwuCQo+Rtje8yf32AxGSRryhRjFxQtTnNKAYKS25ZrXc8yLmy1Gov/Tq0U2HpzKDZ9DLTu4bcMaceJlrlqyKNQZcJPaUlMAUddf86vkRTkLCFWZIyq5txcpJkVAUM5IVe4kkMcJD1CddTTkKiXTS8W0ZPNaKD4NI6McVHKt/O1IUynxBXRkiNZDzXi7+53UTFVw6KeVxogjHk0FBwqCKYB4U9KkgWLGRJggLqneFeIAEwkrHWdQh2PMnL5JWtWLrZO7OS7XraRwFcAiOQBnY4ALUwC2ogybA4Am8gDfwbjwbr8aH8TkpXTKmPQdgBsb3L/o/oWA=</latexit>

What are the basic computational primitives that we need to 
parallelize?

�xk := � 1

2�+Ak
TAk| {z }

step-size

(2�xk
Tek + (Axk � b)TAk)| {z }
partial derivative

<latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit><latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit><latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit><latexit sha1_base64="7tP3wy1MypAz0f9UjxEcC0PvMik="></latexit>
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How can we compute inner products in parallel?

 12

1 3 2 7 6 5 8 4
Distribute this in 4 Processors

4
6
3
7
2
8
1
5

P1 P2 P3 P4

1x4+3x6

1 3 4
6

2 7 3
7

6 5 2
8

8 4 1
5

2x3+7x7 6x2+5x8 8x1+4x5

P1 P2

22 55 52 28

P1
22+55 52+28

77+8077 80



How much does it cost to compute an inner product in parallel?

Log P (depth of binary tree) messages in parallel, where P is the number of 
processors

Each message costs ↵+ n�
<latexit sha1_base64="eOammorqpTKnt5T12TZgEAj+yh0=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIIQklE0GPRi8cK9gOaUCbbbbt0swm7k0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelEph0PO+nbX1jc2t7dJOeXdv/+DQPTpumiTTjDdYIhPdjsBwKRRvoEDJ26nmEEeSt6LR/cxvjbk2IlFPOEl5GMNAib5ggFbqum4AMh0CvaSKBhFH6LoVr+rNQVeJX5AKKVDvul9BL2FZzBUyCcZ0fC/FMAeNgkk+LQeZ4SmwEQx4x1IFMTdhPr98Ss+t0qP9RNtSSOfq74kcYmMmcWQ7Y8ChWfZm4n9eJ8P+bZgLlWbIFVss6meSYkJnMdCe0JyhnFgCTAt7K2VD0MDQhlW2IfjLL6+S5lXV96r+43WldlfEUSKn5IxcEJ/ckBp5IHXSIIyMyTN5JW9O7rw4787HonXNKWZOyB84nz8M3JKe</latexit><latexit sha1_base64="eOammorqpTKnt5T12TZgEAj+yh0=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIIQklE0GPRi8cK9gOaUCbbbbt0swm7k0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelEph0PO+nbX1jc2t7dJOeXdv/+DQPTpumiTTjDdYIhPdjsBwKRRvoEDJ26nmEEeSt6LR/cxvjbk2IlFPOEl5GMNAib5ggFbqum4AMh0CvaSKBhFH6LoVr+rNQVeJX5AKKVDvul9BL2FZzBUyCcZ0fC/FMAeNgkk+LQeZ4SmwEQx4x1IFMTdhPr98Ss+t0qP9RNtSSOfq74kcYmMmcWQ7Y8ChWfZm4n9eJ8P+bZgLlWbIFVss6meSYkJnMdCe0JyhnFgCTAt7K2VD0MDQhlW2IfjLL6+S5lXV96r+43WldlfEUSKn5IxcEJ/ckBp5IHXSIIyMyTN5JW9O7rw4787HonXNKWZOyB84nz8M3JKe</latexit><latexit sha1_base64="eOammorqpTKnt5T12TZgEAj+yh0=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIIQklE0GPRi8cK9gOaUCbbbbt0swm7k0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelEph0PO+nbX1jc2t7dJOeXdv/+DQPTpumiTTjDdYIhPdjsBwKRRvoEDJ26nmEEeSt6LR/cxvjbk2IlFPOEl5GMNAib5ggFbqum4AMh0CvaSKBhFH6LoVr+rNQVeJX5AKKVDvul9BL2FZzBUyCcZ0fC/FMAeNgkk+LQeZ4SmwEQx4x1IFMTdhPr98Ss+t0qP9RNtSSOfq74kcYmMmcWQ7Y8ChWfZm4n9eJ8P+bZgLlWbIFVss6meSYkJnMdCe0JyhnFgCTAt7K2VD0MDQhlW2IfjLL6+S5lXV96r+43WldlfEUSKn5IxcEJ/ckBp5IHXSIIyMyTN5JW9O7rw4787HonXNKWZOyB84nz8M3JKe</latexit><latexit sha1_base64="eOammorqpTKnt5T12TZgEAj+yh0=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIIQklE0GPRi8cK9gOaUCbbbbt0swm7k0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelEph0PO+nbX1jc2t7dJOeXdv/+DQPTpumiTTjDdYIhPdjsBwKRRvoEDJ26nmEEeSt6LR/cxvjbk2IlFPOEl5GMNAib5ggFbqum4AMh0CvaSKBhFH6LoVr+rNQVeJX5AKKVDvul9BL2FZzBUyCcZ0fC/FMAeNgkk+LQeZ4SmwEQx4x1IFMTdhPr98Ss+t0qP9RNtSSOfq74kcYmMmcWQ7Y8ChWfZm4n9eJ8P+bZgLlWbIFVss6meSYkJnMdCe0JyhnFgCTAt7K2VD0MDQhlW2IfjLL6+S5lXV96r+43WldlfEUSKn5IxcEJ/ckBp5IHXSIIyMyTN5JW9O7rw4787HonXNKWZOyB84nz8M3JKe</latexit>

communication time

Constant cost: start-up time

Number of bytes to send

Transfer time per byte

One inner product cost (length of vector)/P FLOPS computational time

Running time: computational time + communication time
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Summary of coordinate descent

Pseudo-code
1 tree reduction per 

iteration - Sample a column of data

- Compute partial derivative

- Update solution new old

- Repeat
 14
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A better version of coordinate descent

 15

1 tree reduction per “s” iterations instead of 1 tree reduction at every iteration

“s” is a user defined parameter

However, each node of the tree performs more computations



Summary of results

Decrease start-up time (latency) by a factor of s

No free lunch: increase number of bytes and flops by a factor of s

Flops are distributed 
across processors

Logarithmic 
dependence of start-up 

time on number of 
processors
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Instead we can unroll

�xk+s := � 1

2�+Ak+s
TAk+s| {z }

step-size

(2�xk+s
Tek+s + (Axk+s � b)TAk+s)| {z }

partial derivative
<latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="FOtiNeMaPXkcY5+lUd9TXKZ5hmU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odumIeA6jDOVzAFYRwA3fwAB3ogoAEXuHdm3hv3seqq5q3Lu0M/sj7/AE4f4o3</latexit><latexit sha1_base64="F0WnqvxvAzAIjVL5m2K4qmWlC0I="></latexit><latexit sha1_base64="F0WnqvxvAzAIjVL5m2K4qmWlC0I="></latexit><latexit sha1_base64="I9QE+SQ4G/bdKuSLa+9x8vlc4k0="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit>

“s” iterations back and notice that all we need to compute the direction is a 
bunch of inner products which can be performed in parallel.

.
    .
         .

s

G11

G22

G33

G21

G31 G32

“s” chosen columns Store all pairs of inner products in an s x s covar. matrix 

Avoid start-up costs by viewing the algorithm as a recurrence
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Instead we can unroll

�xk+s := � 1

2�+Ak+s
TAk+s| {z }

step-size

(2�xk+s
Tek+s + (Axk+s � b)TAk+s)| {z }

partial derivative
<latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="FOtiNeMaPXkcY5+lUd9TXKZ5hmU=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odumIeA6jDOVzAFYRwA3fwAB3ogoAEXuHdm3hv3seqq5q3Lu0M/sj7/AE4f4o3</latexit><latexit sha1_base64="F0WnqvxvAzAIjVL5m2K4qmWlC0I="></latexit><latexit sha1_base64="F0WnqvxvAzAIjVL5m2K4qmWlC0I="></latexit><latexit sha1_base64="I9QE+SQ4G/bdKuSLa+9x8vlc4k0="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit><latexit sha1_base64="PptiaKPSJh4pbkcM3HUUoJrYVn4="></latexit>

residual at step k

AT

=s

Partial  
gradient at step k

“s” iterations back and notice that all we need to compute the direction is a 
bunch of inner products which can be performed in parallel.

Avoid start-up costs by viewing the algorithm as a recurrence
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A better algorithm: communication avoiding coordinate descent

Pseudo-code

- Compute in parallel anticipated computations
       for the next “s” iterations

s
s

- Redundantly store the result 
    in all processors P1 P2 P

- Each processor independently computes the next “s” iterations

1 tree reduction per s 
iterations

- Repeat
 19
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Running time in Big-O for coordinate descent

↵ Time per message

� Time per word

� Time per FLOP

P Number of cores

f = nnz(A)/mn

H Number of iterations

No free lunch: Exchange FLOPS and bandwidth for latency

� ⇥
✓
s
Hfm

P

◆
+ ↵⇥

✓
H logP

s

◆
+ � ⇥ sH logP

<latexit sha1_base64="rhz9ZcBAlDmOEIr+eDChq7nSQTA="></latexit><latexit sha1_base64="rhz9ZcBAlDmOEIr+eDChq7nSQTA="></latexit><latexit sha1_base64="rhz9ZcBAlDmOEIr+eDChq7nSQTA="></latexit><latexit sha1_base64="rhz9ZcBAlDmOEIr+eDChq7nSQTA="></latexit>

Features

Samples

m
<latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit><latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit><latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit><latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit>

n
<latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit><latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit><latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit><latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit>

s=1: coordinate descent s>1: communication avoiding coordinate descent



!21

Optimal parameter “s”

s ⇡
r

↵

�

Cori or Edison
= O

 r
10�6

10�10

!
= 100

-Let’s assume A is very sparse, i.e., γfm is very small, then

↵ Time per message

� Time per word

� Time per FLOP

P Number of cores

f = nnz(A)/mn

H Number of iterations

Features

Samples

m
<latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit><latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit><latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit><latexit sha1_base64="EZxTxWCnDi0Ly5g65biFtb5ey2Q=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOTTjJmZnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfzfzWE2rDY/VgJwmGkg4VH3BGrZPqslcq+xV/DrJKgpyUIUetV/rq9mOWSlSWCWpMJ/ATG2ZUW84ETovd1GBC2ZgOseOoohJNmM0PnZJzp/TJINaulCVz9fdERqUxExm5TkntyCx7M/E/r5PawU2YcZWkFhVbLBqkgtiYzL4mfa6RWTFxhDLN3a2EjaimzLpsii6EYPnlVdK8rAQumfpVuXqbx1GAUziDCwjgGqpwDzVoAAOEZ3iFN+/Re/HevY9F65qXz5zAH3ifP9U7jPA=</latexit>

n
<latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit><latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit><latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit><latexit sha1_base64="5cxetTK2h7jqowSTSu/cZpx8BCs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeTaZ5Xanf5nEU4QzO4RI8qEEd7qEBLWCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPWv4zx</latexit>
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Preliminary experiments

Summary of (LIBSVM) datasets

Name #Features #Data points Density of non-
zeros

url 3,231,961 2,396,130 0.0036%

epsilon 2,000 400,000 100%

news20 62,021 15,935 0.13%

covtype 54 581,012 22%

C++ using the Message Passing Interface (MPI). Intel MKL library for sparse and 
dense BLAS routines. All methods were tested on a Cray XC30.
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Variational perspective on local 
graph clustering

“An optimization approach to locally-biased graph algorithms”, K. Fountoulakis, 
D. Gleich, M. Mahoney Proceedings IEEE, 2016

“Capacity Releasing Diffusion for Speed and Locality”, D. Wang, K. Fountoulakis, 
M. Mahoney, S. Rao, ICML 2017

“Variational perspective on local graph clustering”, K.Fountoulakis, F. Khorasani, J. Shun, 
X. Cheng, M. Mahoney, Math. Prog. B., 2017

“Parallel Local Graph Clustering”, J. Shun, K. Fountoulakis, F. Khorasani, 
M. Mahoney, VLDB, 2016



Past and present studies focus on global trends of the data

The American civil war ended in 1865

1789 1865 2008

US-Senate data: Community structure in time-
dependent, multiscale, and multiplex networks, 

Science, 328(no. 5980):876-878, 2010



Data: The MIPS mammalian protein-protein interaction database. Bioinformatics, 21(6):832-834, 2005

But, most real data have rich local structure

Color denotes similar 
function



And can be very complex

Data: The MIPS mammalian protein-protein interaction database. Bioinformatics, 21(6):832-834, 2005

Color denotes similar 
function



1.Local graph clustering, definition, examples 

2.Example of a state-of-the-art method 

3.Variational model 

4.Proximal gradient descent

Outline



What is local graph clustering and why is it useful?

-Definition: find set of nodes A given a seed node in set B 
-Set A has good precision/recall w.r.t set B 
-The running time depends on A instead of the whole graph 

-Scalable to graphs with billions of edges  

-Ideal for finding small clusters and small neighborhoods



Facebook social network: colour denotes class year

Data: Facebook John Hopkins, A. L. Traud, P. J. Mucha and M. A. Porter, Physica A, 391(16), 2012



Global spectral: finds 20% of the graph

Data: Facebook John Hopkins, A. L. Traud, P. J. Mucha and M. A. Porter, Physica A, 391(16), 2012



Local graph clustering: finds 3% of the graph

Data: Facebook John Hopkins, A. L. Traud, P. J. Mucha and M. A. Porter, Physica A, 391(16), 2012



Local graph clustering: finds 17% of the graph

Data: Facebook John Hopkins, A. L. Traud, P. J. Mucha and M. A. Porter, Physica A, 391(16), 2012
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Approximate Personalized PageRank

↵ = 0.1
Transfer alpha (10%) mass from r to x

The other 90% of the mass is distributed evenly  
to neighbors of A 
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Algorithm idea: iteratively spread probability mass around the graph  
until

Approximate Personalized PageRank

max
i

ri
di

 ⇢↵

- ρ: termination parameter 
- d_i: number of edges of node i 



Observation: The optimality conditions of an l1-regularized 
convex problem imply the termination condition of APPR.

Variational model of APPR

where
- B: is the incidence matrix 
-  D: Degree matrix 
-  H = diag(initial prob. dist. over nodes) 
-  Z = D - H

minimize
1� ↵

2
kBxk22 + ↵kH(1� x)k22 + ↵kZxk22 + ⇢↵kDxk1

-  α: teleportation parameter 
-  ρ: l1-reg. hyper-parameter 



Termination conditions vs optimality conditions

max
i

ri
di

 ⇢↵

ri
di

= ⇢↵, xi 6= 0

ri
di

 ⇢↵, xi = 0
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Termination criteria of Approximate Personalized PageRank

Optimality conditions of the variational model



Properties of the variational problem

-Crucial: The model decouples the output from the algorithm.

-Theorem: The volume of the optimal solution is bounded by 1/ρ

-Theorem: Same combinatorial theoretical guarantees for local 
graph clustering



Proximal gradient descent for local graph clustering

f(x) :=
1� ↵

2
kBxk22 + ↵kH(1� x)k22 + ↵kZxk22 g(x) := ⇢↵kDxk1

Proximal gradient descent

xk+1 := argmin g(x) + f(xk) + hrf(xk), x� xki| {z }
first-order Taylor approximation

+
1

2
kx� xkk22

| {z }
upper bound on the
approximation error

Requires careful implementation to avoid excessive running time
-Need to maintain a set of non-zero nodes 
-Update x and gradient only for non-zero nodes and their neighbors at 
each iteration



Theorem: non-decreasing non-zero nodes
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Worst-case running times

Weighted graphs

O
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µ
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Unweighted graphs
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Prox. grad.

APPR
1

↵⇢
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LS⇤ : sub-matrix of normalized Laplacian
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Open problem: is accelerated prox. grad. a local algorithm? 

Gradient descent running time
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Software



LocalGraphClustering on 

-Written in Python with C++ routines when required 

-Graph analytics on 100 million edges graph on a 16GB RAM laptop 

-Demonstrations on social and bioinformatics networks 

-8 Python notebooks with numerous examples and graph visualizations 

-Video presentations 

-12 methods and pipelines



-pdNCG: primal-dual Newton Conjugate Gradients 

-MFIPMCS: Matrix-free Interior Point Method for Compressed Sensing 

-Trillion: Scalable instance generator for l1-regularized least-square problems 

-FCD: Flexible Coordinate Descent

* Can be found at Edinburgh Research Group in Optimization repo 
and my personal website



Thank you!



Other work during my PhD
“A flexible coordinate descent method”, K. Fountoulakis, R. Tappenden, Computational 

Optimization and Applications, 2018

“A second-order method for strongly-convex l1-regularization”, K. Fountoulakis, J. Gondzio, 
Mathematical Programming, 2016

“A preconditioner for a primal-dual Newton conjugate gradients method for compressed 
sensing problems”, I. Dassios, K. Fountoulakis, J. Gondzio, Mathematical Programming, 2015

“Matrix-free interior point method for compressed sensing problems”, K. Fountoulakis, J. 
Gondzio, P. Zhlobich, Mathematical Programming Computation, 2014

“Performance of first- and second-order methods for l1-regularized least squares 
problems”, K. Fountoulakis, J. Gondzio, Computational Optimization and Applications, 2016



Newton-type methods for image processing

minimize �krxk1 +
1

2
kAx� bk22
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Parallel local graph clustering methods in shared memory

-Why shared memory? Currently the largest publicly available graphs can be 
stored in computers with shared memory

-We parallelize 4 local spectral methods + rounding 
1.Approximate PageRank (as demonstrated in previous slides) 
2.Nibble 
3.Deterministic HeatKernel Approximate PageRank 
4.Randomized HeatKernel Approximate PageRank 
5.Sweep cut rounding algorithm

Parallel Local Graph Clustering, J. Shun, K. Fountoulakis, F. Khorasani, 
M. Mahoney, VLDB, 2016

Based on



Overview of results

-3-16x faster than serial version

-Parallelization allowed us to solve problems of billions of nodes and edges.



An example: Parallel Approximate Personalized PageRank

-Serial version: picks a node from candidates to distribute mass to its neighbors 

-Parallel: pick all nodes from candidates and distribute mass simultaneously 

-Asymptotic work (FLOPS) remains the same 
-But work is parallelized 
-We pay a small communication cost among cores



Input graph Num. vertices Num. edges

soc-JL 4,847,571 42,851,237

cit-Patents 6,009,555 16,518,947

com-LJ 4,036,538 34,681,189

com-Orkut 3,072,627 117,185,083

Twitter 41,652,231 1,202,513,046

Friendster 124,836,180 1,806,607,135

Yahoo 1,413,511,391 6,434,561,035

Data



-Slightly more work for the parallel version 
-Number of iterations is significantly less

Performance



-3-16x speed up 
-Speedup is limited by small active set in some iterations and memory effects

Performance



Future directions: short term

-DARPA D3M (and HIVE) funds the project on graph analytics.

-Expand variational perspective to flow methods

-Prove that accelerated gradient descent has local running time

-A tutorial on global and local graph methods

-Speed up existing pipelines using local graph clustering



Future directions: long term

-My objective: make local analysis of data useful for downstream applications 
scientists

-Target major applications, social network analysis, bioinformatics and 
medical sciences 

-Make the software as easy as possible for the 99% case

-Target data-science and machine learning venues, i.e., KDD, ICML, NIPS
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-O(105) approximate PPR problems were solved in parallel for each plot, 

Friendster, 124M nodes, 1.8B edges Yahoo, 1.4B nodes, 6.4B edges

- Agrees with conclusions of [Leskovec et al. 2008], i.e., good clusters tend to be small.

Graph analytics on graphs with more than a billion nodes



Trade-offs and existing approaches
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Communication
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Newton

Coordinate
Descent

Some 
algorithm

Current approach: 
choose an algorithm based 

on computation and 

communication trade-off



Trade-offs and existing approaches
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Communication

C
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Newton

Coordinate
Descent

Some 
algorithm

What happens if there is 

no algorithm with the 

required trade-off?

We need to wait until a 

mathematician comes up 

with a solution



Our approach
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Communication
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Take existing algorithms 

and make them 

communication avoidingSome 
algorithm

Coordinate
Descent

Newton



Outline of the approach and results

Choose your favorite algorithm

Scalability to 1000+ of processors or more

 68

Re-organize it to make it communication avoiding

Load balanced processors



 69

Communication for parallel computation of Gram matrix 
(every iteration)

Communication for parallel 
computation of all required 
inner products 
(every outer iteration)

No communication 
for inner loop  



Why communication matters
Definition and architectural trends

Modelling communication

Useful communication primitives



Communication is data movement.

Courtesy: 
Schwartz

Definition

Sequential Parallel (Distributed-Memory)



Architectural trends

Need for faster optimization algorithms with less communication requirements

Processor speed <<  Communication speed
Gap is growing



Modelling communication

Running Time = Computation time + Communication time

(time per flop) x (# of flops)

(time per word) x (# of words) + (time per message) x (# of messages)

Hardware Parameters 

Algorithm Parameters

Latency (or start-up time)  
of hardwareBandwidth of algorithm



Communication primitives

Courtesy: 
Kendall

Number of words Number of Messages

O(log P) O(log P)

Array of size n with P processors.

Cost of one MPI_Allreduce

Thakur, et. al. 2005
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An example: coordinate descent

Pseudo-code

- Sample a column of data

- Update solution new old

- Repeat
 75

- Compute partial derivative

Ai
T residual
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How all these are related to numerical optimization?

-First-order methods are often preferred in the serial setting due 
to fast convergence to low accuracy solutions

-However, in the parallel setting first-order methods can be 
communication bound depending on the number of cores and the 
network architecture

-Each iteration is usually very inexpensive but the algorithm needs 
many iteration to converge and each iteration requires a 
communication round
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G21

G31 G32

s x s covar. matrix 
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gradient at step k
g1

g2

gs

. 

. 

. 

Redundantly on all processors

No communication required

Compute “s” directions 

Compute in parallel with one 
communication round all 

quantities that are needed for 
the next “s” iterations

Avoid start-up costs by viewing the algorithm as a recurrence


