MATHEMATICS OF MEDICAL IMAGING
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ABSTRACT. Computed Tomography (CT) and other radial imaging techniques
are vital to the practice of modern medicine, allowing non-invasive examination
of the inner workings of the human body. However, raw CT data must be
transformed in order to become diagnostically relevant. This project examines
raw CT data, modeled by the Radon transform, and methods of inversion via
unfiltered backprojection, Fourier transforms, and filtered backprojection (the
inverse Radon transform). We demonstrate this process through examples of
“raw data” and inversion, with a focus on the influence of discrete data sets
of different sizes on inversion quality.

1. INTRODUCTION

The study of medical imaging has led to techniques vital to the practice of
medicine, such as x-ray imaging, computed tomography (CT) scans, magnetic res-
onance imaging, and a variety of other radiological imaging techniques. Such tech-
niques allow the examination of the internal condition of the body without the
use of invasive surgical procedures. Tomography, or slice imaging, represents a
subset of these techniques, notably x-ray imaging and CT scans, used to translate
two-dimensional external measurements into a reconstruction of three-dimensional
internal structure. This investigation will focus on CT scans, although the mathe-
matics of CT scans are very similar to those used in other types of medical imaging.
CT scans are of particular practical interest because they are useful in diagnosing
skeletal damage, cancers, and vascular diseases. They can also be used to guide
surgery, biopsy, and radiation therapy in real time.

Many of the discussions found in this paper are adapted from Charles Ep-
stein’s Introduction to the Mathematics of Medical Imaging [1], Peter O’Neil’s Ad-
vanced Engineering Mathematics [2], and Yves Nievergelt’s Elementary Inversion of
Radon’s Transform [3]. These publications, particularly [1], also represent valuable
sources for those desiring further information on these topics.

1.1. X-Ray Imaging. X-ray imaging relies on the principle that an object will
absorb or scatter x-rays of a particular energy in a manner dependent on its com-
position, quantified by the attenuation coefficient u. The attenuation coefficient
of a substance is a function in R3 dependent on a variety of factors, but primarily
reflective of the electron density of that substance. Therefore, denser substances
and substances containing elements with many electrons will have higher attenua-
tion coefficients. This helps explain why bone, which contains high percentages of
calcium (20 electrons), potassium (19 electrons), phosphorous (15 electrons), and
magnesium (12 electrons), has a much higher attenuation coefficient than soft tis-
sue, which is made up primarily of carbon (6 electrons), nitrogen (7 electrons), and
1
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FIGURE 1. A 2D diagram of a CT scanner. The CT scanner is
made up of a point-source emitter and film that rotate around
an object of interest, imaging the object in 2D slices and then
compiling these slices into a 3D rendering of the object. Image
from [1].

oxygen (8 electrons) [1]. Air is considered to have an attenuation coefficient of zero
for simplicity of calculation, so the attenuation coefficient disappears outside the
body.

In practice, Hounsfield units—attenuation coefficients normalized to the attenu-
ation coefficient of water—are used in favor of attenuation coefficients. This is due
to the fact that these units are suited to the examination of organisms primarily
composed of water, e.g., humans. The Hounsfield unit of a tissue is defined by

Hyjogue = Lizsue — Huwater 9000, (from [1])
Nwater

Although this examination will focus on the mathematics of the attenuation
coefficient itself, it is important to consider the practical ramifications represented
by the Hounsfield unit representation of particular tissues. The typical clinical
range of a CT scan, between air and bone, is approximately 2000 H [1]. Soft tissue,
the primary target of clinical investigation, represents a very small fraction of this
range, meaning that CT scans must be extremely sensitive in order to be clinically
useful.

1.2. CT Scanning. Computed tomography scanning is essentially an extrapola-
tion of the concept of an x-ray. Instead of taking a single x-ray from a single
perspective, a CT scan rotates a point source of x-rays around a body to be im-
aged. This exposes film on the opposite side of the object. By making calculations
from the level of exposure (density) of the film, one can determine line integrals of
the attenuation coefficient p through the object. Taking the calculations from a
full rotation, it is possible to reconstruct the 2D slice of the object. Compilation of
multiple slices allows for 3D reconstruction of the object.
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Essentially, the mathematics of CT scanning involves two problems. In the
forward problem, we model the data obtained from real-world CT scans using the
Radon transform. The Radon Transform allows us to create “film images” of objects
that are very similar to those actually occurring in x-rays or CT scans. The inverse
problem allows us to convert Radon transforms back into attenuation coefficients
using the inverse Radon transform-to reconstruct the body from a CT scan.

1.3. Thesis Objectives. This thesis addresses both the forward and inverse prob-
lems of medical imaging and the Radon transform. Section 2 examines the parametriza-
tion and definition of the Radon transform, showing how we obtain the “mock CT”
transform data by applying the Radon transform to known functions. A simple in-
version technique called unfiltered backprojection—and its drawbacks—are examined
in Section 3. Section 4 begins a discussion of another common data transform called
the Fourier transform, which is linked to the Radon transform by the Central Slice
Theorem discussed in Section 5. Sections 6 and 7 address methods of applying the
Fourier transform to discrete, real-world data—the discrete Fourier transform and
the sampled Fourier transform, respectively. An inversion formula for the Radon
transform is presented and proved with calculus in Section 8. Section 9 presents
a simple “body” as an example of moving through the process of Radon trans-
form/CT data reconstruction and shows the effect of different levels of discrete
data on reconstructions. The paper concludes and presents possibilities for further
exploration in Section 10.

2. THE RADON TRANSFORM

In order to work in the circular geometry of CT scans, it is helpful to parametrize
lines ax+by = ¢ in R? to a set of oriented lines with radial parameters £; g in R x S*
(see figure 2). In medical imaging, these lines are representative of the trajectories
of x-ray beams entering a body. Consider the general line in R?

(1) ax + by = ¢,
where a, b, and c are constants. We then have
a b c
x + Yy = .
Va>+ 02 Va2 + 027 Va2 b2
The first two coefficients, ( \/azaW7 \/aZbW)’ define a point on the unit circle. Let

0 be the angle corresponding to that point on the unit circle, so

a
6 =cos™! () .
Va2 +b?
Then cosf = ﬁ and sinf = ﬁ. This parametrization has an intrinsic

repetitive quality; the angle 6 can only take on values of [0,7) before repeating
previously described lines. Let ¢t be the distance from the origin to the line axz+by =
c along the angle 8. Then the line can also be described as the set of solutions (z, y)
to the inner product

t = {(z,y), (cosb,sinb)) = {(z,y),w).

Therefore, t is equal to the right side of equation (1). Notice that our definitions
of t and 6 also give us a point on the line, (tcos#,tsinf), where a line at angle 6
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Direction of A
x-ray beam

v

FIGURE 2. The parametrization of lines ax + by = c to lines ¢ g in R2.

intersects ax + by = c¢. This intersection is a right angle, because while the slope of
the line ax + by = c is —¢, the tangent of 0 is
sinf b

tanf =

cosf a’

Let the vector w = (cos #,sin 6), perpendicular to the line az + by = ¢, and let the
vector & = (—sinf, cos #) be parallel to this line. We can therefore create a vector
equation in terms of ¢t and 6 for the line,

lio = twH+sw
= (tcos6,tsinf) + s(—sinb, cosh),

where s € R. This line is the same as the line ax + by = ¢, but the parametrization
is in terms of an affine parameter ¢ and the angular parameter 6, making it easier
to determine a set of lines emanating from or passing through a single point.
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F1GURE 3. The piecewise-defined function g.

Definition 2.1. Let f be some function in R?, parametrized over the lines ;.
The Radon transform Zf(t,0) is defined as

Zf(t,0)= fds = / ftw+sw)ds = / f(tcos@—ssinb,tsinf+scosb)ds.
Li.o —o0 —o0

This definition describes the Radon transform for an angle 6. These discrete-6
Radon transforms can be combined, taking the integral of a function f over all lines
li9in Rx S1. For our purposes, it accurately models the data acquired from taking
cross-sectional scans of an object from a large set of angles, as in CT scanning, and
its inverse can be used to reconstruct an object from CT data.

To illustrate this process, consider the following simple example function

1 (z—-1)2%2+42<1
glzy) =1 1 (@+2?+y° <3
0 everywhere else,
shown in figure 3.

Taking the Radon transform & for discrete values of 6, we acquire a set of “line
profiles” of the intensity of ¢ at an angle perpendicular to the angle 6 (see figure 4).
These profiles are perpendicular due our initial parametrization, in which the line
of interest ¢; ¢ is perpendicular to the vector (cos#),sin 6).

The Radon transform % of the function g, plotted over all values of ¢t and 6, can
be seen in figure 5. This image represents a collection of all of the possible discrete
Radon transforms (such as those shown in figure 4), where the axes represent the ¢
and 6 values and the color brightness represents the intensity /density of the function
(the vertical scale of figure 4) at a particular point.

3. UNFILTERED BACKPROJECTION

The Radon transform is helpful to tomography applications such as CT because
it can model the data originally obtained from such scans. However, such data is
not immediately applicable to diagnostic applications because it does not directly
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0.5

FIGURE 4. Radon transform Z(g) of the piecewise-defined func-
tion g at the angles & = 0 (upper left), § = % (upper right), 6 = 7
(lower left), and 8 = 7 (lower right). Note that in this parametriza-
tion, the angle 6 is perpendicular to the angle of the line passing

through the object. Image created using Maple.

resemble the object being imaged. A method of recreating the original image (in
the case of the Radon transform itself, the original function) with a high degree of
specificity and veracity is therefore required in order to apply tomographic tech-
nologies in the real world. Perfect reconstruction via abstract inversion is possible
for continuous data (i.e., functions) but the finite (discrete) data available in the
real world allows for only estimated reconstructions. Thus most work for CT and
other real-world applications focuses on improving these estimates.

An initially appealing method is unfiltered backprojection, which takes the av-
erage values of the function along each line and “smears” or projects them back
over the line in order to create an image.
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Radon Transform %10
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FIGURE 5. The Radon transform of the function g over all values
of t and #. The brightness of the image represents the “density”
of the function g at a particular point. Image created using MAT-
LAB.

Definition 3.1 (from [1]). Let f be some function in R?, parametrized over the
lines £ 9. The unfiltered backprojection B [f(t,0)] is defined as
2m

BU®O =~ [ &ft0)d.
2m Jy

Unfiltered backprojection is a simple and logical computation, but not a faithful
representation of f, as can be observed in the graphs of the two-circle example func-
tion g and its unfiltered backprojection in figure 6. The unfiltered backprojection
retains the basic characteristics of g, but it loses contrast and introduces imag-
ing artifacts (i.e., radial blur). This is not particularly problematic for a simple,
high contrast image like the example function g. However, in medical applications
where the areas of interest are likely soft tissues with highly similar attenuation co-
efficients, loss of contrast and introduction of imaging artifacts would likely render
an image completely useless. Therefore unfiltered backprojection is not a viable
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FIGURE 6. The example function g (left) and its unfiltered back-
projection (right). Backprojection created using MATLAB.

solution to the problem of inverting the Radon transform for medical imaging ap-
plications.

As unfiltered backprojection’s lack of specificity renders it unusable for medical
imaging applications, we must examine other methods for inverting the Radon
transform. The Radon transform is closely related to the Fourier transform, an
extensively studied method whose inverse is well-described, by the Central Slice
Theorem. We will introduce the Fourier transform before exploring this relationship
further. Derivations and notation for this section will closely follow [2].

4. FOURIER TRANSFORM DERIVATION

Suppose a function f is absolutely integrable, that is, that fix;o |f(z)|dz con-
verges and f is piecewise smooth on every interval [—L, L]. Then the Fourier series
for f on this arbitrary interval is

PSUL = 5 /_if<v>dv+i(; [Zf<u>cos(T)dv) cos (122 4

+ nz::l (i /_L f(v)sin (nfzv) dv> sin (?) .

To simplify these equations, let w, = % and w, —w,-1 = 7 = Aw, so that

w becomes angular frequency and conveniently absorbs the angular terms of the
Fourier series. Then the Fourier series of f becomes

L o0 L
FS[f(v)] = % (/_L f(v)du) Aw + % Z (/_L f(v) cos(wnv)dv> cos(wnx)Aw +

(2) + % Z (/_L f(v) sin(w,w)dv) sin(wpx) Aw.

In order to get an approximation for the whole real line, let us examine the Fourier
series of f as L approaches infinity. Letting L approach infinity causes Aw to
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approach zero. The first component of equation (2) will therefore also approach

zero, that is,
1 L
as Aw — 0, — / fw)dv | Aw — 0,
2 L

because we assumed that f was absolutely convergent. Therefore, equation (2)
approaches

% /0 h K /_ O; f(v) cos(wv)dv) cos(wz) + ( /_ o; ) sin(wv)dv) sin(wx)} oo,

as L approaches infinity. This is the Fourier integral of f on the real line. If f is

continuous at x, this integral converges to f(z). If there is a jump discontinuity in

f, the integral will return the average of the values of the function lim f(x) and
r—a~—

lim+ f(x) on either side of the jump. Using trigonometric identities, the Fourier
r—a

integral can also be expressed as

_ 717/000 /: F(v) cos(w(v — z))dvde.

The complex form of the cosine function in this case is
1 . .
cos(w(v —z)) = 3 (e“"(“ﬁ) + eﬂw(”*””)) .
If we insert this complex form into the Fourier integral, we eventually find that
1 e .
FI[f(v)] = o [ Ce“*d
)= 5 [ Cea

where C' = ffcoo f(t)e~“tdt. This is the complex Fourier integral of f, and its

coefficient C' is the Fourier transform of f, also written as f(w).

Definition 4.1. Let f(z) be an absolutely integrable function with frequency w.
Then the Fourier transform f( (also written as F[f(x)](w)) is defined as

/ flx)e e da.

Definition 4.2. Let Pj( w) be an absolutely integmble function. Then the inverse
Fourier transform f(x) (also written as F~[F(w)](z)) is defined as

fla) = F PG = 5 [ flwperd

Consider the case where F(w) is an absolutely integrable Fourier transform of
a function that is also absolutely integrable. If both functions satisfy estimates of
the form

Q

|F(W)‘SW for a (5>O7
P

‘f($)| < W for an € >0,

where P and @ are upper limits on both the functions and their derivatives, then
the inverse Fourier transform of the Fourier transform F(w) of f(z) will equal the
original function f(z),

f(2) = FHUFI @)@)] (2) = f(2).
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In order to work in two-dimensional CT geometry, it is helpful to include an
extension of the Fourier transform into two dimensions. Its derivation is similar, but
considers two angular frequencies r and w, operating in the two different directions
of the plane.

Definition 4.3. Let f(xz,y) be an absolutely integrable function. Then the two-
dimensional Fourier transform f(r,w) is defined as

flr,w) = /jo /jo f(x,y)e™ e @) dady.

5. CENTRAL SLICE THEOREM

Having defined both the Radon transform and the Fourier transform, we can
now explore the Central Slice Theorem, which connects the two transforms. This
discussion closely parallels that found in [1].

Theorem 5.1. Let the natural domain of Z be defined as those functions which
are piecewise continuous and satisfy an estimate of the form

@
(LIl e

where £ = tw + sw and Q is an upper limit on both the Radon transform and its
derivative. Let f be an absolutely integrable function in this domain. For any real
number r and unit vector w = (cos8,sinb), we have the identity

IF ()] <

for an e>0,

/oo BRI 0= dt = F(r,w).

Proof. Begin by substituting the definition of #Z into the first statement of the
identity to obtain

/ Rf(t,0)e rdt = / / f(tw + s@)e " dsdt,

where @ = (—sin 6, cos 0), the vector perpendicular to w. Performing the change of
variables ¢ = tw + sw we find

/oo /00 f(thrscD)e*itrdsdt = f(é')efitrdg
oo J—co -

= / / Fa,y)e " @) dady
= f(r,w). O

Therefore, the two-dimensional Fourier transform f(r,w) is the one-dimensional
Fourier transform of Zf(t,6).

In order to better understand how the two-dimensional Fourier transform f (r,w)
is equivalent to the one-dimensional Fourier transform of Zf(t,0), let us consider
an example. Let 6 = 0 so that w = (cos 6, sin #) becomes the unit vector (1,0) and
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@ is the unit vector (0,1), perpendicular to w. The Radon transform Zf(t,6) is
then

RZf(t,0)

/OO [ (tw + s@) ds

- [mf(t-(1,0)+8~(0,1))d8

/_: F(t,s)ds.

Then the Fourier transform of Zf(t,0) is

/ Rf(t,0)e dt = / / f(t,s)e " dsdt,

where r is a constant. Since the inner product (rw, (¢,s)) = rt, the last statement

is the definition of the two-dimensional Fourier transform f(r,w).

6. DISCRETE FOURIER TRANSFORM

In medical imaging, we are not working with continuous inputs (e.g., functions or
infinite data sets) but with discrete ones (e.g., real-world, finite data). Therefore we
cannot directly apply the Central Slice Theorem and Fourier transform, because it
applies to continuous data. We need a method for modeling the Fourier transform
of discrete data: the discrete Fourier transform.

Definition 6.1 (from [2]). (from [1]) Let u = {uj}év:f)l be a sequence of N complex
numbers. Then the N-point discrete Fourier transform Du] is given by
N-1
Dlu)(k) = Up = Y uje2HN,
3=0
where k =0,+1,£2, ...

Theorem 6.1. Let D[u](k) be an N-Point discrete Fourier transform. Then the
inverse discrete Fourier transform can be used to recover the sequence u =
{uj}j-v:_ol of N complex numbers upon which D[u](k) is based. Each uj in the se-
quence is given by

1 N-1
uj = N Z Uk627”‘7k/N,
k=0
forj=0,1,..., N —1.

In order to prove this assertion, let us first set a variable W = 2™/N_ Observe
that W has the properties that

wh =1 and W1 = e 2m/N,

This makes W a very convenient substitution to use in the Inverse discrete Fourier
transform, as

1 N-1 1 N-1
= Z Uke—Qﬂ'ijk/N _ Z UkW_jk.
N k=0 N k=0
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We can make a substitution for Uy, using our initial definition of the N-Point discrete
Fourier transform in definition 6.1, giving us

L Nl | No1/N-1

_ —jk _ —27imk/N —jk

N D = 3 (X e
k=0 k=0 \m=0

The variable W once again comes in useful as a substitution here, allowing us to

convert the equation to

] N=1/N-t ] No1N-d
2 —2mimk/N —jk _ * mkyr—ik
L DS L Do) s
k=0 \m=0 k=0 m=0
We can then change the order of summation to isolate our W terms, as in
—1N-1 N-1  N-1
mk jk _ mkyy—ik
B R Y wwwt = LS S e
k=0 m=0 m=0 k=0

This equation can be simplified by examining the properties of the W terms of the
last sum. First observe that

kaW—jk' — e—27rimk/Ne27rijk/N — e—27ri(m—j)k/N — W(m—j)k.

The value of this final term depends on the values of m and j. If, for a given 7,
m # j, then

N-1 N—-1 N-1

Z kaW—jk — Z W(m—j)k — Z (Wm—j)k

k=0 k=0 k=0
This is recognizable as the finite sum of a geometric series, and we can therefore
apply the equation for the finite sum of a geometric series,

n+1

1—a"
Za l-a

to find that N
O A )
— 1—Wwm=3
Observe that from our definition of W, (Wm J) e~2m(m=J) = 1 (because m —j
must be some integer value) and W™=J = 6’27”(’” A/N- £ 1. Therefore, when
m#j N N
= L1 (wmd)
mk —jk _ _
Y Wt = e =0,
k=0
If m = 7, however, then
N-1 N-1
D S W E
k=0 k=0

Therefore we only need to keep the term when r = j in the summation with respect
to r in equation (3), giving us

N-1 N-1 1 N-1 1
¥ Z U Yy W IE = = W > Wik Ik = = yulN =1
m=0 k=0 k=0

and thereby proving the formula for the inverse N-Point discrete Fourier transform.
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7. SAMPLED FOURIER TRANSFORM

The discrete Fourier transform allows us to approximate the Fourier coefficients
of a periodic function f. We can apply this knowledge, and specifically the knowl-
edge of the inverse N-point Fourier transform, to approximate the sampled partial
sums of the Fourier series of a periodic function like the Radon transform, thereby
modeling the Fourier series of the function with a discrete set of samples.

To derive the sampled Fourier transform, let us first consider the partial sum
over the interval [0, p)

M
(4) Su(t)= > dpe e,
k=—M

where dj, are the discrete f coefficients and M are the summation endpoints. Sub-
divide the interval [0,p] into N subintervals and choose the sample points t; = 2.
N—1
=0 "
we now know from the N-point Fourier transform and its inverse, we can estimate

Form an N-point sequence of sampled points u = { f (%)} Drawing on what

N-1 .
1 _ Z JP\ —2mijk/N
dk ~ NUk where Uk = = f (N) e J .

In order to keep the sampled Fourier transform approximation within tolerable
error ranges, we must constrain k, the number of Fourier coefficients estimated.
This is necessary because while Uy, is periodic of period IV, the values of the discrete
f coefficients dj, are not. For some k, it is possible that Uy can be exactly equal to
dg, but due to the different periodicity properties this cannot hold true for all k,
and the divergence from the nonperiodic dj, values will become larger as k increases.
Therefore, we constrain |k| to be less than or equal to %, an empirically derived
constraint that approximates dj to within an acceptable tolerance for most science
and engineering applications [2].

Due to the constraint that |k| < &, we set the bounds M on k in equation (4)
such that M < %, SO

Moy
~ o 2mikt/p
Sn(t) ~ k;M NUke .

If we sample this sum at our partition points t; = %, then

. M
Py 1 Z 27ijk/N
SM (N) ~ —N Ry Uke J .

This sum is the N-point inverse discrete Fourier transform for some N-point se-
quence.

We can use the periodicity of the N-point discrete Fourier transform (Uyn = Uy)
to find that

. -1 M
Py 1 Z 27ijk/N 1 Z 27ijk/N
SM (N) ~ N ey Uke J —+ N s Uke J .
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Modifying the indices of summation, this becomes

ip 1 Nl M
Py L omijk/N |+ 2mijk/N
(5) SM(N>NN Z Ure JrNZUke
k=N—-M k=0
The summations in equation (5) use the 2M 41 numbers Uy _ s, ...Un—1, Uy, ..U
This method can be used to more generally approximate a Fourier series f(w)
over a finite interval [0,27L]. Suppose that f(w) can be approximated within an
acceptable tolerance, the definition of “acceptable” depending on application, by
an integral over the interval [0, 27 L], that is, that

o'} 27
(6) Flw) = / F@)emdr~ [ f(a)e " da.

—oo 0
If we subdivide [0,27L] into N subintervals of length % and choose partition
points x; = 27;{}, where j = 0,1,..., N, then the last integral in equation (6) can

be estimated by

oy 32 (B (L)

j=0
If we let w = %, where k is any integer, then we find that

(-5 )

J=0

This sampled Fourier transform is periodic of period N, but the actual values of
f (%) are not, and so we again set the restriction that |k < £

For example, consider the function

et fort>0,
h(t)_{ 0 fort <o,

To approximate h (%) with a sampled Fourier transform, we (arbitrarily) choose
L =1, N =27 = 128. The sampled Fourier transform of h is therefore given by
the equation

k . 127
h () ~ e—ﬂj/64e—71'1jk/64.

L 64 =
Choosing a value of k such that % = 3, we can calculate this approximation to find
that
7 T — 64 k/64
~ —7j —mij
h(3) = @;)e 3/64¢=mijk/

0.12451 — 0.29884i.

S
2
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The Fourier transform of h(t) is

hw) = /fo h(E)e < de

= / e feTwEqg
0

- 1 —iw
14 w?
The Fourier transform for & = 3 is therefore
. 1— 3i
h(3) = —2 = 0.1 - 0.3i.

Comparing this to the result of the sampled Fourier series in equation (7), we can see
that these results are remarkably similar. We could achieve an even more precise
modeling of h (%) by choosing a larger value for N, but the calculations would
require more time and computing power. Balancing between the precision of these
calculations and the time taken to achieve them is vital to their uses in science and
engineering, because too many calculations can quickly become prohibitive.

If we calculate the sampled Fourier series for a several values of k, it is possible
for us to make a graphical model of h (%) Figure 7 shows the Fourier transform
and the sampled Fourier series of h(t) for k =0, ...,15. The sampled Fourier series
are not in perfect agreement with the actual Fourier transform, but they do capture
the “general trend” of h (%)

8. THE RADON INVERSION FORMULA

The inverse Radon transform is a technique used to reconstruct a function on the
plane from its integrals over all lines in the plane. This provides a solution to the
problem of reconstructing an image of the body from CT scan data. Several meth-
ods for inverting the Radon transform exist, some of which use Fourier transforms,
the Central Slice Theorem, and functional analysis. However, in “Elementary In-
version of Radon’s Transform” ([3]) Yves Nievergelt demonstrates proofs of this
formula using only calculus and basic linear algebra, though the other mathematics
exist as deeper, tacit portions of the formula and proof.

In essence, this formula takes unfiltered backprojection a step further. Instead
of simply averaging the Radon transform over a line and “smearing” it to obtain
a result, the inverse Radon transform Z~! (also called “filtered backprojection”)
essentially applies an auxiliary filtering function, I',, dependent upon t.

Definition 8.1 (from [3]). Given any integrable function F of t and 0, the trans-
form Z* defines a function in x and y

1 ™
R*F(x,y) ::;/ F (xcosf +ysind, 0)db.
0

The adjoint Z *F(x,y) is equal to the average of F(t,0) over the lines ¢y o passing
through the point (z,y).

The relationship between the Radon transform % and its adjoint Z2* is very
similar to that between the scalar product of vectors and a matrix and its transpose.
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FIGURE 7. The sampled Fourier series (black) and Fourier trans-
form (red) of the function h. Image created using Maple.

If we consider a continuous function f equal to zero outside some disc and an
integrable function F of ¢ and 6, then

(2], F) = (f,ZF).

Proof. First consider the inner product of the Radon transform &% and a function
F, both of which are in the space of (¢,8), such that

(Zf,F) = 717/; /O:O Zf(t,0)F(t,0)dtde.
Substituting in the definition of the Radon transform, find that
(Zf,F) = /07T % /_O:o F(t,0) /_O:o f(tcosf — ssinb, tsinf + s cos 0)dsdtds.
Switch the order of integration to give
(Zf, F) = /_O:O /_O:O % /077 f(tcos® — ssind,tsinf + scos)F(t,0)d0dsdt.

Changing coordinates from (t,6) back to (x,y) via the substitutions = ¢t cos 6 —
ssinf and y = tsinf + scosd, the integral becomes

Q@f,F)z/ / f(x,y)l/ F(xcosf + ysin6, 0)dodzdy.
—00 J —00 T Jo
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Substitute in the definition of the adjoint £2* to find

arm - [ h / " 9B F (o, y)dady = {f, B¥F),

thus exhibiting the equality between the inner product in the Radon transform
line integral coordinate system (¢,6) and an inner product in the traditional planar
coordinate system (z,y). O

In order to introduce the inversion formula for the Radon transform, first consider
a simple notational convention. For every fixed vector K = (k, A) in the plane, let
fx be the translation of f by —K. Therefore fx(x,y) = f(z+£,y+A). This latter
relationship also leads to the fact that

A(fx)(§) = Zf(€+ K).

Proving this assertion requires the use of the Radon transform definition and our
new notation, as

Z(fr)&) = /jo fr(tcos® — ssin6, tsinf + s cosf)dt

= / f(k+tcos — ssinh, A+ tsinf + scosf)dt = Zf (£ + K).

In order to derive the inversion formula, we will first approximate the function
f(z,y) by its average over a small disk D(X, z) of radius z centered at X = (z,y).
By the continuity of f assumed in the Radon transform,

f(xy—hm—// f(k, N)drdA.
z—0 7TZ D(XZ)

Let ~, be the function equal to ? in the disk of radius z centered at the origin
D(0, z) and equal to zero outside this disk. Then

f(z,y) = fx(0,0) = lim //D(X (£, \)drd\ = hm(fX ).

20 T22
Suppose the existence of some function I', of ¢ and 6 such that v, = 2*T",. Then
z—0 z—0 z—0

When expanded, the rightmost term provides us with a simple and useful formula
for the inverse Radon transform %21 and proves that f is unique.

Definition 8.2 (from [3]). The inverse Radon transform %! recovers a func-
tion f from the Radon transform Zf of that function. This inversion is given by
the formula

flz,y) = lim — / / Rf(t—xcosl —ysind, 0T, (t)dtdo.

z—0 T

We must now find a function I', that satisfies v, = #*I",. The function

1/(72?) for —z <t <z,
I, (t) = 1 1
satisfies this condition. In order to to prove this, move into polar coordinates (p, @),
performing the substitutions z = pcos ¢ and y = psin¢. Here, we can distinguish
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between two cases: when p < z and when p > z. Consider the former case first.
For a line ¢; ¢ through a point X = (z,y),

1 (7 . 1 (™ de 1
BT (w.y) = ;/0 . (v cos 0 + y sin 6)d6 ;/O = = =),
The next case, p > z, is slightly more complicated. Notice from its equation
that T', is dependent only on ¢, and in fact on ¢2-it is independent of the angle 6.

Using this in conjunction with the fact that cos? has a period of m, we can make
the substitution 0 = 0 — ¢ to find

1 [ 1 [
[Z*T.)(z,y) = ;/ T'.(pcospcosf + psin¢sin0)do = f/ I'.(pcoso)do.
0 0

T
We can once again distinguish two cases: where |pcoso| < z and where |pcoso| > z.
To simplify our integrals slightly, let 3 = cos™! (%) Our first case is now where
5 S o S ™ — Ba Y

1 [ 7 1 /™% 1 -2
/ I.(pcoso)do = 7/ do = u
B B

— ——do
T T T2 m222

In our second case, where 0 < B or m — 8 < 0 < m, we can make the substitution

sino = /1 — 22/p?sin(, so that

/ﬁ do /ﬂzdcw cos—1 sino
0 \/1—z2/(p20052cr)7 0 S 2 V1 —22/p2

Using this substitution, we find that

B

0

1 /%1 1 —7/2
LI (- o = -T2
T Jo T2 V1 —=22/p2cos? o 222

1/ 1 1
S N -
T Ja_pg T2 1—22

p2cos? o

If we add the three components of the second case (0 <o <, 8 <o <7 —f,
and 7 — 8 < 0 < 7), we find that [Z*T,](x,y) = 0 = ~,(z,y). Therefore, our
proposition is true and Z*T", = ~,.

9. EXAMPLE: A SIMPLE “BoDY”

To show the process of a CT scan and reconstruction-the forward and inverse
problems associated with the Radon transform-let us consider a simple annulus
defined by

1 1<z?+ y2 <4

Ew,y) = { 0 everywhere else.
This function is an annulus of height one centered at the origin. If we show F
with a binary coloring scheme, where white is equivalent to a value of E(z,y) =1
and black is equivalent to a value of E(z,y) = 0, we obtain the image in figure 8.
The function FE is representative of the “body” imaged in CT scanning. In true CT
imaging, the “body” function is an unknown. The known, experimental data in CT
scanning is the scan of the body-the Radon transform of the function. Therefore,
our example does not exactly represent the process of CT scanning and image
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FiGURE 8. The piecewise-defined function F.

reconstruction, because the initial body is a known entity from which we determine
the Radon Transform instead of the reverse.

The Radon transform of the function E is given by moving into our previously
described parametrization by setting x = tcosf — ssinf and y = tsinf + scos@
and putting these new parameters into the Radon transform

ZE(t,0) :/ E(tcost — ssinf, tsinf + scosf)ds.

Performing this integration, we find that

2(VA—12—V1—#2) for |t|<1
RE(t,0) = 24 —t2 for 1<t <2
0 for 2 < |t

Graphing this over all values of ¢ and 6 yields the “film image” of the function F,
the raw data obtained from a CT scan of the “body” E, as seen in figure 9.

These graphs of the Radon transform model “raw” CT data obtained from a
body scan and illustrate the need for mathematical reconstruction. The Radon
transform for this simple function does not give a clear impression of what the
function F actually looks like, and makes it impossible to discern any features
significant to diagnostic use.

Therefore, in order to use the CT scan diagnostically, we must reconstruct the
“body” (the original function F) from the Radon transform in figure 9. If we
attempt to do this via unfiltered backprojection, we create the image in figure 10.
This reconstruction gives a general shape to the data, but it does not maintain any
sharp edges and would lose much of the data of a lower-contrast image. If we recall
from the introduction that most of the soft tissue imaged with CT differs by only a
small fraction (approximately 1%) of the range between air and bone (the “black”
and “white” of actual CT imaging) [1], we can see that this reconstruction is simply
not specific enough for real-world use.
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Radon Transfarm <10

A (degrees)

FIGURE 9. The Radon transform of the function FE, representa-
tive of “film” data that would result from a CT scan of E. The
color scale represents the degree of attenuation of the beam (the
“density” of the function E). Image created using MATLAB.

In order to do this, we utilize the inverse Radon transform

1 U oo
E(z,y) = lim — / / RE(t —xcosl —ysinb, )T, (t)dtdo,
0 —o0

z—0 T
where T, is given by
1/(m2?) for —z <t <z,

Fz(t) = 1 1

Theoretically, this inversion formula could retrieve the exact function E and perform
a completely faithful reconstruction. However, this relies on having data from an
infinite number of angles 6, which is impossible in practice. Therefore, the quality
of our image reconstructions are highly dependent upon the amount of data we
obtain initially. Figure 11 shows how the reconstruction of our function E improves
significantly as more and more angles of data are taken. As we go up to 360 and
720 angles (taking measurements every half and quarter degree for a 180° arc,
respectively), the reconstruction is indistinguishable from our initial function E.
For a more complex function, it is possible that more angles would be necessary,
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FIGURE 10. The reconstruction of the function E using unfiltered
backprojection. Image created using MATLAB.

but this example illustrates the profound improvement in reconstruction as more
data is used.

10. CONCLUSIONS

The Radon inversion is crucial to modern medical imaging technology because it
provides the ability to make diagnostically useful reconstructions out of CT scans
and other radial imaging. In order to perform this inversion, it is important to
understand the mathematics of the forward Radon transform and its connection via
the Central Slice Theorem to the well-studied Fourier transform and its inversion.

Inversion of the Radon transform should be performed with the inverse Radon
transform (filtered backprojection) to avoid the blurring artifacts and lack of clarity
in unfiltered backprojection. Clarity is vital to an effective Radon reconstruction
because the main targets of CT investigation—soft tissues—are only subtly different.
The application of the inverse Radon transform must also take this issue into ac-
count, as the amount of discrete data collected by an initial CT scan has a profound
effect on the clarity of the resulting reconstruction.

An interesting problem for the present and future is how to balance a need for
spatial clarity for diagnostic usefulness while constraining patient radiation expo-
sure. This is not only a pragmatic question, but an ethical and mathematical one.
How much future risk should a patient be exposed to in order to treat a current ail-
ment? Mathematically, what methods can be used to reduce the level of radiation
exposure required to achieve the same levels of diagnostic accuracy? Current stud-
ies apply neural network techniques to create computer-assisted diagnostic tools [4].
Studies on a related technique, diffuse optical tomography, apply model reduction
and approximation error techniques to lower the number of discrete measurements
required for accurate reconstructions [5, 6]. Other investigations use algebraic re-
construction techniques to lower the computation required in CT reconstruction
[7]. These novel techniques all present interesting new perspectives on this problem
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FIGURE 11. Inverse Radon transform % ~1(E) reconstructions of
the piecewise-defined function E using 18, (upper left), 36 (upper
right), 90 (middle left), 180 (middle right), 360 (lower left), and
720 (lower right) discrete angles 6 along a 180° arc around the
“body”. Images created using MATLAB.

that would be both possible and valuable to investigate further, so that the appli-
cation of CT scanning can be better optimized to provide effective and safe viewing
of the body.
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