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Preface

Education is an admirable thing, but it is well to remember from time to
time that nothing worth knowing can be taught.

Oscar Wilde, “The Critic as Artist,” 1890.

Analysis is a profound subject; it is neither easy to understand nor summarize. However, Real
Analysis can be discovered by solving problems. This book aims to give independent students the
opportunity to discover Real Analysis by themselves through problem solving.

The depth and complexity of the theory of Analysis can be appreciated by taking a glimpse at its
developmental history. Although Analysis was conceived in the 17th century during the Scientific
Revolution, it has taken nearly two hundred years to establish its theoretical basis. Kepler, Galileo,
Descartes, Fermat, Newton and Leibniz were among those who contributed to its genesis. Deep
conceptual changes in Analysis were brought about in the 19th century by Cauchy and Weierstrass.
Furthermore, modern concepts such as open and closed sets were introduced in the 1900s.

Today nearly every undergraduate mathematics program requires at least one semester of Real
Analysis. Often, students consider this course to be the most challenging or even intimidating of all
their mathematics major requirements. The primary goal of this book is to alleviate those concerns
by systematically solving the problems related to the core concepts of most analysis courses. In
doing so, we hope that learning analysis becomes less taxing and thereby more satisfying.

The wide variety of exercises presented in this book range from the computational to the more
conceptual and vary in difficulty. They cover the following subjects: Set Theory, Real Numbers,
Sequences, Limits of Functions, Continuity, Differentiability, Integration, Series, Metric Spaces,
Sequences and Series of Functions and Fundamentals of Topology. Prerequisites for accessing this
book are a robust understanding of Calculus and Linear Algebra. While we define the concepts
and cite theorems used in each chapter, it is best to use this book alongside standard analysis
books such as: Principles of Mathematical Analysis by W. Rudin, Understanding Analysis by S.
Abbott, Elementary Classical Analysis by J. E. Marsden and M. J. Hoffman, and Elements of
Real Analysis by D. A. Sprecher. A list of analysis texts is provided at the end of the book.

Although A Problem Book in Real Analysis is intended mainly for undergraduate mathematics
students, it can also be used by teachers to enhance their lectures or as an aid in preparing exams.
The proper way to use this book is for students to first attempt to solve its problems without
looking at solutions. Furthermore, students should try to produce solutions which are different
from those presented in this book. It is through the search for a solution that one learns most
mathematics.

Knowledge accumulated from many analysis books we have studied in the past has surely
influenced the solutions we have given here. Giving proper credit to all the contributors is a difficult
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task that we have not undertaken; however, they are all appreciated. We also thank Claremont
students Aaron J. Arvey, Vincent E. Selhorst-Jones and Martijn van Schaardenburg for their help
with LaTeX. The source for the photographs and quotes given at the beginning of each chapter in
this book are from the archive at http://www-history.mcs.st-andrews.ac.uk/

Perhaps Oscar Wilde is correct in saying “nothing worth knowing can be taught.” Regardless,
teachers can show that there are paths to knowledge. This book is intended to reveal such a path
to understanding Real Analysis. A Problem Book in Real Analysis is not simply a collection of
problems; it intends to stimulate its readers to independent thought in discovering Analysis.

Asuman Giiven Aksoy
Mohamed Amine Khamsi
May 2009



Chapter 1

Elementary Logic and Set Theory

Reserve your right to think, for even to think wrongly is better than not to
think at all.

Hypatia of Alexandria (370-415)

o If x belongs to a class A, we write x € A and read as “r is an element of A.” Otherwise, we
write x & A.

e If A and B are sets, then A C B (“A is a subset of B” or “A is contained in B”) means that
each element of A is also an element of B. Sometimes we write B 2 A (“B contains A”)
instead of A C B.

e We say two sets A and B are equal, written A = B, if AC B and B C A.

e Any statement S has a negation ~S (“not S”) defined by
~S is true if S is false and ~S is false if S is true.

e Let P(z) denote a property P of the object . We write 3 for the quantifier “there exists.”
The expression

JzeX : Px)

means that “there exists (at least) one object = in the class X which has the property P.”
The symbol 3 is called the existential quantifier.
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CHAPTER 1. ELEMENTARY LOGIC AND SET THEORY

We use the symbol V for the quantifier “for all.” The expression

Ve e X : P(x)

has the meaning “for each object x in the class X, x has property P.” The symbol V is called
the universal quantifier (or sometimes the general quantifier).

We use the symbol := to mean “is defined by.” We take x := y to mean that the object or
symbol z is defined by the expression y .

Note that for negation of a statement we have:
(i)
(ii)
(i) ~(A or B) = (~A) and (~B)
)
)

(iv

(v

Let A and B be statements. A implies B will be denoted by A = B. If A implies B, we take
this to mean that if we wish to prove B, it suffices to prove A (4 is a sufficient condition for
B).

The equivalence A < B (“A and B are equivalent” or “A if and only if B,” often written A
iff B) of the statements A and B is defined by

(A< B):= (A= B) and (B = A).
A is a necessary and sufficient condition for B, or vice versa.

The statement ~B =~A is called the contrapositive of the statement A = B. In standard
logic practices, any statement is considered equivalent to its contrapositive. It is often easier
to prove a statement’s contrapositive instead of directly proving the statement itself.

To prove A = B by contradiction, one supposes B is false (that ~B is true). Then, also
assuming that A is true, one reaches a conclusion C' which is already known to be false. This
contradiction shows that if A is true ~B cannot be true, and hence B is true if A is true.

Given two sets A and B, we define AU B (“the union of A with B”) as the set
AUB:={x: x € Aorx € B or both}.

When speaking about unions, if we say z € A or € B it also includes the possibility that x
is in both A and B.

We define AN B (“the intersection of A with B”) as the set

ANB:={x: z € Aand z € B}.
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e Let A and B be subsets of X. Then
A\B:={zeX: zc€Aand x ¢ B}
is the relative complement of B in A. When the set X is clear from the context we write also
A:=X\A
and call A¢ the complement of A.

o If X is a set, then so is its power set P(X). The elements of P(X) are the subsets of X.
Sometimes the power set is written 2% for a reason which is made clear in Problem 2.8.

e Let f: X — Y be a function, then
im(f)={yeY; re X y=f(z)}

is called the image of f. We say f is surjective (or onto) if im(f) =Y, injective (or one-to-one)
if f(x) = f(y) implies x = y for all z,y € X, and f is bijective if f is both injective and
surjective.

e If X and Y are sets, the Cartesian product X x Y of X and Y is the set of all ordered pairs
(z,y) withz € X andy € Y.

e Let X be aset and A = {A;: ¢ € I} be a family of sets and I is an index set. Intersection
and union of this family are given by

(NAi={reX;Viel: ve A}
iel

and
UA,-:{IEX;HZ'EI: x € A}

el

e Let f: X — Y be a function, and A C X and B C Y are subsets. Image of A under f, f(A)
defined as
f(A) ={f(x)eY: ze A}

o Inverse image of B under f (or pre-image of B), f~!(B) defined as
f'(B)={recX: f(x) € B}

Note that we can form f~!(B) for a set B C Y even though f might not be one-to-one or
onto.

e We will use standard notation, N for the set natural numbers, Z for the set of integers , Q for
the set rational numbers , and R for the set real numbers . We have the natural containments:

NCcZcQcR.

e Two sets A and B have the same cardinality if there is a bijection from A to B. In this case
we write A ~ B. We say A is countable if N ~ A. An infinite set that is not countable is
called an uncountable set.
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e Schrider—Bernstein Theorem: Assume that there exists one-to-one function f : A — B
and another one-to-one function g : B — A. Then there exists a one-to-one, onto function
h:A— B and hence A ~ B.

Problem 1.1 Consider the four statements

(a) JzeRYVWER z+y>0;
(b) VeeR3IyeR z+4+y>0;
(¢) VeeRVyeR z+4y>0;
(d IrcRVYycR 32>

1. Are the statements a, b, ¢, d true or false?

2. Find their negations.

Problem 1.2 Let f: R — R. Find the negations of the following statements:
1. For any z € R f(x) <1.
2. The function f is increasing.
3. The function f is increasing and positive.
4. There exists z € R such that f(z) <0.

5. There exists « € R such that for any y € R, if < y then f(z) > f(y).

Problem 1.3 Replace ... by the appropriate quantifier: <, <, or =.

l.zeR 22=4 ...... T =2;
2. 2€eC z=%z ...... z € R;
.xeR z=7 ...... et =1

Problem 1.4 Find the negation of: “Anyone living in Los Angeles who has blue eyes will win
the Lottery and will take their retirement before the age of 50.”
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Problem 1.5 Find the negation of the following statements:
1. Any rectangular triangle has a right angle.
2. In all the stables, the horses are black.

3. For any integer « € Z, there exists an integer y € Z such that, for any z € Z, the inequality
z < x implies z < x + 1.

4. Ve>03a>0 / |za=T7/5|<a=|bz—T|<e.

Problem 1.6 Show that Ve > 0 3N € N such that

2n+1
n—+ 2

mM>N=2-ec< <2+4e¢).

Problem 1.7 Let f,g be two functions defined from R into R. Translate using quantifiers the
following statements:

1. f is bounded above;

2. f is bounded;

3. f is even;

4. fis odd;

5. f is never equal to 0;
6. f is periodic;

7. f is increasing;

8. f is strictly increasing;
9. f is not the 0 function;
10. f does not have the same value at two different points;
11. f is less than g;

12. f is not less than g.

Problem 1.8 For two sets A and B show that the following statements are equivalent:
a) ACB
b) AUB=1B
c) AnNB=A
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Problem 1.9 Establish the following set theoretic relations:
a) AUB=BUA, AnB=BnNA (Commutativity)
b) AU(BUC)=(AUB)UC, AN(BNC)=(ANB)NC (Associativity)
c) AUBNC)=(AUB)N(AUC) and AN(BUC)=(ANB)U(ANC) (Distributivity)

)
)
)
d) ACB & DB°CA
e) A\B=AnB°
)

f) (AUB)¢=A°NB¢and (AN B)¢ = A°U B¢ (De Morgan’s laws)

Problem 1.10 Suppose the collection B is given by B = {[1, 1+ ﬂ 'n e N}. Find Upgep B
and (Ngep B.

Problem 1.11 Let A be a set and let P(A) denote the set of all subsets of A (i.e., the power
set of A). Prove that A and P(A) do not have the same cardinality. (The term cardinality is
used in mathematics to refer to the size of a set.)

Problem 1.12 If A and B are sets, then show that
a) P(A)UP(B) CP(AUB)
b) P(A)NP(B)=P(ANB)

Problem 1.13 Prove that for each nonempty set A, the function

[+ P(A) — {xs}Bern)
B —  Xg

is bijective. Here the characteristic function x, of B is defined as

XB : A—>{071}7

s 1 ifz e B,
. 0 ifzc BC

Problem 1.14 Give a necessary and sufficient condition for

Ax B=BxA.
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Problem 1.15 If A, B,C are sets, show that
a) AxB=0 < A=0orB=0.
b) (AUB)xC =(AxC)U(BxC(C).
c) (ANB)xC=(AxC)Nn(BxC(C).

Problem 1.16 For an arbitrary function f: X — Y, prove that the following relations hold:
a) f(Uier 4i) = Ui f(Ai).
b) f(MNier Ai) € Nier f(Ai)-
c¢) Give a counterexample to show that f((;c; 4i) = N;er f(As) is not always true.

Problem 1.17 Suppose f: A — B and g: B — C are functions, show that
a) If both f and g are one-to-one, then g o f is one-to-one.
b) If both f and g are onto, then go f is onto.

¢) If both f and g are bijection, then g o f is bijection.

Problem 1.18 For a function f: X — Y, show that the following statements are equivalent:
a) f is one-to-one.

b) f(ANB) = f(A)N f(B) holds for all A, B € P(X).

Problem 1.19 For an arbitrary function f: X — Y, prove the following identities:
a) [ (Uiel Bi) =Ujer [ (By).
b) f7H (Mier Bi) = Mier /71 (Bi).
o) f7H(BY) = [f1(B)"

Problem 1.20 Show that
1. N~ E.
2. N~ Z.
3. (-1,1) ~R.

Problem 1.21 Show that any nonempty subset of a countable set is finite or countable.
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Problem 1.22 Let A be an infinite set. Show that A is countable if and only if there exists
f + A — N which is 1-to-1. Use this to prove that Z, N x N, N", for any r» > 1, and Q are
countable.

Problem 1.23 Show that the countable union of finite or countable sets is countable.

Problem 1.24 An algebraic number is a root of a polynomial, whose coefficients are rational.
Show that the set of all algebraic numbers is countable.

Problem 1.25 Show that the set R is uncountable.

Problem 1.26 The power set of N, i.e., P(N), is not countable as well as the sets R, and
{0, 1}" the set of all the sequences which takes values 0 or 1. Use this to show that the set of
all irrationals is not countable.

Problem 1.27 Let A and B be two nonempty sets. Assume there exist f : A — B and
g : B — A which are 1-to-1 (or injective). Then there exists a bijection h : A — B.
This conclusion is known as the Schroder—Bernstein theorem.
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Solutions

Solution 1.1

1. (a) is false. Since its negation Vx € R 3y € R 2 +y < 0 is true. Because if € R, there
exists y € R such that 2 +y < 0. For example, we may take y = —(z + 1) which gives
r+y=c—xz—-1=-1<0.

2. (b) is true. Indeed for z € R, one can take y = —z + 1 which gives x +y = 1 > 0. The
negation of (b)isdJzr e RVye R z+y <0.

3. (¢): Ve eRVyeR z+y>0is false. Indeed one may take z = —1, y = 0. The negation
of (c)isTzreRIyeRax+y<0.

4. (d) is true. Indeed one may take 2 = —1. The negation is: V2 ¢ R Iy e R ¢? < z.

Solution 1.2

1. This statement may be rewritten as: (For every x € R) (f(x) < 1). The negation of “( For
every x € R)” is “There exists € R” and the negation of “(f(x) < 1)” is “f(x) > 1.” Hence
the negation of the statement is: “There exists z € R, f(z) > 1.V

2. First let us rewrite the statement “The function f is increasing”: “for any real numbers
(x1,2), if 1 < 29 then f(x1) < f(x2).” This may be rewritten as: “(for any real numbers
x1 and xz2) (21 < x2 implies f(z1) < f(x2)).” The negation of the first part is: “(there
exists a pair of real numbers (z1,z2))” and the negation of the second part is: “(z1 < x2 and
f(z1) > f(z2))”. Hence the negation of the complete statement is: “There exist 21 € R and
x9 € R such that 21 < a9 and f(x1) > f(z2).”

3. The negation is: the function f is not increasing or is not positive. We already did describe
the statement “the function f is not increasing.” Let us focus on “the function f is not
positive.” We get: “there exists € R, f(z) < 0.” Therefore the negation of the complete
statement is: “there exist x; € R and x5 € R such that 1 < x5 and f(z1) > f(x2), or there
exists ¢ € R, f(z) < 0.7

4. This statement may be rewritten as follows: “(there exists x € RT) (f(z) < 0).” The negation
of the first part is: “(for any # € R"),” and for the second part:“(f(z) > 0).” Hence the
negation of the complete statement is: “for any z € R™, f(z) > 0.”

5. This statement may be rewritten as follows: “(3z € R)(Vy € R)(z < y = f(z) > f(y)).”
The negation of the first part is: “(Va € R),” for the second part: “(3Jy € R),” and for the
third part: “(x < y and f(z) < f(y)).” Hence the negation of the complete statement is:
Ve eR,JyeRx<yand flx) < f(y).”
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Solution 1.3

Solution 1.4

“There exists one person living in Los Angeles who has blue eyes who will not win the Lottery or
will retire after the age of 50.”

Solution 1.5

1. A triangle with no right angle, is not rectangular.
2. There exists a stable in which there exists at least one horse who is not black.

3. If we rewrite the statement in mathematical language:
VeeZ IyeZ VzeZ (z<z < z<z+1),

the negation is
JxeZ VYeZ 3z€Z (z<xzandz>x+1).

4. >0 Ya>0 (lz—7/5]<aand [5z—7T7]>c¢).

Solution 1.6

2 1
First note that for n € N, :+2 < 2 since 2n+ 1 < 2(n+2). Let € > 0, we have
2 1
Vn eN nt <2+4¢
let us find a condition on n such that the inequality
2 1
2—e< nt
n+2
is true. We have
2 1
2—e< ::2 S 2-¢g)(n+2)<2n+1

&3 <e(n+2)

3
En > - —2.
€
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3
Here £ is given, let us pick N € N such that N > — — 2. Hence, for any n > N we have

3 2 1
n >N > — — 2. Consequently 2 — e < nt
€

2 1 2 1
such that for any n > N we have 2 — ¢ < nt and nt <2+4e.

n+ 2 n+ 2
Solution 1.7

. As a conclusion, for any ¢ > 0, we found N € N

1. IM e RVx € R f(x) < M;

2.3M eR3ImeR Ve e Rm < f(z) < M;
3. Vz €R f(z) = f(~2);

4. Yz €R f(z) = —f(—2);

5. Vz € R f(x) # 0;

.JdaeR*Vz eR f(x+a)= f(x);
 V(z,y) €R? (z <y = f(x) < f(y));

8. Y(z,y) €R? (z <y = f(x) > f

9. dx € R f(z) # 0;

10. Y(z,y) € R? (z £y = f(z) # f(y));
11. Vz € R f(z) < g(z);

12. Jz € R f(z) > g(x).

Solution 1.8

(a=10)
Suppose A C B. Let x € AUB, then z € Aor x € B. If x € A, then since A C B, we have
x € B. Thus, for any t € AUB, z € B,so AUB C B. Let x € B, then x € AU B so
B C AUB, and hence AUB = B.

(b=¢)
Letre ANB=>2x€As0o0 ANBCA. lLetz € A=x€ AUB = B so x € B and therefore
reANBso ACANB. Thus ANB = A.

(c=a)
Let x € A, then by hypothesis z € AN B, which in turn implies that z € B as well. Thus
ACB.
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Solution 1.9

a) Follows directly from definitions.
b) Follows directly from definitions.

¢) To establish this equality, note the following:

re AU(BNQC) xre€AorzeBNC
re€Aor (z € Bandzel)
(reAorzeB)and (zr€ Aorx e ()
r€AUBandz e AUC

re(AUB)N(AUC).

te oo

Similarly,

re AN (BUCQC) re€Aandze BUC

z€Aand (r€Borzel)
(xreAandz e B)or (v € Aand x € C)
reANBorze ANC

z€(ANB)U(ANC).

e e

d) Let AC B, thenx € B =z ¢ Bandsoxz & A (i.e., x € A°), therefore, B¢ C A°. Conversely,
if B¢ C A€ is true, then by the preceding case, A = (A°)¢ C (B°)° = B.

e) Note that

x € A\B & re€Aandz ¢ B
& z € A and z € B¢
& xr € AN BC.

f) Note that

z € (ANDB)° r¢ANDB
xgAorx ¢ B
r e Aor x € B¢

r € A°U BC.

R

Similarly,

x € (AUB)° r¢Z€ AUB
r¢€ Aand x ¢ B
x € A and z € B°

x € A°N B°.

te o0
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Clearly, Upep B = [1,2] and (g3 B = {1}.

Solution 1.11

This is a proof by contradiction. Suppose they have the same cardinality, then there exists a
bijection
T:A—P(A).
Let K ={x € A: 2 ¢ T(x)}. Since T is onto, there exists y € A such that T'(y) = K. If y € K,
then by the definition of K we can conclude y € T(y) = K, so y ¢ K. Similarly, if y ¢ K, y & T(y)
so we conclude that y € K. In both cases we have reached a contradiction.

Solution 1.12
a)
XePAUPB) = XCAorXCB
= XCAUB
= X eP(AUB).
b)
X e P(A)NP(B) < XCAand XCB
& XCANB
& XePAnB).
Solution 1.13
Clearly, for any B € P(A), f(B) = xp. Note that f is one-to-one and onto.
Solution 1.14
Clearlyy, Ax B=BxA & A=B.

a) Without loss of generality, let A # () then if

B#0 & (IrxeAandIyeB)
& (r,y) e Ax B
&= Ax B#0.
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b) Suppose (z,y) € (AUB) x C theny € C and x € A or z € B. So (x,y) € Ax C or
(z,y) € Bx C, thus (z,y) € (AxC)U(BxC)and (AUB)xC C (AxC)U (B x ().
Conversely, if (z,y) € (AxC)J(BxC), then (z,y) € AxC or (x,y) € BxC, which means that
y € Candx € Aorz € B; therefore, (z,y) € (AUB)xC and (AxC)U(BxC) C (AUB) xC.

¢) Suppose (z,y) € (ANB)xCtheny € C and z € A and x € B. So (z,y) € A x C and
(z,y) € BxC, thus (z,y) € (AxC)N(BxC) and (ANB)xC C (AxC)N(BxC). Conversely,
if (z,y) € (AxC)N(BxC), then (z,y) € AxC and (z,y) € B x C, which means that y € C
and x € A and z € B; therefore, (z,y) € (ANB) x C and (AxC)N(BxC)C (ANB)xC.

Solution 1.16

a) Note the following:

yEf(UAZ> & 3$€UA1' with y = f(z)

iel el

& Ji e I with z € A; and y = f(x)
&  dielwithye f(4)
& yelJ ().

icl
b) Since ;7 Ai € A; we have f([;c; Ai) € f(A;) for each i. We obtain that
r(na)enpan
icl icl

c) Let Ay = {0} and Ay = {1} and X =Y = {0,1}. Define f : X — Y by f(0) = f(1) =0,
then f(A1) = {0} = f(Az). Therefore, f(A41) N f(Az) = {0}, while A1 N Ay = 0 and
f(A N Ag) =0.

Solution 1.17

a) Let f: A— B and g: B — C are given functions. Let x1,29 € A with 21 # x9, since f is
1-1, we know that f(x1) # f(z2). So now we have two distinct points f(z1) and f(z2) in B.
Since ¢ is 1-1, we also have g(f(z1)) # g(f(x2)). This is same as (g o f)(z1) # (g o f)(z2).

b) Suppose ¢ € C |, since g is onto, we know that there is a b € B with ¢(b) = ¢. Furthermore
since f is also onto, there is some a € A with f(a) = b. But this means

(9o f)la) =g(f(a)) = g(b) = c

so we have the required a € A.
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¢) Since both f and g are bijective, they are both 1-1 and onto. So go f is 1-1 by part a) above

and g o f is onto by part b) above. Therefore g o f is 1-1 and onto, in other words g o f is a
bijection.

Solution 1.18

(a=0b) Ifye f(A)Nf(B), then Ja € A and b € B such that y = f (a) = f (b). Since f is one-to-one
we know a = b € AN B and therefore, y € f (AN B). Thus f(A)N f(B) C f(AN B), but
from the problem above f(ANB) C f(A)N f(B).

(b = a) If b holds, notice that if A and B were disjoint subsets of X, we then have f (A)N f(B) = 0.
Now let f(a) = f(b). Then let A = {a} and B = {b}. Thus f(ANB) = f(4) N f(B) =
fl@nf() = f(a)n f(a) = f(a) #0. So AN B # @, and therefore, a = b.

a)
re f (UB’> & f(x)EUBi
iel iel
< JieIsuchthat f(x) € B;
& JieTsuchthatz € f~H(B)
e zelJrim).
icl
b)

zef! (ﬂBZ) & f@e()B

icl iel

& fx)eB;, Yiel
e zefl(B) Viel
& ze(f1(B).
iel
c)

refY(B) & f(z)eB°
& f(@)¢B
&  zgf'(B)
& x € [ffl (B)]c.
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Solution 1.20

1. Let f: N — E given by f(n) = 2n. Clearly this map is one-to-one and onto.

2. This can be shown by defining a bijection f: N — Z as

f(n) =

50 ifn s odd,
ifnis even.

3
3. Using calculus one can show that the function
f:(-1,1)=R

defined by
x

f(x):m

is one-to-one and onto. In fact, (a,b) ~ R for any interval (a, b).

Solution 1.21

Let A be a countable set and B C A. Without loss of generality assume B not empty and not
finite. Let us prove that B is countable. Since A is countable, there exists a bijection f: A — N.
Consider the restriction of f to B, denoted by fp : B — N. fp is a bijection from B into
f(B) € N. Clearly f(B) is not empty and is not finite. Let us prove that f(B) is in bijection
with N. Indeed set by = min f(B). Then define b = min f(B) \ {bp}. Once b, is built, we define
bpt1 = min f(B) \ {bo,b1,...,b,}. By induction, we build the set {b,, n € N} C f(B) where
by < bpt1, for n € N. Assume f(B) \ {bn, n € N} Z0. Let b € f(B) \ {bn, n € N}. Then we have
b, < b for any n € N. This is a contradiction since any increasing sequence of elements in N is not
bounded above. So f(B) = {b,, n € N}. Define g : f(B) — N by g(b,) =n, forany n € N. gis a
bijection. Clearly go fp : B — N is a bijection.

Solution 1.22

It is clear that if A is countable, then there exists a bijection f : A — N which is also 1-to-1. So
assume there exists f : A — N which is 1-to-1. Let us prove that A is countable. Since A is infinite
and f is 1-to-1, then f(A) is infinite. In the previous problem, we showed that f(A) is countable.
Since f restricted to A into f(A) is a bijection, then one can construct a bijection from A into N,
ie. A is countable. Let us complete the proof by showing that Z, N", for any r > 1, and Q are
countable. Note that N x N = N" for » = 2. The map f : Z — N defined by

Fln) = 2n+1 if neN,
"= —2n if n¢gN,

is 1-to-1. The first part shows that Z is countable. In order to show that N”, for » > 1, is countable,
consider the set of prime numbers P. We know that P is infinite. So for any r > 1, consider any
subset P, of P with r elements. And write P, = {p1,...,p,}. Define the map f: N" — N by

fni,...,np) =pit X - X plr.
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The elementary number theory shows that f is 1-to-1. Hence the first part shows that N" is
countable. Finally define f: Q — N by

f (E) _ zsign(n) % 3|n\ « 5.
m

It is easy to check that f is 1-to-1. Hence Q is countable.

Solution 1.23

Let {4;}icr be a family of subsets of a set X such that A; is finite or countable for any i € I
and [ is countable. Without loss of generality assume I = N. Set A = UNAn. Let us prove
ne

that A is countable. Without loss of generality, assume A is not finite. For any a € A, set
n, = min{n € N;a € A,}. Since A, is finite or countable, for any n € N, there exists f,, : A, = N
which is 1-to-1. Define f : A — N by f(a) = f,,(a). Then it is easy to check that f is 1-to-1. This
proves that A is countable.

Solution 1.24

Let P,[z] be the set of polynomial functions with rational coefficients. Obviously there is a
bijection from P,[z] into Q™. Since Q is countable, there exists a bijection f : Q@ — N. Hence
the map F' : Q" — N" defined by F(r1,...,m,) = (f(r1),..., f(rn)) is a bijection. Since N" is
countable, we conclude that Q" is countable and consequently P,[z] is countable. The set

R,= |J {zeRP) =0}
PeP,[x]

is countable since it is a countable union of finite sets. Note that R, is infinite since Q C R,,, for
any n > 1. Since the set of algebraic numbers A(R) is given by

A(R) - U Ry,

n>1

then it is countable being a countable union of countable sets.

Solution 1.25

First notice that (0,1) ~ R, because the function defined by

f:(0,1) = R

() = tan (m - %)

is one-to-one and onto. Next we claim that (0,1) is uncountable. The proof of this claim uses a
diagonalization argument due to Cantor. Suppose to the contrary that (0,1) is countable. Then
all real numbers in (0,1) can be written as an exhaustive list x1,x2,23,..., 2k, ... where each xy
is given as a decimal expansion. There are certain real numbers in (0,1) that have two decimal

expansions. For example, 1—10 has the two representations

defined by

0.10000--- and 0.09999--- .
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We can give preference to one of the representations, but it is not necessary to do so as can be seen
in the following argument. Suppose all the real numbers in (0,1) are given by the following list:

1 = 0.a11012013014 - + -
9 = 0.az1a22a23a24 - - -
z3 = 0.a31a32a33a34 - * -

24 = 0.041042043044 - - -
T = 0.ap1a82083084 - - -

Our goal is to write down another real number y in (0, 1) which does not appear in the above list.
Now let by be a digit different from 0, aq1, and 9; bs be a digit different from 0, as2, and 9; b3 be a
digit different from 0, a3, and 9; etc. Consider a number y with decimal representation

Yy = O.blb2b3b4 R

clearly y € (0,1), furthermore y is not one of the numbers with two decimal representations, since
b, # 0,9. Moreover y # x for any k because the kth digit in the decimal representation for y
and x, are different. Therefore there is no list of all real numbers in (0,1), and thus (0, 1) is not
countable. Since (0,1) ~ R, R is uncountable too.

Solution 1.26

We have seen that for any set X, there does not exist an onto map from X into the power set P(X).
Hence P(N) is an infinite set which is not in bijection with N. Hence P(N) is not countable. First
let us prove that {0, 1} is not countable. Assume not, then there exists a bijection f : N — {0, 1}
Set ¢ = (g,) € {0,1}" defined by &, = 1 — f(n),, where f(n), is the nth term in the sequence
f(n) € {0,1}N. Obviously € # f(n), for any n € N. Hence ¢ does not belong to the range of f
contradicting the onto behavior of f. Hence {0, l}N is not countable. In order to prove that R is
not countable, we find a subset of R which is not countable. Indeed, consider the set

C= {f: %; () € {0, 1}N} .

n=0

C' is the Cantor triadic set. It is clear that C is a subset of [0,1] C R, and it is in bijection with
{0,1}". Hence C is not countable. Hence R is not countable. Since R is not countable and Q is
countable, R\ Q is not countable since the union of two countable sets is countable. Clearly the
set R\ Q is the set of all irrationals.

Solution 1.27

Let us first prove that if there exists a 1-to-1 map f : A — B with B C A, then there exists a
bijection h : A — B. Indeed set By = A\ B, and B, 1 = f(B,). Note that the family {B,} is
pairwise disjoint, i.e., B, N By, = 0, for any n # m. Indeed we have ByN B = () and B,, C B for
all n > 1. Hence By N B,, = 0 for any n > 1. Since f is 1-to-1, we get f™(By) N f™(By) = 0, for
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any n,m € N. In other words we have B,, N By, = 0, for any n,m € N. This proves our claim.
It is clear that we have A\ ( L>J0 Bn) C B. Indeed, if a € A\ ( go Bn), then a € A\ By = B.
n2= nz

Define h : A — B by
fla) if a€ U B,,
h(a) = a if a¢ nLZJOB

n>0
We claim that h is a bijection. Indeed, it is straightforward that h is 1-to-1 since f is 1-to-1. Let
us prove that h is onto (or surjective). Let y € B. If y & L>J0Bn, then we have h(y) = vy, i.e., y

is in the range of h. Assume y € gan. Then there exists n > 1 such that y € B,. Note that
n

y € By because y € B. Since B, = f(By,_1), then there exists a € B,_; such that f(a) = y.
But f(a) = h(a). Hence y is in the range of h. This completes the proof that h is a bijection. In
the general case, we do not assume B C A, but we do assume the existence of f : A — B and
g : B — A which are 1-to-1. Clearly go f : A — ¢g(B) is 1-to-1, and g(B) C A. The first part of
our proof shows the existence of a bijection hy : A — g(B). Note that the restriction of g from B
into g(B) is a bijection. The map g~'ohy : A — B is a bijection.






Chapter 2

Real Numbers

Ah, but my Computations, People say,

Have Squared the Year to human Compass, eh?
If so, by striking from the Calendar

Unborn Tomorrow, and dead Yesterday

Omar Khayyam (1048-1123)

o Mathematical induction is a method of proof used to establish that a given statement is true
for all natural numbers. Let S(n) be a statement about the positive integer n. If

1. S(1) is true and

2. for all k > 1, the truth of S(k) implies the truth of S(k + 1),
then S(n) is true for all n > 1.
Verifying S(1) is true is called the basis step. The assumption that S(k) is true for some k > 1
is called the induction hypothesis. Using the induction hypothesis to prove S(k + 1) is true
is called the induction step. There are variants of mathematical induction used in practice,
for example if one wants to prove a statement not for all natural numbers but only for all
numbers greater than or equal to a certain number b, then

1. Show S(b) is true.

2. Assume S(m) is true for m > b and show that truth of S(m) implies the truth of

S(m+1).

Another generalization, called strong induction, says that in the inductive step we may assume
not only the statement holds for S(k+1) but also that it is true for S(m) for allm < k+1. In

21
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strong induction it is not necessary to list the basis step, it is clearly true that the statement
holds for all previous cases. The inductive step of a strong induction in this case corresponds
to the basis step in ordinary induction.

e Let A be a nonempty subset of R. The number b is called an upper bound for A if for all
x € A, we have x < b. A number b is called a least upper bound of A if, first, b is an upper
bound for A and, second, b is less than or equal to every upper bound for A. The supremum
of A (also called least upper bound of A) is denoted by sup(A), sup A or lub(A).

If A C R is not bounded above , we say that sup A is infinite and write sup A = +o0.

e A lower bound for a set A C R is a number b such that b < x for all x € A. Also b is called
a greatest lower bound if and only if it is a lower bound and for any lower bound ¢ of A,
¢ < b. The infimum of A (also called greatest lower bound of A) is denoted by inf(A), inf A
or glb(A). If A C R is not bounded below, we set inf A = —o0.

o Well-Ordering Property: If A is a nonempty subset of N, then there is a smallest element in
A, i.e., there is an a € A such that a < z for every x € A.

o Archimedean Property: If @ € Q, then there is an integer n with = < n.

e For each n € N, let I, be a nonempty closed interval in R. The family {I,, : n € N} is called
a nest of intervals if the following conditions hold:

— Ipy1 C I, for all m € N.

— For each € > 0, there is some n € N such that |I,| < e.

Problem 2.1 Prove that /2 is not rational.

Problem 2.2 Show that two real numbers x and y are equal if and only if Ve > 0 it follows
that |z —y| <e.

Problem 2.3 Use the induction argument to prove that

n(n+1)

L+24-4n=—

for all natural numbers n > 1.

Problem 2.4 Use the induction argument to prove that

2_2n3+3n2+n

PP+22 4+ 4n i

for all natural numbers n > 1.
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Problem 2.5 Use the induction argument to prove that n® -+ 5n is divisible by 6 for all natural
numbers n > 1.

Problem 2.6 Use induction to prove that if 1 +z > 0, then (1 4 )™ > 1 + nz for all natural
numbers n > 0. This is known as Bernoulli’s inequality.

Problem 2.7 Consider the Fibonacci numbers {£),} defined by
Fi=1,F,=1,and Fu4o=Frp1+ F, .

Show that ’
F, = (L+v5)" ~ (1~ V5) n=12....
2n\/5

Problem 2.8 Show by induction that if X is a finite set with n elements, then P(X), the power
set of X (i.e., the set of subsets of X), has 2" elements.

Problem 2.9 Let A be a nonempty subset of R bounded above. Set
B={—a; ac A}.
Show that B is bounded below and

inf B=—supA.

Problem 2.10 Let S and T be nonempty bounded subsets of R with S C T. Prove that

inf7 <inf S <supS <supT.

Problem 2.11 Let x € R be positive, i.e., z > 0. Show that there exists a € R such that

a2::1c.

Problem 2.12 Let x and y be two real numbers such that z < y. Show that there exists a
rational number r such that < r < y. (In this case we say Q is dense in R.)Use this result to
conclude that any open nonempty interval (a,b) contains infinitely many rationals.
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Problem 2.13 Let x and y be two positive real numbers such that z < y. Show that there
exists a rational number 7 such that 2 < r? < y, without using the square-root function.

Problem 2.14 Let w € R be an irrational positive number. Set
A={m+nw: m+nw>0and m, n € Z}.

Show that inf A = 0.

Problem 2.15 Show that the Cantor set
C= {{en};en :001'1} — (0,1} x {0,1} x ---

is uncountable.

Problem 2.16 If x > 0 and y > 0, show that

Vay < %

When do we have equality?

. T a
Problem 2.17 Let z, y, a, and b be positive real numbers not equal to 0. Assume that — < —.
Y

b
Show that
x - T+ a a

y+b b

Problem 2.18 Let x and y be two real numbers. Show that

|z +y] < ol
L4le+yl — 14z 1+]yl
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a
Problem 2.19 Let r € QN (0,1). Write r = — where a > 1 and b > 1 are coprime natural
numbers. Show that there exists a natural number n > 1 such that

1 <9 - 1
n+l1~-b n’
Use this to show that there exist natural numbers nq,...,n; such that
a 1 1
P=—=— 44—
b m ng

Problem 2.20 Let z and y be two different real numbers. Show that there exist a neighborhood
X of x and a neighborhood Y of y such that X NY = (.

Problem 2.21 Show that (a,b) is a neighborhood of any point = € (a, b).

Problem 2.22 (Young Inequality) Prove that for p € (1,00), we have zy < %;L'” + %yq for
z,y € R := {z € R: x > 0}, where ¢ := ]% is the Holder conjugate of p determined by
Tyl=1

Problem 2.23 (Arithmetic and Geometric Means) Prove that for n € N\{0} and z; € R*
for 1 < j < n, one has that

Problem 2.24 (Holder Inequality) For p € (1,00) and © = (21, 22,...,2,) € R", define

1
P

n
el o= | 3l
j=1

Show that .
Z lzy5] < |zlplylg for z,y € R™.
Jj=1

Note that in the case of p = ¢ = 2, this reduces to the Cauchy—-Schwartz Inequality.

Problem 2.25 (Minkowski Inequality) Show that for all p € (1,00), one has |z + y|, <
|z|p + lylp where z,y € R".
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Problem 2.26 (The Nested Intersection Property) Let {I,,} be a decreasing sequence of

nonempty closed intervals in R, i.e., [,,11 C I, for all n > 1. Show that ﬂ I, is a nonempty
n>1
closed interval. When is this intersection a single point?

Problem 2.27 (The Interval Intersection Property) Let {/,}ocr be a family of nonempty

closed intervals in R, such that I, NIz # @ for any «, 3 € I'. Show that ﬂ 1, is a nonempty
acl

closed interval.
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Solutions

Solution 2.1

Assume not. Let 7 € Q such that » = v/2 or r2 = 2. Without loss of generality, we may assume
r > 0. And since 2 = 2, we have r > 0. Since r is rational, there exist two natural numbers n > 1
and m > 1 such that

r=—.
m

Moreover one may assume that n and m are relatively prime, i.e., the only common divisor is 1.

Since 72 = 2, we get
2

@) -2

m m

which implies 2m? = n?. Therefore, n? is even, so it is a multiple of 2. Assume that n is not even,
then n = 2k + 1 for some natural number k. Hence n? = 4k? + 4k + 1 = 2(2k®> + 2k) + 1. In
other words, if n is not even, then n? will not be even. Therefore, n is also even. Set n = 2k for
some natural number k. Then n? = 4k? and since n? = 2m?, we deduce that m? = 2k?. The same
previous argument will imply that m is also even. So both n and m are even so both are multiples
of 2. This is a contradiction with our assumption that both are relatively prime. Therefore, such
a rational number r does not exist which completes the proof of our statement.

Solution 2.2

This is an if and only if statement, and we need to prove the implications in both directions.
(=): If x =y, then |z — y| = 0 and thus |x — y| < € no matter what ¢ > 0 is chosen.

(<) We give a proof by contradiction. Assume z # y, then g9 = |z — y| > 0. However, the
statements

2

|z —y| =ep and |z —y| < &9

cannot be both true, our assumption is wrong, thus z = y.

Solution 2.3

First note that
1(1+1)
2
which implies that the desired identity holds for n = 1. Assume that it holds for n, and let us prove
that it also holds for n + 1. We have

1=

1424+ n+1)=1+42+-+n+(n+1).

Using our assumption we get

1+2+---+(n+1):w+(n+1)-
Since
nn+1) o4y et D42Ansl)  (n+Dnt2)

2 2 2
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we conclude that the identity is also valid for n+ 1. By induction we clearly showed that the above
identity is valid for any natural number n > 1.

Solution 2.4

Since
2+3+1

6 )
the above identity holds in the case n = 1. Assume that the identity holds for n and let us prove
that it also holds for n 4+ 1. Since

12

P42+ 4 (n+1)2=12422 4+ +n? + (n+1)?,
the induction assumption implies

2 2n® +3n +n

P+22 4+ +(n+1) i

+(n+1)?%.

Algebraic manipulations imply

23 +3n% +n 2n3 4+ 3n% +n+6(n+1)2
——+m+1)? = (n+1)
6 6
2P +3n2 +n+3(n+1)% 4 3(n+ 1)
B 6
2034602+ Tn+3+3(n+1)?
- . ,
On the other hand, we have
2n+1P+3(n+1)%+(n+1) 20 +6n*+6n+2+3(n+1)%+ (n+1)
6 B 6

2n3 +6n% + Tn + 3+ 3(n + 1)?
6

which implies
2 1)3 1)2 1
So our identity is also valid for n 4 1. By induction we clearly showed that the identity is valid for

any natural number n > 1.

Solution 2.5

First take n = 1. Then n3 4+ 5n = 6 which is a multiple of 6. Assume that n® + 5n is divisible by
6 and let us prove that (n + 1) + 5(n + 1) is divisible by 6. But

(n+12+5n+1)=n*+302+3n+1+5n+5=n>+5n+3(n?+n)+6.

Next note that n? + n is always even or a multiple of 2. Indeed if n is even, then n? is also even
and therefore n? + n is even. Now assume n is odd, then n? is also odd. Since the sum of two odd
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numbers is even we get that n? + n is even. Hence 3(n? 4 n) is a multiple of 6. Our induction
assumption implies that n? + 5n is a multiple of 6. So n3 4 5n + 3(n? + n) + 6 is a multiple of 6
which implies (n 4 1)3 4+ 5(n + 1) is a multiple of 6. This completes our proof by induction, i.e.,
n? 4 5n is divisible by 6 (or multiple of 6) for all natural numbers n > 1.

Solution 2.6

It is clear that for n = 0, both sides of the inequality are equal to 1. Now assume that we have
(1 4+ 2)" > 1+ nz and let us prove that (1 +2)"** > 1+ (n 4 1)z. We have

1+2)" =0+ 2)"A+z)> 1+ nz)(1+ )

and (1+2)" > 1+nz. Since (1+nz)(1+2) =1+nx+z+n2? =1+ (n+1)z+nz? and nz? > 0,
we get

A+z)"">14+n+Dz+nz®>1+ (n+ 1)z
Hence the inequality is also true for n + 1. Therefore, by induction we have (14 x)" > 1+ nz for
all natural numbers n > 0.

The classical induction argument will not work here. The main reason is that in order to reach
F,12 one will need to make assumptions about F,; and F,. Therefore, we will use a strong
induction argument. Indeed, first it is obvious that

(1+\/3)1—(1—\/3)1.

F=F= W

Next assume that
(1+VB)F — (1 = VB

=
k NG

Jk=1,2,...,n

and let us prove that
(1 + \/5)n+1 _ (1 _ \/5)n+1
2n+1\/5 :

By the definition of the Fibonacci numbers, we have

Fpy =

Fn+1 :F7L+F7L—1 .
Our induction assumption implies

1+v5)" — (- V5" LA VB T — (1Bt
2m/5 2n-1\/5 '
Algebraic manipulations will imply

(1+V5)" — (1= V5" +2(1 +5)" L —2(1 — /B)»!
2n\/5

Fn+1 =

Fn+1 =

or

21+ V5)" +4(1+V5)" 1 —2(1 —VB)" —4(1 — V/B)" !
2n+1\/g :

Fn+1:
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Note that
et {(1+\/5)2 = 6+2V5 = 2(1+V5)+4
(1-v5)? = 6-2V5 = 2(1—-+5)+4.
This easily implies
{ (L+VB)" = 2(14+V5)" +4(1+V5)"!
(1 o \/g)n-f-l — 2(1 _ \/g)n +4(1 _ \/g)n—l .

From the above equations we get

(L4 VB — (1 - VBt
2n+1\/g '

Fn+1:

The induction argument then concludes that

R S e R
E, = /e n=12....

Note that the number
. Fn+1 1+ \/5
® = lim =

n—oo F, 2

is known as the golden ratio and is one of the roots of the quadratic equation 2% = = + 1.

Solution 2.8

Note that when n = 0, the set X is the empty set. In this case we have
P(X) = {0}

with one element. Since 20 = 1, the statement is true when n = 0. Assume that whenever a set
X has n elements, then P(X) has 2" elements. Now let us prove that whenever a set X has n + 1
elements, then P(X) has 2"*! elements. Indeed, let X be a set with n + 1 elements. Fix a € X
and set Y = X \ {a}. Then Y has n elements. Clearly, we have

P(X) =PE)UP(Y)

where

Pu(Y)={MU{a}; M eP(Y)}.
The map Tg : P(Y) — Po(Y) defined by

T(M)=MU{a}

is a bijection. Hence P(Y) and P,(Y") have the same number of elements. Since Y has n elements,
our assumption implies that P(Y) has 2" elements. Note that P(Y") and P, (Y) have no common
point, i.e.,

PY)NP.(Y) =0,

s0
number of elements of P(X) = number of elements of P(Y) + number of elements of P,(Y)

or
number of elements of P(X) = 2" 42" = 2.2" = 2"+1
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This proves our claim. So by induction we conclude that whenever a set X has n elements, then
P(X) has 2™ elements, for any natural number n > 0.

Solution 2.9

Since A is bounded above, there exists m € R such that
VacecA a<m.

Hence

which implies
vbeB —m<bh.

So B is bounded below. Therefore inf B exists. Let us now complete the proof by showing that
inf B = —sup A. By definition of sup A, we know that

Vae A a<supA.
So
Vae A —supA<—a

or
VbeB —supA<b.

The definition of inf B implies —sup A < inf B. Next we have
Vbe B infB<b
which implies
vVbeB —-b<—infB
or
VaeA a<—infB

since A = {—b; b € B}. By the definition of sup A we get supA < —inf B. Combining this
conclusion with —sup A < inf B, we deduce that

inf B=—supA.

Note that a similar proof will show that if A is bounded below, then B, defined as above, will be
bounded above. Moreover we will have

supB = —inf A .

In fact the above proof may be generalized to get the following result: if we set k-A = {k-a; a € A},
for any k € R, then

sup(k-A) = k supA  provided k > 0,

inf(k-A) = kinfA  provided k>0,

sup(k-A) = —k infA provided k <0,

inf(k-A) = —k supA provided k <0.
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Solution 2.10

It is always the case that inf .S < sup S for any bounded nonempty subset of R. So we need only
to prove that inf 7" < inf S and sup S < supT. Let z € S. Then 2 € T since S CT. So infT <z
by definition of inf 7". This implies that inf T" is a lower bound for S because x was taken arbitrary
in S. Since inf S is the greatest lower bound we get

inf7 <inf§ .

Similarly one can easily show that sup S <supT.

Solution 2.11

Without loss of generality assume x > 0. Set
A={aeR; a®*<z}.

Obviously we have 0 € A which means that A is not empty. Next note that A is bounded above.
Indeed, let n > 1 be a natural number such that z < n. We claim that n is an upper bound of A.
Indeed let @ € A and assume n < a. In particular, we have 0 < a which implies n? < a?. Since
a € A then we have a®> < 2 which implies n? < x. But n < n? which implies n < z, contradiction.
So we must have a < n for any a € A. Since A is bounded above, then sup A exists. Set y = sup A.
Let us prove that 2 = 2 which will complete the proof of our problem. Since 0 € A, we get y > 0.

2 1
Assume that y? < x. So the real number y+ 5 s well defined. Let n > 1 be a natural number
r—y
such that 2 + 1
<,
r—y
which implies
2 1
YEL oy,
n
or o4 1
T2 + y2 <.

1 1
Since n > 1 we know that — <= which implies
n n

9 2y+1

2
2 Y +7§1’7
n

1
Y +—+7Sy
n n

1 2
<y+7) <.
n

1
Hence y + - € A, contradicting the fact that y is an upper bound of A. So we must have z < y2.

or

Assume that y? # 2. So we have x < y%. In particular we have y > 0. Let n > 1 be a natural
number such that

Similar calculations as above will yield
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1
Since y = sup A, there exists a € A such that y — — < a. Since
n

2y

1
— < ,
— T

y v

2

1 1\?
we get y — — > 0. So <y — 7) < a? which implies z < a? contradicting the fact that a € A. So
n n

we must have 3% = .

Solution 2.12

We have y —x > 0. Since R is Archimedean, there exists a positive integer N > 1 such that

2

N > .
y—x

So N(y —x) > 2 or Nz +2 < Ny. Again because R is Archimedean, there exists a unique integer
n such that
n<Nrx<n+1.

We claim that n +1 € (Nz, Ny). Indeed we have
Nr<n+1<Nz+1l<Nz+2<Ny,

. . . . n+1 n+1
and since Nx < n+ 1, we have our conclusion. N > 1 implies that x < N <y. Take r = %

which completes the proof of the first statement. Next assume that the nonempty interval (a,b)
has finitely many rationals. Then

r*=min{r € Q, a <r < b}

exists and is in (a,b), i.e., a < r* < b. Using the previous statement, we know that there exists a
rational number ¢ such that a < ¢ < r*. Obviously we have ¢ € (a,b) contradicting the definition
of r*. So the set {r € Q, a < r < b} is infinite.

Solution 2.13

Set A= {r€Q,0<randz <r?}. Since 4 is not empty and bounded below, it has an infimum.
Let m = inf A. Clearly 0 < m. We claim that m? < z. Assume not. Then z < m? which implies

m > 0. Let
. <m2—x >
€ = min ,m| .
2m

It is clear that € > 0. Then we have 2me < m? — 2 which implies

z<m?—2me <m? —2me +e% = (m—e)*.

Since m — ¢ < m, there exists a rational number » € Q such that m — ¢ < r < m. Note
that r is positive because ¢ < m. This obviously implies (m — ¢)? < r2. In particular we have
r < (m—¢)? <72 Sor € A which contradicts m = inf A. Hence our claim is valid, that is,

m? < x. This implies m? < y. Let
2
. (y—m
0= 1) .
o (Qm +1’ )
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Note that § > 0. Since §(2m + 1) <y —m?, and § < 1, we get
(m+6)2=m?4+20m+862<m?+20m+5=m?+62m+1)<y.

Hence, (m +9)? < y. Using the characterization of the inf A, we know that there exists r € A such
that m < r < m + 6. So we have r2 < (m + §)? < y and since r € A we get

a:<7"2<y

which completes the proof of our statement.

Solution 2.14

Since all the elements of A are positive, inf A exists and is positive, i.e., inf A > 0. Assume that
o =inf A > 0. Let us first note that « € A. Assume not, i.e.,, & ¢ A. Then, there exists x € A
such that a < x < 2a. Since a € A, then we have o < & < 2a. Again by definition of the inf A,
there exists y € A such that a <y < z. Using the same argument as before, we get

a<y<z<a.

Sox—y < 2a—a = «. Since x —y € A, we have a contradiction with the definition of a. Therefore
a € A. Note that AN (na, (n + 1)a) = 0, for any natural number n > 1. Assume not, i.e., there
exists a natural number n > 1 such that AN (na, (n+ 1)a) # 0. Let 2 € AN (na, (n+ 1)a). Then
r—na < aand r —na € A because of the algebraic properties satisfied by the elements of A. This
will generate another contradiction with the definition of «. Therefore

A={na;n=1,...}.

In particular we have w = nga, and 1 = mga for some natural numbers ng > 1 and mg > 1. This

obviously will imply
w no no

1 moa My

or that w is rational. This is the final contradiction which forces oo = 0.

Solution 2.15

Assume not, i.e., C' is countable. Hence there exists a map f : N — C which is one-to-one and
onto. Define {z,} as follows:

Tp=1—f(n)y

where f(n), is the nth element of the sequence f(n) in C. Clearly {z,} is in C. Also note that
f(n) # {xy} for any n € N. This contradicts the onto property of f.

Solution 2.16
We have
T4y — 275 = (VT - Vi)

Hence
r+y—2yxy >0
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which obviously implies  + y > 2,/zy or the desired inequality. Moreover we have

xr+y

VA=

if and only if z +y = 2,/Zy or (v — /y)* = 0. This will imply \/z = /7 or 2 = y. So the equality
holds if and only if x = y.

Solution 2.17

First, let us prove the inequality

x Tr+a

y y+b’

We have z(y +b) —y(z +a) = zb — ya = y(%b —a) = yb(% — £) < 0 because of the assumed
inequality and all the numbers involved are positive. So x(y + b) < y(z +a) or

x r+a

< .
Y y+b

The other inequality follows from the same ideas.

Solution 2.18

Note that the fractions involved are always defined since the denominator cannot be 0. First
assume |z + y| < |z|.
Now, since [z+y| < [z[, we get [z+y|+|z||z+y| < |z|+[z||lz+yl|. Solz+y|(1+]z]) < |z|(1+]z+y])
which obviously implies
eyl _ _lal
1+lz+yl ~— 1+z

is positive, we get

|z + y| < |z| n vl
T4+ le+yl — 1+]z] 14|y

If |z +y| < |y|, a similar proof will give us the above inequality. Now let us assume max{|z|, |y|} <
|z + y|. The triangle inequality gives |z + y| < |z| + |y|. So

eyl =l
I+|z4+yl ~ 1+jz+yl  1+]|z+y

Since max{|z|, |y|} < | + y|, then we have

|] |y |z |y
+ < + .
T+le+yl 14z+yl — 1+z]  1+]yl

Hence
le+yl |zl vl

+ )
IL+|z+yl — L+]z]  1+]y|
which completes the proof of the desired inequality.
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Solution 2.19

Using the Archimedean property of the reals, we know that there exists a unique integer m such
that .
m<-—-—<m+1.
a

b
Since — > 1, we get m > 1. Easy algebra manipulations give
a

1
m+ 1

<<

1
o

S e

b 1 . .
If — = —, then we must have m > 1. In this case take n = m — 1. Otherwise take n = m to get
a m

—_
S}

<
n+17="5b

<

S

To prove the second part we will use the strong induction argument. If ¢ = 1, then the conclusion
is obvious. Assume the conclusion is true for a = 1,...,k and let us prove that the conclusion is
also true for a = k + 1. Let b > 1 be a natural number coprime with k£ 4+ 1 such that £ + 1 < b.
Then, the first part implies the existence of a natural number n > 1 such that

1 k+1 1
<— < —.
n+1~ b n

1 k+1 1 k+1
If = i, then we have nothing to prove. Otherwise assume < i Then
n+1 b n+1 b
kE+1 1 1 1
0< ——— < = = <1.
b n+1 n n+1

Set ka1 ) .

w_RT 1 _@

L T T

where a* and b* are natural coprime numbers. Obviously we have a* < (k+ 1)(n + 1) — b. Since
(k+1)

1
< —, then (k+1)n <bor (k+1)(n+1)—b < k+1. This implies a* < k+1. Our induction
n

b
assumption implies
a* 1 1
_— = — + PPN + p—
b* ny ny
for some natural numbers nq,...,n;. Hence
k+1 1 1 1
R e
b n+1l m ny

Therefore, by induction we have proved our initial claim.

Solution 2.20

Since x # y, then we have
o 2=yl

>0.
3
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Set
X=(@—-¢czx+e) and Y =(y—ec,y+¢).

Let us check that X N'Y = (. Assume not. And let z € XNY. So
|z —z|<e and [z —y|<e.
Hence

2|z -yl

< — .
3 |z — yl

e —yl=lr—z+z—y|<|r—z|+|z—y|<ete=

This contradiction proves our claim.

Solution 2.21

Let x € (a,b). Since x # a and z # b, we have

e=-min(|lz —al,|b—2z|) >0.

Wl =

Let us show that (x — e,z +¢) C (a,b

=

. Indeed, we have

1

m+€:x+§mln(\xfa|,|b7.r|) <z+|lr—bl=x+b—xz=0
because = < b. Similarly we have
1
x—azaz—gmln(|x—a|,|b—$|) >r—|lr—al=z—(x—a)=a.
These two inequalities obviously imply
(x—e,x+¢) C (a,b),

which implies that (a,b) is a neighborhood of any point = € (a, b).

Solution 2.22

Suppose z,y € (0,00). From the concavity of the logarithim function and the fact that % + % =1,

this implies that log (% + %) > %log P 4 % logy? = logz + logy = log xy. Since the exponential

function is increasing and e'°&®

Solution 2.23

We use induction to prove. For n = 1, the above inequality is true. Suppose it is true for some
n > 1. Then

=z for all z, the claimed inequality follows.

_n_
n n+1

To the right-hand side of this inequality, apply the Young Inequality (previous problem) with
n+1
1

T = foj ,y:(;vn+1)n+1,andp:1+%. Then
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ST 1 z": L1 - 1 "f
X - — = xX; —(x = €T,
y*p qy n+1j:1 I n+1 n+1j:1 J

Solution 2.24

Without loss of generality, take x # 0 and y # 0. From the Young Inequality,

lzil gl 1 Jagl?

< 7 1-%7 for 1 <j <n.
lzlp lylg 2 |zl q lylg

Summing this inequality over j yields

Yjmiluiyil 1 1
[zlplyly  ~ P g

and therefore the desired inequality follows.

Solution 2.25

Applying the triangle inequality, we get
n n n
o+ yh =l + oyl eyl <D0l P e D e Pyl
j=1 j=1 j=1

Thus the Holder Inequality implies

1 1

q q

n n P
w4yl < lalp [ D lzg+ylP | +lyle | DIz +uilP | =zl + lyl) = + yl3 -
i=1 i=1

r
If £ 4+ y = 0, then the inequality is true. Otherwise, divide both sides of the inequality by |z + y|;

_P
to get |z + y|§ < lz|p + |ylp. Since p — ’—; =1, the claim follows.

Solution 2.26

Set I, = [an, by]. Then our assumption on {I,} implies
an < apt1 < b’n,+1 < b,
for all n > 1. Since I, C I1, both {a,} and {b,} are bounded. Set
oo = supf{an;n > 1} and by = inf{by;n > 1} .
From the inequalities a,, < apt1 < bpy1 < by, for all n > 1, we get
Ay < oo < b < by,

for all n > 1. Indeed, for any n,m > 1, we have a,, < by,,. This follows from the fact that {a,} is
increasing and {b,} is decreasing. By definition of the supremum and infimum, we get doo < boo.
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The inequalities a,, < aso and by, < by, follow easily. Next let us complete the proof by showing

that
() In = [0, boc] -
n>1

From the above inequalities we have [aoo, boo] C [an, bn] = I, for all n > 1. Hence we are only left

to prove ﬂ I, C [aoo,boo). So let & € I, for all n > 1. Let us prove that 2 € [aco,boo]. Since
n>1

z € I, we get a, < x < b, for all n > 1. By definition of the supremum and infimum, we get

(oo < & < oo, OF T € [Goo, boo]. Clearly the intersection is a single point if as, = bso. This happens

if and only if b, — a,, goes to 0 as n goes to co.

Solution 2.27

Let us set I, = [aq,bs]. First let us show that the condition satisfied by the intervals implies
aq < bg for any o, € I'. Indeed, fix a,8 € T, then consider z € I, N Ig because I, N Iz # (.
Hence aq < 2 < bg which implies the desired inequality. This will force the sets {aq} and {bs} to
be bounded. Set

(oo = sup{an;a € I'} and by = inf{by;a € '} .

Following the same argument in the previous problem one will easily check that m Iy, = oo, boo)-
acl






Chapter 3

Sequences

Mathematicians have tried in vain to this day to discover some order in
the sequence of prime numbers, and we have reason to believe that it is a
mystery into which the human mind will never penetrate.

Leonhard Euler (1707-1783)

e A sequence is a function whose domain is the set N of natural numbers.

e A sequence {x,} is said to converge to a real number z, provided that for each £ > 0 there
exists an integer N such that n > N implies that |z, — z| < e.
In this case we also say that {z,} converges to z, or x is the limit of {z,}, and we write
Tp — T, OF nlggo xn = x. If {x,} does not converge, it is said to diverge.

o A sequence {z,} is said to be bounded if the range {z, : n € N} is a bounded set, that is, if
there exists M > 0 such that |z,| < M for all n € N.

e Bolzano—Weierstrass Theorem: Every bounded sequence has a convergent subsequence.
o Let {x,}7°, be a sequence and for each n € N, set
yn =sup{xr: k>n}.
The limit superior of {x,}, denoted by lim sup{z,} or lim{x,}, is defined by
lim{z,} =inf{y, : n €N} =inf{x: x=sup{zy: k>n} for some n € N}

41
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42 CHAPTER 3. SEQUENCES

provided that the quantity on the right exists. Likewise we define the limit inferior by
lim{z,} =sup{z : © = inf{zy : k> n} for some n € N}.

It is well known that if {z,} is a sequence, then {z,} has a limit if and only if the limit
superior and the limit inferior exist and are equal.

e A sequence {z,} of real numbers is said to be a Cauchy sequence if for every € > 0, there is
an integer N such that
|xy, — x| < e if n> N and m > N.

o Let {z,}>2; be a sequence and let {n;}z2, be any sequence of natural numbers such that
n1 <ng <ng <.... The sequence {z,, }32, is called a subsequence of {x,}>2; .

Problem 3.1 Show that each bounded sequence of real numbers has a convergent subsequence.

Problem 3.2 Show that if {x,} converges to [, then {|x,|} converges to |I|]. What about the
converse?

Problem 3.3 Let C be a real number such that |C| < 1. Show that lgn c" =0.
n—oo

Problem 3.4 Let {z,} be a sequence such that {za,}, {zon+1}, and {z3,} are convergent.
Show that {z,} is convergent.

Problem 3.5 Let S be a nonempty subset of R which is bounded above. Set s = sup S. Show
that there exists a sequence {z,} in S which converges to s.

Problem 3.6 Let {z,} and {y,} be two real sequences such that
(a) zp <y for all n;
(b) {z,} is increasing;
(¢) {yn} is decreasing.
Show that {z,} and {y,} are convergent and
i <l

When do we have equality of the limits?
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Problem 3.7 Show that {x,} defined by

1 1

is divergent.

Problem 3.8 Show that {z,} defined by
1 1
;L'n:1—|—§—|—---+g—ln(n)

is convergent.

Problem 3.9 Show that the sequence {x,} defined by

n t
o= [ Lot
1

t2

is Cauchy.

Problem 3.10 Let {z,} be a sequence such that there exist A > 0 and C € (0,1) for which
|2pt1 — zn| < ACT
for any n > 1. Show that {x,} is Cauchy. Is this conclusion still valid if we assume only

Jim. |Tpi1 — an| =07

Problem 3.11 Show that if a subsequence {z,, } of a Cauchy sequence {z,} is convergent,
then {z,} is convergent.

Problem 3.12 Discuss the convergence or divergence of

n? n? n?

- + I L
Vb +1  Vnb+2 Vnb +n

T

Problem 3.13 Discuss the convergence or divergence of

o] +[20] + -+ fna]

Tn =
n2

where [z] denotes the greatest integer less than or equal to the real number x, and « is an
arbitrary real number.
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Problem 3.14 Discuss the convergence or divergence of

aniﬂn

xn:an_'_ﬂn

where o and 3 are real numbers such that |a| # |3].

Problem 3.15 (Cesaro Average) Let {z,} be a real sequence which converges to . Show
that the sequence
T1+T2+ -+ Ty
n

Yn =

also converges to [. What about the converse? As an application of this, show that if {z,} is
such that lim z,41 —x, =1, then
n—oo T
n

lim — =1.
n—oo n

Problem 3.16 Let {x,} be a real sequence with z, # 0. Assume that

. Tn+1
lim =2t — .

n—oo I,
Show that

(a) if |I| < 1, then Jim z, = 0;

(b) and if |I] > 1, then {z,} is divergent.

What happens when |[| = 1? As an application decide on convergence or divergence of

n n

(0%
In:ﬁ and yn:ﬁ

Problem 3.17 Given x > 1, show that

n

lim (2{7571) =22,

n—0o0

Problem 3.18 Show that
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Problem 3.19 Let {x,} defined by
1 2
1 =1 and x4 = 3 (xn + 7) .

Show that {x,} is convergent and find its limit.

Problem 3.20 Let {z,} be a sequence defined by

b . . — a2
r1 =1, and xp41 = ‘Ln-‘r?

Show that {z,} is convergent.

/2
Problem 3.21 For any n € N set I, = / cos" (t)dt, known as Wallis integrals .
0

1. Show that (n + 2)I42 = (n + 1)I,. Then use it to find explicitly Ia, and Io,41.

I
2. Show that lim —L — 1.

n—oo n

3. Show that {(n + 1)I,I,11} is a constant sequence. Then conclude that

lim I,V2n = /7.

n—oo

Problem 3.22 Consider the sequence

n! (e)n 1
Tp=—1|—) ,n=1,....
n \/ﬁ n ’ bl

1. Show that {In(z,)} is convergent. Use this to show that {z,} is convergent.
2. Use Wallis integrals to find the limit of {z,}.

3. Use 1. and 2. to prove the Stirling formula

n n
n! ~ (7> 2mn

e

when n — oo.

Problem 3.23 Find the limit superior and limit inferior of the sequence {x,}, where

oz, =14 (-1)"+ 5

o 1, =2"
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Problem 3.24 Let {z,} be a bounded sequence. Prove there exists a subsequence of {x,}

which converges to liminf z,,. Show that the same conclusion holds for lim sup x,.
n—oo n—00

Problem 3.25 Let {z,} be a sequence and let {z,, } be any of its subsequences. Show that

liminf z,, <liminfz,, <limsupz,, < hm inf z,,.
n—o0 ’Lk—)OO 71]‘/%00 — 00

In particular, if {x,, } is convergent, then

lim inf z,, < hm | Ty < limsup x,.
n—oo n—oo

Is the converse true? That is, for any [ between liminf x,, and limsup x,,, there exists a subse-
n—00 n—00

quence {x,, } which converges to .

Problem 3.26 If (x,) and (y,) are bounded real sequences, show that

lim sup(xy, + yn) < limsup ,, + lim sup yj,.

n—oo n—oo n—0oo

Do we have equality?

Problem 3.27 If z, >0, n=1,2,..., show that

lim inf < liminf /z,, <limsup {/z, < lim bup L

n—oo  XIp n—r00 n—00 n—oo  In

x
Deduce that if lim —*

exists, then lim,_, o, ¥/x, exists. What happened to the converse?
n—0o0 Ty
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Solutions

Solution 3.1

Let (2, : n € N) be a bounded sequence, say |x,| < M for all n.

Let Iy = [-M, M], ap = —M, and by = M, so that Iy = [ag, bg] and Iy contains infinitely many
of the x,, (in fact, all of them).

We construct inductively a sequence of intervals I, = [ag, b] such that I} contains infinitely
many of the z,, and by — ap = 2M/2k. This certainly holds for k£ = 0.

Suppose it holds for some value of k. Then at least one of the intervals [ay, (ar + bx)/2] and
[(ag + br)/2,by] contains infinitely many of the z;,. If the former, then let a1 = ag, brr1 = (a +
bi)/2. Otherwise, let axy1 = (ag + bx)/2, bpr1 = by. In either case, the interval I 1 = [ags1, bpi1]
contains infinitely many of the x,, and

1 k+1
bpt1 — Q1 = §(bk —ay) = (§> X 2M.

This completes the inductive construction.

Clearly ap < a3 < ag <--- < by < by <by. Thus (ay) is an increasing bounded sequence, so by
completeness has a limit, say x. Moreover since each by is an upper bound for (a,) and z is the
supremum, = < by for each k. Thus a; < x < by for every k. In other words, x € I}, for every k.

We now construct inductively a subsequence () of (z,) such that x,, € I} for every k. Let
ZTny = xo. Assuming x,, has been chosen, let nj41 be the least n > ny such that x,, € I 41. Then
(2n,) is a subsequence of (x,), and z,, € I} for every k.

Since x,, and « both lie in the same interval I}, of length 2M/ 2% it follows that

k
1
|2y, — 2| < (§> x 2M

and so |z,, — | — 0 as n — oo. Thus (z,,) is a convergent subsequence of (z,,), as required.

Solution 3.2

Note that for any real numbers z,y € R, we have
ol = 1yl| < Jo =91 -
Since {x,,} converges to [, then for any £ > 0, there exists ng > 1 such that for any n > ng, we have
|z =1l <e.

Hence
2] = 1] < &
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for any n > ng. This obviously implies the desired conclusion. For the converse, take x,, = (—1)",
for n=0,.... Then we have |x,| = 1 which means that {|z,|} converges to 1. But {z,} does not
converge. Note that if [ = 0, then the converse is true.

Solution 3.3

If C = 0, then the conclusion is obvious. Assume first 0 < C' < 1. Then the sequence {C"}
is decreasing and bounded below by 0. So it has a limit L. Let us prove that L = 0. We have
C™tl = CC™ so by passing to the limit we get L = CL which implies L = 0. If =1 < —C < 0, then
we use (—C)" = (—1)"C™ and the fact that the product of a bounded sequence with a sequence
which converges to 0 also converges to 0 to get 71151;10(70)” = 0. Therefore, for any —1 < C < 1,

we have lim C"™ = 0.
n—o0

Solution 3.4

If {x,,} is convergent, then all subsequences of {z,} are convergent and converge to the same limit.
Therefore, let us show that the three subsequences converge to the same limit. Write

lim z9, = oy, lim xop41 = o, and lim z3, = a3 .
n—00 n—oo n—00

The sequence {wg,} is a subsequence of both sequences {z2,} and {x3,}. Hence {x¢,} converges
and forces the following:

lim g, = lim 29, = lim z3,
n—oo n—oo n—oo

or a; = a. On the other hand, the sequence {z¢,+3} is a subsequence of both sequences {zao,+1}
and {xs,}. Hence {x¢,43} converges and forces the following:

lim xgp43 = lim 29,41 = lim 3,
n—00 n—00 n—>00
or as = 3. Hence a; = ag = 3. Let us write
lim x9, = lim z9,11 =1
n—oo n—oo
and let us prove that lim z, =1[. Let ¢ > 0. There exist Ny > 1 and N7 > 1 such that
n—oo

|xon — 1] <€ for all n > Ny,
|zont1 — 1] <e forallm > Nj.

Set N = max{2Ny,2N; + 1}. Let n > N. If n = 2k, then we have k > Ny since n > N > 2Nj.
Using the above inequalities we get |xor — | < € or |z, — | < e. A similar argument when n is odd
will yield the same inequality. Therefore

lxn =1 <€

for any n > N. This completes the proof of our statement.
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Solution 3.5

By the characterization of the supremum, we know that for any ¢ > 0 there exists x € S such that
s—e<x<s.

So for any n > 1, there exists x,, € S such that

1
s—— <z, <5.
n

. 1 . . 1
Since {f} goes to 0, given € > 0, there exists ng > 1 such that for any n > ng we have — < . So
n n
for any n > ng we have
1
s—e<s——<z, <s<s+¢e,
n
which implies
|z, —s| <e,

which translates into lim z, = s.
n—oo

Solution 3.6

Since {y,} is decreasing, we have y,, < y; for n > 1. So for any n > 1 we have z,, < y,, < y1. This
implies that {x,} is bounded above. Since it is increasing it converges. Similar argument shows
that {y,} is bounded below and therefore converges as well. From (a) we get the desired inequality
on the limits. In order to have the equality of the limits we must have nlgr;o Yn — T = 0. This

result is useful when dealing with nested intervals in R and alternating real series.

Solution 3.7

We have {
$27L*$7L:m+m+"'+%

for any n > 1. So

1 1 1
e < g
n+n+n+n+ +2n_12n n

1
or 3 < X9y, — xp. This clearly implies that {z,} fails to be Cauchy. Therefore it diverges.

Solution 3.8

Though real functions will be handled in the next chapters, here we will use the integral definition
of the logarithm function. In particular, we have

1
In(z) = / —dt .
1t
In this case if 0 < a < b, then we have

b—a /bl b—a
< —dt < .
b —J,t T a
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Since
n 1 n—1 k+1 1
In(n) = /1 ;dt = Z/k Edt ,
k=1
we get
n—1
k+1—k 1 1
1 < - =14 -+ .
n(n) < k + 2 Tt n—1
k=1
Hence

1 1 1 1 1
On the other hand, we have
1 1 n+11
ZL'r,H,l—{L'n:m—lIl(n‘Fl)“v‘lIl(’fL):m—/y; Edt<0

These two inequalities imply that {z;,} is decreasing and bounded below by 0. Therefore {z,} is
convergent. Its limit is known as the Euler constant.

Solution 3.9

For any natural integers n < m we have

m m m m
/ cos(t) at| < / |cos(t)\dt < / ldt R s l
N n 12 o t2 t m n

n

1 1
Since lim — = 0, then for any € > 0, there exists ng > 1 such that for any n > ng we have — < e.
n—oo n n

So for n,m > ng, n < m, we have

|2 — 2m| = 2

m t 1 1
T
" m n
which shows that {x,,} is a Cauchy sequence.

Solution 3.10

Let n>1 and h > 1. We have

h—1 h—1
Tnsh = Tnl = Y Tkt — Tngk| < D [Tngkr1 — Tnk] -
k=0 k=0
Our assumption on {z,} implies
h—1 ’
1470h cn
|Tnin — 2a| <Y ACTHE = AC™ e <A
k=0

Since 0 < C' < 1, lim C™ = 0. Hence
n—oo

n

lim A

n—oo 1 —
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This will force {x,} to be Cauchy. The second part of the statement is not true. Indeed, take
Zp, = y/n. Then we have

1
li +1— = li ———)
Jim vn NG Jim NS T

But the sequence {z,} is divergent.

Solution 3.11

Set lim z,, = L. Let us show that {z,} converges to L. Let ¢ > 0. Since {x,} is Cauchy, there
k—>00

n
exists ng > 1 such that for any n, m > ng we have

3
‘xn - 7/'ml < 5 .

Since lim z,, = L, there exists kg > 1 such that for any £ > ko we have
Nj—00
€
‘Zl?nk — L| < 5 .
For k big enough to have n; > ng we get
e €
o = L] < lam = oy |+ fom, — Ll < S+ S =

2

for any n > ng. This completes the proof.

Solution 3.12

Note that for any k= 1,...,n, we have

2 2 2

n n n 1
< <—==-
Vb +n = Vnb+k ~ Vnb n
which implies
n? - - 1
n————<u n—
Vara =
or
n3
—— <z, <1
Vibta S
Because
n3 _ n3 _ 1
s +n . T 1
v 31+ — 1+ —
n n
d lim — =0, then li % Thes Th forces th lusi
and lim 5 =0 en lim o e Squeeze Theorem forces the conclusion
n? n? n?

lim =

. PP
n—00\/pb 41  /nb+2 vnb+n




52 CHAPTER 3. SEQUENCES

Solution 3.13

By definition of the greatest integer function [-], we have
[z] <z <[z]+1
for any real number z. This will easily imply  — 1 < [z] < z. So

(a—1)+2a—1)+ -+ (na—1) _ [a] + [2a] + -+ + [na] cat2at---+na

n? n? - n?
or
I+24+--+n)a—-n [o]+[2a]+-+[na]  (Q1+2+ - +n)
< < .
n? n? n?
. ) m(m+1) .
The algebraic identity 1 +2 4 --- +m = — for any natural number m > 1 gives
n(n+1) n(n+1)
2 7" _lod+[20]+ - +[na] 2 “
< <
n? n? - n?
or
(n+a 1 [ofJ+[2¢]++[na]  (n+1)a
-~ < <
2n n n? - 2n
Since . .
i DY L e g D
n—00 2n 2 n—o0 2n 2

1
n
. . . «
the Squeeze Theorem implies lim z, = —.

n—00 2

Solution 3.14

We have two cases, either |o| < |] or [af > [B]. Assume first that |af < [B]. Set r = §. Then
algebraic manipulation gives

=1
S
Since |r| < 1, then HILH;O r" =0, and we have nlggo Zn = —1. Finally, if |a| > |8], then we use
o — gn g —an

an + (Gn - _Bn +an

and the same argument given before will imply

) ) ﬂn —a”
lim z, = — lim —— =
n—o0 n—00 6” —+ o

Solution 3.15

Let € > 0. Since lim x,, = [, there exists Ng > 1 such that for any n > Ny we have
n—oo
€

\xn—l|<2
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On the other hand, we have

Tt T+ T
n n

yn_l:

. (o1 =D+ @2 =Dt o1 = D) | (o =Dt (=)

yn_l:

for any n > Ny. Since

i (w1 =)+ (2o =) + -+ (xng-1— 1)

n—r00 n

Then, there exists N; > 1 such that

(xlfl)+(ngl)+-~+(x]vo_1fl)‘ 5
<7
n 2

for any n > Nj. Set N max{Ny, N1}, then for any n > N we have

lyn — 1] < (‘Tl_l)+(x2_l)+"'+(xN0*1_l)‘+ (@ng =D+ + (-1
n n
or
lyn — 1] < (zl—l)+($2—l)+'“+($No—1—l)'+|xNo—l\+'“+|frn—l|
n n
which implies
o — 1] < £ 4 L MoE
n 2T T 2~

This completes the proof of our statement. For the converse take x, = (—1)". Then we have

1
—— if nis odd,
n
Yn =

0 if n is even.
Obviously this will imply that lim y, = 0 while {x,,} is well known to be divergent. Finally, let
n—00

In be a sequence SuCh lhat hIIl In — Ty = l Se(
+ n
n—oo

(w2 — 1) + (23 —22) + - + (Tny1 — T)
n

Yn =

Then from the first part we have lim y, =1[. But
n—oo

Tptrl — X1
Y = Intl T M
n
which implies x,,+1 = ny, + x1. Hence
T n—1 T
== Yn—1+ —
n
Since 1
lim =1, lim y, =10, and lim — =0
n—oo n n n—,oo n
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we get
lim = =1.
n—oo n
Solution 3.16
11— .
Assume first that |I| < 1. Let ¢ = — Then we have £ > 0. Since
lim 2t l
n—00 Iy
we get
Ja ] =
n
Thus there exists Ny > 1 such that for any n > Ny
[Tt
‘; . 7| <e
n
which implies
]| —e < [#n] <|l|+¢
||
for any n > Ny. By definition of € we get
P
|| 2 '
In particular, we have for any n > Ny
‘l‘ + 1 n—No+1
|Zp11] < . |2 No |-
|l| + 1 n—Nop+1
Since lim <7) =0, we get lim |z,| = 0 which obviously implies lim z,, = 0. This
n—oo n—oo n—oo

completes the proof of the first part. Now assume || > 1. Since again

Tn+1
Tn

lim

n—00

:|l|7

the same proof as above gives the existence of Ny > 1 such that

m +1 n—No+1
<T> lzNo| < |21l

|l| +1 n—Np+1
for any n > Ny. And since lim T) = 00, we get lim |x,| = co. Hence the sequence
n—oo n—oo
{zn} is not bounded and therefore is divergent. Finally if we assume |I| = 1, then it is possible

that {x,} may be convergent or divergent. For example, take x,, = n®, then we have [ = 1. But

the sequence only converges if o < 0, otherwise it diverges. For the sequences

n n

Ty =— and yp = —,
n n!
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we have
k | 1
Tn+l n Yn+1 n: -
=« and =« =« .
Tn, <n—|—1> Yn (n+1)! n+1
Hence
T
lim =~ — g and  lim M:O.
n—00 Ty n—oo  Yp

In particular, we have
lim z, =0 if |a| < 1,

n—oo
{z,} is divergent if |o > 1.
(_1)7},
nk
the sequence {y,} we have liﬁm yn = 0 regardless of the value of «.
n—oo

Solution 3.17

Without loss of generality, we may assume 1 < z. First note that

1
And if |o] = 1, then the sequence in question is {ﬁ} or { } which is easy to conclude. For

2
0<(</§—1> — V22T 41,
which implies 2{/z — 1 < V2. Hence
n n
(2(‘/17771) <("1:2) =22,
On the other hand, we have
n 29z —1\" 2 1\" 1\2\"
2\”/5—1) =x2(7> :x2< - ) — 22 1—(1— ) .
( Va2 VE Ve v

Since (1 — k)™ > 1 —nh, for any h > 0 and n > 1 we get
1\2\" 1\2
1—(1-— >1-n(l1-—

x:(WflJrl)nZlJrn({L/ffl)>n({7§fl),

and

which implies
2 2

({7571) <%.
(2%—1)n2x2 (1—71(1—(;5

J)-r-r5)
<

n 2
(2(/5—1) >a?(1- - )
nva?

Hence
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Putting all the inequalities together we get

2(1 22 > 20z —1) < a?
x — <( VT — ) <z°.
—

The Squeeze Theorem will then imply

lim (2{/5—1)":.#,

n—oo

2
. T
hmx2(1f — >:x2.
n—oo n 1'2

since

Solution 3.18

In the previous problem we showed

for any x > 1 and n > 1. Take x = n, we get

(s3]

n n2

n
n2|1-n g(2%71) <n?,
which implies

2 n
(Vﬁ - 1) (2 Vn — 1)

n n2 — TL2

1—n

<1.
In order to complete the proof of our statement we only need to show
2

(i)
R R

Note that for « € [0,1] we have 0 < e* — 1 < 3z. Hence

=0.

In(n) In(n)
0<¥n—-1=e n —1<3—>2,
n

because In(n) <n for n > 1. So

2 In(n)?  In?
ogn(%—l) gngns;) _ o)

n

1 2
Since lim — (n)
n—o0o n

= 0, we conclude that

2

lim n(%71> -0,

n—00

SEQUENCES
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which yields

Solution 3.19

Let us first show by induction that 0 < ;vn and 1 < x2 < 2. Obviously we have 0 < 1 and
1 <12 < 2. Assume that 0 < z,, and 1 < x < 2. Then by the definition of x,1; we obtain easily
0 < zp41. On the other hand, we have

1 4 4
$i+1:1<mi+4+ 2) ( 2>+1‘
71 ’VL

4 1 4
nt <1lor - m + — | < 1. This will imply
4 4 x2
xi 41 <141 =2 So the induction argument glves the desired conclusion that is x, > 0 and
1< x% < 2, for any n > 1. On the other hand, algebraic manipulations give

1 2 2— a2
xn+l_mn:§ Tn+ — | —Tp=—F"7"

which implies z,,41 — 2, > 0 for any n > 1. Hence {x,} is an increasing bounded sequence. So it
converges. Set lim x, =[. Then we have [ > 0 and 1 < 12 < 2. Since {Zn+1} also converges to [,
n—o00

AN ?+2
2 1) 20
or 2% = [? + 2, which gives [> = 2 or | = /2. Note that the sequence {z,} is formed of rational
numbers and its limit is irrational. One may generalize this problem to the sequence

Since (2 — z,)? = 4 — 422 + 2} > 0 we get

we get

1 «
1 =1 and zpq1 = 3 (mn+ x—)
n

and show that {x,} converges to y/a provided « > 0.

Solution 3.20

Obviously the sequence {z,} is positive and since 41 = /22 + 2%, > \/z2 = x, in other words,
the sequence {z,} is increasing. So in particular we have x,, > xz; = 1 for any n > 1. Since

27L
Tn+l — Tn = -1'% +— -z,

o :\/ 2+1+
T 27 Ty
1
1/x%+2—n+xn2\/m%+xn2ﬁ+1:2

and
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we get
1

on - 1
) 1 *2n+1'

Tp+h — Tp = (xn-&-h - xn-&-h—l) + ("En-&-h—l - xn+h—2) + -+ (x’l’b+1 - xn)

0< w41 — 2y =

On the other hand, we have

SO

) 1 1 1 1 (1 1
xn+h_lnﬁw+w+'”+2n+l = ot 2h—1+"'+§+1
which implies
1

szrh_InSW 1 SQ*R-

2
1
Since {z—n} converges to 0, then for any € > 0, there exists Ny > 1 such that for any n > Np,

1
we have on < ¢ which implies z,+n — x, < € for any n > Ny and any h > 1. This obviously

implies that {z,} is Cauchy. Therefore, {x,} is convergent. Note that if we are able to prove that
{z,} is bounded, then we will get again the same conclusion without the complicated algebraic
calculations.

Solution 3.21

1. One can easily show that Ip = 7/2 and I; = 1. For n > 2, we use the integration by parts
technique to show

w/2

/2 /2
Inyo = / cos" 1 (t) cos(t)dt = [cosn+1(t) sin(t)} o +(n+ 1)/ cos™ (t) sin?(t)dt,
0 0

which implies I,40 = (n+ 1) (In — In+2) or

_n—|—II
n+2*n+2 n-
Hence
I _2n—1 2n-3 1]_27171 2n—=3 1 m  (2n)lr
T Ton on—2 207 Ton T2n—2 2 2 22Ai(ph)Z’
and
2n  2n -2 2 2n  2n—2 2 22n(pl)?
Ippy1 = —— - 2= . L= 2
2n+1 2n—1 3 2n+1 2n—1 3 (2n+1)!

2. Note that since 0 < cos"1(t) < cos(t), for any t € [0,7/2], then I,,11 < I, i.e., {I,} is
decreasing. In particular, we have I, 1o < I,,41 < I, and since I, > 0 we get

In+l< I :n+2

1<

n+2 n+2 n+1

In+1

Hence lim =1.

n—oo n
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3. Since
(n + 2)In+1fn+2 = (TL + 1)InIn+1

we conclude that {(n + 1)1, 1,41} is a constant sequence. Hence
T
(n+ 1)y = Iolh = 7
which implies lim 2nI2 = lim 2(n + 1)I,1,11 = T, or
n—oo n—0o00

lim I,v2n = /7.
n—00

Solution 3.22
1. Note that 2, > 0 for n > 1. We have

In(#n41) — In(z,) = In <M) I <(n

T

nn
el (n+1>n+l>

(2 1) — In(z,) = 1— (n N %) W <1 . %>

lim n2(ln(xn+1) — ln($n)> — 1.

n—oo 12

which leads to

Note that we have

Indeed, using the Taylor approximation of In(1 + ) we get

(i Yol 1,1 e
n ===+ =+=
n n  2n?  6n3  nd

where {g,,} goes to 0 when n — oo. Hence

1 1 1 1 €n 1 1 En
o) <o) =1 (n+3) (5 g+ 5 28) = g *

which implies
1 1 1

7}1—{20 n2<ln(xn+1) — ln(xn)> =5 + 1 0

59

En

2n3

Since the series > 1/n? is convergent, the limit test will force > In(z,.1) — In(x,) to be
convergent. Hence In(x,,) is convergent which in turn will force {z,} to be convergent. Set

| = lim z, = e’ where L = lim In(z,,). In particular, we have [ > 0.
n—oo n—oo

2. From the first part, we get

n! =~ 1 (g)n\/ﬁ, when n — oo.

/2
Using Wallis integrals (see Problem 3.21), I,, = / cos” (t)dt, we know that ILm I,V2n =
0 n—oo

\/m, or

s
I, ~ /—, whenn — oc.
2n
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(2n)lr

Since Io, = W

, we get

T (2n)lm b
e W, when n — oo,
which implies

T 1(2n)*e " 2n

T DA€ T VART  henn — oo.
dn  22n(In"e"y/n)? 2’ WheR T ee

Easy algebraic manipulations will lead to [ = /2.

3. Putting all the above results together we get

n\n
n! &~ <7) 2mn, when n — oo.
e

Solution 3.23

e Notice that for any fixed n, x, = 2 + 2% if n is even and x, = 2% if n is odd. Thus

Yn = sup{ay, : kzn}:2+2% ifnisevenand2+2n% if n is odd. Hence
limsup{z,} = inf{y,: ne N} =2
A similar calculation yields lim inf{x,} = 0.

e Because {z,} is not bounded above, the limit superior does not exist. For the limit inferior,
consider z, = inf{zy : k > n}. Clearly, z, = x, = 2", since {z,} is monotone increasing
and z, diverges to co. Thus supremum over {z, : n € N} does not exist, therefore the limit
inferior does not exist. Note that even though the sequence {z,} is bounded below, limit
inferior does not exist.

Solution 3.24

Since
liminf —z, = — limsup z,,
n—0o0 n—00

we will only prove the existence of a subsequence which converges to liminf x,. It is clear that
n—00

liminf 2, =1 € R since {z,} is bounded below. For any £ > 0 there exists N € N, such that for

n—oo
any n > N we have

l—e<inf{ap;k>n} <L
Set € = 1, then there exists N1 € N such that for any n > N7 we have
I —1<inf{ag; k>n} <.

By induction one will construct an increasing sequence of integers {N;} € N such that for any
n > N; we have

1
l— = <inf{zg; k>n} <L
i
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In particular, we have [ — 1/k < zn, <!, which implies {zn,} — L.

Solution 3.25

Note that for any sequence {x,} we have hm 1nf T, < hm Sup . Since hm mf —xy = — limsup z,,
n—0o0

— 00
we will only show that liminf x,, < lim 1nf Ty, By deﬁmtlon we have
n—00 nE—

inf{ay; k > n} < inf{z,,;np >n}, neN.

Hence

inf{xy; k > n'} <sup (inf{xnk;nk > n})7 n’ €N,
neN
or

sup (inf{wk; k> n'}) < sup (inf{xnk;nk > n})

n’eN neN

which implies liminf z,, < liminfz,,. Moreover if we assume that {z,,} is convergent, then we
n—o00 nE—00

have

liminf z,, =limsupz,, = lim z,,,
T —>00 Nnj—>00 nj—00

which implies hm mf T, < hm L Ty < limsup z,. The converse is not true. Indeed, consider the
n—0o0

sequence {(— ) } Then we have liminf(—1)" = —1 and limsup(—1)" = 1. On other hand there
n—0o0 n—00

does not exist a subsequence which converges to 0.

Solution 3.26

For any N € N, we have
Tn + yn < sup{ap; k> N} +sup{ye; k= N}, n> N
which implies sup{zy, + yn; n > N} < sup{zx; k > N} + sup{yx; k¥ > N}. Hence
i : n > < inf (s 0> i in >
&Ig;\] (Sup{:rn +Yn; n > N}) < ]bléfN (qup{xn, n> N}) + jifréfN (sup{yn7 n > N}),

or limsup(zy, + yn) < limsupz, + limsupy,. The equality does not hold in general. Indeed, we

n—00 n—0o0 n—00
have limsup(—1)" = 1, and limsup(—1)"*! = 1, but hmsup( D" 4 (=) = 0.
n—oo n—oo

Solution 3.27

x
Assume first that lim inf "l — ] e R. So for any £ > 0, there exists N € N such that for any
Tn
n > N, we have | — ¢ < 12]fv Tntl , which implies (I — &)x,, < @41 for any n > N. This clearly
n T

implies (I — )" Nay <z, for any n > N. Hence

(L — )n=Nmghin < 1.

Since (I — E)(”*NV”J:%R — (I —€) when n — oo, we get

I — e < liminf z}/™.
n—oo
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Since € was arbitrarily positive, we get

x
lim inf = < liminf ¥/x,.

n—r00 wTL n—0o0

A similar proof will lead to

. . x
limsup {/z,, < limsup ntl

n—o0 n—oo  Ip

If {@n+1/2n} is convergent, then we have

. . Tn41 . Tn+1
lim inf = limsup ——
n—00 Tn n—00 Tn

)

which obviously implies

R . . Tn+1 .
liminf {/z, = limsup Yz, = lim "~ lim Yy,.
n—r00

n—00 n—00 Ty n—00

The converse is not true. Indeed, take x, = 2+ (—1)", n € N. It is easy to check that /z, — 1
when n — co. But 1
lim inf Intl _ —, and limsup
n—oo T, 3 n—oo Tn

Tp+1

=3.



Chapter 4

Limits of Functions

When a variable quantity converges towards a fixed limit, it is often useful
to indicate this limit by a specific notation, which we shall do by setting the
abbreviation

lim
in front of the variable in question.

Augustin Louis Cauchy (1789-1857)

e Let f: D — R and let ¢ be an accumulation point of D. We say that a real number L is a
limit of f at ¢, and write

lim f(x) =L,

Tr—c
if for each € > 0 there exists a 0 > 0 such that |f(x) — L| < € for all points « € D for which
0<|z—¢ <.

e Monotone function: A function f: A — R is increasing on A if f(z) < f(y) whenever z < y
and decreasing if f(x) > f(y) whenever x < y in A. A monotone function is one that is either
increasing or decreasing.

e Bounded function: Let f: A — R be a function and B C A. We say f is bounded on B if
f(B) is bounded, where f(B) is the range of f over B, i.e., f(B) = {f(z): « € B}.
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e One-sided limits: Suppose the domain of f is an interval (a,b), then the right-hand limit of
f(z) at a written by hm f(z) and hm f(z) = L if and only if for every € > 0 there exists a

Z—a
0 > 0 such that |f(x)— L| <e whenever z € (a,b) and a < x < a+4. Similarly, the left-hand
limit of f at b is given by hm f(z) = L if and only if for every ¢ > 0 there exists a 6 > 0

such that |f(z) — L| < e Whenever z € (a,b) and b — 6 <z < b. Of course, hm flz)=1Lif

and only if both one-sided limits exist and are equal to L.

e If f is an increasing function on the interval (a,b), then one-sided limits of f exist at each
point ¢ € (a,b), and
lim f(z) =L < f(e) < lim f(z) = M.

T~ —ct
For decreasing functions, the above inequalities are reversed.

e Let f: (byoo) = R, where b € R. We say that L € R is the limit of f as 2 — oo, and we
write

2, flo) =1
provided that for each € > 0 there exists a real number N > b such that z > N implies that
[f(x) = L <e.

e Let f:(b,00) — R. We say that f tends to co as x — oo, and we write

lim f(x) = oo,

T—00

provided that given any M € R there exists a N > b such that 2 > N implies that f(z) > M.

Problem 4.1 Let f: D — R. Let g € D such that lim f(z) exists. Show that lim |f(x)]

T—T0 T—x0

exists and the following identity holds:

lim |f(z)] =

T—T0

lim f(x)‘ .

T—rT0

Problem 4.2 Consider the function

Fz) = 0 if x € R and x is rational,
)71 1 ifz R and z is irrational.

Show that liLn f(z) does not exist for any a € R.
Tr—a
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Problem 4.3 (Dirichlet Function) Consider the function f : [0,1] — R defined by

1
— if x is rational and = = Pin the reducible form,
fay=1q "1 !

0 if x € R and z is irrational.

Show that lim f(z) = 0 for any a € (0, 1).
Tr—a

Problem 4.4 Consider the function

Flz) = z—1 if x € R is rational,
)=\ 5—x ifz € R is irrational.

Show that lim f(x) exists but lim f(z) does not exist for any a # 3.
3 T—a

Problem 4.5 Let f(x) be a periodic function. Show that if llm f(z) exists, then f(z) is a
T—>00

constant function. Deduce from this that lim sinz does not exist.
T—00

Problem 4.6 Evaluate the following limits:

. 44—z . . (1
lim and lim zsin( — ) -
z—4 2 — \/5 z—0 x

Problem 4.7 Evaluate the limit
sin(x)

=0 /1 — cos(z)

Problem 4.8 Let f be real-valued functions defined on I. Let z¢p € I. Show that le f(x)
T—T0

exists if and only if for any sequence {x,} in I which converges to xg, the sequence {f(z,)} is
convergent.
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Problem 4.9 (Squeeze Theorem) Let f, g, and h be three real-valued functions defined on
I C R. Assume that for all z € I, we have

f(z) < g(x) < h(z)

and that for 29 € I we have lim f(z) = lim h(z) ={. Prove that
T—To T—x0

lim g(z)=1.

T—T0o

Problem 4.10 Let f,g: D — R. Let zp € D such that lim f(z) and lim g(x) exist. Discuss

T—T0o T—T0o
the existence of the limits

Jim min{f(z),g(2)}, and lim max{f(z),g(x)} .

Problem 4.11 Let f: [0,1] — R be a monotone function. Let z¢ € (0,1) and assume that
ILrn f(z) exists. Show that
T—I0

lim f(z) = f(zo) -

T—T0

Problem 4.12 Let f: [a,b] — R be monotone. Prove that

(i) zgg;Jrf(x) and mggéi f(z) exist for any zo € (a,b);

T ‘ d 1 -
(ii) mg{rll+ f(z) an xglrif(;r) exis

Problem 4.13 Let f : [a,b] — R be monotone. Prove that the set
D ={z: x €[a,b] and f does not have a limit at =}

is countable. What happens at the points {z} that are not in D?

Problem 4.14 Let f: R — R such that

fle+y)=fl)+ fy)
for any =,y € R. Assume that ilg%) f(z) = f(0). Find f(x).
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f(=@)
g(z)

f =0(g) (pronounced “Big Oh”) if g(x) > 0 for sufficiently large « € R and % is bounded for
I
g

sufficiently large z. We write f = o(g) (pronounced “Little Oh”) if % — 0 as x — oo. Prove
the following:

Problem 4.15 We say f is asymptotic to g and write f ~ g if — 1 as x — oco. We write

1. 2?2+ 2~ 2?

2. 22 + 2= 0(z?)
3. eV1osT = o(x)

4. z'°8% = o(e®)

Problem 4.16 Prove that if f = o(g) and if g(x) — 0o as & — oo, then ef = o(e9) as x — co.
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Solutions

Solution 4.1

Set le f(z) = 1. Let us prove that li_)m |f(x)| = |l|. Let & > 0. Then there exists § > 0 such
T—T0 T—T0
that for any « € D, |f(x) — 1] < € provided |z — z¢| < 0. Using the inequality

[la] = Ibl| < la b
for any real numbers a and b. Then for any = € D such that |z — zy| < 4, we have
7@ =] < @) 1l <.

This completes the proof of our statement.

Solution 4.2

1
Let a € R. Assume that lim f(z) = [ exists. Then for ¢ = 3 there exists § > 0 such that
r—a
for any @ € (a — d,a 4+ 0) we have |f(z) — ] < e. We know that any nonempty open interval

contains a rational and an irrational number. Let x € (a — d,a + ) be a rational number. Then
we have |f(z) — 1| =10 -1 <e. And if € (a — J,a + ) is an irrational number, then we have
|f(z) — 1] = |1 —1| <e. Hence
2
1:|0—1|§\O—l|—|—|1—l\<25:§.
This contradiction implies that liin f(z) does not exist.
r—a

Solution 4.3

Let a € (0,1). Fix € > 0. Consider the set

Ag:{geQﬂ[O,I];EZE} .
q q

5:min{

Obviously we have 6 > 0. Let x € [0,1] such that |z — a| < d. If z is irrational, then |f(x) — 0| =

0 < e. Now assume that z is rational and x = = is its reduced form, i.e., p and ¢ are coprime.

The set A, is finite. Set

a—E‘;BGAEandgyéa}.
q] 4q q

1
Since |z — a| < ¢, then L ¢ A.. Hence — < e which implies
q q

1 1
f(x) -0 :’7—0‘:7<5.
[f(z) = 0f =\ .
Therefore, for any = € [0,1] such that |z — a| < d, we have |f(z) — 0] = 0 < e. This completes the
proof of our problem.
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Solution 4.4

Note that

lmzxr—1=2and lim5—2z=2.
r—3 r—3

So for any £ > 0, there exist §; > 0 and do > 0 such that

lr —1—-2]<e ifxeRand |x—3| <d,
b—z—2]<e ifxeRand |z — 3| <do.

Set 0 = min{d1,d2}. Then we have § > 0. Let z € R such that |« — 3| < J. If = is rational, then
because |z — 3| < d < d1, we get

lf(@) =2[=le-1-2[<¢,
and if x is irrational, then because |z — 3| < d < d9, we get
|[f(z)—2/=5—z—-2|<e.
So for any = € R such that |z — 3| < §, we have |f(z) — 2| < e. This clearly implies ilig fz) =2.

Finally let @ € R with a # 3. Assume that lim f(x) = [ exists. Let ¢ = M. We have € > 0.
r—a

Then there exists § > 0 such that for any 2 € R such that |z — a| < §, we have |f(x) — 1] < e. Set
0* = min{d,e}. The open interval (a — 6*,a + §*) contains rational and irrational numbers. Let
z € (a — 0%, a+ 0") be rational. Then we have

[flx)=ll=lz—1-1<e.

But
la—1—-Il<|la—z|+]z—1-1<d0"+e<2e.

On the other hand, if z € (a — §*,a + §*) is irrational, then we have

|[flz)=ll=b—x—-1<e.

But
b—a—l<|z—al+|b—x—1 <0 +e<2e.
Hence 43
6—2a|=5—a—1l—(a—1-D|<|[5—a—1+|a—1—1 <4g:%,
2|3 — al . o . .
or [3—al < 3T This contradiction implies that h_r)n f(z) =1 does not exist.
r—a

Solution 4.5

Assume that lim f(z) = [ exists. Let us show that f(z) =1 for any € R. Let T > 0 be a period
T—r00

of f(x). Let a € R and assume that f(a) # [. Take ¢ = M. Since lgn f(z) =1, then there
T—>00

exists M > 0 such that for any x > M, we have |f(z) — | < e. Since R is Archimedean, there
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M —
exists n € N such that n > % Then we have a + nT > M. Hence |f(a+nT)—1| <e. Since

fla+nT) = f(a), we get

|f(a)_l|<5:|f(a;7_”

which is a contradiction, therefore f(a) ={. Since a was arbitrary, we obtain the conclusion of our
claim. Since sin(z) is periodic and is not a constant function, this implies that it does not have a
limit as z tends to oo.

Solution 4.6

Let us first discuss hm — \f The following algebraic identity will be helpful:
a=b _ (a=b)(/a+vh _ (a=b)(a+h)
Va—vb (Va-Vi)(Va+ V) o=

whenever a # b. Note that if x is close to 4, then we may assume that x > 0 and x # 4. Hence we
have

=Va+vb,

4—
G

= 4. Indeed, let € > 0. Set § = min(2e,1). Let x €

=2+Vz.

From this we suspect that lim
=4 2 — /T

(4 —0,4+9) and not equal 4. Then z € (3,5) and is therefore positive. Since

14—z |z — 4|
—4| =12 —4| =
o = v =va- 2 = [ < AL
we get
1me 0%
22—z 2=72"
or

1
This completes the proof of our claim. Next we discuss lil% T sin <7> The first common mistake
xT— X

1 1
lim z sin <7> = limz {lim sin <7)} =0
z—0 x z—0 x—0 x

because the above identity holds if both limits exist. But we previously showed that sin(x) does
not have a limit when x — oo which implies the limit

is to write

1
lim sin <7) = lim sin(¢)
x

x—0+ t—00

1
does not exist, where t = —. In order to solve this problem note that sin(x) is always bounded and

hr% x = 0. So we are multlplymg a bounded function with a function getting very small. The end
r—
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1
result should be small. Hence we guess that lin}J xsin | — | = 0. Let us prove it. Let ¢ > 0. Take
r— xr

0 = e and let © € R such that |z — 0] < ¢ or |z| < d. Then we have

1 1
msin<f>70’: xsin<7>‘§\x|<6:5.
x x

This completes the proof of our claim.

Solution 4.7

The square root in the denominator is the part complicating this limit. In order to get rid of this

problem, we will use the following trigonometric identities:

cos(f) =1 — 2sin? <g> and  sin(f) = 2cos (g) sin (g) .
i) 2o (G)n(3) 2 () (3)

V1 = cos(x) \/2 sin? (g) V2 ‘Sin (g)‘

So

First note that

x
)

sin (E)
2

So let us focus on the limit lim TANE
sin 5 ‘

L In order to get rid of the absolute value, we will consider
s

the limits to the right of 0 and to the left of 0. From the properties of the sin function we know
that for any = € (0, ), then sin (g) >0 and if € (—,0), then sin (g) < 0. Hence

. T . xT

Sin (5) Sin (5)
lim ——24- = i ZAN
el (5)] " (5)

and . .
sin (7) sin (7)
b o\2) g PNy
z—0— )Sin (7)‘ r—0+ _ sin (7)
2 2
Putting all the previous information together we get
limﬂ:\/ﬁand limL(I):_\/ﬁ,
=0+ /1 — cos(x) z—=0— /1 — cos(x)

sin(x
This obviously implies that the limit lim (z) does not exist.

=0 /1 — cos(x)
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Solution 4.8

Assume first that lim f(x) = p exists. Let {x,} in I be a sequence which converges to .
T—x0

Let us show that {f(z,)} converges to p. Indeed, let ¢ > 0. Then there exists § > 0 such that

|f(z) —p| < € provided |z — x| < 6 and x € I. Since {x,} converges to g, then there exists N > 1

such that for any n > N we have |z, — x| < d. Putting everything together we get |f(x,) —p| < e

for any n > N. This proves our claim that {f(z,)} converges to p. Conversely, assume that for

any sequence {z,} in I which converges to x¢, the sequence {f(x,)} is convergent. Let us show

that llgl; f(z) exists. First let us prove that there exists p € R such that for any sequence {z,} in
C 0

I which converges to xg, the sequence {f(z,)} converges to p. Indeed, let {z,} and {y,} be two
sequences in [ which converges to xp. Define the new sequence {z,} by

Z2on = Tn and 22n+1 = Yn,

for all n € N. It is easy to check that {z,} is in I and converges to zg. Hence our assumption implies
that {f(z,)} is convergent. Since both {f(zy)} and {f(yn)} are subsequences of {f(zy)}, they are
both convergent and they have the same limit. This proves that the limit of { ()} is independent
of the sequence {z,}. Let us call this limit p. Finally we need to show that Ili_>n110 f(z) = p. Assume

not. Then there exists €9 > 0 such that for any 6 > 0 there exists 25 € I such that |zs — x| < ¢
and |f(zs) — p| > 0. If we let § = 1/n for n > 1, we will generate a sequence {z,} in I such that

1
|2 —@o| < — and |f(zn) —p| = €0

Hence {z,} converges to x¢ and {f(x,)} does not converge to p. This contradiction establishes our
claim, i.e., lim f(x)=rp.
T—T0

Solution 4.9

Let € > 0. Since lim f(z) = lim h(z) =, there exist 61 > 0 and d2 > 0 such that

T—T0 T—x0

[f(z) =1 <e ifxeland |r— x| <y,
|h(z) =1 <e ifxeland |r— x| <o

Set 6 = min{d1,d2}. Hence § > 0. Let = € I such that |z — z9| < 6. Then we have |z — x| <
and |z — xg| < d2. Hence |f(x) — 1] < e and |h(z) — ] < e. In particular, we have

l—e< f(z)<l+e,
l—e<h(z)<l+e.

Since f(z) < g(x) < h(x) for any = € I, we get
l—e<g(z)<l+e,

or |g(xz) — 1| < e. This completes the proof of our statement.
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Solution 4.10

We will make use of the identities
a+b+|a—b|
2

a+b—la—0|

max{a,b} = and min{a,b} = 5 ,

for any a,b € R. Now set
lim f(z) =1 and lim g(z) = L.
T—T0

T—rIT0
Properties on the limits of functions will imply lim f(z)—g(x) =1—L. In Problem 5.1, we showed
T—T0

that lim ‘f(a:) — g(:r)’ = |l — L|. Hence
T—T0

i £+ 9(@) 7@ —g(@)| _ 1L+ ]i— 1)

T—T0 2 2 ’

lim max{f(z),g(x)} = max{l,L} .

T—T0
A similar proof will give
lim min{f(z),g(x)} = min{l, L} .

T—rx0
It is obvious that one may generalize these conclusions to a finite number of functions. But the
infinite case is not true. Indeed, take

[ 2™ ifxze|0,1],
h@%_{l if 2 > 1.

Then it is quite easy to check that lim1 fu(x) = 1. But if we set f(x) = 1r>1f1 fn(x), then we have
T— n>

ﬂ@:{Oﬁxemm

1 ifz>1.
Hence

lim f(z) =0 and mlgﬂ_f(x) =1.

z—1—

Solution 4.11

Without loss of generality, we may assume that f(x) is increasing. Set lim f(z) = [. Let us
T—x0

prove that I = f(x0). Let ¢ > 0. Then there exists 6 > 0 such that for any = € [0,1] such that
|zg — x| < 6, we get |f(z) — | <e. In particular we have

l—e< f(z)<l+4e ifzel0,1] and zg <z <z + 0,
l—e< f(z)<l+e ifxel0,1] and zg — < z < zp.

Since f(z) is increasing, for any « € [0,1] and 2y < & < 2o + d, we have
f(zo) < f(z) <l+e,

which implies f(xo) < [+ ¢. Similarly, we will get [ —e < f(x0). Hence |f(zo) — | < €. Since ¢ was
an arbitrary positive number, we must have f(xg) = . This completes the proof of our statement.
Note that if one assumes that f(z) is decreasing, then one might have taken g(z) = — f(z), which
is an increasing function, and use the previous proof to obtain the desired conclusion. Of course, a
direct proof based on similar ideas will work as well.
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Solution 4.12

Without loss of generality, we may assume that f(z) is increasing. Let zg € (a,b). Set
Ulxo) = inf{f(z);z € (z0,0)} and L(zo) = sup{f(z);x € (a,70)} .

Note that for any = € (x¢,b), we have f(x¢) < f(x). Hence the set {f(x);x € (x0,b)} is bounded
below by f(x¢) which implies the existence of U(zg) and forces the inequality f(xzo) < U(xo).
Similarly for any = € (a,z), we have f(x) < f(xo). Hence the set {f(x);z € (a,z¢)} is bounded
above by f(x¢) which implies the existence of L(zg) and forces the inequality L(xg) < f(zg). So
we have

L(zo) < f(x0) < Ul(xo) .
First we claim Ill}g;+ f(z) = U(zo). Indeed, let € > 0. Then by definition of U(xp), there exists

x* € (x0,b) such that U(xzg) < f(z*) < U(xp) +&. Set § = 2* — x9. Then § > 0 since ¢y < x*. Let
x € (xg,x0 + 0) = (20, 2*), then we have
U(xo) < fz) < f(z*) <U(xo) + ¢ .
In particular we have |f(z) — U(xg)| < € which completes the proof of our claim. A similar proof
will imply Em f(z) = L(xg). For the last part of this problem similar ideas as the ones described
r—To—
above will show

lim f(z) =U(a) and lim f(z)= L(b) .

T—a+ T—b—

Note that L(a) and U(b) do not exist.

Solution 4.13

We have seen in the previous problems that for any zg € (a,b), then lim f(z) and lim f(z)
T—To+ T—T0—

exist. In particular, we have

lim f(z) < fzo) < lim f(a).

T—x0— T—To+
In particular, zg € DN (a,b) if and only if

lim f(z) < lim f(z).

T—r0— r—x0+

So if z € D, then we must have

lim f(z)= lim f(z)= f(zo),

T—T0— T—T0+

or that lim f(z) = f(z0). On the other hand, let £ > 0. Set

T—T0

D.={seDN(ab), lim f(@)- lim flz)>e}.
We claim that D, is finite. Indeed, let z; € D., i = 1,...,n, such that 1 < 29 < ... < x,. Then
it is easy to check that

fla) < lim f(z) < lm f(z)<...< lm f(z) < lm f(z) < f(b).

T—T1— T—x1+ T—Tpn— T—Tn+
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This will then imply
Z lim f(z) = lim f(z) < f(b) — f(a) .

T+ T—T;—

Using the definition of D, we get ne < f(b) — f(a). Since the number n is bounded above, then D,
must be finite. Finally note

~Un:.

"

which implies that D is a countable union of finite sets. Hence D is countable. Note that if
f : R — R is monotone, then the set D = {x : z € R and f does not have a limit at 2} is
countable. Indeed, We have

D= UDﬂ(—n,n).

n>1

Since D N (—n,n) is countable, then D is a countable union of countable sets. So D is countable.

Solution 4.14

The equation satisfied by f(x) is usually known as a functional equation. First note that f(nz) =
nf(z) for any n € N. Indeed, we have f(1-z) =1- f(x). Assume that f(nz) =nf(z). Then

f((n+1)z) = f(nz +z) = f(nx) + f(x) = nf(x) + f(z) = (n+ 1) f(z) .

By induction we get the desired identity. Let r = L Q. Then we have f(qrz) = f(pz) = pf(x),
q

and since f(grz) = qf(rx), we get f(rz) = pf( ) = rf(z). In particular, we have f(r) = rf(1).
Let € R. Then there exists a sequence of ratlonal numbers {r,} such that hm rn = . Since

f(x) = fla—rp+ry) = f(a—ry)+f(rn) = f(x—ry)+raf(1), we have f(z) = f(:c rn)Jrrnf( ). Now
if we take the limit as n — oo, by the existence Ofiiﬂ% f(z) = f(0), we have that f(x) = f(0)+zf(1).

Note that f(z) = f(z +0) = f(z) + f(0) for any = € R, so f(0) = 0. Therefore, we have

Solution 4.15

22+

1
1. lim = lim (1 + 7) =1 and therefore 2% + x ~ z2.
T

T—00 I T—00

2. This follows from part (1).

iy eVio Tog7— .
3. We can see that eV1°8® = o(x) because & logz=logz  Now because lim logz — oo
Tr—00

Viogx

and lim — 0, we have that for large x, \/logx < loﬁ. Hence, for similarly large x,
T—00 logx
this gives € <l 10“] = 1[/z] = L and so lim — = 0. Thus we have showed that
- T r NG T—00 \/> ’

VIET — o(z).
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4. First note that if we set y =
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ploge

X3

, then logy = log 21°8% — 2 = (logx)? — x. Next, we claim

1 2
that le (mgix) = 0. This comes from applying L’Hopital’s rule twice. Namely:
T—00 €T
1 2 2(log )+ 21 2

i (10827 oy, 20080)y o 2logw 2

T—00 T T—00 T—00 T z—oo |
Therefore, there must be a constant k& > 0 such that > k implies M < 3, or equivalently,
(logz)? < Z. Therefore, for > k, we have that logy = (logz)? — z < —%, so th?t means

ogx
0<y<e®?=_L_ Butasz— oo, =45 — 0soy — 0. That is, lim y = lim v =0,
s/ ev/ T—00 r—o0 el

which gives the desired result: z'°8% = o(e®).

Solution 4.16

Assume g(z) > 0 since g(z) — oo. Then since f(z) = o(g(z)) as © — oo, there is k > 0 such that
[f(z)] < @ for x > k. Therefore, f(x) —g(z) < —%z) for > k and Ill}I_'I_loo(f(l‘) —g(x)) = —o0.

Now notice that

of (@)
ed(x)

= ef@)=9(*) "and thus /@) =9) — 0 as # — 400. Therefore ef(*) = o(e9(2)),

as claimed.



Chapter 5

Continuity

The majority of my readers will be greatly disappointed to learn that by
this commonplace observation the secret of continuity is to be revealed.

Julius Wilhelm Richard Dedekind (1831-1916)

o Let f: D — Randlet c € D. We say that f is continuous at c if for every € > 0 there exists
a d > 0 such that |f(z) — f(c)| < € whenever |z —c| < § and x € D. If f is continuous at each
point of a subset K C D, then f is said to be continuous on K. Moreover, if f is continuous
on its domain D, then we simply say that f is continuous.

e Let D be a nonempty subset of R and f : D — R. We say that f is uniformly continuous
on D if for every ¢ > 0 there exists a § > 0 such that [z — ¢| < § and z,¢ € D imply
|f(x) — f(c)| < e. Notice that the § in this definition depends on e and f, but not on the
point ¢ or . The geometric illustration of uniform continuity is shown in Figure 5.1.

e Let f: ACR — R be continuous and A is a closed and bounded subset of R. Then f is
uniformly continuous on A.

o Intermediate Value Theorem: If f : [a,b] — R is continuous, and if L is a real number
satisfying f(a) < L < f(b) or f(a) > L > f(b), then there is a point ¢ € (a,b) where
fle)=L.

e A function f defined on an interval I is said to be convex if

flaz + (1 —a)y) < af(z)+ (1 —a)f(y)

holds true for any x, y in I and 0 < o < 1.

7

A.G. Aksoy, M.A. Khamsi, A Problem Book in Real Analysis, Problem Books in Mathematics,
DOI 10.1007/978-1-4419-1296-1_5, © Springer Science+Business Media, LLC 2010
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Figure 5.1

e We say f is a periodic function on R, if there is a T' € R such that
fa+T) = f(z)
for all x € R.
o For f:R—= R, ceR, and ¢§ > 0, define the modulus of continuity wy(c,d) of f by

we(c,0) =sup{|f(z) — f(c)| : 2 € R, |z —c] < I}

Problem 5.1 Prove that if ¢ is an isolated point in D, then f is automatically continuous at c.

Problem 5.2 Show that the value 6 in the definition of continuity is not unique.
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Problem 5.3 Use the definition of continuity at a point to prove that
(a) f(z) =3z — 5 is continuous at z = 2.
(b) f(z) = x? is continuous at 2 = 3.

(¢) f(x) =1/z is continuous at x = 1/2.

Problem 5.4 Let f(z) = zsin(1/z) for z # 0 and f(0) = 0. Prove that f is continuous at
z=0.

Problem 5.5 Let f: D — R and let ¢ € D. Show that the following conditions are equivalent.

(i) f is continuous at c.

(ii) If {x,} is a sequence in D such that {x,} converges to ¢, then

lim f(za) = £(0)

n—00

(This condition is called sequential continuity).

Problem 5.6 Let f(z) = 1/z for x # 0 and f(0) = ¢ for some ¢ € R. Show that f(x) is not
continuous at x = 0.

Problem 5.7 A function f : R — R is called Lipschitz with Lipschitz constant o > 0 if

F@) = )| <ale—y| foralla,yeR.

Give two examples of Lipschitz functions. Moreover, prove that every Lipschitz function is
continuous.

Problem 5.8 Find an example of a function that is discontinuous at every real number.

Problem 5.9 Prove the Dirichlet function f: (0,1) — R defined as

Fa) = {0 if z € R\Q

% ifreQandx= % in lowest terms

(a) discontinuous at every rational number in (0, 1),

(b) continuous at each irrational number in (0, 1).




80 CHAPTER 5. CONTINUITY

Problem 5.10 Let f : [a,b] — R be continuous. Prove that |f| is also continuous on [a,b]. Is
the converse true? Namely, if |f| is continuous on [a,b], is f also continuous on [a, b]?

Problem 5.11 For f: R — R, c € R, and § > 0, define the modulus of continuity wy(c,d) of f
by
wy(c,0) =sup{|f(z) — f(c)| : v €R, |z —c[] <} and wy(c) = 5lim+wf(c, d).
—0 X

Show that f is continuous at ¢ if and only if w(c) = 0.

Problem 5.12 Find an example of a function f discontinuous on Q and another function g
discontinuous at only one point, but g o f is nowhere continuous.

Problem 5.13 Suppose f : R — R satisfies f(x +y) = f(z) + f(y) for each z,y € R. Show
that

(a) f(nz) =nf(z)forall z € R,n e N;
(b) f is continuous at a single point if and only if f is continuous on R;

(¢) f is continuous if and only if f(x) = maz, for some m € R.

Problem 5.14 Let f(z) = [x] be the greatest integer less than or equal to z and let g(z) = x—[z].
Sketch the graphs of f and g. Determine the points at which f and g are continuous.

Problem 5.15 If f, g are continuous functions defined on some subset D C R, prove the
max(f,g) and min(f, g) are continuous functions, where

max(f, g)(«) = max(f(z),¢(z)) and min(f,g)(z) = min(f(2), g(z)).

Problem 5.16 Let I be a closed and bounded interval in R. Suppose f : I — R is continuous.
Show that f(I) is a closed and bounded interval in R.

Problem 5.17 Let I be a closed and bounded subset of R and f : I — R be continuous. Prove
that f assumes maximum and minimum values on I, i.e., there exist x1,x2 € I such that

flr1) < f(z) < f(x2)

forall z € I.
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Problem 5.18 Let f,g:[0,1] — [0,00) be continuous functions satisfying

sup f(x) = sup g(z).
0<2<1 0<z<1

Prove that there exists zg € [0, 1] such that f(xz¢) = g(zo).

Problem 5.19 Prove that if f : R — R is continuous and periodic, then it attains its supremum
and infimum.

Problem 5.20 Let f :[0,1] — [0, 1] be continuous. Prove that f has a fixed point. That is,
show that there is a point x¢ € [0,1] such that f(zo) = xo.

Problem 5.21 Prove that f(x) = 2 is uniformly continuous on [0, 1] but not uniformly contin-
uous on R.

Problem 5.22 Prove that if I is a closed and bounded interval in R and if f : I — R is
continuous, then f is uniformly continuous on I.

Problem 5.23 Show that f: R — R is not uniformly continuous if and only if there exists an
€ > 0 and sequences x,, and ¥, such that |z, — y,| < L and |f(z,) — f(ya)| > &.

n

Problem 5.24 Determine which of the following functions are uniformly continuous:

(a) f(z) =1Inz on (0,1).

(b) f(z) = zsinz on [0,00).
(¢) f(z) =V on [0,00).

(d) f(x) = =k on (=00, 00).
(e) f(z) = e" on [0,00).

Problem 5.25 Suppose I C R and f : I — R is uniformly continuous. Prove that if (x,,) is
a Cauchy sequence in I, then (f(z,)) is Cauchy too. (Recall that a sequence of points x,, € R
is said to be Cauchy if for every € > 0 there exists an N € N such that n,m > N implies that
|zn — 2| <e.)

Problem 5.26 Find a continuous function f : I — R and a Cauchy sequence (z,,) such that
(f(xp)) is not Cauchy.
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Problem 5.27 Show that if a function f : (a,b) — R is uniformly continuous, then we can
extend it to a function f that is also uniformly continuous on [a, b].

Problem 5.28 Show that any function continuous and periodic on R must be uniformly con-
tinuous.

Problem 5.29 Prove that if a function f defined on an open interval I C R is convex, then f
is continuous. Must a convex function on an arbitrary interval be continuous?

Problem 5.30 A function ¢ : [a,b] — R is called a step function if there is a partition
a=2xz9 <z <...<axy=>such that ¢(z) is constant on (z;_1,x;) for i =1,2,3,... n. Prove
that if f : [a,b] — R is continuous, then f can be uniformly approximated by step functions.
Note that we call a mapping ¢ on [a,b] a uniform approximation of the mapping f if there is
some number € > 0 such that |f(z) — g(x)| <e.

Problem 5.31 Show that there exists a continuous function F : [0,1] — R whose derivative
exists and equals zero almost everywhere but which is not constant.

Problem 5.32 Throughout RT™® = {z € R: 2 > 0}.

Let f:R*™® — R be a function, and let a € R™®. Then f is feebly continuous at a if there is
a sequence (1) N\, 0 such that f(a +r,) — f(a) as n — 0.

Let (fj) be a sequence of functions from R*® to R™®, and let a € R™®. Then (f;) is feebly
continuous at a if there is a sequence (ry,) \, such that f;(a +r,) — fj(a) as n — oo for each
jeN.

Show that each sequence of functions from R*® to RT® is feebly continuous at all but countably
many points of RT®.

Notice that the solution of the above question leads to the fact that each function from R* to
R is feebly continuous at all but countably many points of RT.

This question and its solution are provided by Professor H. G. Dales from University of Leeds.
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Problem 5.33 (Banach Contraction Mapping Theorem) Let f be a function defined on
all of R , and assume that there is a constant k such that 0 < k£ < 1 and

|f(x) = f()] < Klz =yl
for all z,y € R. (In this case we call f a contraction mapping.)
a) Show that f is continuous on R.

b) Pick some point zy € R and construct the sequence x, 1 = f(z,) more precisely

(wo, f(x0), f(f(x0)),-- ).

Show that the resulting sequence (z,) is a Cauchy sequence and converges to some point
z* in R.

¢) Show that z* is a fixed point of f (i.e., f(z*) = a*).

d) Show that f has a unique fixed point.
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Solutions

Solution 5.1

Suppose ¢ is an isolated point of D. Then there exist § > 0 such that the J-neighborhood of ¢
contains no other point in D (i.e., if |z —¢| < § and « € D, then & = ¢). Thus, whenever |z —c¢| < §
and x € D, we have |f(z) — f(c)] =0 < e for all £ > 0.

Solution 5.2

Once one value of ¢ is found that fulfills the requirements of the definition, any smaller positive
value for § will also fulfill the requirements. Suppose f is continuous at ¢. Then

If(z) = flc)] <e if 0<|z—c| <.

Choosing any 41 such that 0 < §; < 4, we observe that 0 < |z — ¢| < §; < ¢ will also give us

F@) = )l <.

(a)

We must show that given any positive £, we can find a positive § such that
[f(z) = f(c)|=|(Bz —5) — 1| <e if xsatisfies 0 < |z—2| <.

This simplifies to
3z —6] <e if 0<|zr—2|<,

and further simplifies to
Jle—2|<e if 0<|z—2]<é.

A choice of ¢ that makes this last “if statement” true for any € is § = /3.
Given any positive € > 0, we must find a positive § such that
|22 — 9| <e if 0<|z—3| <3,
which we may factor to
|z =3llz+3]<e if 0<|z—3| <.

Now, if there were some constant C such that |z+3| < C, we would then have |z — 3||z + 3| < Clz — 3],
and thus
|t =3|lz+3]<Clz—3]<e if 0<|z—3|<¢
for the choice § = ¢/C. But what value of C' would this work for? By Problem 5.2, we know
that if we find a § that works, then any smaller positive § can be used in its place. This
allows us to assume § < 1, because if § > 1 we may use the value § = 1 instead. Therefore,

O0<|z—=3]<d6<1 = |z+3/<T.

Thus, we let C = 7. Given ¢ > 0, we then may choose 6 = ¢/7, provided £/7 < 1. More
precisely, choose § = min(e/7,1).
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(c) For all £ > 0 we must find a § > 0 such that

1
'7—2'<€ if 0<
T

1
——| <
. 2'
Rewriting this as

1

2
,,2‘:

T z||2

(-9

we wish to find C' such that |2/x| < C. However, the graph of |2/z| makes it clear that
0 > 1/2 will not produce such an upper bound C. Therefore, arbitrary restriction on § must
be smaller than 1/2. We then might restrict 6 < 1/4 to give

1

2

T

)

=

1

1
X 2‘<

which yields 8|z — 1/2| < ¢, so the choice § = £/8 is appropriate. Therefore, given ¢ > 0,
we choose § = ¢/8 provided that this does not violate the § < 1/4. Thus, our more general
choice is ¢ = min(1/4,¢/8).

Solution 5.4

Since |f(x) — f(0)] = |asin(1/x)| < |z| for all z, given € > 0 we may choose 6 = . We then have
|z — 0] < ¢ implies |f(z) — f(0)] < |z| < d =e.

Solution 5.5

1 Let us first prove (i)= (ii). Suppose that {z,} is a sequence with liﬁ{n xn = c. We need to
n—oo
show that li_)m f(zn) = f(c). Let ¢ > 0. We must find an integer N so that n > N implies
n—oo

|f(zn) — f(c)| < e. To do this, choose § > 0 so that |z —¢| < ¢ implies |f(z) — f(c)| < e. The

existence of such a § is guaranteed by the continuity of f. Since lim x, = ¢, there exists
n—oo

N > 1 such that n > N implies |z, —c| < §. Hence for any n > N, we have |f(z,)— f(c)| < e.
This yields the desired conclusion.

2 Next we show (ii) = (i). Suppose, to the contrary, that f is sequentially continuous but
discontinuous at ¢. Then there is a neighborhood V' of f(c¢) such that no neighborhood U of
¢ satisfies f(U) C V. Set U, = B(c,1/n) ={z € D : |c—x| < 1/n}, for n > 1. In particular,
we have that f(U,) N V¢ # (), for any n > 1. Hence for n > 1, choose some z,, € D with
|z —¢| < 1/n and f(xz,) ¢ V. By construction, {z,} converges to ¢, but {f(z,)} does not
converge to f(c). This contradicts the sequential continuity of f.

Solution 5.6

Let the sequence {x,,} be defined by z, = 1/n. We then note that
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1 1
lim — =0, but lim f (f) = +4o00.
n—oo n n—00 n
Since the sequence {f(x,)} is not convergent, there is no way to define f at x = 0 to make f
continuous at z = 0.

Solution 5.7

1. Any constant function f(x) = k, for some k € R.
2. The identity function f(z) = .

To prove the assertion that every Lipschitz function is continuous, given ¢ € R and € > 0, set
0 =¢/a. Then |f(z) — f(c)| < e for all z € R such that |z — ¢| < . Note that in this case ¢ is
independent of ¢ € R.

Solution 5.8

Define f : R — R by

)1 ifzeqQ,
f(x)_{o if z € R\Q.

Let ¢ € R. Assume f() is continuous at c. For & = 3, there exists § > 0 such that |f(z)— f(c)] <e
whenever |z — ¢| < §. The interval (¢ — d,¢ + ) contains rational and irrational points. Let
re(c—0,c+0)NQand r* € (¢ —d,c+ 5)\Q. Then

|f(r) = fle)=1—¢ <e and [f(r") — f(c) =|0—c| <e.
This will force the inequality
1=]1-0/<[l—¢[+]c—0] <2 =1.

The generated contradiction implies that f(z) is not continuous at c¢. Alternatively, we can use
sequential continuity. Indeed, note that for any ¢ € R, there exist two sequences {r,} € Q and
{r}} € R\Q which converge to c. Since {f(ry)} converges to 1 and {f(r};)} converges to 0, f(x) is
not sequentially continuous at ¢. So f(z) is not continuous at c.

Solution 5.9

In Problem 4.3, we showed that ll_I)Il f(z) =0 for any a € (0,1). Therefore
(a) if a € R\Q, then f(a) = 0 which implies liin f(z) = f(a), i.e., f(x) is continuous at «;
r—a

(b) if a € QN (0,1), then f(a) # 0 which implies 1131 f(z) # f(a), ie., f(x) is not continuous at
r—a
a.
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Solution 5.10

The key behind the proof of this problem is the inequality
121 = lyl| < | vl

for any z,y € R. Indeed, since f is continuous, given xq € [a,b] and £ > 0 we may find § > 0 such
that if © € [a,b] and 0 < |z — xo| < 0, then |f(z) — f(z0)| < . The inequality

1f (@) = 1f(@o)|| < |f(z) = f(zo)| <&

whenever 0 < |z — 20| < 0. This implies the continuity of |f| at x9. The proposed converse of this
statement is not true, however. For example, the function

fz) =

1 if x € QNJa,b,
-1 ifz € [a,b\Q

is discontinuous at each point in [a, b], while | f| is a constant function and therefore continuous on

[a, b].

Solution 5.11

1 First assume f is continuous at ¢. Then given any ¢ > 0, there is a dg > 0 such that
|z — | < §p implies | f(z) — f(c)] < &/2.

Notice also that w¢(c,01) < wys(c,d2) whenever 0 < 07 < 2. Hence, if 0 < § < dp, then
we(c, 0) < wy(c,do) < €, and consequently (sher we(c, 6) = 0.
—0

2 Conversely assume that wy(c) =0 = 61iH01+ wg(c, ). Then given € > 0, there exists some dy
—

such that wy(c,d) < e if § < d. Consequently, if |z — ¢[ < § < g, then |f(z) — f(c)| < e.

Solution 5.12

Let f be the Dirichlet function defined in Problem 5.9 (but extended from (0,1) to all of R) and
set

() 1 ifx#0,
xT) =
g 0 ifz=0.

We then have that
1 ifzeqQ,

0 ifzgQ

which is shown to be discontinuous at all points of R in Problem 5.8.

(9o f)(x) = {
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Solution 5.13

We begin by making the observation that f(0) = f(0+0) = f(0) + f(0) which implies f(0) = 0.
Hence

0=/(0) = fla+(=a)) = f(a) + f(=a)
which implies f(—a) = —f(a). Since (a) is straightforward, we will only prove (b) and (c).

(b) Suppose f is continuous at a single point ¢. Then given ¢ > 0 there exists some § > 0 such
that |« — ¢| < 0 implies | f(z) — f(c)| < e. Let d be any point of R and let |« — d| < 4. Then
|z —d+c—c| < dimplies | f(x —d+c) — f(c)| < e. Using the given property for f, we obtain
[f(x—d)+ f(e) = f(c)| = |f(z) — f(d)| < e. It follows that f is continuous at any point of
R. The converse is clear from the definition of continuity.

(¢) Assume f(z) is continuous and set m = f(1). Then we know that f(n) = nf(1) = mn
for any n € Z. If x € Q, then z = p/q for some (p,q) € N x Z, with ¢ # 0. We have

flgz) = f(p) = mp and f(qz) = qf(x) which implies f(z) = P = ma. Since f(z) is

continuous and Q is dense in R, then we get f(2) = ma for all z € R. The converse is obvious
since f(x) = max is continuous.

Solution 5.14

The graphs of f(z) and g(z) are shown in the following figure.

4 D

1 ] »> ] 1 | BALBASE Pl bas bhbhdpbbb bbbt be bbb

y=lr] y=2-[a]
Figure 5.2

Notice that if n € Nand n < & < n+1, then f(z) = [z] = n and g(x) = x — [x] = & —n. Therefore,
0 <g < 1. Itis clear that f and g are continuous on (n,n + 1) for every n € Z. But since

lim f(z)=n=f(n) and lim g(z)=n—-n=0=g(n)

T— n+ r— n+

and
lim f(z)=n-1#f(n) and lim g(z)=n—(n-1)=1%#g(n)

T— n—

for all n € Z, we conclude that f(z) and g(z) are not continuous at any point in Z.
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Solution 5.15

The key behind the proof of these statements are the identities
1 . 1
max(z,y) = 5 (¢ +y+ |z —yl) and min(z,y) = (2 +y— v — )

for all z,y € R. Since f + g and |f — g| are continuous, we conclude that max(f,¢) and min(f,g)
are continuous.

Solution 5.16

Suppose f(I) is not bounded. Then for each n € N there exists a point x, € I such that
|f(zn)| > n. Since [ is closed and bounded, by the Bolzano-Weierstrass Theorem, the sequence
() has a convergent subsequence (x5, ) converging to some ¢ € I. Since f is continuous at c,
then f(xn,) — f(c). In particular, f(x,) must be bounded. But this contradicts the fact that
|f(zn,)| > ng > k for all k& € N. Therefore f(I) is bounded.

To show that f(I) is closed, take a sequence (y,) in f(I) with nlgrgo Yn = y. We want to show

that y € f(I). Since y, € f(I), there exists x,, € I such that f(x,) = y, for all n. Since I is closed
and bounded, it follows that there is a subsequence (z,, ) converging to some point ¢, and we have

fle) = lim f(zy,) = kl;n;o Yny, = Y-

k—o0

Thus f(c) =y which implies y € f(I).

Solution 5.17

By the previous question, we know f(I) is closed and bounded. Since any nonempty closed and
bounded subset of R has a maximum and a minimum, f(I) has a minimum y; and a maximum ys.
But y1,y2 € f(I) means that there exist x1,z9 € I such that y; = f(x1) and y2 = f(z2). It follows
that f(z1) < f(x) < f(x2) for all z € I.

Solution 5.18

Let M = sup f(z) = sup g(x). Since f and g are continuous on [0, 1] and [0, 1] is closed and
0<z<1 0<z<1

bounded, there exist ¢,d € [0,1] such that f(c) = g(d) = M. Without loss of generality assume

¢ < d. Note that if ¢ = d, we have nothing to prove. Now define the function h(z) = f(x) — g(z).

Then we have that

and
h(d) = f(d) — g(c) = f(d) — M < 0.

Since h is continuous, from the Intermediate Value Theorem it has a zero xg in the interval [c, d].
So h(zo) = f(xo) — g(zo) = 0.



90 CHAPTER 5. CONTINUITY

Solution 5.19

Let T > 0 be a period of f. Since f is continuous on R, it is continuous on [0, T, i.e., there exist
c,d € [0, T] such that f(c) = inf,co7) f(7) and f(d) = sup,e(o,r) f(x). Since f is periodic, then we
have

fle)= int f@)=inf f(x) and f(d)= sup_f(z)=sup f(z).

z€[0,7] 2€[0,T] z€R
Solution 5.20

Assume f(0) > 0 and f(1) < 1, otherwise we have nothing to prove. Set g(z) = f(z) — 2. Then
g is continuous, and we have that g(0) = f(0) —0 > 0 and g(1) = f(1) — 1 < 0. Hence, by the
intermediate value theorem, g must equal 0 at some point g € (0,1), i.e., g(zo) = f(xo) — 20 = 0.

Solution 5.21

To show that f(z) is uniformly continuous on [0, 1], given ¢ > 0 we must choose § = §(¢) so that
If(x) — fle)| = |2 = <e if |z—c/ <6 forany mz,ce(0,1].

If we set 6 = /3, then

2e
[f(@) = fle)] = 2" =] =z —cllz+ | <z —¢[(1+1) =2z —¢| < 3 <e

Next, assume that f(x) = 22 is uniformly continuous on R. Then for all £ > 0 there exists

0 = d(e) > 0 such that
lt—c/<d = |f(x)—f(e))<1l forall =z,ceR.

By the Archimedean Property, choose n € N sufficiently large such that n > 1/§. Set ¢ = n and
x =mn-+4§/2. Since |x — ¢| < §, then
52 52
1<n5<n5+zzn2+n5+z—n2:m2—02:|f(x)—f(c)| < 1.

This contradiction proves that f is not uniformly continuous on R.

Solution 5.22

Suppose to the contrary that f : I — R is continuous but not uniformly continuous on I. Then
there exists g > 0 such that for any 6 > 0, there exist x5,y5 € I such that |zs — ys| < ¢ and
|f(zs5) — f(ys)] > €o. In particular, there must exist points x,, y, € I such that

|Tn —yn| <1/nand  |f(zn) = f(yn)| = €0

for all n > 1. Since the sequence (x,,) is in I, which is closed and bounded, the Bolzano—Weierstrass

Theorem gives that (z,,) has a subsequence (z,, ) that converges to some x € I as k — co. Similarly,

some subsequence of the corresponding sequence (yp, ), which we shall denote (yp, ), converges to
J

some y € I as j — oo. Since z,, — = as j — oo and [ is continuous, we must have f(zp, ) —

f(z), and similarly f(ynk]) — f(y). From our assumptions it follows that |f(z) — f(y)| > €0, so
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f(z) # f(y). However, |x, —yn| < 1/n for all n € N, so ILm Ty —Yn = 0=z —y. So we must have
n—oo

z =y, and thus f(z) = f(y), a contradiction. It follows that f(z) is uniformly continuous on I.

Solution 5.23

=-:Assume f is not uniformly continuous, then there is an ¢ > 0 for which no ¢ > 0 will work in
the definition of uniform continuity. In particular, 6 = % will not work. Therefore there must be a
pair of numbers z, and y, such that

o = gl < - bt ) = )] > =

These x, and vy, form required sequences.

<= By the Archimedean principle we can select an integer n so that 0 < % < 6. For the corre-
sponding z,, and y,, one will have |f(z,) — f(yn)| > € even though |z, — y,| < & < §. Since this
can be done for every § > 0, f cannot be uniformly continuous on R.

Solution 5.24

(a) Not uniformly continuous on (0,1), because |f(e™™) — f(e=™*D)| = 1 while e™™ — 0 as
n — 00.

(b) Not uniformly continuous on [0, 00), because |f(2n7) — f(2n7 + 1/n)| — 27 as n — oc.

(¢) Uniformly continuous on [0,00). We note that

If(@) = flo)l = W — Vel < Ve —¢ for z,ce€]0,00).
Therefore, given € > 0, choose § = 2, then |z — ¢| < § implies |/z — /c| < ¢.

(d) Since f(x) is even and continuous on R, it is enough to show that f(z) is uniformly continuous
on [1, c0) since any continuous function on [—1, 1] is uniformly continuous. On the other hand,

we have
1 1

|f(z) — fc)] = P S

]s|xfc|

for any x, ¢ € [1,00). Hence f(x) is Lipschitz on [1,00) which implies that f(x) is uniformly
continuous on [1, c0).

(e) Not uniformly continuous on [0, 00) because |f(Inn) — f(ln(n + 1))| = 1 while

n 1
- =n(—)=mn({1+=) = = 0.
[Inn —In(n + 1)] ln<n+1> n< +n> 0 asn— oo

Solution 5.25

Let ¢ > 0 and choose § > 0 such that

|t —c|<d and xz,cel imply |f(z)— f(c)| <e.
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Since (x,) is Cauchy, choose N € N such that n,m > N implies |z, — 2| < §. Then n,m > N
implies | f(zy) — f(zm)| < €. Since € can be chosen arbitrarily, we have that (f(z,)) is Cauchy.

Solution 5.26

Consider f : (0,1) — R defined by f(z) = 1/x. Then f is continuous on (0,1). If we set
(zn) = (1/n), we have x, — 0 and therefore is Cauchy, but (f(xy)) is divergent and thus is not
Cauchy.

Solution 5.27

Suppose that f is uniformly continuous on (a, b) and let (z,,) be a sequence in (a, b) that converges
to a. We claim that lim f(x) exists. Since (z,) is a Cauchy sequence, Problem 5.25 gives that
r—a

(f(zn)) is a Cauchy sequence in R. Hence (f(x,)) is convergent. The sequential characterization
of the limit of a function (see Problem 4.8) implies lim f(x) exists. A similar argument will show
Tr—ra

that lirr}j f(z) = g for some g € R. We may now define the extended function f: [a,b] = R by
T—r

flz) ifa<z<b,
flx)=14p if z = a,
q if x =0b.

Notice that f is continuous on [a,b]. Since [a,b] is a closed and bounded interval, f is uniformly
continuous on [a, b] by Problem 5.22.

Solution 5.28

Let T > 0 be a period of f. Problem 5.22 implies that f is uniformly continuous on any interval
[a,b]. Let us prove that f is in fact uniformly continuous on R. Let ¢ > 0. Then there exists
0 > 0 such that for any z,y € [T, 2T such that |z — y| < § we have |f(z) — f(y)| < e. Without
loss of generality we may assume that § < 7. Now let 2,y € R such that |z — y| < §. There
exists n € Z such that nT < z < (n+ 1)T. Then z —nT € [0,T] and y — nT € [-T,2T]. Since
[( =nT) = (y—nD)| = |z —y| <4,

|f(z =nT) = fly =nT)| = [f(2) = f(y)| <&,

which completes the proof of our claim, i.e., f is uniformly continuous on R.

Solution 5.29

Let I = (a,b) be an open interval and assume f is convex on (a,b). Let ¢ € (a,b). Suppose
a<s<c<d<t<b From the geometric interpretation of convexity, we know that the point
(¢, f(e)) lies below the line through the points (s, f(s)) and (d, f(d)). That is,

Now consider the line through the points (¢, f(c)) and (¢, f(¢)). Again from convexity we have
10 -0,

t—c

fle) < f(s)+

f(d) < fle) + — ).
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From the above inequalities we can obtain

1)+ IO g < gy < i+ LU= g
Since
tim £(s) + 20T 0 = () and g p0) + L= g = o),

the Squeeze Theorem (Problem 4.9) implies {liim f(d) = f(c). Thus, f is continuous at an arbitrary
—C

point ¢ € (a,b). It follows that f is continuous on (a,b).

If the interval is not open, then the convex function f need not be continuous, as illustrated in the

following example:

flz) =

2?2 ifze0,1),
3 ifx=1.

Solution 5.30

Since f is continuous on a closed and bounded interval, f is uniformly continuous. Hence, for all
€ > 0 there exists a § > 0 such that |z — y| < ¢ implies |f(z) — f(y)| < e. Choose §' < d such that
n = (b—a)/é' € N and divide [a,b] into n equal-length intervals such that a = 2o < 21 < ... <
2y, = b. Clearly we have z;11 — 2; = &', for any i. For any z € [a, ], there exists a unique 4 such
that z € [x;, x;41]. Define ¢(z) = f(a;) for x; <@ < x;11. Since |z; — x| < §' < 6, we get

[f(zi) = f(@)] = |o(z) — f(2)] <&,

which proves our claim.

Solution 5.31

We define the Cantor function (Devil’s Staircase function) as follows:

ifo[%,%
ifwels 2

ifz e[l 8

F(x) =

9'9

BN N L Sl

i8]

i.e., on each discarded interval in the Cantor set construction, F' is a constant function. Thus F' is
differentiable with F’(z) = 0 for all points of [0, 1]\C, and because C is a zero set, F'(x) = 0 for
almost all x.

To show F is continuous, consider x € [0,1]. If « has base 3 expansion z = (.x12223...)s, then
the base 2 expansion of y = F(x) is y = (.y1y2y3 . .. )2, where

if there exists k < i such that z; =1,

0,
y; = ¢ 1, if z; = 1 and there does not exist £ < 7 such that z; = 1,
%, if z; = 0 or z; = 2 and there does not exist k < ¢ such that x; = 1.

First notice that F(x) is well defined, because two base 3 expansions of x represent the same
number z if and only if x is an endpoint of C'. Thus one of its base 3 expansions end in 2’s, the
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other in 0’s: (.r1z2...102)3 = v = (.x129...2;10)3. If for some (smallest) k < I, 2 = 1, then
(y1y2...)2 = (B2 ...zk—z’llﬁ)g. If for all k <1, x # 1, then the two base 2 expansions for F(z)
are (5% .. %-101); and (%% ... %5110);. These two base 2 expansions represent the same
number y. The same reasoning applies if one has (.z1z2...2;12)3 = © = (.x122...2;20)3. Thus,
F(z) is well defined.

To show F'(x) is continuous, let € > 0 be given. Choose k such that 2% <e If|lz—x) < 3%,
then there are base 3 expansions of x and xy whose first k& symbols agree. Therefore, the first k

symbols of F(z) and F(zg) agree as well, which implies that |F(z) — F(xq)| < 2,6% <e.

Solution 5.32

In fact, for convenience, we shall prove the result for sequences (f;) of functions from [0,1) to
[0,1); this is equivalent to the stated theorem because there is a homomorphism from R* to [0, 1).

For a function f : [0,1) — [0,1) we write D(f) for the set of points z € [0,1) at which the
function f is not feebly continuous, and for a sequence f = (f;) of such functions, we write D(f)
for the set of points = € [0,1) at which the sequence f is not feebly continuous, so that

(H{D(#)) -5 €N} € D(¥).

We first claim that it suffices to prove that, for each N € N, the set D(f) is countable for each
such sequence f = (f;) for which the range, R(f;), of each function f; contains at most N points in
[0,1). Indeed, suppose that we have proved that D(f) is countable for each such sequence f = (f;),
and let f = (f;) be any sequence of functions from [0, 1) to [0,1). For j,n € N, set

1
fin(z) = —[nfj(@)] (2 €]0,1)),
where [a] is the integer part of a € R, so that |R(fy,;)| < n for each j € N and
1 .
Fin(y) < fi(y) < fin(y) + — (v €[0,1),5 € N).
Set f,, = (fn; : j € N). By hypothesis, the set D(f;,) is countable for each n € N, and so

D :=| J{D(f,) : n € N}
is countable.
Let z € [0,1)\ D, so that each sequence f), is feebly continuous at z. We define a sequence (r,)
inductively by requiring that
. 1 .
T < min g ot and | fjn(z+rn) — fin(z)| < - (j € Ny),
where g = 1, so that (r,) \, 0. For each n € N and j € N,,, we have
1 2 2
file 4+ 1) < fin(z+m)+ —< fin(x) + < fi(z) + -

and, similarly, fj(x +,) > fj(x) —2/n. For each j € N and n > j, we have

i+ ) = @) < 2,
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and so fj(x+ry) — fj(x) as n — co. This establishes the claim.
Now take a sequence f = (f;) of functions from [0,1) to [0,1) such that |R(f;)| < k for each
j € N, where k € N.
For each x € D(f), there exist j = j(z) € N and §(x) > 0 such that
inf{|fj(z+1t) — fi(x)] : 0 <t < d(x)} > 0.

In particular, f;(y) # f;j(x) whenever y € (x,2 + d(x)). For each such z, choose ¢q(x) € QN (z,z +
Assume toward a contradiction that D(f) is uncountable. Then there exist jo € N and ¢ € Q
and such that

{w €01 inf{Ifis(w+ 1) = fin(@) :0 <t <q} >0}

is uncountable. In particular, there exist distinct points x1,...,z11 € [0,1) with ¢(x;) = ¢
(7 € Nj41) for which
inf{|fj, (@i +t) — fijo(xi)| 1 0 <t < q} > 0;

we may suppose that 1 < x9 < ... < xpy1. We note that
qc ((Eﬁl‘i + 5(1‘,)) (Z S N/ﬁq).

Take 4, j € Npyq with ¢ < j. Then z; < z; < ¢ < x; + d(x;), and hence fj,(z;) # fj,(z;). Thus
the numbers fj,(z1),. .., fj, (zx+1) are distinct, a contradiction of the fact that |R(fj,)| = k. Thus
D(f) is countable, as required.

Solution 5.33

a) Given c € R and £ > 0, set 6 = % Then

|f(z) = f(y)| < e for all x € R such that |x —¢| < 4.
Hence if f is a contraction, then f is continuous.

b) To show that (z,) is Cauchy, observe:
|37n+1 - $n| = |f(37n) - f(ajn—l)‘ < k|37n - xn—l‘ = |f($n—1) - f(x7z—2)| < k2|(37n—1 - 55n—2)|
we can repeat the above process to obtain
|Znt1 — zp| < E™|a1 — 0]
Thus if n > m,

‘fn - xm| < |-Tn - Cvnfl‘ + ‘Infl - $n72| + -+ ‘Ierl - xm‘
km

1-k

using the limiting sum of a geometric series, which we may do since 0 < k < 1. Since ™ — 0

as m — oo, we must have |x,,2,,| < ¢ for any € > 0 whenever m and n are sufficiently

large. Hence () is a Cauchy sequence. Since R is a complete space, every Cauchy sequence

converges in it, and the existence of lim z,, is assured. We set lim z, = z*.
n—oo n—oo

[Tt — @p] < (K"K 4 BT 2 — @] <

|20 — 1]
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¢) To show z* is a fixed point of f, we note that, for any positive integer n,
0 < |f(@)=a"| < [f @) —an|+|zn—2"| = (") = f(@n-1)[+|zn—a"| < K|z*—zp1|+]|zn—2"
and so |f(z*) — 2*| = 0 since |z, — 2*| = 0 (‘and |z* — z,—1| — 0). Thus f(2*) = z*.

d) Suppose there are two fixed points say * and Z, so also f(Z) = Z. Then

2% — 2| = [f(2") = f(@)] < kla" — 7

*

which since k£ < 1 can only be true when |z* — Z| = 0; that is, 2* = & . Hence there is a

unique fixed point of f.



Chapter 6

Differentiability

[His epitaph:] Who, by vigor of mind almost divine, the motions and figures
of the planets, the paths of comets, and the tides of the seas first demon-
strated.

Isaac Newton (1643-1727)

e Let f be a real-valued function defined on an interval I containing the point c¢. We say f is
differentiable at c if the limit

o F@) = F@) _ o f et b~ £€)

T—C xr —cC h—0 h

exists. In this case we write f’(c) for this limit. If the function f is differentiable at each
point of the set S C I, then f is said to be differentiable on S and the function f’: S — R is
called the derivative of f on S. When f is differentiable at ¢ the tangent line to f at c is the
linear function L(z) = f(¢) + f'(¢)(x — ¢).

e Rolle’s Theorem: Let f be a continuous function on [a,b] that is differentiable on (a,b) and
such that f(a) = f(b) = 0. Then there exists at least one point ¢ € (a, b) such that f/(¢) = 0.

o Mean Value Theorem: If f : [a,b] — R is continuous on [a, b] and differentiable on (a,b), then
there exists a point ¢ € (a,b) where

fb) - f(a)

7o) =10
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o If f is differentiable on (a, b) and f’ is continuous, we say f is of class C*. If f’ is differentiable,
then we can get the second derivative f”. If f is continuous, we say f is of class C?, and so
on.

o Taylor’s Theorem: Let f : [a,b] — R be of class C™ (n is a positive integer) and let zo € [a, b].
Then for each = € [a,b] with x # z there exists a point ¢ between = and z such that

o (n 1) ¢
($—$0)2+-~~—|—f n(' 0) (1'_1'0)71"'];”_»_ 1()') ($—$0)n+1

f// (500)

f(x) = f(xo)+f'(wo)(x—w0)+ 21

Problem 6.1 Show that f(z) = |z| is not differentiable at 0.

Problem 6.2 Discuss the differentiability of f(z) = |z — 4] at z = 2.

Problem 6.3 Prove that every differentiable function is continuous.

Problem 6.4 Prove that if the function f : I — R has a bounded derivative on I, then f is
uniformly continuous on I. Is the converse true?

Problem 6.5 Let f be a function on [a, b] that is differentiable at c¢. Let L(z) be the tangent
line to f at ¢. Prove that [ is the unique linear function with the property that

o $@) — L)

T xr—c

=0.

Problem 6.6 Determine whether or not f is differentiable at 0O:
L flz) =z
2. f(z) = V|

3. f:R — R defined by f(x) = xsin (%) ifz#0and f(0)=0
f(z) = z|z|

w~
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Problem 6.7 Discuss the differentiability of

1

z? sin (7) ifx#0,
x

0 ifex=0

fz) =

at x = 0.

Problem 6.8 Find the derivatives (if they exist) of

f(@) = { 2e if fa] <1,

if | > 1.

o= =

Problem 6.9 Suppose a differentiable function f : R — R has a uniformly continuous deriva-

tive on R. Show that
Jim 7 [f (x—l— %) - f(l)] = f'(x).

Problem 6.10 Let f(z) be differentiable at a. Find

Ly @) =2 (o)

n—o00 xTr—a

where n € N.

Problem 6.11 We say a function f : (a,b) — R is uniformly differentiable if f is differentiable
on (a,b) and for each ¢ > 0 there exists a § > 0 such that

O<l|zr—y|<d and =z,y€(ab) = m%g(y)—f'(x) <e.
Prove that if f is uniformly differentiable, then f’ is continuous. Then give an example of a
function that is differentiable but not uniformly differentiable.

Problem 6.12 Let f: (—a,a) — R, with a > 0. Assume f(x) is continuous at 0 and such that

the limit .
@) s
x—0 xT

exists, where 0 < k < 1. Show that f/(0) exists. What happens to this conclusion when x > 17
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Problem 6.13 Let f: R — R be a continuous function. Consider the sequence
zo € R and zpq1 = f(zy) .

Assume that lim ., = l and f'(1) exists. Show that |f'(1)] < 1.
n—oo

Problem 6.14 Let f(z) = /1 + z2. Show that
(1+2%) /"3 (@) + @2n+ Dafr (@) + (0 - 1) (@) =0,

for any n > 1. Use this identity to show that f2"+1(0) = 0 for any n > 0. The notation fI"l(z)
denotes the mth derivative of f.

Problem 6.15 Show that the equation e* = 1 — x has one solution in R. Find this solution.

Problem 6.16 Let f : [a,b] — R be continuous and differentiable everywhere in (a,b) except
maybe at ¢ € (a,b). Assume that
lim f'(x) =1.

r—c

Show that f(z) is differentiable at ¢ and f'(c) = I.

Problem 6.17 Let f : R — R differentiable everywhere. Let zgp € R and h € R. Show that
there exists 6 € (0,1) such that

f(@o+ h) = f(zo) = hf'(xo + 6h) .

Set f(x) = . !

n and xzg > 0. Find the limit of # when h — 0.
x

Problem 6.18 Show the following inequalities:

(a) In(1+ ) <z, for any x > 0;

3

(b) =+ % < tan(z), for any x € (O, g),
23

(¢) v — 5 <sin(z) <z, for 0 <z < g;
22 72 4

(d) 1—?<cos(z)<1—%+%7f0r0<x§

]
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Problem 6.19 Let f(z) be a continuous function on [a, b], differentiable on (a, b), and f/(z) # 0
for any x € (a,b). Show that f(x) is one-to-one. Then show that f’(z) > 0 for every = € (a,b),
or f'(z) < 0 for every = € (a,b). Deduce from this that f'(z) satisfies the Intermediate Value
Theorem without use of any continuity of f/(z).

Problem 6.20 Let f: R — R be a differentiable function. Suppose that f/(z) > f(z) for all
z € R, and f(zg) = 0 for some zp € R. Prove that f(z) > 0 for all > xzp. As an application of

this, show that
2

aemzl—i—m—&—%

where a > 0 has exactly one root.

Problem 6.21 Let f: R — R. Assume that for any x,t € R we have
(@) = f(O)] < Ja =t

where o > 0. Show that f(x) is constant.

Problem 6.22 Let f : [0,00) — R differentiable everywhere. Assume that lim f(z)+f'(z) = 0.
T—00
Show that lim f(z)=0.
T—00

Problem 6.23 Let f : [0,1] — R be continuous and differentiable inside (0, 1) such that
(i) £(0) =0,
(i) and there exists M > 0 such that |f/(x)] < M|f(z)|, for z € (0,1).

Show that f(z) =0 for z € [0,1].

Problem 6.24 Consider the function
2
e 1T ity #0,
f(z) =
0 if x = 0.

Show that f(0) =0, forn=1,2,....




102 CHAPTER 6. DIFFERENTIABILITY

Problem 6.25 Consider a function f(z) whose second derivative f”(z) exists and is continuous
on (a,b). Let ¢ € (a,b). Show that

Lo Lt h) =200 + (e = h)
h—0 h?

= /"(e).

Is the existence of the second derivative necessary to prove the existence of the above limit?

Problem 6.26 Let f be a real-valued twice continuously differentiable function on [a, b]. Let
be a simple zero of f in (a,b). Show that Newton’s method defined by

f/(rn)

is a contraction in some neighborhood of Z, so that the iterative sequence converges to Z for
any xg sufficiently close to Z.

Tpy1 = g(zy) and g(xy,) =z, —

Note that ¥ is a simple zero implies that f’(z) # 0 on some neighborhood U of Z where U C [a, D]
and f” is bounded on U.

Problem 6.27 Consider a function f(z) whose second derivative f”(z) exists and is continuous
on [0, 1]. Assume that f(0) = f(1) = 0 and suppose that there exists A > 0 such that | f"(z)] < A
for « € [0,1]. Show that

/! (%)' sg and |f' ()| sg

forO<z<1.

Problem 6.28 Let I be an open interval, and let f : I — R be such that the nth order
derivative f(" exists on I. Show that for a € I and for each h such that a + h € I, we have

h2 y hnfl
DTEAC

fla+h)= f(a)+hf'(a)+ " D(a) + Ry,

h"L
where R, = —'f(n) (a+ 6h) for some 0 € (0,1) (Lagrange’s form of the remainder)
n!

hn(l _ Q)nfl

(n—1)!
Note that here f”, f”, ..., fU) are the 2nd, 3rd, ..., jth derivatives of f, 6 depends on h, and
is in principle different in Lagrange’s and Cauchy’s forms: a + 6h for 6 € (0,1) is a convenient
way of specifying some number ¢ between a and a + h (even when h is negative). If n = 1, the
two forms are equal, and agree with hf’(c) in the Mean Value Theorem.

and R, = £ (a4 6h) for some 6 € (0,1) (Cauchy’s form of the remainder).
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Problem 6.29 (General Binomial Theorem) Show that for fixed s € R, the power series
expansion

s(s=1) o ss=D(s=2) 5 sls=Des—kt ) 4

S __
(I+z)=14sx+ o1 al B

is valid

i) for all z whenever s € N,

(i)
(ii) for x| < 1 in all cases,
(iii) for z =1 if and only if s > —1,
) fo

(iv = —1if and only if s > 0.
s(s — 1)x2as’2

9 + e s

More generally, if a > 0, then the expansion (a + z)° = a® + sza® ' +

valid whenever |z| < a.
Hint: Use the Maclaurin series of f(z) = (1 + 2)® together with Cauchy’s form of the remainder
R,.

Problem 6.30 (The Leibnitz Formula) Let f(z) and g(z) be two differentiable functions
with continuous nth derivatives. Then their product has a continuous nth derivative, and

i (100) = (Z)ﬁ(f(m))j;i(g@).
k=0

Problem 6.31 (Implicit Function Theorem) Let D = {(x,y) ¢ R? : ¢ < 2 < b} and
F : D — R be a function where its partial derivative with respect to y exists and there exist
m, M > 0 such that

OF
0<m< " < M for all (x,y) € D.
Y
Show that there exists one and only one continuous function y(x) on [a,b] such that
Fz,y(x)) = 0.

Note: This means the equation F(x,y(z)) = 0 does implicitly define a unique continuous function
y in terms of z. To solve this problem consider the vector space Cla,b] of all continuous real-
valued functions defined on [a, b] with || f ||= max, |f(z)| and define a map

a<zr<

T:(Cla, 0], || - 1) = (Cla, 0], [ - 1)

Ty(x) = y(ax) — 2= F(,y(x).

Show T is a contraction and use the Banach Contraction Mapping Theorem.
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Problem 6.32 (Legendre polynomials)
Consider the sequence of polynomial functions

1 dr

— 2 1\
Ty R (z*=1)", neNlN

1. Show the recurrence relationship
(n+1)Lypy1 = 2n+ 1)zL, —nLy_1,
for any n > 1.

2. Find the degree of L,, n € N.

3. Show that for any polynomial P, with degree less than or equal to n — 1, we have

/1 Ly (z)P(z)dx = 0.

-1

4. Find /1 (Ln(:z:)>2d:z:.

-1
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Solutions

Solution 6.1

Let zp, = (771)” for n € N. Then the sequence (x,,) converges to 0, but the corresponding sequence
of quotients does not converge.

If n is even x,, = %, so that

Flan) = FO) _5=0_
_a 0y

If n is odd, we have x,, = —%, so that
fln) = fO) _ A-0
Tp — 0 —% -0 .

Since the two subsequences have different limits, the sequence f(z;gi:'g(m does not converge. Thus

f is not differentiable at zero.

L;Q) exists.

By definition of the derivative, we know that f’(2) exists if and only if lir%
= T —

Since )
lim 7f(x) — /@) = lim L —4 ,
r—2 xr—2 z—=2 T — 2

we will consider the side limits in order to take care of the absolute value. So

2_4 24
it I et S PR Y
=2+ T — 2 r—2+

lim
=2+ T — 2

On the other hand, we have

274 o 274
T e e ) S R PRIP S )
52— 1 — 2 r—2— x—2 x—2+

— f(2
f@) - 1@ does not exist, i.e., f(z) is not differentiable at x = 2. Note that the graph of

So lim
T—2 T —
f(x) has two half-tangents at = = 2 with different slopes.

Solution 6.3

Suppose that f is differentiable at = = ¢; we compute

lim f(z) = glcig}:f(w)ﬂfc—c)w

Tr—rcC

= fle)+0-f'(c) = f(o)
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Solution 6.4

By hypothesis, we know that there is a constant M > 0 such that |f'(z)] < M for all z € I. Using
the Mean Value Theorem, we have

f@) = fy) = fla)(= —y),
where a is between x and y for x,y € I. Hence, |f(z) — f(y)| < M|z —y|. Given € > 0, choose
§ =¢&/M. Then |z —y| < & implies |f(z) — f(y)| < M|z —y| < M§ = 4 = . Hence, f is uniformly
continuous on the interval I. The converse is not true. Indeed, consider the function f(z) defined
on [0, 1] by
2. (1 .
z7sin | — if 0<a<l1,
x
flz) =
0 if x=0.
Since |22 sin(1/x2)| < |22|, we see that f is continuous at 0. Since f is continuous on (0,1], we
conclude that f is continuous on [0,1]. Then f(x) is uniformly continuous on [0, 1]. However, the
derivative 1 9 1
/ = 2rsin — — — 3 —
f'(z) = 2z sin ol

is unbounded on (0, 1), because if z, = \/ﬁ, then x, — 0 and |f'(z,)| = 2V/2mn — 0o as n — oo.

Solution 6.5

Setting h =z — ¢,

@) L) fled ) = () + F(Oh)
zT—c Tr—c h—0 h

T flc+h)— f(c) /

= lim - f'(c)

= 0.

Now if we have another function K (z) that satisfies this limit, then by the continuity of K and f
we have

fle)=K(c) = lim f(z) - K(c)

= lim(x —c¢ 7]”@) — K(C)
B iﬁc( ) (x — C)
= 0.

Thus K(x) = f(¢) + m(z — ¢) where m is the slope and

m=K'(c) = }{%M

o KR flet ) | Jet ) ()
T =0 h h
= 04 £(0) = ()

Thus the line K that goes through the point (¢, f(¢)) has the same slope as L. Therefore K = L.
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Solution 6.6

1. f'(z) = %m*2/3 for x # 0. But at = 0 we have

lim fh) = 1(0) = lim h=2/% = fo0,
h—0 h h—0

which is not differentiable at the origin. (Vertical tangent at the origin.)

2. f(x) = 4/|x| has a cusp, with right derivative of +oco and left derivative of —oco. f is not
differentiable at the origin; that is,

L if >0,
f/(ili) = 2\/El if
—37= if £ <0,
since Vi
h—0 v—h—20
/ o o / T _
1.(0) = hli)lrél+ = T and  fL(0) = hlir(r)li T =

3. For z # 0, we have
fz)— f(0) xsin%

= = sin —.
z—0 x T

But lim,_,q sin (%) does not exist. Thus f is not differentiable at = = 0.

4. Observe that

2 if z >0,
f(”“’)_{fﬁ if 2 <0,
therefore

R if x>0,
f(m)_{—2m if x <0,

and 12

-0
"0) = li —0=—f
1.(0) hl n— 0 ()

f is differentiable at 0.

Solution 6.7

Since the sine function is bounded and lin%) 22 = 0, we have
rT—

lim 2 sin (1) =0=f(0).

z—0 X

Hence f(x) is continuous at # = 0. In order to find out if f(z) is differentiable at x = 0, let us
— f(0
investigate the limit lim f@) = 1(0)
x—0 x—0
f(z) — (0) f(a)

. . . . 1
lim = lim =limzsin(— ) =0.
z—0 x—0 z—0 T z—0 x

. Since
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Therefore f(z) is differentiable at z = 0 and f/(0) = 0. Note that if one wants to use the properties

of the derivatives, we will get
1 1
f'(z) = 2zsin <7> — cos < > ,
x x

which does not have a limit when x — 0.

Solution 6.8

Clearly
v 2me (1 — 2?) if |z] < 1,
f(x)_{o if |2 > 1,
for x general. In addition, at = 1 we have that
L 2 —a? 1
P re " — = d 2
L(1) = lim &€ =0 d (1) = i ¢ = —(2%" =0
£ ) wigl‘*' rz—1 a =) z—lgl— z—1 dx(x e

Solution 6.9

Since f’ is uniformly continuous on R, given ¢ > 0 there exists § > 0 such that |f'(z) — f'(y)|e for
any z,y € R for which |z —y| < §. Let N € N such that for any n > N we have 1/n < 6. Then for
any = € R we have

1
[f'(t)— f'(z)| <e, foranyte (z,ac + 7> .
n
Since f is differentiable, we can use the Mean Value Theorem to obtain

f<x+ )—f(w)

= —f'@)| =11 (tn) = f'(@)| <

S|

alr(o+2) - s@)] - 1@

S|

1
for some t,, € <:c, T+ E)’ which yields

lim 7 {f (m+ %) - f(:c)} — a).

n—oo

Solution 6.10

We have

af(x) — " f(a) _ a"f(x) —a"f(a) +a"f(a) — 2" f(a) _ anf(x) —fla) f(a)x”—a"

r—a T —a r—a r—a

Since f(z) and z™ are both differentiable at a, we get

i @) — 2" (@)

n—00 xr—a

=a"f'(a) — f(a)na™ ' .
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Solution 6.11

Suppose f is uniformly differentiable. Let ¢ > 0 be given. Then there exists some § > 0 such that

0<lz—yl<s ‘ny)—f'(x)<g.
Therefore,
7@ - )l = |f@) - LI ‘ " ‘f(y; e f’(y)’ <fii-e

Hence, f' is continuous. Now consider

flz) =

x2sin% if x #0,
0 if . =0.

This function is differentiable everywhere but f/(x) = 2xsin l —cos ¢ L for 2 # 0 and limy_yo f’ (2)
does not exist. Thus, f’ exists but is not continuous.

Solution 6.12

Let € > 0. Set ¢* = ¢(1 — k). Then we have * > 0. Since lim f@) = flr o)

= [, there exists
z—0 X

0 > 0 such that for z € (—a,a) and |z] < §, we have

l—a*<w<l+s*.

Since £ € (0,1), we have |[s"z| < || < § for any « € (—0,0) N (—a,a) and n > 1. So let
€ (=6,0) N (—a,a) be fixed. Hence for any n > 0, we have

| T = )

— <l+e*,
K" X
or —
(l7€*)/ﬁjn< f(ﬁ 'T) _xf(li ZIZ) <(Z+E*)
So N v
n+1
Z K”<Zf(nx <Zl+€
n=0 n=0
for any NV > 1. Since
N
1— N+1
Y- = (),
1—k
n=0
N
1 N+1
ST +et)sn = (+e)———,
1—k
n=0
FO @)= e a)  fla) = F(NH )
s T T ’
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then N+1 N+1 N+1
1-k flz) = f(x x) 1—k
l—¢" l+e&")—
( 6)1*I€ < x <(+€)17n ’
for any N > 1. Since lim " =0, we get by letting N — oo,
N—o0
_ < < —_—.
( 6)1—57 T 7(l+€)1—,‘i
Using the definition of €*, we get
Y CEY O
1—-k T 1—-k
for any x € (—9,0) N (—a,a). This obviously implies
L@ 1
z—0 x 11—k

1
Therefore f(x) is differentiable at 0. If we assume x > 1, then 0 < — < 1. Easy algebraic
K

manipulations will imply

i L@ =B ,
z—0 xT t—0 E
K
where t = k x. Hence
t t
g )0 sw-s(Y)
lim =limxk———>—— = —klim .
z—0 x t—0 t t—0 t
So -
f@)—f(=
i 101Gt
r—0 €T R

The proof above will then imply that f(z) is differentiable at 0 and that

l
LG -
z—0 T 171 1—k
K

Therefore the conclusion in the statement is independent from the conditions k < 1 or K > 1.

Solution 6.13

Assume not, i.e., |f'(l)] > 1. First note that since f(x) is continuous and z,4+1 = f(x,), for any
n > 1, we get by letting n — oo, f(I) =[. Since
- fd

z—1 r—1
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then ) -1
. xr) — _ /
s RIOIESY
/ —
Take € = % > 0. Then there exists ¢ > 0 such that for any xz € (I — §,1 + 0), we have
x)—1
o) - <| B2 <1rn+-
or

FOI+1 | flx) =1
2 <‘ x—1 ‘

In particular, since 1 < |f’(1)], we have
i +1
o=t < o= 1O < gy

for any « € (I — 6,1+ 0). Since {z,} converges to [, there exists N > 1 such that for any n > N,
we have z, € (I — 6,1+ 9). So

|20 — 1] < [f(2n) = 1] = [2nt1 =]
for any n > N. In particular, we have
leny =1 < |engr — 1] < |zp, — |
for any n > N. If we let n — oo, we will get
ley — 1| <|znt1 =1 <0

which generates the desired contradiction. So we must have |f/(I)| < 1. Note that one may think
that maybe |f/(I)] < 1. That is not the case in general. Indeed, take f(z) = sin(z). Then {z,}
converges to 0 but f/(0) = cos(0) = 1.

Solution 6.14

Note first that
2x T

@) = me vt

Hence (1 + 22)f'(z) = 2v/1 + 22 = 2 f (). If we take the derivative of both sides of this equation,
we get

20f'(x) + (L +2%) f"(z) = f(z) + 2 f'(x)
or
(1+2?)f" (@) +af'(x) - f(z) = 0.
Again let us take the derivative of both sides to get
(14 2) [P @) + 20f" (@) + of"(2) + f'(2) = f'(2) = 0

or
(1+ 22 Bl(z) + 32" (x) =0.
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So the desired identity is valid when n = 1. Assume it is still valid for n and let us prove it for
n + 1. So we have

(1422 (@) + 20 + Da fH (@) + (n® = 1) f(z) = 0.
If we take the derivative of both sides of this equation, we get
(1+2%) [ @) + 2202 (@) + 20+ Daf 4 (2) + @20 + 1)/ (@) + (0 - 1) (@) = 0,

or
1+ 22) 43 (z) + (2n + 3)z f 2 (2) + (2n F14n?— 1>f["+1](1:) =0.

Since (n+1)2 —1=2n+1+n% — 1, we get
(1 +02) 79 a) 4 (2 3)af ™) + (1) 1) 4 () = 0.

Hence by induction the desired identity is true for any n > 1. First note that f(0) =1, f/(0) = 1.
From the identity

(1+2?)f" () +af'(x) - flz) =0
we get f7(0) = 1. Assume that f?**1(0) = 0. Then from the identity

(1+22) B (@) + 20+ DafBr (@) + (@0 + 12 - 1) /24 (@) = 0,

we get
FEH0) + (20 + 1)02(0) + (20 +1)2 = 1) /21 (0) =0,

or fEr3(0) + (20 + 1) = 1) f21)(0) = 0. Since f2r+1(0) = 0, we get fE73(0) = 0. By
induction we deduce that fl2"+1(0) =0, for any n > 0.

Solution 6.15

Since € = 1 — 0 = 1, then 0 is one solution of the equation e* = 1 — z. Let us prove that this
equation has only one solution. Assume not. Then there exist at least two solutions x1 < x9. They
must satisfy

f(@1) = f(x2) =0

where f(z) = e 42 —1. Since this function is differentiable everywhere, we can use Rolle’s theorem,
there exists ¢ € (x1,x2) such that f'(¢) = 0. But f'(x) = €* + 1 so ¢ = —1 which is not true.
Therefore our original equation has one solution, i.e., z = 0.

Solution 6.16

Without loss of generality take x € (¢, b). Then by the Mean Value Theorem, there exists 6, € (¢, z)

such that
f(x) — o)

r —cC

=f /(990) .
When x — ¢, the Squeeze Theorem implies 6, — ¢ as well. So

lim f'(0;) =1,

r—c+
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which implies

T—c+ Tr—c

Similarly we will get

flz) = f(e)

lim —————= =1,
Tr—rCc— Tr — C
which implies f(z) is differentiable at ¢ and f'(c) = I.

Solution 6.17

Assume h > 0. The Mean Value Theorem implies the existence of ¢ € (zg,xzo + h) such that

f(zo +h) — f(20)
h

= 1(0).
Set 0 = (C;hxo). Then ¢ = z9+ 0h and 0 € (0,1). Hence

fzo +h) — flzo)
h

or f(zg+ h) — f(xo) = hf'(xo 4+ 0h). When h < 0, similar ideas will lead to the same conclusion.

= f'(z0 + 0h)

If f(z) = T2 then we must have

1 L, 1 B h
l+x0+h 1+4+z¢ (14+x0+0h)2)  (1+x+060h)?
Easy algebraic manipulations will then imply

h h

(14 z0)(1 +zo+h) (1+ o+ 0h)?

which implies (1+x9+60h)? = (1+20)(1+z0+h). Since h — 0, we may assume that (1+x9+h) > 0
and 1+ xg + 6h > 0. Hence

V(@)1 +zo+h) —1—ao

b= h
Since
VA +z0) (I +z0+h)—1—10 _ (14 20)(1 + 20 +h) — (1 +20)?
h h(\/(1+xo)(1+z0+h)+1+zo)
or VI +z0) 1 +z0+h)—1—10 _ h(1 + zg) ’
h h<\/(1+xo)(1+xo+h)+1+xo>
0 — (1+1‘0) )
(\/(1 +x0)(1+ 20+ h) + 1+x0)
Hence

lim 0 = (1+ o) :1.

h—0 ( (1+$0)(1+$0)+1+J¢0) 2
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Solution 6.18

Let us start by proving (a). First assume @ > 0. The Mean Value Theorem applied to In(1 + z)
on the interval [0, z] implies the existence of ¢ € (0, z) such that

In(1+z)—1n(1+0) 1

z—0 T 1l4c¢’

1
orln(l+z) = %—f—c Since 0 < Te <1, we get In(1+2) < x. This implies In(1 + z) < z for any
x> 0.
23
For (b), set f(z) = tan(x) —a — 3 Let > 0. Let us apply the Mean Value Theorem to f(x)
on [0, z]. Then there exists ¢ € (0, ) such that

f@) - f0) _
Ta_0 f(e) .
Since
f(;rl); : (J;(O) = tar;(x) -1- %2 and f'(c) = 1 +tan®(c) — 1 — ¢® = tan?(c) — ¢,
we get
3
tan(z) —x — % =z (tanQ(c) - 02) .

The proof will be complete if we prove that tan(xz) —z > 0 for any = € (07 g) In order to get
it done, let us apply the Mean Value Theorem to tan(z) on the interval [0,z]. So there exists
¢* € (0,z) such that
tan(z) — tan(0)
z—0

tan(x)

= sec?(c) = 1+ tan’(c) .

Since 1+ tan?(¢) > 1, then we have > 1 or z < tan(x). Therefore we have

(tan2(c) — 02) = (tan(c) — ¢) (tan(c) +¢) >0

3
which implies tan(z) — x — % > 0 for any = € (0, g)

Since sin’(z) = cos(z) and cos'(xz) = —sin(x), we will prove (c) and (d) simultaneously. First
7
2

for any = € (0, =), the Mean Value Theorem implies the existence of ¢ € (0, x) such that

sin(xgz - (s)in(0> N Sinz(@ = cos(e) < 1

which implies sin(x) < 2. Now set
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When we apply the Mean Value Theorem to g(z) on (0,z) we secure the existence of d € (0,x)
such that

1— — —cos(xz
g(x;:g(m -2 . ( ):g’(d):sin(d)—d<0

from the previous argument. Since x > 0 we get

2

x
1——.
cos(x) > 5
3 2?2t
In order to show that x — a < sin(z) and cos(z) < 1 — 5 + 21’ apply the Mean Value Theorem
to the functions
3 2 4
x x*
— i — — =1—-— _—
h(z) =sin(x) —x + 5 and k(x) 5 + 54 cos(z)
™
for 0 < —.
or0<z<g

Solution 6.19

Assume that f(x) is not one-to-one. Then there exists 1 < 3 such that f(z1) = f(x2). Rolle’s
theorem will imply the existence of ¢ € (x1,z3) such that f'(¢) = 0 which contradicts our assump-
tion. Next we will prove that f(x) is monotone. Without loss of generality, assume f(a) < f(b). Let
x € (a,b). Assume f(a) < f(b) < f(x). Since f(z) is continuous on [a, b], the Intermediate Value
Theorem implies the existence of ¢ € (a,x) such that f(c) = f(b). Clearly ¢ # b which generates a
contradiction with f(z) being one-to-one. The same ideas will imply that f(z) < f(a) < f(b) does
not hold. Therefore we must have f(a) < f(z) < f(b) for any x € (a,b). Next let z,y € (a,b) such
that < y. Assume f(y) < f(z). Then we have f(y) < f(z) < f(b). Again the Intermediate Value
Theorem implies the existence of ¢ € (y,b) such that f(c) = f(z). Clearly ¢ # x because z < y.
This is a contradiction with f(z) being one-to-one. Therefore, for any z,y € (a,b) with z < y,
we have f(x) < f(y), i.e., f(z) is increasing. This will imply that f/(z) > 0 but since f’(x) # 0,
we get f/(x) > 0 for any = € (a,b). Finally let us prove that f’(z) satisfies the conclusion of the
Intermediate Value Theorem. Indeed, let 21,29 € (a,b) and o € R such that f'(z1) < o < f(x2).
Without loss of generality we assume that z; < x2. Next define g(z) = f(x) — o . The function
g(x) inherits all the properties of f(x). In particular, we have ¢'(z) = f’(z) — a. Assume that
g'(z) # 0 for any = € (x1,22). From the first part, we deduce that ¢'(z) > 0 or ¢'(x) < 0 for any
x € (x1,22). It is easy to check that this conclusion still holds at =1 and zs. Hence ¢'(z) > 0 or
g'(z) < 0 for any x € [x1,x2]. In other words, we have f'(x) < o or f'(z) > « for any = € [z1, x2].
This is a contradiction with f'(z1) < a < f’(22). Therefore there exists ¢ € (z1,22) such that
g'(c) =0 or f'(c) = a. This completes the proof of our statement.

Solution 6.20

Set g(z) = e~ *f(z). Then g(z) is differentiable and ¢'(z) = e™* (f’(x) — f(;r)) Our assumption
implies ¢'(x) > 0 which leads to g(z) being increasing. Since g(zo) = 0, g(z) > 0 for x > . Since
flx) =e"g(x), we get f(x) >0 for x > xg. For the application, define the function

£L'2

f(x):aez—l—x—?.
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Note that

22

f/(m):aez—l—x>a6x—1—l‘—?:f(1’)-

Since

lim f(z) =00 and lim f(z)=—o0,

T—00 Tr—r—00
there exists zg such that f(z¢) = 0. This implies the existence of at least one root to the equation.
Let us prove that there is only one root. Assume not. Let x¢p < x1 be two different roots. The
previous argument shows that f(z) > 0 for > zy which contradicts f(z1) = 0. This completes
the proof of our statements.

Solution 6.21

For any x # t, we have

|f () — D)

<l|z—t~.
|z — ]
Since lim |z — t[* = 0, we deduce that
Tt

L [£@) = S0 @ = 0]

Tt x—1t Tt |x — t|
Hence

o 10— 10 _

T—t r—t

therefore f’(t) exists for any ¢ € R. Since

f/(t) — lim f(x) — f(t)

T—t xr—t

=0,
we deduce that f(x) is constant.

Solution 6.22

Set g(z) = €” f(x). Then we have ¢'(x) = e® (f(x) + f’(m)). Let € > 0. There exists A > 0 such
that for any z > A we have |f(z) + f/(z)] < % Let > A, the generalized Mean Value Theorem

implies the existence of ¢ € (A, ) such that

ec et — A ?
or / N eia
£+ () = LD 29

In particular, we have |g(z) — g(A)| < %|e“c — eA|, which implies |g(z)| < %\em — e+ 1g(A)] or

@) < S = e+ |F(A)e 7| < S + | F(A)e |
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because 0 < eA~* < 1. Since le |f(A)eA="| = 0, there exists B > 0 such that for any = > B we
T—>00

have |f(A)ed™7| < % Let A* = max{A, B}, then for any = > A* we have

3 g

This completes the proof of our statement.

Solution 6.23

Let D = {z € [0,1]; f(t) = 0 for t € [0,z]}. Since 0 € D, D is a nonempty subset of [0,1]. So the

supremum of D exists. Set s = sup D. Note that continuity of f(z) implies s € D. In order to
complete the proof of our statement, we want to show that s = 1. Assume otherwise that s < 1.
Then there exists ag > 0 such that s + a9 < 1 and agM < 1. For any z € (s,s + ag), the Mean
Value Theorem ensures the existence of ¢ € (s,x) such that

fl@) = f(s) = f(o)(x—s).
Since f(s) =0, we get f(z) = f'(c)(x — s). Hence

@] < 1f/@)lle = 5| < Mag_max |f(0)

for any = € [s, s + ag]. Hence

< agM )] .
(R [f(@)] < aoM Juax If ()l

Since agM < 1, we get

t
(e If(z)| < (X Lf(®)

which is the desired contradiction. So s =1 or f(z) =0 for any x € [0,1].

Solution 6.24

First note that for = # 0, we have

fla) = e 1

Consider the polynomial function P;(x) = 223, then we have

Fla) =P <1> e~ 1/2%

T

Since

for any natural integer n > 0,
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for any polynomial function P(x). Hence lirrb f'(z) = 0. By Problem 6.16, we conclude that f(x)
T

is differentiable at 0 and f’(0) = 0. By induction, we prove the existence of a polynomial function

P, (z) such that
1 () = Py (1) e

T

for any x # 0. Indeed, the previous calculations show that the induction conclusion is true for
n = 1. Assume it is true for n = k, let us prove it is still true for n = k + 1. We have

P = () = (i () )

== () rn (1))

Pri1(z) = —2°Pl(2) + 223 Py (x) .

which implies

Set

Then we have . )
F0G) = P (3 ) Y
x
which shows that the claim is true for n = k4 1. This completes the proof of the induction. From
this conclusion we get lir% f(")(ac) = 0 for any n > 0. By Problem 6.16, we conclude that f (z)
T—
is differentiable at 0 and f*1(0) = 0 for any n > 0.

Fix z,c € (a,b) with = # c. Set
F(t) = f(t) + f'(t)(x —t) + M(z — t)?
where M is chosen such that F(c) = f(x). Then we have F(z) = f(z) = F(c). The Mean Value
Theorem implies the existence of 6 between = and ¢ such that F'(6) = 0. But
FI(0) = f'(0) + f"(0)(x — 0) = f/(0) —2M(x - 0) =0

which implies
"
0N
2

So for z, ¢ € (a,b), there exists 6 between z and ¢ such that

F@) = £+ P —c) + 10— o2

2
So for any h > 0, there exist 01 € (¢,c+ h) and 0; € (¢ — h,c¢) such that
1"
0
Fleth) = 1)+ £+ L2

and
f// (02)

fle=1) = f(e) = fon+120me
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So

fleth)=2f(c)+ fle—h) _ f"(61) + ["(62)
h? 2 '
It is clear that when h — 0, then 6; — ¢ for i = 1,2. And since f”(x) is continuous at ¢, we get

e+ k) =2f(0) + fle=1)
h—0 h?

= f"(c) .

For the converse, the answer is in the negative. Indeed, take f(z) = z|z| and ¢ = 0. Then we have

1o FOE 1) = 27(0) + FO = )

h—0 h2 =0

but f”(0) does not exist.

Solution 6.26

Since f(Z) = 0, the Mean Value Theorem gives
|f(@)] = [f(x) = f@)] = [f(2)] - |z = F| < kafe — 7]

with k1 > 0. Since Z is simple, f’(z) # 0 on some neighborhood U of Z, U C [a,b]. f” is bounded
on U, and for any z € U,

f'@)f'(z) = f"(@)f ()
(f'(x))?

~ 1
< k2|f(l)| < k1k2|1' — l| < 5

:Piliﬂuvm

(f'(x))?

o/ (@)l = [1-

whenever |z — Z| < 1/2kjko, thus g is a contraction, and by the Banach Contraction Mapping
Theorem iterative sequence converges to .

Solution 6.27

Let a € (0,1). The proof of the previous problem or Taylor expansion with remainder of f(z) at a
will imply
N N '),
fl@) = fla) + fa)(z —a) + =~ (z —a)

where ¢ is between a and x. Setting x = 0 and x = 1 in the above equation results in

£0) = @) + F@0 - a) + L (0 - ap?

and "
£ = @) + F@) - a) + T2 0 oy
where 0 < ¢; < @ and a < ¢3 < 1. Subtract the first equation from the second to get
0= f'(a) + @(1 —a)? - @(ﬁ .
Hence
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If we use the fact |f"(z)] < A, we get

@) < 50+ 01— a?)

f’(%)‘gé

Also if we note that a? + (1 — a)? < 1, we get

1
Set a = 3 to get

oS
We first give Lagrange’s version. Define F' by setting
F(z) = fla+h) = f(z) = (a+h—x)f'(z) - Wf’(m) e +(:_—1m)) £ ()

n—1

a —x)F
= fla+h)— Z (+hT)f(k)(g,;)7
k=0 ’

h, _ n
and G(z) = F(x) — <G+Tx> F(a).
Then the hypotheses imply that the functions F' and G are differentiable on I. Also,

&) = F(a) + (“*hh_l)_l F(a)

:n71 a+h—x k- 1f(k)( ) — S%Jc(lﬁl)( )+ Z((H_Z_I)n_lF(a)
k=1 k=0 .
= el n—1
- (a+h7—x) (k1) ath=a) gy (M)
= k! ) - k=0 M S " " -
B a+h— I)nfl (n) nf{a+h—x n—1
= _Wf (I) + E (T) F(a)

Gla+h)=F(a+h)— <%>nma) =F(a+h)= fla+h)— fla+h)=0.

So, by Rolle’s Theorem, there exists ¢ between a and a + h such that G'(c) = 0. Write ¢ as a + 0h
where 0 < 6 < 1. Thus

(a+h—a—0n)"! a+h—a—0n\""" B
- ER F™(a + 0h) + h(T> F(a) = 0.
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hTL
Now a+h —a—60h = (1—60)h #0, so this gives F(a) = Hf(")(a +0h) =

Hence f(a+ h) Z f <k) ) + Ry, as required.

The proof for the Cauchy form of the remainder is similar, but a bit simpler, using the Mean
Value Theorem instead of Rolle’s Theorem.

n—1
Let F(z) = Z mf(k)( ). By the Mean Value Theorem, there exists 6 € (0,1) such
k=0
that F(a+h) = F(a )+hF’(a+9h)
n— 1
Hence F(a+ h) = Z T f(k)(a) + hF'(a + 6h). But
k=0 "
n—1 - k—1 n—1 - k
(k—1)! k!
k=1 k=0
n—2 n—1
(a+h—x)* (a+h—x)k
= -y e e gy 4 Y R gk g
k=0 k=0
- (n _ 1)| f (‘T)v
h—a—06h n—1 hn—l 1—-6 n—1
so F'(a+ 0h) = (a+ © i ol ) ™ (a+6n) = ﬁf(”)(a + 60h), which gives the
result.

Solution 6.29

We just prove (ii). First observe that the given series is indeed the Maclaurin series of f(z) =
(1 + z)%, since f'(x) = s(1 +z)*", f"(x) = s(s — 1)(1 + x)*, from which f(0) = 1, f'(0) =
F7(0) = s(s — 1), f(0) = s(s — 1)(s — 2), etc. So the main point is to show that the remainder
R, — 0 asn — oo.

We use the Cauchy form for R,

Ro = T =10
2" (1—0)"ts(s—1)--- (s —n+1)(1+0x)*"
(n—1)!
1-6 )"1 " s(s—1)---(s—n+1)a"
1+ 0z (n—1)!

= an X bn, X Cp,

say. We now estimate |ay,|, |by|, and |c,]|.

For ay,, notice that if s > 1, then |a,| < (1 + |z|)*~! and that if s < 1, then |a,| < (1 — |z])*~!
In either case, |a,| is bounded independently of n, say |a,| < K.



122 CHAPTER 6. DIFFERENTIABILITY

For by, notice that 1+ 6z > 1 —#0, and so |b,| < 1.

For ¢,, we have
Cn+1 S —

Cn

T

— |z| as n — 0.

Fix [ with |2| <! < 1. Then there exists N € N such that |¢,41/¢,| <1 for all n > N. It follows
that |c,| < 1" V|cx| whenever n > N. Hence ¢, — 0 as n — oo.

Putting this all together, we obtain

|Ry| = lan| - [bn] - len] < K- 1-]cp] = 0 as n — oc.

Solution 6.30

By induction, the conclusion is obvious when n = 0. For n = 1, the formula reduces to the
well-known product formula for differentiation. Assume that

ﬁ _n71 =1\ ] —1-k)
dx"—l(fg)_z po )7 ’
k=0
dk
where f[k] = Wf’ for any k € N. Then

mn m—1
e (19) = i (s (1)

which implies

n—1

n—1 _ n—1—
< . )(f[k]g[n {4 lestlgn-i-t)

k=0

dr X n—1 _ n—1 1 "
(ta) = g X (M) g Y () et g
~ k=1 k=0
n—1 n—1 n—1 n 1
— gl < . )f[k}g[n—k]+ <k_ >f[k] =kl 4 flal,
k=1 k=1
-1 n—1
_ pgil (( A ) <k_1>>f[k]g[nfk1+f[n]g
k=1
n—1 n
— gy <k>f[k}g[n—k]+f[n}g
k=1
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Note that we made use of the formula

n—1 n n—1\ (n
k k—-1) \k)~
This completes the proof by induction on n € N.

Solution 6.31

Let
T:(Cla,bl [ ) = (Cla,b], ] - 1)

defined as

Ty(w) = y(w) ~ 3:F(,y(a).

We first claim that 7" is a contraction on C[a,b]. From the Mean Value Theorem we have

F(%yl) - F(*’L.ayQ) = %(%C)(yl - y2)

where c is between y; and y,. Hence

Consider the given norm || . ||,

| o = Ty ||= mase [Tys (@) ~ Ton(e)| < max (1= 57) a(@) —se@)] < 1= 3] o -2 |

a<z<b

Since 1 — % < 1 it follows that T is a contraction on C|[a, b], therefore by the Banach Contraction

Mapping Theorem 7" has a unique fixed point y. Thus for all x € [a, b],

() = Ty(e) = y(e) - 5 F (e (x)

but M # 0 thus F(z,y(z)) = 0.

Solution 6.32

1. Using the Leibnitz formula (see Problem 6.30), we get

1 dar ) 1 dn ) 1 a1 )
gt g (0 =) = o 2 (@ =0 g G (e 1)

which implies

xLy L4 (x(x2 - 1)”) n_ vt ((x2 - 1)")

~ onpl dan T onpl dgn1
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But »
1 d" 9 1 A" 1
—1”): - 2_1n+1
s (75"~ ZMUdfﬁl(%n+1%x )
or
1 ar ) 2\ 1 qn+l ) e\
2nn! @(x(x -1 ) - 2n+l(n+ ! dgnt1 ((m -1) ) = Lp41.
Hence

n dnfl 9
2y = Lt = o o (@ = 1),

On the other hand, we have

_ 1 " 2 ny __ 1 dn71 2 n
In = gami %((m - ) = 2npl dgn 1 (2M(I -1 )

which implies

z ! 2 qyn—1
ol = 2n=1(np — 1) dgn-1 (ac(:c -1 )

-1

(n—2]
Using the Leibnitz formula again we get ((952 — 1)") =2n (:v(;v2 - 1)"71) , and

1] 1] n—2)

(1‘2(%2 - 1)”71> = m(m(mQ - 1)”71) +(n—-1) (m(w2 - 1)”71)

Hence

m (xz(x271)n71) [n—1] _ m ($($2*1)n71) ["—1]+ (27‘:1(—71;) (($271)n) [n—l]7

which implies

xLy, = m@ﬂ(ﬂ - 1)71—1)[”71] _(n— 1') ((xg 7 1)n) ["*1].

But
[n—1]

($2($2 _ 1)71,_1)["—1] _ ((.1'2 B 1)(1,2 _ 1)71—1) n ((12 B 1)n_1)[n_1]

which combined with the previous identity gives

amn:(n+U(@?—Dﬂmju+§?ﬁl—470ﬁ—qf‘ﬁm%{

27! n—1)

or

o (n+1) 2 n [nil]
aln = ((;p —1 ) Y Loy

Hence we have ) ) 1]
T n—
wln =L = o (@ =)

and

T 1 1 [n—1]
In= (@)
n+1"" n4+1 " 1+ n! (@ )

So if we add both equations we get

2n+D)zL, =(n+1)Lyps1 +nly1,

which gives the desired recurrence formula.
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2. Note that we have
1 322 1 3 53
Lo(x) =1, Li(z) = 5(290) =ux, Lo(z) = oo Ly(z) = 77:6 + %

From this we claim that L,(x) has degree n for all n € N. Indeed the claim is true for
n =0,1,2,3. Hence assume that Lj has degree k, for any & < n. Let us prove that L, has
degree n + 1. The recurrence formula proved above gives

(2n+1) n

+1= 7y Thp — ———
n n n+1

L.
(n+1) n—1

Since L, has degree n — 1 and zL,, has degree n + 1, we conclude that L, has degree
n + 1. By induction we conclude that L, has degree n for any n € N.

3. First note that for any £ € N and n > k, we have

(@ =17 = @ = 1),

for some polynomial function P(z). Hence for any differentiable function f(z) defined on

[—1,1], we have
t I A\
[1j($)Ln(I)dx / f(x)((xz— 1) ) dz.

21! -1

Integrating by parts, we get

! 1 N 1ot A\ 1]
[ @i - [f(x)((a/:?—l)) ] [ r@(e-v)" e

2nn/! 1 2"l

Using the above remark on the derivatives of (2% — 1)", we get

—1

/711 f(x)Ln(x)dr = /,11 (2) ((x2 _ 1)”) [n_ﬂdas,

~ onp!

which implies

1 gl
/_ @)L = (inn)! /_ M) = 1)

In particular, we have

/1 2L, (x)de = (=" /1 (z®) Pl (2% — 1)"da = 0,

1 Q”n' -1

since (%) =0, if k < n. This clearly implies
1
/ P(z)Ly(z)dx =0,
-1
for any polynomial function P(x) with degree less than n. Hence
1
/ Ly (2)Ly(z)dz = 0,
-1

for any n # m.
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4. We have

-1 1 -1

[2n]
Note that ((mQ - 1)”) = (2n)!, since the polynomial function (2 —1)" has degree 2n with
the leading coefficient being equal to 1. So

! 2 (=1)*(2n)! [t (2n)! [t
L dr = ———— 2 _)dr =22 1—2%)"d
[ (p) to = it [ - 0rde = 2t [
since the function (1 — 2%)" is even. If we do the change of variable x = cos(t), we get
1 2 (2”)' w/2 9
—_o_\TY n—+1
/_1 (Ln(x)) dx = 222"(n!)2 /0 cos (t)dt.

We recognize Wallis integrals (see Problem 3.21). Since

/2 2n (012
/ cos® L (t)dt = m,

! 2 (2n)! 22(nl)? 2
/,1 (L”(I)) do = 222n(n!)2 @n+ 1) 2n+1



Chapter 7

Integration

Nature laughs at the difficulties of integration.

Pierre-Simon Laplace (1749-1827)

e Partitions, Upper and Lower Sums: Let f be a bounded function on [a,b]. A partition of
[a,b] is a finite ordered set

P={a=x0<z <22<...<xp=">}
For each subinterval [x;_1,z)] of P set
my, = inf{f(z): z € [xp_1,z1]}

and
My, =sup{f(z): z € [z)_1, 2]}

The lower sum of f with respect to P is given by
n
U(f; P) =Y my(ax — x1)-
k=1
Similarly, we define the upper sum of f with respect to P by

L(f,P) = Z]ka(.rk — xk,l).

k=1

127
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Since f is a bounded function on [a, b], there exist numbers M and m such that
m < f(xz) < M is true for all z € [a,b]. Thus for any partition P of [a,b] we have

m(b—a) < L(f; P) < U(f; P) < M(b— a).

Upper and Lower Integrals: Let P be the collection of all possible partitions of the interval
[a,b]. The lower integral of f

b
/ f(x)dz = L(f) = sup{L(f: P) : P€P}.

Likewise the upper integral of f

)
/ F@)dz = U(f) = mf{U(f; P) : P € P}.

Clearly for a bounded function f on [a,b] we always have U(f) > L(f).
Riemann Integral: A bounded function f on [a,b] is Riemann integrable it U(f) = L(f). In
b
this case, we define / f(z)dz to be
a

b
/ f(@)dz = U(f) = L(f).

Riemann Sum: Let P ={a =129 < x1 <y <...< 2z, = b} be a partition of [a,b]. A tagged
partition is one where in addition to P we have chosen points x}, in each of the subintervals
[zx—1,21]. Suppose f : [a,b] — R and a tagged partition (P, z}) is given. The Riemann sum
generated by this partition is given as

=D flai) @y, — w-).

k=1

It is clear that
L(f; P) < R(f; P) < U(f; P)

true for any bounded function.

Improper Integral: Let f be defined on [a,00) and integrable on [a,c] for every ¢ > a. If

lim / f(z)dx exists, then the improper integral of f on [a,00), denoted by/ f(z)dz, is

c—00 a

given by

/00 f(z)dx = Clggo Cf(x)dm

Mean Value Theorem for Integrals: If f is a continuous function on [a, b], then there is a point

€ (a,b) such that
b
[ o= 1o,

o Fundamental Theorem of Calculus:
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T
a) Let f:[a,b] — R be integrable, and define F'(x) = / f for all x € [a,b]. Then

(a) F is continuous on [a, b].
(b) If f is continuous at some point xy € [a,b], then F' is differentiable at 2y and

F'(@o) = f(xo)-
The above theorem expresses the fact that every continuous function is the derivative of
its indefinite integral.
b) If g : [a,b] — R is integrable, and G : [a,b] — R satisfies G'(z) = g(z) for all = € [a, D],
then

b
/ g = G(b) - Cla).

Problem 7.1 Is the function

1 ita A
f(“L)_{o iz =1

integrable over the interval [0, 2]?

Problem 7.2 Let 0 < a < b and
1 ifx €la,b]NQ,
)= { 0.0l Q

0 if z € [a, b] is irrational.

Find the upper and lower Riemann integrals of f(x) over [a, b].

Problem 7.3 Let 0 < a < b and

f(a:):{ 0 ifzé€labNQ,

xz if z € [a,b] is irrational.

Find the upper and lower Riemann integrals of f(x) over [a,b], and conclude whether f(z) is
Riemann integrable.

Problem 7.4 Let 0 < a < b and

1
— ifzea,bNQand x = P where p and ¢ are coprime;
OER I !

0 if x € [a,b] is irrational.

b
Show that f(x) is Riemann integrable over [a, b] and compute / f(z)dx.
a
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Problem 7.5 Let f : [a,b] — R be a Riemann integrable function. Let g : [a,b] — R be a
function such that {z € [a, b]; f(x) # g(x)} is finite. Show that g(z) is Riemann integrable and

/a.b f(z)dz = /abg(x)d,a? .

Does the conclusion still hold when {z € [a,b]; f(z) # g(x)} is countable?

Problem 7.6 Let f : [a,b] — R be a Riemann integrable function. Show that | f(z)| is Riemann

integrable and
b b
[ t@as| < [ 1f@as.

When do we have equality?

Problem 7.7 We call U : [a,b] — R a step function if there is a partition P of [a,b] so
that U is constant on each interval of P. Show that any function f : [a,b] — R is Riemann
integrable if and only if for each € > 0, there exist two step functions U and V on [a, b] such that
V(z) < f(z) < U(x) and

/ab (U(l) - V(x))dx <e.

Problem 7.8 (Second Mean Value Theorem for Integrals) Prove that if f and g are
defined on [a, b] with g continuous, f > 0, and f is integrable, then there is a point zg € (a,b)
such that

/a ' fe)g(a)dr = g(xo) / ’ fla)de.

Problem 7.9 Use Riemann sums to find the following limits:

k=n

(ii) 71113010 kgl arctan (m)
- p
Hint: use the inequalities © — — < arctan(z) < z, for > 0.

k=n
1 k
(it)) Jim Y~ - tan (i)

n—00

t:
Hint: use the function f(z) = an(z)

xr
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Problem 7.10 Let f : [0,1] — R be C', ie., f(z) is differentiable and its derivative is

continuous. Find
k=n

nlLIgOZf()fn/f dz .
k=n

k/n
Z /(k71)/n f(x)dx.

k=1

1
Hint: use/ flz)dz =
0

Problem 7.11 Let f: [0,1] — R be C2, i.e., f() is twice differentiable and f”(z) is continuous.

Find
ERRCEEWIC

Problem 7.12 Define

n

2
w"*;2n+2k—1'

Find lim z, and lim n2(ln(2) —zp).
n—o0 n—oo

Problem 7.13 Find the following limits:

1 n

dx

(i) lim
n—oo Jq 1+=x

1
(ii) lim/ nz(1l — z°)"dx
0

n—oo
"2 s
i) tm [ SnO2) g,

Problem 7.14 Show that . .
/ xesin(l‘) do — ™ / esin(l‘) dx
0 2 Jo

Problem 7.15 Let f : [a,b] — R be a continuous function. Show that there exists ¢ € (a,b)

such that . .
s [ o= (o).

Is this still true for Riemann integrable functions?
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3
Problem 7.16 Let f: R — R be continuous and set F(z) = / f(y) dy. Show that
0

F'(z) = 322 f(23).

Problem 7.17 Consider the function

(a) What is F(z) = [; f(t)dt on [0,2]?
(b) Is F(z) continuous?

(¢) Is F'(z) = f(x)?

Problem 7.18 Let f : [a,b] — R be a continuous function. Show that

b b

lim f(z)sin(nz)de =0 and lim f(z) cos(nz)dz = 0.
n—oo [, n—r00

Use these limits to find ,
lim / f(z)sin®(nz)dz .
a

n—0o0

This is known as Riemann—Lebesgue’s lemma.

Problem 7.19 Let f : [a,b] — R be a Riemann integrable function. Show that if f: f(z)dx =0,
then f(z0) = 0 whenever f(z) is continuous at zp € (a,b). What can we say about the set

{z € a,0]; f(x) # 0}?

Problem 7.20 Decide whether or not the following integrals converge or diverge:

o0 1
(@) / Niwr

o -
(b) / &(r)dx Does this integral converge absolutely?
1 x

> T
———dx.
() /0 1+ 22 sin®(z) v
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Problem 7.21 (Bertrand Integrals) Discuss the convergence or divergence of the Bertrand

Integrals
o0
1
2 a%In”(z)

depending on the parameters o and f3.

Problem 7.22 (Cauchy Criterion) Let f : [a,00) — R be Riemann integrable on bounded
o0
intervals. Show that f(z)dx converges if and only if for every e > 0 there exists A > a such

a
that for any ¢1,t3 > A we have

- f(z)dx

t1

<e€.

Problem 7.23 (Abel’s test) Assume that the functions f and g defined on [a, c0) satisfy the
following conditions:

(a) g is monotone and bounded on [a, c0),

o0
(b) the improper integral / f(z)dz is convergent.
a

Then prove that / f(x)g(z)dz is also convergent.
a

Problem 7.24 (Luxemburg Monotone Convergence Theorem)Let {f,(z)} be a decreas-
ing sequence of bounded functions on [a, b], with a < b, which converges pointwise to 0 on [a, b].

Show that .

lim fn(z)dx = 0.

n—oo a

Problem 7.25 (Monotone Convergence Theorem) Let {f,(z)} be a decreasing sequence
of Riemann integrable functions on [a,b] which converges pointwise to a Riemann integrable
function f(x). Show that

b b
nlggo/ fn(;r)da::/ f(x)da.
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Problem 7.26 (Arzela Theorem) Let {f,(x)} be a sequence of Riemann integrable functions
on [a,b] which converges pointwise to a Riemann integrable function f(x). Assume that there
exists M > 0 such that |f,(x)] < M for any = € [a,b] and n > 1. Show that

b

b
lim fn(,z’)dm:/ f(z)dx.

n—0o0 a

Problem 7.27 (Fatoo Lemma) Let {f,(z)} be a sequence of Riemann integrable functions
on [a, b] which converges pointwise to a Riemann integrable function f(z). Show that

b b
/ f(x)dz <liminf [ fn(z)dz.

n—oo

Problem 7.28 Let T': (C[0,1],] . ||) = (C[0,1],]| . ||) be a function defined as

Tf(z) = /0 " f(eye

where by C[0, 1] we mean the vector space of all continuous real-valued functions defined on [0, 1]
and || f ||= sup |f(t)|. Show that:
0<t<1
a) T is not a contraction.
b) T has a unique fixed point.

¢) T? is a contraction.

Problem 7.29 Convert the initial value problem

dy
_— = 3' "1 1 O f— ]_
2 = ST y(0)

to an integral equation. Use Picard’s iteration scheme to solve it.

Note: For the initial value problem % = f(z,y), y(xo) = yo, Picard iteration defined by

Yn+1(x) = yo + / f(t,yn(t)) dt forn € ZT.
o
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Problem 7.30 Given the initial value problem

f'(@) =1+~ f(z), with f(0) =1,

1
for x € [ } Show the mapping T': C[—3, 1] — C[—3, 3] defined by

272
Tf(x)=1+z+ %ﬁ — /xf(t)dt
0

is a contraction. Then set up Picard’s iteration scheme to solve it.

sin xt

Problem 7.31 Show that the integral / dt depends continuously on .
0

Problem 7.32 (Tchebycheff polynomials)

1. For any n € N, find a polynomial 7;, such that T}, (cos(z)) = cos(nz). Find the degree of
Ty, neN.

2. Show that for any n > 1, we have

Tn+1 = 22T, — Ty 1.

3. Find the integrals

/1 Tn(:z:)Tm(:z:)dx
1 V1 =22 ’

for any n,m € N.

2k —1
4. Show that cos <(27)7T) k € [1,n], are n different roots of T,,(x), for any n > 1.
n
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Solutions

If P is any partition of [0, 2], then

n

U(P,f) = ZMk(rk - CL‘]gfl) =2.

k=1

L(f,P) will be less than 2, because any subinterval of P that contains z = 1 will contribute zero
to the value of the lower sum. The way to show that f is integrable is to construct a partition that
minimizes the effect of the discontinuity by embedding x = 1 into a very small subinterval. Let
€ > 0, and consider the partition P, = {0, 1 —¢/3, 1+¢/3, 2}. Then

L(P., f)=1[(1—-¢/3) = 0]+ 01 +¢/3 — (1 —¢/3)] + 1[2 — (1 +&/3)]
=1(1-¢/3)+0(2¢/3) +1(1 —¢/3)
=2 2/3.

N0W7 U(Pe, f) = 2, so we have
U(Pe, f) = L(Pe, f) = 2¢/3 <e.

Thus, f is integrable.

Solution 7.2

Let P be a partition of [a,b]. If P = {z1 =a <x2 <...<xz, = b}, then
nf{f(z);z; <z <xiy1} =0 and sup{f(z);z; <zax <z} =1
because Q and R\ Q are dense in R. Hence we have
L(P,f)=0 and U(P,f)=b—a.
Obviously this will imply
/bf(x)da: =supL(P,f)=0
Ja_
and _
b
/ f(x)dz = f U(P, /) =b—a,
a

where the infimum and supremum are taken over all partitions of [a,b]. So clearly f(z) is not
Riemann integrable on [a, b].

Solution 7.3

Let P be a partition of [a,b]. If P ={z1 =a < x3 <... <z, = b}, then

inf{f(z);z; <z <ai41} =0 and sup{f(z);z; <z < Xiy1} = Tit1



CHAPTER 7. INTEGRATION 137

because @ and R\ Q are dense in R. Hence we have L(P, f) = 0, and
UP, [) =wx2(z2 — 1) + -+ xi(zi —@i1) + -+ 2n(@p — 1) = U(P, h) ,

where h : [a,b] = R defined by h(xz) = x. Since h(z) is continuous, h(z) is Riemann integrable and

b b? — a?
2 )

T~

h(z)dx =infU(P,h) =

where the infimum is taken over all partitions of [a, b]. Hence

b
/ f(z)dx =sup L(P, f) =0

and
b2 _ (12
2

s
/ f(z)de =infU(P, f) =

2 2
“ , we conclude that f(z) is not Riemann integrable on [a, b].

Let P be a partition of [a,b]. If P = {21 =a <x2 <...<xz, = b}, then

Since 0 <

inf{f(z);z; <z <xiy1} =0

because R\ Q is dense in R. Hence we have L(P, f) = 0, which implies

b
/ f(@)dz = sup L(P, f) = 0,

where the supremum is taken over all partitions of [a,b]. Let us now show that

b
/ fx)dz =infU(P, f) =0
a
where the infimum is taken over all partitions of [a,b]. Fix ¢ > 0. Then the set

1
B:. = {B € [a,b] N Q; where p and ¢ are coprime and — > ;}
q g 2(b—a)

is finite. Without loss of generality, assume that B is not empty and has n > 1 elements. Set

Be={r<zy<...<zn}.

1 1
Assume for now a < x1 and xz, < b. Choose m > 1 large enough to have — < i, T+ — <
m 2n 2m

1 1
Tit1 — —, a < x1 — —, and x, + — < b. Consider the partition
2m 2m 2m

1 1
= @i —— b .
Po {(Lx, 2m’xl+2m’ }
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We have

2m

because 0 < f(z) < 1 for all z € [a,b]. On any other interval I associated with the partition, we
have

1 1
Oésup{f(w); xi——sxsmf}gl
2m

0 <sup{f(z); zel} <

2(b—a)
because I N B is empty. Hence

9

o)W

+-=c.

1
0<U(Po, f) <n—+
m

N ™
N ™

If 1 = a, then we consider only the interval [a,a + 1/m] and if x,, = b, then we consider only the
interval [b — 1/m,b]. The proof is carried similarly to get U(Py, f) < e. Clearly this will imply
inf U(P, f) = 0, where the infimum is taken over all partitions of [a,b]. Hence

/:)f(:c)dm —/abf(m)dx =0,

b
which implies that f(x) is Riemann integrable and / f(z)dx = 0.

Solution 7.5

Consider the function h(x) = g(z) — f(x). Fix e > 0. Then the set B = {x € [a,b]; h(x) # 0} is
finite. Assume that B = {z1,...,2,} witha < a1 < ... <z, <b. Set
M = max{|h(z;)| :i=1,2,...,n}.

We have M > 0. Choose ¢ > 0 small enough to have a < 1 — 0, z; + § < ;41 — 9, x, + < b, and

o< ﬁ Consider the partition

Po={a,x; — 2, +0,b} .
We have
0<sup{|h(z)|: i —d<zx<z;+0} <M

because 0 < |h(z)| < M for all z € [a,b]. On any other interval I associated with the partition, we
have
sup{|h(z)|: z €1} =0

because I N B is empty. Hence
0<|U(Po,h)] <nM2j <e,and 0<|L(Py,h)| <nM2<e.

If 21 = a, then we consider only the interval [a,a + 0] and if x,, = b, then we consider only the
interval [b — §,b]. The proof is carried similarly to get |U(Poy,h)| < e and |L(Py, h)| < e. Clearly
this will imply inf U(P,h) = 0 and sup L(P, h) = 0, where the infimum and supremum are taken

over all partitions of [a,b]. Hence
b )
/ h(z)dz = / h(z)dz =0,
a a
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b
which implies that h(z) is Riemann integrable and / h(z)dx = 0. Therefore g(x) = f(x) + h(z)
a

is also Riemann integrable and

/abg(m)dx_ /abf(@dﬂ/abh(m)dx—/abf(x)dx.

Finally, note that if {z € [a,b]; f(x) # g(x)} is countable but not finite, then the conclusion
may not be true. Indeed, take

f(w):{ 1 ifzelfa,dNQ,

0 if z € [a,b] is irrational,

and g(xz) = 0. Then {z € [a,b]; f(z) # g(x)} = [a,b] N Q which is countable. But f(x) is not
Riemann integrable while g(x) is.

Solution 7.6

First, let us note that if f : [a,b] — R is Riemann integrable and h : [¢,d] — R is continuous,
then ho f(z) = h(f(x)) is Riemann integrable provided f([a,b]) C [¢,d]. Since f(z) is Riemann
integrable, it is bounded. Hence there exist ¢,d € R such that f([a,b]) C [¢,d]. Set h(z) = |z|.
Since h(z) is continuous on any closed interval, |f(x)| is Riemann integrable. Another way to see
this is true is by the characterization of Riemann integrability. Indeed, we know that a function
is Riemann integrable if and only if it is continuous except maybe at a set which is negligible
or has measure 0. So if we assume that f(z) : [a,b] — R is Riemann integrable, then the set
{zg € [a,b] : f(x) is not continuous at zo} has measure 0. But it is known that if f(z) is
continuous at xy € [a,b], then |f(x)| is also continuous at xy. This clearly implies that the set
{zo € [a,b]; |f(x)] is not continuous at 29} has measure 0 as well because a subset of a measure 0
set has measure 0. Hence |f(x)] is Riemann integrable. Once this fact is established, we can prove

the inequality
b b
[ taaa| < [ 1f@as

One way is to use the inequalities —|f(z)| < f(x) < |f(x)] to get

/ab—|f(x)|dx§/abf(x)dm§/abf(l-)|d1.7

which will lead to the desired conclusion. Let us give another proof of this inequality. Indeed,
consider the partition

P:{ai; ai:a—&—iwfori:lﬂ,...,n} .
n

Then we have

i=n _a b
i SO0y = [ gy

n

and

1=n _a b
tim > O (e = [ 1@l

n—00 4 n
i=1
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Since

we get

/abf(ac)dw < /ab|f(x)|dx.

Solution 7.7

Indeed assume that f(x) is Riemann integrable. Then for any £ > 0, there exists a partition P
such that U(P, f) — L(P, f) < €. Define the two step functions U(z) and V (z) by

U(x) =sup{f(z);z € I} and V(z) =inf{f(z);z € I},

for x € I, where I is any interval of the partition P. Then we have V(z) < f(z) < U(z), for any
x € [a,b], by definition of these two step functions. And since

b b
/a U(x)de =U(P, f) and /a V(z)dx = L(P, f),
we get .
/a (U(ac) - V(x))dx <e.

Now assume the converse is true, i.e., for each € > 0, there exist two step functions U and V on
[a,b] such that V(z) < f(z) < U(x) and

/ab (U(m) - V(;v))dar <e.

Let us prove that f(x) is Riemann integrable. Since V(z) < f(x) < U(x), we easily get

b b
UP.f) < / U(z)de and / V(e)de < L(P, f) .
Hence U(P, f) — L(P, f) < e, which implies the desired conclusion.

Solution 7.8

Since g is continuous on the compact interval [a, b], we know m = inf(g([a,b])) and
M = sup(g([a,b])) exists as finite real numbers and that there are points x1, z2 in [a, b]
such that g(z1) = m and g(x2) = M. Since

m<g(z) <M and f(z) >0,

we have
mf(x) < f(z)g(x) < M f(x) for all z € [a,b].

Then assuming f and f - g are integrable on [a, b] we have

m / ' flayde < / ' fa)g(e)de < M / ' flayde.
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b
Next observe that the function h(t) =t / f(z)dx depends continuously on ¢ where t € [m, M],
a

furthermore / f(z)g(z)dz is in [h(m), h(M)]. By the intermediate value theorem there is a number

b
to € [m, M] with h(ty) = / f(z)g(x)dz. Since g is continuous between ;1 and zy and ¢y €

a
[m, M] = [g(x1), g(x2)] a second application of the intermediate value theorem to g this time yields
g(x0) = to, therefore

/f x)dx = h(tp) —to/f dw-gzo/f

as claimed. The assumption that the product of f - g is integrable on [a,b] follows from the fact
that if f : [a,b] — R is integrable and ¢ : [a,b] — R is continuous, then the product f-g : [a,b] = R
is also integrable on [a, b].

Solution 7.9
1

Let us find the limit at (i). Consider the function f(z) = T2 Then we have
x

,}LH;OZ L (5) = [ s

But

which implies
k=n

1 1
nh—>ooz4712+k2 /f dz_frCtan(Q)'

Next let us find the limit at (ii). Using the hint we get

i 71 n 3<au1rctan i < i
n2+k2 3\n24+k2) — n24+k2) - n24+k2°

As for the previous limit (in (i)), one will easily show

h=n n L |
nh—>n;o;n2+k2 :/0 1+x2d$:

I3

W~

On the other hand, we have

which implies
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The Squeeze Theorem will then imply

k=n

. n s
Jim, ) arctan (#5e) =1

tan(x)

For the last limit, i.e., in (iii), consider the function f(z) = . Then we have

=g kT k= o km
—t = .
;k an(4n+4> ;4n+4f<4n+4>

Using the Riemann sums, we get

k=n
m
i
nL%;4n+4 <4n+4) /f

s
k=n
) 1 km 4 tan(z)
nhﬂnolog ktan(4 +4) /0 . ——=dx

Note that the function f(x), extended at @ = 0 by setting f(0) = 1, is continuous on [0, a], where
tan(z)
x

or

w/4
a > 0 is any number. Hence / dx exists in R.
0

Solution 7.10

Using the hint, we get

Sr(5) o f s =S () S [ o
S5 (5) o [ oS [ (5(5) g0

1

which yields

Since f(z) is C*, the Mean Value Theorem implies

[ ) [ r -

for any k =1,2,...,n. Because f’(z) is continuous on [0, 1], it is bounded. Set

(k- 1)

n

ngE} and Mk:sup{f'(x); (k=1) SﬂCSE} .
n n n

my, = inf {f’(l‘);

Hence we have

k/n k k/n k k/n k
/ mk(——x>daz§/ <f<f>—f(1‘)>dx§/ Mk<f—1‘)d1‘,
(k—1)/n n (k—1)/n n (k—1)/n n
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k/n k 1
forall k=1,2,...,n. Sincc/ <f—x> dz = —, we get
(k=1)/n \ T 2n
k=n k=n k/n k=n
55 < =) fl))dz <
e PGS ANIANG ; 2n?
So k k k
=n =N 1 =N
ey (5) 0 [ o< 5
= =\ 0 =1 °"
Since . i
=N =N
k My,
Tomd 3 7F
k=1 k=1

are the upper and lower Riemann sums associated to the function f’(x) and the partition P =
{k/n; k=1,2,...,n} of [0,1], we get

k=n my 1 k=n M, 1
. o / o _ . Tk / _ _
fim 370 | s = 1) = 0. and i > | r@as = s - 1.
The Squeeze Theorem will then force the equality
S(1) - f(0)
,}E&Zf( ) [ sagie = T
Solution 7.11

The proof will follow the same ideas as the ones developed in the previous problem. Indeed, we
know from Taylor’s formula that

F) = @) + F @) -2+ Ly - a2

for any x,y € [0,1] for some 6 between x and y. If we use the same hint as in the previous problem,

1) (Z/k/?)/nf s 7%f (2k2n1)) 7
o e () = (S (o () o)

Using Taylor’s formula, we get

2%k -1\  ,, (2k—1 2k —1\  f"(6r(z)) 2k — 12
f(x)ff( om )_f( om )(”Ci o >+ 2 (’”7 o >
kfno 9k —1 2k — 1
/(k—l)/nf< 2n ><$7 2n )da::O,

1 = ok
n? [ flxyde —nd f (
Jy flren

or

Since
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we get

2 k/n f// )) <z_2k_1)2 .
) Z/ ~1)/n 2n de .

k-1 < E} and My = sup{f"(f);

n n

1\ 2 1" _ 1\ 2 —1\2
mg $72k 1 Sf (Or(x)) x72k 1 S% x72k 1 ’
2 2n 2 2n 2 2n

for any x € [(k —1)/n,k/n]. Since

/k’/n 2%k-1 2d 1
(k=1)/n v 2n v 12n3 '

1 = o -
n? [ flxyde —nd f (
Jy st

As we did in the previous problem, set

my, = inf {f”(l‘);

Hence

we get
k=n k/n // 2 k=n
My _ 5 / 1"(6u()) ( 2k — 1) M,
—_ § T — dz < —_—
Hence
k=n k=n
my M,
ZTS /f dx—an( )< T
k=1 k=1
Since

k= k=
2 mpg 2 A{k
— and E —
n

k=1

are the upper and lower Riemann sums associated to the function f”(z) and the partition P =
{k/n; k=1,2,...,n} of [0,1], we get

k=1

lim kf@ = /1 f"(@)dx = /(1) — f/(0), and  lim kff% = /1 f'(x)dz = f(1) — f(0).
The Squeeze Theorem will then force the equality
1 k=n / /
. 2k—1\ _ f'(1) = f'(0)
2 — =
nlgrQlQn /0 f(z)dx n;f < o ) 54 .

Solution 7.12

Set f(z) = %—H Then

n

1 2k —1
= Zznmkq Zf( )
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Since f(z) is continuous on [0, 1], we recognize a Riemann sum which implies

1
lim z, = / f(z)dz =1n(2) .
n—0o0 0

n?(In(2) — z, 7n/f dxfn2f<2k71)7

the previous problem implies

Since

/1 _ /0 1
Jim n2(n(2) — ) = LSO

Solution 7.13

For (i), intuitively since 2" goes to 0 almost everywhere on [0, 1], then maybe the limit of the
integrals is the integral of the constant function 0, which is 0. Let us try to prove it. Fix 6 € (0, 1).

Then we have . s .
/ w dx’:/ de+/ x dx
o 1+z o 1+=x Js 1+

Since
L ) 5
0§/ dxg/x”dxgén/ de = 6",
0o 1+ 0 0
we obtain
9 n
lim dr=20.
n—o0 Jo x

So fix e € (0,1). Set 6 =1 — g, then ¢ € (0,1). Using the result stated above, there exists ng > 1
such that

d n
0§/ v dl’<£,
0 1+J/‘ 2

for any n > ng. On the other hand, we have
1 n
0< / °
- F) 1 +x

1 "
OS/ dr <e,
0 1+13

whenever n > ng, which proves the intuitive statement

1 €
dmg/d:czlfézf.
5 2

This obviously will imply

1 n

lim dr =0.
n—0o00 0 €T

For (ii), note that
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This will obviously imply
1

lim nz(l — z?)"de = = .
n—oo Jq 2

For (iii), we use the integration-by-parts technique to get

9 . 2 2
/ sin(nx) dr — [7cos(n:1:)] +/ cos(nx)dx.
1 x ne |, J1 nx

Hence
/2 Sin(n()j)dx _ cos(n)  cos(2n) N 1 /2 COS(nx)dx
1 T n 2n n Ji T
Since cos(n) < 17 cos(2n) < i, and
n n 2n 2n
2 2 2
/ Mdm‘ S/ cos(n) dxg/ Lz =),
1 T 1 T 1 X
we have

2 o .
lim/ Sln(7nl)dm=0.
1

n—0oo xT

Solution 7.14

Let us use the substitution v = 7 — x. Then we have

T 0 T
/ e @) dy = / —(m— u)esm(w*u)du = / (m— u)esm(u)du ,
0 ™ 0

/7T 28 @) dy = /Tr S gy, — /7T ues™ W dy, .
0 0 0
T . m .
/ ‘resm(z)dm _ / uesm(u)du 7
0 0

™ T
/ zesn@ gy = T / S gy
0 2 Jo

which implies
Since

we get

Solution 7.15

Since f(z) is continuous on [a, b], it is bounded. Set
m = inf{f(z); x € [a,b]} and M = sup{f(z); « € [a,b]} .

Then it is easy to obtain m(b—a) < [ab f(z)dz < M(b— a), which implies

- 1
m
“b—a

/abf(x)dISM.
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The Intermediate Value Theorem for continuous functions on closed intervals implies the existence

of ¢ € [a,b] such that
1 b
[ s = £,

If we fail continuity, then the conclusion does not hold. Indeed, consider

1 0<z2z<1,
f(x)’{o l<z<2.

bia/abf(x)dm_

Then

But f(z) # 1/2 for all z € [0, 2].

Solution 7.16

Assume ¢ is differentiable and u = g(z) and G(u / fly)dy. Set

F(z) = Glg(z)) = /0 " fy)dy

Since f is continuous by the Fundamental Theorem of Calculus we have

du ~ du / fly ().
Using the Chain Rule we obtain

Fl(z) = G'(g(x)) - d'(z) = fl9(2)) - g ().
3

In our problem g(z) = 23, so ¢/(x) = 322, and F'(z) = f(2?) - 32? as claimed.

Solution 7.17

Easy calculations give
r 0<x<1,
F(m)_{ 1 l<z<2.

It is clear that F'(x) is continuous and differentiable except at 1, i.e., F'(1) does not exist. Note
that we have F'(z) = f(x), for x € (0,2) with = # 1.

Solution 7.18

For any a,b € R, and n > 1, we have

/ ’ sin(ne)de = {COSW)K S

n n n
So ,
b
lim sin(nz)dx = lim (cos(na) — cos(n )> =0.
n—oo J, n—00 n n
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Since this conclusion is true for any a,b € R, the linearity of the integral will imply

lim S( )sin(nx)dx = 0

n—oo

for any step function S(x). In order to get a similar conclusion for Riemann functions, we use the
fact that for any Riemann integrable function f(z) and for any & > 0, there exists a step function

L(z) such that L(z) < f(z) and /ab (f(x) — L(x))dx < e. Since
<[

x)sin(na) — L(x) sin(na)dx

/ab (f(z:) sin(nx) — L(x) sin(nx))dm

f(z)sin(nz) — L(z) sin(nz)|dz

/f x)de <e.

It is clear then that the above conclusion also holds for Riemann integrable functions, i.e., for any
Riemann integrable function f(x), we have

we get

b
lim f(z)sin(nz)dx =0 .
n—00 a

A similar proof will also imply
b
lim f(z)cos(nz)dx =0,

n—oo a

for any Riemann integrable function f(z). In order to finish the last question, note the following
trigonometric identity 2sin?(nx) = 1 — cos(2nx), which implies

/f ) sin mrdf—/f l—cosan /f drff/f ) cos(2nx)dx

The previous conclusions will then imply

b b
lim f( )sin?(nz)dx = %/ flz)dz .

n—oo

Solution 7.19

Assume not, i.e., f(zg) # 0. Then we have f2(zg) > 0. Since f2(z) is also continuous at zg, then

2
there exists § > 0 such that for any = € (29 — 6,0 + ) C (a,b), we have f*(z) > w Since

$0+(5
[ s
zo—

/:o+5 f2(2 )d </xato+<5f2(x)dm7

0—9 0—9

and
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we get

zo+d £2 z b
5f2(z0) :/ Mdm S/ fA(z)dz .

s 2

This obviously contradicts our assumption f; f?(x)dx = 0. From this conclusion, we conclude that
the set {z € [a,b]; f(x) # 0} is a subset of all discontinuous points of f(x). Since f(z) is Riemann
integrable, this set must be negligible or have measure 0.

Solution 7.20

a) Note the inequality

1 1
— <,
V1i+ad T Vad

1 <1
for any z > 1. Since /1 \/?dx = /1 de is convergent (because 3/2 > 1), the basic
o0

comparison test will force dx to be convergent.

1
1 V1+ad

b) We use the integration by parts to get

/1-A sinx(x) e — {_ cosm(a:)]‘: - /1,4 co;gx) iz |

. {cos(m)r _ cos(1)

for any A > 1. Since

= 1
A—o0 T 1 cos(1)

1
<= and
T

os(x)

22

cos(z)

22

oo
¢
and the improper integral / dz is absolutely convergent (because
1

<1 sin(z) | . )
—dx is convergent), we conclude that ———=dx is convergent. Let us show that it
1

x? x

> |sin(x
is not absolutely convergent. Indeed assume not, then / L dx is convergent. Since
1 X
°° | sin(x 2 DT | gin (2
/ (z) dr = Z / (2) dx,
1 €z nm €z

n=1

we conclude that the series on the left side is convergent. But

/WW sina) | /ﬂ |sin(z +nm)| /ﬂ (=) sin(a)| /W sin(x)

n T 0 T+ nm 0 T +nm o T+nm

Since

/” sin(z) dz > /’r sin(x) d — 2 7
0 T+nm 0 T+nm (n+ )7

oo

the basic comparison test for positive series will then force the series Z ———— is conver-
— (n+ )7

gent. Contradiction.
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v
1+ 22 sin?(z)

T

————————dux is convergent.
1+ 22 sin®(z) 8

o0 o0
¢) Note that / dz is convergent if and only if /
0 1

Since
1 T T

— < <
2z = 1+a2? = 1+ 22sin’(z)

oo
1
for any =z > 1 and / —dx is divergent, the basic comparison test will then force
1

> x > x
—————5——dz to be divergent. Hence the improper integral ————5—dz is
/1 1+ 22 sin?(z) & prop & /0 1+ 22 sin?(z)
divergent.
Solution 7.21
14+« e .
Set f = ——. If @« > 1, then 1 < p < a. Since lim ————— = 0, for any 8 € R, there exists
2 e—o0 g In” ()
1 1
A > 0 such that for any x > A, we have T < 1 which implies ————— < —. Since the
P (x) oI (z) — ok
o o0 1
improper integral / —dx is convergent, the basic comparison test will force / ————dz to
" o zoIn’(z)
"
be convergent. If & < 1, then 1 > y > «. Since lim xi = o0, for any [ € R, there exists

a—o0 g In” (1)

i 1 1
A > 0 such that for any x > A, we have T > 1 which implies ————— > —. Since the
@I’ (x) zon®(z) — ok
1

o0 1 o0
improper integral / —dz is divergent, the basic comparison test will force / ————dz to
. ah 5 2@In® (2)

be divergent. Finally, assume a = 1. Then for any A > 2, we have

A In(4) |
[ [
o xlnf(2) m(z) 27

< 1 > 1

Since / —Bdm is convergent if and only if § > 1, / Tdm is convergent if and only if
In(2) & o xln’(z)

B> 1

Solution 7.22

t 00

Set F(t) = | f(x)dz. It is clear that the improper integral / f(z)dz converges if and only if

a a
hm F(t) exists. Assume that the improper integral converges. Then for any e > 0, there exists

A > 0 such that for any ¢ > A we have

ro- [
+|pe) - [ s

Assume the converse is true, i.e., for every € > 0 there exists A > a such that for any t1,t2 > A we
have

<<
5

Hence for any t1,ts > A, we have

F(ty) — F(ts) _' (t1) /f )dz| +

<E+E—e
2 2

- flz)dx| <e

t1
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o0
Let us prove that the improper integral / f(z)dx is convergent. Note that tlim F(t) exists if
—00

a
and only if for any sequence {t,} which goes to co, the sequence {F(t,)} is convergent. In R
convergence of sequences is equivalent to the Cauchy behavior. Hence tlim F(t) exists if and only
—

o0
if for any sequence {t,} which goes to oo, the sequence {F'(t,)} is Cauchy. Our assumption forces
this to be true. Indeed, let {t,} be a sequence which goes to 0. Let € > 0. Then there exists A > 0
such that for any ¢1,t9 > A we have

‘F(tl) - F(tg)‘ _[ " Fla)da

t1

<e.

Since {t,} goes to oo, there exists ng > 1 such that for any n > ng we have ¢, > A. So for any
n,m > ng, we have

tm

]F(tn)—F(tm)(: [ @y

<e,

which translates into {F'(t,)} being a Cauchy sequence.

Solution 7.23

Let us use the Cauchy criteria proved in the previous problem to prove our claim. Let € > 0. Since
o0

g(x) is bounded, there exists M > 0 such that |g(x)| < M for all = € [a,00). Since / f(z)dz is
convergent, there exists A > 0 such that for any t1,%2 > A we have ‘

to
f(z)dx

<=
tl QM.

By the Second Mean Value Theorem for integrals, and for any ¢1,%5 > A, there exists ¢ between ¢1
and to such that

 F@)g()dz = g(tr) : @)z + g(ts) [ f()da

t1 c

Hence " . "
t f(@)g(x)dz| <|g(t1)] t f(z)dz| +1g(t2)]| flz)dz| .
But
" ) € and |7 pya c
tlf(;r)x<man cf($)as<m,

which forces the inequality

to

f(@)g(x)dz

£ &
— g(t = g(t
; <2M\g( 1)|+2M\9( 2)| <e

to be true.
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Solution 7.24

The lower integral of any function is well defined provided the function is bounded. Therefore for
any bounded function f(z), and by definition of the lower integral, for any € > 0, there exists a
step function L(x) < f(z) such that

/ab(f(a:) - L(:r))d:z; < % .

Also note the existence of a continuous function ¢(z) < L(z) such that

/ab (L(r) — c(x))dx < g .

Putting all this together, we conclude that for any bounded function f(x), and for any € > 0, there
exists a continuous function ¢(z) < f(x) such that

/ab(f(x) — c(x))da: <e.

Note that if f(z) > 0, then the construction of ¢(x) will be done to have ¢(z) > 0 as well. Back to
our claim. Let € > 0. Then there exists a positive continuous function ¢;(z) < f1(z) such that

/ab(fl(:c) - cl(ac))dw < ? .

Since min(c (), fo(z)) is bounded and positive, there exists a positive continuous function ca(x) <
min(¢p (), fo(x)) such that

/a b(min(cl(x)7 falz)) — cQ(x)>dx < %

Since fa(z) — c2(x) < fo(x) — min(ei (), fo(x)) + min(e1(z), fo(x)) — c2(2), and fo(z) < fi(z), we
get

/ab(fz(z) — cz(m))dac < /ab<f1(m) — cl(a:))dm + /ab<min(cl(m),f2(m)) — CQ(I))dI < = —|— h

By the induction argument, a similar construction will lead to the existence of a decreasing sequence
of positive continuous functions {¢,(z)} such that ¢,(z) < f,(z) and

/‘Lb(fn(x) eal®))dz < o+ bt g < 5

Since {fn(x)} converges pointwise to 0 on [a, b] this will force the sequence {c,(x)} to also converge
pointwise to 0 on [a,b]. Dini’s theorem will imply that {c,(z)} converges uniformly to 0 on [a, b].

So there exists ng > 1 such that for any n > ng we have ¢, () for any = € [a,b]. Hence

€
)

/fn dm</ (fue )—cn(x))dx+/abcn(x)dm<;+2(b5_a)(b—a)_g
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whenever n > ng. This finishes the proof of our claim.

Solution 7.25

Since f(z) is Riemann integrable, {f,(z) — f(x)} is a sequence of Riemann integrable functions
which decreases to 0. Obviously they are all bounded functions. The Luxemburg Monotone Con-
vergence Theorem will imply

n—oo

lim ab(fn(x) - f(;r))dac ~0.

But /ab(fn(:r)—f(m))dx_ /ab (Fu(e) — £(a) ), hence

b

lim [ (fal@) = f(@))de =0,

n—oo

which implies
b

b
lim fn(2) :/ f(z)dz .

n—0o0 a

Solution 7.26

Set ﬁL(m) = |fu(z) — f(z)|. Our assumptions imply that {fn(a:)} converges to 0 pointwise. Set
hn(z) = sup fi(x). Clearly {hy,(z)} also converges pointwise to 0 on [a,b]. But these functions are
k>n

not necess_arily Riemann integrable. But they are bounded. The Luxemburg Monotone Convergence
Theorem will force the conclusion

b
lim hp(x)dx =0.

n—oo a

Since 0 < fn(x) < hp(x), we get

lim /abﬁl(x)dx =0.

n—oo

But fn are Riemann integrable which implies

b
lim [ fu(2)dz=0.

n—o0 a

b
Since §/ fn(z)dx, we get
a

[ (o)~ s@))e

b

lim [ (fal@) = f(@))de =0,

n—oo a

or

lim /ab fulx)de = /ab f(x)dx.

n—0o0
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Solution 7.27

b
If hm mf / fn(z)dx = oo, then the conclusion is obvious. Assume that hrn lnf fn )dx < oo.

Then there exists a subsequence {f,, } of {f,} such that

b
n;{lgloo/ fre (T dr-hgggf/ fu(x)dzx

Clearly the subsequence {fy,} also converges pointwise to f(x). Set hy,(z) = ir;f S (). Then
N 2N

{hn, (z)} also converges pointwise to f(z) and is increasing. It is easy to see that this sequence is
bounded. The Luxemburg Monotone Convergence Theorem applied to {f(x) — hy, (z)} will easily
imply that

b b
lim [ hy, (z)dz= / f(z)dx
n—oo Jo a

Since hy, (z) < f,(x), we get

/f )dx < hm / fop (2 dx—hmmf/ fu(z

Solution 7.28

a) If T were a contraction, then there exist 0 < A < 1 such that
[Tf=Tgll<X[f-gll YfgeC[01.

Taking f(t) =1, g(¢t) =0 in C0, 1], we have

HTf—TgH:supl/ dt—/ 0dt| = sup |o] =1,
0 0 0<z<1

If=gl= sup [1-0]=1
0<x<1

and hence we will have 1 < X -1 which is a contraction since A < 1. Therefore T" is not a
contraction.

b) Consider f(x) =0, then T'f = f, therefore we have the existence of the fixed point. To show
the uniqueness of the fixed point, assume not, suppose we have another fixed point say h such

that Th = h or equivalently
/ h(t) dt = h(z).
0

dh
From the Fundamental Theorem of Calculus we have i h(z), and the solution to this
x
differential equation is h(z) = Ce®. Since h(0) = 0, we have C' = 0 and therefore h(z) =0 =
f(z).
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T°f(x) = T(Tf(x / (/f )
/Ox </Ot (f(s)*g(S))ds) dt‘ Soi‘i‘;l/ </ | f(s) |ds> .

T
I
172 =22 < S =gl s [Crar= s =g s T=5 0ol
_x_

¢) First observe that

and

| T?f=T?g ||= sup
0<z<1

We showed:
| T2f - T29H< I f=gll

and hence T2 is a contraction.

Solution 7.29

First observe that the given initial value problem

dy

— = 3zy, 0)=1
dx zy, y(0)

can be written as

flz) = 1+/Ox3sf(s)ds

d
since f(0) = 1 and d—y = 3z f(z) by the fundamental theorem of calculus. Using the Picard iteration
x
form the following sequence:

jb(x):: 1 .
Fi@) = T(o(@) =1 +/ Ss-1ds =1+ (3/2)s2)% = 1+ (3/2)a

0

T 2 4 2
folx) =T(fi(2)) =1 +/0 3s - <1 + 252> ds =1+ 3% + (3/2)%|§ =1+ (;#) + <;1‘2> %

It is clear that we have

fa(@) = T(fao1(z)) =1+ <gx2) + <§x2>2 % I Gﬁ)n% _\ (%f:j)".

But this sequence f,(z) converges to f(x) = 3.

Solution 7.30

Given the initial value problem is f'(z) = 1+ z — f(z) for —1/2 <z < 1/2 under f(0) = 1. So we
have the integral equation

T $2 x
f(z)=1+/0 (1+t—f(t))dt:1+m+?—/0 f(t)dt
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So define T': C[—3,3] — C[-1, 3] by

2 T
Ti@=1+a+% 7/0 )t

Tf(x) - To(a wﬂ/f —qu‘/v ~ o)t

<|f - w@4m<7w dlloo-

This estimate is independent of x € [-1/2,1/2], so we have ||T'f —Tglloo < 1/2]|f — gl/00-

2 T 1
fl(;v):Tfo(;zr):l—Fx—F%—/ 1dt:1—|—§;172.
0

z? - 1, P
fole)=Tfi(z) =142+ — — 1+ =t*|dt =1+ —a* — —z”.
2 J 2 27 6

fa(x) =Tf(x) =1+ Lz /I 14202 - L3 )t =1+ 4 g
s\ =) =trew ) 2" 6" 2$ 6" Tt

It is easy to show by induction that

1 1 1
fn()—1+§x —gz?)—i-—x—am—i- +(n+1)!

Clearly this sequence converges to e™* + .

Solution 7.31

T sinat . . . . .
Let F(z) = / ; dt and notice that f(x,t) = sinzt is a continuous function on
0

[a,b] x [0,7]. Let 2o be a fixed z-value, then given ¢ > 0 choose § = E, then
T
\F(z) — F(xo)| :'/ sn;act dt—/ smtxot dt‘ S/ | sin xt — sin zot| &t
0 0 0

t
T |at — zot
</ ww:ﬂm—xdgwd:a,
0

thus |F(z) — F(x0)| < &, and F is continuous.

Solution 7.32

1. In order to prove the existence of such polynomials, we will need Euler’s formula, i.c., e =

cos(f) +isin(f). Indeed we have

e = cos(nb) + isin(nd) = (ew)n.
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But

(ew)" - zn: (Z) i* sin () cos™ ¥ (9).

k=0

So the real part of the two complex numbers must be equal which gives
cos(nb) = Z <27;€> (—1)F sin?*(9) cos" 2 (6).
0<2k<n

k

k
But sin?*(9) = (Sing(ﬁ)) = (1 - COS2(9)) , which implies

cos(nf) = Z (27;) (—1)k (1 — 0052(9))k cos" ().
0<2k<n

Set

Tu(z)= Y (;)(—1)’@(1—:&)%”—2’“.

0<2k<n

Then T, (cos(8)) = cos(nd). Clearly T, is a polynomial function with degree n.
2. We have the trigonometric identity
cos(n + 1)z + cos(n — 1)x = 2 cos(z) cos(nz).

Hence
Ty1(cos(z)) 4+ T—1(cos(z)) = 2 cos(x) Ty, (cos(x))

which implies T},+1 = 22T,, — T,,—1, for any n > 1.
3. In order to find the integrals

L T () T (2)
1 V1—22

we use the change of variable z = cos(t). Hence

/1 Tn(x)TM(x)dx _ /0 T (cos(t)) T (cos(t))
1 V1—22 p 1 — cos?(t)

Using the main property of the polynomial functions 7;,, we get

dx, n,m €N,

(—sin(t))dt = /07T T, (cos(t)) T (cos(t))dt.

! Tn(ﬁ)Tm(I)
1 V1—22

If n # m, we use the identity

d;r:/ cos(nt) cos(mt)dt.
0

cos(nt) cos(mt) = % (cos(n —m)t + cos(n + m)t),

to get

{sin(n —m)t _ sin(n + m)t} "o

g 1
/ cos(nt) cos(mt)dt = =
0 2 n—m n+m

0
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If n = m, then

1 2 T ™
Tn(x) / 2 1/ ™
dr = cos”(nt)dt = = 1+ cos(2nt) |dt = —,
/_'1 vl—x2 0 ( ) 2 0 ( ( )) 2
if n #0. If n =0, then




Chapter 8

Series

That fondness for science, ... that affability and condescension which God
shows to the learned, that promptitude with which he protects and supports
them in the elucidation of obscurities and in the removal of difficulties, has
encouraged me to compose a short work on calculating by al-jabr and al-
muqgabala, confining it to what is easiest and most useful in arithmetic.
[al-jabr means “restoring,” referring to the process of moving a subtracted
quantity to the other side of an equation; al-muqabala is “comparing” and
refers to subtracting equal quantities from both sides of an equation.]

Musa Al-Khwarizmi (about 790-about 840)

n

e Let (a) be a sequence of real numbers. We use the notation s, = Zak to denote the nth

k=0
[e o]
partial sum of the infinite series s = Z a. If the sequence of partial sums (s,) converges
k=0
o0
to a real number s, we say that the series Z ag is convergent and we write s = Zak . A
k k=0
series that is not convergent is called divergent.
o0 [e o]
e An infinite series Z ay, is said to converge absolutely if Z |ak| converges. If a series converges

k=0 k=0
absolutely, then it converges. Furthermore, an absolutely convergent series converges to the

same sum in whatever order the terms are taken.

159
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oo o0 o0
o If Zak converges but Z lag| diverges, then we say Zak converges conditionally. Any

k=0 k=0 k=0
conditionally convergent series can be rearranged to obtain a series which converges to any

given sum or diverges to oo or —oo.

o0
e Ratio Test: Given a series Z aj with ay, # 0, if ay satisfies
k=1

lim ‘@

=r<l,
k—oo  ag

then the series converges absolutely.

[e o]
e Root Test: Let Z ay, be a series and
k=1

a = lim V/]agl.
k—o0

Then the following hold:

o0
a) Z ay, converges absolutely if a < 1.
k=1

b) Zak diverges if a > 1.

k=1
o0
For o« = 1 both convergence and divergence of Z ay, are possible.
k=1

o0

e Cauchy Criterion for Series: The series Zak converges if and only if given ¢ > 0, there
k=1
exists N € N such that whenever n > m > N it follows that
|am+1 + amyo + -+ Cln,| < E.
e Comparison Test: Assume (ay) and (by) are sequences satisfying 0 < a, < by, for all k € N.
o0 [e o]
a) If Zbk converges, then Z aj, converges.
k=1 k=1

o0 o0
b) If Z aj, diverges, then Z by, diverges.
k=1 k=1

e Geometric Series: A series is called geometric if it is of the form

o0
Zark:a+ar+ar2+ar3---
k=1

and

> a
>t -

1—r
k=1

if and only if |r| < 1. In case r = 1 and a # 0, the series diverges.
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e Alternating Series Test: Let (a,) be a sequence satisfying

a) ay > az > a3 > -+ > Ay > Apgr > - and
b) (an) — 0.

o0
Then the alternating series Z(—l)”“an converges.

n=1
o0 [ee]
o Let Z ap be a series. A rearrangement is the series Zag<k) where o is a permutation of
k=1 k=1
o
{1,2,3, ...}. The summands of the rearrangement Zag(k) are the same as those of the

k=1
original series, but they occur in different order. If o is a permutation of N with o(k) = k

oo o0
for almost all £ € N, then Z ap and Z g (1) have the same convergence behavior, and their
k=1 k=1
values are equal if the series converge. For a permutation (k) # k for infinitely many & € N,
this may not be true.

o0
o If Zak converges absolutely, then any rearrangement of this series converges to the same

k=1
limit.

oo
Problem 8.1 Prove that if the series Z ay, converges, then {ay} is a null sequence.
k=1

Problem 8.2 Find the infinite series and its sum if the sequence {s,} of partial sums is given

by
{5,

oo
1
Problem 8.3 Show that the Euler’s series Z 72 converges. Find the sum of the series.
k=1

o0
1
Problem 8.4 Show that the harmonic series Z T diverges.
k=1
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oo
Problem 8.5 Discuss the convergence of the series Z

L
- nln?(n)

depending on p > 0. These

series are known as the Bertrand series.

Problem 8.6 Find the sum of the series
o0
1
) =
= k*+k
kk‘+1
> In <7(k+1 )

Pt k(k+1)

Mg

2k —1)2
k:l

Problem 8.7 Suppose that >, is a series of positive terms which is convergent. Show that

1
Z — is divergent. What about the converse?

Tn

Problem 8.8 Suppose that > x,, is a series of positive terms which is convergent. Show that

E xi and E /TnTnt1 are convergent.

Problem 8.9 Suppose that >, is a series of positive terms which is convergent. Show that

V xn .
E —— 1s convergent.
n

. (_1)’” (_1)7L
Problem 8.10 Show that the series Z _
V4 (=1)n vn

Deduce from this that the limit convergence test does not work for nonpositive series.

is divergent while Z

is convergent.

Problem 8.11 Discuss the convergence or divergence of > x,, where
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Problem 8.12 Let {z,} and {e,} be two sequences of real numbers such that

‘Sn|:‘.’1)1+"'+$n‘§hﬂ 77‘:17"';
2. lim g, = 0;

n—oo

3. the series Y |en+1 — €y is convergent.

Then the series Y €,xy, is convergent. This conclusion is known as Abel’s test or Abel’s theorem.

1. the sequence of partial sums {s,} of > x, is bounded, i.e., there exists M > 0 such that

Problem 8.13 Show that for any n > 1, we have

1

n(n!)

Use these inequalities to discuss the convergence or divergence of

Z sin(mwen!).

n>1

Problem 8.14 Consider the sequence

(="

:pn+1

Tn

where p > 0. Show that Y 2, is convergent and its sum is

e [
= Jo 1+t
In particular, show

oo o (o)
(=" (" _m (-p" 1 m
—In2, =T and —_(m@)+ =
Z / n2, nZ:OQnJrl 1 A ;3n+1 3 n(2) +

2l

Problem 8.15 Show that the series

cos(nf sin(nf
277(1 ) and 272 )

n>1 n>1

are convergent, where 0 < 0 < 2.
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Problem 8.16 (Dirichlet’s Rearrangement Theorem) Let Yz, be an absolutely conver-
gent series, with » ", x, = s, and let )"y, be any rearrangement of > z,. Show that >y,
converges, and > o7 | Yy, = S.

Problem 8.17 Given two series Yz, and > yp, define z, = >} ZkYn—k. Suppose that Y z,
and Yy, are absolutely convergent. Show that Y z, is absolutely convergent, and

S = 0> o

Problem 8.18 Consider the positive series Yz, and Y y,, with z,, > 0 and y,, > 0. Assume

that there exists N > 1 such that
Tn+1 < Yn+1

Tn Yn

for n > N. Show that if ) x,, is divergent, then >y, is divergent as well.

Problem 8.19 Consider the positive series Yz, with 2, > 0. Assume that there exists N > 1
and p > 1 is a real number such that
n (1 _ M) >p
Tn

for any n > N. Show that Y z,, is convergent.

Problem 8.20 Consider the positive series > x,, with z,, > 0. Assume that there exists N > 1
such that
n (1 - M) <1
T

for any n > N. Show that Y z,, is divergent.

Problem 8.21 Consider the positive series Y x,, with x,, > 0. Show that

(a) if lim n (1 — M) > 1, then Y z, is convergent;

n—00 Tn

(b) and if lim n (1 — @> < 1, then Y z,, is divergent.

n—o00 Tn

Show that we do not have any conclusion when

lim n(l—M> =1.
n—00 Ty
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q > 1 such that the sequence

{nq(l_M_B>}
Tn n

(a) if p <1, then Y z, is divergent;

is bounded. Show that

(b) and if p > 1, then Y x,, is convergent.

This is known as Raabe-Duhamel’s rule.

Problem 8.22 Consider the positive series Y x,, with x,, > 0 such that there exist p > 0 and

Problem 8.23 Discuss the convergence or divergence of > x,, where

1-3---(2n—1)

T T4 (2n)
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Solutions

Solution 8.1

Let Z ay, be a convergent series, then the sequence {s,} of partial sums is convergent and hence
(sn) is a Cauchy sequence. Thus for each € > 0, there exists an N € N such that

[sn, — sm| < e for all n,m > N.
In particular,
n+1 n
[Sn+1 — sn| = Zak - Zak =la,| <e forall n>N,
k=0 k=0

that is, {a,} is a null sequence. Note also that if {s,} is convergent, then {s,1} is also convergent
and converges to the same limit. Hence {s,4+1 — s, } converges to 0, i.e., {a,,} converges to 0.

Solution 8.2

Note that s1 = a3 =2 and

B k41 ko (k+1)(k—1)—k -1
M= Sk 7 Sk = - k—1) ke b

therefore the series is
o0
= k: k +1)

and the sum of the series is

1
s= lim s, = lim nt =1.

n—00 n—oo N

Solution 8.3

Because the terms in the sum are all positive, the sequence of partial sums given by

IRUE I ST
S, = — — _
" 49 n?
is increasing. To find an upper bound for s,, observe
T4 e o g —
P— e
" 2:2  3-3 n-n
- 1 1 + 1
T 3 n-(n—1)
B N (1
B n—1 n
—141-1
n

< 2.
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Thus 2 is an upper bound for the sequence of partial sums, so by the Monotone Convergence
oo

1
Theorem, Z 72 converges to a limit less than 2.
k=1
=1 2
Next, we claim that ;ﬁ =5
evaluating the double integral

This can be shown by using the well-known clever trick of

1 1 1
I:/ / dxdy
0o Jo 1—zy

and we evaluate I in two different ways. First notice

[ee]

=) (zy),
=0

1
1—ay

therefore

oo

1,1
I = / / (wy)kdxdy
0o Jo 1=
SRS B |
= Z/ /(wy)kdxdy
k=070 0
o0 1

- 2 () (f o)

k=0

The second way to evaluate I comes from a change of variables. Let

u=¥ and v = 5

or equivalently
r=u—uv and Yy =u-+0.
Given this transformation,
1 1
T—ay 11— (u2+02?)

and using the change of variables formula we obtain

1://f(x,y)dmy://f(x(u,v),y(u,v))‘j&i; dudv

where
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Since the function to be integrated and the domain in the uv-plane are symmetric with respect to
the u-axis, we can split the integral into two parts as such,

1/2 u 1 1—u
4/1 </ ——i}—ﬁ>du+4/ (/ 4—i;—3)mt
0 0 1—u+v 1/2 0 1—wu+wv

v ! arcta ( Y )d —&—4/1 ! arcta < 1 —u >d
——— arctan | —— | du ——— arctan | — | du.
0o V1I—u? V1 —u? 12 V1—u? V1 —u?

Now, observe that if we set

1

= 4

1—
k(u) = arctan < and h(u) = arctan <7u> ,

then we obtain the derivatives

, 1 , 1 1—-u
= W)= —=—
F = ==

This yields
"1/2 1
I = 4 /O () () + 4 /1 R
= 2 (k(w)?]y”* 4 ()2},
= 2(k(1/2))* = 2(k(0))* — —4(h(1))* + 4(h(1/2))?

-2 oo )

-G

Again we have an increasing sequence of partial sums
1 1 1
Sk:1+§+§+"'+%~
Notice that

I L S TR (L B
MTAT T3y 2o \17T1) ™~

A similar calculation yields

1
88>2§,
therefore, in general we have
1 1 1 1 1 1 1
Sgp = 1*5*(5*1)*(5*”5)*"'*(2#1+ Q—k)
T ) P UL ORY ER
2 4 4 8 8 2k 2k
: )
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which demonstrates that {sqr} is unbounded. Despite the slow pace, the sequence of partial sums
o0

1
for Z T eventually surpasses every positive real number. The harmonic series diverges.
k=1

Solution 8.5

Assume p > 0. Otherwise we have the harmonic series which is divergent. The function f(z) =

o0
1
is decreasing on [2,00). Then the integral test implies that Z ——— is convergent iff
xInP(z) —n In”(n)
f;o f(x)dx is convergent. But this integral is the Bertrand improper integral. Using Problem 7.21,
1
we know that f2 x)dz is convergent iff p > 1. Hence Z 7() is convergent iff p > 1. In
n
S|
particular, the series Z ——— is divergent.
nln(n)
n=2
Solution 8.6
a) Notice that
I 1 1 -1

R+t k(k+1) kE k41

Therefore, the nth partial sum

B >+"'+<%’ni1>

Il

—=
—
\

[NSRE

N = S——
+

N = —

The limit of the sequence of partial sums is

. . 1
nh_}rr;o Sp = lim (1 - ﬁ) 1
so the series converges with sum 1.

b) Using the properties of logarithms, we see that

kk+1
(’Hl ) X (k+1)Ink — kln(k + 1)
k(k+1) k(k+1)

k=1
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and therefore

“Ink In(k+1)
AP ey T

Inl In2 In2 In3 Inn  In(n+1)
= Cr‘7)+07‘33+ +Qﬁ‘7ﬁT)

In(n+1)

o1

which implies
n—o0 n+1

lim s, = lim <7M) =0.

¢) We utilize the proof of Problem 8.3 to claim that

2

> 1

Next we observe that

1 1
52"_Zk2 :Z @R T 2R

k=1
We now take the limit of so, and find that
I 1 - 1
li = [
oo VB T g ; @rE t kz_l 2k — 1)

Therefore, it is the case that

Solution 8.7

Note that if a series Y x,, is convergent, then we must have lim 2, = 0. Obviously this will imply
n—oo
1 1
that {—} is divergent. Hence Z — is divergent. For the converse, take x,, = \/n, then both
T T

1
> @y, and Z —_are divergent. So the converse is false.
n

Solution 8.8

Since the series Yz, is convergent, we must have lim x,, = 0. So there exists N > 1 such
n—oo

that =, < 1, for n > N. Hence x?L < x, for n > N. Since Z Ty is convergent, Z 76,21 is also
n>N n>N
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convergent, which implies Z :rfl is convergent. For the series Y \/TnZn 11 use the algebraic identity

n>1
Vap< 218

for any « and (3 positive numbers, to get

Ty + Tn+1

VInTn+1 < B

for n > 1. Since the series >z, and > x4 are convergent, we conclude that Z VTnTni is also
convergent.

Solution 8.9

2 2
.. a” +
Indeed, we know that for any positive real numbers o and 3, we have aff < s

. So

1
V$”<in+ﬁ_$n
n - 2 2 2n2?

T 1
for n > 1. Since the series Z 7” and Z o2 are convergent, we conclude that the original series
n

Vn .
g 1s convergent.

n

Solution 8.10

It is well known from the alternating series test that the series Z

. =
focus on the series E ————. We have
v+ (=1)n

(="
Jn

is convergent. Let us

GV G VO W I, 1
Vit v fa Y V(v o) |
GV VL 1 1_ (e

+-= +==

VDT Ve ek COWR T (g (Cayeym)

Using the inequality ‘|a| - |b\‘ < |a — b| for any real numbers a and b, we get n? — ny/n <
|n? — (—=1)"n+/n|, for any n > 2. This will imply

(L 1 a

=
‘\/ﬁ—i—(—l)” vnoo on| T n?2-nyn
for any n > 2. Note that for any n > 4, we have 2y/n < n or /n < n — /n. Hence

G

‘(4W Vn
v+ (=D)r o Vi T nvn
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1
for any n > 4. Since the series Z — 5 1s convergent, from the basic comparison theorem we get that
S| v COMMC Y

1
Vit (-"  vm o n R ) TRV R

is absolutely convergent which implies that it is also convergent. Since
e G VL S A G V O o VL
VAT T Ve \Ves (D7 Vi
_1)n
and the series Z ( \/7,3

is divergent. Because

is convergent. Hence the series E (

1 _1)n
is convergent while Z — is divergent, we can deduce that Z %
n -+ (—

(="
lim M: lim LZ lim ¥:1
n—o00 (—1)” n—o00 \/ﬁ—k (—1)” n—o00 (—1)"

Vn Vn

we conclude that the limit test is not valid for nonpositive series.

Solution 8.11

We have
@ P o0 AT
/ e ” dxg/ e Pdr=x,, n=1,...,
1 1

for any a > 1. Set &, = , for n > 2. Then we have

1
nln(n)
It+en n e n
/ efxdmg/ eV dr=x,, n=2,...-
1 1

no . .
" is decreasing on [0, 00), we have

Since e~
1 n 1+En n
epe”(ten)" < / e Pde<xp,m=2,...-
1

On the other hand, we have

lim (1+&,)" = lim e"M0Fen) = 0 — 1,
n—0o0 n—00

Since Y. &, is divergent, because it is a Bertrand series (see Problem 8.5), the series 3 g,e~(1+en)"
is also divergent because of the limit test and both series are positive. The basic comparison test
will force >z, to be divergent.

Solution 8.12

Indeed, let n > 2 and N > n. Then

N N N N
§ ERpTE = E ek(sk — sp—1) = ZEkSk - E EkSk—1-
k=n k=n k=n k=n
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But
N N-1
> eksi1= Y k15
k=n k=n—1
Hence
N N-1
Z ERTE = Z (ek — Ek+1)Sk + ENSN — EnSn—1-
k=n k=n

Let e > 0. Then since {&,} goes to 0 and {s,} is bounded, there exists ng > 2 such that for any
n, N > ng we have |eysy — ensn—1| < /2. Also since Y |ep41 — €] is convergent and {s,} is
bounded, the basic comparison test implies that Y [(€,41 — €n)8n| is also convergent. Therefore
there exists nq > 2 such that for any n, N > n; we have

N-1
g
> len — enrn)sil < 5

k=n

Let ng > max{ng,n1}. Then for any n, N > ny, we have

N

S e
k=n
The Cauchy criterion for series will imply that the series Y &,2, is convergent as claimed.

Solution 8.13

1. . . .
We know that E — s convergent and its sum is e, i.e.,
n!
neN

N-1

< Z |(ek — €k+1)8k| + [eNSN — ensn—1] <e.
k=n

1
I
= n!
This proves one side of the inequalities. Set

1
=14 = 4 )
* +2!Jr +n(n!)

Then clearly we have lim z, = e. Let u show that in fact {z,} is decreasing. Indeed we have
n—oo

1 n 1 1 1 1 n 1 1
X — Ty = — = — - )
T T G D+ ) e al\n+1 (n+12 n

Since
1 1 I nn+1l)+n—(n+1)* -1

n+1+(n+1)2_ﬁ_ n(n+1)2 T+ 1)

then x4+ — x, < 0, for n > 1. So {x,} is decreasing which implies e < x,,, for n > 1. Therefore
we have

1
I+—+-+—<e<l+

2l pses it

n(n!)’
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for n > 1. These inequalities will imply mz < nlre < mnm + 7/n, where

1
m:n!<1+ 5T +E>EN’

2!

Hence sin(n!me) = (—1)"sin(we,), where 0 < &, < 1/n, for n > 1. Note that (—1)" = (—1)"*L.
Indeed we have

1 1
=n! — . — ) = —
m—n.(1+2!+ —l—n!)—n(n Dk+n+1

where k € N. Since n(n — 1) is even, we get (—1)™ = (—1)"*!. Also note that

1 1 =1

—nl == ... =n! P
6n—n.<e 1 o1 n!)—n. E Tl
k=n+1

Let us prove that {e,} is decreasing. Indeed we have

Z"O \ Z"" 1 L Z"" 1 n!
k=n k=n-+1 k=n-+2

which implies

=1 1
—ep=nl ! E——
Entl = é&n =10 Z kl n+1) - (};}H k! (n+1)!>

k=n+2

On the other hand, we have

o0

1 1 1 1
(n+1)!k§+2@:n+2+ (n+2)(n+3) + (n+2)(n+3)(n +4) e

But
1 1 1 1
<

n+2)(n+3)---(n+k)  (m+k—1)mn+k) n+tk-1 n+k

which implies
[e o]
1 2
1)! —
(n+1) Kl =" n+2

k=n+2

for n > 1. Hence g,41 — g, < 0, for n > 1, i.e., {,} is a decreasing sequence of positive numbers.
And since g, < 1/n, we get lim e, = 0. Putting everything together and using the alternating
n—oo

series test we conclude that Z sin(mwen!) is convergent.

n>1
Solution 8.14

1
Since { n 1} is decreasing and goes to 0, the alternating series test implies that >z, is
pn

convergent, for any p > 0. Let us find its sum. Let N € N. Then we have

1 1— (_tp)N+1

N _1\n N 1 1 N
nz%p(nll 1= Z(—l)"/o P dt :/0 (Z(—l)"tpn)dt :/0 — o

n=0 n=0
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Hence
N

(71)n 1 1 1 tp(N+1) 1
> f/ ﬁg/j dt = ~
pnt+l Jo 1+t o 1+1P p(N+1)+1

n=0

If we let N — oo, we get the desired relation

> Loat
an: 14+tp
n=0 0

In particular, if we let p = 1, then we have

— (—1)" Yodt 1
D Tl A i [tnte + 1] = 1n2.

n=0

If we let p = 2, we get

o0
(-n" Vot B o7
Z n+1 Jy 1462 [arctan(t)]o T4

n=0

And finally if we let p = 3, we get

i (—1)™ 7/1 dt
3n+1 Jy 1413

n=0

To perform this integral we will make use of the partial decomposition technique to get

1 1/ 1 t—2 \ 1/ 1 1 20-1 3 1
T+ 3\1+t 2—t+1) 3\1+t 222—t+1 2(t—1/2)2+3/4
which implies

/ dt :%(mu4¢)—%m@?—r+n+x@ammn(%_l>)+C.

1+¢3 V3
Since |
dt 1 m
- =—In(2) + —
/01+t3 3( ()+\/§ ’
we get
o0
(=™ 1 T
=—(In(2)+ —
2 3113 n@)+ =
n=0
Solution 8.15

We will make use of Abel’s theorem (see Problem 8.12). Recall Euler’s formula
e = cos(0) + isin(6).

We have
N

S ind = o0 1- 61\_”9 _ i(N+1)0/28Im(N0/2)
1— e sin(0/2)

n=1

175
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for any N > n > 1. Note that we made use of e # 1. Hence

‘ Z inf| _

Since {1/n} decreases and goes to 0, then by Abel’s theorem, the series

cos(nd) sin(né)
Yo, and Y

n>1 n>1

sin(N6/2) 1
sin(6/2) ‘ - \sin(9/2)|.

are convergent.

Solution 8.16

CHAPTER 8. SERIES

Since Yy, is a rearrangement of Y x,, there is a bijection f : N — N such that y, = z f(ry; and

Ty = yffl(r)'

Let € > 0. Since Yz, is absolutely convergent, it follows from the General Principle of Con-

vergence that there exists N such that

n
1
n>m>N =— Z|xr|<§£.

r=m

In fact, if S is any finite subset of {r € N:r > N}, then

(8.1) > an| < %5.

res
Next, we show that
m
(8.2) m>N =— S—Zxr _55.
The reason for this is that
m n m
s — Zmr = lim Zxr — Zmr
r=1 nree r=1 r=1
n n 1
= 1 < 1 < -
| D o)<l D forl < 52
r=m+1 r=m+1

by (8.1).

Now let M = max{f~1(1),..., f~1(N)}, and note that M > N. Since z, = Yr-1(r), if follows

that {y1,...,ym} D {x1,...,2zn}. So, if n > M, then

{1,y ynt ={21,...,an} U{x, : r € S, },

for some finite subset S,, of {r € N}. Thus
n
s=D_ w <|s- Z r
r=1
1

1
<§E+§E=E

n>M —

reSy

+ Z ||
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by (8.2) and (8.1). This shows that )y, converges to s.

Solution 8.17

We show that the series

(8.3) T0Yo + Toy1 + T1Y1 + T1Yo + Toy2 + T1Y2 + T2y2 + Toy1 + Tayo + -
converges absolutely. In fact, the sum of the first (n 4 1)? terms of the series

(84)  lzoyol + |zoyr| + lwryr] + [w1yol + [woy2| + [1y2] + |w2y2| + |ways| + |wayol + -

is S bl - S [yl which converges to 3o x| - S5 Iyl

Hence the sequence of partial sums of (8.4) has a convergent subsequence. But all the terms
of the series are positive, so the sequence of all partial sums is increasing, and bounded above by
Yookl - Doreo lykl, so it also converges, to the same limit.

Thus (8.3) converges absolutely.

The same argument as above, considering sums of the first (n + 1)? terms of the series (8.3),
shows that the sum of this series is Y @y © Y yn.-

But

Zzn = zoyo + (zoy1 + z1y0) + (zoy2 + T1y1 + T20) + -+

is a rearrangement of (8.3), so by the Rearrangement Theorem it converges to the same limit.
Note: You might like to think about the above proof by considering an “infinite matrix” in which
the (i,7) term is x;y;:

ToYo oY1 ToY2 ToY3

T1Yo T1Y1r T1Y2 T1Y3

T2Yo T2Y1 T2Y2 T2Y3

T3Yo T3Y1r T3Y2 T3Y3

Solution 8.18

Note that since all the terms are positive, we have

Ipt+l Tn TN+1 < Yn+1 Yn YN+1
Tp Tp—1 TN T Yn Yn-—1 YN

which implies
Tn+1 < Yn+1

TN YN
for any n > N. Hence

YN

—Tn < Yn

TN

for any n > N. This will imply our desired conclusion from the basic comparison test.

Solution 8.19

Set v, =
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Using the inequality (1 — z)? > 1 — p « for any z € [0, 1], we get

Ynt1 >1 _pl > Tptl

n n Tn

for any n > N, because of our assumption on {z,}. Since p > 1, the series Z Yn is convergent.
n>N
From the previous problem we can deduce that Z Zy, is convergent, which implies that Y z,, is

n>N

convergent.

Solution 8.20
Set ! The

= n
Yn (n — 1)
Yn+1 :n—l :1_1
Yn n n’

Hence

Yn+1 < Tp+1
yn o xn

for any n > N, because of our assumption on {x,}. Since the series Z Yn is divergent, the
n>N

previous problem implies that Z Ty, is divergent which means that > x,, is divergent.

n>N
Solution 8.21

For the proof of (a). Let p € R such that

l<p< limn<1—@> .
n—00 Ty

n <1 - LnH) >p
Ty,

Since p > 1, Problem 8.19 implies that > x,, is convergent. Similar ideas will imply the conclusion
of (b). Finally, if we take x,, = 1/n, then

Then there exists N > 1 such that

limn(l—ﬂ>zlimn<1— n >flim "o
n—00 Ty n—00 n+1 n—oon + 1

And if we take z, = 1/nIn?(n), then

lim n(17M> —1.
n—00 Tn

Indeed, we have

n(l_@):n(l_( nn®(n) ) n <(n—|—1)1112(n+1)—n1n2(n)>’

Tn, n+1)In?(n 4 1) T+l In?(n 4 1)
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but
2 2
(n+1)In%(n+1) — nln?(n) n(ln (n+1) —In (n)) 1\ In(n + 1) + In(n)
5 = 3 +l=nh{l+-) —F5———"+1
In“(n+1) In“(n+1) n In“(n + 1)
Since
1 1 1) +1 1 1
lim nln <1 + 7> =1, and lim w = lim (1 + n(n) > =0,
we obtain

lim n(l—anrl) —1.
n—oo Tn

1 1
So for both sequences the above condition is satisfied but Z — is divergent while Z
n

——— is
nin?(n)
convergent (see Problem 8.5).

Solution 8.22

Our assumption implies the existence of M > 0 such that for any n > 1 we have

{_%nt1_pl M
Tn n| - n4
So
; M
Tn nd—
Hence

lim n (1 — @> =p
n—oo T

Problem 8.21 implies that if p < 1, then ) x,, is divergent, and if p > 1, then Y x,, is convergent.
So assume p = 1 and let us prove that » x,, is divergent. Indeed, set

then

Tn+1 1— l En
T n n4
Set y, = nxy,, then
Ynt1 _ n+1lapg _ (1+l) (1_1_’_67")
Yn n T n n n4
which implies
Yn+l % . On
Yn n nd

n—oo
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where a = min(2, ¢). Thus the series Zln (2,/;;1) is convergent by the limit test which implies
n

that lim In(y,) = [ exists. Hence lim y, = €', i.e.,
n—oo n—oo

lim nz, = el
n—r00

The limit test again implies that > x,, is divergent since " e!/n is divergent.

Solution 8.23

Note that
(2n)! (2n)!

" (2nnl)2 T 22n(pl)2

Let us first remark that lim x, = 0. Indeed, notice that 0 < z, < 1 for any n > 1. Since
n—oo

2n+1 S . .
Tyl = ﬁxn, we have z,11 < x, for any n > 1, which implies that {z,} is decreasing. So
n

lim x, = [ exists. Define
n—oo

_2-4---(2n)

I 2nt D)
. 2 2 2” - 1 271 . . . .
Since 4n” —1 < 4n~ we get < ——, for any n > 1. This obviously implies z,, < y,, for any
2n 2n+1
n > 1. Since xpy, = 1 we deduce that :c,% < TpYn = Gy 1for any n > 1. Hence nlgr;@ :c% =0
which implies lim z,, = 0. This conclusion may suggest that the series > x,, is convergent. But
n—oo

since

Tyl 2n +1

Tn 20+ 2’

we have

Tn+1 n
1——) = .
n< T, ) 2n + 2

T 1
Hence nh_)nolo n (1 — ;—H) =3 < 1, then )z, is divergent based on the previous problem. Note
n

x
that the ratio test does not help since lim ntl
n—0o0 Ty

= 1. In fact, the root test will also be not

conclusive.



Chapter 9

Metric Spaces

Therefore, either the reality on which our space is based must form a dis-
crete manifold or else the reason for the metric relationships must be sought
for, externally, in the binding forces acting on it.

Bernhard Riemann (1826-1866)

e Let X be a set. A function
d: X xX = RT

is called a metric on X if the following hold:

M1) d(z,y) =0 <« z=y,

(M2) d(x,y) =d(y,z) for all z,y € X (Symmetry), and

(M3) d(x,y) <d(x,z)+d(z,y) for all z,y,z € X (Triangle Inequality).
If d is a metric on X, then (X, d) is called a metric space.

e Let (X,d) be a metric space. A sequence (x,) C X converges to an element x € X if for all
e > 0 there exists an N € N such that d(z,, ) < ¢ whenever n > N.

e A sequence in a metric space (X, d) is a Cauchy sequence if for all € > 0 there exists an N € N
such that d(zp,zm) < & whenever n,m > N.

e A metric space (X,d) is called complete if every Cauchy sequence in X converges to an
element of X.
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Problem 9.1 Show that the following functions define a metric on R.
(a) d(z,y) =z -y
(b) d(z,y) = ]z -y

Problem 9.2 Show that the function

d(z,y) 0 ifx=y,
x,y) =
4 1 ifx#y

is a metric on any nonempty set X. (This is called the discrete metric on X.)

Problem 9.3 Let X = R? be the set of points in the plane. Show that for x,y € X with
x = (z1,22) and y = (y1,92),

dx,y) = v/ (z1 — y1)2 + (22 — 32)2

is a metric on X, also known as the Euclidean metric on R2.

Problem 9.4 Let X = R2. Show that for x = (x1,22),y = (y1,42) € X, the function

d(X y) _ |1’1 - yl‘ if w9 = Y2,
’ 21| + @2 — g2l + [g1]  if @2 # y2

is a metric on X.

Problem 9.5 Let X be the set of continuous functions from [a, b] to R. For all z,y € X define
d(z,y) to be
d(x,y) = max{|z(t) — y(t)| : t € [a, b]}.

Show that (X, d) is a metric space.

Problem 9.6 Let X be the set of bounded functions from some set A to R. For x,y € X define
d(z,y) by
d(x,y) = sup{|z(t) —y(t)| : t € A}.

Show that (X, d) is a metric space.




CHAPTER 9. METRIC SPACES 183

Problem 9.7 Let X be the set of continuous functions from [a, b] into R. For z,y € X define
d(z,y) by

b
dwy) = [ Jolt) - y(o) dt.

Prove that (X, d) is a metric space.

Problem 9.8 Let (X, d) be a metric space. Show for all x,y, z,w € X we have
)d(m,z) - d(z,y)‘ < d(z,y)

and
‘d(w,y) —d(z, w)’ <d(z,z) + d(y,w).

Problem 9.9 Let (X, d) be a metric space. Suppose p is defined by

d(z, y)
T,Y) = ——""—-
play) =17 e
Show that p is also a metric on X.
(Note that the new metric p is bounded because p(z,y) < 1 for all z,y € X.)

Problem 9.10 Let (X,d) be a metric space. Let p be a point in X. The SNCF metric d, is
defined by

—J 0 if x=uy,
dp(x,y) = { d(z,p) +d(p,y) otherwise.

Show that d,, is a metric.
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Problem 9.11 Let (X,d) be a metric space. The metric d is called an ultrametric if

d(w,y) < max {d(z, 2), d(y, 2) |
for any z,y,2z € X.
(i) Show that the Euclidean metric (see Problem 9.3) on R", for n > 2, is not an ultrametric.

(ii) Let p be any positive prime number p > 2. For any nonzero x € Q, there exists a unique
n € Z such that

r=7p"—
v
with some integers u and v indivisible by p. Set |z|, = n. Show that
0 when z = v,
d =
P(‘T7 y) ( 1

[z—ylp
7> otherwise
p

is an ultrametric distance on Q, also known as the p-adic metric.

Problem 9.12 Let (X, d) be an ultrametric space (see Problem 9.11). Show that
(i) every triangle in X is an isosceles triangle;

(ii) every point inside a ball is its center.

Problem 9.13 Let (X, d) be a metric space. Show that if {x,,} and {y,} are Cauchy sequences
of X, then {d(z,,yn)} is a Cauchy sequence in R, which implies that {d(xy,yy)} is convergent.

Problem 9.14 Show that every convergent sequence in a metric space (X,d) is a Cauchy
sequence.

Problem 9.15 Give an example of a metric space (X,d) and a Cauchy sequence {z,} C X
such that {z,} does not converge in X.

Problem 9.16 Let (X, d) be a metric space. Show that X consists of one point iff any bounded
sequence in X is convergent.

Problem 9.17 Let (X,d) be a metric space. Let {z,} be a sequence in X such that any
subsequence of {z,} has a subsequence which converges to some fixed point € X. Show that
{z,} converges to z.
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Problem 9.18 Let P be the set of all polynomials (of all degrees) defined on [0, 1]. Define
d(z,y) by

d(w,y) = max |o(t) —y(t)]

Prove that (P, d) is not a complete metric space.

Problem 9.19 The open ball B(z;r) in a metric space (X, d) is defined by
B(z;r):={ye X : d(z,y) <r}.

B(z;r) is called the unit ball if 7 = 1. Draw the unit balls centered at (0,0) in R? with respect
to the metrics

(a) di(z,y) = /(z1 —11)? + (22 — y2)?

(b) da(z,y) = [v1 — y1| + [v2 — v2

(¢) d3(x,y) = max(|z1 — y1], [v2 — y2l)

Problem 9.20 Show that B(x;7) in a Euclidean space is convex.

Problem 9.21 In a metric space (X,d), given a ball B(zo;r), show that for any = € B(xo;r),
B(x;s) C B(xo;r) for all 0 < s < r — d(z, o).

Problem 9.22 Describe a closed ball, open ball, and sphere with center zy and radius r in a
metric space with the discrete metric.

Problem 9.23 Given a metric space (X, d) and a nonempty bounded subset A, the real number
0(A) := sup{d(z,y) : x,y € A} is called the diameter of A. It is clear that 6(S(xo;7)) < 2r.
Show that equality is not always valid.

Problem 9.24 Let {I,,} be a sequence of bounded nonempty closed subsets of a complete
metric space (X, d) such that

(a) Int1 C I, for all n > 1;

(b) ’li_>m 0(I,) = 0, where §(A) = sup{d(z,y) : z,y € A}.

Show that m I, is not empty and reduced to a single point.
n>1
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Solutions

Solution 9.1

(a) Since |z —y| = |y — z|, (M2) is satisfied. Note that
lx—y|=0 & z—-y=0 < x=y,

(M1) is satisfied. To show (M3), we will make use of the inequality |a + b| < |a| + |b] for any
a,b € R. Indeed, we have

dz,y) =z -yl =z —2) + (z —y)| < |z — 2| + |z —y| = d(z, 2) + d(z,9)

for any z,y, z € R.

(b) Since \/|z — y| = /]y — x|, (M2) is satisfied. As in part (a),

Vig=yl=0 & Jz—y/=0 & z=y,

so (M1) is satisfied. Note that if a,b > 0, then a > b if and only if a®> > b?. Thus, showing
(M3) is equivalent to showing (/]z — y[)? < (\/|z — 2| + /]2 — y[)%. So

(V= —y))?

lz -yl
|z — 2|+ |z — y|

o=zl +1e 3]+ 2V =V
(ViE=21+ VI =)

IANIA I

which completes the proof of (M3).

Solution 9.2

(M1) and (M2) follow straight from the definition. For (M3), suppose z,y,z € X.
o If z =y, then d(x,y) < d(x,z) + d(z,y) is clear.
o If x £ y, then either z # x or z # y:

— If z # 2, then d(x,y) =1 =d(z,2) <d .
Tt £y, then d(z,y) = 1 = d(y, 2) < d(z,2) + d(z,).

Solution 9.3

We show that (M1), (M2), and (M3) hold:

M1) dx,y) =0 < (@1-9)2+ (@ —1)?=0 & z=yandaa=y & x=y.

(M2) d(x,y) = /(21 —91)? + (w2 — 12)? = /(11 — 1) + (g2 — 22)? = d(y, x).
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(M3) Let x = (21,22), ¥ = (y1,%2), and z = (21, 22) be in R2. Note that the quadratic function
at?+ [t++ has a constant sign if and only if 32—4ay < 0 which is equivalent to |3| < 2(ay)'/2.
Now observe that the following function (of ¢) is never negative:

F(t) = [(w1 = 20t + (21 = y)]* + [(w2 = 22)t + (22 — o).

But F(t) = at? + gt + v where

a = (z1-2)"+ (12— 22)%
B = 2@ =) — ) + (o2 — 22)(2 — o)
v o= (-’ (2 —y2)”

So, we must have |3 < 2(ay)/2. But

1/2

(@2 =2{[(z1 — 21)* + (x2 — 22)*][(z1 — 91)* + (2 — 2)*]} ' = 2d(x, 2)d(z,y),

(@1 = 21 =) + (22 = 22) (22— 1) < dlx.2)d(z.Y).

Therefore,

[d(x, y))?

(21— y1)* + (w2 — y2)°

(21— 21) + (21 = y)* + [(w2 — 22) + (22 — p2)]?

(21— 21)% + (22 — 22)* + 2d(x,2)d(z,y) + (21 — 11)* + (22 — y2)?
[d(x,2)]* + 2d(x,2)d(z,y) + [d(z,y)]?

[d(x,2) + d(z,y)]*.

A

Thus, d(z,y) < d(z,z) + d(z,y), which completes the proof of (M3).

Note that the same proof will show that the function d defined on R" by

a((@:), ) = V(o1 =97+ + (@ — va)?

is a distance on R"™ also known as the Euclidean distance.

Solution 9.4

Before we check that (M1)—(M3) hold, note that if x = (z1,22) and y = (y1,¥2), then we have the
inequality |z1 — y1| < d(x,y). This inequality will be useful in the proof of (M1)—(M3).

(M1) Assume d(x,y) = 0. If z9 # ya, then we have
d(x,y) = |z1]| + |z2 — yo| + |2 =0

which implies |z9 — ya| = 0 or 29 = yo, which is a clear violation with our assumption. So we
must have x9 = yo. In this case, we have

d(x,y) = |z1 =5 =0

which implies 1 = y;. In other words, we have x =y.
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(M2) We observe that

dx,y) = |1 — y1] lf To = Y2
lz1| + |22 — yo| + |ya] i 22 # yo
I R/ if yo = a2
Ul + e — ol + || iy # 2
= d(y,x).

(M3) Let x = (z1,22), y = (y1,y2), and z = (21, 22). We examine two cases:
(1) If 29 = yo, then
d(x,y) = le1 =] < |zr — 21| + [21 — 1] < d(x,2) + d(z,y).
(2) If 29 # yo, then zy # x9 or 29 # yo. Without loss of generality, assume zo # x9. Then

d(x,y) 21| + |22 — ya| + |y
|z1| + |22 — 22| + |22 — ya| + |11]
(|z1] + |22 — 22 + [21]) + [21 — w1 if yo = 2
(Jz1] + w2 — 22| + [21]) + (l21] + |22 — w2 + [11])  ify2 # 20
d(x,z) + d(z,y).

ININ

Solution 9.5

We check that (M1)—(M3) hold:

(M1) First note that d(x,y) = max{|z(t) —y(t)| : ¢t € [a,b]} = 0 if and only if for any ¢ € [a, b] we
have |x(t) — y(t)| = 0, which implies z(t) = y(t). So d(z,y) = 0 if and only if z(t) = y(t) for
all t € [a,b], i.e., x = y.

(M2) d(z,y) = max{|z(t) — y(t)| : t € [a,b]} = max{|y(t) — =(t)| : t € [a,b]} = d(y,z).
(M3) Let z,y,z € X. For any s € [a,b] we have

(5) = y(s)] < [a(s) = =(5)] + [2(s) ~ y()] < e (t) = =(0)| + mae o) ~ (o).

Since s was arbitrarily taken in [a, b], we have

max [z(t) —y(t)| < max |x(t) — z(¢)] + max |2(t) —y(t)],
te(a,b] te(a,b] tela,b]

or d(z,y) < d(z,z)+d(z,y).

Solution 9.6

The proofs of (M1), (M2), and (M3) follow exactly the proofs given in the previous problem.

Solution 9.7

We check that (M1) through (M3) hold:
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(M1) The key behind the proof of (M1) is the following property fab |f(t)|dt = 0 if and only if
f(t) =0 for all ¢ € [a,b] provided f(x) is a continuous function. Hence for any z,y € X, we
have

b
d(z,y) = / lx(t) —y(t)| dt=0 < |z(t) —y(t)| =0 for all ¢ € [a, ],
which easily implies z = y.

(M2) For any 2,y € X, we have
)= | la(t) — (o) de = / "(0) — (0] dt = dy, )
(M3) For z,y,z € X, we have
www) = [ ) -yl a
-/ " (1o6) - 201 + 190 - 2(0)])

IA

b b
/ ja(t) — (1)) dt + / ly(t) — =(t)] dt
d(z, z) + d(y, 2).

Solution 9.8

From (M3) we get the inequalities
d(x,2) <d(z,y) +d(y,z) = dz,2)—d(y 2) <d(z,y)

and
dly,z) <d(y,z) +d(z,2z) = d(y,z)—d(z,z) <d(y,z).

Together, these inequalities imply
d(,2) — d(z,9)| < d(w,).

For the other inequality note that we have

[d,y) = d(y. 2)| < d(a,2)

and
[dly. ) — d(z,w)| < dly.w).
Hence
[d(a.y) = d(z, )| < |d@.y) = dy, )| + |y, 2) = d(z w)| < d(z,2) + d(yw).

Before we check that (M1), (M2) and (M3) hold, note that p is well defined since 1 + d(z,y) # 0.
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(M1) p(x,y) = 0 iff the numerator d(x,y) = 0, which is true iff = y.

(M2) It is clear from the symmetry of d that p(z,y) = p(y, x).

(M3) Let a, b, and ¢ be positive numbers such that a < b+ ¢. Then we have
a<b+c<b+c+ 2bc+ abc

which implies
a+ a(b+c) +abc < a(b+c) + b+ ¢+ 2bc + 2abe.

But
a+a(b+c¢) + abe = a[l +b][1 + (]
and
a(b+c¢)+ b+ ¢+ 2bc+ 2abe = b[1 + a][l + ¢] + ¢[1 + a][1 + b].
Hence

all +0][1+¢] <b[l+al[l+c] +c[l+a][l+D]
which implies
a b c
< + :
14+a - 14b 1+c¢
Therefore, if we set a = d(x,y), b = d(x, z), and ¢ = d(z,y), we know that a < b+ ¢ since d
obeys the triangle inequality. Hence

a b c
< + R
1+a - 140 1+4c¢

p(x,y) < plx, 2) + p(2,y).

Solution 9.10

Let us check that (M1), (M2) and (M3) hold.
(M1) From the definition of dj, we know that dp(z,y) =0 iff z = y.
(M2) Since d(z,p) + d(p,y) = d(y,p) + d(p, z), we get dp(z,y) = dp(y, x).

(M3) Let z,y,z € X. Without loss of generality, we may assume that the three points z, y, and z
are different. Then

dp(,y) = d(x,p) +d(p,y) < d(x,p) +d(p, 2) +d(2,p) + d(p,y) = dp(, 2) + dp(2,y).

Solution 9.11

(i) Take x = (1,

) = ( 1,0,...,0), and O = (0,...,0). Then we have d(x,y) = V2,
d(x,0) =1, and d(y,O

/\«

d(x,y) £ max {d(x, 0),d(y, O)}7

which implies that d is not an ultrametric on R".
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(ii) First let us show that the p-adic function dj, is a metric on Q. Note that (M1) and (M2) hold
directly from the definition of dj,. In order to prove (M3), we will prove

dp(z,y) < max {dp(x, z), dy(y, z)}

for any z,y,z € Q. This will prove (M3) and the ultrametric property at the same time.
Indeed, this will follow from the inequality

max {dp(x, z), dy(y, z)} < dy(z,z)+ dy(y, 2).

Let z,y,z € Q be three different rationals. Set n = |z — z|,, and m = |z — y|,. Without loss
*

u u
of generality, assume n < m. By definition of | - |,, we have z — 2z = p"—, and z —y = p"' —,
v v
which implies
U 3 ut uv* 4 p'm—n,uu*
v v VU

By definition of | - |,, we get n < |z — y|, since vv* is indivisible by p. Since

G) =G -(G) ()

dp(z,y) < max {dp(x, z),dp(y, z)}

or

Solution 9.12

(i) Let x,y,z € X. Let us prove that
d(z,y) = d(y, ), or d(z,z) = d(y, 2), or d(z,y) = d(z, z).

Assume not. Without loss of generality assume d(x,y) < d(y, z) < d(z, z). But these inequal-
ities will contradict the fact

d(x, z) < max{d(z,y),d(y, z)}.

(ii) Let 7 > 0 and x,y € X. Assume that d(x,y) < r. Then B(z;r) = B(y;r), where B(z;r) =
{z € X;d(x,2) < r}. We will only prove that B(y;r) C B(x;r). Let z € B(y;r). Since

d(z,z) < max{d(z,y),d(y,2)} <,

we get z € B(x;r).

Solution 9.13

From Problem 9.8, we know that for any n, m € N we have

[, ) = @, y)| < A ) + Ay, -
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So, given ¢ > 0, there exist Ny € N and N, € N such that for any n,m > N; we have

)

d(Xp, Ty) <

N ™

and for any n,m > N2 we have
5

5
Set N = max{Ny, Na}. Then for any n,m > N we have

‘d(xn,yn) — d(@m, ym)| < d(Tn, Tm) + d(Yn, Ym) < % + % =e.

This implies that {d(xn, yn)} is a Cauchy sequence in R.

Solution 9.14

Let {xn} be a convergent sequence in X with limit . Then for each € > 0 there exists some N
such that d(zp,x) < e/2 for all n > N. Using the triangle inequality (M3), it follows that

d(Tp, Tm) < d(zp, )+ d(z, T0)

< E—i-i—a
2 2

for all n,m > N. Hence, {z,} is a Cauchy sequence.

Solution 9.15

Take X = Q with the metric d(z,y) = |& — y|. Consider the sequence {z,} defined in Problem

3.19 by g = 1 and
1 2
Tn+1 = 5 Ty + ?n

for all n > 1. Then z, € Q for all n € N and limz,, = V2 € R\Q, as shown in Problem 3.19. Thus,
by the previous problem we have that {z,} is a Cauchy sequence in R, and hence in Q too, but

limz, € Q.
Solution 9.16

Obviously, if X consists of one point, then any sequence in X is constant and therefore is convergent.
Conversely, assume that any bounded sequence in X is convergent. Let us prove that X consists
of one point. Assume not. Let z,y € X with x # y. Consider the sequence {z,} defined by

ZTop = x and Top 1 =Y.

It is clear that {z,} is bounded and is not convergent. Contradiction.

Solution 9.17

Assume not. Then there exists g > 0 such that for any N > 1, there exists n > N with
|z, — x| > €. By induction, we construct a subsequence {z,, } of {x,} such that for any £ > 1 we
have |z, — x| > €o. It is clear no subsequence of {z,, } will converge to z. Contradiction.
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Solution 9.18

It is clear that (P, d) is a metric space (see Problem 9.5). To show (P, d) is not complete, consider
the following sequence:

"\ F t ¢
HOEDY 5) =ltg+tg 0<t<lL
k=0

Clearly, x,(t) € P for each n € N. Next we show that the sequence {z,} is a Cauchy sequence.
Taking m < n we observe

(o) = max [oa(t) = (1)
"N & P
- e Y (5) -2 (5)
k=0 k=0
n ¢ k
B EcES! 2. (5)
k=m+1
1
< -
- 0<ta%(1 Z 2k
k=m+1
1 1
T om 9n

This difference is arbitrarily small for large enough m and n, which implies that {z,} is a Cauchy
sequence in P. However, this sequence does not converge in (P, d), because the only candidate for

lim a, (¢) = for 0 <t < 1, and this is not a polynomial function. Since not every Cauchy

2
2—t’
sequence converges in (P, d), we have that (P,d) is not complete.

Solution 9.19

See the following figure.

Figure 9.1
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Solution 9.20

Let y1,y2 € B(x;r) and set z = ayy + (1 — a)ya, where 0 < o < 1. Then we have

d(z,z) = d(z,ayr + (1 —a)y2)
< d(z,ayr) +d(z, (1 - a)y2)
= ad(z,y1) + (1 — a)d(z,y2).

Since y1,y2 € B(xz;r), we have that d(z,y;) < r and d(z,y2) < r, which implies d(z, z) < r, and
therefore z € B(z;r).

Solution 9.21

Let y € B(x;s), then d(z,y) < s and by the triangle inequality we have

d(ya .TZL’Q) < d(ya {ZI) + d(l‘,io) <s+ d(l‘,iﬂo) <

Solution 9.22

Let zg € X, then the sphere centered at x¢ with radius 1 is
S(xo;1) ={z € X :d(xo,z) =1} = X\{x0}.

Forr>0and r #1, S(xo;r) = {x € X : d(xg,z) = r} = 0. Let Blxg;r] and B(zo;7r) denote the
closed and open ball with center x¢ and radius r (respectively). Then we have that

X for r > 1,

Blaojr] = B(wojr) = Blzo; 1] = { zg  for0<r<l.

Solution 9.23

Let (X, d) be a discrete metric space where X has more than one element. Then
S(xo;1) = X\{zo} and 0(S(xp;1)) =1<2.

For r > 0 and r # 1, S(xo;r) = 0 and 6(S(xo; 7)) is not defined.

Solution 9.24

Since {I,} is a sequence of nonempty sets, form a sequence {x,} with x,, € I, for all n > 1. We
claim that {z,} is a Cauchy sequence in X. Indeed, let £ > 0 and since li_>m 0(I,) = 0, there exists
n—o0
no > 1 such that for all n > ng we have 6(I,) < e. Let m > n > ng, then x,,x,, € I, because
{I,} is decreasing. Then
d(xp, xm) < 0(I,) < €.

This proves our claim. Since X is complete we conclude that {z,} is convergent. Let z € X be

its limit. We claim that ﬂ I, = {z}. Indeed, for any n > 1 and any m > n we have z,, € I,,.
n>1
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Since the subsequence {zy,}m>n also converges to x and I, is closed, we conclude that = € I,.

Since n was arbitrary, we get x € ﬂ I,,. Hence m I, is not empty. Let y € ﬂ I,,. By definition
n>1 n>1 n>1
of the diameter, we get d(x,y) < §(I,) for all n > 1. Since li_)rn d(I,) = 0, we get d(z,y) <0 or
n—,oo

d(x,y) = 0 which implies y = . This completes the proof of our statement.






Chapter 10

Fundamentals of Topology

A linguist would be shocked to learn that if a set is not closed this does not
mean that it is open, or again that “E is dense in E” does not mean the
same thing as “E is dense in itself.”

John Edensor Littlewood (1885-1977)

e We say A C R is open if for every z € A there exists € > 0 such that (v —e,z+¢) C A. Ais
closed if its complement A€ is open. Similarly a set A in a metric space (M, d) is called open
if for each © € A, there exists an € > 0 such that B(x;e) C A. Here,

B(z;e)={ye M: d(z,y) < e}
is the e-ball (also called e-neighborhood) around .

e Let A be a subset of a metric space (M, d) and € M. We say x is an accumulation point

of A if every open set U containing 2 contains some point y € A with y # x.

e Let A C (M,d). We say x € M is a limit point of a set A provided U N A # {) for every
neighborhood U of x.

e A set A is closed in a metric space (M, d) if and only if the accumulation points of A belong
to A and we set A:= AU{x € M : x is an accumulation point of A}.

e A subset A in a metric space M is called compact if one of the following equivalent conditions
is satisfied:
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a) Every open cover of A has a finite subcover.

b) Every sequence in A has a convergent subsequence converging to a point in A (sequential
compactness).

Furthermore, if A € R™, the above two conditions are equivalent to saying that A is closed
and bounded (Heine—Borel Theorem).

A metric space (M, d) is called totally bounded if for each € > 0 there is a finite set {z1, 9, -,z }
in M such that

k
AcC U B(zi;€).

i=1
A metric space (M, d) is compact if and only if M is complete and totally bounded.

A subset A of a metric space (M, d) is called not connected if there are disjoint open sets U
and V such that A CUUV and ANU # ) # ANV. Otherwise, the set A is said to be
connected.

A subset A of a metric space (M,d) is said to be path connected if for each pair of points
2z and y in A, there is a path in A connecting x to y, i.e., there is a continuous function

1 1 [0,1] — A such that ¥(0) =z and (1) = y.

Let M be a metric space and A be a subset of M, and f: A — R be a continuous function.
Suppose B C A is connected and z,y € B. Then for every real number ¢ such that f(z) <
¢ < f(y), there exists a point z € B such that f(z) = c.

Notice that, since intervals (open or closed) are connected, the above statement is a generalized
version of the Intermediate Value Theorem given for intervals.

Problem 10.1 Show that R and ) are both closed and open.

Problem 10.2 Let A = {z € R: z is irrational}. Is A closed?

Problem 10.3 Prove that arbitrary unions and finite intersections of open sets are open. Using
De Morgan’s laws (Problem 1.9), state a corresponding result for closed sets. Give examples to
prove that infinite intersections of open sets need not be open and infinite unions of closed sets
need not be closed.

Problem 10.4 Show that a subset A C R is open if and only if A is the union of a countable
collection of open intervals.
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Problem 10.5 Prove that
1. If A is open and B is closed, then A\B is open and B\A is closed.

2. Let A be open and let B be an arbitrary subset of R. Is AB necessarily open?
(Here AB={ay e R:2x € A and y € B}.)

Problem 10.6 Prove that an open ball in any metric space (X, d) is open.

Problem 10.7 Prove that a subset A of any metric space (X, d) is open if and only if A is the
union of open balls.

Problem 10.8 Prove that any closed subset A of any metric space (X,d) is a countable
intersection of open sets.

Problem 10.9 Let A be a subset of (M, d). Prove that
1. A=N{C; A C C and C is closed};
2. A = Aif and only if A is closed.

Problem 10.10 Show that if 2 € (M, d) is an accumulation point of A, then x is a limit point
of A. Is the converse true?

Problem 10.11 Prove that an element x € (M, d) is a limit point of A if and only if there is a
sequence {zp} C A\{z} such that lim x, = z.
n—0o0

Problem 10.12 For a subset A C (M, d), prove the following are equivalent:
1. A is closed.
2. A contains all its limit points.

3. Every sequence in A which converges in (M, d) has its limit in A.

Problem 10.13 Consider R" endowed with the Euclidean distance. Show that if B(a;r) =
{z e R": d(z,a) < r}, then

B(a;r) ={x € R": d(z,a) <r}.

Is this conclusion true in any metric space?
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Problem 10.14 Let A be a subset of a metric space (M, d). Define

A :={a€ A: ais an interior point of A} and int(A) := U{O CA: Oisopenin M}.
Show that

1. A= int(A).

2. A is open if and only if A = int(A).

Problem 10.15 For a given set é in a metric space (M, d), the boundary of A, 0A, is defined
to be the set A = AN (M\A) = AN (A¢). Prove or answer the following:

1. 0A is a closed set.
2. 0A=0(M\A).
3. If x € 0A, does x have to be a limit point?

4. x € OA if and only if for every £ > 0, B(z;¢) contains points of A and of M\ A.

Problem 10.16 Discuss whether the following sets are open or closed. Determine the interior,
closure, and boundary of each set.

1. (1,2) in R.

Problem 10.17 Show that for a set A C (M,d), x € A if and only if there is a sequence
(zg) € A with @3, — «.

Problem 10.18 For a subset A of a metric space, show that = € A if and only if

d(z,A) = inf{d(z,y) : y€ A} =0.
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Problem 10.19 Prove the following:

1. If x is a accumulation point of a set A C R, then every open set containing x contains
infinitely many points of A. In particular, A must be infinite.

2. Let A C R be nonempty and bounded above. Let = sup(A4). Show that z € A and
x € 0A.

Problem 10.20 Which of the following sets are compact?
1. [0,1]U[5,6) C R
2. {zeR:2>0}CR
3. {r € R: 0<z <1 and z is irrational }

4. A={1,3,% ...,L .. Ju{o}

Problem 10.21 Prove that a closed subset of a compact set is compact.

Problem 10.22 Let K be a nonempty compact set. Let {A4,} be a nonempty decreasing

sequence of closed subsets of K. Prove that [ A4, is not empty. (Cantor’s Intersection Theorem)
n>1

Problem 10.23 Let (M,d) be a metric space. Let K be a nonempty subset of M which is
sequentially compact, i.e., any sequence {x,} in K has a subsequence which converges to a point
in K . Show that for any arbitrary open cover {O,} of K, there exists € > 0 such that for any
x € K, there exists a such that B(z,e) C O,.

Problem 10.24 Let (M, d) be a metric space. Show that K C M is compact iff K is sequentially
compact, i.e., any sequence {x,} in K has a subsequence which converges to a point in K.

Problem 10.25 Give an example of a closed and bounded set in a metric space which is not
compact.

Problem 10.26 Show that a totally bounded set is bounded. Give an example of a bounded
set which is not totally bounded.

Problem 10.27 Let (M,dys) and (N, dy) be two metric spaces. Let A C M and B C N be
two compact subsets. Prove that A x B is compact in (M X N, d), where d = dy; + dy.
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Problem 10.28 Let S; = [0,2] U [2,1] be obtained from [0, 1] by removing the middle third

(3,2). Repeat the process to obtain Sy = [0, $]U[2, $]U[2, T]U[8,1]. In general, S,,41 is obtained

from S,, by removing the middle third of each interval in S,,. Let C' = [ Sy, also known as the
n>1

Cantor set. Prove that
1. C is compact.
2. int(C) = 0.
3. C has infinitely many points.

4. The total length of the intervals removed is equal to 1.

Problem 10.29 Prove that for a function f mapping A C R” into R™, the following are
equivalent:

1. f is continuous on A.
2. f7Y(U)={x € R": f(z) € U} is open in A for every open set U in R™.

This property is sometimes called the topological characterization of continuity. Also, the above
equivalence is also true if we replace R” and R™ with arbitrary metric spaces.

Problem 10.30 Give an example of a continuous function f : R — R and an open set U in R
such that f(U) is not an open set.

Problem 10.31 Prove that if f: M — N is continuous and A is a compact subset of M, then
f(A) is a compact subset of N (i.e., the continuous image of a compact set is compact).

Problem 10.32 Prove that a continuous real-valued function defined on a compact set is
bounded and it assumes maximum and minimum values.

Problem 10.33 Let (M, d) be a metric space with a nonempty compact subset A. Prove that
for every xg € M, there exists a yp € A such that

d(zo,y0) = d(xo, A) = inf{d(z0,y) : y € A}.

Problem 10.34 Prove that a continuous one-to-one mapping 7' from a compact metric space
(M, d) onto a metric space (N,d') is a homeomorphism.

Note that a map T between two metric spaces T : (M,d) — (N,d’) is called a homeomorphism
if T is one-to-one continuous and has a continuous inverse.
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Problem 10.35 Let A be a compact set and let f: A — A be a continuous function with the
property that for all z,y € A, d(f(x), f(y)) > d(z,y). (f is expanding)

1. Prove that f is one-to-one and the inverse map f~!: f(A) — A is continuous.

2. Show that f(A) = A.

Problem 10.36 Let X be a closed subset of R and let K(X) denote the collection of all
nonempty compact subsets of X. Show that

dy (A, B) := max {sup d(a, B), supd(b, A)}
a€A beB

defines a metric on K(X), where d(z, A) = inf d(z,a).
acA

Problem 10.37 (Generalized Cantor’s Intersection Theorem)
The set measure of noncompactness a(D) for a bounded subset D of (M, d) is defined as

a(D) = inf {r >0: Dc|JA diam(4;) < r} .
i=1
Show that
a) If D is compact, then «(D) = 0.

)
b) D1 C Dy = a(D1) < a(D2) (« is monotone).
¢) a(D) = a(D) (invariant when given the closure).
)

d) If {F,} is a decreasing sequence of nonempty closed and bounded subsets of a complete
metric space (M, d) and if lim,_,o a(F,) = 0, then the intersection of all the F;, is non-
empty and compact.

Problem 10.38 A subset A of a metric space (M, d) is called not connected if there are disjoint
open sets U and V such that A CU UV, ANU # (), and ANV # (. Otherwise, the set A is
said to be connected. Show that the following sets are not connected:

1. Q C R, the set of rational numbers

2. N, the set of natural numbers

Problem 10.39 Let C be the Cantor set as defined in Problem 10.28. Prove that C' is totally
disconnected, that is, if z,y € C and = # y, then z € U and y € V, where U and V are open
sets that disconnect C.
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Problem 10.40 Prove that the continuous image of a connected set is connected.

Problem 10.41 Prove that the continuous image of a path-connected set is path connected.

Problem 10.42 A subset A of a metric space (M, d) is said to be path connected if for each
pair of points x and y in A, there is a path in A connecting z to vy, i.e., there is a continuous
function f : [0,1] — A such that f(0) = z and f(1) = y. Prove that every path-connected set is
connected.

Problem 10.43 Show that the set A= {z € R": || z ||< 1} is compact and connected.

Problem 10.44 Give an example of a set which is connected but not path connected.

Problem 10.45 Prove that A C R is connected if and only if it is an interval (bounded or
unbounded). Then show that if f: M — R is continuous, then f(M) is an interval, where M is
a connected metric space. In particular, f takes on every value between any two given function
values. (Generalized Intermediate Value Theorem)

Problem 10.46 Let A C M and B C N be path connected. Prove that A x B is path connected
in M x N.

Problem 10.47 (Baire’s Theorem) Let {O, },cn be a sequence of dense open subsets of R.
Show that ONOn is dense in R.
ne

Problem 10.48 (Baire’s Category Theorem) Prove that if M is a nonempty, complete
metric space, then it is of second category itself.

Notice that if M =R | since R is complete, the above question is equivalent to proving that the
set of real numbers R cannot be written as a countable union of nowhere dense sets.

Problem 10.49 Use Baire’s Category Theorem to show that the set of all rationals Q is not
the intersection of a countable collection of open sets. Use this result to show that the set of
irrationals is not the union of a countable collection of closet sets.

Problem 10.50 Let C be a subset of R. Define the Cantor—Bendizson derivative of C'; denoted
C’, by
C' = {x € R; z is a limit point or accumulation point of C'}.

Show C” is closed, and if C’ # (), then C is infinite.
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Problem 10.51 A subset P of R is said to be perfect if and only if P’ = P, where P’ is
the Cantor-Bendixson derivative of P. Show that any nonempty perfect subset of R is not
countable.

Problem 10.52 A point a is a condensation point of A C R if for any € > 0, the set (¢ —e,a +
€) N A is infinite not countable. Set P = {x € R; « is a condensation point of A}. Show that P
is either empty or perfect.

Problem 10.53 Let C be a closed subset of R. Show that C' = P U F', where P is perfect, F'
is countable, and P N I = (). This is known as the Cantor—Bendizson Theorem.
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Solutions

Solution 10.1

The set R itself is open because for any € R, (z — 1,2 + 1) € R. The empty set ) is also open
“vacuously.” R and @) must also both be closed since R¢ = () and §° = R

Solution 10.2

2
No. Note that 0 € A°. For any € > 0, the set (0 — ¢,0 + €) contains irrational points, such as £

n
for large integers n. Thus A€ is not open, and therefore A is not closed. Similarly one can show
that A is not open as well.

Solution 10.3

Let 9 be a collection of open sets. We want to prove that |J G is open. Set |J G = A and let
Ged Ged
x € A, then z € G for some G € ¥. Since G is open, there is an € > 0 such that (zr —e,z4+¢) C G.

But G C A, so (x — e,z + ¢) is also contained in A. Thus, A is open.

Let {G1,Ga,...,Gy,} be a finite collection of open sets, and let B= [\ Gj. If B =), then it

1<k<n

is open by the previous problem. Suppose B # (). Let € B, then x € Gy, for each k. Each G}, is
open, so there are e-neighborhoods (x — ek, z 4 &) satisfying (z — e, x + €x) C Gy, for each k. Let
e =min{ey,e9,...,6,}, then (x—e,x+¢) C (r—eg, x+¢e;) C Gy for all k. Hence (x—¢e,2+¢) C B.
Thus, B is open.

By De Morgan’s laws, we have

(ﬂ Gi) = UGf and (U G) = ﬂ Gc.
iel el i=1 i=1

Therefore we can say finite unions and arbitrary intersections of closed sets are closed.

Since -
N (-5 )= o

we conclude that infinite intersections of open sets need not be open. By taking the complement

we get N
U (-5 ) o)

n=1

which shows that infinite unions of closed sets need not be closed.

Solution 10.4

Since the union of any collection of open sets is open, we only need to show that if A is open,
then A is a countable union of open intervals. Then for all x € A, there exists € > 0 such that
(x —e,x4+¢) € A. Now find rationals r, € (z —¢,x) and s; € (x,x +¢). Then clearly x € (14, Sz)
and A = ng(rm’ sz). Notice that the number of open intervals with rational end points is less than
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or equal to QXQ, where Q is the set of rational numbers. Since Q x @ is countable, we see that
this is a countable union.

Solution 10.5

1. AAB = AN B¢ and the intersection of a finite number of open sets is open. Similarly,
B\A = BN A° and the intersection of closed sets is closed.

2. If A is an open subset of R and B = {0}, then AB = {0}, which is not open. So, in general,
the answer to the question is “No.” However, under certain conditions, the answer is “Yes.”
For example, if A is open and y # 0, then yA = {y}A is an open subset of R, and since

AB = UB yA, AB is open because arbitrary unions of open sets are open.
ye

Solution 10.6

Let B(z,r) ={y € X;d(x,y) <r}, for v € X and r > 0. Let us prove that any point y € B(z,r)
is an interior point, i.e., there exists e > 0 such that B(y,e) C B(x,r). Set € = r —d(x,y). Since
y € B(xz,r), we have ¢ > 0. Let z € B(y,¢). Then

d(z,2) < d(z,y) +d(y,z) <d(z,y) +e=r

which proves z € B(z,r). Hence B(y,ec) C B(x,r). This completes the proof of our claim.

Solution 10.7

Note first that the union of open balls is open since an open ball is also an open set (see the
previous problem). In order to complete the proof of our statement, we are only left to prove that
any open set A of X is the union of open balls. By definition of open sets, for any a € A, there
exists e, > 0 such that B(a,&,) C A. Obviously we have

Ac | Jfay € | Bla,ea) C A

acA acA

which yields U B(a,g,) = A.
acA

Solution 10.8

For each n > 1, set O, = U B(a,1/n). Obviously O, is open and A C O, for all n > 1.

acA
Therefore, A C QlOn. We claim that in fact we have A = glOn. Assume not. Then there exists
n n

Yy € QlOn\A. Since A is closed, then A° is open and contains y. Hence there exists € > 0 such
n

that B(y,s) C A°. Since € > 0, there exists n > 1 such that 1/n < e. Because y € O,, there
exists a € A such that d(a,y) < 1/n <e. So B(y,e) N A is not empty, which implies A N A¢ # ().
Contradiction.
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Solution 10.9

1. Let C be a closed subset of M such that A C C. Let us show that A C C. Let z € A. If
x € A, then we have z € C'. Assume z is a limit point of A. Assume z is not in C. Since
C' is closed, there must exist e > 0 such that B(xz,e) N C = (). On the other hand, we have
B(xz,e) N A contains a point different from z since x is a limit of A. That point is also in
B(z,e)NC since A C C. So CNC®# (. Contradiction. Hence A C C' which implies

Ac m{C’;A C C and C is closed}.

In order to finish the proof, let us show that A is closed. Let € A°, then = € A€ and z is
not a limit point of A. Hence there exists ¢ > 0 such that B(z,e) N A = (). In particular we
have B(x,e) C A°. Any y € B(z,¢) will not be in A and is not a limit point of A. Indeed
since B(x,¢) is open, there must exist 0 > 0 such that B(y,d) C B(z,e) C A° which implies
B(y,0)N A = 0. Therefore y € A or B(z,¢) C A°. This shows that A is open or 4 is closed.
Then we have

AcC ﬂ{C;A C Cand C is closed} C A,
which completes the proof of our statement.

2. If A is closed, then obviously we have A = A from the above result. Conversely, if A = A,
then A is closed since A is closed.

’ Solution 10.10 ‘

An accumulation point must be a limit point since
Un(A\{z}) CU\ A

If z is an accumulation point of A and U is an open set containing z, then U N (A \ {z}) # () and
therefore U \ A # (). The converse is not true, a limit point need not be an accumulation point.
For example, if we set A =[0,1) U{3} C R, 3 € A so it is a limit point, but if we take U = (1.5,4)
an open set containing 3 contains no other points y € A with y # 3.

Notice that 3 is an isolated point of A, a limit point either belongs to A or is an accumulation point
of A, it could be an isolated point of A; an accumulation point is not.

[Solution 10.11 |

Let x be a limit point of A. For each n > 1, choose some element z,, # = in B(x, %) Then {z,}
is a sequence in A\{z} and since 1/n — 0, then z, — z. Conversely, assume there exists {z,}
is a sequence in A\{z} which converges to x. Then for each € > 0, there exists n € N such that
Ty € B(z,¢), ie., z, € (A\{z}) N B(z,¢). Therefore each neighborhood of = contains an element
of A other than x. Thus x is a limit point of A.
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[Solution 10.12]

e To show that (a)=-(b), notice that A = A since A is closed (see Problem 10.9). Hence any
limit point of A is in A.

e To show that (b)=(c), let {x,} be a sequence in A which converges to x. Let us prove that
x € A. Assume not, then x ¢ A. Let us show that z is a limit point of A. Indeed let € > 0.
Then there exists n € N such that z,, € B(z,¢). Since x € A and z,, € A, B(x,2)N A contains
a point different from x. This proves x is a limit point of A. So z € A from our assumption.
Contradiction.

e To show (c¢)=-(a), assume (c) holds and (a) does not. Hence A€ is not open. Then there
exists z € A such that for any € > 0, we have B(z,e) N A # (. In particular, for any n > 1,
there exists z,, € B(z,1/n) N A. The sequence {z,} converges to x and {x,} is in A. Our
assumption implies z € A. Contradiction.

’ Solution 10.13 ‘

If € B(a;7)\B(a,r), then z is a limit point of B(a,r). Hence there is a sequence {x1} C B(a;7)
such that z; — z. We want to show d(z,a) < r. Suppose not. So we have d(z,a) > r. Then there
exists £ such that d(x,a) —e > r. Since z, — x, there exists £ € N such that d(z,z) < . By the
triangle inequality we get

d(a,z) < d(a,zy) + d(z,z) < d(a,zi) + &,

which implies 7 < d(a, z) —¢ < d(a, ;) which contradicts the fact 3, € B(a,r). Thus if z € B(a;7),
then d(a,z) < r, ie., B(a;r) C {x € R: d(z,a) < r}. Note that we could have obtained this
inclusion easily by showing that {z € R : d(z,a) < r} is closed. Now suppose d(a,z) < r, so now
we want to show that 2 € B(a;r). Let 2, = a+ (1 — 1)(z — a), then

d(wn,a) < <1 - %) d(z,a) < (1 - %) r<r.

So x,, € B(a;r) for all n. Since z, — x, then @ € B(a;7), i.e., {v € R: d(x,a) < r} C B(a;r).
This completes the proof of the first part.

This characterization of the closure of open balls may not be true in any metric space. Indeed,
take R endowed with the discrete distance d (see Problem 9.23). Then

B(0,1) = {x € R;d(0,z) < 1} = {0}

is open and closed, while {z € R;d(0,z) < 1} =R.

’ Solution 10.14 ‘

1. Let a € A. Then there is an ¢ > 0 such that B(aje) C A. Since B(aje) is open,
B(a;e) Cint(A), which proves a € int(A), ic., A C int(A). Now let a € int(A). Then
there is an open subset O C A such that a € O. Since O is open, there exists € > 0 such that
Bf(a,e) € O. Hence B(a,e) C A which means a is an interior point of A, so int(A) C A.
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2. Note that int(A) is open because it is a union of open sets. Hence A = int(A) which will

force A to be open. Assume A is open, then A = A from the definition of open sets. Using
the above property, we get A = int(A).

[Solution 10.15 |

1. Since the intersection of two closed sets is closed, it follows that A is a closed set.

2. This follows from the definition of the boundary and the fact that M\(M\A) = A.

3. No. Indeed let A = {0} C R. Then A has no limit points, but A = {0}.

4. Let € 0A. Since 04 = AN (M\A), we have that x € A and x € (M\A). Note that if

x € K, for any set K, then for any € > 0, we have B(z,¢) N K # (. Indeed, by definition of
K, we know that either 2 € K which obviously will imply B(z,¢) N K # 0, or x is a limit
point of K. And in this case using the definition of limit points, we get again B(z,e)NK # ().
So since x € AN (M\A), we get B(x,e) N A # () and B(z,e) N (M\A) # 0.

Conversely, let # € M such that for any € > 0, B(z;¢) contains points of A and of M\ A. Let
us prove that @ € 0A. It is enough to prove that @ € A. If € A, then we have nothing to
show. Assume = € A. Let € > 0. We know that B(z,e)NA # (), since 2 ¢ A, then B(xz,e)NA
contains a point different from x. Hence x is a limit point of A4, i.e., z € A.

[Solution 10.16]

1. (1,2) is an open subset of R therefore A = int(A) = (1,2). The endpoints 1 and 2 are limit

points, so they are in the closure: A = [1,2]. Since R\A = {z : <1} U {z : x > 2}, the
boundary of A, 9A = ANR\A = {1, 2}.

2. 1,2 ={zeR: 1<z <2} is a closed subset of R. Indeed the complement of [1,2] in R is

the union of the two open half-lines, namely: R\[1,2] = {z: z <1} U{z: = > 2}. As the
union of two open subsets is open, R\[1,2] is open, so [1,2] is closed. Since [1,2] is closed,
then [1,2] = [1,2], int(B) = (1,2), and 9B = {1, 2}.

3.2, [-2,2) = [-2,0]. This is because if —2 < 2 < 0, then @ € [-2, 1) for any positive

n=1 '
n, so x is in the intersection. On the other hand, for any x > 0, we can find an integer

n > 0 (Archimedean Principle) with 0 < 2 < 2. Therefore z ¢ [-2, ) for that n, and so
o & Mlil=2,7)-
The interval [—2,0] is closed by the same argument used in part 2. If we set C' = [-2,0],

then, as above, int(C) = (-2,0), C = [-2,0], and 9C = {-2, 0}.

4. If we set F' = (0,1)N@Q, F is not open in R, since, for example, every open interval centered

at % contains irrational numbers. It is also not closed, since the complement is not open, as

any open interval around 0 contains rational numbers % for large enough positive n in the

integers. Thus, F' is neither closed nor open.

If r € F and € > 0, then the interval (r — e,7 4 £) contains irrational numbers, and so r
cannot be an interior point, and thus int(F) = (. Now if y € [0, 1], then for any € > 0, there
are rational numbers in (y — &,y + €), so y is a limit point of F. Thus we have I = [0, 1]. By
similar reasoning, one can show R\F = R. Therefore, 0F = F NR\F) = [0,1]NR = [0, 1].
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’ Solution 10.17 ‘

=: Assume € A. then either + € A or z € {accumulation points of A}. If € A, form a
sequence {z,z,...} — x. If x € {accumulation points of A}, then for every € > 0 there exist y # z
such that y € B(z;¢) N A. Setting €, = % and choosing zj, # = from each B(z;e,) N A we obtain

1
the desired sequence. Note that (xp) — x, because for all € > 0, we can choose N = —, so that
€

d(x,z) < € whenever k > N .

:<= Assume there is a sequence (z;) € A converging to x. If x € A, then z € A, since A C A.
Suppose z is not in A, we must show = € {accumulation points of A}. Since (z) — z, for any
€ > 0 there exists N such that zy € B(x;e) whenever k > N. Since we know (zj) € A, we have
x € B(x;e) N A, this implies that « is an accumulation point.

[Solution 10.18]

Let z € A. If z € A, then obviously we have d(x, A) = 0. Assume z ¢ A. Then z is a limit point
of A. Thus, for any € > 0, there exists a y € B(x,e) N A, i.e., d(z,y) < e. Therefore d(z, A) < ¢,
for any ¢ > 0. Hence d(z, A) = 0. Conversely suppose d(z, A) = 0. If x € A, then # € A. Assume
x & A. Then by the property of the infimum, for any & > 0, there is a y € A such that d(z,y) < ¢,
ie., y € B(x,e) N A. Since z ¢ A, then y # x. Therefore, z is a limit point of A, and thus x € A.

[Solution 10.19]

1. Proof is done by contradiction. Suppose there is an open set O containing x and containing
only a finite number of points of A different from z. Say x1, xs, ..., x, are the points of A
in O other than x. Let ¢; = min{d(x,x1), d(z,z2), ..., d(z,z,)}. Also, since O is open, we
know there exists some g2 > 0 such that B(x;e2) C O. Set ¢ = min{e1, e2}. Notice that
e > 0 and B(x;¢) contains no points of A other than x. This contradicts the fact that x is a
limit point of A.

2. If sup A € A, then sup A € A. Assume that sup A € A. Then by the properties of supremum,
for every ¢ > 0, there is a y € A such that supA —e¢ < y < supA < sup A4 + ¢, ie.,
y € AN (supA —e,sup A +¢). Thus, sup A is a limit point of A, so sup A € A.
Let € > 0. By the properties of supremum, there is an element y € A such that sup A — e <
y <sup A, i.e., every interval (sup A—e, sup A+¢) contains a point of A. On the other hand,
the upper half of such an interval (sup A, sup A + ) C R\ A, since sup A is an upper bound
of A. Thus sup A € R\ A. Therefore, sup A € AN (R\A) = 9A, as desired.

’ Solution 10.20 ‘

1. Compact, because it is closed and bounded (Heine-Borel Theorem).
2. Noncompact, because it is unbounded.

3. Noncompact, because if we set A ={z € R: 0 <2 <1 and x is irrational}, then z = % ¢ A,
but every interval around it contains irrational numbers which are in A. Therefore A€ is not
open, so A is not closed, and thus A cannot be compact.
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4. Let {O4} be an arbitrary open cover of A. The point 0 lies in one of the open sets,
suppose 0 € O,, for some «ag. Since O, is open and % — 0, there is an N such that
%, ﬁ, ... all lie in O4,. Now since {O,} is an open cover of A, we know there must exist
Ouys Oays - -5 Oqy (n0t necessarily all distinet from one another, but we can rename and give
multiple names to the sets as is needed) such that 1,1/2,...,1/N C Oq, UOp, U ... UOqy -
Then {Ony, Oays Oays - -, Oay } is a finite subcover of A. Therefore, every open cover has a
finite subcover, so A is compact.

‘ Solution 10.21 ‘

Let K be a compact set and F' C K be a closed subset. Let {Oq} be an arbitrary open cover
of F. Then {F¢ 0,} is an open cover of K. Since K is compact, there exists a finite subcover
{F¢ 04y, Oqy, --., Oay} of K. It is easy to check that {Og,, Oqy, - .., Oy} is a finite subcover
of F. Thus F' is compact.

’ Solution 10.22 ‘

Assume not. Then () A, = 0, which easily implies K C |J AS. Since A, is closed, then {AS} is
n>1 n>1

an open cover of K. Because K is compact, there exist ny,...,ny such that K C A7 U...UA}

which implies 4,, N...N A, = 0. Since {A,} is decreasing we have Amaxiniy C Any NN Ay

This will contradict the fact

@#Amax{ni} C An1 ﬁ...ﬁAnN = @

’ Solution 10.23

Assume not. Then for any € > 0, there exists 2. € K such that B(zz,e) ¢ O, for any a. In
particular, there exists a sequence {x,} in K such that B(xy,1/n) ¢ O, for any n > 1 and any
a. Our assumption on K ensures the existence of a subsequence {z,, } of {z,} which converges to
some x € K. Since {O,} covers K, there exists ag such that z € Op,. Since O,, is open, there
must exist g9 > 0 such that B(z,e0) C Oqy. But {z,,} converges to x, then there exists n; such
that B(zyn,;,1/n;) C B(x,20) C Oy, contradicting the way the subsequence was constructed.

[Solution 10.24]

Assume that K C M is nonempty and compact. Let {x,,} be a sequence in K. Set X,, = {z;,i > n}.
Then {X,} is a nonempty sequence of decreasing closed subsets of K. Problem 10.22 will ensure

that () X, # (). Let = be in this intersection. Then z € K as well. Let us show that there exists a
n>1

subsequence of {x,} which converges to x. Let € > 0, then for any n > 1, B(x,e) N {x;,i > n} #0
since x € {x;,i > n}. Set € = 1, then there exists ny > 1 such that x,, € B(z,1). Let ¢ = 1/2,
then there exists ng > nq + 1 such that x,, € B(x,1/2). By induction we construct a subsequence
{zn, } of {z,} such that x,, € B(x,1/i), for any ¢ > 1. Clearly {z,,} converges to x.

Conversely assume that K is sequentially compact. Let us show that K is compact. Let us
prove that for any € > 0 there exists a finite set of points a1,...,ay in K such that

K C B((ll,E) U...J B(aN75).
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Indeed, assume not. Then there exists € > 0 such that for any finite set of points ay,...,ay in K,
we have K ¢ B(a1,e)U...UB(an,e). In particular, we fix 21 € K, then there exists 29 € K such
that d(z1,x2) > e. Assume 1, ...,x, are known. Since K ¢ B(x1,e)U...U B(xy,¢), there exists
Znt+1 € K such that d(zp41,2;) > ¢ for 1 < i < n. By induction we construct a sequence {z,} in
K such that d(z;,z;) > € for i # j. Such sequence is called e-separated. Obviously such sequence
will not have a convergent subsequence. Contradiction. Let us complete the proof of our claim,
i.e., K is compact. Indeed let {O,} be an arbitrary open cover of K. Problem 10.23 ensures the
existence of € > 0 such that for any = € K, there exists « such that B(x,e) C O,. For that same
e, there exists a finite set of points {a;,4 = 1,..., N} in K such that K C B(a1,e)U...UB(an,¢).
For any ¢ = 1,..., N, there exists a; such that B(a;,e) C O,,. Clearly {O,,,i = 1,...,N} is a
finite subcover of K.

[Solution 10.25]

Let M be the set of all bounded sequences in R. Consider the distance d({}, {yn}) = sup [zn—yn|.
neN

Consider
C = {{wn},sup |oal < 1}.
neN

Then C' is not empty, closed, and bounded in M. Let us show that C is not compact. Indeed, for
any k € N, let e, = {x,,}, where 2, = 0 for any n # k and x;, = 1. Then ¢, € C, for any k € N.
But d(e;, e;) = 1 whenever i # j. Hence {e;} is 1-separated in C. So C cannot be sequentially
compact (see Problem 10.24). In particular, C' is not compact.

Another easier example is the discrete distance on any infinite set.

[Solution 10.26 |

Suppose A C (M,d) is totally bounded, then for each £ > 0 there is a finite set (called e-net)
k

{x1,..., 25} in M such that A C U B(zi,e). Now observe that B(x;,e) C B(xi,e + d(x;,x1)),
i=1

therefore if we set R = ¢ + max{d(z2,21),...,d(zk,z1)}, then A C B(z1, R) and thus a totally

bounded set is bounded. To show that a bounded set is not necessarily bounded, consider (cy, ||

. Jleo)s where by ¢y we mean the space of all sequences converging to 0 and for z = (z,,) € ¢o its

norm is defined by || 2 ||co= sup |z,|. Consider the unit sphere S(0;1) of ¢g, define a sequence (z,)

as xp = {0,...,0,1,0,...} (1 in the nth place), then for all n # m

| zn — & ||oo= sup |z; — ;] = 1.

Therefore for e < %, the ball with radius e contains a particular element of the sequence (x,) and
contains no other element of the sequence. Thus S(0;1) does not have an e-net for ¢ < % and
therefore is not totally bounded.

’ Solution 10.27 ‘

Let us use the sequential characterization of compact sets in metric spaces (see Problem 10.24).
Let a sequence (an,by,) C A x B. Since A is compact, we know there exists some subsequence a,,
that converges to some point a € A as k — oo. Similarly, since B is compact, the subsequence (by, )
has a sub-subsequence (by,, ) that converges to some b € B as I — co. Thus (an,, ,bn,,) = (a,b) as
I — oo. Since this is true for any arbitrary sequence (ay,, b,), this proves that A x B is compact.
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’ Solution 10.28 ‘

1. Notice that C' C [0, 1], so it is bounded. C' = [ S, where each S, is a union of finitely many
n>1
closed intervals and so is closed. Thus, the set C' is an intersection of closed sets and so C' is

closed as well. Therefore, C' is a closed and bounded subset of R, so C' is compact.

2. The length of each of the subintervals making up the set S, is %, so the intersection can
contain no interval longer than this. Since 3% — 0 as n — 00, the intersection can contain no
interval of positive length. If @ € C is an interior point, we should be able to find an interval
around a with positive length s. There are no such intervals, so int(C) = ().

3. Begin by noting that C' contains the endpoints of all the intervals for each S, and that each
Sy, has a total of 27! endpoints. Since the number of endpoints in S,, goes to co as n — 0o,
we have that C has infinitely many points.

4. By summing up the length of the deleted intervals, we are able to obtain:
L A 22+
39 27 3 3 \3

1
3

[Solution 10.29 |

Suppose f is continuous and U is an open subset of R™. Let a € f~1(U), then f(a) € U and since
U is open, there is an £ > 0 such that B (f(a);e) C U. From the continuity of f, there is a real
number § > 0 such that

|f(z) — f(a)] < e for all z € A, such that |z — a| <.

This means that f (B(a;0) N A) C B(f(a);e) C U. Hence, B(a;8) N A C f~1(U) and therefore
f~1(U) is open in A. This proves that (a) implies (b).

Conversely, suppose (b) holds. Fix an a € A and £ > 0 and take U = B (f(a);e). Then by
assumption, f~1(U) is open in A and contains the point a, i.e., there is a real number § > 0 such
that B(a;8) N A C f~5(U). In other words, |f(z) — f(a)| < ¢ for all z € A with |z — a| < 4, and
therefore f is continuous.

’ Solution 10.30 ‘

Suppose U = (0,1) C R and f : R — R is a function defined as f(z) = 5, then f(U) = {5} is not
an open set. Notice that we can take U as any open subset of R and f(z) = k for any constant k.

[Solution 10.31|

Suppose (by,) is a sequence in f(A). For each n, choose a,, € A such that f(ay,) = b,. Since A is
compact, there is a subsequence (ay, ) that converges to some point a € A. By the continuity of f,
it follows that by, = f(an,) — f(a) € f(A). Therefore, any sequence (b,) in f(A) has a convergent
subsequence, converging to a point in f(A). Thus f(A) is compact.
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‘ Solution 10.32 ‘

Let f: M — R be continuous and let A be a compact subset of M. By Problem 10.31, we know
that f(A) is a compact subset of R. By the Heine-Borel Theorem, f(A) is closed and bounded.
Thus sup(f(A)) and inf(f(A)) exist and belong to f(A). Therefore, there exist p, P € A such that
for all a € A, inf(£(4)) = f(p) < f(a) < F(P) = sup(f(A)).

‘ Solution 10.33 ‘

Suppose T~! is not continuous at yg € N. Then there exists ¢ > 0 and a sequence (y,,) in N such
that (y,) — o but the sequence (x,,) where x,, = Ty, and g = T~y has the property that

d(xp,x0) > ¢ for all n € N.

However, since (M,d) is compact (x,) has a convergent subsequence (z,,) which is convergent
to some x1 € M. But T is continuous at x1, so y,, where y,, = Tx,, converges to y; = Tx1.
However, we are given that (yy,) — %o, S0 y1 = yo. Since T is one-to-one we have x1 = zo but this
contradicts the assumption that d(x,,zg) > € for all n € N.

[Solution 10.34 |

Consider the real function f on A defined by f(z) = d(z,x¢). Now |f(x) — f(y)| = |d(x, x0) —
d(y,xo)| < d(z,y), so f is continuous on A. But A is compact, so f has a minimum on A (Problem
10.32). That is, there exists a yo € A such that

f(yo) = d(zo,y0) = inf{d(xg,y) : y € A} = d(xg, A).

[Solution 10.35 |

1. f is one-to-one because if f(x) = f(y), then 0 > d(z,y), and therefore x = y. The continuity
of the inverse function follows from d(z,y) = d (f(f~'(2)), f(f 7 (v))) = d(f~ (), f~*(v))

2. Suppose there exists © € A such that ¢ f(A). Since f(A) is compact, by Problem 10.18,
we know d(z, f(A)) = d > 0. Note that we have

d <d(x, f"(x)) <d(f"(z), f*"(x)),

for any n,h € N, where f" = fo---o f n times. In particular, the sequence {f™(x)} is
d-separated. In Problem 10.24 we showed that such sequences do not exist in sequentially
compact metric spaces, contradicting the fact that f(A) is compact. So we have f(A) = A.

’ Solution 10.36 ‘

Since A is closed, d(z, A) = 0 if and only if 2 € A (see Problem 10.18). Therefore dy (A, B) = 0 if
and only if A = B. It is clearly symmetric, i.e., dg(A, B) = dy(B, A). For the triangle inequality,
since A, B, C are three compact subsets of X, for each a € A, by Problem 10.33, we know the
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existence of a closest point b € B so that d(a, B) = d(a, b). Similarly, there is a closest point ¢ € C'
to b with d(b,C') = d(b,c). Therefore,

d(a,C) < d(a,c) < d(a,b) + d(b,¢) = d(a, B) + d(b,C) < dg(A, B) + dg (B, C),

and hence, supd(a,C) < dgy (A, B) + dg(B,C). Now if we reverse the roles of A and C above we
a€A
can obtain that supd(c, A) < dpy(A, B) + dg(B,C). Combining these two inequalities, we get that
ceC

d(A,C) < dy(A, B) + dy (B, C).

Solution 10.37

1. Follows from the definition.

n
2. If Dy € Dy and Dy C U A; with diam(A;) < r, then covering for Dy also covers D; and
i=1
hence a(D1) < a(Da).

n
3. Since D C D by the above part we have a(D) < (D). Conversely, if D C U A;, then
i=1

n
DcC U A;; however, diam(A;) = diam(4;) < r implies a(D) < a(D).
i=1
4. ILm a(F,) = 0 implies that for each n, F), is compact, by the nested intervals property of
n o0

o0
the compact nonempty sets we have ﬂ F, # 0.

n=1

‘ Solution 10.38 ‘

1. For z,y € Q with x < y, choose an irrational number z with x < z < y. Then setting
U= (—00,z) and V = (z,00), we see that Q C U UV, both U and V intersect with Q, and
U NV = (. Therefore, Q is not connected.

2. N is not connected, because if we set U = {0} and V = {1, 2, 3, ...}, then both are open
subsets of N (with respect to the relative topology inherited from the topology of R) with
UNnV=0andN=UUV.

’ Solution 10.39 ‘

We use the same notations as in Problem 10.28. Let z and y be distinct points of C. Without
loss of generality assume x < y. Then x,y € S, for every n. Since the subintervals making up .S,
each have length 1/3™, the points 2 and y must lie in different subintervals if n is large enough so
that |z — y| > 1/3™. At least one of the subintervals (x,, y,,) removed from S, to create S, lies
between z and y, i.e., < 2, < y, < y. Now pick a point z such that z,, < z < y,. Thus z ¢ S,,,
s02¢C. LetU={aeR:a<z}andV={beR: 2z <b}, soUNV =0 and both are open
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sets. Moreover, C C R\{z} =U UV. Thus x € U and y € V with U and V disconnecting C. C'is
totally disconnected as claimed.

[Solution 10.40 |

Assume not. Assume f : X — Y is continuous and X is connected, but the range f(X) is
not connected. Then there are disjoint open sets U and V in Y such that f(X) C U UV and
FX)NU #0# fF(X)NV. If welet K1 = f~1(U) and Ky = f~1(V), since f is continuous, the
inverse image of an open set is open, and thus K and K3 are open subsets of X. Now f(X) CUUV
and U NV = () implies that for each z € X, f(z) € U or f(x) € V but not both. Therefore K;
and Ky cover X and K1 N Ky = ). Moreover, since f(X)NU # 0 and f(X) NV # 0, it follows
that K1 N X # 0 # and Ko N X # (). This shows that X is not connected, so we have arrived at a
contradiction. Therefore, the continuous image of a connected set is connected.

‘ Solution 10.41 ‘

Suppose f : X — Y is continuous and C' C X is a path-connected set. Then for every x,y € C there
is a continuous path # : [0,1] — C connecting x to y, i.e., if (t,) — ¢ in [0, 1], then ¥ (t,) — ().
Since composition of two continuous functions is continuous we certainly have f(1(t,)) — f(()).
Continuous path f o connects every two points in f(C').

‘ Solution 10.42 ‘

Suppose A is path connected, but not connected. Then there are disjoint open sets U and V' such
that ACUUV, ANU # 0, and ANV # 0. Pick points u € ANU and v € ANV. Since A is
path connected, there exists a continuous function f : [0, 1] — A such that f(0) = v and f(1) = v.
Set P = f([0,1]). It follows that P C U UV, moreover u € PNU and v € PNV, so both are
nonempty. This shows that P is not connected. But this is a contradiction because a continuous
image of the closed interval [0, 1], which is connected, is connected.

’ Solution 10.43 ‘

A is bounded because A C B(0,2), let x € A= {x € R" : || z ||> 1}, then B(z,| = || —1) C A€,
thus A€ is open. A is both closed and bounded subset of R™ and thus A is compact by the Heine—
Borel Theorem. To show A is connected we show A is path connected. Let x,y € A, the straight
line connecting z to y is the required path ¢ : [0, 1] — R", since

[o@) 1=l T =tz +ty [<A=t) |z ]+t |y =1

[Solution 10.44 |

Let F = AUB = {(0,t): [t{ <1} U {(z,sin2): 0 <z <1}. We claim that F is connected.
Suppose U and V are two disjoint open sets such that ¥ C U U V. The point (0,0) must belong
to one of them, so, without loss of generality, assume (0,0) € U. Therefore U intersects the line
A. Since A is path connected, A C U. Since U is an open set, there exists some € > 0 such that
the ball centered at (0,0) with radius ¢ is contained in U. But (0,0) is a limit point of B, so U
contains a point of B. Since B is a graph, it is path connected, so by the same argument, B C U,
which shows that ' NV = (. Therefore, F' is connected.
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We prove that F' is not path connected via contradiction. Suppose F' is path connected. Then
there exists a continuous function f : [0,1] — F such that f(0) = (0,0) and f(1) = (1,sin1). Now
set a = sup{z : f(z) € A}. Since f is continuous, there exists a § > 0 such that |f(z) — f(a)| < &
if [x—a|l < 6. Setb=a+4. Let fla) = (0,y) and f(b) = (u,sinl). A similar argument
shows that there is a point @ < ¢ < b such that f(c) = (¢,sin 1), where ¢t < Tr37z- TLherefore,
£ ([e, b]) is a connected subset of F' containing both f(c) and f(b). On the other hand, the graph
G = {(z,sin%) t<ax< u} is connected: if we remove any part of it we will disconnect it, so
G C f([e,b]). Note that sin 2 takes both values £1 on [t, u], so there is a point w = (w,sin ) on G
with | f(w)— f(a)| > |sin = —y| > 1. But this is a contradiction to the above where | f(z)— f(a)| < %
for all z € [a,b]. Therefore F is not path connected.

’ Solution 10.45 ‘

Intervals are path connected, and hence they are connected. For the converse, assume that A is
not an interval and we will show that it is not connected. A is not an interval implies that there
exist points z, y, z such that © < y < z where z,z € A but y ¢ A. Then by setting U = (—o0,y)
and V = (y,00), weget ACUUV,UNV =0, ANU # 0, and ANV # (). Thus A is not connected.
Next let M be a connected metric space and f : M — R is continuous. Since the continuous image
of a connected set is connected, f(M) is connected. From the first part of this problem we conclude
that f(M) is an interval.

’ Solution 10.46 ‘

Since A x B = {(a,b): a € A, b€ B}, if we take x = (x1,22) and y = (y1,¥y2) in A x B, then 2
and y; are in the path-connected set A and x9 and yo are in the path-connected set B. Hence there
exist v : [0,1] = A such that y(0) = 21 and y(1) = y1, and ¢ : [0,1] — B such that ¢(0) = x5
and ¢(1) = ya. Now set f(t) = (v(t),(t)). Then f :[0,1] = A X B is continuous since each of
the coordinate functions is continuous. Moreover we have f(0) = z and f(1) = y. This shows that
A x B is path connected.

’ Solution 10.47 ‘

Let x € R and € > 0. It is enough to show that ﬂNOn N (x — e,z + ¢) is not empty. Since Oy is
ne

dense in R, then OgN (z —e,2+¢) # () and is open. Let 29 € OgN (z — e,z +¢) and ¢ < £/4 such
that (zg — eg, 20 + £0) C Og N (z — €,z 4 €). Then by induction one can build the sequences {z,}
and {e,} such that
En—1

2 )

2. (xn —En, Tp + En) - On N ($n71 —€p—1,Tn-1+ 5n71),

1. e, <

for any n > 1. It is easy to check that &, < /272, for any n € N. Condition 2 implies
(Tm — €my Tm + Em) C (T — En, T + Ex), M >N

In particular, we have |z, — x| < &p, for any m > n. So {z,} is Cauchy. Hence {z,} converges
to some z € R. Let us prove that z € ﬂNOn N(x —e,x + ). Indeed, since |x,, — x,| < &,, for any
ne

m > n, we get |z — x| < &, for any n € N. In particular, we have

zZ € (~77n+1 - 25n+17 Tyl + 25n+1) C (-7771 —En,Tn + gn) C Ona
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for any n € N. This implies z € ﬁNOn. On the other hand, we have (2, —en, 2n+e,) C (r—¢,2+4¢)
ne
which implies z € (z — €, 2 4 ¢). Therefore we have proved that z € ﬂNOn N(x—e,x+e).
ne

The proof given here is analytical in nature and may be extended to complete metric spaces.
In fact, Baire’s Category Theorem extends to complete metric spaces as shown in the following
problem.

[Solution 10.48]

Recall that subset A of a metric space M is said to be nowhere dense if its closure A has no interior
points. (If M = R, A contains no nonempty intervals, for example Z is nowhere dense in R.) We
say A is of first category in M if A is the union of countably many sets each of which is nowhere
dense in M. A is second category in M if A is not first category.

Proof is done by contradiction. Suppose M # ) and first category in itself, then

[e o]
M=) M,

k=1
with each M}, nowhere dense in M. We will construct a Cauchy sequence {xj} whose limit 2 which
exists by completeness is in no Mj, thus contradicting the representation above. By assumption
M is nowhere dense in M, which means M; does not contain a nonempty open set. But M is
open in itself, and this implies that M; # M. Therefore the complement of M; in M is not empty
and open. Using the definition of open set this means we can choose a point z; in M such that
the open ball centered at z; and radius &1, B(z1;¢1) is contained in M;", i.e.,

B(z1;e1) C M;".
By assumption My is nowhere dense in M, i.e., My does not contain a nonempty open set. Hence

it does not contain the open ball B(z1; %51). This implies that My N B(xy; %51) # () so we can
choose a point xs in My N B(x; %51) and g9 < %51 such that

—_— 1
B(Jjg,ég) C MQC n B(l‘l; 551).

Continuing in this manner, we obtain a sequence of open balls b(xy; e) such that B(zy;er) VM, # 0
and

1
B(wy, éfk) C B(wg;er)

for k =1,2,.... Furthermore ¢ < 2% guarantees that the sequence formed by centers xj of these
balls forms a Cauchy sequence. Since M was complete the sequence {x\} converges to some z € M.
Also for every m with n > m we have

1
B(x'rﬂ En) C B(x'm; i‘gm)-
Now using the triangle inequality we get

1
d(zm,x) < d(Tm, xn) + d(Tn, ) < §€m + d(xp, )

which implies that d(zm,z) = $e,, as n — oo thus proving that z € B(2y,;6,,) for every m. But
B(xm;em) C M,,", and we showed that z ¢ M, for every m, so that

o0
¢ M= M.
k=1
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This contradicts the fact that = € M.

‘ Solution 10.49

Assume not. Then there exists {O,} a sequence of open sets such that Q = ﬂNOn. Since Q is
ne

countable, then we may write Q = {r,;n € N}. Set O,, = O, \ {rn}, for n € N. It is clear that O,

is open as an intersection of two open sets. Since Q C Oy, then Oy, is dense in R and consequently

O, is also dense in R, for any n € N. Baire’s Category Theorem implies that ﬂNOn is not empty
ne

and is dense in R. But this contradicts
nQNOn - nQNOn \ Q - @

Finally assume that the set of irrationals is the union of a countable collection of closed sets. Then
by taking the complement one can easily prove that Q is the intersection of a countable collection
of open sets. Contradiction.

In topology, this conclusion means that @ is not Gg-set and R\ Q is not an Fj,.

’ Solution 10.50 ‘

If ¢’ = ), we have nothing to prove. So assume C’ # (). Let us prove that C’ is closed. Let a & C’,
then « is not a limit point of C'. Hence there exists € > 0 such that (a —e,a 4+ ¢) N C does not
contain a point different from a. Since a € C, we have (a — e,a +¢&) N C = (). In fact, we have
(a—e,a4+¢e)NC" = 0. Indeed assume not, i.e., (a—e,a+e)NC' #0. Let a* € (a—¢e,a+e)NC".
Since (@ — ¢, a+¢€) is open, there exists 6 > 0 such that (a* —d,a*+ ) C (a —e,a+¢). Since a* is a
limit point of C, (a* — 4§, a* + ) NC # () which in turns implies (a —¢,a+¢e)NC # (). Contradiction.
Hence R\ C" is open or equivalently C” is closed. Finally let us prove that C is infinite. Assume not.
So C = {e1,...,c}. Since €' is not empty, let ¢* € C’. Set ¢ = min{|c* —¢;|;¢; #¢*, i =1,...,n}.
It is clear that € > 0 and (¢* —e,¢* +e) N C = (). Contradiction. Hence C' is not finite.

’ Solution 10.51 ‘

Let P C R be a nonempty perfect set. Since P has a limit point (being not empty), P is infinite
and is closed. Assume P is countable. Write P = {p,; n € N}. Since pg is a limit point of P,
PN(po—1,po+1) is not empty and is infinite. Take ap € PN(pg—1,po+1), with p # pg. Then there
exists an open interval I; which contains p, such that Iy does not contain pg and Iy C (po—1, po+1),
where I denotes the closure of Iy. Since I; contains a limit point of P, it contains infinitely many
points of P. In particular, it contains a point different from p;. Since [y is open, it will contain an
open interval I», which contains a point from P such that I, does not contain p; and Iy C I;. By
induction, we will construct a sequence of open intervals {I, }nen C (po — 1, po + 1) such that

L pn & I,
2. In+1 - In»
3. I,NP#£0,

for any n € N. The sequence {I,, N P} is a decreasing sequence of bounded closed nonempty sets.
Hence I = QNEF]P # (). Let p* € I. Then p* € I, N P, for any n € N. Hence p* # p,, for any
ne

n €N. So P\ {py;n € N} # . Contradiction.
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’ Solution 10.52 ‘

Assume P not empty. Before we prove that P is perfect, let us prove that C' = A\ P is countable.
Indeed, let a € C, then there exists 71 < a < ro with r1, 79 € Q such that (r;,79) N A is countable.
Hence

CcC U {(ql, @2) N A; q1,q2 € Qsuch that (¢1,q2) N A is countable}.

Since a countable union of countable sets is countable, we conclude that C' is countable. Next let
us prove that P is perfect. Clearly any condensation point of A is also a limit point of A. The
converse is not true in general. Indeed, if we take A = {1/n; n > 1}, then 0 is a limit of A but it is
not a condensation point since A is countable. Let a € P/, i.e., a is a limit point of P. Let ¢ > 0,
then there exists p € (a — ¢,a + ) N P, such that p # a. Since (a — €,a + €) is open, there exists
0 > 0 such that (p—d,p+9) C (a—¢&,a+¢). Since (p—d,p+ d) N A is infinite not countable, then
(a —e,a+¢) N A is infinite not countable, i.e., a € P. So P’ C P. Let p € P. Then for any ¢ > 0,
(p —e,p+¢) N A is infinite and not countable. Also (p —e,p+¢) N C is countable. Since

(p—e,pte)NA= ((p—ap—ks)ﬂP) U ((p—a,p+5)ﬁ(])7

we conclude that (p —e,p+¢) N P is infinite and not countable. Hence p is a limit point of P, i.e.,
p € P'. Therefore we have P = P’, or P is perfect.

‘ Solution 10.53 ‘

Let P be the set of all condensed points of C. Set F' = C'\ P. Then C = PUF. We have
PN F =(. According to Problem 10.52, P is perfect, and F is countable.






Chapter 11

Sequences and Series of Functions

Where is it proved that one obtains the derivative of an infinite series by
taking derivative of each term?

Niels Henrik Abel (1802-1829)

e We say that a sequence of functions {f, : D — R} defined on a subset D C R converges
pointwise on D if for each x € D the sequence of numbers { f,,(z)} converge. If { f,,} converges
pointwise on D, then we define f : D — R with f(z) = lim f,(x) for each z € D. We denote

n—00

this symbolically by f,, — f on D.

e We say that a sequence of functions {f,} defined on a subset D C R converges uniformly on
D to a function f such that for every £ > 0 there is a number N such that

|fu(z) — f(z)] <e forallze D, n>N.

We denote this type of convergence symbolically by f, = f on D.
oo
o If {/,}5° is a sequence of functions defined on D, the series Z fn is said to converge pointwise

n=0
(respectively, uniformly) on D if and only if the sequence {s, }72 of partial sums, given by

sn(@) =Y fr(x),
k=0

converges pointwise (respectively, uniformly) on D.
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Weierstrass M-Test: Suppose that {f,,} is a sequence of functions defined on D and {M,} is
a sequence of nonnegative numbers such that

|fn(z)| < M, VzeD, VYneN.

If 372 ) My, converges, then Y 7 fn(x) converges uniformly on D.

Assume that f,, = f uniformly on [a,b] and that each f,, is integrable. Then, f is integrable

and
b b
lim / fn:/ f
n—oo a a

As a corollary to this theorem we obtain the following result:
Termwise Integration: If each functionf,(x) is continuous on a closed interval [a, b] and if the

o0
series Z fn(z) converges uniformly on [a, b], then we have
n=1

© b b oo

Suppose that {f,} converges to f on the interval [a,b]. Suppose also that f] exists and is
continuous on [a, b], and the sequence {f},} converges uniformly on [a, b]. Then

. / Y
Jim f(z) = f(x)
for each = € [a,b]. As a corollary to this theorem we obtain the following result:

Termwise Differentiation: If each function f,(z) has the derivative f) (x) at any point = €

o0 o]
(a,b), if the series an(m) converges to at least one point k € (a,b), and if Zf,’l(x)

n=1 n=1
oo
converges uniformly on (a,b) to a function g(z), then Z fn(x) converges uniformly on (a,b)
n=1

and is differentiable at any point = € (a,b), whose derivative is equal to g(z). In other words,
termwise differentiation is possible, i.e.,

(D fal@) = fola).
n=1 n=1

A family of functions {f,} € F mapping a set A € R™ into R™ is equicontinuous at a point
a € A if for every € > 0, 36 > 0 such that

| fn(z) — fn(a)| < € where |z —a| <0 and f, € F.
The family F is equicontinuous on a set A if it is equicontinuous at every point in A.

Arzela—Ascoli Theorem: Let A be a compact subset of R™ and C(A, R™) the space of contin-
uous functions from A into R™. A subset B of C(A,R™) is compact if and only if it is closed,
bounded, and equicontinuous.
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o Weierstrass Approzimation Theorem: If f is a continuous function on a closed interval [a, b],
then there exists a sequence of polynomials that converge uniformly to f(x) on [a, b].

Problem 11.1 Prove that if a sequence {f,,} of continuous functions on D converges uniformly
to f on D, then f is continuous on D.

Problem 11.2 Prove that a sequence of functions {f,,} defined on D is uniformly convergent
onU C D to f:U — R if and only if IEII a, = 0, where
n—oo

ap = sup{|fn(z) — f(z)| : €U}, nelN.

nx
14+ nx

Problem 11.3 Consider the sequence {f,} defined by f,(z) = , for & > 0.

a) Find f(z) = lim f,(z).
n—oo
b) Show that for a > 0, {f,} converges uniformly to f on [a, 00).

¢) Show that {f,} does not converge uniformly to f on [0, 00).

1
Problem 11.4 Consider the sequence {f,} defined by f,(z) = 17 for x € [0,1].

a) Find f(z) = lim f,(z).
n—00
b) Show that for 0 < a < 1, {f,,} converges uniformly to f on [0, a].

¢) Show that {f,} does not converge uniformly to f on [0, 1].

Problem 11.5 Consider the sequence {f,} defined by f,(z) = %7 for z € [0,2].
e

a) Show that lim f,(z) =0 for z € (0,2].
n—oo

b) Show that the convergence is not uniform on [0, 2].
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Problem 11.6 Determine whether the sequence {f,,} converges uniformly on D.

1
1+ (nz—1)2

b) fu(z) =na"(1—x) D =10,1]

a) fo(zr) = D =10,1]

2z
n = arct — D=R
c) fn(z) = arctan (a:2+n3>

Problem 11.7 Prove that if { f,} is a sequence of functions defined on A, then { f,,} is uniformly
convergent on D if and only if for € > 0, there exists N € N such that for any m,n > N

sup [ fn(z) = fin(z)] <e.
xzeD

This is called the uniform Cauchy criterion.

Problem 11.8 Suppose that the sequence { f,,} converges uniformly to f on the set D and that
for each n € N, f,, is bounded on D. Prove that f is bounded on D.

Problem 11.9 Suppose a sequence of functions {f,} are defined as
x
fn(x):2x+g x € [0,1].
a) Find the limit function f = lim f,.
n—0o0

b) Is f continuous on [0,1]?
¢) Does [lim f,,(z)] = lim f) () for z € [0,1]?

n—oo n—oo

1 1
d) Does/ lim f,(z)dx = lim fu(z)da?

Problem 11.10 Give examples to illustrate that

a) the pointwise limit of continuous (respectively, differentiable) functions is not necessarily
continuous (respectively, differentiable),

b) the pointwise limit of integrable functions is not necessarily integrable.
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Problem 11.11 Give examples to illustrate that

a) there exist differentiable functions f,, and f such that f, — f pointwise on [0,1] but
/
3 e 3 . —
nlgréo frnlx) # <nlgrgo fn(z)) when z =1,

b) there exist continuous functions f,, and f such that f,, — f pointwise on [0,1] but

lim /1 frn(x)de # /1 ( lim fn(:t)) dz.

Problem 11.12 Suppose that {f,} is a sequence of functions defined on D and {M,} is a
sequence of nonnegative numbers such that

|fu(z)| < M, VreD, YneN.
o0 o0
Show that if ZM’n converges, then z fn(x) converges uniformly on D. (This is called the

n=0 n=0
Weierstrass M-test.)

Problem 11.13 Discuss the uniform convergence of the following series:

Problem 11.14 Let Z anx™ be a power series with radius of convergence r, where 0 < r < +o00.

n=0
If 0 < t < r, prove that the power series converges uniformly on [—t,¢].

oo A 2
Problem 11.15 Show that the function defined by f(x) = Z (%) is continuous on R.
n!
n=0
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Problem 11.16 Prove Dini’s Theorem: Let A C R be a closed and bounded (and thus compact)
set and {f,} be a sequence of continuous functions f,, : A — R such that

a) fn(z) >0 for any x € A,
b) fn — f pointwise and f is continuous,

¢) fot1(z) < fo(x) for any 2 € A, and any n € N.

Prove that {f,} converges to f uniformly on A.

Problem 11.17 Give examples to illustrate that all of the hypotheses in Dini’s Theorem
(Problem 11.16) are essential.

Problem 11.18 Let f, : [1,2] — R be defined by

xT

fn(x) = o

a) Show that Z fn(z) converges for z € [1,2].

n=1

b) Use Dini’s Theorem to show that the convergence is uniform.

¢) Does the following hold:

/12 <i fn(x)> dzx = 2/12 fn(x)dz?

Problem 11.19 A sequence of functions {f,} defined on a set A is said to be equicontinuous
on A if for every ¢ > 0, there exists 6 > 0 such that

|fn(z) — fa(y)| < € whenever |z —y| <9
for x,y € A and n € N. Prove the following:
a) Any finite set of continuous functions on [0,1] is equicontinuous.

b) If {f,} is a uniformly convergent sequence of continuous functions on [0,1], then {f,} is
equicontinuous.
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Problem 11.20 Show that there exists a continuous function defined on R that is nowhere
differentiable by proving the following:

a) Let g(z) = |x| if € [-1,1]. Extend g to be periodic. Sketch g and the first few terms of

the sum - N
=3 (5) oo

b) Use the Weierstrass M-test to show that f is continuous.

c¢) Prove that f is not differentiable at any point.

Problem 11.21 Let f,, be a function such that
fn:(0,1) — R.
a) Prove that if f, = f and f} = g, then f is continuous on (0,1) and f' = g.

b) Describe how you would construct an example to show that uniform convergence of the
derivatives is necessary.

Problem 11.22 Let f, : [0,1] — R be continuous such that {f,} are uniformly bounded
on [0, 1] and the derivatives f}, exist and are uniformly bounded on (0,1). Prove that f, has a
uniformly convergent subsequence.

Problem 11.23 Let B be a bounded and equicontinuous subset of the set of continuous real-
valued functions defined on [a,b]. Let T : B — R defined as

b
T(f) = / f(x)d.

Prove that there is a function fo € B at which the value of T' is maximized.




230 CHAPTER 11. SEQUENCES AND SERIES OF FUNCTIONS

Problem 11.24 Suppose a,b, ¢, and d are constants chosen from an interval [—K, K| and let
® C (C[0,7],d) be a family of functions f of the form

f(z) = asinbx 4+ ccosdr where 0 <z <.
Metric d on C[0, 7] is given by d(f,g) = max |f(z) — g(z)].
0<z<m

a) Show that ® is a compact subset of C[0, 7.

b) Show that for any continuous function g defined on C[0, 7] there exist values a,b, ¢, and d
in [-K, K] such that

— (asinb. d:
Jnax. lg(z) — (asinbx + ccosdz)|

is minimum.
For an obvious reason f € ® is called minimaz approzimation of g.

Problem 11.25 (Bernstein Polynomials) The nth Bernstein polynomial of a continuous
function f : [0,1] — R defined by

_ - k n k An—k
BN =Y 7 (1) (})a-art
k=0

a) Show that B, is linear, monotone map, and B,1 =1 and B,z = x.

b) Show that nth Bernstein polynomial for f(z) = e® is By(x) = [1 + (e% — 1)a]™

c¢) Show that B, (e®) converges uniformly to ¢* on [0, 1].

Problem 11.26

a) Show that for any function f € C[0,1] and any number € > 0, there exists a polynomial p,
all of whose coefficients are rational numbers, such that

llp—fll <e.

b) Show that Cla, b] is separable.

Problem 11.27 Let f be a continuous function on [a, b] and suppose that f; f(x)z"dz =0 for
n=0,1,2,.... Prove that f(z) =0 on [a,b].
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Solutions

Solution 11.1

It follows from the uniform convergence of {f,} that given e > 0, IN € N such that
fu(2) — f(2)] < %5 VzeD, n>N.
Let ¢ € D be fixed. By the continuity of fn at ¢, there is § > 0 such that
|fn(x) — fn(e)] < %s whenever |z —¢| <.
Thus
[f(@) = fle)| < 1f(2) = (@) + | fn (@) = fnle)] + [ fn(e) = fle)] <e.

(=) Suppose f, = f on U. Then given ¢ > 0, there exists N € N such that
|fn(z) — f(z)|<e VYn>N Vzel.

Hence,
an = sup{|fu(z) — f(@)] : z€U, n>N}<e

and therefore lim a, = 0.
n—oo
(<) Suppose lim a, = 0. Then for large n and Vo € U
n—oo

(@) = f(2)] < sup{[fu(z) = f(2)] : 2 €U} <e.
That is, f, = fon U.

Solution 11.3

a) Since f,(0) =0 for all n € N, we get f(0) =0. And for z > 0, we have

im = lim —— =
n—oo 1 4+ nx n—)oo]_—‘,—l/nl'

)

which yields f(z) =1 for z > 0.

b) If > a, then

nx 1 1
—1| = < 7
‘1+n1: ’ 1+nx ~ 14+na
and thus we have )
lim =0
n—oo 1 + na

I

which implies {f,,} converges uniformly to f on [a,c0).
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1
c) Let n>1. If 0 < 2 < —, then
n

nx . 1 < 1 1
1+ nx C 14nx 1+1

which implies {f,} does not converge uniformly to f on [0, c0).

Solution 11.4

a) Since fp(1) =1/2 for all n € N, we get f(1) =1/2. And for 0 <z < 1, we have

lim =1,
n—oo 1 4+ ™

which yields f(z) =1for 0 <z < 1.

b) If x € [0,a], then
1 z" a’
1+ am
Furthermore, because 0 < a < 1,
n
lim —— =0,
n—oo 1 4+ a”

so {fn} converges uniformly to f on [0,a].

1 1
¢) Given n € N, let « be such that 7{/; < x <1, then 3 < " < 1. Therefore

I

1
1 _1l= :L’n > 2 1
1+ am 1+ am 1+

1
which implies {f,} does not converge uniformly to f on [0, 1].

Solution 11.5

a) Since
favr _ (e (g1,
In nxen+i)z n ’
lim ot =e¢ ¥ < 1. Now we use Problem 3.16 to show that lim f, =0 for z € (0, 2].
n—oo  fp n—o0

b) Let us find the maximum of f, in [0,2]. Since

ne™ —ne™nx

(@) =0 = e™(n—nr)=0

flz) =
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1 1
it is easy to check that 1/n is the maximum with f, <7> = —. Since
n e

i sup{|fu(x) 0] ¢ z € (0.2} = lim J, <%) _L

the convergence is not uniform on [0, 2].

Solution 11.6

a) Note

lim fp(z) = lim

n—00 n—oo 1 + (TLIL’ — 1)2 B l

= z=0.

1 _{0 x € (0,1],
2

Notice that all f,,’s are continuous while the limit function is not continuous, which implies
that convergence is not uniform.

b) First notice that

. i
3, Jn(e) = Jig na"(1 = 2) = 0.

The previous argument will not work in this case. So let us find the maximum value of f,,
for n > 1. Let n > 2. We have

fi(x) =n2a" Y1 — ) — na" = na" ! (n —(n+ l)x)

Hence f)(z) =0if z =0or z = % It is easy to check that the maximum value of fy,(z)
n

is given by

sup{[ful) 0] + 2 € [0,1]} = fu (HLH) |

n n n+1 1
A f (m) = Jim, (n+ 1) =.70

Thus convergence is not uniform.

However,

¢) We have
lim fo(z) = li ¢ 22\
A, flw) = lim avetan { 75775 ) =
In order to find the maximum value of f,, let us compute its derivative

on3 — 222

T = Gy r 1

Hence f](z) = 0 iff z = £n+/n. It is easy to check that the maximum value of |f,,(z)] is given
by

sup{|fn(z) — 0| : x € R} = f,(nv/n) = arctan <%\/ﬁ) .

Since ILm sup{|fn(z) — 0] : @ € R} =0, {fn} converges uniformly to 0 on R.
n—oo
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Solution 11.7

(=) Suppose f, = f, then given £ > 0, we can find an integer N such that
m2 N = |fu(e) - f@)] < 3
for all z € D. If m,n > N, then
[fanl@) = fa(@)] < |fule) = F@)] + (@) = ful@)| < S +5 =2
for any x € D.
(«) If given some € > 0, we can find an N such that for any m,n > N we have

sup |fn(1) - fm(x)‘ <e.
zeD

Hence for any = € D, {f,(x)} is a Cauchy sequence in R which implies f,(z) converges
to f(x). Let us prove that {f,} converges uniformly to f on D. Indeed, let £ > 0. By
the uniform Cauchy criterion, there exists N € N such that for all n,m > N, we have
sup |fn(z) — fm(x)] <e/2. Fix n > N. Then

xeD

[fal@) = f@)] = lim_|fu(2) = ful@)| < 2
for any x € D. Hence

sup | (@) — J(@)] < 5 <.
zeD

This obviously implies f,, = f on D.

Solution 11.8

Since {f,} converges to f uniformly on D, there exists an N such that n > N implies that
|fn(x) — f(z)] <1forall z € D. Fix ng > N, since fy, is bounded on D, there exists a constant &
such that |f,(2)] < k for all z € D. Thus for all z € D we have that

[f(@)] < 1f(@) = fo ()] + [fno (@) <1+ k.

Thus f is bounded on D.

Solution 11.9

a) f(x) =2z for x € [0,1].

b) 2z is continuous for all = € [0, 1].

1
c¢) Note that lim f/(z) = lim 2+ — = 2. Therefore [lim,_,oo fn(2)] = f/'(x) = 2.
n—oo

n—o00 n
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1 1 1
d) Note that hm / fa(z)dz = lim 2z + da: = lim 1+ 5 = =1 and / f(z)dz = 1.
n 0

n—0oo 0 n—0oo

Ty

Therefore

‘ Solution 11.10

a) Let fp(x) =a™, for z € [0, 1], as in the following figure:

| +

O

Figure 11.1
Then {f,} converges pointwise to

0 0<zr <1,

f(“"):{ 1 z=1

Each f, is continuous and differentiable on [0, 1], but f is neither continuous nor differentiable
at x = 1.

b) The pointwise limit of integrable functions is not necessarily integrable. Indeed, let

1 if 2 = £ € Q, m < n, when written in reduced form,

fulw) = { 0  otherwise,

for n € N. Then {f,} converges pointwise to

1 r € Q,
fl@)= { 0 otherwise.

Since each of the f,, has only a finite number of nonzero points, it is integrable on [0,1] with
integral zero. However, f is not integrable on [0,1] as can be seen from Problem 7.2.
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’Solution 11.11‘

a) Let fo(xz) = 2"/n, for n > 1, and f(z) = 0. Then f, — f pointwise on [0,1]. Each f, is
differentiable and f’ (z) = 2™, Thus, for z € [0,1),
. / T n—1 __
g, fn(@) = g @ =0

When x = 1, however,
lim f/(1) = lim 17! =1.

n—o0 n—oo

Thus, for x =1,
lim f,(1) =1%#0= f(1).

n—oo

b) For x € [0,1], set fi(z) =1 and for n > 2

nx 0<z<1/n,
fulz) = o2n — n2x 1/n<x<2/n,
0 2/n<x <1,

as depicted in the following figure:

1
(Es”)
==
e
\ | °
2
n n
Figure 11.2

Since f,, encloses an area of a triangle with base 2/n and altitude n, we have

1
/ fu(z)dr =1 for all n > 2
0

which can also be computed directly. Therefore,

n—oo

lim /1 fulz)dz = 1.
0
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However, f, — f where f(z) =0 for « € [0,1]. This is because for 2 = 0, f,,(0) = 0 for every

n, and for any = € (0, 1], we also have f,(x) = 0 for large enough n. Therefore,

1
/0 (nlgﬁlo fn($)) dr = 0.

Thus we have the result that

lim 01 fo(z)dr=1#0= /01 (Jl_}n;o fn(:p)) dz.

n—oo

[Solution 11.12]

o0
Let sy, (x Z fx(z) be the nth partial sum. Since Z M, converges, for all ¢ > 0, 3N such that

n=0
ifn>m> N then

Mm + Mm+1 + -0+ Mn <e.

Thus if n > m > N, we have

[sn(2) = sm(2)] (1 (@) + - + ful@)]
[fmt1(@)] + - + [ fu(2)]

Mpi1+-- + M, <e

IAIA

for all z € D. It follows from Problem 11.7 that {s, } converges uniformly on D. Hence Z fn also

converges uniformly on D.

’ Solution 11.13

a) For any n > 1, we have

n"
7'21

sup |sn () = sn-1(2)| = sup | fu(x)| = [fn(n)] =
zeR

zeR

The Cauchy criterion is not satisfied and thus, convergence is not uniform.

b) First note that we do have pointwise convergence. Next notice that

2
—x <sin(z), for anyz € [O, E} .
T 4

n=0

Let n > 10, and h € N such that 2n < n+ h < ny/nr/4. Then for any £ € N with

n <k <n+ h, we have k/n\/n < w/4. Hence
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which implies

n+h n+h

> Jren < Ly ()

But
n+h

STz b Z "fzﬁ_z@>z
k:n\/Eﬂnf an Wn\/ﬁ_ﬂ'niﬂ

This obviously shows that
n-+h

2
sup > =
z€(0,27] m

,;l NG sin(kx)

for any n > 10 and h € N such that 2n < n + h < ny/n7m/4. Therefore the convergence will
not be uniform on [0, 27].

c) Let M,, = 1/n?, for n > 1, then

2
cos®(nx)
7(2 S Mru
n
o0
since |cos(nz)| < 1. Because Z — is a p-series with p =2 > 1, it converges. Hence, by the
n
n=1

Weierstrass M-test convergence is uniform (see Problem 11.12).

’Solution 11.14‘

o0
Let z € [—t,t], then |apx™| < |an|t™. Since 0 < ¢ < r, the series Z |a,|t" is convergent. Thus by
n=0
o0
the Weierstrass M-test, Z anz” converges uniformly on [—t,t].
n=0

[Solution 11.15 |

oo n\ 2

Let t € R. Let us first show that Z <z—'> converges uniformly on [—t,t]. Set

n!
n=0

"\?
Mn:<—) , form > 1.
n!

M, N2\ 2 t \?
lim 24— i () () = im —0<1,
n—oo M, n—o0 (n + 1)' {mn n—oo \n + 1

‘,L,TL 2
the ratio test forces Z M, to be convergent and by the Weierstrass M-test, Z < ) converges
n=0 n=0
uniformly on [—¢,¢]. Uniform convergence will guarantee that f(z) is continuous because each of

the partial sums is continuous on [—t,t]. Since ¢ was arbitrary, we have continuity of f(x) on R.

Since
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[Solution 11.16]

Let {gn} = {fn — f}. It is sufficient to show that g, = 0 on A. Given € > 0, we want to find N
such that |gn(z)| < € for all n > N and = € A. By hypothesis b), we know that {g,} converges to 0
pointwise on A. That is, for x € A there exists N, = N (e, ) such that for n > N, 0 < gp(z) < e/2.
By the continuity of gy, there is a neighborhood U(x, N,) such that

&
lgn, (¥) — gn, ()] < 5 foranyye U(z, Ny).

The neighborhoods U (x;, N,;) form a cover for the compact set A. That is, there are finitely many
points x1,x9, ..., 2z, € A such that

A CU(x1, Ny ) UU(22, Ng,) U+ UU(2p, Ny,,).

Let N = max(Ng,, Ngy, ..., Ny, ). For any z € A, there exists z; such that © € N,,. Hence for any
n > N we have

+ - =c.

Do ™
N ™

0 < gu(2) < gn,, (z) < gn,, () — gn,, (7)) + 9N, (i) <

i

Therefore |g,(x)| < e for n > N, z € A. This completes our proof.

‘ Solution 11.17‘

(1) Let
1
fn(x):1+n$ z € (0,1), n=1,2,....

It is the case that

However, using Problem 11.2, we see

ap = sup
z€(0,1)

-0|=1
1+ nx ’ ’

so convergence is not uniform, because A = (0, 1) is not closed, hence not compact.

(2) The assumption that {f,} is a monotone sequence is also necessary. If we consider the function
defined in Problem 11.11 (b), then f, — f pointwise on [0,1]. But the sequence {f,} is not
monotonic and convergence is not uniform.

(3) Continuity of each f,, cannot be omitted. For instance, let

- 1 1'6(07%)7
fn(x)*{ 0 1-:001"1'6[%71]~

Then each f, is not continuous. However, they form a monotonic sequence converging point-
wise to zero on [0,1], but again the convergence is not uniform.

(4) Finally, the continuity of the limit function is also needed. The sequence f,(x) = =™ for
€ [0,1] defined in Problem 11.10 (a) has a discontinuous limit f(z) and f,(z) fails to
converge uniformly on [0,1].
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[Solution 11.18

a) First observe that

Z:: 1+z)" 2:: 1—|—:1:

and when |1/(1 + )| < 1 or equivalently when |1 + z| > 1 we have that

1

Z i =1
n11+1’ 1+x 1—1+l

o in particular Z fu(z) is convergent for z € [1,2].

n=1

b) A = [1,2] is compact and f,(z) — 0 pointwise. Clearly, if & > ¢ holds, then f,(z) > fi(z).

All the hypotheses of Dini’s theorem are satisfied and thus convergence is uniform.

¢) Since the convergence is uniform we can interchange the integral and the summation. Thus

the equality holds.

[Solution 11.19]

a) Consider {f; : 1 <i < n} where each f; : [0,1] — R is continuous. Since [0,1] is compact, each

fi is uniformly continuous. Let ¢ > 0. Since f; is uniformly continuous, there exists ¢; > 0
such that if |z —y| < d;, then | fi(z)— fi(y)] < e for 1 < i <n. Now let § = min{o1, d2, ..., },
then for any z,y € [0, 1] such that |z — y| < J, we have

[fi(z) = fily)] <&, for1<i<n.

Hence {f;} is equicontinuous.

b) Let € > 0. Since {f,} is uniformly convergent, there exists N € N such that for any n,m > N

we have

sup |fu(@) = funl@)| < 5-

z€[0,1]
In particular, we have for any n > N

sup |fale) — Iv(@)| < 3,

z€[0,1]

for any n > N. The first part shows that the family {f1, fo, ..., fn} is equicontinuous. Hence
there exists 6 > 0 such that

[fila) = Fiw) < 5

for any ¢« < N and z,y € [0,1] such that |z — y| < 4. Let n > N, then we have

|fa(z) = fu(W)| < |ful2) = (@) + [fn(2) = In@)] + [fn(y) = fu(y)l < e
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for any x,y € [0,1] such that |z — y| < §. Hence for any n € N and any z,y € [0,1] with
|z — y| < d, we have

‘fn(w) - fn(y)l <eé.

Therefore { f,} is equicontinuous.

[Solution 11.20]

a) Extend g(z) to all of R by requiring g(z) = g(z+2) for all . This is depicted in the following
figure:

Figure 11.3

b) Now, given x,y € R, we have

l9(@) = )| = |lal = Iyl < Iz — y.

By translation, this also applies to any pair of points that are no more than two apart. On
the other hand, if |z — y| > 2, then

lg(x) —g9(W)| < lg(@)[+|g(y)| <1+ 1=2 <[z -yl

Hence, |g(z) — g(y)| < |x — y| for all z and y, and so it follows that g is continuous on R.
For each integer n > 0, let gn(z) = (3/4)"g(4™z). For instance,

go(z) =g(x)
91(x) :?M@
92(z) = 159(167)

Notice that g, oscillates four times as fast as g,—1 and at 3/4 the height of g,_1. Now
oo

flx) = Z gn(x) is defined on R. Moreover, for all € R, we have that
n=0

3 n
lgn ()] < <Z) Vn € N.
Thus we can apply the Weierstrass M-test to conclude that

o0
Z gn(x) converges uniformly on R. Since each g, is continuous on R, then f(x) is continuous
n=0

on R.
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c) To see that f is nowhere differentiable, we fix z € R and let h,,, = =%~ (note that 4™|h,,| =
%) Next, we claim that

J(x+ hp) — f(x)
hon

are bounded below by a sequence that diverges to +00 as m — oo. In order to accomplish
this, we first observe that

oo n

3 n n n

flatha) = 5@) = 3 (3) e+ ) g0
n=0

Now we need to examine g(4"x + 4"h,,) — g(4"x) for each n.

Case 1: If n > m, then 4"h,, = +4""™/2 is an even integer. Since g(t) = g(t + 2) for all ¢, it
follows that g(4™x + 4"hy,) — g(4"x) = 0.

Case 2: If n < m, then since [g(r) — g(s)| < |r — s| for all 7, s € R, we have that
lg(4"z + 4" hn ) — g(4" )| < 47 [P |-

Case 3: If n = m, then since there is no integer between 4™z and 4™ (x + h,,), the graph of g
between these points is a straight line of slope +1. Thus

lg(4™x + 4™ hyy,) — g(4™ )| = 47 |y
Combining all of these three cases together, we obtain

f(@+ hm) — f(2)

> <3)n g4 + 4"hn) — g(4"a)

him n—0 4 hom
m—1 n
3\" 47|
> 3m 2
> -3 (3)
n=0
m—1
_ 3miz3n
n=0
1-3" 1
m m
= 3" e 1).
3 T3 2(3 +1)

Since (3™ + 1)/2 diverges to +00 as m — oo, we have shown that f is not differentiable at x.
Since = was arbitrary, f is nowhere differentiable.
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[Solution 11.21]

1. Let 29 € (0,1). We have
fal@) = falao) + / " f (u)du

for x € (0,1). If we take the limit as n — oo, we will get

Fl@) = F@o) = T (fule) — fuleo) = lim [ fi(u)du

n—oo T

/ﬂ: g(u)du

because uniform convergence allows for interchanging the limit with the integral. The equa-
x

tion f(x) — f(xzo) = / g(u)du implies f'(z) = g(x), for any x € (0,1).

zo

2. Consider the sequence {f,} defined by

oz
T 14+ na?

Then {f,} converges uniformly to 0 on R. Indeed let ¢ > 0. Choose N € N such that
1/e? < N. Then for any n > N and 2 € R we have

e Case 1: if |z| < e, then

(@) = 77—

e Case 2: if || > €, then

since n > N.
Hence

sup |fn(z)| < e, for anyn > N.
TeR

On the other hand, we have

Hence {f/} converges pointwise to g where
o[ 1 ie=0
I =N 0 ifz#£o0.

Notice that f, = f uniformly, but f/, — ¢ pointwise and f is differentiable but f’ # g.
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’ Solution 11.22 ‘

This is known as the Arzela—Ascoli Theorem in its simplest form, if we omit the uniform bound-
edness of the derivatives and replace it by the equicontinuity of the functions. Indeed since f, are
uniformly bounded on (0,1), there exists M > 0 such that |f}(z)| < M, for any = € (0,1). Using
the Mean Value Theorem, we get

|fu(z) = fr(y)| < M|z —y|, for any z,y € [0,1], and n € N.

So if € > 0 is given, set § = ¢/M. Then |fn(z) — fu(y)| < €, for any n € N, provided |z — y| < ¢.
So {fn} is equicontinuous. Let us prove that {f,} has a subsequence which converges uniformly.
Set {rp} =1[0,1] N Q. Since {f,} is uniformly bounded, so {fn(x)} is bounded, for any z € [0, 1].
Therefore the Bolzano—Weierstrass Theorem shows that there exists a subsequence { fy,, } of {f,}
such that {f,, (r1)} is convergent. By induction, we can construct a sequence of subsequences { fy, }
such that

(1) {fni,.} is a subsequence of {fy, };
(2) {fn;(re)}, k=1,...,4is convergent.
Consider the subsequence {f,, }. We have

(1) {fn,} is a subsequence of {f,};

(2) {fn,(rr)}, for any k € N, is convergent.

Let € > 0. Since {f,} is equicontinuous, then there exists § > 0 such that |f,(2) — fn(y)| < /3,

for any n € N, provided |z — y| < ¢. Since [0, 1] is compact, there exists {rp,,..., 7, } such that

for any x € [0, 1] there exists 1 < i < K such that |z —ry,,| < 0. Since {fy, (rr)}, for any k € N, is
convergent, there exists N € N such that for any n,m > N,

€

| frn (T0,) = Frnn (1) | < 3

forany i = 1,..., K. Let = € [0,1], then there exists 1 < i < K such that |x — r,,| < J. Hence

[frn (%) = frng (2)] < frn (@) = fro (P + [ Frn (705) = i (Pr) |+ o () = frm ()] < €.

So the subsequence { f,, } satisfies the uniform Cauchy criteria which imply that {f,,, } is uniformly
convergent.

[Solution 11.23]

B is closed, bounded, and equicontinuous. Therefore, by the Arzela—Ascoli Theorem B is compact.
Next we claim that 7' : B — R defined as T'(f) = ff f(z)dz is continuous. Let {f;} be a sequence
of functions in B converging to some f uniformly. For e > 0, we can choose N such that £ > N

implies that | fx(z) — f(z)] < ﬁ. Then

/ ’ fule)de / ’ fla)ds

b

fu(@) = f(z)dz

/ fi(@) — ()] da

(b—a)=ce.

IN

b—a
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T is continuous on a compact set B, hence T'(B) is also compact. Since compact subsets of R have
a maximum, there exists fy € B such that

T(fo) = max{T(f); f € B}.

‘ Solution 11.24

a) The family @ is uniformly bounded and equicontinuous, since
| (@)] < |ab] + |ed| < 2K* and |f(x)| < |a| + |¢| < 2K

for all z € [0, 7] and any f € ®. Furthermore ® is a closed subset of C[0, 7], by the Arzela—
Ascoli Theorem we conclude that @ is compact in C[0, 7].

b) Take g € C[0, 7], consider the distance d(g, ®) = inf{d(g,h) : h € ®}. Since ® is compact
this infimum is attained. In other words there exist values of a,b, ¢, and d in [~ K, K] such
that

d(f,g) = max |g(z) — (asinbx + ccosdz)|
0<z<mw

is a minimum.

[Solution 11.25

a) It is clear that the map B, is linear, since B, (f + g) = B, f + Bng and By (af) = aB,f.

Notice that when f > 0, then B, f is also positive. In particular, |f| < g means —g < f <g¢
and hence —Bpg < B,f < B,g. This also proves that |B,f| < Bng if |f| < g (since it is
straightforward to show that f > g = B,f > B,g).

b) Bn(1) =Y _o1(})2*(1 — 2)" * =1 (From the Binomial Theorem). Next notice that

f’; <Z> B %m(nni B (k —(T)?(i)i DI <Z ) 1)

Using the Binomial Theorem again, we have
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Bi(z)=f0)1—-2)+ f(l)lz=(1-2a)+ex =1+ (e—1)x.

Bo(z) = f(0)(1 —z)? + 2f(%)a:(1 — )+ f(1)a? = (102)? + 2221 — 2)ea®
= ((1 — ) +el/2x)2 = (1 + (e'/? - 1)1‘)2.
More generally, we have

n

Bu(x) = (Z) (eV/m2)f(1 —z)"F = (e 4+ (1 —2))" = (1 + (eV/" = 1)z)".

k=0

d) It can be shown that B,(e”) may be written as (1 + 7 + 73) where 0 < ¢, < 1 and hence
B, (e®) converges uniformly to e®.

[Solution 11.26 ]

a) Let € > 0. By the Weierstrass Approximation Theorem, there exists a polynomial ¢(z) such
that ||¢g — f]| < /2. Suppose ¢ has degree r, and

s
q(z) = Z apa®
k=0

where some or all of the coefficients ag, a1, ..., a, may be irrational. For each coefficient ay,
we find a rational number by, such that |by — ax| < £/2(r + 1). Let p be the polynomial given
by

p(z) = Z ba®.
k=0

Then, for all z € [0,1] we have

T

> bk — ag)a”

k=0

Then [lp—q|| <e/2,s0 [p—fl| < lp—dll +lla— fll <e.

T T c c
< by, — k< E .
= | k ak”‘ﬂ = 2(7‘+1) 2
k=0 k=0

p(z) —q(x)] =

b) To show Cla, b] separable we must show it contains a countable dense set. Let

A={p(x) =) bia" | b€ QneN}.

i=0

Then define

Ap={p(x) =) b’ | b €Q},

i=0
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and we have

A= U A,

neN

There is an obvious bijection between A,, and Q™" which sends each coefficient of a polyno-
mial in A4,, to one coordinate in Q"*!. Thus A4, is countable, and A is countable since it is a
countable union of countable sets.

So we must show that A is dense in Cla, b]. We follow the same proof as above:

Let € > 0. By the Weierstrass Approximation Theorem, there exists a polynomial ¢(z) such
that ||¢ — f|| < /2. Suppose ¢ has degree r, and

T
= E agzk
k=0
where some or all of the coefficients ag, a1, . . ., a, may be irrational. Let ¢ = Jnax { sup {|z['}}.
SIST g<a<

Then for each coefficient a; we find a rational number by such that |by — ax| < £/2c(r + 1).
Let p be the polynomial given by

T'
k=0
Then, for all z € [0, 1] we have

T

> bk — ag)a”

k=0

u || Fe e €

< o — k)t <Y < =<
— = 2¢(r+1) — 2(r+1) 2

p(z) —q(x)] =

Then |p—q| <e/2,s0 |lp— fl| < llp — qll + |lg = f|| < &. Thus for any £ > 0 and f € Cla, b]
we can find a p € A with ||p — f|| <e, so A is dense in C[a, b].

‘Solution 11.27‘

Let P,(z) = ap + a1z + - - - + apa™ be a polynomial. Then by the given hypothesis,

/ f(z dm—ao/ f(z dw+a1/aba:f( Ndx + -+ n/abm",f(a:)d:c—

By the Weierstrass Approximation Theorem, we know that any continuous function on [a, b] can be
uniformly approximated by polynomials. Hence there exists a sequence {P,(z)} which converges
uniformly to f(x) on [a, b]. Since P, = f, then fP, = f2. Therefore

lim f() ()dwf/ lim_ f(z) dw—/ﬁ )dz = 0.

n—oo a n—oo

Continuity of f(z) implies that f = 0 constantly (see Problem 7.19).
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greatest integer, 52, 80
inverse, 215
Lipschitz, 79
monotone, 63, 66
nonconstant, 82
one-to-one, 3, 7, 101
onto, 3
periodic, 65, 78
square-root, 24
step, 82, 130

INDEX

Fundamental Theorem of Calculus, 128

Holder inequality, 25

harmonic series, 161

Heine-Borel Theorem, 198, 211, 215
homeomorphism, 202

infA, 22, 24, 32

infinite series, 159
absolute convergence, 159
and termwise differentiation, 224
and termwise integration, 224
Bertrand, 179
conditional convergence, 160
convergence, 159
divergence, 159
Euler, 161
harmonic, 161
partial sum, 159
Raabe-Duhamel’s rule, 165
uniform convergence, 227
with positive terms, 162
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integral
Bertrand, 133
improper, 128, 132, 133
lower, 128, 129, 152
pointwise limit, 226
Riemann, 128-130
Riemann sums, 128
upper, 128, 129
Wallis, 45, 59
interchange of limit
and derivative, 226, 227
and integral, 226, 227
interior of a set, 200
interior point of a set, 200
Intermediate Value Theorem, 77, 101, 115,
147
generalized, 204
Interval Intersection Property, 26
irrational, 24, 68, 204

Laplace, Pierre-Simon, 127
Legendre polynomials, 104
Leibnitz formula, 103
limit
inferior, 42, 45, 46
is irrational, 57
of a function, 64
of a sequence, 41
of integrals, 131
of rational numbers, 45
one-sided, 64
Riemann sums, 128, 130
sequential characterization, 65, 92
superior, 41, 45, 46
limit point of a set, 199, 201
Littlewood, John, 197
Luxemburg Monotone Convergence Theorem,
133, 153, 154

Mean Value Theorem, 97, 108, 112-114, 118
for integrals, 128, 142, 151
generalized, 116
measure of noncompactness, 203
metric, 181, 182
bounded, 183
discrete, 182, 185
Fuclidean, 182
Hausdorff, 203

p-adic, 184
SNCF, 183
ultrametric, 184, 190
metric space, 181
complete, 181, 185
not complete, 184, 185
of continuous functions, 182, 183
ultrametric space, 184
Minkowski Inequality, 25
Monotone Convergence Theorem, 133

natural numbers, 203
coprime, 25, 36
negation of a statement, 4
neighborhood, 25
nest of intervals, 22
Nested Intersection Property, 26
Newton, Isaac, 97
nowhere dense, 219

open ball
closure of, 199
in a metric space, 185, 199
in Euclidean space, 185

path connected, 198, 204
Picard iteration, 134, 155
power series, 227
uniform convergence of, 227
power set, 23
proof
by contradiction, 2, 27, 219
by induction, 21-23, 37
by strong induction, 21, 29
contrapositive, 2

Raabe-Duhamel’s rule, 165
rational number, 22, 23, 203
real number, 23, 24
rearrangement, 176

Riemann sum, 128, 144, 145
Riemann-Lebesgue’s lemma, 132
Rolle’s Theorem, 97, 112, 115

Schréder-Bernstein Theorem, 4, 8
sequence, 41
bounded, 41, 184
Cauchy, 42, 43, 49, 219
convergent, 41-43, 45
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decreasing, 42
divergent, 41, 43, 44
in a metric space, 184
increasing, 42
not bounded, 54
ratio, 44
series of functions
converge pointwise, 223
converge uniformly, 223
set, 1
both open and closed, 198
closed, 198-200
closed and bounded but not compact, 201
compact, 201
countable, 7
disjoint, 15
disjoint open, 198
empty, 7, 25
equal, 1
intersection, 2
open, 198, 200
in R, 197
subset, 1
union, 2

INDEX

sets

intersection and union of a family, 3
sphere

in a metric space, 185
Squeeze Theorem, 51, 52, 56, 66, 112, 142-144
Stirling formula, 45
subsequence, 41, 42, 48, 184

uniformly convergent, 229
supA, 22, 31

Taylor’s Theorem, 98, 143

Tchebycheff polynomials, 135

triangle inequality, 38, 181
generalized, 189, 191

uniformly continuous extension, 82
unit balls in R?, 185

Weierstrass Approximation Theorem, 225, 247
Weierstrass M-Test, 224, 227, 238, 241
Weierstrass’s example, 229

well-ordering property, 22

Young Inequality, 25
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