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Universal Approximation Bounds for Superpositions
of a Sigmoidal Function

Andrew R. Barron, Member, IEEE

Abstract— Approximation properties of a class of artificial
neural networks are established. It is shown that feedforward
networks with one layer of sigmoidal nonlinearities achieve inte-
grated squared error of order ()(1/n), where n is the number
of nodes. The function approximated is assumed to have a
bound on the first moment of the magnitude distribution of
the Fourier transform. The nonlinear parameters associated
with the sigmoidal nodes, as well as the parameters of linear
combination, are adjusted in the approximation. In contrast, it
is shown that for series expansions with n terms, in which only
the parameters of linear combination are adjusted, the integrated
squared approximation error cannot be made smaller than order
1 /n2/ 4 uniformly for functions satisfying the same smoothness
assumption, where d is the dimension of the input to the function.
For the class of functions examined here, the approximation rate
and the parsimony of the parameterization of the networks are
surprisingly advantageous in high-dimensional settings.

Index Terms— Artificial neural networks, approximation of
functions, Fourier analysis, Kolmogorov n-widths.

I. INTRODUCTION

APPROXIMATION bounds for a class of artificial neural
networks are derived. Continuous functions on compact
subsets of R? can bc uniformly well approximated by linear
combinations of sigmoidal functions as independently shown
by Cybenko [1] and Hornik, Stinchcombe, and White [2]. The
purpose of this paper is to examine how the approximation
error is related to the number of nodes in the network.

As in [1], we adopt the definition of a sigmoidal function
¢(z) as a bounded mcasurable function on the real line for
which ¢(z) —» 1 asz » oo and ¢(z) — 0 as z —
—oco. Feedforward neural network models with one layer of
sigmoidal units implement functions on R? of the form

fulz) = ch¢(ak -z +br) + co 1)

k=1

parameterized by ax € R? and by, cx € R, where a -z
denotes the inner product of vectors in R". The total number
of parameters of the network is (d + 2)n + 1.

Manuscript received February 19, 1991. This work was supported by ONR
under Contract NO0014-89-J-1811. Matcrial in this paper was presented at the
IEEE International Symposium on Information Theory, Budapest, Ilungary,
June 1991.

The author was with the Department of Statistics, thc Department of
Electrical and Computer Engineering, the Coordinated Science Laboratory,
and the Beckman Institute, University of Illinois at Urbana-Champaign. He
is now with the Department of Statistics, Yale University, Box 2179, Vale
Station, New Haven, CT 06520.

IEEE Log Numbcr 9206966.

A smoothness property of the function to be approximated is
expressed in terms of its Fourier representation. In particular,
an average of the norm of the frequency vector weighted by the
Fourier magnitude distribution is used to measure the extent
to which the function oscillates. 1n this Introduction, the result
is presented in the case that the Fourier distribution has a
density that is integrable as well as having a finite first moment.
Somewhat greater generality is permitted in the theorem stated
and proven in Sections III and IV.

Consider the class of functions f on R? for which there is
a Fouricr representation of the form

$@) = [ i) do, ®

for some complex-valued function f(w) for which wf(w) is
integrable, and define

0 = [ il @)

where |w| = (w - w)'/2. For each C'> 0, let T be the set of
functions f such that Cy < C.

Functions with C; finite are continuously differentiable on
R? and the gradient of f has the Fourier representation

Af(z) = /e“"m&vf(w)dw, (4)

where ANf(w) = 4w f(w). Thus, condition (3) may be in-
terpreted as the integrability of the Fourier transform of
the gradient of the function f. In Section III, functions are
permitted to be defined on domains (such as Boolean functions
on {0, l}d) for which it does not make sense to refer to
differentiability on that domain. Nevertheless, the conditions
imposed imply that the function has an extension to R with
a gradient that possesses an integrable Fourier representation.

The following approximation bound is representative of
the results obtained in this paper for approximation by linear
combinations of a sigmoidal function. The approximation error
is measured by the integrated squared error with respect to an
arbitrary probability measure p on the ball B, = {z:|z| < r}
of radius » > 0. The function ¢(z) is an arbitrary fixed
sigmoidal function.

Proposition 1: For every function f with Cj finite, and
every n > 1, there exists a linear combination of sigmoidal
functions f,,(z) of the form (1), such that

[ (@) - fu@)utan) < 2, ©
JB,
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where c’f = (21"Cf)2. For functions in "¢, the coefficients
of the linear combination in (1) may be restricted to satisfy
2::1 lex] < 2rC, and ¢o = f(O)

Extensions of this result are also given to handle Fourier
distributions that are not absolutely continuous, to bound
the approximation error on arbitrary bounded sets, to restrict
the parameters a; and by to be bounded, to handle certain
infinite-dimensional cases, and to treat iterative optimization of
the network approximation. Examples of functions for which
bounds can be obtained for Cy are given in Section IX.

A lower bound on the integrated squared error is given in
Section X for approximations by linear combinations of fixed
basis functions. For dimensions d > 3, the bounds demonstrate
a striking advantage of adjustable basis functions (such as used
in sigmoidal networks) when compared to fixed basis functions
for the approximation of functions in I'c.

II. DISCUSSION

The approximation bound shows that feedforward networks
with one layer of sigmoidal nonlinearities achieve integrated
squared error of order O(1/n), where n is the number of
nodes, uniformly for functions in the given smoothness class.

A surprising aspect of this result is that the approximation
bound of order O(1/m) is achieved using networks with
a relatively small number of parameters compared to the
exponential number of parameters required by traditional poly-
nomial, spline, and trigonometric expansions. These traditional
expansions take a linear combination of a set of fixed basis
functions. It is shown in Section X that there is no choice
of n fixed basis’ functions such that linear combinations
of them achieve integrated squared approximation error of
smaller order than (1/2)(/%) uniformly for functions in I'c, in
agreement with the theory of Kolmogorov n-widths for other
similar classes of functions (see, e.g., [3, pp. 232-233]). This
vanishingly small approximation rate (2/d instead of 1 in the
exponent of 1/n) is a “curse of dimensionality” that does not
apply to the methods of approximation advocated here for
functions in the given class.

Roughly, the idea behind the proof of the lower bound result
is that there are exponentially many orthonormal functions
with the same magnitude of the frequency w. Unless all of
these orthonormal functions are used in the fixed basis, there
will remain functions in I'c that are not well approximated.
This problem is avoided by tuning or adapting the paramectcrs
of the basis functions to fit the target function as in the
case of sigmoidal networks. The idea behind the proof of the
upper bound result (Proposition 1) is that if the function has
an integrable representation in terms of parameterized basis
functions, then a random sample of the parameters of the
basis functions from the right distribution leads to an accurate
approximation.

Jones [4] has obtained similar approximation properties
for linear combinations of sinusoidal functions, where the
frequency variables are the nonlinear parameters. The class
of functions he examines are those for which [ |f(w)|dw
is bounded, which places less of a restriction on the high-
frequency components of the function (but more of a restric-

tion on Jow-frequency components) than does the integrability
of |w||f(w)'. In the course of our proof, it is seen that the
integrability of |w|| f(w)| is also sufficient for a linear combina-
tion of sinusoidal functions to achieve the 1/n approximation
rate. Siu and Brunk [5] have obtained similar approximation
results for neural networks in the case of Boolean functions on .
{0, 1}¢. Independently, they developed similar probabilistic

‘arguments for the existence of accurate approximations in their

setting.

It is not surprising that sinusoidal functions are at least as
well suited for approximation as are sigmoidal functions, given
that the smoothness properties of the function are formulated
in terms of the Fourier transform. The sigmoidal functions
are studied here not because of any unique qualifications in
achieving the desired approximation properties, but rather to
answer the question as to what bounds can be obtained for this
commonly used class of neural network models.

There are moderately good approximation rate properties in
high dimensions for other classes of functions that involve a
high degree of smoothness. In particular, for functions with
J | f(w)|?|w|?® dw bounded, the best approximation rate for
the integrated squared error achievable by traditional basis
function expansions using order m? parameters is of order
O(1/m)* for m = 1,2,---, for instance, see [3] (for
polynomial methods m is the degree, and for spline methods
m is the number of knots per coordinate). If s = d/2-
and 7 is of order m?, then the approximation rates in the
two settings match. However, the exponential number of
parameters required for the series methods still prevent their
direct use when d is large.

Unlike the condition [ |f(w)|?|w|? dw < oo, which by Par-
seval’s identity is equivalent to the square integrability of all
partial derivatives of order s, the condition [ |f(w)|w|dw <
oo is not directly related to a condition on derivasives of
the function. It is necessary (but not sufficient) that all first-
order partial derivatives be bounded. It is sufficient (but not
necessary) that all partial derivatives of order less than or equal
to s be square-integrable on R<, where s is the least integer
greater than 1+ d/2, as shown in example 15 of Section IX. In
the case of approximation on a ball of radius r, if the partial
derivatives of order s are bounded on B, for some ' > r,
then there is a smooth extension of f for which the partial
derivatives of order s are square integrable on RY, thereby
permitting the approximation bounds to be applied to this case.

Another class of functions with good approximation prop-
erties in moderately high dimensions is the set of functions
with a bound on [(0%f(z)/0z5 - - dx3)? dx (or equivalent,
J w12 -+ [wa|?*| f ()]? dw). For this class, an approximation
rate of order O(1/n)?® is achieved using O(n(logn)?™!)
parameters, corresponding to a special subset of terms in
a Fourier cxpansion (see Korobov [6] and Wahba [7, pp.
145-146]). Nevertheless, the (logn)4~! factor still rules out
practical use of these methods in dimensions of, say, 10 or
more.

Thus far in the discussion, attention is focused on the
comparison of the rate of convergence. In this respect, methods
that adapt the basis functions (such as sigmoidal networks) are
shown to be superior in dimensions d > 3 for the class I'c for
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any value of C, no mattcr how large. Now it must be pointed
out that the dimension d can also appear indirectly through the
constant C. Dependence of the constant on d does not affect
the convergence rate as an exponent of 1/n. Nevertheless, if
Cy is exponentially large in d, then an exponentially large
value of n would be required for C’J? /n to be small for
approximation by sigmoidal networks. If C is exponentially
large, then approximation by traditional expansions can be
even worse. Indeed, since the lower bound developed in
Section X is of the form C2/n(?/ 4, a superexponentially large
number of terms n would be necessary to obtain a small value
of the integrated squared error for some functions in I'c.

The constant Cy involves a d-dimensional integral, and it
is not surprising that often it can be exponentially large in
d. Standard smoothness properties such as the existence of
enough bounded derivatives guarantee that C5 is finite (as dis-
cussed above), but alone they are not enough to guarantee that
C is not exponentially large. In Section IX, a large number of
examples are provided for which Cy is only moderately large,
e.g., O(d*/?) or O(d), together with certain closure properties
for translation, scaling, linear combination, and composition
of functions. Since in engineering and scientific contexts it is
not unusual for functions to be built up in this way, the results
suggest that ['c may be a suitable class for treating many
functions that arise in such contexts.

Other classes of functions may ultimately provide better
characterizations of the approximation capabilities of artificial
neural networks. The class I'c is provided as a first step in
the direction of identifying those classes of functions for which
artificial neural networks provide accurate approximations.

Some improvements to the bound may be possible. Note that
there can be more than one extension of a function outside of
a bounded set B that possesses a gradient with an integrable
transform. Each such extension provides an upper bound for
the approximation error. An interesting open question is how
to solve for the extension of a function outside of B, that
yields the smallest value for [ |wl|f(w)|dw.

For small d, the bound (2rC)2/n on the integrated squared
error in Proposition 1 is not the best possible. In particular, for
d = 1, the best bound for approximation by step functions is
(rCy[n)? (which can be obtained by standard methods using
the fact that, for functions in I'c, the absolute value of the
derivative is bounded by C). For d > 1, it is recently shown
in [20] that the rate for sigmoidal networks cannot be better
than (1/n)1*+(/4) in the worse case for functions in Tc. Note
that the gap between the upper and lower bounds on the rates
vanishes in the limit of large dimension. Determination of the
exact rate for each dimension is an open problem.

The bound in the proposition assumes that ¢ is a probability
measure. More generally, if p is a measurc for which pu(B,)
is finite, it follows from Proposition 1 that

2 s
[ @ - f@ruin < Lusy. @
In particular, with the choice of u equal to Lebesgue measure,
the bound is of order O(1/n), which is independent of d, but
the constant p(B,) is equal to the volume of the ball in d
dimensions, which grows exponentially in d for r > 1.
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In the case that the function is observed at sites
X1, Xo,-+, Xy restricted to B,, Proposition 1 provides a
bound on the training error

™

R . ¢
NZ(f(XZ) - fn(‘}(i))z < 1_{1
i=1
where the estimate fn = fn, ~ of the form (1) is chosen to
minimize the sum of squared errors (or to achieve a somewhat
simpler iterative minimization given in Section VIII). In this
case, the integral in Proposition 1 is taken to be with respect
to the empirical distribution.

The implications for the generalization capability of sig-
moidal networks estimated from data are discussed briefly.
There are contributions to the total mean squared error f B, (f-
fn )2 dys from the mean squared error of approximation || B, (f-
fn)2 dp and the mean squared error of estimation f B, (fn —

fn)2 dps. An index of resolvability provides a bound to the total
mean squared error in terms of the approximation error and the
model complexity according to a theorem in [8] and [9] (see
also [10] for related results). In [11], the approximation result
obtained here is used to evaluate this index of resolvability
for neural network estimates of functions in I', assuming a
smoothness condition for the sigmoid. There it is concluded
that statistically estimated sigmoidal networks achieve mean
squared error bounded by a constant multiple of C%/n +
(nd/N)log N. In particular, with n ~ C;(N/(dlog N))'/?,
the bound on the mean squared error is a constant times
Cy((d/N)log N)1/2. In the theory presented in [11], a bound
of the same form is also obtained when the number of units n
is not preset as a function of the sample size N, but rather
it is optimized from the data by the use of a complexity
regularization criterion.

Other rclevant work on the statistical estimation of sig-
moidal networks is in White [12] and Haussler [13] where
metric entropy bounds play a key role in characterizing the
estimation error. For these metric entropy calculations and
for the complexity bounds in [11], it is assumed that domain
bounds are imposed for the parameters of the sigmoidal net-
work. In order that the approximation theory can be combined
with such statistical results, the approximation bounds are
refined in Section VI under constraints on the magnitudes of
the parameter values. The size of the parameter domains for
the sigmoids grows with n to preserve the same approximation
rate as in the unbounded case.

For the practitioncr, the theory provides the guidance to
choose the number of variables d, the number of network
nodes n, and the sample size N, such that 1/n and
(nd/N)log N are small. But there are many other practical
issues that must be addressed to successfully estimate network
functions in high dimensions. Some of these issues include
the iterative search for parameters, the selection of subsets of
terms input to each node, the possible selection of higher order
terms, and the automatic selection of the number of nodes on
the basis of a suitable model selection criterion. See Barron and
Barron [14] for an examination of some of these issues and
the relationship betwcen neural network methods and other
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methods developed in statistics for the approximation and
estimation of functions.

After the initial manuscript was distributed to colleagues,
the methods and results of this paper have found application
to approximation by hinged hyperplanes (Breiman [15]), slide
functions (Tibshirani [16]), projection pursuit regression (Zhao
[17]), radial basis functions (Girosi and Anzellotti [18]), and
the convergence rate for neural net classification error (Farago
and Lugosi [19]). Moreover, the results have been refined to
give approximation bounds for network approximation in L,
norms, 1 < p < oo (Darken et al. [31], in the L* norm
(Barron [20], Yulich [32]) and in Sobolev norms (Hornick et
al. [21)).

Approximation rates for the sigmoidal networks have re-
cently been developed in McGaffrey and Gallant [22], Mhaskar
and Micchelli [23], and Kirkovd [33] in the settings of
more traditional smoothness classes that are subject to the
curse of dimensionality. Reference [22] also gives implications

for statistical convergence rates of neural networks in these .

settings. Jones [24] gives convergence rates and a set of “good
weights” to use in the estimation of almost periodic functions.
Zhao [17] gives conditions such that uniformly distributed
weight directions are sufficient for accurate approximation.

A challenging problem for network estimation is the opti-
mization of the parameters in high-dimcnsional settings. In
Section VIII, a key lemma due to Jones [4] is presented
that permits the parameters of the network to be optimized
one node at a time, while still achieving the approximation
bound of Proposition 1. This result considerably reduces the
computational task of the parameter search. Nevertheless, it is
not known whether there is a computational algorithm that can
be proven to produce accurate estimates in polynomial time as
a function of the number of variables for the class of functions
studied here. We have avoided the effects of the curse of
dimensionality in terms of the accuracy of approximation but
not in terms of computational complexity.

1II. CONTEXT AND STATEMENT OF THE TIIEOREM

In this section, classes of functions are defined and then the
main result is stated for the approximation of these functions
by sigmoidal networks. The context of Fourier distribution
permits both series and integral cases. A number of interesting
examples make use of the Fourier distribution, as will be seen
in Sections VII and IX.

The Fourier distribution of a function -f(z) on R® is
a unique complex-valued measure F(dw) = ) F(dw),
where F(dw) denotes the magnitude distribution and 6(w)
denotes the phase at the frequency w, such that

flzy= /ei“'zﬁ'(dw), 8)

or, more generally,
f@) = 1O+ [(@= - )F(a) ©)

for all z € R%. If [ F(dw) is finite, then both (8) and (9) are
valid and (9) follows from (8). Assuming only that [ |w|F(dw)

is finite, (9) is used instead of (8) since then the required
integrability follows from |e*® — 1] < 2|w + z| < 2w||z].
(See the Appendix for the characterization of the Fourier
representation in this context.) The class of functions on R?
for which Cy = [ |w|F(dw) is finite is denoted by I".

Functions are approximated on bounded measurable subsets
of their domain in R®. Let B be a bounded set in R¢ that
contains the point z = 0, and let I'p be the set of functions
f on B for which the representation (9) holds for z € B for
some complex-valued measure F'(dw) for which [ |w|F(dw)
is finite, where F is the magnitude distribution corresponding
to F. (The right side of (9) then defines an extension of
the function f from B to R that is contained in T', and
I may be interpreted as the Fourier distribution of an a
continuously differentiable extension of f from B to R?. Each
such extension provides a possible Fourier representation of f
on B))

Linear functions f(z) = a -z and, more generally, the class
of infinitely differentiable functions on R are not contained in
T', but they are contained in I" 5 when restricted to any bounded
set B (because such functions can be modified outside of the
bounded set to produce a function in I'; see Section IX). The
set of functions on R® with this property of containment in
I'p for every bounded set of B is denoted for convenience
by I's = Ngl'p.

For each C > 0, let ', p be the set of all functions f in
T'p such that for some F' representing f on B,

JilaFa) < c. (10)
where |w|gp = sup,cp |w - 7| In the case of the ball B, =
{z:]z| < 7}, this norm simplifies to |w|p, = r|w|. (See
Section V for the form of the bound for certain other domains
such as cubes.)

The main theorem follows; a bound is given for the inte-
grated squared error for approximation by linear combinations
of a sigmoidal function.

Theorem 1: For every function f in ', ¢, every sigmoidal
function ¢, every probability measure s, and every n > 1,
there exists a linear combination of sigmoidal functions f»(z)
of the form (1), such that

(20)? .

n

[ (@) = @ Putae) < (1)
The coefficients of the linear combination in (1) may be
restricted to satisfy > r_; |cx| < 2C, and ¢o = f(0).

IV. ANALYSIS

Denote the set of bounded multiplves of a sigmoidal function
composed with linear functions by

Gy ={véla-z+b):]7| <2C, acR’ beR} (12
For functions f in I'¢ B, Thgor'em 1 bounds the error in the
approximation of the function f(z) = f(z) — f(0) by convex

combinations of functions in the set (4.
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Proof of Theorem 1: The proof of Theorem 1 is based
on the following fact about convex combinations in a Hilbert
space, which is attributed to Maurey in Pisier [25]. We denote
the norm of the Hilbert space by || - ||

Lemma 1: 1If f is in the closure of the convex hull of a set
G in a Hilbert space, with ||g|| < b for each g € G, then for
every n > 1, and every ¢’ > b2 — ||f||%, there is an £, in the
convex hull of » points in G such that

— 2 ¢
7=l < — (13)

Proof: A proof of this lemma by use of an iterative
approximation, in which the points of the convex combination
are optimized one at a time, is due to Jones [4]. A slight
refinement of his iterative Hilbert space approximation the-
orem is in Section VIII. The noniterative proof of Lemma 1
(credited to Maurey) is based on a law of large numbers bound
as follows. Given n > 1 and § > 0, let f* be a point in the
convex hull of G with |[f — f*|| < §/n. Thus, f* is of the
form Y- Ykgh with g} € G, yk > 0,35y % = 1, for
some sufficiently large m. Let 9 be randomly drawn from the
set {g7,--,9m.} with P{g = gi} = s let g1, 92, . 9n
be independently drawn from the same distribution as g;
and let f, = (1/n)Y.7_, g; be the sample average. Then
Ef, = f* and the cxpected value of the squared norm of
the error is E||f, — f*!? = (1/n)E||g — f*|'?, which equals
(1/n)(Egll? = [1*]}?) and is bounded by (1/n)(2 ~| £* ).
Since the expected value is bounded in this way, there must
exist g1, g2, +,9gn for which ||f, — f*|I> < (1/n)(¥® —
[I£*I1). Using the triangle inequality and ||f — f*|| < §/n, the
proof of Lemma 1 is completed by the choice of a sufficiently
small 8. O

Fix a bounded measurable set B that contains the point
z = 0 and a positive constant C. If it is shown that for
functions in the class I'c, g, the function f(z) = f(z) — f(0)
is in the closure of the convex hull of G4 in La(p, B), then it
will follow by Lemma 1 that there exists a convex combination
of n sigmoidal functions such that the square of the Ly(p, B)
norm is bounded by a constant divided by n. Therefore, the
main task is to demonstrate the following theorem.

Theorem 2: For every function f in I'c,p, and every
sigmoidal function ¢, the function f(z) — f(0) is in the
closure of the convex hull of G4, where the closure is taken
in La(p, B)).

The method used here to prove Theorem 2 is motivated by
the techniques used in Jones [4] to prove convergence rate
results for projection pursuit approximation, and in Jones [26]
to prove the denseness property of sigmoidal networks in the
space of continuous functions.

Proof: Let F(dw) = ¢*“) F(dw) denote the magnitude
and phase decomposition in the Fourier representation of an
extension of the function f on B for which [ |w|gF(dw) < C.
Let © = {w € R:w # 0}.

From the Fourier representation (9) and the fact that f(x)
is real-valued, it follows that

F(#) — £(0) = Re / (¢ — 1) F(dw)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 3, MAY 1993

= Re/ (e — 1)@ F(dw)
Q

= /Q(cos (w-z+0(w)) — cos (8(w)))F(dw)

Ct,B
o lwls

— cos (6(w)))A(dw)
=/g(w, w)A(dw),
Q

for x € B, where Cf, g = [ |w|pF(dw) < C is the integral
assumed to be bounded; A(dw) = |w|gF(dw)/Cy p is a
probability distribution; |w|p = sup,¢p |w - |; and

(cos(w -z + 6(w))

(14)

Cf,B
|w|s

9(z, w) = (cos (w-z +0(w)) — cos (B(w))). (15)
Note that these functions are bounded by |g(z, w)| < Clw -
#|/lw|p < C for z in B and w # 0.

The integral in (14) represents f as an infinite convex

combination of functions in the class
Geos = {L(cos (w-z+b)—cos(h):w#0,

lwls
h<C, beR). (6)

It follows that 7 is in the closure of the convex hull of G gs.
This can be seen by Riemann—Stieltjes integration theory in
the case that F' has a continuous density function on Re.
More generally, it follows form an L law of large numbers.
Indeed, if w;, wa,- - ,wn is a random sample of n points,
independently drawn from the distribution A, then by Fubini’s
Theorem the expected square of the Lo(y, B,) norm is

n
i=

2
B[ (f(w) -3 (e, wz-)) (o)

1
n 2
/B E(f(:u)— %Zg(m, wi)> 1(dz)
r =1
1
-/ , v {ote, w))utds)

2
<% (17)
n

Thus, the mean value of the squared Lo(ys, B) norm of a
convex combination of n points in G, converges to zero
as n — oo. (Note that it converges at rate O(1/n) in
accordance with Lemma 1.) Therefore, there exists a sequence
of convex combinations of points in G s that converges to f
in Lo(p, B). We have proven the following.

Lemma 2: For each f in L, g, the function f(z) — f(0)
is in the closure of the convex hull of G .

Next it is shown that functions in G s are in the closure
of the convex hull of G,. The case that ¢ is the unit step
function is trcated first.

Each function in G, is the composition of a one-
dimensional sinusoidal function g(z) = 7v/|w|g(cos (|w|pz +
b) —cos (b)) and a linear function z = a1z, where @ = w/|w|p
for some w # 0. For z in B, the variable z = a-z takes values
in a subset of [—1, 1]. Therefore, it suffices to examine the
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approximation of the sinusoidal function g on [—1, 1]. Note
that g has derivative bounded by |y| < C. Now since g is
uniformly continuous on [—1, 1], it follows that it is uniformly
well approximated by piecewise constant functions, for any
sequence of partitions of [—1, 1] into intervals of maximum
width tending to zero. Such piecewise constant functions may
be represented as linear combinations of unit step functions.
Moreover, it can be arranged that the sum of the absolute
values of the coefficients of the linear combination are bounded
by 2C.

In particular, consider first the function g(z) restricted to
0 < z < 1, and note that g = (0) = 0. For a partition
0=12) <t <--- <t =1, define

9,4 (2) = Z(‘I(t

i=1

Q(ta 1 )l{z>6} (18)

This piecewise constant function interpolates the function
g at the points ¢; for ¢ < k — 1. Note that g,  is a
linear combination of step functions. Now since the deriva-
tive of g is bounded by C on [0, 1], it follows that the
sum of the absolute values of the coefficients 3, |g(t;) —
g(t;—1)| is bounded by C. In a similar way, define gi, —(z) =
Z;:ll(g(—t,') —g(—ti-1))1{z<~¢,}- Adding these components
On, —(2) + gn, +(2) yields a sequence of piecewise constant
functions on [—1, 1] that are uniformly close to g(z) (as
the maximum interval width tends to zero), and each of
these approximating functions is a linear combination of
step functions with the sum of the absolute values of the
coefficients bounded by 2C. It follows that the functions g(z)
are in the closure of the convex hull of the set of functions -y
step (2—t) and -y step (—z—t) with |y| < 2C and |t| < 1, where
step (z) = 14.>0} denotes the unit step function. Defining

[t] < 1},
(19)
the following lemma has been demonstrated, where the closure
property holds with the supremum norm on B, and hence with
respect to La(u, B).
Lemma 3: G is in the closure of the convex hull of
Gstep-

It can be seen that Lemma 3 continues to work if, for each
o, the parameter ¢ is restricted to a subset T, that is dense in
[—1, 1]. In particular, restrict ¢ to the continuity points of the
distribution of z = a -z induced by the measure ;2 on R®. Let
Gﬂtep be the subset of step functions in G, With locations
t restricted in this way. Then the following result holds.

Lemma 3': Gos is in the closure of the convex hull of
G;ep

Functions in G:‘tep are in the closure of the class of
sigmoidal functions, taking the closure in Lj(p, B). This
follows by taking the sequence of sigmoidal functions ¢(|a|(c-
z — t)) with |a|] — oo. This sequence has pointwise limit
equal to step(a - z — t) (except possibly for z in the set with
oz —t = 0, which has p measure zero by the restriction
imposed on t). Consequently, by the dominated convergence
theorem, the limit also holds in L2(z, B). Thus the desired
closure property holds.

Gutep = {step (e -2 —t): |y < 2C\|olp = 1,

Lemma 4: G, is in the closure of Gy.

Together, Lemmas 2, 3’, and 4 show that in L2(p, B),
T C 20Geos C T0GY,, C TGy, (20)

where ¢0G denotes the closure in L2(u, B) of the convex hull

of G, and T'Y is the set of functions in I'c with f(0) = 0.

Here the fact is used that the closure of a convex set is convex,

so that it is not necessary to take the convex hull operation

twice when combining the Lemmas. This completes the proof
of Theorem 2. |

The proof of Theorem 1 is completed by using Lemma 1
and Theorem 2. To see that the constant in Theorem 1 can
be taken to equal (2C)? for functions f in I'c, g, proceed as
follows. The approximation bound is trivially true if || f|| = 0,
where f(z) — f(0), for then f(z) is equal to a constant p-
almost everywhere on B. So now suppose that ||f|| > 0. If
the sigmoidal function is bounded by one, then the functions in
G4 are bounded by b = 2C. Consequently, any ¢’ greater than
(2C)2 — || f||? is a valid choice for the application of Lemma
1. The conclusion is that there is a convex combination of n
functions in G, for which the square of the La(x, B) norm
of the approximation error is bounded by ¢’/n.

If the sigmoidal function ¢(z) is not bounded by one, first
use Lemma 1 and the conclusion that I'}, C coGstep to obtain
a convex combination of n functions in thep for which the
squared Ly (p, B) norm of the approximation error is bounded
by (2C)%—(1/2)||f||? divided by n. Then, using Lemma 4, by
a suitable choice of scale of the sigmoidal function, sufficiently
accurate replacements to the step functions can be obtained
such that the resulting convex combination of n functions in
G yields a square L(p, B) norm bounded by (2C)? /n. This
completes the proof of Theorem 1. O

Note that the argument given above simplifies slightly in the
case that the distribution of « - z'is continuous for every a,
for then Gicp can be used in place of thep and there would
be no need for Lemma 3.

A variant of the theory just developed is to replace the
function step () with the function stepy(z), which is the same
as the unit step function, except at z = 0 where it is set to equal
#(0). By a modification of the proof of Lemma 3, it can be
shown that G s is in the closure of the convex hull of Gstepo.
The advantage of this variant is that Gsep 5 is in the closure
of Gy, without any restriction on the location of the points
t in [—1, 1]. But if |¢(0)| > 1, then an additional argument
would still be needed (as above, where ¢ is restricted to the
continuity points of a - z) in order to show that the constant
¢ can be taken to be not larger than (2C)2.

V. APPROXIMATION ON OTHER BOUNDED DOMAINS IN R

In this brief section, the form of the constant Cy g =
J ||zl f(w)|dw in the approximation bound is determined for
various choices of the bounded set B other than the Euclidean
ball of radius  mentioned in the Introduction.

Recall that, by definition, |w|p = sup,cp|w - z|. The
interpretation is that |w|p bounds the domain of the trigono-
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metric component ¢“'® that has frequency w in the Fourier
representation of the function restricted to 2 in B.

Clearly, if B is contained in a ball of radius r, that is, if
|z| < r for z in B, then, by the Cauchy—Schwarz inequality,
lwlp < 7|wl|. Thus,

Cr.a <7 ol )| o

However, for some natural sets B, a fairly large radius ball
would be required for application of the bound in that form.
It is better to determine |w|p directly in some cases. If B is a
multiple of a unit ball with respect to some norm on RY, then
|w|p is determined by the dual norm.

In particular, if B = B, » = {2: || < 7} is the [, ball
of radius r (the cubc centered at x = 0 with sidelength 2r),
then |w|g = r|w|; where |w|; is the Iy norm and

Cf, Buo,» = r/lwh{f(w)] dw.

More generally, if B = B, , = {z:]z], < r} is the {, ball of
radius 7, then |w|g = r|w|, where 1/p+ 1/¢ =1 (as can be
seen by a standard application of Hélder’s inequality). Here the
1, norm is given by |z, = (Z:Zl=1 |2£;|P)2/* for 1 < p < o0,
and |z|e = max; |z; fer p = oc. Thus,

Cy.my.. =7 [l @)

The approximation bound becomes

.Lw“m‘h@WMM)
(/ wl,

(2r)?
n
for some network f, of the form (1).

Note also that the center of the domain of integration may
be taken to be any point 2o in B not necessarily equal to 0.
(This follows by a simple argument, since the magnitude of the
Fourier transform is unchanged by translation.) In particular,
for any cube C of side length s, the result becomes

6@~ utor2utae) < = i) dw)z, ()

for some network f,, of the form (1). In like marner, a scaling
argument shows that if Rect is any rectangle with side lengths
$1, 82, -, 84, then there is a network f, such that

'/Rect(f(m) - f"(z))2ﬂ’(dl‘)
1 d
<= 8 wi

In general, for a bounded set 33, the point zg to take for the
centering that would lead to the smallest approximation bound
is one such that Cf B ., = [ |w|B, z,|f(w)|dw is minimized
where |w|p, 54 = SuP.eg|w - (z — Zo)|- In this context, the
representation (4) would become

f(z) = f(zo) + / (€5 — 620 F(1) d.

@D

22)

dw.

(23)

<

f(w)’ dw) 2, (24)

2
Fw)] dw) . (26)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 3, MAY 1993

VI. REFINEMENT

In the above analysis, the approximation results were proved
by allowing the magnitude of the parameters ax to be ar-
bitrarily large. The absence of restrictions on |aj| yields a
difficult problem of searching an unbounded domain. Large
values of |ax| contribute to large gradients of the sigmoidal
function which can also lead to difficulties of computation.
In this section, we control the growth of |ax] and bound
the effect on the approximation error. Knowledge of the
relationship between the magnitude of the parameters and the
accuracy of the network makes it possible to bound the index
of resolvability of sigmoidal networks as in [11]). Bounds
on the parameters are also required in the metric entropy
computations as in White [12, Lemma 4.3] and Haussler [13].

Given 7 > 0, C > 0 and a bounded set B, let

Gy, r = {79(7(a- 2 +b)): 17 <26,

lalp <1, o] <1} (27)
This is the class of bounded multiples of a sigmoidal function,
with the scale parameter of the sigmoid not larger than 7. We
desire to bound the approximation error achievable by convex

combinations of n functions in G, -.

Theorem 3: For every f € ', B, 7 > 0, m > 1, every
probability measure 1, and every sigmoidal function ¢ with
0 < ¢(x) < 1, there is a function f,, in the convex hull of n
functions in G, , such that

17l SZC<n1—1/2+6T> 28)
where || - || denotes the Ly(ys, B) norm, f(z) = f(z) — f(0),
and

6, = infocecs 2 {2e + SUp|uyz | #(r2) — 1{z>0}|}. (29)

Here, 6 is a distance between the unit step function and the
scaled sigmoidal function. Note that §, — 0 as 7 — oo.

If ¢ is the unit step function, then 4, = 0 for all 7 > 0, and
Theorem 3 reduces to Theorem 1.

If ¢ is the logistic sigmoidal function

1

#e) = =

(30)

then |¢(2) +1(,>e}| < e77¢ for |2| > €. Setting € = (In7)/7
yields
< 1+ 21117"

L— (€29)
T

6

Therefore, if we set 7 > n'/21lnn, then from Theorem 3, for
functions f in I'¢, g,

- 1
75l <0 =z )

Similar conclusions hold for other sigmoidal functions. The
size of 7, required to preserve the order (1/n)'/? approxima-
tion depends on the rate at which the sigmoid approach the
limits of 0 and 1 as z — +o0.

(32
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The proof of Theorem 3 is based on the following result
for the univariate case. Let g(z) be a function with a bounded
derivative on [—1, 1] Assume that 0 is in the range of the
function g. Let g, denote a function in the convex hull of
Gy, r. '

Lemma 5: If g is a function on [—1, 1] with derivative
bounded by a constant C, then for every 7 > 0,

infs’recoG¢, - suP|z|5r |g(z) - g‘r(z)l S 2C 61“ (33)

Proof: The proof of Lemma 5 is as follows. Given
0 < € < 1/2, let k be an integer satisfying (1/e) — 1 <
k < 1/e. Partition [—1, 1] into k intervals of width 2/k. Then
approximate the function g by a linear combination of & unit
step functions as in the proof of Lemma 3. Since the derivative
is bounded by C, the error of the approximation is bounded
by 2C/k for all z in [—1, 1)} Replacing each step function
1{:>t,} Of 11,<¢,} by the sigmoidal function ¢(7(z —t;)) or
&(—7(z — t.)), respectively, one obtains a function g, in the
convex hull of k£ functions in Gy -, which has error bounded
by

l9(2z) — g-(2)| £ % + 2C supyy;>1/k |o(Ty) — 1{1,;>0}|»

(34)
for every z in [—1, 1], where 2C/k bounds the contribution
to the error from the replacement of the unit step function
by the sigmoidal function centered at the point ¢; closest to
z, and 2C supy, 51z |#(Ty) — 1(y>0}| bounds the cumulative
errors from the other sigmoidal functions (each of which is
centered at distance at least 1/k from the point 2). Since
e < 1/k < €/(1 - ¢), it follows that

€
() - 0 ()| < 205
+2csup]y\2re |¢(Ty) - 1{y>0} | (35)

Using €/(1—¢€) < 2¢ for 0 < € < 1/2, and taking the infimum,
completes the proof of Lemma 5. |

Proof of Theorem 3: The proof of Theorem 3 is as fol-
lows. From Lemma 2, f is in the closure of the convex hull
of functions in G .. The functions in G.os are univariate
functions g(z) evaluated at a linear combination z = a -z with
|g’(2)] < C and |z| < 1. Each such function g is approximated
by a function g, as in Lemma 5 with supremum error bounded
by a quantity arbitrarily close to 2C4.. It follows that there is a
function f; in the closure of the convex hull of G, . such that
|If = f-|l < 2C6.. From Lemma 1 there is an f,, in the convex
hull of n points in Gy, - such that || f, — f.|| < 2C/n'/2. By
the triangle inequality, this completes the proof of Theorem
3. O

VII. EXTENSION

An extension of the theory is to replace R? by a (possibly
infinite dimensional) Hilbert space H, where now w -z denotes
the Hilbert space inner product, and | - | denotes the Hilbert
space norm. For instance, H may be the space L, of square
integrable signals (z(t),0 < ¢t < 1) with inner product
w-zr = .[01 w(t)z(t) dt. A real-valued function f(z) of the
signal = € H is to be approximated. The Fourier representation

we require is that there is a complex-valued measure F(dw) =
e F(dw) on H such that f(z) = [, e“*F(dw) or
f@) = £(0) + [(e* = 1)F(dw).

Theorem 4: Let f(z), x € H be a function on a Hilbert
space H with Cy = [}, |w|F(dw) < oo; then for every r > 0,
every sigmoidal function ¢ on R, every probability measure
4 on H, and every n > 1, there is a linear combination of
sigmoidal functions f,(z) = Y p_, ckdlak - = + bx) + co,
such that [, (f(z) — fu(2))’n(dz) < (2rCy)?/n, where
B, = {z € H:|z| < r} is the Hilbert space ball of radius .

The parameters a take values in the Hilbert space, while
the other parameters are real-valued. With modification to the
approximation bound, the norms of the parameters may be
restricted in the same way as in Theorem 3.

For an interesting class of examples in this Hilbert space
setting, let R(t, s) be a positive definite function on [0, 1]? (a
valid covariance function for a Gaussian process on [0, 1], and
suppose for simplicity that R(t, t) = 1. Let f be the function
defined by

f(z) = exp {— /0 1 /0 () (OR(s, 1) ds dt/2} (36)

for square-integrable = on [0, 1]. Note that f(z) is the
characteristic fimction of the Gaussjan process (w(t), 0 < t <
1) with mean zero and covariance R(s, t) = E(w(s)w(t)):
that is, if F' is the Gaussian measure on w, .

/ei“'“’F(dw) = E[e™7]

{_/01 /()lf”(“*)r(t)R(S» "’) da i/ 2}

= exp
= f(=z). 37

Now, from the identity E(w?(t)) = R(t,;t) = 1, it follows
that E|lw|? = fol Ew?(t)dt = 1. Therefore, the constant Cy
in the approximation bound satisfies

Cs= /|w|F(dw) = E|w|

< (Elw|?)'/?

=1 (38)

Thus, for any probability measure 4 on z and for any sigmoidal
function ¢ on R, it follows from the theorem that for this
infinite-dimensional example there exists f,,(z) such that
[ @ f@rud <y @9
{l=|<1} n

An even more general context may be treated in which
the nonlinear functions are defined on a normed linear space.
Let B be a bounded subset of a normed linear space X, and
let w take values in a set of bounded linear operators on X
(the dual space of X). Now w - = denotes the operator w
applied to z and |w|g = sup,cp |w - z| denotes the norm
of the operator restricted to B. If there is a measurable set
of w’s and some complex-valued measure ﬁ’(dw) on' this

set, such that the function f has the r_epresenta;ipri f(z) =
[ e*F(dw) or f(z) = f(0) + [(e™* — 1)F(dw) with
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Ct, B = [|w|p|F(dw)| finite, then for every n > 1, every
probability measure x on X, and every sigmoidal function ¢,
there will exist f,, = 3 _; cxd(ax - = + bx) + co such that

[0 - fteutan) < CO2",

where now the ax’s take values in the dual space of X.

One context for this more general result is the case that
X is the set of bounded signals (z(t),0 < ¢t < 1), B =
{z:sup, |z(¢)] < r}, and w -z = fol w(t)z(t) dt, where
the bounded linear operators w are identified with integrable
functions on [0, 1]. Then |w'p = rful |w(t)| dt, the Fourier
distribution £ (dw) would be a measure supported on the set
of w in Ly, and the ax’s would be integrable functions on
[0, 1].

(40)

VIII. ITERATIVE APPROXIMATION

In this section, it is seen that the bounds in Theorems
1, 3, and 4 can be achieved by an iterative sequence of
approximations taking the form

falz) = anfooi(z) + cudlan -z + by,). 41)

The optimization is restricted to the parameters an, Yn, @n,
and b, of the nth node, with the parameter values from ear-
lier nodes held fixed. This iterative formulation considerably
reduces the complexity of the surface to be optimized at each
step.

This reduction in the complexity of the surface is particu-
larly useful in the case that the function f is only observed
at sites X;, Xo,---, Xy in a bounded set B. The itera-
tive approximation theory shows that to find an estimate
with average squared error bounded by(1/N) >N | (f(X;) —
fn(Xi))? < ¢'/n, it suffices to optimize the parameters of the
network one node at a time. Avoiding global optimization has
computational benefits. The error surface is still multimodal
as a function of the parameters of the nth node, but there is
a reduction in the dimensionality of the search problem by
optimizing one node at a time.

A recent result of Jones [4] on iterative approximation in a
Hilbert space is the key to the iterative approximation bound
in the neural network case. As in the noniterative case, the
applicability of Jones” Theorem is based on our demonstration
that functions in T'% are in the closure of the convex hull of
Gg.

To avoid cluttering the notation in this section, the notation
f (instead of f) is used to denote the point to be approximated
by elements of the convex hull. As before, for the application
to the approximation by sigmoidal networks of functions in
I'c, one subtracts off the value of the function at z = 0 to
obtain the function in T'% which is approximated by functions
in the convex hull of Gg.

Let G be a subset of a Hilbert space. Let f, be a sequence

of approximations to an element f that take the form
fn = anfn—l + angn (42)

where @, = (1 — @,) and 0 < @, < 1 and g, € G. Here
ay, and g, are chosen to achieve a nearly minimal value for
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[l fn-1 + @g — f||- The iterations (42) are initialized with
a1 = 0, so that f; is a point g; in G that achieves a nearly
minimal value for [|g1 — f||. Note that f,, as defined in (42),
is in the convex hull of the points g1+ -, gy.

Jones [4] showed that if f is in the closure of the convex
hull of G, then ||f, — f||> < O(1/n), for the sequence of
approximations defined as in (42). Here Jones’ theorem and
proof are presented with a minor refinement. The constant
in the approximation bound is improved so as to agree with
the constant in the noniterative version (Lemma 1). As noted
by Jones, the error ||af,—_1 + @g — f|| need not be exactly
minimized; here it is shown that it is enough to achieve a
value within O(1/n)? of the infimum on each iteration.

Theorem 5: Suppose f is in the closure of the convex hull
of a set G in a Hilbert space, with ||g|| < b for each g € G.
Set b2 = b2 — ||f||%. Suppose that f1 is chosen to satisfy

lfi = fII* < infgegllg — fII?> + €1 and, iteratively, f, is
chosen to satisfy

2 ‘ . — p
| fa = £11? < infoga<i infgeq lafaz1 +@g — fI° + €n

43)
whered=1-—q, ¢ > bf«, p= c’/b% —1, and
pc!
n < ————. 44
= +p) “44)
Then for every n > 1,
2 ¢
If = fall” < . (45)

Proof: The proof of Theorem 5 is as follows. We show
that if f is in the closure of the convex hull of G, then, for
any given fp,_; and 0 < a < 1,

inf lafu_s + a9 f|2
Inf llafu-y + a9~ /|
= infyeq la(facr — F) +alg = DI
< &lfamr = fI + (1 - a)?b.
The proof is then completed by setting a = b%/ (b3 + | fao1—
fII?) to get

(46)

B2 fuer = fII°

2
n = Ss——3
= IS e - T

47)

€n,

or, equivalently,
1 > 1 +

1 = FIF = e = Nfama = £ 53
Equation (48) provides what is needed to verify that ||f, —
flI? < ¢//n by an induction argument. Indeed, (46) with a = 0
shows that the desired inequality is true for n = 1. Suppose
lfams = fII? < ¢’/(n — 1), then plugging this into (48) and
using ¢’ = b3(1 + p) yields

(48)

1 S 1 + 1
o= £ —€n ~ llfn—r = fII° b3
n-—1 1
- +F§
n+p
=" (49)
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Reciprocating and using the assumed bound on ¢, yields

d
2
n - < — n
I = fIF < o e
C__dp ..
T nmte)
c/
<< (50)

as desired.

Thus, it remains to verify (46). Given § > 0, let f* be a
point in the convex hull of G with ||f — f*|| < é. Thus f* is
of the form 3"7-, vkgp with gt € G, 7% >0, S v =1,
for some sufficiently large m. Then,

llo(fa-r = £) +a(g = £l
Slo(fa-1 = ) +alg = fAI+6. (51)
Expanding the square yields
o famr = ) +3lg = £)I°
= |1 = fI +2llg — 717
+2aa(fn—l_f,g_f*)1 (52)

where (+,-) denotes the inner product. Now the average value
of the last two terms is, for g € {gf,---, g%}

> w@lgi - £ + 208(fa1 - £, 62 = )

k=1

m
=3y wllgi - 17 +0

k=1

=a (Z"ﬂ:llyill2 - I|f*||2)

k=1
<@ - |11,

Since the average value is bounded in this way, there must
exist g € {g},---,9%}, such that

le( o1 — £) +@(g — f)I?
< 02| fum1 = £IP + @20 = | £1).

Now by the triangle inequality, || f*|| > || f|| — . So using (51)
and letting 6 — 0, it follows that

infyeq le(far = f) +alg = HI°
< 02| fur = fIP +32 0 - I £117).

as desired. This completes the proof of Theorem 5. O

(33)

(54

(55)

Inspection of the proof shows an alternative optimization
that may provide further simplification in some cases. Instead
of minimizing the sum of squares ||af,,_1 + &g — f||2 at each
iteration, one may instead choose g € G to maximize the inner
product (f — fn—1, 9). (In this case, one can derive the bound
lf = f=ll € (2b)2/n.) For sigmoids, the search task reduces to
finding the parameters a,, and b, such that the inner product
of ¢(a-z +b) and f — f,_; is maximized. The function f,
depends linearly on the other parameters o, and c, in (41),
so they may be determined by ordinary least squares.

IX. PROPERTIES AND EXAMPLES OF FUNCTIONS IN T’

In this section, several properties and examples of functions
f(z) are presented for which the Fourier integral C; =
J |w|F(dw) is evaluated or bounded, where F(dw) is the
magnitude distribution of the Fourier transform. Note that
Cs = Cy, p in the case that B is the unit ball centered at
zero. Examples are also given of classes of functions in I',, that
is, functions on R? that are contained in T'p when restricted
to -any bounded set B. The simpler facts are stated without
proof.

1) Translation: If f(z) € T¢, then f(z +b) € Tc.

2) Scaling: If f(z) € T'¢, then f(az) € Ty c-

3) Combination: 1f f(z) € T¢,, then Y G;f; € PZ 18:1Ci

4) Gaussian: If f(z) = e~1*°/2, then Cf < d/2. Indeed,
fw) = (@r) Y% I/ and C; = [|w|f(w)dw
which is bounded by ([ |w[?f(w) du})l/2 d/2,

5) Positive Definite Functions: C; < (—f(0)V2f(0))1/2,
A positive definite function f(z) is one such that }°,
z;z5f(zi — z;) is nonnegative for all zy, Tq, -, Tk
in R Positive definite functions arise as covariance
functions for random fields and as characteristic
functions for probability distributions on R?. The
essential property (due to Bochner) is that contin-
uous positive definite functions are characterized as
functions that have a Fourier representation f(z) =
J ei® F(dw) in terms a positive real-valued measure
F. If f is a twice continuously differentiable pos-
itive definite function, then by the Cauchy -Schwarz
inequality [ |w|F(dw) < (f F( dw)f|w|2 dw))V/? =
(= F(0)V2£(0))!/2, where V2 f(z) =3, 8% f(x) /8.
(Positive definite functions have a maximum at z = 0,
so V2£(0) < 0.) What is noteworthy about thiis class
of functions for our approximation purposes is that the
Cy is bounded in terms of behavior at a single point
x = 0. Moreover, since V2£(0) is a sum of d terms, it
is plausible to model a moderate behavior of the constant
C', such as order d'/2, for positive definite functions of
many variables.

6) Integral Representations: Suppose f(z) = [K(a(z +
b))G(da, db) for some location and scale mixture of a
function K (z) in T, fora > 0 and b € R®. (For instance,
K(r) may be a Gaussian density or other positive
definite kernel on R%.) Then C; < Ck [ |a||G|(da, db).
In the same way, if the function has a representative
f(@) = [K(a -z + b)G(da, db), for a € R? and
b € R%, for some K (z) on R! and some signed measure
G(da, db), then Cy < Cxk [ |a||G|(da, db).

7) Ridge Functions: If f(z) = g(a - z) for some direction
a € R? with |a| = 1 and some univariate function
g(z) with integrable Fourier transform § on R!, then
f has a Fourier representation in terms of a singular
distribution #'(dw) concentrated on the set of w in R?
in the dlrectxon a, that is, f(z) = [e"*=g(t) di. In this
case, C5 = = [p Itllg(t)| dt. If f(x) = g(a- 1)
for some a € Rd with |a| = 1 and the derivative of
g is a continuous positive definite function on R?, then
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8)

9

10)

11)

Cy = C, = ¢'(0). Note that Cy is independent of the
dimension d.
Sigmoidal Functions on RY: These are ridge functions of
the form f(z) = ¢(a-z+b) for some a and b in R%, for
some sigmoidal function ¢(z) on R'. Generally, such
sigmoidal functions do not have an integrable Fourier
transform. Nevertheless, typical choiccs of smooth sig-
moidal functions ¢(z) have a derivative ¢'(z) with an
integrable transform ¢'(¢). In this case, f is in I' with
=la| [ I¢(¢)| dt. Using the closure properties for
linear combinations and compositions, it is seen that
certain multiple-layer sigmoidal networks are also in I.
Radial Functions: Suppose f(z) = g(|z|) is a function
that depends on z only through the magnitude |z| (ie.,
the angular components of f(z) are constant) and that
f has a Fourier representation f(z) = [ e®? f (w) dw.
Then f(w) is also a radial functlon that is, f(w)
(|lw|) for some function § on R'. Integratlng |w||F(w)
using polar coordinates yields Cy = Sy ﬁ] r4|g(r)| dr,
where Sy is the d—1-dimensional volume of the unit
sphere in R?. The factor 7% in the integrand suggests that
Cy is typically exponentially large in d; for an exception,
the Gaussian function in example (4) is a radial function
with C; < d%/2
Sigmoidal Approximation with an Augmented Input Vec-
tor: For a d-dimensional input z, let ' in R?? consist
of the coordinates of z and the squares of these
coordinates. Then with the unit step function for ¢,
the terms in the approximation f,(z') = 3 cxd(ax -
x' + by) with ay, by € R?® consist of indicators of
ellipsoidal regions. Functions f(z) on R? can have a
significantly smaller value for Cy when represented
as a function of =’ on R*. ln particular consider
the functions of the form f(z) = (3" a;2?) on R?
with 5" a2 1. These functlons include the radial
functions and may be interpreted as a ridge function in
the squared components. In this case, if g has a Fourier
transform g on Rl, then there is a representation of the
function f as a function on R?*¢, with C ¢ given by the
one-dimensional integral [p: I¢]|g(¢)] dt. This potential
improvement in the constant in the approximation
bound helps justify the common practice of including
the squares of the inputs in the sigmoidal nctwork.
For the following examples, let I'(a, ¢) C T'c be
the class of functions f(x) on R? for which there is
a Fourier representation f(z) = [ e * F(dw) with
magnitude distribution F' (dw) satlsfymg JF(dw) <a
and [ |w|F(dw) < c.
Products of Functions in T': If f; € (a1, ¢;) and
fo € T(ag, ca), then the product f,(z)f2(z) is a
function in T'(aiag, aje2 + azer). This follows by
applying Young’s convolution inequality to the Fourier
representations of the product f(z)g(z) and its gradient
f(2)Vg(z) + g(z)V f(z). Together with property (3),
this shows that the class of functions in I' for which
both [ F(dw) and [ |w|F(dw) arc finite forms an
algebra of functions closed under linear combinations
and products.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 3, MAY 1993

12)

13)

14)

Composition with Polynomials: If g € TIY(a, c),
then (g(z))* is in ['(a*, kaF~1¢). It follows that if
f(z) is a polynomial function of one variable and
g € I'(a,c), then the composition f(g(z)) is in
T(fabs(a), cfhes(a)), where fobs is the polynomial
obtained from f by replacing each coefficient with its
absolute value. A similar statement can be made for
the composition of a polynomial function of severable
variables with functions in I'(a, ¢).
Composition with Analytic Functions: If g € T'(a, c)
and f(z) is an analytic function represented by a power
series f(z) = Y poo aw2® with radius of absolute
convergence r > a, then the composition [(gl (x)) is
in D(fabs(a). cfops(a)) where faps(2) = 3y lax2*.
The next examples concern functions in ['s—that is,
functions which can be modified outside of bounded
sets B to produce functions in I'. For f in T, let
C} g = infy Cy, B, where the infimum is over g in T’
that agree with f on the set B, Cy g = [ |w|gG(dw),
and G is the magnitude distribution in the Fourier
representation of g on R?. For functions in T, the ap-
proximation error [ (f(z) — f.(z))2p(dz) is bounded
by (2C} g)2/n, for some sigmoidal network f,, of the
form (1).
Linear Functions and Other Polynomials: If f(z) =
a -z, then f is in I'.. Moreover, C} g < la|r, for
every set B contained in the ball {z:|z| < 7}, for
every radius » > 0. This is shown first in the case
that d = 1 and f(z) = z on [—r, r], by considering
certain extrapolations h(z). In particular, let h(z) =
hy(x) have derivative h’(z) that is equal to 1 for
|z| < 7, equal to O for |z| > 7 + b, and interpolates
linearly between 1 and O for r < |z| < r 4+ b, for
some b > 0. Then h'(z) has a Fourier transform
that can be calculated to be 2sin (wb/2)sin (w(r +
b/2))/(w?nb). By a change of variables (t = wb/2)
and an application of the dominated convergence the-
orem, it is seen that as b tends to infinity, Cp, =
Jwllhs (W) dw = [ lsin (¢) sin (¢(1 + 2r /b)) |/ (¢27) dt
converges to [(sin (¢))?/(t?r)dt = 1 (This matches
the intuition that as  tends to infinity, h4(z) approaches
f(z) which has a constant derivative equal to one, so
the Fourier transform of hj (z) ought to approximate a
“delta function” and the integral of |h | should be close
to one.)! Consequently, C*‘ — < limp_oc 7Ch, =
r.For f(z) = a-z on R, let gy (z) = |alhy(c-z) where
o = a/lal. Then for sets B in the ball B, of radius r,
C; g < |alinfy C,, |—, -] < |a|r. Other extrapolations
of f(:x) = x on [—r, r] can be constructed for which
9(w), as well as wg(w), are integrable. Together with
property (12), this implies that polynomial functions
(in one or several variables) are contained in T..
Manageable bounds on the constraints C; p can be
obtained in the case of sparse polynomials and in the

!For an alternative treatment in which the Fourier representation is gener-
alized to allow for functions with a linear component on R?, scc the remarks
in thc Appendix.
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case of multiple-layer polynomials networks, which are
polynomials defined in terms of a restricted number of
elementary compositions (sums and products).
Functions with Derivatives of Sufficiently High Order:
If the partial derivatives of f(z) of order s = |d/2]+2
are continuous on R?, then f is in T',. Consider first
the case that the partial derivatives of order less than
or equal to s are square-integrable on R?. In this case,
f is in T. Indeed, write |f(w)||w| = a(w)b(w) with
a(w) = (1+ [w[*)71/2 and bw) = |f(w)llwl(1 +
|w|2%)1/2, where k = s — 1. By the Cauchy-Schwarz
inequality, C5 = [ a(w)b(w)dw is bounded by the
product of ([ a}(w) dw)*/? and (f b?(w) dw)*/2. Now
the integral [a*(w)dw = [(1 + |w|?*)~! dw is finite
for 2k > d and, by Parseval’s identity, the integral
0¥ (w)dw = [|f(w)|2(Jw|? + |w|*) dw is finite when
the partial derivatives of order s and of order 1 are
square-integrable on R. This demonstrates that f is in
I". Now suppose that the partial derivatives of order s
are continuous, but not necessarily square-integrable on
R%. Given r > 0, let p(z) be an s-times continuously
differentiable function that is equal to 1 on B, =
{:c |z] < r} and equal to O for |z| > ' for some
7" > 7. (In particular, we can take p(z) = p1(lz])
where p;(z) equals 1 for z < r, 0 for z > 7/,
and interpolates by a (piecewise polynomial) spline
of order s for < z < r’) Consider the function
fr(z) = f(z)p(z), which agrees with f(z) on B.. It
has continuous partial derivatives for order s which are
equal to zero for |z| > 7/, and hence are integrable on
RY. Consequently, for each r > 0, the function f,(z)
is in T'. It follows that f is in I'.. A disadvantage of
characterizing approximation capabilities in terms of
high-order differentiability properties is that the bound
on the constant C; can be quite large. Indeed, the
integral [|f(w)|?|w|? dw, as characterized by Parse-
val’s identity, involves a sum of exponentially many
terms—one for each partial derivative of order s.

The last three examples involve functions in I" which
have a discrete domain for either of the variables x or
w.

Absolutely Convergent Fourier Series: Suppose fisa
continuous function on [0, 1)¢; let fy = (27)~ f o 1]

e~*2rk-w f(z)dx be the Fourier series coefficients of f,
and suppose that f;. and kf, are absolutely summable
sequences for k € Z*, where Z is the set of vectors
with integer coordinates. Then f is a function in T" with
the Fourier series representation f(z) = Y, ¢/2"%= f

and Cy = 213, |k|| fx|- Thus, f has a Fourier dis-
tribution F' restricted to the lattice of points w of the
form 2xk, with F'({2rk}) = fi. In this case, for fj
and k fk to be absolutely summable, it is necessary that
the function f(z) possess a continuously differentiable
periodic extension to R?. It is a simple matter to
periodically extend a function defined on [0, 1]¢ such
that f(z + k) = f(z) for all vectors of integers
k; however, for functions that arise in practice, it is

rare for this periodic extension to be continuous or to
possess a continuous derivative on the boundary points
of [0, 1)¢. (It is for this reason that in this paper the
Fourier distribution has not been restricted exclusively
to such a lattice; allowing the coordinates of w to take
arbitrary values relaxes the boundary constraints.) In
some cases, it is possible to take a function defined
on a subset of [0, 1]¢ and extend it in a continuously
differentiable way to a function that is zero and has
zero gradient on the boundary of [0, 1]%, so that the
requirement of a continuously differentiable periodic
extension is satisfied. Examples of this are similar to
those given in 14) and 15).

17) Functions of Integers: Functlons defined on Z¢ are in
I'g for any finite subset B, of Z%. Indeed, given such a
set B, set fp(w) to equal (1/27)? % .5 e_"“"zf(x)
for w in [—m, 7]% and to equal 0 otherwise.? Then the
Fourier' representation f(x f[ _— €2 fp(w) dw

holds for = in B. Now fB(w) is a continuous_func-
tion on the set [—r, xr]¢, which implies that |fp(w)|
is bounded and Cy, 5 = [_, .1 |w|g|fB(w)|dw is
finite. Consequently, f is in E" B- Moreover, C¢, B may
be bounded in terms of the L; norm of the Fourier
transform: that is Cj, g < wsdf[_mﬂd |f5(w)| dw,
where 8 = maxgzep|T|co- As a practical matter, if d
is large, then additional structure needs to be assumed
of the function to have a moderate value of Cy, .
18) Boolean Functions: Here, we consider functions
defmed on B = {0,1}¢ and note that, for
Boolean functions, I'c, g is related to a class of
functions recently examined by Siu and Bruck [5] and
Kushilevitz and Mansour [27]). This leads to a number
of additional interesting examples of functions with
not excessively large values of Cy g. For functions
f(z) on {0,1}% the Fourier distribution may .be
restricted to the set of w of the form 7k with k£ €
{0, 1}¢ (for then the functions e*™*= &k ¢ {0, 1}¢
are orthogonal functions that span the 2%-dimensional
linear space of real-valued functions on {0, 1}).
Consequently, flz) = Zke{u 134 €75 fi, where
fo = 2% ci0. 13« € T f(z). Here, Csp =
WZke{o 1ya [kl |fx| which is bounded above by
TdL(f), where L(f) = 3 yc 0, 13¢ | fx| is the spectral
- norm. Now the class PL of Boolean functions, for
which L(f) is bounded by a polynomial function of d
(that is, L(f) < d° for some fixed ¢ > 1), is examined
in [5] and [27).3 In particular, Siu and Bruck [5]
show, among other examples, that the Boolean function
on {0, 1}2¢ defined by the comparison of two d-bit

2If it happens that f(z) i 1s an absolutely summable functlon n Z4, then the
transform f(w) = (1/27r) Y. e f(z), w € [—=, 7]%, may be used
in place of fg(w).

3The cited references express the Fourier transform in terms of a polynomial
basis that turns out to be identical to the Fourier basis used here. Indeed, for z

restricted to {0, 1}, the Fourier basis functions "% = Hf NGk

may be expresscd in the polynomial form H 1 :vk’ where T; = 1 — 2z;
equals 1, —1for z; equal to 0, 1, respecuve{y (in agreement with the values
assigned by e L),
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integers and the functions defined by (each bit of) the
addition of two such integers are functions in Pl with
L(f) = d+1. It follows that C, g < 27d(d+ 1) forthe
comparison and addition functions. On the other hand,
they show that thc majority function 1 {Zj=1 ;—d/2}

(which has a simple network rcpresentation) is not
in the class PL. Kushilevitz and Mansour [27] show
that a class of binary decision trees represent Boolean
functions satisfying L(f) < m, where rn is the number
of nodes of the tree. It follows that C¢ p < 7md for
such decision trees. Bellare [28] generalizes the results
of [27] by allowing decision trees with more general
PL functions implemented at the nodes of the tree.
He gives bounds on L(f) in terms of spectral norms
of the node functions, from which bounds on Cf B
follow for the classes of decision trees he considers.
The implication of polynomial bounds on Cy, g, as a
consequence of the bound 2C¥, g /y/n from Theorem 1,
is that a polynomial rather than an exponential number
of nodes n is sufficient for accurate approximation by
sigmoidal networks.

X. LOWER BOUNDS FOR APPROXIMATION
BY LINEAR SUBSPACES

The purpose of this section is to present and derive a lower
bound on the best approximation error for linear combinations
of any fixed basis functions for functions in I' . These results,
taken together with Theorem 1, show that fixed basis function
expansion must have a worst-case performance that is much
worse that that which is proven to be achievable by certain
adaptable basis function methods (such as neural nets).

Let p be the uniform probability distribution on the unit
cube B = [0,1]% and let d(f,9) = (fy e(f@) -
g(z))? dz)/? be the distance between functions in L2 (s, B).
For a function f and a set of functions G, let d(f, G) =
infqeq d(f, g). For a collection of basis functions hq,

h27"'yhn

d(f7 Hn) :d(fa Span(hl) hZa"'ath)) (56)
denotes the error in the approximation of a function f by
the best linear combination of the functions h1, ha,: -, hy,
where H, = span(hi, hg,---,h,). The behavior of this
approximation error for functions in I'c = I'c p may be
characterized (in the worse case) by
suprer,, d(f, Hy). (57)
Here, a lower bound to this approximation error is determined
that holds uniformly over all choices of fixed basis functions.
In this formulation, the functions h; are not allowed to depend
on f (in contrast, sigmoidal basis functions have nonlinear
parameters that are allowed to be adjusted in the fit to f). Let

Wn = infhl,'“,hn SuprFC d(fa Span (h‘la hay-+-, h'n))
(58)
This is the Kolmogorov n-width of the class of functions I'c.
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Theorem 6: For cvery choice of fixed basis functions
hl? h/Za‘ : ‘1hn,

: C {1\
SuprFg d(f7 Span(h17 h27 T 7hn)) 2 HE (ﬁ) s (59)

where « is a universal constant not smaller than 1/(87e™~1).
Thus, the Kolmogorov n-width of the class of functions I';»

satisfies
1/d
W, > ng (l> .

7\ (60)

The proof of Theorem 6 is based on the following Lemma.

Lemma 6. No linear subspace of dimension n can have
squared distance less than 1/2 from every basis function in an
orthonormal basis of a 2n-dimensional space.

Proof: For the proof of Lemma 6, it is to be shown
that if e, -+, ez, is an orthonormal basis and G, = span
{g1,-, gn } is a lincar subspace of dimension 7, then there is
an ¢; such that the squared distance d(e;, G,,) > 1/2. Indeed,
let P denote projection onto G,,. Then, d?(ej, G,,) = |le; —
Pe;l|? = |lej||> = ||Pe;l|? = 1— || Pe;||?. Thus it is equivalent
to show that there is an e; such that the norm squared of the
projection satisfies || Pej||? < 1/2. Without loss of generality,
take 91, -, g, to be an orthonormal basis of G,,. Then the
projection Pe; takes the form Z?=1(ej7 9:)gi- So the norm

n

squared of the projection satisfies ||Pe;||2 = Yo, (€5, 9:)>

Taking the average for j = 1,-- -, 2,, exchanging the order of
summation, and using ||g;|| = 1, yields
1 2n 1 2n n
2
fZ]|P€j|| = ‘—ZZ(% gi)?
2n £ 2, £—a £
=1 j=li=1
1 n 2n
= %ZZ(% 9:)?
i=1j=1
1 n
2
= %ZHQJI
i=1
n 1
=—=_. 61
2n 2 (6D)

Since the average value of the norm squared of the projection
|Pej||? is equal to 1/2, there must exist a choice of the basis
function e; for some 1 < j < 2n for which ||Pe;||> > 1/2.
This completes the proof of Lemma 6. ]

Proof of Theorem 6: Let hi, hs,--- be the functions
cos (w - z) for w = 2k for k € {0, 1, -}¢ ordered in terms
of increasing {; norm |k|; = Zf:l |k;|- Let A3, denote the
span of h},---, h3,. We proceed as follows. First reduce the
supremum over ' by restricting to functions in Hs,, then
lower bound further by replacing the arbitrary basis functions
hi,- -, hy, with their projections onto Hs,,, which we denote
by g1,--+,9n. Then g1,---, g, span an n-dimensional linear
subspace of Hj, and a lower bound is obtained by taking
the infimum over all n-dimensional linear subspaces Gr. The
supremum is then restricted to multiples of the orthogonal
functions hj that belong to I'c, which permits application of
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the lemma. Thus, putting it all together,

W, = inf SUp d(f7 Span(hly hg,"',hn))
hiyiha feT e
> inf sup  d(f, span(h1, ha, -, hy))
hiohn ey (\re
> inf sup d(f7 Span(gla 927"'1911))
hyyesha «
’ feH;, Nre
>inf sup  d(f, Gn)
" feH;, nrc
> inf sup d(f, Gn)
Gn fe{(C/Iwjl) cos (w;-x), j=1,--,2n}
S . C
- ]'=IlI,1-l~l'1,2'u 27['|k1|
: il'lf(;" Supfe{cos (wj-z:),jzl,-n,Zn) d(fv Gn))
min c L
T =1 2n\ 27k / 2
> —C—, (62)
4rm

for m satisfying ("‘;'d) > 2n (such that the number of
multiindices with norm |k| < m is at least 2n). A bound from
Stirling’s formula yields ('";”d) > (m/7d)? for a universal
constant 7 > ™. Setting m = [7dn'/¢] and adjusting the
constant to account for the rounding of m to an integer, the
desired bound is obtained, namely,

c (1\"*
ZSwrd(E)

This completes the proof of Theorem 6. td

W (63)

XI. CONCLUSION

The error in the approximation of functions by artificial
neural networks is bounded. For an artificial neural network
with one layer of n sigmoidal nodes, the integrated squared
error of approximation, integrating on a bounded subset of
d variables, is bounded by c}/n, where c; depends on a
norm of the Fourier transform of the function being ap-
proximated. This rate of approximation is achieved under
growth constraints on the magnitudes of the parameters of
the network. The optimization of a network to achieve these
bounds may proceed one node at a time. Because of the
economy of number of parameters, order nd instead of n?,
these approximation rates permit satisfactory estimators of
functions using artificial neural networks even in moderately
high-dimensional problems.

APPENDIX

In this appendix, equivalent characterizations of the class
of functions I' are given in the context of general Fourier
distributions on R?. This appendix is not needed for the proofs
of the theorems in the paper. It is intended to supplement
the understanding of the class of functions for which the
approximation bounds are obtained. .

Recall that I' is defined (in Section IIT) as the class of
functions f on R? such that f(z) = f(0) + [ga(e™® —

l)F’ (dw) for some complex-valued measure F(dw) for which
Jge ||| F(dw)|. Complex-valued measures take the form
@) F(dw), for some real-valued measure F(dw) = |F(dw)|
called the magnitude distribution and some function §(w)
called the phase (see, for instance, Rudin [29, theorem
6.12]). A complex vector-valued measure G(dw) on R? is
a vector of complex-valued measures (G} (dw), - -, G4(dw)).
Let |G(dw)li = Y 4_,|Gr(dw)| denote the sum of the
magnitude distributions of the coordinate measures.

Proposition: The following are equivalent for a function f

on R°.

a) The gradient of f has the Fourier representation
Vf(z) = [ “"*G(dw) for some complex vector-valued _
measure G with [ |G(dw)| < oo and G({0}) = 0 (in
which case it follows that G(dw) = iwF(dw) for some
complex scalar-valued measure 13')

b) The function f has the rcpresentation f(z) = f(0) +
[ (€% ~1)F(dw) for z € R%, for some complex-valued
measure F with [ |w||F(dw)| < oo.

c) The increments of the function f of the form fy(:x) =
f(z +h) — f(z) have a Fourier representation f () =
Jew=(eh —1)F(dw), z € R4, for each h € R, for
some complex-valued measure F' with [ |w|F(dw)| <
oo.

If any one of a), b), or c) is satisfied for some F, then the

other two representations hold with the same F.

Proof: The proof of this proposition is as follows. First,
recall that |e?* — 1| is bounded by 2h|w|, so [ |w||F(dw)| <
oo implies the absolute integrability of the representations in
b) and c). Now, b) implies ¢) since the difference of the
integrands at £ and z + h is integrable, and c) implies b)
by taking a specific choice of = and h; consequently, b) and
c) are equivalent. Next, a) follows from c) by the dominated
convergence theorem; c) follows from a) by plugging the
Fourier representation of the gradient into f(z + h) — f(z) =
fol h -V f(z + th) dt and applying Fubini’s theorem.

It remains to show that in a), if the gradient of f has
an absolutely integrable Fourier representation. Vf(z) =
feiw'“G(d/.u), and if G assigns no mass to the point w =
0, then G(dw) is proportional to w (that is, the measures
(1/wk)Gr(dw) are the same for k = 1,2, --+,d). Now,
if the gradient of f has an absolutely integrable Fourier
rePresentation, then so do the ir}crements fn. Indeed, fr(z) =
Jo b - Vi + thydt = [y b+ [pa e~ CHNG(dw) dt,
and integrating first with respect to t yields fn(z) =
Jge €4°((e*"h'~1)/iw - h)h - G(dw) (the exchange in order
of integration is valid by Fubini’s theorem since the integral
of ei*** is (¢*"* — 1)/iw - h, which has magnitude bounded
by 2). Thus, fp, has a Fourier distribution

(eiw-h _ 1)h’ i G(d“)) .

Fuldw) = h-w

(64)
It is argued that the factor h - G(dw)/h - w determines a
measure that does not depend on h (from which it follows

that G(dw) is proportional to w). Now, the increments of f
satisfy fuo(x + y) = fy+a(z) — fy(z), so it follows that their
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Fourier distributions satisfy

e VEy (dw) = Fypn(dw) + F, (dw) (65)

for all y, h € R®. Examination of this identity suggests that
Fi(dw) must be of the form (e** — 1)F(dw) for some
measure F' which does not depend on h. Indeed, by (64),
the measures F, are dominated by |G|y for all h, so (64) and
(65) may be reexpressed as identitics involving the densities

of these measures with respect to |G|;. Consequently,

eiw-y(eiu-h _ l)h -g(w)

h-w
_ iw(y—h) Y+ h)-g(w)
= (" " 1) (y+h) w
+ ey ) (66)

where g(w) is a complex vector-valued function such that
G(dw) = g(w)|G(dw)|,. (For each y and h in R?, (66)
holds—except possibly for a set of w of measure zero with
respect to |G|;—so if y and h are restricted to a countable
dense set, then there is one |G\1-null set outside of which
(66) holds for all such y and h.) Now take a derivative in
(66), replacing h with th, dividing both sides by ¢, and letting
i — 0 (along a countable sequence of values with th restricted
to the dense set). The identity that results from this derivative
calculation, after a rearrangement of the terms, is

w.h(ew-y -1 _ iem'y) (h g(w) Y g(uJ)> =0. (67)
w-y h-w y-w
Therefore, h < g(w)/h-w = y - g(w)/y - w, whenever h - w
and y - w are not equal to zero (for y and h in the countable
dense set and for almost every w). Let p(w) =y - g(w)/y - w
denote the common value of this ratio for all such y (for w
outside of the null set). Then, y - (g(w) — wp(w)) = 0; so
taking d points y which span R, it follows that g(w) = wp(w)
for almost every w. Consequently, G(dw) = wp(w)|G(dw)]s,
which may be expressed in the form G(dw) = iwF'(dw) for
some complex-valued measure F' on R?. This completes the
proof of the proposition. O

The usefulness of the above proposition is that it provides
a Fourier characterization of F* for functions in T' in the
case that [ |F'(dw)| is not necessarily finite. It is the unique
complex-valued measure such that G(dw) = iwF(dw), where
G is the Fourier distribution of the gradient of the function.
For several of the examples in Section IX of functions in T,
including sigmoidal functions, the function f does not possess
an integrable Fourier representation (in the traditional form
f(z) = [e**F(dw)), but the gradient of f does possess
an integrable Fourier representation, and in this way F' is
determined for the madified Fourier representation f(z) =
F(0) + [(e® ~ 1)F(dw).

A Remark Concerning Functions with a Linear Component:
If the Fourier distribution G of the gradient of the function f
has G({0}) # 0, that is, if the gradient has a nonzero constant
component, then (strictly speaking) the function f is not in I.
Nevertheless, it is possible to treat this more general situation
by using the representation f(z) = f(0)+a-z + [(e"** —
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1)F(dw), where a = G({0}), and F(dw) is characterized by
G(dw) = iwF(dw) on R* — {0}. The component a - = is
approximated by linear combinations of sigmoidal functions
in the same way as the sinusoidal components as in the proof
of Theorem 1. Now let Cy g = [|G(dw) s, where |G| is
the measure that assigns mass |G({0})|s = |a|p at w = 0,
and that equals |G(dw)|g = |w|g||F(dw)| when restricted to
R — {0} (recall that, by definition, |a|p = Supyeg |a - z|). It
can be shown in this context that there is a linear combination
of n sigmoidal functions f,(z) of the form (1), such that the
Ly(p, B) norm of the error f — f, is bounded by 2Cy, g//n.
The same bound can also be obtained by the extrapolation
method in example (14).

Additional Remarks: In the case that the distribution F
has an integrable Fourier density f(w), there is a forward
transform characterization in terms of Gaussian summability,
that is,

F(w) = lim (2m)~¢ / = f(g)e= = gy (68)
Rd

e—0

for almost every w (see, for instance, Stein and Weiss
[30]). In the same way, iwf(w) is determined as the
Gauss—Fourier transform of V f(z) for functions in T in the
case that Fourier distribution of the gradient is absolutely
continuous. If f(z) or Vf(z), respectively, is integrable on
R? then f(w) is determined by an ordinary forward transform,
that is, f(w) = (27)"¢ [e 2 f(z)dr or iwf(w) =
(2m)~" [ e=**V f(z) dz for almost every w.

Note Added in Proof: A factor of two improvement in the
constant in the approximation bound can be obtained.Indeed,
if ¢(z) is a given sigmoid with range in [0,1], then subtracting
a constant of 1/2 yields a sigmoid with range in [-1/2, 1/2.
Allowing for a change in the additive constant ¢,, the class of
functions represented by superpositions of this new sigmoid
is the same as represented by superpositions of the original
sigmoid. Therefore, an approximation bound using the new
one also is achievable by the original sigmoid. Now the new
sigmoid has norm bounded by 1/2 instead of1. Applying this
fact in the proof of Theorem 1 yields the existence of a network
function f, () of the form (1) such that

2
JU@ - @y <22 @)

B

Other scales for the magnitude of the sigmoid are also permit-
ted, including popular choices with for which ¢(z) has limits
+] as z — =*ooc. In that case, the bound (69) holds with the
constraint on the coefficients of f, that > p_;, | ¢ |[< C,
provided the spectral porm satifies C'rg < C.
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1 is attributed to Maurey. E. Sontag noted the necessity
of the restriction to continuity points of the distribution for
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