NOTE 4: DYNAMICAL DEGREES AND ENTROPY

In this lecture, we will introduce and discuss some dynamical-system-theoretic invariants associated
to an endomorphism f : X — X of a compact Kiahler manifold X such as the dynamical degree and the
entropy. Before we start, we first remark that such an endomorphism, if surjective, is always finite.

Proposition 1. A surjective endomorphism f : X — X of a compact Kihler manifold is finite.

Proof. Since f : X — X is a surjective endomorphism, it is generically finite. So f. o f*: H*(X, Q) —
H*(X, Q) is an isomorphism (which is the multiplication by deg(f)). It follows that f. : H*(X,Q) —
H*(X, Q) is surjective, hence an isomorphism. If f is not finite. Then there exists a subvariety Y ¢ X such
that dim Y > dim f(Y). So f.[Y] = 0 and therefore [Y] = 0, which is impossible because X is a compact
Kéhler manifold. O

1. DYNAMICAL DEGREES: DEFINITION

Let f : X — X be a surjective endomorphism of a compact Kdhler manifold. The topological degree
of f is defined to be the cardinal of f~!(x) where x is a general point of X. This notion can be generalized
to the notion of dynamical degree which we now define. Fix a Kéhler class w of X and let 0 < p < dim X
be an integer. Let

o= [ rarnare.
X
The p-th dynamical degree is defined to be

o Y
dy(f) = lim (6,(£%))
where f* denotes the k-th iterate of f. The above limit exists thanks to the following lemma.

Lemma 2. There exists C > 0 which depends only on X and w such that for all surjective endomorphisms
f,9: X — X, we have

Op(f 0 g) < Cou(f) - 6p(9)-

Exercise 3. Here are some examples of dynamical degrees.
i) Show that do(f) = 1.
it) Show that if p = dim X, then d,, is the topological degree of f.
iii) Let f : P" — P" be an endomorphism of P". Then there exists homogeneous polynomials fy,..., fyinn +1
variables of degree d such that f(x) = [fo(x),..., fu(x)] and we call d the algebraic degree of f. Show that
d = di(f). (Hint: what is the degree of the pre-image of a hyperplane of P"?)

In order to prove Lemma 2, we shall first introduce the notion of smooth positive (k, k)-forms on a
compact Kdhler manifold and recall some of their basic properties. The reader is referred to [2, Chapter
III.1 and II1.2] for further details, in which the more general (and natural) notion of positive currents is
defined. For the purpose of our lecture, we only need to work with smooth positive (k, k)-forms.

Let X be a complex manifold and u a smooth (k, k)-form on X. We say that u is strongly positive if for
every p € X, u, lies in the convex cone generated by

(01 A B1) A -+ A (i6x A 6)

where each 0 is a linear form on T, ® C of type (1, 0) (here, Tx, is the real tangent space at p € X of X as
a smooth manifold). A smooth (I, )-form v on X is called positive if for every strongly positive (k, k)-form
u on X with k + I = dim X, there exists a continuous function f : X — Ry such that

uAv=f-volx
1
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where voly is a volume form of X. Let
(S)Posk(X) = {[a] € H*(X,R) | ais a closed (strongly) positive (k, k)—form}.

The subsets SPos*(X) and Pos*(X) are both closed convex cone of H*(X,R) with nonempty interior
and which does not contain any nonzero linear subspace. Clearly, SPos‘(X) c Posk(X) and the wedge
products of Kahler forms lie in the interior of SPos* (X). Also, both SPos® (X) and Posk(X) are preserved
under proper pushforwards.

Lemma 4. For every a € Pos”_k(X), let ||la|| = fx a Awk. There exists C > 0 (which depends only on X) such that

Il fell < Cllxll - 6x(f)-

Proof. By definition, Pos"*(X) is in the dual (by the Poincaré duality) of SPos*(X) in H**(X, R). For every
¥ is in the interior of SPos‘(X), we have ||o]| = fx a A w* > 0 for every a € Pos” *(X).
If follows that the subset of Pos" *(X) consisting of elements f € Pos"¥(X) such that I8l = 1 is bounded,
so there exists C > 0 such that

Kihler class w, since w

n—-k _ li
Cllall
for every a € Pos"*(X). Thus Cllal| - f.(@"¥) — foax € Pos"¥(X), so

€ Pos"*(X)

If.all = fX fane < cuau( fX ﬁ(w""‘)Awk) = Cllall - 5i(f).
O

Proof of Lemma 2. Since [w]"™* € Pos"¥(X), we have g.([w]"*) € Pos"*(X) as well. Applying Lemma 4
to a = g.([w]" ) yields

o(fog) = fxﬂ%(w”_k) NG C(fx (@) A wk) 0k(f) = Cow(f) - 0x(9)-

Exercise 5. Show that d,(f) is independent of the choice of the Kiihler class w.

Remark 6. In the definition of dynamical degree, instead of 6,(f) = fx fwP A w"P, if we define

5p(f):ff*(an/\-'-/\a)p)/\(a)pﬂ/\.../\wn)
X

where the w;’s are Kihler forms, then the limit limy_,« (6p ( fk))%

the same type of argument.

still exists and coincides with d,(f) by

2. THuE SEQUENCE OF DYNAMICAL DEGREES IS LOG-CONCAVE

Let S be a smooth projective surface. The Hodge index theorem for S implies that if C and D are two

nef divisors on S, then
(C-D)* = (C*)(D?).
Here we state a generalization of the above inequality for compact Kidhler manifolds of arbitrary
dimension and refer to [3, Section 5] for a proof. The projective case was due to Khovanskii and Teissier
and the general case due to Demailly.
Theorem 7. Let X be a compact Kihler manifold of dimension n. For all wy, ..., w, € 2 (X), we have
WA Awy = (a)g‘)% ~--(w2)%.

The following is a particular case of the Khovanskii-Teissier-Demailly inequality:

Corollary 8. Let wi and w, be two nef classes on a compact Kihler manifold X of dimension n. If we define
op = a)’i A a)g_p , then we have the following log-concave inequality:

8y = Op1 - Ope1.
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It follows from Corollary 8 that the sequence {d,(f)} of dynamical degrees is log-concave:
Corollary 9. Let f : X — X be an endomorphism of a compact Kihler manifold. We have
dp(f)* 2 dpr(f) - dpsr ()-

Exercise 10. Note that since 0,(f) > 0, we have d,(f) > 0. Show that d,(f) > 1 for every p. (Hint: Compute
do(f) then use the log-concavity of d,(f) to conclude.)

3. DYNAMICAL DEGREES AS SPECTRAL RADII AND COMPARISON TO THE LOGARITHMIC VOLUME GROWTH

Let f : X — X' be an endomorphism of a compact Kédhler manifold X. Since f* : H*(X,C) — H*(X,C) is
a morphism of Hodge structures, we have f*(HP?(X)) C HP?(X) for every p. Let r,(f) denote the spectral
radius of fj;,, -

Proposition 11. Let f : X — X be an endomorphism of a compact Kihler manifold X. We have d,(f) = r,(f).

Proof. Fix a Kdhler class w on X. Choose a norm N : H??(X) — R such that for every A € HP#(X), we

have
f}\ A wdimX—p
X

rp(f) = lim sup N((f")*A)%ZI}gg ( fx <fk>*wPAwdimX‘”)k=dp<f>.

=% NeHPP(X)
To prove that r,(f) < d,(f), let {e;} (resp. {f;}) be a basis of H"*(X, R) (resp. H"P"7F(X,R)) such that
e; € SPos’(X) (resp. f; € Pos" (X)) for every i. Let C,C’ > 0 such that C - «” — ¢; € SPos’(X) and
C' - w"P — f; € Pos" P(X) for every i. Then

ys . | = kys . i .’ Ty p n—p
’L(f)el/\f] L(f)el/\fJSCCfX(f)a) Aw
for every i and j. Therefore r,(f) < d,(f). ]

N(A) >

Then

We can also compare the dynamical degrees with the growth of the volume of the graph of f*. Fix a
Kihler metric @ on X and let X* be endowed with the metric wy := priw ®--- @ priw. Let

Te ={(x f@),... ') [ x € X}  XE,

and let

lov(f) = limsup % log vol(I'y)
k—o0

where the volume is defined with respect to the metric w.

Exercise 12. Let f : X — X be an endomorphism of a compact Kihler manifold. Show that
lov(f) = max _logd,(f).

0<p<n=dim X
Hint: First show that
1 1 - ;
vol(T'y) = —|f wp = - Z f(fh)*w A A ()@
n: rk n: . B X
0S]1,...,]nﬁk—1

and therefore lov(f) > d,(f) for every 0 < p < dim X. To prove the other inequality, prove by induction that for
every € > 0, there exists ¢ > 0 such that for every j1 > -+ > j, 2 0,

1
iy Jny*
f);(f Yo A A(f )wSc(g}iﬁdp+e) .

Remark 13. The dynamical degrees can be defined more generally for meromorphic dominant self-maps
f : X --» X of acompact complex manifold and in this case, we still have lov(f) = maxo<p<dim x log d,(f) [4].
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4. TOPOLOGICAL ENTROPY

Let (X, d) be a compact metric space and f : X — X a continuous map (for the topology induced by d).
For any positive integer n and any pair of points x, y € X define
d(x,y) = max d(f'(), f(v),

which is a metric on X. For every ¢ > 0, let N(f, 1, €) be the minimal number of balls of radius ¢ for the
metric d;’[ covering X. Let

h(f, ) = limsup % log N(f,n, €).

n—oo

The topological entropy is defined to be
h(f) = lirr(}h(f, €) € RU {oo}.

The limit exists because ¢ +— h(f, €) is non-decreasing. Roughly speaking, a map f has high entropy if
for every pair of points x, y € X which are closed to each other, the growth of the distance between them
after iterations of f is fast.

Exercise 14. Prove the following statements:

i) The topological entropy h(f) does not depend on the metric d if the induced topology is the same.
ii) If Y C X is a subset such that f(Y) =Y, then h(fiy) < h(f).
iii) If there exist a surjective continuous map ¢ : X — B to another metric space B such that f descends to a
continuous map g : B — B (namely, there exists g : B — B such that

N

¢

B

t

N

W

o8]

is commutative), then h(g) < h(f).
iv) If f is of finite order, then h(f) = 0.
v) Let Xand'Y bemetric spaces. Given continuousmaps f : X — Xand g : Y — Y, wehave h(fxg) = h(f)+h(g).

In the Kéhler situation, we have the following upper bound of the entropy due to Gromov.
Proposition 15 (Gromov [6]). Let f : X — X be a holomorphic map of a compact Kéhler manifold X. We have
h(f) < lov(f).

In particular, h(f) is always finite.

Sketch of the proof. Fix a Kdhler metric @ and endow X" with the product metric. Let dens(f,n,¢) =
liminf,er, vol(B(z, &) N T,;) and

o (1
ldens(f) := £1£% }1_1)210 (E log dens(f, n, e)) .
Since vol(I'y) = N(f,n,2¢) - dens(f, n, €), we have
lov(f) = h(f) + Idens(f),

so it suffices to prove that ldens(f) > 0. To this end, we prove the auxiliary result that for every K > 0,
e > 0,and n € Z, there exists a constant C > 0 such that vol(B, N V) > C for every Riemannian manifold
M with sectional curvature < K and every minimal submanifold (in the sense that they have vanishing
mean curvature) V C M of dimension #. Since complex submanifolds of a Kdhler manifold are minimal,
we can apply the above result and obtain that lim;,_,« (% log dens(f, n, e)) > 0. ]

Every continuous map f : X — X induces a linear map f* : H*(X,C) — H*(X, C) by pulling back
cohomological classes. Let r(f) denote the spectral radius of f*. In the Kdhler situation, we have a lower
bound of k(f) in terms of 7(f) due to Gromov and Yomdin.
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Theorem 16 (Gromov-Yomdin [5]). Let X be a compact Kihler manifold and f : X — X a holomorphic map.
Then

h(f) = logr(f)-

Combining Proposition 11, Exercise 12, Proposition 15, and Theorem 16, we obtain a chain of equalities
for h(f) and the upper bound and the lower bound of /(f) mentioned earlier turn out to coincide.

Corollary 17. Let X be a compact Kihler manifold and f : X — X a surjective holomorphic map. Then
h(f) =lov(f) = Oszrsl‘?i;xlogdp(f) = Oggifnxlog rp(f) = log r(f).

Exercise 18.
i) What is the entropy of the automorphism of a curve?
ii) Let f : X — X be a surjective endomorphism of a compact Kihler manifold. Show that h(f) > 0 if and only if
di(f) > 1. In particular, an automorphism f : X — X of a projective manifold with p(X) = 1 has vanishing
entropy.

Remark 19. If f : X --» X is only a dominant meromorphic map, then by [4]
B(fu) <lov(f) = max_dy(f).

0<p<dim X

where U = X\ Uiez f*(I5) and Iy C X is the indeterminacy locus of f. The dynamical degrees d,(f) are
birational invariants but not h(f) [7]. In particular, the above inequality can be strict.

5. ENDOMORPHISMS FIXING A KAHLER RAY

The work of Gromov and Yomdin (or more precisely Corollary 17) provides a way to compute the
entropy of an endomorphism of a compact Kéhler manifold and in some cases, the computation is easy.
As an example, we compute the entropy of an endomorphism fixing a Kahler ray.

Proposition 20. Let X be a compact Kihler manifold and f : X — X a surjective holomorphic map such that
f@ = qa for some Kiihler class w and some real number q > 0. Then f is finite and deg f = q4™X (in particular,
q > 1). Moreover, h(f) = dim X - logg.

Proof. First we prove the following statement observed by Serre.

Lemma 21 (Serre). Under the same hypothesis of the proposition, the absolute value of the eigenvalues of
f: HY(X,C) — HY(X, C) is g"/2.

Proof. Let Q be a bilinear form on H*(X, C) defined by

Qul, p) = fL”k(a) AB= fa)”k AaAB.

and let
V-1 Qi(a, p) if k is odd;

H, , =
Hap) {Qk((x, p) if k is even.

* k2
Then H; is a Hermitian form. Let g : H¥(X,C) LN H*(X,C) SN H¥(X,C). Then Hy (g9x(e), gx(B)) =
Hyi(a, B) and gy preserves the Hodge decomposition and the Lefschetz decomposition. As these two
decompositions are orthogonal with respect to Hy and the restriction of H to each of the summands Hf) o

is either definite positive or definite negative, the restriction of gi to Hz * is a unitary transformation of

H}’; " . Therefore the eigenvalues of g has absolute value 1, which proves the lemma. ]

Therefore deg f = g¢¥™X. As g > 1, by Corollary 17 we have

— k _ 7 .
h(f) = Osgg\iﬁlxlogq = dim X - logg.
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Remark 22. By Proposition 20, we see that if f : X — X is an endomorphism preserving a Kahler ray,
then h(f) = 0if and only if f is an automorphism. The "if" direction also follows from Fujiki-Lieberman’s
theorem together with Corollary 17. The "only if" part has a far reaching generalization which holds
for every smooth compact oriented manifold due to Misiurewicz and Przytycki [8, Theorem 8.3.1]: they
showed that for every f : X — X self-map of class ¢! of a smooth compact oriented manifold, we have

h(f) = |log deg(f)I.

Remark 23. Let f : X — X be an endomorphism of a compact Kahler manifold. By Proposition 20, if f
is an automorphism and r1(f) # 1, then f* has no eigenvectors in J# (X). However since f* preserves
#(X), according to a Perron-Frobenius-type theorem [1], we can always find o € m\{O} such that
fra=r(fa. Ifri(f) # 1 (or equivalently, h(f) > 0 by Exercise 18), then necessarily « € ﬁm.
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