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Introduction

We consider only finite undirected graphs without loops and multiple edges. Let G be a
graph. We denote by V(G), E(G) and | V(G) | the set of vertices, the set of edges and
the order of a graph G, respectively. For a subset S of V(G), let G[S] denote the subgraph
of G induced by S. The degree of a vertex v in a graph G is denoted by dg(v). The end
vertex v of a graph G is a vertex of degree 1 in G, that is dg(v) = 1.

A k-tree of a connected graph is a spanning tree with maximum degree k. Of course, for
k=2, this notion reduces to that of a hamiltonian path.

The concept of tenacity of a graph G was introduced in [2], as a useful measure of the
"vulnerability” of G. In [6], we compared integrity, connectivity, binding number, tough-
ness, and tenacity for several classes of graphs. The results suggest that tenacity is a
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most suitable measure of stability or vulnerability in that for many graphs it is best able
to distinguish between graphs that intuitively should have different levels of vulnerability.
In [3,4,7,8,9,10], they studied more about this new invariant. The tenacity of a graph G,
T(G), is defined by

T(G) = mm{%}, where the minimum is taken over all vertex cutsets S of G. We
define 7(G — S) to be the number of the vertices in the largest component of the graph G
- S, and w(G — 9) be the number of components of G - S. A connected graph G is called
T-tenacious if | S | +7(G — §) > Tw(G — S) holds for any subset S of vertices of G with
w(G — S) > 1. If G is not complete, then there is a largest T such that G is T-tenacious
; this T is the tenacity of G. On the other hand, a complete graph contains no vertex
cutset and so it is T-tenacious for every T. Accordingly, we define T'(K,) = oo for every

p(p>1). Aset SCV(GQ) is said to be a T-set of G if T'(G) = %
Any undefined terms can be found in the standard references on graph theory,including

Bondy and Murty [1].

Theorem 1: If

T(G) > &8 1 with k > 3, (1)

for any vertex cutset S of G, then G has a k-tree.

Lemma 1. The degree of a vertex of A in any k-tree of H is k.

Lemma 2. Suppose that, for some m and n with m # n, there is a vertex x,, of Kt,,
adjacent in H to a vertex z,, in Kt,. Then at least one of x,, and z,, say z,, has the
following property: if u is an end vertex in a k-tree of G[V(Kt,,) U {u}], then in that
k-tree, z,, has degree k and so also dg;(x,,) = k.

From Lemma 2, we can conclude that there is a k-tree, Kt of H and subsets P and Q of
V(H), with P non-empty.

We may assume G is labeled by 0,1,2,--- ;m. Let n be even, n = 2r and two vertices i,j
are adjacent, if i —r < j < r (where addition is taken modulo m). Now let n and m be
odd, (n > 1). Let n =2r +1, (r > 0). Then G%, is constructed by first drawing G35},
and adding edges joining Vertex i to veretex 7 + m; Lfor1<i< mT_l Note that vertex 0
is adjacent to both vertices ™= and m“ .

Harary in [5] proved the followmg theorem:

Theorem 2: Graph G]' is n-connected.

Through the rest of this paper we will let n = 2r orn =2r +1 and m = k(r + 1) + s
for 0 < s <7+ 1. So we can indicate that m = s mod(r + 1) and k = [ .75 |. Also we
assume that the graph G} is not complete, n +1 < m.

In [6] we calculate the tenacity of G4 by using the following theorem:

Theorem 3: T(GY) =r + —* H[ L

Lemma 3: Let G be the graph with m and n both odd, n = 2r + 1 and » > 0. Then
m =1 mod(n+1)if and only if s =1 and k is even.
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Lemma 4: Let G} be the graph with m and n both odd, n = 2r + 1 and » > 0. Then

MG =V k=1 if m=1 modn+1)

Theorem 4: Let (] be the graph with m and n odd, n = 2r 4 1, then

14 [2] . r+ = ifm#1 modn + 1)
r+— o <TG s brist2  ifm =1 mod(n+1)
Proof: Let H = G™. We proved in [2] that T(H) < % Thus by Lemma 4, if
m#1 mod(n+ 1), then
T(H) = mohol — ModDbesobtl g st and if m 2 1 mod(n + 1), then T(H) <

k k
m—(k—1)+1 _ kr4s42

=1
Since V(G5 = V(H) and E(GS.) C E(H), then G%! is a spanning subgraph of H. We
have in [2], T(G5:) < T'(H). Thus by Theorem 3, we have

L+ (7]
k

Lemma 5: Let G be the graph withmodd, n=2r+1,r>2,1<s<r =1, and k is
even. Then there is an cutset A with kr+1 elements such that number of components is
w(G — A) = k,and the largest component is 7(G] — A) = 2.

Proof: We may assume G)' is labeled by 0,1,2,--- ,m — 1. Let s < k, then s = k — [
for some 1. Since m is odd and k is even, then s is odd. Hence [ = 2t + 1 and k = 2q, for
some t and q. Thus s =k —1=2¢—2t—1,¢>t+ 1. Thusm = s(r+2) +1(r+1).
Choose the sets

T+

<T(Gy)

-1
D={1,2, - ,mT}:{m,-- Lqr+2q—t—1},
m+1 m—+1 m+1
F={rg—m=1}={—g— =g tar+2—t—2}.

Hence | D |=| F'|. Consider the cutset A = C UY, such that C is the union of the set,

{1,2,... 77’}’{7*_’_3’... ,2r+2}’...,
{(g—t—=2)r+2(q—t—1r+2(q—t—-1)—1,--- (g—t—1r+2(g—t—1)— 2},
{a—t=Dr+2(q—t=1)+1--,(¢=t)r+2(¢—t— 1)},
{la—t)r+2(g—1t), -, (¢—t+1)+2(q—t)— 1},
{(g—=Dr+2¢q—t—1,--- ,qr+2q—t—2},

andY:{%l),---,mT“—kr—l}UYlUYQU{O}Where

Vi=u{{®E +er+2c—1,--- 2 + (c+1)r+2c—2}1<c<qg—t—1}
Vo=U{{®%E +hr+h+qg—t—1,- 2 4 (h+1)r+h+q—t—2}g—t<h<qg—1}
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Hence the cutset C is a subset of D and Y is a subset of B. Now consider W =D-C. Thus
W =W'"U{qr + 2q — t — 1} wheren W’is the union of the sets

{r+1,r+2},{2r +3,2r +4},---,
{lg=t—Dr+20q—t—1)—1,(g—t—1r+2(q—t—1)},
{lag=t)r+(g—t)+q—t—=1},-- {lg=Dr+(g—1)+q—t—1}

Thus C' = D — W is the union of the q set of r consecutive vertices. The doubleton sets
in W’ are of the form {dr + 2d — 1,dr 4+ 2d} where 1 < d < ¢ —t — 1.The singlton sets in
W’ are of the form {fr+ f+q—t—1} where ¢ —t < f < g— 1. We want to prove that
ifexeW, thenx+mT+1 € Y .If x is a first element of doubleton set in W’ then x is in the
formx=dr =2d—1 where1 <d<q—1t—1. Hence:r+mTH:mTH+dr+2d—1€Y'1.
Simﬂarlya:—i—l—i—mTH € Yy, since r > 2. If x is in a singleton set, then x is of the form
r=fr+f+q—t—1whereq—t < f<q-—1. Hencex—i—mTH—l—fr—i-f—l—q—t—leYQ.

Ifx=qr+29g—1t—1, then

v+ " =gr+2¢—t— 14 (qr+2q—t}
=2q(r+1)+(2¢—2t) -1
=k(r+1)+k—1=k(r+1)+s=m+0€Y.
Thus each element in component set W C D has adjacent element in cutset Y C B.

Therefore the cardinality of cutset A is equal to rk + 1 and number of components,
w(GP — A) = k and the largest component 7(G" — A) = 2. [

Theorem 5: Let G be the graph with n =2r +1m odd, keven, k > 2, 1 <s<r+1
and s < k. Then

r+2 <TG <r+3.
Proof: By Theorem 4, we have r + % < T(G?). By Lemma 5, A is a cutset with kr+1
elements, | A |= kr + 1, 7(GI" — A) = 2, and w(G' — A) = k. Hence % =
brtlt2 — p 4 3 Therefore r + 2 < T(G) < r+ 2. O
Acknowledgement
This work supported by Tehran University . My special thanks go to the University of
Tehran, College of Engineering and Department of Engineering Science for providing all
the necessary facilities available to me for successfully conducting this research.

References

[1] J.A. Bundy and U.S.R. Murty, Graph Theory with Applications (The Macmillan
Press Ltd, 1976).

[2] M.B. Cozzens, D. Moazzami, S. Stueckle, The tenacity of a graph, Graph Theory,
Combinatorics, and Algorithms (Yousef Alavi and Allen Schwenk eds.) Wiley, New
York, (1995), 1111-1112.



153 Moazzami / Journal of Algorithms and Computation 48 (2016) PP. 149 - 153

[3] S. A. Choudum and N. Priya, Tenacity of complete graph products and grids, Net-
works 34 (1999), no. 3, 192-196.

[4] S. A. Choudum and N. Priya, Tenacity-maximum graphs, J. Combin. Math. Combin.
Comput. 37 (2001), 101-114.

[5] F. Harary, The maximum connectivity of a graph, Proc. Nat. Acad. Sci, USA, Vol.
48, (1962), 1142-1146.

[6] D. Moazzami, Vulnerability in Graphs - a Comparative Survey, J. Combin. Math.
Combin. Comput. 30 (1999), 23-31.

[7] D. Moazzami, Stability Measure of a Graph - a Survey, Utilitas Mathematica, 57
(2000), 171-191.

[8] D. Moazzami, On Networks with Maximum Graphical Structure, Tenacity T and
number of vertices p, J. Combin.Math. Combin. Comput. 39 (2001).

[9] D. Moazzami, A note on Hamiltonian properties of tenacity, Poceedings of the In-
ternational conference,” Paul Erdos and his Mathematics” Budapest, July 4 - 11,
(1999), 174-178.

[10] B. Piazza, F. Roberts, S. Stueckle, Edge-tenacious networks, Networks 25 (1995), no.
1, 7-17.



