|ECE 1010 ECE Problem Solving I

I
Polynomial Functions

 Since polynomials occur frequently in mathematics and engi-
neering, MATLAB has a collection of very useful functions
for working with them

* The general form of an Nth degree polynomial functionis

_ . N N-1 2
f(x) = agX +a;x .. +ay_oX tay_(X+ay

where degree denotes the highest power of x present
 The polynomial coefficientsare 5, a4, ..., &

* You may be bothered by the fact that the powers of x and
coefficient subscripts appear to be opposite each other

— Thisisjust the notation adopted by MATLAB for express-
ing polynomials; in fact the sum of the coefficient sub-
script and variable exponent are always a constant of N

» A more compact notation for writing the above is to use sum
notation

N
f0 =y ax "
n=0

Note: xO =1

Example: A familiar polynomial function is the quadratic poly-
nomial

y(x) = aox2 +a;X+a,
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Polynomial Evaluation

» Using techniques studied thus far we can use MATLAB used

to evaluate f(x) over arange of x values as follows:
% Define the range on x
X = X_mn:X_step: x_max;
f = a O*x."N + a_1*x."(N-1) + ...
a_NmR2*x. "2 + a_Nnml*x + a_N,

» Taking the quadratic given above, with defined coefficients,

we can write
» a0 = 3; al = 2; a2 = 10; % Define the coefficients
» X = 0:20/100: 20; % Define the range on X
» f = a0*x.”"2 + al*x + a2; % Eval uate f(x)

 To polynomia evauation MATLAB comes with the pre-

defined function pol yval

» hel p pol yval
PCOLYVAL Eval uate pol ynom al
Y = POLYVAL(P, X), when P is a vector of length N+1
whose el enents are the coefficients of a polynomal, Y
is the value of the polynom al evaluated at X

Y = P(1)*X*N + P(2)*XA(N-1) + ... + P(N)*X + P(N+1)

If Xis a matrix or vector, the polynomal is eval u-
ated at all points in X. See also POLYVALM for eval ua-
tionin a matri x sense.

» To evaluate the quadratic given above we would write

» X = 0:20/100: 20;
» y = polyval ([3, 2, 10], x);
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Polynomial Operations

* In loose terms we can think of the polynomial coefficient
vector, a, as the polynomial itself

e The sum of two polynomials, say

g(x) = aox3 + alx2 +a,X + ag
h(x) = bgx” + byx + b,
IS the sum of coefficients corresponding to like powers of x

s(x) = g(x) + h(x)
= agXC+ (a, + by)X* + (@, + by)x + (ag + by)

« For MATLAB evaluation this amounts to simply adding cor-
responding coefficient vectors a and b by first prepending
the b vector with aleading zero, i.e.,

g [a0, al, a2, a3];

h [0, DO, bl, b2]; % prepending only required
S g + h; % for poly add and subtract

 |f one polynomial is ascalar multiple of another, say
9(x) = k(x)

the corresponding coefficient vectors are related by k, i.e,, if
g = polyval (a, x);
f = polyval (b, x);
% O given g and the fact that b = k*a
f = k*g;

» Suppose we wish to multiply or divide two polynomials
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» Recall how tediousit isto multiply two polynomials

g(x) = (agx° + a;x+ a,)(byx” + b,x + b,)
= a X (bgX” + b, x+by) +a,x(byx” + byx + b,)
+a,(l0gx° + byx + b,)
= agbyX" + (agh, + a,b)X" + (agh, + a,b, + a,bg)x°
+(a,b, + a,b;)x+a,b,

» If c is the corresponding coefficient vector of g it follows

that
c = [(a0*b0), (al0*bl+al*b0), (a0*b2+al*bl+a2*bO0),
(al*b2+a2*bl), (a2*b2)];

« A MATLAB function that performs this operation automati-
caly is conv(a, b) which stands for convolution (you
learn more about this function in Linear Systems Theory —
ECE 3510)

* |nthe above example we would type
% To find the coefficients of g(x) = a(x)*b(x) we
% would wite
g = conv(a,b)

Example: g(x) = (x2 +2X + 3)(2x2 +X+2)

=11 2, 3]; b=12, 1, 2];
= conv(a,b)

»

»

g

N Q @

2 5 10 7 6

Chapter 3: Polynomial Functions 3-15



|ECE 1010 ECE Problem Solving I

I
* g(x)isthus

g(x) = 2x* + 5X> + 10x° + Tx + 6

« Polynomia divison can be accomplished in like fashion
using the function deconv( a, b) which stands for decon-
volution

Example:

h(x) = a(x) _ 2x* +5x° + 10x° + 7Tx+ 6
b(x) X2+ 2X+ 2

 Hand calculation requires long division of the polynomial
coefficient vectors, including a remainder vector

2x2+x+4
x2+2x+2> 2x" + 5x° + 10x° + 7x + 6
ox* + 4x> + 4x2
x3+6x2+7x+6
x3+2x2+2x

4x2+5x+6

4x° + 8+ 8

Remainder ———» —3x-2

 To find the quotient and remainder polynomialsin MATLAB
write

» g =1[2, 5 10, 7, 6];
» b =11, 2, 2];
» [h,r] = deconv(g, b);
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!
» h

h =
2 1 4 %--> h(x) = 2x"2+x+4

» r

0 0 0 -3 -2 %-->r(x) = -3x-2
Example: Practice! p. 82, #2 & #5

fo(X) = x> —6x° +12x—8
fa(x) = x> —B5x° + 7x— 3

* For #2 we must evaluatef,(x) — 2f,(x) on [0, 4]
» X = 0:4/50:4; % Use 51 points
»af2=[1-6 12 -8];

»afd4=[1-57-3];

» a_p2 = a_f2 - 2*a_f4;

» f_p2 = polyval (a_p2, x);

» plot(x,f _p2)

» title('Practice! p. 82, #2','fontsize', 18)
» ylabel ("f2(x) - 2f4(x)", ' fontsize', 16)

» x|l abel (" x',"'fontsize', 16)
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I
Practice! p. 82, #2

4 T T T
x
3
N _
<
Ny 3 2 I
4= (1-2)x +(-6+10)x +(12—14)x+ (— 8+ 6)

-6 =—x3+mg—2x—2

_8—

1% 05 1 15 2 25 3 35 4

* For #5 we must evaluate (f,(x))/ (x—1) on [0, 4]
» [g_f5,r_f5] = deconv(a_f4,[1 -1]); %D vide the polys

» g _f5
g f5 =
1 -4 3 % The quotient is a quadratic
» r 5
r f5 =
0 0 0 O % Note there is no renai nder!

» f_p5 = polyval (q_f5, x);

» plot(x,f _pb)

» title('Practice! p. 82, #5','fontsize', 18)
» ylabel ("f4(x)/(x-1)","' fontsize', 16)

» x|l abel (' x', "' fontsize', 16)
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I
Practice! p. 82, #5

This
ok x—1 >x3—5x2+7x—3
3 2
X —X
L —4x°+7x—3
R —4X° + 4x
x ! 3x—3
3 N 3x—3
' 0
0_
-0.9
T 0.5 1 1.5 2 2.5 3 35 4
X

Roots of Polynomials

* A problem related to evaluating polynomials is solving for
the roots of a polynomial

* Recdll that therootsof y = f(x) arethose values of X where
f(x) =0

» For polynomias with real number coefficients, the roots may
be real numbers and/or pairs of complex conjugate numbers

— For athird-order polynomial the roots may be either three
real roots or one real root and a complex pair

— For a second-order polynomial the roots may be either two
real roots or a complex conjugate pair
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 |f we plot f(x) we find that the real roots correspond to those

locations where the polynomial crosses the x-axis

Recall that for a quadratic y(x) = aox‘2+a1x+a.2 the
roots are (quadratic formula)

2
= —alija1—4aoa2
112~

2a,

Note: The roots are complex if 4a,a, > ai

Hand calculation of polynomial roots becomes impractical as
the order increases, hence we often turn to a numerical solu-
tion

The MATLAB functionr oot s(a) findstheroots of apoly-
nomial with coefficient vector a

Example f(x) = 2x* + 5x> + 10x° + Tx + 6

» p =[2510 7 6];
» I = roots(p)
r =
-1.0000 + 1.4142i
-1.0000 - 1.4142i
-0. 2500 + 0.9682i
-0. 2500 - 0.9682i
» pol yval (p, r)% Check by evaluating p
% at the root |ocations
ans = 1.0e-013 *
-0.1243 + 0.0089i
-0. 1243 - 0.0089i
-0. 0533 + 0. 0355i
-0.0533 - 0.0355i % Functional values are snall
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 Given theroots of apolynomial 4, r,, ..., r,weknow that

_ . N N-1
f(x) = agx +a,Xx  “+.. +ay_X+ay

= (X=Tr)(X=ry)...(X=ry)

« The MATLAB function pol y(r) effectively reconstructs
the polynomial coefficient vector, a, given the vector of roots
by repeated polynomia multiplication

Example: Continue the previous example

» p0| y( I’)
ans =
1. 0000 2. 5000 5. 0000 3. 5000 3. 0000

» What happened?
— The pol y() function must assume that a, Is normalized
to unity

— In the earlier example a, = 2, so to get the correct
answer we multiply by two following the pol y() opera
tion, e.q.,

» 2*poly(r)
ans =
2. 0000 5.0000 10. 0000 7. 0000 6. 0000

Examples. Practice! p. 86, #4

Given

94(X) = X5 — 3X4 — 1Ox3 + 27x2 + 10x—-24
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I
Determine the real roots of g,(x) and then plot the polynomial

over the appropriate interval to verify that the polynomial crosses
the x-axis at the real root locations

» ag4 =[1-3-11 27 10 -24];
» roots(a_g4)' % Use transpose to make out put conpact
ans =
4. 0000 -3.0000 2. 0000 1.0000 -1.0000» x =
-4:(5+4)/100:5; % Plot 101 points
» g4 = polyval (a_g4, x);
» plot(x,g4);grid
» title('Practice! p. 86, #4','fontsize', 18)
» ylabel (' g4(x)"',"' fontsize', 16)
» x|l abel (" x',"'fontsize', 16)

Practice! p. 86, #4
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