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Abstract

In our previous works, we suggest that quantum particles are composite
physical objects endowed with the geometric and topological structures of
their corresponding differentiable manifolds that would allow them to imitate
and adapt to physical environments. In this work, we show that Dirac equa-
tion in fact describes quantum particles as composite structures that are in a
fluid state in which the components of the wavefunction can be identified
with the stream function and the velocity potential of a potential flow formu-
lated in the theory of classical fluids. We also show that Dirac quantum parti-
cles can manifest as standing waves which are the result of the superposition
of two fluid flows moving in opposite directions. However, for a steady mo-
tion a Dirac quantum particle does not exhibit a wave motion even though it
has the potential to establish a wave within its physical structure, therefore,
without an external disturbance a Dirac quantum particle may be considered
as a classical particle defined in classical physics. And furthermore, from the
fact that there are two identical fluid flows in opposite directions within their
physical structures, the fluid state model of Dirac quantum particles can be
used to explain why fermions are spin-half particles.

Keywords
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1. Introductory Summary

In our previous works on spacetime structures of quantum particles, we suggest
that quantum particles should be endowed with geometric and topological

structures of differentiable manifolds and their motion should be described as
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isometric embeddings in higher Euclidean space. We also suggest that all quan-
tum particles are formed from mass points which are joined together by contact
forces as a consequence of viewing quantum particles as CW-complexes [1] [2]
[3]. Fundamentally, we show that the three main dynamical descriptions of
physical events in classical physics, namely Newton mechanics, Maxwell elec-
tromagnetism and Einstein gravitation, can be formulated in the same general
covariant form and they can be represented by the general equation

VM =k (1)

where M is a mathematical object that represents the corresponding physical

systemand V, is a covariant derivative. For Newton mechanics,

1 3 . 2 .
M:Emzﬂzl(dx‘ /dt) +V and J=0. For Maxwell electromagnetism,

M =F* =0"4" —9" A", with the four-vector potential A" = (V,A) and /can
be identified with the electric and magnetic currents. And for Einstein gravita-
tion, M =R” and / can be defined in terms of a metric g,, and the Ricci

scalar curvature using the Bianchi identities VﬁR"ﬂ :Eg”ﬁVﬂR, that is,

J= % g”v 4R . If we use the Bianchi identities as field equations for the gravita-

tional field then Einstein field equations 7,, = k(RW —%Rgm +Agwj , as in

the case of the electromagnetic field, should be regarded as a definition for the
energy-momentum tensor 7~ for the gravitational field [4]. An interesting
feature that emerges from Equation (1) for the gravitational field is that we can
derive the Ricci flow 0g,; /0t =xR,, for a vacuum field J =0. Mathemati-
cally, the Ricci flow is a geometric process that can be employed to smooth out
irregularities of a Riemannian manifold [5]. From the definition of the
four-current ;“ =(p, j,.):l gV 4R for the gravitational field, by comparing
with the Poisson equation for a potential Vin classical physics, V’V =4mp , we
can identify the scalar potential V' with the Ricci scalar curvature R and then ob-
tain a diffusion equation 9,R =kV’R whose solutions can be found to take the
form R(x, ¥, z,t) = (M / (m )3)67()(2”72“2)/ o , which determines the prob-
abilistic distribution of an amount of geometrical substance A/ which is defined
via the Ricci scalar curvature R and manifests as observable matter [6]. It is
worth mentioning that in fact a similar diffusion equation can also be derived
from the Ricci flow 8ga5/5t =kR,; of the form OR/0t = AR+2|Ric|2 , where
A is the Laplacian defined as A=g”V, V ; and |Ric| is a shorthand for a
mathematical expression that we will not be concerned with in this work [7].
Therefore, the Bianchi field equations of general relativity in the covariant form
given in Equation (1) can be used to formulate quantum particles as differenti-
able manifolds. For example, we showed that the Ricci scalar curvature R associ-
ated with a differentiable manifold that represents a quantum system, such as
the hydrogen atom, can be expressed in terms of the Schrodinger wavefunction

w in quantum mechanics as

R= k(Zi e far) = (m) (o + 2 0,0 (a5 fa) ).
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On the other hand, we have also shown that Maxwell field equations of elec-
tromagnetism and Dirac relativistic equation of quantum mechanics can be
formulated covariantly from a general system of linear first order partial differ-
ential equations [8] [9]. An explicit form of a system of linear first order partial

differential equations can be written as follows [10] [11]

n o n a . n
ZZa;i:kIZbﬁ//,+kzcr,r:1,2,---,n (2)
pari G J I=1
The system of equations given in Equation (2) can be rewritten in a matrix

form as

(i A i}w =koy +k,J (3)
o Ox;
where = (.05, ) 5 0w /Ox, = (0w, /0%, 0, [0x, -0, [ox) A4,
o and J are matrices representing the quantities al./; , b and ¢", and &
and k&, are undetermined constants. Now, if we apply the operator
27:1 A0/dx, on the left on both sides of Equation (3) then we obtain

n az non 82
22 A +AA)——
{;‘47 5X?+IZ:1:/Z>;(AI ;T4 ’)6xi6xfjw
~ (4)
=klco’y +kk,oJ +k, Y 4, Ll
o Oy,

In order for the above systems of partial differential equations to be used to
describe physical phenomena, the matrices 4. must be determined. We have
shown that for both Dirac and Maxwell field equations, the matrices 4, must

take a form so that Equation (4) reduces to the following equation

Y (5)

n 82 n
[IZIAIZ a—x[Z}l// = kIZO'Zl//+k1kZO'J+k2;Ai ax[

To obtain Dirac equation we simply set 4,4, + 4,4, =0 with A’ =+1, and

in this case the matrices A are the matrices y; given as [12]

100 0 0 0 01
01 0 0 0 0 10
"Tloo -1 oo <10 0
00 0 -l 10 00
0 00 —i 001 0 ©
0 0 i 0 0 0 0 -1
“Tlo o o™ 2100 0
00 0 010 0

For Maxwell field equations, in order to specify the matrices 4, we need to
use the form of Maxwell field equations established in classical electrodynamics
[13] [14]. And the matrices 4, take the forms
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-1 0 0 00 0 00 0 00 O
0 -1 0 000 00 0 00 -1
0 0 -1 000 00 0 01 0
Alz ,AZZ 5
0 0 0 100 00 0 00 0
0 0 0 010 00 -100 0
0 0 0 001 01 0 00 0
0 00 0 011 0 0 00 -10
000 0 00 00 01 00
0 00 -100 00 00 00
4, = A, = , (7)
001 0 00 0 -1 00 0 0
000 0 00 1 0 00 00
-1 00 0 00 00 00 0 0
4 0 0 000
0 4 0000
00 u 000
A =
000100
000010
00 00011

Besides the covariant formulations of classical and quantum physics as de-
scribed above, we have also discussed the topological transformation of quantum
dynamics by showing the wave dynamics of a quantum particle on different
types of topological structures in various dimensions from the fundamental
polygons of the corresponding universal covering spaces [15]. We presented our
discussions in the form of Bohr model in one, two and three dimensions using
linear wave equations. For the clarity of our presentation in terms of Bohr
model, we want to mention here that in order to successfully construct a model
for the hydrogen atom which predicts correctly the spectrum of the energy radi-
ated from the atom, Bohr proposed three postulates which state that the cen-
tripetal force required for the electron to orbit the nucleus in a stable circle is the
Coulomb force mv’ / r=kq’ / r*, the permissible orbits are those that satisfy the
condition that the angular momentum of the electron equals nfi, that is
mvr =nh , and when the electron moves in one of the stable orbits it does not
radiate, however, it will radiate when it makes a transition between the stable or-
bits [16]. Furthermore, in his work on the concept of matter wave, de Broglie
proposed that an electron has both a wave and a particle nature by regarding the
electron as a standing wave around the circumference of an orbit, as shown in
Figure 1 [17].

It is seen that de Broglie’s requirement leads to the wave condition 2mr =nA.
This is equivalent to assuming that the standing wave around a circle, which is a
1-sphere, is similar to a standing wave on the fundamental interval of a straight
line which is the universal covering space of the circle S', where the transla-
tions taking the interval to the next images will generate the holonomy group

[18]. If we apply de Broglie wavelength A defined in terms of the momentum
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Figure 1. de Broglie waves around a circle.

of a quantum particle p=mv as A=h/mv, then using the wavelength also
given by A =2nR/n we obtain h/mv=2nR/n, that leads to the Bohr’s postu-
late of the quantisation of angular momentum mvR =nh. Then the energy
spectrum E, can be calculated from Coulomb’s law mv’ / R =kq’ / R® as
E, =-mk*q* / 2i°n’ , where R now is the radius of the nth stationary orbit.

In mathematics, the fundamental polygon in one dimension is an interval and
the universal covering space is the straight line and in this case the standing
wave on a finite string is transformed into the standing wave on a circle which
can be applied into the Bohr model of the hydrogen atom. In two dimensions,
the fundamental polygon is a square and the universal covering space is the
plane and in this case the standing wave on the square is transformed into the
standing wave on different surfaces that can be formed by gluing opposite sides
of the square, which include a 2-sphere, a 2-torus, a Klein bottle and a projective
plane. This may be seen as an extension of the Bohr model of the hydrogen atom
from one-dimensional manifolds of the 1-sphere and 1-torus embedded in the
ambient two-dimensional Euclidean space R into two-dimensional manifolds
embedded or immersed in the ambient three-dimensional Euclidean space &. In
three dimensions, the fundamental polygon is a cube and the universal covering
space is the three-dimensional Euclidean space. It is shown that a 3-torus and
the manifold K xS' defined as the product of a Klein bottle and a circle can be
constructed by gluing opposite faces of a cube therefore in three-dimensions the
standing wave on a cube is transformed into the standing wave on a 3-torus or
on the manifold K xS'. We also discuss a transformation of a stationary wave
on the fundamental cube into a stationary wave on a 3-sphere despite it still re-
mains unknown whether a 3-sphere can be constructed directly from a cube by
gluing its opposite faces. In spite of this uncertainty, however, we speculate that
mathematical degeneracy in which an element of a class of objects degenerates
into an element of a different but simpler class may play an important role in
quantum dynamics. For example, a 2-sphere is a degenerate 2-torus when the
axis of revolution passes through the centre of the generating circle. Therefore, it
seems reasonable to assume that if an n-torus degenerates into an n-sphere then

wavefunctions on an n-torus may also be degenerated into wavefunctions on an
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n-sphere. Furthermore, since an n-sphere can degenerate itself into a single
point, therefore the mathematical degeneracy may be related to the concept of
wavefunction collapse in quantum mechanics where the classical observables
such as position and momentum can only be obtained from the collapse of the
associated wavefunctions for physical measurements. This consideration sug-
gests that quantum particles associated with differentiable manifolds may pos-
sess the more stable mathematical structures of an n-torus rather than those of
an n-sphere.

The above formulation of quantum particles in terms of differentiable mani-
folds and the consideration of their intrinsic geometric and topological charac-
teristics raise the question of how the standing waves that represent quantum
particles could be established physically. The aim of this work is to answer this
question by showing that Dirac equation in fact describes quantum particles as
composite structures that are in a fluid state in which the components of the
wavefunction can be identified with the stream function and the velocity poten-
tial of a potential flow formulated in the theory of classical fluids. In this case
Dirac quantum particles can manifest as standing waves which are the result of
the superposition of two fluid flows moving in opposite directions. For example,
if two opposite waves are represented by the function v, (r,t) = asin(kr—vt)
and v, (r,t) = asin(kr+vt) then the resultant standing wave can be obtained
as y,(r,1)+y,(r,t)=2asin(kr)cos(vt) . We also show that even though a
Dirac quantum particle has the potential to transfer energy in opposite direc-
tions to establish a standing wave within its physical structure, for a steady mo-
tion without an external disturbance a Dirac quantum particle can be considered

as a classical particle defined in classical physics.

2. Two-Dimensional Hydrogen-Like Physical System

In this work we will show that quantum particles can be described as physical
systems in a state of fluids that can be formulated in terms of the fluid dynamics
in two dimensions. Since such systems can be seen to have the physical structure
of a two-dimensional hydrogen-like atom therefore in this section we will ex-
amine further how they can be described in terms of quantum mechanics. First
we need to extend our formulation of Maxwell field equations of electromagnet-
ism and Dirac relativistic equation from a general system of linear first order
partial differential equations to that with an external field. Such system of equa-
tions is given as follows [19]
na oy, [ :
ZZa§§=Z(Zb,;I/j+c;jy/i+d',r:1,2,-..,n (8)
i=1 j=1 j i=1\_j=1
The system of equations given in Equation (8) can be rewritten in a matrix

form as

i=l1 i

[i%%}//?i(iq&% +m0jl//+J €
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where y =(y,.p,. ) Oy /oy, =(0y, [ox, .0y, [ax, -+-.0y, [ox,)' with
i by, ¢ and d”,
which are assumed to be constant in this work. While the quantities g, m and J

4;, B,, oand Jare matrices representing the quantities a;

represent physical entities related directly to the physical properties of the parti-
cle, and the quantities V, represent an external field, such as the potentials of

an electromagnetic field. By applying the operator Z" A0/dx, on the left on
b

[/

both sides of Equation (9), with the assumption that the coefficients a

and ¢ are constants, then we obtain

s[5 (gt gmromp) o

Since the quantities 4;, B,, 0, ¢ mand Jare assumed to be constant, Equa-

tion (10) becomes

{ZAZﬁJ{":Z(AA 4, A)aaa ]1//

-x,' i=l j>i

]
= (—i[i 4 iJ[Zn: qB].Vj +m0'j}//
o ox; )\ 5o

—i([zn;qBiVi+m0'j[[;A] j +ﬁ;Ai2—; (11)
:_{quAl ) J (ZZq (B.B,+B,B,)VV,

i=l j=1 i=1 j>i

—2iiqu[I/[0'—m20' J —z(ZqBV +mU]J+ZA a
ox,

i=1 i=1 i

Dirac equation for an arbitrary field can be formulated from the system of
linear first order partial differential equations given in Equation (9) by setting
B =4=y, oc=1, J=0 and A,.Aj +AjAl. =0. In this case, in terms of the

operator y,, Equation (9) becomes

(Z% I]V’——I(ZCI%V +MJI// (12)

Equation (12) can be written in a covariant form as Dirac equation for an ar-

bitrary field as
(y”(iaﬂ—qVﬂ)—m)l//:O (13)

Equation (11) also reduces to the following equation

‘o, 0 V. ov
(Z}/,z zj :(—IZZC]}/I)/]( J+21qu7,V, m Jy/ (14)
o Ox; ox.

i=l j>i j i=1

Even though in the following we will examine only physical states of Dirac
quantum particles in which ¥, =0 where the physical quantity ¥, is assumed

to be associated with an external field, however, if we consider quantum particles

as differentiable manifolds which are formed by mass points joined together by
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contact forces then we may suggest that they are endowed with intrinsic geomet-
ric and topological structures and in this case the quantity ¥V, may be consid-
ered as an internal field that is responsible for the stability of the physical struc-
ture of a quantum particle. As we will show below this is in fact the case when at
least part of a quantum particle exists as a two-dimensional structure in which
the intrinsic angular momentum can take half-integer values. The problem that
we considered can actually be started with Dirac equation given in Equation
(13). It can be shown that in the non-relativistic limit, Dirac equation reduces to

the Pauli equation for stationary system as [20]

[i(—ihV—qA)z _%(G.meju/(r) = Ey (r) (15)

In the case when A=0, B=0,and g¢=4k/r then we have
k
——Vzl//(r)—7l//(r):E!//(r) (16)

Now let us examine a physical system that is described by the Schrédinger
wave equation given in Equation (16) from the viewpoint of an observer who
sees it as a planar system [21] [22] [23]. It is shown that if we consider physical
systems whose configuration space is multiply connected, such as the physical
system of a hydrogen-like atom in two rather than three dimensions, then mul-
tivalued wavefunctions can be used to describe the system [24]. In two-dimensional

space, the Schrédinger equation in the planar polar coordinates takes the form

P e AR R

hZ
LA B R BT
ror\C or) r? 6¢2

=
Solutions of the form y (r,¢)=R(r)®(¢) then reduce the above equation

to two separate equations for the functions ® and R

0]

+m*® =0 18
7 (18)
2 2
LR AR 25 )= (19)
dr* rdr r e \r

where m is identified as the angular momentum of the system. From the system
of ordinary differential equations given in Equations (18) and (19), the energy

spectrum can be found as

2
. ¥ — (20)
21 (n+m+1/2)

It is seen that if the physical system is the Bohr model of two-dimensional hy-
drogen-like atom then the angular momentum m must take half-integral values.
Hence, the topological structure of a configuration space of a physical system
can determine the quantum nature of an observable of the system. This result
should be expected in quantum mechanics since we know that the quantum be-

haviour of a particle depends almost entirely on the configuration of an experi-
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ment. If, in a particular experiment, the electron of a hydrogen-like atom is con-
strained to move in a plane, then the orbital angular momentum of the electron
must take half-integral values if we use the Schrédinger equation to study the
dynamics of the electron and want to retain the same energy spectrum as the
Bohr model. As a consequence, it might seem possible to invoke the result to ex-
plain the Stern-Gerlach experiment without the necessity of introduction of spin

into the quantum theory.

3. Dirac Real Equation

In this section we show that Dirac equation for a free particle can be used to de-
scribe the state of a fluid of the quantum particle formulated in the theory of

classical fluids. For free Dirac quantum particles, Equation (13) reduces to

(i;/"a”—m)y/=0 (21)
By expanding Equation (21) using the matrices y, given in Equation (6), we
obtain
o, . o0_.0 oy
———imy, = ——i— + 22
a (Gx 8yJW4 P (22)
oy, AN
- —imy, =| —+i— - 23
o ¥, {ax 5‘)/}[/3 o (23)
oy; . 0 .0 oy,
—imy, =| ——+i— -—— 24
a [ o ay]% P (24)
v, . A2
—im = —-———-i— + 25
Y Vs ( o ayj‘/ﬁ o (25)

First, it is observed that with the form of the field equations given in Equa-
tions (22)-(25), we may interpret that the change of the field (l//l,l/lz) with re-
spect to time generates the field ((//3,!//4) , similar to the case of Maxwell field
equations in which the change of the electric field generates the magnetic field.
With this observation it may be suggested that, like the Maxwell electromagnetic
field which is composed of two essentially different physical fields, the Dirac
field of massive particles may also be viewed as being composed of two different
physical fields, namely the field (l//l,l/lz), which plays the role of the electric
field in Maxwell field equations, and the field (1/13,1//4) , which plays the role of
the magnetic field. The similarity between Maxwell field equations and Dirac
field equations can be carried further by showing that it is possible to reformu-
late Dirac equation as a system of real equations. When we formulate Maxwell
field equations from a system of linear first order partial differential equations
we rewrite the original Maxwell field equations from a vector form to a system of
first order partial differential equations by equating the corresponding terms of
the vectorial equations [9]. Now, since, in principle, a complex quantity is
equivalent to a vector quantity therefore in order to form a system of real equa-

tions from Dirac complex field equations we equate the real parts with the real

DOI: 10.4236/jmp.2018.914154

2410 Journal of Modern Physics


https://doi.org/10.4236/jmp.2018.914154

V.B. Ho

parts and the imaginary parts with the imaginary parts. In this case Dirac equa-

tion given in Equations (22)-(25) can be rewritten as a system of real equations

as follows
_61//1 :al//4 +a!//3 (26)
ot ox Oz
_a‘//z :6l//3 _6W4 (27)
ot ox oz
_aV/S =al//2 +% (28)
ot ox 0z
_6l//4 :6l//1 _8l//2 (29)
ot ox oz
W _ my, (30)
oy
W o my, (31)
y
CLZA— (32)
y
0
Wy, (33)
oy

If the wavefunction y satisfies Dirac field equations given in Equations

(26)-(33) then we can derive the following system of equations for all compo-

nents
oy, 2
——-my, =0 (34)
o’y v
oy, 'y, Oy,
1/2/, _ ‘/;, _ ‘/:, -0 (35)
ot ox 0z
Solutions to Equation (34) are
v, =c,(x,z)e™ +cy (x,2)e™ (36)

where ¢, and ¢, are undetermined functions of (x,z). The solutions given
in Equation (36) give a distribution of a physical quantity along the y-axis. On
the other hand, Equation (35) can be used to describe the dynamics, for exam-
ple, of a vibrating membrane in the (x,z)-plane. If the membrane is a circular
membrane of radius a then the domain Dis given as D = {x2 +2° < a2} . In the
polar coordinates given in terms of the Cartesian coordinates (x,z) as
x=rcos@, z=rsinéd, the two-dimensional wave equation given in Equation
(35) becomes

2 2 2
10y oy 1oy 10y _, (37)

The general solution to Equation (37) for the vibrating circular membrane
with the condition y =0 on the boundary of D can be found as [6] [11]
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w(r.0,1)= ijo ( /10n1r)<C0m 0S| Ay, ct + Dy, siny/ A, ct)
m=1

+ i J, (\/ﬂr)(Anm cosnf+ B,, sinnb) (38)

m,n=1

X ((Cnm cos\/A,,ct+D,, sin \/Ect))

where J, (Jﬂnmr) is the Bessel function of order 1 and the quantities A
B,, C, and D, canbe specified by the initial and boundary conditions. It

nm > nm

nm >

is also observed that at each moment of time the vibrating membrane appears as
a 2D differentiable manifold which is a geometric object whose geometric struc-

ture can be constructed using the wavefunction given in Equation (38) as
2 2
R= (2(‘//11‘//22 ~(vi) )/(1+‘//12 +‘//22)

where :6l///6x” and vy, :821///6x”8xv [25]. Even though elementary
particles may have the geometric and topological structures of a 3D differenti-
able manifold, it is seen from the above descriptions via the Schrédinger wave
equation and Dirac equation that they appear as 3D physical objects that em-
bedded in three-dimensional Euclidean space. Interestingly, in the following we
will show that the solution given in Equation (38) can be used to describe a
standing wave in a fluid due to the motion of two waves in opposite directions.
For a steady state in which the system is time-independent, the system of equa-
tions given in Equations (26)-(29) reduces to the following system of equations
Sy, dw _, v _ow,
ox Oz Tox oz

=0 (39)

oy, +a‘//3 -0 oy, _6(//4
ox 0z o 0z

=0 (40)

It is observed from Dirac equation for steady states that the field (l//l,l//z)
and the field (1/13 W 4) satisfy the Cauchy-Riemann equations in the (x, Z) -plane.
We will now discuss whether it is possible to consider Dirac quantum particles
as physical systems which exist in a fluid state as defined in the classical fluid
dynamics as substances that retain a definite volume, have the ability to flow and
deform continually, hence they can exhibit a wave motion. For references in the
next section we will outline the main features in the theory of classical fluids, es-

pecially, in two dimensions.

4. Fluid Dynamics in Two-Dimensions

In fluid dynamics, quantities that satisfy the Cauchy-Riemann equations can be
identified with the velocity potential and the stream function of an incompressi-
ble and irrotational flow [26] [27] [28] [29]. In two-dimensional fluid dynamics,
a streamline is a theoretical line that is assumed to be tangential to the instanta-
neous velocity, therefore there is no flow that can cross the streamline. For a
continuous stream of fluid, the streamlines can form continuous lines or closed

curves. As an illustration, in the following we will consider a free or potential
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vortex flow whose streamlines are concentric circles in the (x,z) -plane as
shown in Figure 2.
In two-dimensional incompressible flow, the stream function ¥ is defined

as a volume flux through a curve given by

¥ = [(v,dz—v.dx) (41)

From the definition given in Equation (41), we have d¥ =v dz-v_ dx.On the
other hand, the total derivative of the stream function V¥ 1is given by
d¥ = (o¥/ 8x)dx+(8‘1’/ az)dz , therefore we obtain the following relationships

between the velocity components (v,,v.) and the stream function ‘¥

oY oY
Vo=—,V, =——— (42)
Toz Ox

If the stream function W is defined in terms of polar coordinates (r,H) as
¥ =¥(r,0), then we have d¥ =(0¥/or)dr+(0¥/d6)d6. As shown in Fig-
ure 3, we also have d¥ =v, (rd@)—-v,dr.

N2

Figure 2. Circular streamlines.

(0)

Figure 3. Fluid flow in terms of stream function in polar coordinates.
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Therefore we also obtain the following relationships between the velocity
components (vr,vg) and the stream function ¥

1% v

et T e “

v

From the definition of the stream function we see that the radial component
of the velocity of a vortex flow is equals to zero, v, =0, since there is no flow
that can cross the streamlines. In fluid dynamics, the circulation I" around a

closed curve is a line integral of velocity v defined as

T=¢v-ds=¢vds (44)

where v, is the tangential velocity. By Stokes’ theorem, the circulation T is

related to the vorticity @=Vxv as

r=<j‘>asv-ds=jjsw~ds (45)

It is seen from the above equation that the flux of vorticity is the circulation.
In particular, for a two-dimensional flow in the (x,z) -plane, the circulation

becomes

r=| A P (46)
Alox oz

A flow for which the circulation is equal to zero, @ =V xv =0, is called a po-

tential or irrotational flow. In two dimensions it is seen from Equation (46) that
the condition for potential flow is
ov. Ov

2 =0 47
ox Oz “7)

It should be mentioned that in potential flow we have F=g58sv-ds=0
therefore closed streamlines cannot exist in such flow. In general this result pre-
vents us from identifying the components of Dirac equation y, as closed
stream function at the same time identifying w, as velocity potential. However,
it is seen that the result of I' =¢v~ds =0 may not be valid if the region of
space is multiply-connected since the velocity circulation may not be zero if the
closed contour cannot be contracted to a point. This important feature can be
discussed further as follows. For a two-dimensional irrotational flow given in
polar coordinates, it can be shown that the flow velocity v, and the radius r
satisfy the following relationship rv, = C, where Cis a constant. The constant
C can be established by using the singularity in the irrotational vortex flow
where to velocity becomes infinite at the centre of the vortex with the vorticity is
given by the relation @ =—(0v,/0r+v,/r). In this case the circulation around a

circular streamline can be found as
Fz(j;v~ds=<.|5vsds:2nrvg (48)
It is also interesting to note that in the Bohr model of the hydrogen atom in

which the electron is assumed to move around the nucleus in stationary circular

orbits with v, =v then the angular momentum is quantised as mrv=nh. If
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we now also assume that Dirac quantum particles are in fluid states whose cir-
culation I' is also quantised as the angular momentum then we obtain the fol-

lowing quantisation for the circulation

2nnh =ﬂ (49)
m m

I'=2mrv=

Since v, =0, the stream function ¥ =¥(r,6) can be obtained as follows
r r nh
Y=—|v,dr=—|—dr=——In(kr)=——In(kr 50
I 4 J. 2mr o ( 1 ) m ( 1 ) ( )

where k, isan undetermined constant.

In fluid dynamics, another important concept that is connected with an irro-
tational flow is the concept of the velocity potential ® which is defined in the
(x,z) -plane as

D= -[vxds = J.vxdx+vzdz (51)

It is seen from Equation (51) that the velocity components can be expressed in

terms of the velocity potential as follows

0D 0P
V.o=—,V, =— (52)
oox 0z
In polar coordinates (r, 49) , the velocity potential and its relationship with the

velocity components are given as

® = [v,ds = [v,dr+v,rd0, (53)
o’ roe

Similarly, the velocity potential @ can also be obtained using the relation
dd =rv,dé+v,dr as

® = [rv,do = j( ]d@ j[ )dez—e +k, (55)

where k, is an undetermined constant. From the relationships given in Equa-
tions (42) and (52) we then obtain the Cauchy-Riemann equations
oD o oY 8‘P oY ob

, -——=0 (56)
ox oz ox oz

5. Fluid state of Dirac Quantum Particles

By comparing Equation (56) to Dirac equations given in Equations (39) and
(40), the field (l//l,l/lz) may be identified as the stream function and the veloc-
ity potential of one fluid flow and the field (!//3,1//4) with another fluid flow.
However, the main problem that we want to deal with now is whether the two
fields (l//l,l,zlz) and (1/13,1//4) are connected and, most importantly, how such
connection would lead to the prospect of using them to describe a Dirac quan-
tum particle as a standing wave. In the following we will show that in fact this is

the case by using the relationships between the components of these two fields
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given in Equations (30)-(33). For convenience we rewrite these equations as fol-

lows
6://4 a‘/’l
o 57
o ¥ oy Vs &7
oy, oy,
o V2 58
B ¥, ay Vs 5
o'y,
— - —m'y, =0 fori=12734 (59)
0
y

If the physical quantity m, which is identified with the inertial mass of a
quantum particle, is assumed to be positive, m >0, then it is observed that it is
possible to describe the physical structure of a Dirac quantum particle as a spin-
ning top if we consider solutions to Equation (59) as hybrid functions of the

form

(x,z)e™ for y<0
l//i _ {clz (x Z) y (60)

¢y (x,z)e™ for y>0

For simplicity, instead of the hybrid form given in Equation (60), in the fol-
lowing we will show only for the case in which >0 since similar results can
be obtained for which y < 0. The solutions given in Equation (60) can be re-

written in the following forms
v, :C21(x’z)e_my"//2 =Cp (xaz)e_my (61)
wy=cyn(xz)e™ w, =cy(x,z)e™ (62)

Using the equations given in Equations (57) and (58), we further obtain the
conditions c¢,, =—c,, and c,; =c,,.If wewrite ¢, =f(x,z) and

¢y, =g(x,z) then we have
v, =f(xz)e™,p,=g(xz)e™ (63)
Vi = g(xaz)eimy»l//4 = _f(xaz)eimy (64)

From the above forms of solutions given to the components y, of the wave-
function y we can show how a standing wave can be established from the su-
perposition of a wave associated with the field (1/11,2/2) and a wave associated
with the field (w;.%,). Let v, = f(x,z)e™ be identified with the velocity

—my

potential and w, = g(x, z)e with the stream function of one fluid flow. Now

we have two different descriptions that can be given to the field (1//3,1//4) . If we
—my

identify the component y, = g(x,z)e

v, =—f(x.z)e
the stream function of the first flow equals the velocity potential of the second

with the velocity potential and

my

with the stream function of another fluid flow then we have

flow, and the stream function of the second flow is a reflection of the velocity of
the first flow. Even though this kind of identification may be used to describe a
particular type of fluid flow of Dirac quantum particles, it does not give rise to

the physical structure that we are looking for, that is a standing wave. However,
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—my

if we now identify the component y,; = g(x,z)e with the stream function

and v, =—f(x,z)e
two flows are identical except for their flow directions, which are opposite to

—my

with the velocity potential of the second flow then the

each other, and in fact this is what we want to obtain because they can form a
required standing wave. It is also observed that for a steady motion a Dirac
quantum particle does not exhibit a wave motion even though it has the poten-
tial to establish a wave within its physical structure. Therefore, without an ex-
ternal disturbance a Dirac quantum particle may be considered as a classical
particle defined in classical physics. Furthermore, we may also speculate that the
two opposite fluid flows associated with the physical structure of a Dirac quan-
tum particle may be related to the concept of spin-half that is introduced into

quantum mechanics.

6. Conclusion

In our previous works on spacetime structures of quantum particles, we suggest
that all quantum particles are formed from mass points which are joined to-
gether by contact forces, which is a consequence of viewing quantum particles as
CW-complexes. Being identified with differentiable manifolds, quantum parti-
cles therefore should be endowed with geometric and topological structures of
differentiable manifolds and their motion should be described as isometric em-
beddings in higher Euclidean space. In particular, we show that quantum parti-
cles may have the geometric and topological structures of a 3D differentiable
manifold which can be described as standing waves which are solutions to the
Schrédinger wave equation and Dirac equation. In this work we have extended
our previous discussions by showing that Dirac equation can be used to describe
quantum particles as composite structures that are in a fluid state in which the
components of the wavefunction can be identified with the stream function and
the velocity potential of a potential flow formulated in the theory of classical
fluids. With this fluid composition, physically, Dirac quantum particles can
manifest as standing waves which are the result of the superposition of two fluid
flows moving in opposite directions. However, for a steady motion, a quantum
particle whose physical structure is constructed in terms of Dirac equation does
not exhibit a wave motion even though it has the potential to establish a wave
within its physical structure. Therefore, if there are no external fields acting on
it, a Dirac quantum particle may be considered as a classical particle defined in
classical physics. It is also noted from the fact that there are two identical fluid
flows in opposite directions within their physical structures, the fluid state model
of Dirac quantum particles can be invoked to explain why fermions are spin-half

particles as discussed in Section 2.
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