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Section 5.3 Points on Circles Using Sine and Cosine

While it is convenient to describe the location of a point on a circle using an angle or a
distance along the circle, relating this information to the x and y coordinates and the circle
equation we explored in Section 5.1 is an important application of trigonometry.

A distress signal is sent from a sailboat during a storm, but the transmission is unclear
and the rescue boat sitting at the marina cannot determine the sailboat’s location. Using
high powered radar, they determine the distress signal is coming from a distance of 20
miles at an angle of 225 degrees from the marina. How many miles east/west and
north/south of the rescue boat is the stranded sailboat?

In a general sense, to investigate this, we begin by
drawing a circle centered at the origin with radius r, (x,v)
and marking the point on the circle indicated by some
angle 6. This point has coordinates (x, y). r

If we drop a line segment vertically down from this
point to the x axis, we would form a right triangle
inside of the circle.

No matter which quadrant our angle € puts us in we

can draw a triangle by dropping a perpendicular line

segment to the x axis, keeping in mind that the values

of x and y may be positive or negative, depending on the quadrant.

Additionally, if the angle & puts us on an axis, we simply measure the radius as the x or y
with the other value being 0, again ensuring we have appropriate signs on the coordinates
based on the quadrant.

Triangles obtained from different radii will all be similar triangles, meaning
corresponding sides scale proportionally. While the lengths of the sides may change, the
ratios of the side lengths will always remain constant for any given angle.

To be able to refer to these ratios more easily, we will give them names. Since the ratios
depend on the angle, we will write them as functions of the angle .

Sine and Cosine

For the point (x, y) on a circle of radius r at an angle of 8, we
can define two important functions as the ratios of the sides of ] (x, )
the corresponding triangle:

The sine function: sin(d) = z y
r

The cosine function: cos(8) = X x |
r
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In this chapter, we will explore these functions using both circles and right triangles. In
the next chapter we will take a closer look at the behavior and characteristics of the sine
and cosine functions.

xample 1
The point (3, 4) is on the circle of radius 5 at some angle 6. Find cos(#) and sin(6) .

Knowing the radius of the circle and coordinates of the point, we can evaluate the
cosine and sine functions as the ratio of the sides.

cos(0) == = % sin(9) =2 = %
r r

There are a few cosine and sine values which we can determine fairly easily because the
corresponding point on the circle falls on the x or y axis.

[Example 2
Find cos(90°) and sin(90°) 0, r)

On any circle, the terminal side of a 90 degree angle
points straight up, so the coordinates of the .
corresponding point on the circle would be (0, ). \90

Using our definitions of cosine and sine,

cos(90°) = e 0 =0

sin(90°) =

=1

\:|‘< S |

r
r
r

Try it Now
| 1. Find cosine and sine of the angle 7.

Notice that the definitions above can also be stated as:

Coordinates of the Point on a Circle at a Given Angle

On a circle of radius 7 at an angle of @, we can find the coordinates of the point (x, y)
at that angle using

x =rcos(0)

y =rsin(f)

On a unit circle, a circle with radius 1, x = cos(€) and y =sin(6).
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Utilizing the basic equation for a circle centered at the origin, x> + y* = >, combined
with the relationships above, we can establish a new identity.

x'+yt =7 substituting the relations above,
(rcos(8))* + (rsin(@))* = r* simplifying,

r*(cos(0))” +r* (sin(0))* =r’ dividing by r*

(cos(8))* + (sin(@))* =1 or using shorthand notation

cos’(6) +sin’(0) =1

Here cos’(6) is a commonly used shorthand notation for (cos(d))’. Be aware that many
calculators and computers do not understand the shorthand notation.

In Section 5.1 we related the Pythagorean Theorem a” +b* = ¢ to the basic equation of
acircle x* +y° = r>, which we have now used to arrive at the Pythagorean Identity.

Pythagorean Identity

H The Pythagorean Identity. For any angle 0, cos’(6)+sin’(0) =1.

One use of this identity is that it helps us to find a cosine value of an angle if we know
the sine value of that angle or vice versa. However, since the equation will yield two
possible values, we will need to utilize additional knowledge of the angle to help us find
the desired value.

If sin(@) = % and @ is in the second quadrant, find cos(é) .

Substituting the known value for sine into the Pythagorean identity,
3 2
cos’(0) + —] =1
(9) Z
9
cos’(0)+—=1
©) 49

cos’(0) = 40

49
40 _, <40 _ 210
49 7 7

Since the angle is in the second quadrant, we know the x value of the point would be
negative, so the cosine value should also be negative. Using this additional information,

2410
=

cos(f)=+

we can conclude that cos(f) =—
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Values for Sine and Cosine
At this point, you may have noticed that we haven’t found any cosine or sine values from
angles not on an axis. To do this, we will need to utilize our knowledge of triangles.

First, consider a point on a circle at an angle of 45 degrees, or % ] (x, 1) = (x, x)
At this angle, the x and y coordinates of the corresponding point
on the circle will be equal because 45 degrees divides the first 1 y
quadrant in half. Since the x and y values will be the same, the 45°
sine and cosine values will also be equal. Utilizing the X }
Pythagorean Identity,
cos’ (%} +sin’ [%) =1 since the sine and cosine are equal, we can
substitute sine with cosine
cos’ (zj +cos’ [zj = add like terms
4 4
2cos’ (1) =1 divide
4

1 . ) . .
cos’ (%j =3 since the x value is positive, we’ll keep the positive root
cos(%] = % often this value is written with a rationalized denominator

Remember, to rationalize the denominator we multiply by a term equivalent to 1 to get
rid of the radical in the denominator.

Since the sine and cosine are equal, sin(%) = % as well.

The (x, y) coordinates for a point on a circle of radius 1 at an angle of 45 degrees are
(ﬁ Q]

22
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Exampled |

Find the coordinates of the point on a circle of radius 6 at an angle of %

Using our new knowledge that sin(%) = g and cos(%j = % , along with our

relationships that stated x = rcos(d) and y = rsin(@), we can find the coordinates of
the point desired:

c=6eos % | e 2 =32
545

2

y= 6sin[%j - 6(%} =342

2. Find the coordinates of the point on a circle of radius 3 at an angle of 90°.

Next, we will find the cosine and sine at an angle of
30 degrees, or % To do this, we will first draw a (x, )

triangle inside a circle with one side at an angle of 30 r
degrees, and another at an angle of -30 degrees. If the 30°

resulting two right triangles are combined into one
large triangle, notice that all three angles of this larger
triangle will be 60 degrees.

Since all the angles are equal, the sides will all be equal as well. The vertical line has
length 2y, and since the sides are all equal we can conclude that 2y =r, or y = % Using

this, we can find the sine value:

r
sin(%}z:é .

r r 2

1_1
r 2
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Using the Pythagorean Identity, we can find the cosine value:
cos?| Z |+ sinz(%j =1

-

COS

6
a3
6
% % since the y value is positive, we’ll keep the positive root
e \F V3
cos| — |=,|—=—
6 4 2
The (x, y) coordinates for the point on a circle of radius 1 at an angle of 30 degrees are

NEIS
22

By drawing a the triangle inside the unit circle with a 30 degree angle and reflecting it

cos’

. . : T
over the line y = x, we can find the cosine and sine for 60 degrees, or 3 without any

additional work.

Sy =x
’,,1 l
30° 2
B
2

By this symmetry, we can see the coordinates of the point on the unit circle at an angle of

60 degrees will be [%,g}, giving

(7[] 1 . (ﬂj \/g
cos| — |=— and sin| — | =—
3 2 3 2

We have now found the cosine and sine values for all of the commonly encountered
angles in the first quadrant of the unit circle.

Angl 0
nee z,or 30° 1,0r45° z,or 60° z,or 90°
6 4 3 2
Cosine 1 3 2 1 0
2 2 2
Sine 0 1 2 NE) 1
2 2 2
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For any given angle in the first quadrant, there will be an angle in another quadrant with
the same sine value, and yet another angle in yet another quadrant with the same cosine
value. Since the sine value is the y coordinate on the unit circle, the other angle with the
same sine will share the same y value, but have the opposite x value. Likewise, the angle
with the same cosine will share the same x value, but have the opposite y value.

As shown here, angle a has the same sine value as angle 6; the cosine values would be
opposites. The angle f has the same cosine value as the angle; the sine values would be

opposites.

sin(@) = sin() and cos(d) = —cos(«) sin(@) = —sin(f) and cos(f) = cos(f)

=™

It is important to notice the relationship between the angles. If, from the angle, you
measured the smallest angle to the horizontal axis, all would have the same measure in
absolute value. We say that all these angles have a reference angle of 6.

Reference Angle
An angle’s reference angle is the size of the
smallest angle to the horizontal axis.

A reference angle is always an angle between 0

and 90 degrees, or 0 and % radians.

Angles share the same cosine and sine values as
their reference angles, except for signs (positive or
negative) which can be determined from the
quadrant of the angle.
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positive.

sin(150°) :% and cos(150°) = -

V3

2

The (x, y) coordinates for the point on a unit circle at an angle of 150° are (

Find the reference angle of 150 degrees. Use it to find cos(150°)and sin(150°).

~\3 1
|

150 degrees is located in the second quadrant. It is 30 degrees short of the horizontal
axis at 180 degrees, so the reference angle is 30 degrees.

This tells us that 150 degrees has the same sine and cosine values as 30 degrees, except

for sign. We know that sin(30°) :% and cos(30°) = % Since 150 degrees is in the

second quadrant, the x coordinate of the point on the circle would be negative, so the
cosine value will be negative. The y coordinate is positive, so the sine value will be

2

Using symmetry and reference angles, we can fill in cosine and sine values at the rest of
the special angles on the unit circle. Take time to learn the (x, y) coordinates of all of the

major angles in the first quadrant!

T
90°, —, (0,1
1200’21’(_1 ﬁ} 2 ( )

27 2

0°,

3

j 270°, 37” (0,-1)

0,(1,0)
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Example6 . |

Find the coordinates of the point on a circle of radius 12 at an angle of 7?7[ .

Note that this angle is in the third quadrant, where both x and y are negative. Keeping
this in mind can help you check your signs of the sine and cosine function.

x= 12cos(7?ﬂj = 1z(£] =63

2

y= l2sin[7—”j = 12(_—1j =-6
6 2

The coordinates of the point are (—6\/3 ,—0).

Try it Now

3. Find the coordinates of the point on a circle of radius 5 at an angle of 5?”

xample 7
We now have the tools to return to the sailboat question posed at the beginning of this
section.

A distress signal is sent from a sailboat during a N
storm, but the transmission is unclear and the rescue
boat sitting at the marina cannot determine the
sailboat’s location. Using high powered radar, they
determine the distress signal is coming from a
distance of 20 miles at an angle of 225 degrees from
the marina. How many miles east/west and
north/south of the rescue boat is the stranded sailboat?

We can now answer the question by finding the
coordinates of the point on a circle with a radius of 20
miles at an angle of 225 degrees.

2
2

x = 20cos(225°) = 20( j ~ —14.142 miles

y = 20sin(225°) = 20(_ f} ~ —14.142 miles

The sailboat is located 14.142 miles west and 14.142 miles south of the marina.
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The special values of sine and cosine in the first quadrant are very useful to know, since
knowing them allows you to quickly evaluate the sine and cosine of very common angles
without needing to look at a reference or use your calculator. However, scenarios do
come up where we need to know the sine and cosine of other angles.

To find the cosine and sine of any other angle, we turn to a computer or calculator. Be
aware: most calculators can be set into “degree” or “radian” mode, which tells the
calculator the units for the input value. When you evaluate “cos(30)” on your calculator,
it will evaluate it as the cosine of 30 degrees if the calculator is in degree mode, or the
cosine of 30 radians if the calculator is in radian mode. Most computer software with
cosine and sine functions only operates in radian mode.

Evaluate the cosine of 20 degrees using a calculator or computer.

On a calculator that can be put in degree mode, you can evaluate this directly to be
approximately 0.939693.

On a computer or calculator without degree mode, you would first need to convert the

angle to radians, or equivalently evaluate the expression COS(ZO : %} .

Important Topics of This Section
The sine function
The cosine function
Pythagorean Identity
Unit Circle values
Reference angles
Using technology to find points on a circle

Try it Now Answers
1. cos(r)=—-1 sin(7r)=0
x=3005(§j=3~0=0
2.
V4
=3sin| — |=3-1=3
ek

27 2

(zﬁ
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Section 5.3 Exercises

1. Find the quadrant in which the terminal point determined by ¢ lies if
a. sin(¢) <0 and cos(t) <0 b. sin(¢) >0 and cos(t) <0

2. Find the quadrant in which the terminal point determined by ¢ lies if
a. sin(¢) <0 and cos(t) >0 b. sin(z) >0 and cos(¢) >0

3. The point P is on the unit circle. If the y-coordinate of P is %, and P is in quadrant II,

find the x coordinate.

4. The point P is on the unit circle. If the x-coordinate of P is %, and P is in quadrant

IV, find the y coordinate.

5. If cos(0) =% and 0 is in the 4™ quadrant, find sin(6).
6. If cos(0) =§ and 6 is in the 1* quadrant, find sin ().
7. If sin(6) =§ and 0 is in the 2" quadrant, find cos(8).
8. If sin(0)=—— and 0 is in the 3" quadrant, find cos(8).

9. For each of the following angles, find the reference angle and which quadrant the
angle lies in. Then compute sine and cosine of the angle.
a. 225° b. 300° c. 135° d. 210°

10. For each of the following angles, find the reference angle and which quadrant the
angle lies in. Then compute sine and cosine of the angle.
a. 120° b. 315° c. 250° d. 150°

11. For each of the following angles, find the reference angle and which quadrant the
angle lies in. Then compute sine and cosine of the angle.
Sw T Sw 3z
a. — b. — c. — d —
4 6 3 4

12. For each of the following angles, find the reference angle and which quadrant the
angle lies in. Then compute sine and cosine of the angle.
4r 2r Sm T
a. — b. — c. — d —
3 3 6 4
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13. Give exact values for sin(6) and cos(6) for each of these angles.

37 b, 2% c. X d. 57

6 2
14. Give exact values for sin(6) and cos(#) for each of these angles.

L2y, lim c. X d. 107
3 4 6

15. Find an angle € with 0 <@ <360° or 0 <@ < 27z that has the same sine value as:

a. b. 80° c. 140° d. nil e. 305°

Wy

16. Find an angle 6 with 0 <8 <360° or 0 <8 <27 that has the same sine value as:

a. b. 15° c. 160° d. Iz e. 340°

NG

17. Find an angle 6 with 0 <8 <360° or 0 <@ < 27z that has the same cosine value as:

a. % b. 80° c. 140° 4 4 e. 305°

18. Find an angle 6 with 0 <8 <360° or 0 <@ < 27z that has the same cosine value as:

a. Z b. 15° c. 160° 4 e. 340°
4 6

19. Find the coordinates of the point on a circle with radius 15 corresponding to an angle
of 220°.

20. Find the coordinates of the point on a circle with radius 20 corresponding to an angle
of 280°.

21. Marla is running clockwise around a circular track. She runs at a constant speed of 3
meters per second. She takes 46 seconds to complete one lap of the track. From her
starting point, it takes her 12 seconds to reach the northernmost point of the track. Impose
a coordinate system with the center of the track at the origin, and the northernmost point
on the positive y-axis. [UW]

a) Give Marla’s coordinates at her starting point.

b) Give Marla’s coordinates when she has been running for 10 seconds.

c) Give Marla’s coordinates when she has been running for 901.3 seconds.
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