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Chapter 1

Introduction

1.1 Why study complex analysis?

1.1.1 Polynomials
The equation
2 +324+2=0
has the real roots z = 1 and « = 2, but the equation
2> +1=0

has no real roots. For this latter equation we make up the number i so that i> = —1, and then this
is a root for the equation. We make up complex numbers as a + bi, a,b € R, so that, according to
Gauss and D’Alembert, every non-constant polynomial equation with constant coefficients has at
least one complex root.

Operations with polynomials with complex coefficients and variables mirror those of polynomials
with real coefficients and variables. In particular we can define the derivative of a polynomial by
the same formula. But do we need it? In the case of real coefficients and variables, we know that
between any real zeros of a polynomial lies a real zero of the derivative, and this is for example
important to show that the zeros of certain special polynomials, such as the Legendre polynomials,
are real. Does a such a result hold in complex? The answer is yes, according to Lucas’ theorem:
the zeros of the derivative lie in the convex hull of the zeros of the polynomial.

Moreover, for a complex number z we can solve the equation #? = z and call the answer /2
(actually one of the two answers). For example i = y/—1. Then

—l=vV-1-V=-1=/(-1)(-1)=V1=1.

What is going on? The answer lies in understanding the definition of the function z — /2, and for
that we need integrals.
Moreover, when you look at algebraic curves:

P(xvy) =0

they don’t always contain points when you work over real numbers. But they do contain points,
and are much nicer, when you work over complex numbers. For example, the group structure on
an elliptic curve y? = 22 4+ ax + b, a,b € R looks quite mysterious when working over R, but when
you work over complex numbers the elliptic curve is a torus and the group structure is the standard
Lie group structure of the torus.
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1.1.2 Differential equations

The solutions to the differential equation
y// _ y — 0
are y(x) = a1€” + aze™ ", but the solutions to the differential equation

y// + y — O
are y(x) = aj cos x + ag sinz. But they are also bye'® + boe ™™ if we were to solve the characteristic
equation and apply the standard formula. How are the two related? The answer is obtained by
passing to complex variables. We can extend the definition of the exponential to complex numbers:
z +— e” and then define
eiz + efiz eiz _ efiz
cosz=———7609©—, sinz=——
24

2
In fact, these formulas explain the addition formulas in trigonometry:

cos(a+ b) = cosacosb —sinasinb, sin(a+ b) = sinacosb + cosasinb.

b

atb — eaeh,

They are just consequences of e

1.1.3 Elliptic integrals

If you integrate polynomials you get polynomials, when you integrate rational function you al-
most always get rational functions, and when you integrate irrational functions you sometimes get

irrational functions.
1
/ —dx =1Inz,
T

We have
and it is certainly more interesting to study the inverse function of this, which is e*. Similarly

1
———dx = arcsin z,
/ V1— 22
and it is more interesting to study the inverse function sinz. And we have seen that it is the
complex setting where the two functions are related.
A similar situation is when we work with elliptic integrals, which are of the form

/R(a:,y)dm

where R is a rational function and y = /P(x) with P a polynomial of degree 3 or 4 without
multiple roots. This situation was considered by Lagrange, and studied intensively by Abel and
Jacobi. They were the first to have the idea to pass to complex coordinates. Riemann perfected
this idea, and considered arbitrary polynomials P(z,y) that defined y in terms of x. For the
polynomial equation P(z,w) = 0 Riemann introduced a complex surface (which we now call a
Riemann surface) on which w(z) is univalent. Riemann’s programme was to study integrals of
rational functions R(z,w) along paths in X. Interesting enough, topology plays a major role in
the computation, and the Cauchy theorem that we will study later is a good illustration of this
phenomenon.



Chapter 2

Holomorphic functions

2.1 Polynomials and power series

2.1.1 Differentiation of Polynomials

We can of course define formally

iz" =nz""1n=0,1,2,3,..
dz
And we can also define
. (z+h)=2"
__n — - 2 000
dz° " h5o h ’

provided that we have a good definition of limits in the complex plane.

Definition. We say that for f: D C C — C, we have lim,,_,, f(w) = L if for every € > 0 there is
d > 0 such that if 0 < |w — z| < ¢, then |f(w) — L| <.

So we have a well defined notion of differentiation in the complex variable z for a polynomial in
z. This differentiation satisfies all the nice rules (sum, product, quotient, chain) that differentiation
with respect to a real variable satisfies.

How does this relate to the derivatives of two-variable functions? Let z = x + iy. If P(z) is a
polynomial in the complex variable z we can think of P as being a polynomial in the real variables
x,y having complex coefficients.

Example 1. P(z) = 2% + 3z + 1 can be thought of as P(z,y) = 22 — y? + 2ixy + 3z + 3iy + 1.

How does d% relate to % and 8@? It turns out that
Y

d_1(9 0
dz  2\ox 0y’
Example 2. (2% +3z+1) =22+3. And

1/0 0 1
5 <a—ia> ($2—y2+2ixy+3$+3iy+1):5(21:+2iy+3+2iy+2x+3):2:1:+2iy+3,
z Oy

which is the same thing in the other system of coordinates.

7
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In this setting, an interesting question arises. If I give you a two variable polynomial, say
Q(x,y) = iz + izy? — 322y +y> + (3 + 2i)x? — 3izy, is this actually a polynomial in z? To answer
this question, we introduce a second “variable” z. For this to be a true variable, we have to pass
to the complexification of the real 2-dimensional plane, but let us not worry about this and just
work formally.

Because z = = + iy and Z = o — iy, you can also solve for x =
polynomial in x and y can be written uniquely as a polynomial in z, zZ. The fact that the polynomial
is in z only means that when you “differentiate” with respect to z you get 0. We have

d 1/0 w d
— == =—4i—).
dz 2\ 0z oy
So, the polynomial Q(x,y) is actually a polynomial in z if %Q(:p, y)=0.

How do we know that the two formulas for differentiation with respect to z and z are correct?
We can check easily that

Z2—Z

2tz _
5= and y = %=, So every

1:52,2—;(;6—@'%) (:J:—i-z‘y):%(l—i-l):l,
0= o= (5 ig ) =) =5 -1) =0
1:iz:;<£+¢§y> (e +iy) = 5(1-1) =0,
0—i2—§<§x+18> (m—iy):%(l—l—l)):l,

and for a general polynomial use the rule for the derivative of the sum and the derivative of the
product.

So a 2-variable polynomial with complex coefficients P(z,y) is actually a polynomial in z if and
only if %P(m,y) = 0. Separate the real and the complex parts of the polynomial, say P(z,y) =
Q(z,y) +iR(z,y), where @, R have real coefficients. Then
%P(az,y) = % <;$ + Z(fy) (Q +iR)

L(0Q OR\ i (0Q  OR
2\ 0x Oy 2\ 0y Oz )
Settting the real and imaginary parts equal to zero we obtain that the necessary and sufficient

condition that the 2-real variables polynomial complex coefficients P = @) + ¢ R to be a polynomial
in z is that

0Q OR oQ OR
— =—and — = —

or Oy oy 0z’

2.1.2 Power series

One possible generalization of polynomials, dictated by the necessity to define e?, sin z, and cos z,
is given by power series:
o0

anz", an € C for all n.

n=0
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There are questions to be addressed here. When does the series converge, and when is the
resulting function in z differentiable? Can we differentiate term-by-term?

This story can be read in the book, Chapter I1I, section 1. I just want to emphasize the theorem
about the radius of convergence:

Theorem 1. For the power series 20 a,(z — a)”, let R = (limsup |a,|*/™)~".
(a) If |z — a|] < R the series converges absolutely,

(b) For r < R the series converges uniformly on the closed disk |z —a| <,

(c) If |z — a] > R the series diverges.

It is the uniform convergence that allows term-by-term differentiation. Note that the radii of
convergence of a series and of the series obtained by term-by-term differentiation are the same,
because lim,, o, ¥/n = 1.

Example 3. The series

o0 on e S2n+1 o0 2n
z _ ~ . _ _1\n _ 1\
e’ = E —py sinz = E (—1) a1 cosz = E (—1) o)l

converge and are differentiable everywhere, and we have

f=¢*, —sinz =cosz, 7, 8% = —sin z.
z

—e
dz dz

Proposition 1. Let ) ° a,(z—a)™ have the radius of convergence R. If the limit lim,, o0 |an/@n41]

exists, then this limit equals R.

Proof. This is a consequence of the discrete version of I’Hospital’s theorem:

Theorem 2. (Ceséro-Stolz) If (x,,), and (y, ), are two sequences of real numbers with (yy, ), strictly
positive, increasing, and unbounded, and if

Tptl — T
lim Znft—n
=00 Yn+1 — Yn
then the limit
x
lim —=
n—oo yn
exists and is equal to L.
Apply this theorem to =, = In|a,| and y,, = n, and don’t forget to exponentiate. O

2.2 Holomorphic functions

2.2.1 The definition of holomorphic functions
I have a problem with the definitions from the text book. So here is how I like to define things:

Definition. Let G be an open set in C. A function f : G — C is called (complex) differentiable at
zeCif

L FE )~ ()

h—0 h

exists and is finite. The limit is denoted by f/(z) and is called the derivative of f at z.
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Definition. Let G be an open set in C. A function f : G — C is called holomorphic on G if it is
(complex) differentiable at every point in G.

Definition. Let G be an open set in C. A function f : G — C is called analytic on G if it
is infinitely (complex) differentiable at every point in G and in a neighborhood of every point it
coincides with the Taylor series at that point.

The big result is that every holomorphic function is analytic. Surprisingly, the trickiest
part to prove is that the derivative of a holomorphic functions is continuous. To avoid having
to rephrase the statements later, let us for the moment add to the condition that a function is
holomorphic the fact that the derivative is continuous, and later remove from the definition this
redundant condition.

Note that as a direct consequence of this assumption we obtain that the real and the imaginary
parts of f are C'' functions.

Theorem 3. Let f = u+iv : G C R? — C be such that u and v have continuous partial derivatives.
Then f is holomorphic if and only if u and v satisfy the Cauchy-Riemann equations:

du Ov ou ov

or — dy oy O
Using the operator d_ we have that f is holomorphic if and only if
af
dz
The proof is in the book at pages 40-42.
Let D be a connected open set, which is usually called a domain.

=0.

Proposition 2. If f : D — C is holomorphic and f’(z) =0 for all z € D, then f is constant.
Proof. Write f = wu + iv. For every w with |w| = 1, we have
u(z + hw) +iv(z + hw) —u(z) —iv(z) 1

iy e fHhw) = f(2) _
Fz) = Jim hw = h Y

This means that the directional derivatives of u and v at any point are zero.

Let z,w € D such that the line segment [z, w] is in D. We will show that f(z) = f(w). Restrict
u to [z, w]. Then we have a one variable function whose derivative is identically equal to zero on
an interval. It follows that u(z) = u(w). Similarly v(z) = v(w).

Finally, if we fix z9 € D then the set {w| f(w) = f(20)} is both open and closed in D. So it
must be a connected component of D. It is therefore equal to D. O

Proposition 3. The derivative satisfies:

L (f+9)=f+d,

2. (fg)=f9+1fd,

3. (f/9) = (f'9— fd)/g"

4. (fog) = (f og)g (for a proof of this see page 34 in the book).

Proposition 4. Let f(z) = > 22 ja,2" and g(z) = > o2, na,z" 1. Then
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1. the two series have the same radius of convergence,

2. f=g.
Proof. Pages 35-37. O

Proposition 5. If we define

then
1. e#tW = e%e¥ for all z,w € C;

2. € = eRez(

cos Imz + isinImz);
3. For every w € C there is z € C such that e* = w if and only if w # 0;
4. T2k — o2 forall z € C, k € Z.

Define cos z = (e + e7%*) /2, sin z = (e* — ™) /2i.

Proposition 6. If f: G; — G5 is an invertible holomorphic between open sets G; and Ga, and if
f'(2) # 0 for all z, then f~! is holomorphic as well, and

U = o
Proof. Page 40. (Note that our f is the g from the book, and the f from the book is our f=1). O
Let
Gr = C\{z|Imz = 2k, Rez <0}, keZ.
For every k,

e {z|(2k — 1)m <Imz < (2k + )7},
is invertible, so we can define a branch of the natural logarithm by
log: Gy — {z| (2k — )7 < Imz < (2k+ )7}, log(z) = In|z| + i(arg z + 2km).

For k = 0 we have the principal branch of the logarithm.

We can define the set ¥ by gluing the top part of the slit {Rez < 0} of Gj, to the bottom part
of the slit {Rez < 0} of Gj11. This set is a Riemann surface (we will return to this), and we obtain
a one-to-one and onto holomorphic function

log : ¥ — C\{0}.
For every z,w € C, we define

LW — ewlogz.
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2.2.2 Holomorphic maps as transformations, Mobius transformations

Definition. A C! path in C is a C* function v : [a,b] C R — C.

The angle between two C! paths v; and 7o that intersect at zo = v1(to) = 2(to) is

arg " (to) — arg y5(to).

Theorem 4. Assume that f : G — C is holomorphic and has continuous derivative, and that
f'(20) # 0. Then f preserves angles at 2.

Proof. The chain rule

(f 07) (o) = f'(7(t0))7'(to) = f'(20)7'(to),

yields

arg(f o)’ (to) = arg f'(20) + arg'(to),
So f rotates the tangent to every C'' path through zg by the same angle arg f/(z). O

A map is called conformal if it preserves angles at every point, and also at every point a,

i ) = f (@)

z—va |z — al
exists.

Example 4. Let f: C — C2, f(z) = 22. Then f(z,y) = 2? — 3 + 2izy. So f maps the hyperbolas
22 —y? = ¢, 22y = d into the lines = ¢, y = d. The hyperbolas 22 — 4> = d and zy = ¢ intersect
at 90° angles. This is easy knowing the equation of the tangent at (x,yp) for the two hyperbolas:

xxo —Yyo = d

1

5 (@Yo +ywo) = c.
Now compute the slopes at (g, y0) to be zg/yo, respectively —yo/xo (which are slopes of perpen-
dicular lines). And the lines z = ¢ and y = d are also perpendicular.

Remark 1. Holomorphic maps preserve orientation as long as they have nonzero derivative. This
means that if we view a holomorphic map as a map from R? — R?, then it maps any pair of linearly
independent vectors (the tangents to two trajectories that cross at a point) to two other vectors
that have the same orientation. This is because both vectors are rotated by the same angle. This
means that if a region D whose boundary is a smooth curve I' that is defined by a closed path
(loop) that, when traversed has the region on the left, and if f is holomorphic on D and extends
continuously to D UT'; and is such that it has nonzero derivative and is a one-to-one map onto the
image, then f(D) is to the left of foT".

az+b
cz+d

Definition. A mapping of the form S(z) = with ad—bc # 0 is called a M&bius transformation.

Extend it to the one-point compactification of the plane, which is the Riemann sphere: CU{o0}.

S:CU{o0} = CU{oo}.
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The new function is differentiable at oo, meaning that if you replace z by 1/z in the expression of
the function, then you get a function that is differentiable at 0. So we have a holomorphic function
on the entire Riemann sphere.

Remark: ¢ = 0,b = 0 defines a dilation, ¢ = 0, a = d defines a translation, and a = 0,b=1,¢c =
1,d = 0 is the inversion about the unit circle. This should be compared with geometric inversion

which is the map

1
Z = -,
z

and which should be interpreted as the reflection over the unit circle (in the Poincaré model of
Lobachevskian geometry it is actually the reflection over a line). The dilation z — re’z is geo-
metrically the composition of the dilation by ratio r and center 0, and the rotation about 0 by

6.

It is known that in geometry, for translations, dilations, rotations, and inversions:
{lines, circles} — {lines, circles}.
The following proposition shows that the same is true for Mébius transformations.

Proposition 7. Every Mobius transformation is the composition of translations, inversion, and
dilations.

Proof. The case ¢ = 0 is easy. For ¢ # 0, scale the a,b, ¢,d such that ad — bc = —c. Now take the
composition

1
2+«

1
Z= 2t a— = -
z+a B

= — 1+ .
Bz + af 7
Then f=c¢, a = %l, v = %, and we are done. O

A Mobius transformation can have at most 2 fixed points, so it is completely determined by the
images of three points.
The map

Z—Z3 22— Z3
SZQ7Z3724(Z) = :

Z— 24 o — 24

is the unique Mdbius transformation that satisfies S, ., ., (22) =1, Szy 25 2, (23) =0, S2y 25 20 (24) =
0.

The map 813217 wsws © S2y.23,24 18 the unique Mobius transformation for which wy = 21, wa = 22,
and w3 +—> z3.

Corollary 1. For any pair {C,C"} € {circles, lines} there is a Mobius transformation that maps
C to C".

Notation:
(Z7 22,23, '24) = SZ2,237Z4 (Z)

Remark 2. z1, 22, 23, z4 lie on a circle or line if and only if (21, 22, 23, 24) € R, because 0, 1, oo lie on a
line, and M&bius transformations map lines and circles to lines and circles. If the four points lie on
a circle and if (21, 22, 23, 24) = —1 then the quadrilateral formed by the points is called harmonic.
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Proposition 8. For any Md&bius transformation 7T,
(Zh 22,23, 24) = (Tzla TZQ, TZ3, TZ4)'
Proof. Page 48. OJ

Now we look at geometric inversion in more detail. This is the reflection over a line or a circle.
The reflection over the z-axis is just z — z. We define the reflection over an arbitrary circle passing
through 29, 23, 24 as z — 2%, where

(2%, 29, 23, 24) = (2, 22, 23, 24).

We call z* the symmetric of z with respect to the circle.

Geometrically, if the circle over which you are reflecting has radius r and center zg, then z and
2* lie on the same ray originating at zg and |z — 2g||2* — 20| = R%. Here is a simpler proof than
the one in the book (page 51). Because the cross-ratio is invariant under translation and dilation,
and that geometric inversion is well behaved under translation and dilation, we may assume that
the circle is the unit circle centered at the origin. Using Proposition 8 we have

* — 1 1 1 1
(Z ,2’2723,24):(2,22723,24): 2y Ty Ty ) = %,2’2723,2’4 .

And this is geometric inversion over the unit circle.

Symmetry Principle. A Mobius transformation maps a pair of points that are symmetric with
respect to a circle, or a line, to a pair of points that are symmetric with respect to the image.

Orientation Principle. M&bius transformations preserve orientation.

All holomorphic maps preserve orientation as long as they have nonzero derivative.

Example 5. Let us find all Mdbius transformations that map the upper half plane {z|Im z > 0}
onto itself.
Let us first focus on the case d # 0. Clearly such a Mobius transformation

az+b

o) ="+

maps the real axis to itself. So for ¢t € R,
az+b  (at+b)(ct+d) act®+ (ad + bo)t + bd

ot) = 0 et + d?

= eR
cz+d (ct+d)(ct+d)

Hence a6t_2 + (ad + bé)t + bd € R for all t € R. Setting ¢t = 0 we deduce that bd € R. But then
ladt + (ad + be)Jt € R for all t € R, so act + (ad + be) € R. Again setting ¢ = 0 we obtain ad + be,
and finally a¢ € R. Since ac, bd € R, there are s,t € R such that a = sc and b = td. But then

aciﬂ—bézscci—i—téd:scd—}—tcicie]l%.

Set w = cd. Then sw + tw should be real. This can happen if either w is real, or if s = t. But if
s =t, then ¢ is constant, which is not allowed (the condition ad—bd is violated. So c¢d € R, meaning
that ¢ = ud, u € R. Normalizing so that d € R we see that every such Mdobius transformation is of
the form

az+b

— a,b,c,d eR.
cz+d

¢(z) =
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The case where d = 0 can be treated similarly, and the same conclusion is reached. We thus
conclude that these are precisely the Mobius transformations that map the real axis to itself. But
do they all map the upper half plane to itself?

The upper half plane is mapped to either the upper half plane, or the lower half plane {z|Im z <
0}. It is mapped to the upper half plane when the imaginary part of ¢(i) is positive. We have
ai+b  (ai+0b)(—ci+d) ac+bd+ (ad— bc)i

ci+d (ci+d)(—ci+d) |c|? + [d|?

(i) =
The imaginary part of this number is positive when ad — bc > 0. Thus the Md&bius transformations
that map the upper half plane to itself are

az+b
cz+d’

a,b,c,d € R, ad—bc > 0.
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Chapter 3

Complex integration

3.1 Cauchy’s theorem and integral formula

3.1.1 Line integrals and the Fundamental Theorem of Calculus

It is easy to integrate one variable functions or real variable, but what does it mean to integrate
a function of complex variable? Should we integrate over a curve in the plane, or over a domain
in the plane? Surprisingly, the answer is: both! The integration over curves in the plane grew out
of the work of Abel, Jacobi, and Riemann on elliptic integrals, and this is the natural way to find
antiderivatives.

If v(t) = (z(t),y(y)), and we are given a function f = (u,v) : R> — R2, then we can define the
line integral of f on v by

L(de+vdy) = Lf = /abf(’Y(t))’Y/(t)dt.

Only the curve 7([a,b]) and the direction in which it is traveled matter, and not how it is
parametrized in the same way as in one variable definite integrals we can change the variable
without changing the value of tte integral (and because of that).

If udx + vdy is the differential of a function F, that is
_OF _OF
= %7 v = %’

u

and if the path starts at p = v(a) and ends at ¢ = v(b), then
[ (uda +-vy) = Fq) - Fo).
.

This is known as the Fundamental theorem of calculus (Leibnitz-Newton). The Fundamental
theorem of calculus is the natural way to find antiderivatives, as we will see below.
Now we can pass to complex variables and make the following definition:

Definition. Let v be parametrized by z(t).

L f(z)dz = L (udz — vdy) + i / (vdz + udy).

v

17
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Note that this is the same as

L /= / " P (1)

where now we work with complex numbers.
To obtain this definition, you basically write f = u + v, and dz = dx + idy substitute in the
formula on the left, and multiply out.

Lemma 1. Let v be the unit circle, traveled counterclockwise. Then

1
/ —dz = 2mi.
y 2

Proof. Parametrize z = . O

Corollary 2. Let v be a circle of center a, traveled counterclockwise. Then

1
/ dz = 2mi.
yZ—a

But if the curve v does not cross the ray {z € C|Imz < 0}, then because

1
—logz=—,
z

dz

we have
1
/dz = logy(b) — log(a),
N 2
and this is zero if the curve is closed. Can you prove Lemma 1 using this? Indeed, we can. We

have the following result.

Lemma 2. Assume that v : [a,b] — C is a rectifiable curve in the domain of the holomorphic
function f (whose first derivative is continuous). Then

| == 1600 ~ )

Proof. Write f(z) = u(z,y) + iv(z,y). Then

ffe [ R

1 3u 8u 81} 01} 8u au ov 8

Using the Cauchy—Rlemann equations

ou  Ov ou ov

dx — dy’ dy  Ox

we obtain that this is equal to

/7 stk iv)de o (u iv)dy = (u-+ )0 0) ~ -+ iv)(3(a),

where for the last step we used the fundamental theorem of calculus. O
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3.1.2 Green’s Formula

We will look at this fact in a different perspective, but for that we need integrals over 2-dimensional
domains. For that we need

Theorem 5. (Stokes’ Theorem)

/ w:/dw.
oD D

If D c C is a domain whose boundary is a finite union of rectifiable curves that are oriented so
that the domain is to the left, and if udx 4+ vdy is such that u,v are differentiable with continuous
partial derivatives, then

/ ud:c+vdy—//dyAd:B+dx/\dy—// <av—>daz/\dy,
aD or Oy

where for the last step we used dx A dx = dy Ady = 0 and dz A dy = —dy A dx. This is the well
known Green’s formula.
Let us see what Green’s formula becomes when switching to complex integration.

/ f(z)dz = / (u+ ) (dx + idy) = / (udx — vdy) + i /ap(Udy + vdx)

// <_8U_>d:17/\dy—|—z//<6u_y>d$/\dy
// (-i—l)(u—i—iv)daz/\dy:%/ gd:c/\dy.

Now we can also do the computation
dz Ndz = (dx + idy) A (dx —idy) = dx A dx — idx A dy + idy A de — dy A dy = —2idx A dy.
We obtain the complex form of Green’s formula:

Theorem 6. (Green’s formula) Let D C C be a domain whose boundary is a finite union of
rectifiable curves that are oriented so that the domain is to the left, and let D = D U 0D. Let
f D — C be a function that is continuous on D and has continuous partial derivatives in D. Then

Crd,
- f(z)dz = / %dZ/\ dz.

An example of such an open set is shown in Figure 3.1.

3.1.3 Cauchy’s theorem and Cauchy’s formula

Here are several corollaries to Green’s formula, which are probably the most important results in
this course.

Theorem 7. (Cauchy’s Theorem) Let D C C be a domain whose boundary is a finite union of
rectifiable curves that are oriented so that the domain is to the left, and let D = D U 0D. Let
f: D — C be a function that is continuous on D and holomorphic (with continuous derivatives)
in D. Then

f(z)dz=0.
oD
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(=9 (O

Figure 3.1: Open set in C.

Theorem 8. (The Cauchy-Pompeiu Formula) Let D C C be a domain whose boundary is a finite
union of rectifiable curves that are oriented so that the domain is to the left, and let D = D UdD.
Let f: D — C be a function that is continuous on D and has continuous partial derivatives in D.

Let a € D. Then
df
1 1 L
fla) = — 1) 4, + = // & _dz NdE.
2mi Jop 2 —a 2mi JJp 2z —a

Proof. Let € > 0 be small, and take out from D the open disk B(a,€), as shown in Figure 3.2. The
boundary of this is the circle |z — a| = €, which we can parametrize clockwise (so that D\ B(0, €) is
to the left) by a + ce” ™. 0 <t <2r. We write Green’s formula for

_ f(®)
g(Z) - ”— CL,
and notice that, using the product rule,
d
dg _ i
dz  z—a

Figure 3.2: Open set in C with a disk removed.

We have

2 —it ) daf
@) gy [THOY D) ety = / / =gz pdz.
oD 2 — a 0o atee ™ —a D\B(ae) Z — @

This can be rewriten as

2 —it . dii
Miee_ndt = / /() dz + // —22 gz A dz,
oD DR —a

0 ee~ z—a
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or

2w )
i fla+ee ™)dt = d + // dz A dZ.

0 aDZ—a

Because f is continuous, when ¢ — 0, f(a + ee=") — f(a), and so f027r fla+ee”®)dt — 2nf(a).
Therefore

1
= dz Ndz
f(a) 271 aDz—a 27?1//Dz—az =

Here at the last step we have used a result which is good to emphasize.

Lemma 3. Let v be a rectifiable path, and assume that the continuous functions F;, converge
uniformly to F on . Then

/7 F(z)dz = lim /V By (2)dz.

Proof. This follows from

/ (F(2) — Fu(2))dz
Y

F(z)— F,(2)||dz

SL! (2) (2)[|d=]

sup |F'(z) —Fn(Z)I/IdZI = sup |F(z) — Fn(z)|length(v),
¥

where |dz| is the measure given by the arclength. O]

Theorem 9. (Cauchy’s Formula) Let D C C be a domain whose boundary is a finite union of
rectifiable curves that are oriented so that the domain is to the left, and let D = D U 0D. Let
f D — C be a function that is continuous on D and holomorphic (with continuous derivatives)
in D. Then

LI,

21 Jop 2 —a

fla) =

Proof. This follows from the previous result, because for holomorphic functions the double integral
is zero. ]

Remark 3. So the Cauchy-Riemann equations state that the integrand in the double integral from
Green’s formula is zero. In other words, by writing a smooth function as f(z, z), the condition that
f does not depend on Z is about that integrand being zero. This is the beautiful miracle of complex
analysis.

This theorem has a shocking consequence.
Theorem 10. Let f : D — C be a holomorphic function (with continuous derivative) in the open

set D, and assume that the open disk B(a, R) lies inside D. Then on B(a, R), f coincides with a
power series y 2 a,z", whose radius of convergence is at least R. Consequently, f is analytic.
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Proof. Let 0 < r < R, so that B(a,r) € D. Set v(t) = a +re', 0 <t < 27. Using the Cauchy
formula we can write

w—z

_ L[ fw)
f(z) = 27”/7 dw, for z € B(a,r).

)
fw) )& fw)
" 0-G-9 - 2w (z—a)”

w—z (w—a)— ot —a)nt!
Note that
‘f(w)| ’Z o ’n < Sup”LUGW ’f(w)‘ |Z _ a" "
gt = ’
|w — a|® r r

so by the Weierstrass M-test, the series converges uniformly for w € . So the integral commutes
with the series expansion

3 e maran= 3 ([ Gl man) o

n=0

Adding a factor of % you obtain that

T
o0
1 f(w)
z) = — | —————dw | (z — a)",
1(z) Z <2m' / (w —a)ntl ( )
n=0 v

and the latter is just a power series expansion about a. Write this as f(z) =), an2"™.

For the moment it seems that a,, depends on r (that is, it depends on 7). But, since the power
series converges uniformly, the summation commutes with differentiation, and consequently

AR

n — n' )

and the latter is clearly independent of ~. O

Remark 4. This explanation should be addressed to those who have some knowledge of alge-
braic topology. This observation that Cauchy’s theorem and Cauchy’s formula are consequences of
Green’s theorem places these two theorems in their correct perspective. They are usually associ-
ated with the concept of homotopy (e.g. integrals of holomorphic functions on homotopic curves
are equal), when in fact they should correctly be associated with the concept of homology (e.g.
integrals of holomorphic functions on homologous curves are equal), and it is this setting that can
be generalized (e.g. integrals of holomorphic 1-forms on homologous curves on a Riemann surface
are equal).

Theorem 11. (Cauchy’s estimate) Let f be holomorphic (with continuous derivative) in B(a, R),
and suppose |f(z)| < M in B(a, R). Then

n!M
n < .
@)l <
Proof. For r < R,
1 f(w) n! |f (w)]
(n) =nl|— d — d
@)l =n 2%@[7(11)—@)”"‘1 w' - 27r/V |w a|”+1| |
E M ~nlM
21 rntl o r

Letting » — R, we obtain the conclusion. O
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3.2 Every complex differentiable function is analytic

Now let us assume that we are given a holomorphic function f (with continuous derivative) on
an open set G that is homeomorphic to a disk (meaning that it has no holes, which is phrased
mathematically as saying that it is simply connected). Then we can find an antiderivative of f as
follows. First, fix a point a € G. Then for every point z € G, connect a to z by a polygonal line ~.
Define the antiderivative of f as

Of course we can make this construction for any continuous function f, but it only yields an
antiderivative when f is holomorphic (with continuous derivative). This is because of Cauchy’s
theorem. Otherwise different paths give different derivatives, and because of that the entire defini-
tion falls apart. In fact, from Cauchy’s theorem we only need one condition: that

| sy o

for all triangles T" included in G.

Theorem 12. (Morera’s Theorem) Let G be an open set and let f : G — C be a continuous
function such that [, f(w)dw = 0 for every triangular path 7" in G. Then f is analytic in G.

Proof. The condition of f to be analytic is local, so we can just prove it is analytic in the neighbor-
hood of every point. Then we can work inside a disk. Let a be the center of the disk, and define
the antiderivative of f as above. Note that the antiderivative does not depend on the path. Indeed,
if 41 and 9 are two such paths, then

/ f(w)dw =0,
U2

(where 5 is 9 traced backwards, because 1 U2 can be decomposed into nonskew polygons, and
these can be decomposed into triangles, and on the boundary of each triangle is zero, so on each
polygon it is zero. Now, for two points z and 2y, we have that

F@—Fwﬂz/ f(w)dw,

[ZOvZ]
because to define F'(z) we can use a path whose last segment is [zp, z]. Then

F(2) = F(z0)

Z — 20

—f(20)| < sup |f(w) = f(20)l,

wE|[z,20)

and the latter goes to 0 as z + zq since f is continuous. Therefore F' is holomorphic with continuous
derivative (which is f), and so it is analytic. Its derivative, f, is also analytic. O

Theorem 13. (Goursat’s Theorem) Let G be an open set and let f : G — C be a complex
differentiable function. Then f is analytic in G.
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Proof. All we have to do is show that it satisfies the hypothesis of Morera’s theorem. Again, it
suffices to check analyticity on a disk. We argue by contradiction, assuming there is f that is
complex differentiable, but does not satisfy the hypothesis of Morera’s theorem. We can assume
that there is a function f such that there is a triangle of perimeter 1 (just rescale the complex plane
to make the perimeter 1) on which the integral of f is 1 (if not, just multiply f by the appropriate
variable). Divide the triangle by midlines into 4 equal triangles. On one of them the integral has
the absolute value at least 1/4, because the integral on the big triangle is the sum of the integrals
on the small triangles. Repeat. At the nth step there is a triangle of perimeter 1/2" on which the
integral has the absolute value at least 1/4™. Repeating the process we get a decreasing sequence of
closed triangular regions with diameters going to 0. By Cantor’s theorem, the intersection consists
of one point, call it z.
Now for every € > 0, there is § > 0 such that if |z — 29| < 4,

|f(2) = f(20) = f'(20)(2 = 20)| < €|z — 2.

Note that f(z0)+ f'(20)(z—20) is analytic, so its integral on any triangle is zero. Then for a triangle
that lies within the disk of radius ¢ around z,

1
/Tf(z)dz §6/T|z—zo||dz| §em.

But for a triangle from the decreasing sequence that lies in the disk of radius d, the first integral is
greater than 1/4™. And this is absurd. Hence the conclusion. O

/T £(2) = F(z0) — £'(z0) (= — 20)dz

3.3 The winding number and the generalization of Cauchy’s For-
mula

Definition. The winding number (also known as the index) of a rectifiable curve with respect to
a point is (#(1) — 0(0))/2m, where the point has coordinates (xg,yo) and the curve is parametrized
in polar coordinates centered at (x,yo) as (zo + r(t) cosO(t),yo + r(t) sin6(t)).

We denote the winding number of v with respect to a by n(vy;a).

Proposition 9.
(v5a) = = /( )ld
n(y;a)=— [(z—a z.
o 2mi J,

As a corollary of Theorem 9 we obtain

Theorem 14. (General form of Cauchy’s formula) Let G be an open subset of the plane and let
f : G — C be an analytic function. If v1,72,...,7, are closed rectifiable curves in G such that
n(yi;w) + n(y2; w) + - - + n(yp;w) = 0 for all w € C\G, then for a € G — Uy,

m m 1

f(a) Z n(vk;a) = Z i Zszzzdz.
k=1 k=1 Tk

Let S; ={z € C||z| = 1}.

Definition. Two loops Y9,71 : S' — G are homotopic if there is a continuous map H : S' x [0,1] —
G such that H|St x {j} =~;,j=0,1.
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Definition. Two paths 79,71 : [0,1] — G are homotopic relative to the endpoints if there is a
continuous map H : [0,1] x [0,1] — G such that H|[0,1] x {j} = v;, j = 0,1, and H|{0} x [0,1]
and H|{1} x [0, 1] are constant.

Theorem 15. (General form of Cauchy’s formula) If two loops are homotopic or two paths are
homotopic relative to the endpoints, then the integrals of a holomorphic function on them are equal.

For people who know algebraic topology, we have the following reformulations, which are more
appropriate generalizations, given the relationship to Green’s theorem and, implicitly to de Rham
cohomology. One should note that the homological formulation generalizes to Riemann surfaces,
and for compact surfaces it relates to Hodge theory and the construction of Jacobian varieties.

Theorem 16. Let GG be an open subset of the plane and let f : G — C be an analytic function. Let
v be a collection of finitely many rectifiable curves in G whose homology class in H(G,Z) is zero.
Let a € G and assume that the homology class of v in Hy({C}\{a},Z) is n under the isomorphism
H,({C}\{a},Z) ~ Z that maps a circle centered at z and oriented counterclockwise to 1. Then

nf(a) = % Z(_Zzldz.
g

Theorem 17. Let GG be an open subset of the plane and let f : G — C be an analytic function.
Let 7 be a collection of finitely many rectifiable curves in G whose homology class in Hy(G,Z) is
zero. Then [ f(z)dz = 0.

Example 6. Let v consist of the circles {z € C||z — 1 —i| = 2}, {z € C||z — 2| = 3}, and
{z € C||z — 3 = 2}, the first two oriented counterclockwise, the third oriented clockwise. Let us

find
1
/ 5 dz.
N Z +1

1 1 d d 1
/ 3 dz:(/ Z+/ Z') :*(27‘(’1—{-471'2):377'
v ? +1 21 N2 N ZF 21

We have
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Chapter 4

Zeros and poles; classification of
singularities

4.1 Zeros of a holomorphic function; the fundamental theorem of
algebra

Definition. A number a € C is called a zero of a holomorphic function f if f(a) = 0.

Theorem 18. (Liouville’s theorem) If f : C — C is a bounded holomorphic function, then f is
constant.

Proof. Page 77 OJ

Theorem 19. (The Gauss-d’Alembert fundamental theorem of algebra) Every nonconstant poly-
nomial with complex coefficients has at least one complex zero.

Proof. page 77 O

Definition. If f : G — C is holomorphic and a € G is so that f(a) = 0, we say that a is a zero
of multiplicity m (where m is a positive integer) if there is a holomorphic function g : G — C such

that g(a) # 0 and f(2) = (z — a)"g(z2).

Because of the power series expansion about every point, every zero of a non-identically zero
holomorphic function has some multiplicity. Indeed, we have the following result:

Theorem 20. Let GG bea connected open set and let f : G — C be a holomorphic function. The
following are equivalent

(a) f is identically equal to zero;
(b) there is a point a in G at which all derivatives of f are zero;
(c) the set of zeros of f has a limit point in G.
Proof. page 78 O

Example 7. For f(z) = sinz, 0 is a zero of multiplicity 1. Because of periodicity, every zero of
sin z is of the first order.

27
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Example 8. The situation should be contrasted with the real case. The function f(z) = z°/2

does not have a zero of integer multiplicity at zero. Note that at zero it is not analytic, while it is
analytic at every other point. You see that f(z) = 23/2 is not holomorphic everywhere, you have
to remove {z|Rez < 0} from its domain.

Note that holomorphic functions have only isolated zeros, and consequently, if two holomorphic
functions coincide on a set that has an accumulation point, then they are equal.

4.2 Poles; Meromorphic functions

The concept of zero of a holomorphic function comes naturally associated with that of a pole. In
short, a is a zero of f if it is a pole of 1/f and it is a pole of f if it is a zero of 1/f. For example 0
is a zero of second order of f(z) = 22, and so it is a pole of second order of g(z) = z72. It is not
just the elegance of formulation that brings these two notions together, they also appear together
in various situations, for example every meromorphic function on a compact Riemann surface has
as many zeros as poles (multiplicity counted). We will see this later.

There is a problem with identifying poles, in that if a is a pole of f then naturally f(a) is not
defined. So then 1/f(a) is not a priori defined, so then how can a be a zero of f(a). The fact is
that 1/f can be extended to a as well. For this we need the notion of removable singularity. For
that we first need the notion of isolated singularity.

Definition. A function f has an isolated singularity at a if its domain is an open set in C\{a}
that contains a set of the form {z| < 0]z — a| < R}.

Definition. A function f has a removable singularity at a if a is an isolated singularity of f and
there is a holomorphic function g on some B(a, R), such that f(z) = g(z) for 0 < |z — a| < R.

Theorem 21. An isolated singularity a if f is removable if and only if lim,_,,(z — a) f(z) = 0.

Proof. pages 103-104 O

In particular, if lim,_,, f(2) exists, the singularity is removable. This is not an obvious fact,
and not that in the real setting, 0 is not a “removable singularity” of f(z) = |x|, despite the fact
that f is analytic everywhere but at zero and lim,_,o f(z) = 0.

Example 9. For f(z) = Sigz , 0 is a removable singularity.

Based on this, we can define
Definition. An isolated singularity a is a pole for f if lim,_,, |f(z)| = oc.

An alternative definition is that a is a removable singularity for 1/f and (1/f)(a) = 0. A
corollary of the above discussion is the following.

Proposition 10. If f : G\{a} — C is holomorphic (where G is open) with a pole at z = a, then
there is a holomorphic function g : G — C such that g(a) # 0 and

ﬂ, for all z € G.

(z —a)m

Proof. Find a disk B(a, R) on which f has no zeros. Then 1/f is analytic on B(a, R)\{a}, and
has a removable singularity at a. Write (1/f) = (z — a)"h(z) with h(a) # 0. Let g = 1/h. Then
flz) = (Zg_(;gm on B\{a}, so g(z) = (2 — a)" f(2) on this set. But this formula allows us to extend
g to the entire G. We are done. O

f(z) =
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Definition. If f has a pole at a and m is the smallest integer so that f(z)(z—a)™ has a removable
singularity at a, then m is called the order of the pole.

Proposition 11. If f is defined on B(a, R)\{a} and has a pole of order m at a, then on B(a, R)\{a}

f(2)

I
]
)
x>
—~
I\
|
S
SN—
x>

The part Z,;i_m ap(z — a)¥ is called the singular part of f.

I have said before that zeros and poles should be studied together, and we have seen before that
poles are defined using zeros. But there is a more profound reason why poles and zeros should be
studied together. For that we should add the point at infinity. First, a definition.

Definition. A meromorphic function on G is a function that is holomorphic on G except of some
poles.

Now let us add the point at infinity to the range. We say that
f:G—CU{cco}

is holomorphic if f is holomorphic in some neighborhood of every point where f takes a finite value
and 1/f is holomorphic in some neighborhood of every point where f takes the value co.

Then a meromorphic function is just a holomorphic function f : G — {oo}. Now let us consider
f:CU{oc} - CU{oo}. We say that f is holomorphic at oo if f(1/z) is holomorphic at 0. Now we
have included the concept of a meromorphic function in that of holomorphic functions on Riemann
surfaces. This is yet another reason why to study Riemann surfaces.

Example 10. Let p(z) be a polynomial of nth degree; then it has n zeros multiplicities counted.
Let us look at the order of the pole at co. We write

p(z) = apz" + 12"+ + ag.

Then after changing z — 1/z, the order of the pole of p(z) at co is the same as the order of the
pole of

Gp—1
Zn—l

Qn
p(l/z):;nJr + -+ ap.
at 0. And this is n. As a corollary, the number of the zeros on the Riemann sphere is equal to the
number of the poles.

Let me explain the big picture. If we have two Riemann surfaces X and Y, and f: X — Y
holomorphic, then for w € Y the equation f(z) = w has the same number of solutions regardless of
w, with multiplicities counted. The number of solutions just counts the number of times f “wraps”
X around Y. A particular case is X =Y = CU {oc}, w = 0,00. Then this just says that for a
meromorphic function, the number of zeros equals the number of poles, multiplicities counted. We
will return to this when we talk about Riemann surfaces. For the moment let us prove a particular
case. For it we need the logarithmic derivative:

Note that %log(fg) = d%logf—i— d%logg and %log(f/g) = d%logf — d%logg.
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Theorem 22. (The Argument Principle) Let f : G — C be meromorphic with zeros and poles
counted with multiplicity. If v is a closed, rectifiable, curve (consisting of maybe several closed
curves) that lies in G and bounds an open subset D in G to its left and does not pass through the
zeros and poles of f, then

1)
2mi J, f(2)

Proof. Let v bound the surface D. Let the zeros be z1, 29,..., 2, and poles p1,p2,...,pn. Let
B(zj,€5), j = 1,2,...,m, and B(pk,dx), k = 1,2,...,n be disjoint disks in D that don’t contain
other zeros or poles inside or on the boundary, let their boundaries be v;, j = 1,2,...,m, 7,
k = 1,2,...,n oriented counterclockwise. Then D\(U;B(z;,€;) U UpB(pg,dx)) is bounded by
¥ U (Uj5) U (Ug¥,,). In this set f'/f is holomorphic, and is continuous on its closure, so by
Cauchy’s theorem its integral is zero. Hence

(PO, 1 [ FE, 1 [ 1),
2m‘/7 Ok EJ: o /%_ Tt o /v,g 7o) &

k

dz = number of zeros in D — number of poles in D.

Note that if f has a zero of order m; at z;, then there is a holomorphic function on B(zj,€) such
that f(z) = (2 — 2j)™ig(2) where g is holomorphic and nonzero in B(z;,€). Then
flz) _ my  g(2)

f) T =5 gl

Consequently,

1 ! 1 j 1 !
/ f(z)dZZ,/ Tn]deL./ g(Z)dZij+0:mj'
2mi ), f(2) 2mi ), 2 — 2 2mi J. g(2)

J

Similarly if f has a pole of order my at pg, then there is a holomorphic function on B(py,€)
such that f(z) = (z — z;) ""™*g(z) where g is holomorphic and nonzero in B(py,€). Then
f'(2) m  g'(2)

) iz ge)

Consequently,

1 ! 1 1 !
/ f(z)dz:—‘/ Mk dz+,/g(z)dz:—mk+02—mk.
2mi J,, f(2) 2mi )y z — pi 2mi J.,.

Adding we obtain the formula.
For a slightly different proof, see page 123 in the book. O

Theorem 23. (Rouché’s Theorem) Suppose f and g are meromorphic in a neighborhood of B(a, R)
with no zeros or poles on the circle v = {2 ||z — a| = R}. If Z¢, Z,, Py, P, are the number of zeros,
respectively poles of f and g, inside v counted with multiplicity, and if

|f(2) +9(z)| <|f(2)| +|9(2)] for all z € 7,
then

Z;— Py =Z,— P,
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Proof. Page 125. OJ

The Rouche’s theorem has a beautiful consequence.

Theorem 24. Let a be a zero of multiplicity m of f such that f has no other zeros or poles in
B(a,€). Then there is § > 0 such that for every o € B(a,d), f(z) = a has m zeros (multiplicities
counted) in B(a,€).

Proof. Let R < e. Since f is continuous, t — | f(a+ Re®)| has a minimum 6 on a+ R, 0 <t < 27.
For |a| < §, apply Rouche’s theorem to f and g = f — «. O

As a corollary we obtain:
Theorem 25. (Open Mapping Theorem) A holomorphic function maps open sets to open sets.

Proof. Let w € f(G). Then by the previous theorem there is § > 0 such that B(w,d) € f(G).
Done. O

We conclude this section with a result about meromorphic functions on the Riemann sphere.

Theorem 26. Let f : CU{oco} — CU{oo} be a holomorphic function (in other words f : CU{oco} —
C is meromorphic). Then there exist polynomials P(z) and Q(z) such that

for all z.

Proof. Around every finite pole ay, k =1,2,...,p,

f(z)= Z an k(2 — o))" = Ry(2) + Zamk(z — o))" = Ri(2) + gr(2),

n>—my n>0

where Ry, is rational, and gx(z) is in a neighborhood of aj. Also, at infinity

FE) = S tnoer” = Rool2) + 302" = Rool2) + g (2),

n=-—00 n<0

where R (z) is a polynomial and gy is holomorphic in a neighborhood of co. Then

is holomorpic on CU{oo} and takes values in C, so by Liouville’s theorem, it is a constant function.
Let ¢ be its value. Then

which is a rational function. ]
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4.3 Essential singularities

Definition. An isolated singularity is essential if it is neither a zero nor a pole.

Example 11. 0 is an essential singularity of f(z) = e/, Indeed,

0

1
1/z _ § : n
© n”

n=—0oo

This example prompts us to look at Laurent series. And as we will see, Laurent series cover all
singularities.

Definition. A Laurent series is a series of the form

Theorem 27. (Laurent series development) Let f be analytic in the annulus Ry < |z — a| < Rs
(0 <R <Ry < OO) Then

[ee]

f(Z) = Z an(z - a)n,

n=—oo

where the convergence is absolute and uniform in any annulus 1 < |z —a| < r, with R} < r; <
ro < Ra, and the coefficients are given by

O

= omi | o gt A =atrel, 0<t<m B <r< R
v

n
Proof. Denote A = {z| Ry < |z—a| < Ra}. Choose p1, p2 such that Ry < p1 < pa < Rg, and define
y1(t) = a+ pre, o = a+ pae’, 0 < t < 27. Let v = 51 Uo (where the bar means that we reverse
orientation of the path). Then Cauchy’s formula yields

1) = g [ I

= — dw, for p1 < |z —al < pa.
2 ), w — 2z

v

On r; < |z — a| < ro, define

1o =g [ A% pe) = o [ 1w g,

21 w— 2z 21

Note that f; and fs are holomorphic in p; < |z —a| < p2 and f = —f1 + fo. Note that for w € 7,
|w — a| < |z — a|, while for w € 72, |w — a|] > |z — a|. Thus for w € v,

—1

I 1 :_OO (w—a)" _ (z—a)”
w—z  (z—a)—(w—a) Z(z—a)”+1 Z (w —a)ntl’

n=0 n=-—oo

and for w € 79,
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The two series converge uniformly and absolutely for p; < r; < |z —a| < ry < po, and using Fubini
(summation commutes with integration) we have

as desired. (Note that in the first sum the two minus signs in the first sum, one from — f; and one
from the series expansion, cancel.) 0

So a singularity is removable if for all negative indices n, a,, = 0, is a pole if for all but finitely
many negative indices n, a, = 0, and essential if for infinitely many negative indices n, a, # 0.

Theorem 28. (Casorati-Weierstrass theorem) If the holomorphic function f has an essential sin-
gularity at a then for every § > 0, f({#|0 < |z —a| < ¢}) is dense in C.

Proof. Assume that for some holomorphic function f and some annulus A = {z|0 < |z — a| < d}
this is not true. Then there is a number ¢ € C and some € > 0 such that |f(z) —c| > e for all z € A.
Then 1/(f —¢) is bounded in A, so a is a removable singularity for it. This means that either a is a
removable singularity for f — ¢ or a is a pole of f — ¢ (if when you remove the singularity 1/(f —¢)
is extended to have value 0 at a). Consequently a is either a removable singularity or a pole of f
itself, a contradiction. The conclusion follows. O

4.4 Residues

4.4.1 How to find residues

If f has an isolated singularity at a, let its Laurent series expansion around a be

The residue of f is Res(f;a) = a_;.

Theorem 29. (Residue Theorem) Let f be analytic in the open set G except for the isolated
singularities a, ao, . .., apy. If v is a closed rectifiable curve in G which does not pass through any
of the singularities of f, and if v bounds an open set in G to its left then

1 n
2m,/Wf(z)dz:;nRes(f;ong).

More generally, if v = 0 € H1(G,R), then

n

or: | £z = Y nlosan)Rest i),

27
k=1
Proof. page 112, 118 O

Methods to find the residue:
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e If f has a pole of order m at a. Let g(2) = (2 —a)™ f(z). Then

Res(f;a) = "D(a).

(m— )7
e If f has a simple pole at a,

Res(f;a) = lim(z — a) f(2).

z—a

e If f has a double pole at a, then a_s = lim, (2 — a)?f(z) and

Res(f;a) = lim(z — a) (f(z) - (ZG__Z)z>

z—a

Alternatively, Res(f;a) is the value at a of the function

d
Tl - aPfe)

e If f g are analytic, and g has a simple zero at a, then

Res (f;a) _J@

g g'(a)

4.4.2 Computations of integrals using residues

/°° dx
oo L+ 22

Let R > 0, and consider the contour v = v;Uv2, where 71 (t) = t, —R < t < R, and 72(t) = Re™,
0 <t < m. Note that v bounds a semidisk, and inside « there is only one isolated singularity 1,
which is a pole of order 1. Thus

o / 1 J / dz +/ dz
a1 = | ——=dz = .
v 1422 v 1+ 22 v 1422

Set f(z) =1, and g(z) = 1 + 22. Then

Example 12. Let us compute

Also, note that

d ™ Rz’t 1 ™ it
lim/z2: lim/ = __dt= lim / Tdt = 0.
R—o0 721—|—Z R—oo [ 1+ Rée4 R—oo R 0 §—|—621t

*  dx dz 1
5 = 72:2772—,:%
oo L+ v 1+z 24

Hence
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Example 13. Evaluate

2 1
| gt as
o a+cosf

Set z = €%, then cosf = Z+§71, and df = ielie dz = %. The integral becomes

2/ 1 d
2 dz
i 722+2az+1 ’

where v is the unit circle. The only singularity inside the unit circle is —a + v/a? — 1, which is a
simple pole whose residue is obtained by setting f =1, ¢ = 2> + az + 1, and then

I ) fl(ca+Va®-1) 1
Res (g, +\/271) Cg(—a+VaZ—1) 2/aZ—1)

So the value of the integral is

2/ 1 d 22 ) 1 2w
S| ———dz= 2mi = .
i Jy 22420z +1 i 2Va2 -1 Va2 -1

As a corollary we obtain

2 1 9
/ d) = ————, weC\[-1,1]
0 2

w+cosh Vw2 —1

where vw? — 1 is defined so that it is positive on the real axis. Indeed, both sides are holomorphic
functions and they coincide on the set R\[—1, 1] which contains accumulation points, so they must
coincide everywhere.

Example 14. Let us compute

o
/ cosx2dm.
N

0o 67jx
[
oo L+

Now let f(z) = %, and consider the contour 3 U 72, where vi(t) = ¢, —R < ¢t < R and
Y2(t) = Re', 0 < t < 7. Note that on y(t), |f(2)| < 1/(R* - 1), so

We compute instead

(z2)dz — 0, when R — oo
V2

On the other hand,

e ! ™
/ f(2)dz = 2miResf (i) = 2mi— = —.
Y1Ur2 2 €

Letting R — oo we obtain that

3

/°° cos T
72dx:—.
oo L+ e
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Example 15. Compute
/1 dz
——dx
0 Va(l—x)

Note that this is an improper integral. Let €, > 0 be small, and consider the contour which is the
union of the curves:

71 (t) = t—i—esm@ ecosf <t <1-—ecosb,

Yot) =1+ee ™™ —m+0<t<m—0,

v3(t) =1 —t —esinf,ecosd <t <1—ecosb,
(

Yu(t) = ee™™, 0 <t < 2m — 6.

Then 1 U~ U~s Uy is a closed contour. Consider the analytic function

1
:C\[0,1 Cf(z) =—F—Fx=
FOD1 5 € ) = s

Note that f is analytic at infinity, meaning that at infinity it has a Laurent series expansion
Z anz".
n<—1

By letting ¢,6 — 0, we obtain that

[ [ —omimesrioo)

— + (- ———— = 2miRes(f; 0).

0 Vva(l—ux) 1 z(l—x)

Note that the —1 factor in front of the second integral comes from that fact that we pick a phase
of —1 in the square root as we go around the zero. Note also that

-1

. 1/1 —1/2
Iim z— [ - -1 .
z—o00 2 \ 2

This is —i because we pick the branch of the square root which has v/—1 = i. Thus the integral is

The residue at oo is

2mi(—1) = .

/m2

Remark 5. Given this example, we point out that the residue at infinity of f(z) is the residue at
zero of —Z%f(l/z) This is because if 7 is oriented clockwise, and we let v2(z) = 1/71(2), then o
is oriented counterclockwise. The residue of f at oo is

L e

2mi y1

and by changing the variable z = 1/w,

i | S = g | 5wty

which is the residue at 0 of f(1/2)(—1/2%).
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Example 16. Compute

/ o dx
a2 —1
First, note that the integral converges absolutely, namely that

i b dz
ai}{lJr bi{go/a vz —1

exists. Now consider a contour that runs around —1 clockwise, runs parallel and close to [—1, —R],
funs clockwise on |z| = R until close to R, runs parallel and close to [R, 1], runs clockwise around 1,
runs parallel and close to [1, R], then runs counterclockwise from R to —R on |z| = R, and finally
returns to —1 running parallel to [-R, —1].

Now use the branch cut of y/z that removes the positive real semiaxis. This choice allows us to
define f(z) on C\((—o0, —1]U[1,00)). The only singularity of f inside the contour is z = 0, and f
runs counterclockwise around it. We compute Res(f;0) = —i.

Consequently the residue theorem gives us that the integral of f on the contour is 2w. The
integral on the countour is four times the integral that we are computing, so the integral we are
computing is /2.

Proposition 12. The Gaussian integral formula holds:

/ e tdt = NS

—00

Proof. (cf. R. Remmert, Theory of Complex Functions, Springer) Set

2
= 76 = ) E = Z7T/4
f(2) =T a=(1+ Z)\/; NZ T

It is not hard to see that f(z) — f(z 4+ a) = e =, and that the poles of f are located at 5 +na,
n € Z. Moreover, we can see that g(z) = 1 4 e~2%* has a simple zero at a/2 because ¢'(a/2) = 2a.
Hence the residue of f at z = a/2 is

lm ————¢e % = e

e o2 — (1) g@2) T amenA T 2ym 2/r
Let r,s > 0, and integrate f on the parallelogram with corners —r, s, s + a, —r + a. For sufficiently
large r, s this parallelogram f has only one residue at a/2, and it is —i/(2/7). Note also that the
integral of f on the short sides of the parallelogram converges to zero. And integrating f on the
long sides is the same as integrating the Gaussian on (—r,s). Passing to the limit with r,s — oo
we obtain

z—a/2 2 1 2 e~/ L injp i

[e.e] .
- . (=i
/_Ooe Pat = 2miRes, o f = 2772;/7% = /.

Corollary 3. The Fresnel integral formulas hold:

[oe) D
V2
/ cost?dt = / sin t2dt = —W.
0 0 4
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Proof. Consider the contour 7 consisting of the union of the curves v (t) = ¢, 0 <t < R, ¥(t) =
Re, 0 <t < 7/4 and y3(t) = (R — t)e"™/*, 0 < t < R. Note that f7 e’ dz = 0, because the

integrand is holomorphic inside the contour. Also, limp_, . fw e~ dz = 0. So

g g i /4
/ e dt:/ e e dt.
0 0

VT = / (cost® — isint?) il Ldt.
2 0 V2

Equating the real and imaginary parts and solving the system implies that each of the Fresnel

Ve

integrals equals % . O

Consequently

4.5 Computation of integrals - a different perspective

I find it easier to understand the integrals from the previous section in the context of Riemann
surfaces (for the definition of a Riemann surface, see Chapter 6.
First, the idea that we integrate functions is not quite correct. We integrate forms:

e we integrate 1-forms over curves;
e we integrate 2-forms over surfaces;
e in general, we integrate n-forms over n-dimensional manifolds.

Why is a form better than a function? Because it carries with it the information over the integration
measure, which is a must when the curve, surface, etc. lives inside a more general space than the
plane (such as a manifold).

Let us discuss just the case of 1-form on a Riemann surface X. In local coordinates, a 1-form
looks like f(z)dz. But when you change from one coordinates system to another, that is from one
chart ¢, : U, NU, — C to ¢p : U, N U, — C, whith the change of coordinates ¢ = ¢y o gbgl,
then the form changes by f(¢(z2))¢’(z)dz. So the 1-form is defined everywhere (with maybe some
singularities), and it has a concrete formula in every local chart, with this formula changing from
one system of coordinates to another by

F(2)dz = F(8(2))dd(=) = F(9(2))9 (2)d=.

This formula is chosen so that the integral does not change when changing the local coordinates,
since by the first substitution we have

| 6= = [ oo

In this formula we think of 7 as the physical curve on X (and not of its formula in local coordinates,
which changes when you change coordinates). Because of this we have a well defined integral of the
form on any (compact) curve in X: simply decompose the curve into pieces such that each piece
lies in a coordinate chart, integrate on each piece in local coordinates, and then sum the results.
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Example 17. Compute

/°° dzx
oo (22 4)2

We are supposed to compute the integral of the function

1

f:C—=C, f(z):m

over the real axis. We can add the point at infinity to the plane, and now we work on the Riemann
sphere. Thus we have to integrate the 1-form

dz

OéZf(Z):m

over a circle of the Riemann sphere that passes through the point at infinity. There is one problem,
the form is not yet defined at the point at infinity. Let us show that we can define it there, too.
To work in local coordinates, use the chart

% if z € C,
o (CULDMO} =+ Cotm() = { 5 25T
In local coordinates near oo,
1 d 22
=——————(1/2)dz = ———5——dz.
(s 2 a4 =~ ®

This clearly can be extended to z = 0. So our 1-form is defined on the entire Riemann sphere. On
each side it bounds a disk, and the value of the integral equals 27¢ times the sum of the residues
on one side. And these residues can be computed in local coordinates. We compute the integral as
the sum of the residues that are on the left side of the countour, and this is the residue at z = 2i.
This residue is

d

LIPS 1 2 , 2 1

G T P T T Ty

(4i)3 ~ 32i°

Hence

/°° dx - 1 T
— =2 —— = —.
o (@21 4)2 32 16
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Chapter 5

The maximum modulus principle

5.1 The Maximum modulus theorem

Theorem 30. (The Maximum Modulus Theorem) Let G be a bounded open set in C and let f be
a nonconstant function that is continuous on G and holomorphic in G. Then there is a € G such
that |f(2)] < |f(a)| for all z € G.

Proof. We will give two proofs:

1. Because f is continuous on G, it has a maximum on G. But this maximum cannot be in G
because f(G) is open in C, so |f(G)] is open in R.

2. Because f is continuous on G, it has a maximum on G. Assume that there is a maximum a € G.
Choose € > 0 such that B(a,€) € G. Then for y(t) = a + ee', using Cauchy’s formula we have

a) = L f(z)dz—i 7 a+ ee)d
f(a) /7 (a + ee')dt.

C2mi ) z—a 27 ),

So

1 2w )

F@I< 5 [ It elat < |f(a)
T Jo

with equality only if f is constantly equal on +. But then the zeros of the holomorphic function

f(2) = f(a) contain a circle, so this function is identically zero, a contradiction. The conclusion

follows. O

Corollary 4. If f is analytic on the open set G and f has a maximum in G, then f is constant on

G.

Corollary 5. Let f be a holomorphic function on G C C U oco. If there is M > 0 such that for
every point a on the boundary of G in C U oo, limsup,_,, |f(z)| < M, then |f(z)| < M for all
ze@.

As a corollary, we have the following result.

Theorem 31. (Schwarz’s Lemma) Suppose f : B(0,1) — C is analytic with

(a) |f(2)] <1 for all z;

(b) f(0) = 0.

Then |f/(0)] < 1 and |f(z)| < |z| for all z € B(0,1). Moreover if |f'(0)] = 1 or if |f(2)| = |z| for
some z, then there is # € R such that f(z) = e?2.

41
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Proof. Page 131. OJ

Theorem 32. The only analytic maps that map bijectively the open unit disk onto itself are of
the form

0 zZ—aQa

z2)=eY— HeR |a|l < 1.
fe) = et = a
Proof. We have seen as a homework exercise that the above are the only Mdébius transformations
satisfying the property from the statement, and moreover that these maps extend to the closed
unit disk, mapping the boundary to the boundary.
Consider the Mobius transformation
z—a
)= —.

9a(2) —az+1
For f an automorphism of the unit disk onto itself, as specified in the statement, let g = f o ¢_,.
Then g is also an automorphism of the unit disk and it satisfies g(0) = 0. If there is a z such that
l9(2)| = |2|, then we are done, because by the Schwarz’s lemma g(2) = €z, and so f is a Mdbius
transformation. If |g(z)| < z on |2| < 1, then, again by Schwarz’s lemma,

|2l = g7 (9(2)] < lg(2)] < |2,
impossible. We are done. O

Theorem 33. (Phragmén-Lindel6f) Let G be a simply connected region and let f be an analytic
functoin on GG. Suppose that there is an analytic function ¢ : G — C which never vanishes and
is bounded on G. If M is a constant and if the boundary of G in the Riemann sphere can be
partitioned into two sets A and B such that

(a) for every a € A, limsup,_,, |f(z)| < M;

(b) for every b € B and for every n > 0, limsup,_; | f(2)||¢(2)|" < M,

then |f(z)] < M for all z € G.

Proof. Let |¢(z)] < k for all z € G. Because G is simply connected, there is analytic branch of
log ¢(z) on G. Hence g(z) = exp(nlog ¢(z)) is an analytic branch of ¢(z)", and |g(2)| = |¢(2)|™.
Define F' : G — C, F(z) = f(2)g(z)k~". Then |F(z)| < |f(2)| for all z € G. But then by the
Maximum Modulus Theorem |F(z)| < max(M,x~"M) for all z € G. Then

[f(2)] < |w/o(2)|" max(M, ™" M).

Now let 7 — 0 to get the conclusion. O



Chapter 6

Convergence and compactness in
spaces of holomorphic functions

6.1 Constructing topologies on spaces of continuous and holomor-
phic functions

6.1.1 Some introductory remarks

We will first define a topology on the space of continuous functions on an open set, then we will
embed the space of holomorphic functions in the space of continuous functions and consider the
induced topology.

This topology will turn both the space of continuous functions and the space of holomorphic
functions on an open set into a Fréchet space, and in particular into a metric space. The choice of
the topology is standard, it is motivated by the choice of the topology on the space of continuous
functions on a compact set, and by our discussion on uniform convergence of power series, which
is a particular example of convergence of holomorphic functions.

Sorry folks, but we do need some point set topology and again we need some real, and even
functional analysis. I have lecture notes for both on my web page in case you need more information.
The main idea is that we treat functions as points in an infinite dimensional space and we have
a notion of distance between two functions which allows us to address problems of convergence of
sequences of functions.

We mostly care about holomorphic functions whose domain and range are subsets of C, but
we also care about maps between more general Riemann surfaces such as maps from the Riemann
sphere into itself (like M6bius transformations) and maps from a subset of C to a Riemann surface.

The notion of convergence is a direct extension of that for power series, so we will see uniform
convergence on closed bounded sets. It also extends the notion of convergence of a sequence of
continuous functions on a closed bounded interval, which is usually defined using the sup norm
(the L* norm).

Since this course is suppose to help you build your skills for advancing in mathematics, I feel
obliged to tell you the correct general framework in which convergence is phrased for spaces of
functions.

6.1.2 Elements of topology; Riemann surfaces

Recall the notion of convergence of a sequence of complex numbers: lim z, = z* if for every ¢ > 0,
there is N € N such that for n > N, z, € B(z*,¢). The open disks of radius € allow us to define the
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notion of neighborhood, namely what it means for z, to be near z*. In this class we have already
encountered the notion of an open set in C as a set that can be written as a union of open disks.
And it is not hard to see that we can rephrase the notion of convergence to say that lim z, = z*
if for every open set G containing z*, there is N € N such that for n > N, z, € G. Note that
arbitrary unions of open sets are open, and also finite intersections of open sets are open. The
collection of all open sets is called a topology on C. Together with open sets come closed sets,
which are by definition the complements of open sets.

Definition. A topology on a set X is a collection of open sets such that
e X and () are open;
e if Uy,Us,...,U, are open, then ﬂ?len is open;
e if Uy, a € A are open, then U,ecaU, is open.

Now we want to treat functions as points in a space and have a similar notion of convergence
for functions (or maps), and for that we need open sets in the space of functions. In order for this
to be a nice notion of convergence, the open sets should satisfy the same two properties: arbitrary
unions of open sets are open, and also finite intersections of open sets are open. What kind of
functions do we have in mind? First, let us discuss the playground where these function live.

Definition. A Riemann surface is a set X that can be written as a union of subsets {Uy}oca for
which there exist bijective maps ¢, : Uy — G4 (with G, an open set of C) such that for every «,
such that U, N Ug # 0,

$30 ¢n' : pa(Ua NU) = ¢(Ua NUp)

is holomorphic.

The maps ¢, : Uy, — G, are called coordinate charts, and together they form an atlas on X. In
this class we only consider those Riemann surfaces that admit an atlas with countably many charts.
In other words, a Riemann surface is a set that locally looks like an open subset of C.

Example 18. The Riemann sphere is a Riemann surface. Indeed, we let Uy = C, and Uy =

(C\{0}) U {00}, with

¢0 : UO — (C7 (bO(Z) =z,
1 .
¢m:Uw_>Cv (boo(z):{z le?éOO

oo if z = o0.

Then

doodpl : C\{0} = C, ¢podpl(z)= %

Example 19. The Riemann surface of the logarithm also satisfies these properties. For every point
w # 0 we can define an open set U, on this surface that is in bijection with the set of the form
Go = C\{Xa|X > 0}. Compositions of maps ¢g o ¢! are defined on C without two rays starting
at the origin, and on each of the two connected components they are the identity map.

We declare any set of the form ¢~!(G) with G C G, open in C to be open in X, and we consider
arbitrary unions and finite intersections of such sets to be open. This defines a topology on X. The
complements of open sets are called closed sets.
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Now we the concepts of open and closed sets at hand, we can talk about compactness. Let X
be a topological space, namely a set endowed with a collection of open sets that have the property
that both X and the empty set are open, the finite intersecion of open sets is open, and the infinite
union of open sets is open.

Definition. We say that K is compact in X if every family of open sets whose union contains K
has a finite subfamily whose union still covers K.

This is phrased by saying that every open cover has a finite subcover.

Definition. We say that K is sequentially compact in X if every sequence in K contains a con-
vergent subsequence.

We recall that a distance (or metric) on a set X is a function d : X — [0,00) such that
d(xz,y) =0 if and only if x =y, d(z,y) = d(y,x) and d(z,y) + d(y, z) > d(z, 2) for all z,y,z € X.
The set X endowed with this function is called a metric space. The topology on a metric space
is the smallest topology in which all balls B(x,¢) = {y|d(x,y) < €} are open. Every open set is
actually a union of balls (no need to worry about intersections).

Theorem 34. For metric spaces the two notions of compactness are equivalent.

Example 20. A set K C C is compact if and only if it is closed and bounded. This is the content
of the Heine-Borel theorem.

Example 21. The Riemann sphere CU{oo} is compact. Indeed, if {G4}, is a family of open sets
whose union is the Riemann sphere, then for some ag, co € G,,. But G,, is open if and only if
$oo(Gay) 1s open in C. It is not hard to see that this forces (C U {oc0})\Gq, to be both closed and
bounded. So there are finitely many of the GG, that cover it, which together with G, form a finite
cover of the Riemann sphere.

For ¢ > 0, we say that a set K in a metric space has an e-net if there are z1,x2,...,2, € K
such that every point x in K is at distance less than e from one of x1, 9, ..., Ty,.

Proposition 13. A closed set is compact if and only if for every € > 0 there is an e-net.

Now we turn to maps and functions. We are interested in holomorphic maps between Riemann
surfaces.

Definition. Let X and Y be Riemann surfaces defined respectively by the atlases ¢, : Uy, — G4
and ¥, : V,, = D,. Amap f: X — Y is called holomorphic if ¢, 0 fo ¢, is holomorphic whenever
the composition makes sense.

Example 22. Recall holomorphic maps f : G C CU {o0} — C U {oc}, which we have called
meromorphic functions.

Holomorphic maps are a subset of the much larger set of continuous functions.

Definition. A function f : X — Y is called continuous if the preimage through f of every open
set is open.

Now we have two spaces: that of continuous functions: C'(X,Y") and of holomorphic functions:
H(X,Y). It is not hard to see that H(X,Y) C C(X,Y). We introduce now a standard topology
on C(X,Y) that will induce a topology on H(X,Y).
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Definition. The compact-open topology on C'(X,Y") is the smallest topology for which all sets of
continuous functions of the form

{f: X=>Y|f(K)CV}, K compactin X,V openinY
are open.

Note that finite intersection of sets of this form are not necessarily of this form, but they are
nevertheless postulated to be open. The induced topology on H(X,Y’) is the smallest topology
such that all sets of holomorphic functions of the same form are open.

Proposition 14. Let X, Y be Riemann surfaces.

(i) Assume that X’ is a Riemann surface such that X’ C X, and let us consider the subset S
of C(X',Y) consisting of the restrictions of functions in C'(X,Y’) to X’. Then the topology of S
induced by the compact-open topology of C'(X,Y") (in which the open sets are the images of open
sets in C(X,Y)) is finer than the topology induced by the inclusion of S into C'(X’,Y’). (This
means that the first topology has more open sets than the second).

(ii) Assume that Y’ is a Riemann surfaces such that Y’ C Y. Then the compact-open topology of
C(X,Y") coincides with the topology induced by the inclusion C(X,Y”’) C C(X,Y).

Proof. For (i) note that a compact set in X’ is also compact in X. For (ii) note that a set is open
in Y if and only if it is open in Y. O

6.1.3 The case f: X — Y where Y is a subset of the Riemann sphere

All Riemann surfaces of interest in this class are naturally metric spaces, but the plane and the
Riemann sphere have metrics that are easy to describe.

The plane is a one dimensional C-vector space and it has a norm given by the absolute value.
We recall that a norm on a C-vector space V' is a function |-|: V — [0, 00) such that |v| = 0 if and
only if v = 0; |Av| = |\||v| for every scalar A € C and |v+ w| < |v| 4 |w|. The norm on C defines a
distance function by d(z,w) = |z — w].

We can define on the Riemann sphere the following distance

p:CU{oo} —[0,1],d(z,w) =4 1+]z—w] if z,2weC

1 if 2 =00 or w = o00.

e If X is a compact Riemann surface, such as the Riemann sphere, and ¥ = C we can turn
C(X,Y) and implicitly H(X,Y") into normed vector spaces by using the norm

If1l = sup [f(2)].
zeX

This norm introduces a notion of distance: p(f,g) = ||f — ¢||, and the distance introduces a
topology on C(X,Y") (and hence on H(X,Y")) where the open sets are unions of balls of the
form B(f,r) ={g||f—gll <r}. This turns out to coincide with the compact-open topology.
This topology turns C'(X,Y’) into a Banach space, meaning that every Cauchy sequence is
convergent. We will see that H(X,Y) is also a Banach space.

e If X is compact and Y is the Riemann sphere, or any open subset of it, then C(X,Y’) and
H(X,Y) are metric spaces with the metric

p(f,g9) =supd(f(z),9(2)).

zeX
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Again it is standard that C(X,Y’) is a complete metric space, meaning that every Cauchy
sequence is convergent. But we will see that H(X,Y") is also complete.

e If X can be written as a countable union of compact subsets: X = U2 K,, and Y = C,
then C(X,Y) and H(X,Y) each are endowed with a countable collection of what are called
seminorms (like norms except that ||f|| can be zero without necessarily f being zero). These
are defined by

[flln = sup |F(2)].

ZEKn

There is a metric on C(X,Y) and H(X,Y') defined by

o0

1 |f—gln
P9 =D sni s
(19 =2 517 g,
Again C(X,Y) is complete, and we will see that H(X,Y") is also complete. These two linear
spaces are therefore what we call Fréchet spaces.

e If X can be written as a countable union of compact subsets: X = U2, K, and Y is the
Riemann sphere or an open subset of it, then C'(X,Y) and H(X,Y) are endowed with a
metric defined by

o0

o(f9) =3 = sup d(f(2), 9(2)).

n=1 2n ZeKn

Again C(X,Y) is complete, and we will see that H(X,Y) is also complete.

Here we consider the case where X is compact, or can be covered in a nice way by a sequence
of compact sets (such as when X is C or an open subset of C) and Y a metric space, such as C, an
open subset of C, or the Riemann sphere. As we have seen above, C'(X,Y’) admits a metric. But
it also has the compact-open topology. In this section we will prove that the two topologies: the
one induced by the metric, and the compact-open topology coincide. We thus conclude that the
compact-open topology is metrizable.

Proposition 15. Let G be an open subset of C (which can be C itself. There is a sequence { K, },,
of compact subsets of G such that

(a) G =U02  Kyp;

(b) K, C intKp41;

(¢) Every component of (CU {oco})\K,, contains a component of (C U {o0})\G.

Here int K is the interior of K namely the largest open set contained in K.
Proof. Page 143. OJ

Corollary 6. If {K,}, is such a sequence of compact sets, then for every compact set K C G
there is an n such that K C K,,.

Proof. Indeed, the interiors of K, cover K so finitely many of them cover K. As they are nested,
one of them covers K. O

Here is a first consequence of this construction.
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Proposition 16. The compact-open topology on C'(X,Y’) is generated by countably many open
sets. In other words, there are countably many open subsets of C'(X,Y") such that any other open
set is an arbitrary union of finite intersections of such sets.

Proof. Let ¢q : Uy = Go, « € A C Nand v, : V, = Dy, p € B C N be atlases of X and Y,
respectively. For each G, consider the compact sets K provided by Proposition 15. For each p,
let Bl be a countable collection of open subsets of D), such that any other open set of D, is a union
of some of the Bl (in other words a countable basis). Then the family of open sets in C(X,Y),

{f: X =2 Y|f(K)cCV}],

where K ranges over all finite unions of sets of the form ¢, (K¢) and V ranges over all arbitrary
unions (which must be countable unions) of sets of the form ¢;1(Bﬁ ) is a countable union of sets
with this property.

Indeed, if K’ is a compact set in X, we will show that K’ lies inside of such a compact K.
Indeed, being compact it lies in finitely many charts, ¢a,, @as,- -, ¢a,. Let us prove the property
by induction on k. If k£ = 1, we are done by the Proposition. If not, the set K\(Uqy, U---UUq,_,) is
compact (being a closed subset of a compact set). It therefore lies in the interior of some ¢~ (K2*).
But K\int¢ ! (K%*) is compact, and lies in k — 1 charts, thus it is inside a compact of the desired
form. Add ¢~1(K2*) to this compact to conclude that K’ itself lies inside such a compact K.

On the other hand, it is clear that any open set of Y is in the union of open sets of the described
form, because this is how we define the topology of Y. O

Corollary 7. Every point in C(X,Y’) has a countable system of neighborhoods, meaning that for
every f in C(X,Y) there is a countable family of open sets O,,n > 1 such that for every open set
O containing f, there is n such that O,, C O.

The sequence of compact sets constructed above allows us to define a metric p on C(G,Y) when
G is an open subset of C and Y is a metric space. We will now prove that the metric topology and
the compact-open topology coincide.

Lemma 4. For very € > 0 there is 6 > 0 and K C G compact such that for f,g € C(G,Y)

sup{d(f(z),9(z)) |z € K} < ¢ implies p(f,g) < e.

Conversely, if 6 > 0 and a compact set K are given, there is € > 0 such that for f,g € C(G,Y),

p(f,g) < e implies sup{d(f(z),9(z))|z € K} <.

Proof. Page 144. O

Proposition 17. (a) A set O C C(G,Y) is open if and only if for each f in O, there is K C G
compact and 0 > 0 such that

{g1d(f(2),9(2)) <4,z € K}.

(b) A sequence {f,}, in C(G,Y) converges to f if and only if it converges to f uniformly on all
compact subsets of G.
Consequently, the compact-open topology is metrizable.
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Note that the metric depends on the sequence of compacts that cover X, but the topology that
it defines is independent of it.
An important observation is that the sets

Bi(f.€) ={g| sup d(f(2),9(2)) < e}
zEK
play the same role that the e-neighborhoods (i.e. B(z,¢) play in C).

Now let X be an arbitrary Riemann surface, and Y a Riemann surface that is a subset of the
Riemann sphere, and thus Y is a metric space. We can then define a metric on C(X,Y) as well.
Let ¢y, : Up, = Gy, m € N be an atlas of X. For each G, consider the compact sets K" provided
by Proposition 15. Define the compacts

K, = Uo7 (KTD).

One can show that for every compact subset K of X, there is m € N such that K C K,,. Then
the metric

_ =1 sup,ck,, d(f(2),9(2))
p(fv g) - Z 27m 1+ SUpP.cK,, d(f(z)’g(z))

m=1
defines the same topology as the compact-open topology. The proof is similar to that of Lemma 4.
Theorem 35. The space C(X,Y’) is a complete metric space.

Proof. 1f { fn}n is Cauchy, then its restriction to any compact set K is Cauchy. Then the sequence
fnlK is pointwise convergent, and being on a compact set, it is uniformly convergent. But then its
limit is a continuous function. O

Definition. A set 7 C C(G,Y) is normal if its closure is compact.

Proposition 18. A set F C C(G,Y) is normal if and and only if for every compact set K C G
and 0 > 0 there are functions f1, fa,..., fn € F such that for every f € F there is at least one k,
1 <k <n with

sup d(f(z), fi(2)) <.

zeK

Proof. Since the closure of F is compact, for every ¢ > 0, F has an e-net. Now use Lemma 4. [

Definition. A set F C C(G,Y) is equicontinuous at a point zp in G if for every € > 0 there is
d > 0 such that for |z — 29| < 0, p(f(2), f(20)) < € for every f € F.

Theorem 36. (Arzela-Ascoli) A set F C C(G,Y) is normal if and only if the following two
conditions are satisfied:

(a) for each z € G, {f(2) | f € F} has compact closure in Y.

(b) F is equicontinuous at every point in G.

Proof. Pages 149-150. O

All the above considerations apply when X has such a sequence of compact sets (and this is
the case for the Riemann surface of a function w(z) defined implicitly by a polynomial equation
R(z,w) = 0). If X itself is compact, the sup norm already defines a metric on C(X,Y’), and in this
metric C(X,Y) is complete. As such, C'(X,Y") is a Banach space.
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6.2 Spaces of analytic functions

6.2.1 Closeness of H(X,Y)

Let us consider the general case of X, Y Riemann surfaces, and let us look at the subspace H(X,Y)
of C(X,Y). As we have seen above, the topology of C'(X,Y), and hence of H(X,Y'), is generated
by countably many open sets. Consequently, every point in H(X,Y') has a countable system of
neighborhoods.

Theorem 37. H(X,Y) is a closed subspace of C(X,Y).

Proof. Because in the topology of C'(X,Y") every point has a countable system of neighborhoods, it
suffices to show that every sequence in H(X,Y') that converges in C(X,Y’) converges in H(X,Y).
So let us assume that the sequence of holomorphic maps f, : X — Y converges to a continuous
function f in the compact-open topology, and let us show that f is holomorphic.

Let p € X be an arbitrary point. We want to show that f is holomorphic in a neighborhood
of p. Choose charts ¢ : U C X — Cand ¢ : V C Y — C such that f(U) C V, and choose a
neighborhood W of p such that K = W is a compact subset of U. Let O = {g|g(K) C V}. Then
there is N such that for n > N, f,, € O, that is f,,(K) C V. Set W' = ¢(W). Because f,, converges
to f in the compact-open topology, f,|K converges to f|K in the compact-open topology. But
then the sequence of holomorphic functions h, = 1o f, 0 ¢~ : W/ — C, n > 1 converges in the
compact-open topology to h = o fo¢~t: W' — C. By Lemma 4 {h,} converges uniformly to h.
We will show that h is holomorphic.

Let T be a triangle in W’. Then by Cauchy’s theorem,

/T ha(2)dz = 0.

Then

0= lim hnzdz:/limhnzdz:/hzdz.
So [;h(z)dz = 0 for any triangle T'in W’. By Morera’s theorem, h is holomorphic in W’. Thus,
by definition, f is holomorphic in W. We are done. O

Remark 6. Note that the situation is quite the opposite from real analysis. The analytic functions
on an interval of the real axis are dense in the space of continuous functions, as a consequence of
Weierstrass’ Theorem which shows that polynomials are dense in the space of continuous functions
in the compact-open topology.

Theorem 38. If Y is a Riemann surface that is a subset of the Riemann sphere, then H(X,Y) is
a complete metric space.

Proof. By Theorem 35, C(X,Y) is a complete metric space. By Theorem 37, H(X,Y') is a closed
subspace of C(X,Y). Thus H(X,Y) is a complete metric space. O

In all that follows G is an open subset of C.

Theorem 39. If f,, — f in the compact-open (i.e. uniformly in the metric) topology of H(G,C)
then f), — f’ in the compact-open topology of H(G,C).
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Proof. Let B(a,r) C G. Choose R > r such that B(a, R) C G. If 4(t) = a + Re", then Cauchy’s
integral formula gives

1) - 1) = 5 [ F =S
¥
Hence
Rsu n(w) — f(w
1) — o) < BPuerl @) 2SOl

(R—r)k

)
Since f,, converges uniformly to f on the curve v (which is compact), f/, converges uniformly to f’
on |z —a|] < r. By Theorem 38, f’ is holomorphic. OJ

Corollary 8. If f, : G — C converges to f in the compact-open topology, then f,(Lk) converges to
f%) in the compact-open topology. In other words, if f, : G — C converges to f uniformly on
compact sets, then f,(Lk) converges to f*) uniformly on compact sets. In particular, if f, : G — C
and > >°, fn(2) converges uniformly on compact sets to f(z) then

FBE) =30 1P

n=1
Note that this last fact is a generalization of the result about differentiating a power series.

Theorem 40. (Hurwitz’s Theorem) Let G C C be open and suppose that the sequence f, in
H(G,C) converges to f. If f is not identically equal to zero, and if B(a, R) C G and f(z) # 0 for
|z — a] = R, then there is an integer N such that for n > N, f and f,, have the same number of
zeros in B(a, R).

Proof. Page 152. O

Corollary 9. If f,, € H(G,C) converges to f € H(G,C), and if each f, never vanishes, then f
is either identically equal to zero, or it is never zero. Indeed, if f had an isolated zero a, then by
Hurwitz’s Theorem, for sufficiently large n, f, would have an isolated zero in some neighborhood
of a. But this does not happen. So either f is never zero or it is identically equal to zero.

Let X be a Riemann surface. Let fo : X — CU {00}, foo(z) = 0.

Proposition 19. H(X,C)U{fx} is a closed subset of H(X,CU {oo}). In other words a sequence
of holomorphic functions converges in the compact-open topology of the space of meromorphic
functions either to a holomorphic function or to a function that is constantly equal to co.

Proof. Let us assume that f # foo. We will show that f is holomorphic. It suffices to show that f is
holomorphic in every chart, solet ¢ : U — G be a chart. Define g = fo¢~! and g, = fh,06~ ', n > 1.
Because f, — f in the compact-open topology of H(X,C U {cc}), g, — ¢ in the compact-open
topology of H(G,CU {oc}).

The inversion z +— 1/z is an automorphism of the Riemann sphere, so it maps compact sets to
compact sets and open sets to open sets. Since g, — ¢ in the compact-open topology, 1 / gn — 1 / g
in the compact-open topology of H(G, CU{oc}). Since all function g,, are analytic, the holomorphic
function 1/g,, is never zero.

Assume that (1/g)(a) = 0. Because zeros and poles are isolated, there is a disk B(a, R) such
that a is the only zero of 1/¢g in B(a, R), and 1/f has no poles in B(a, R). Because 1/g,, converges
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to 1/g in the metric of H (G, CU{oo}) (as the metric and the compact-open topology are the same),
there is NV such that for n > N, 1/g, has no poles in B(a, R) either.

We therefore have a sequence of holomorphic functions 1/g, on B(a, R) that converges to the
holomorphic function 1/¢ in the topology of H(B(a, R),C U {cc}). But notice that the metrics

lz—w]
1+|z—w|
only with holomorphic functions, the compact-open topology of H(B(a,R),C) and the topology

induced by the compact-open topology on H(B(a, R),CU {co}) are the same. Consequently, 1/g,
converges to 1/g in H(B(a, R),C). Now we can apply Hurwitz’ Theorem and concluded that for
large n, 1/g and 1/g, have the same number of zeros in B(a, R). But this contradicts the fact
that 1/g, has no zeros. Hence 1/g has no zeros either, showing that g is holomorphic. Hence f is
holomorphic in the local chart U, and consequently it is holomorphic everywhere. O

d(z,w) = |z —w| and d'(z,w) = induce the same topology on C. Consequently, if we work

Remark 7. Convergence in H(X,C) and H(X,CUoo) are not the same thing. For example f,,(z) =
n does not converge in the first topology, but it converges to fo, in the second. What we have used
in the proof is that if f,, — f in H(X,CU{oo}) and if f,,, f € H(X,C) then f, — f in H(X,C).
At the heart of this lies the fact that if f € H(X,C), then in H(X,C U {oo}) f has a countable
system of neighborhoods that is also a countable system of neighborhoods in H (X, C).

6.2.2 Theta functions

There are holomorphic functions on C that are periodic: €7, sin z, cos z. But are there any double
periodic functions? Liouville’s theorem proves that this is impossible, because a double periodic
function is bounded. The closest that we can get is to have two complex numbers a, b that are not
a real multiple of each other and a function f such that f(z + a) = f(z) and f(z 4+ b) = u(z)f(b)
where p(z) is a correction factor that is as simple as possible. Theta functions are of this form.
They were introduced by Jacobi in relation to elliptic integrals. More precisely, he has shown that
the inverse function of an elliptic integral, a so called elliptic function, can be written as a rational
expression in theta functions. Theta functions were further studied and generalized by Riemann in
his treatise on elliptic functions and Riemann surfaces.

Definition. For every 7 with Im7 > 0, the Riemann theta function is defined by

oo
0(z,7) = Z exp(min’t 4 2minz), =z € C.

n=—oo

Theorem 41. (a) For fixed 7, the series Y °° _ exp(win®t + 2minz) converges uniformly and
absolutely on every compact subset of C and therefore defines a holomorphic function of the variable
z on C.

(b) For fixed z, the series converges uniformly and absolutely on every compact subset of the upper
half plane and therefore defines a holomorphic function of the variable 7 on the upper half-plane.

Proof. We can prove (a) and (b) simultaneously, by noticing that if [Imz| < « and Im7 > 8 > 0
then

|exp(min®r + 2minz)| < exp(—mn2B + 2mna) = [exp(—|n|7S + 2ra)]"l.

If we choose N > 2a/f3, then r = exp(—|n|rf + 27a) < 1, so for |n| > N, [exp(—|n|rf + 2ra)| <
Il showing that the series that defines theta functions is bounded from above by a power series,
hence converges uniformly. So for fixed 7, the series converges uniformly on A, = {z| — a <
Imz < a}, for all @ > 0, and since every compact in C is contained in some set A4,, as a function
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of z, the series converges uniformly on compacts. For fixed z, the series converges uniformly on
Bg = {7 |Im7 > B}, for all 8 > 0, and since every compact in Im7 > 0 is contained in some Bg, as
a function of 7 the series converges uniformly on compacts. O

Proposition 20. Theta functions satisfy the identities
0(z+1,7) =0(2,7), O(z+7)=e ™" 2TE9(z T).
Proof. The first identity follows from

e27ri

exp(min®t 4 2min(z + 1)) = exp(min®t 4 2minz) = exp(mwin’t + 2mwinz).

For the second identity, we have

o0 oo
0(z+1,7)= Z exp(min®t 4 2min(z + 7)) = Z exp(mi(n + 1)%1 — it + 2mwi(n + 1)z — 27iz)
n=-—00 n=-—o00
e . .
= Z exp(mim?r — miT + 2mimz — 2miz) = e 2EY (2 7). O
m=—o00

Let now x,t € R and consider the function of 2 real variables 6(x, it).

Proposition 21. The function 0(x,it) satisfies the heat equation

0 , 1 ,
a@(w, it) = ———=0(x,it).

Proof. We compute

O(x,it) = Z exp(—mn?t) exp(2rinz) = 1 + 2 Z exp(—mn’t) cos(2mnz).

n=-—00 n=1

Hence

o
O(x,it) =2 Z ) exp(—mn’t) cos 2mna;
n=1

[e.9]

@«9(:13, it) =2 Z(—47r2n2) exp(—mn?t) cos 2mna.

The proposition is proved. ]

And now let us apply the Argument Principle to find the number of zeros of the theta function
in the fundamental domain, which is the parallelogram with vertices 0,1,1 + 7,7, which includes
the sides from 0 to 1 and from 0 to 7, but misses the other sides. Choose a parallelogram P that
is the translate of this parallelogram and does not pass through the zeros, and let 1,2, 73,74 be
the sides0 - 1,1 - 14+7,1+7— 7,7 — 0.

The number of zeros of 0(z,7) inside this parallelogram is

% i i),((,:,’:)) dz = % ( /7 Z((ZZTT)) dz+ L Z((ZTT)) dz+ /73 i)/((,:::)) dz /V Z((j:)) dz) '
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Because §(z + 1,7) = 0(z,7),

Because 0(z + 7,7) = e "7 220 (2 1),

0/ (2 +7,7) = (—2mi)e " TTIEY (5, 1) 4 e TG (4 1) = (—2mi)0(z 4+ 7, ) + e TT2EEY (5 1),
/ / / /
/ Q(Z’T)dz—l—/ G(Z,T)dzz/ H(z,T)dz / G(Z—i-T,T)dZ
oy 0(z,7) 0(z, 1) 0(z, 1) w 0z +71,7)
/ —TI"L’T 2miz ! —TIT—2Ti2
= / 9 / 77‘(‘27’ 27Tzz0 (Z’ T) dz — (_27”)/ 6771'1'7'7271'1',29(2, T) dz = 2mi.
! 0(z o 0(z,7) v € 0(z,7)

/
27t Jp (z,T)

SO

Thus

showing that the theta function has a single zero in a fundamental domain. In fact because the
theta function is even, this zero can only be 0,1/2,7/2, or (1 +7)/2. It is (14 7)/2.

6.3 The Weierstrass factorization theorem

6.3.1 Convergence of products and the Weierstrass factorization theorem

Definition. If (z,), is a sequence of complex numbers then

00 N
Zp = lim Z
H " N—oo w
n=1 n=1

if the latter exists.

Note that the product exists and is equal to zero if one of the numbers is zero. But the product
can be zero even if none of the numbers is zero. However, if [] 2, # 0, then lim,_,~ 2, = 1.

Proposition 22. If Rez > 0 for all n > 1, then [[>7, z, converges to a nonzero complex number
if and only if >~ >° | log z, converges.

Proof. page 165. 0

Lemma 5. If |z| < 1/2 then
1 3
SJ2l < log(1+ 2) < ol

Proposition 23. If Rez, > —1 then the series ) log(1 + z,) converges absolutely if and only if
the series ) z,, converges absolutely.

Proof. page 165 O
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Definition. If Rez, > 0 for all n the [[,, 2z, converges absolutely if ) log z, converges absolutely.

Corollary 10. If Rez > 0 the []z, converges absolutely if and only if » (z, — 1) converges
absolutely.

Lemma 6. Let (f,), be a sequence of functions that converges uniformly to f. Assume that there
is a such that Ref < a. Then exp f,, converges uniformly to exp f.

Proof. The proof is at Page 166. The idea is that if f, converges uniformly to f then f, — f
converges uniformly to zero. But then exp(f, — f) converges uniformly to 1. Because |exp f]
is bounded exp f exp(f, — f) converges uniformly to exp f, that is exp f,, converges uniformly to

1. O

Lemma 7. Let K be a compact subset of a Riemann surface and let (g,), be a sequence of
continuous functions from K into C such that > (g, — 1) converges absolutely and uniformly on
K. Then the product

converges absolutely and uniformly on K. Also, there is ng such that f(z) = 0 if and only if
gn(x) =0 for some n, 1 < n < ny.

Proof. Page 167. 0

Theorem 42. Let X be a Riemann surface and let (f,,), be a sequence in H (X, C) such that no
fn is identically equal to zero. If > (f, —1) converges absolutely and uniformly on compact subsets
of X then [, fn converges in H(X,C) to an analytic function f. If a is a zero of f then a is a zero
of only a finite number of the functions f,, and the multiplicity of the zero of f at a is the sum of
the multiplicities of the zeros of f, at a.

Proof. page 167 0

Definition. An elementary function is a function E,(z) of the form
22 2P
E,(z) = (1 —z)exp <z+2+---+p>, p> 1.
Lemma 8. If |z| <1 then |E,(2) — 1| < |z[PHL.
Proof. Page 168. OJ

Theorem 43. Let (ay), be a sequence in C with If p, is a sequence of positive integers such that

> r pntl
Zmn () < o0, forallr>0,
n=1 ’an|

then
f(z) = 1] Eon(2/an)
n=1

converges uniformly on compacts to a holomorphic function on C whose only zeros are at the points
a,, and have orders equal to the number of times a,, occurs in the sequence. Moreover, the sequence
pn = n — 1 satisfies the condition.
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Proof. Page 169 Note that E, (z/a,) = 0 if and only if z = a,. For every R > 0, there is ng such
that for n > ng, |a,| > r. Then for |z| < r, by Lemma 8,

pntl
|Ep, (2/an) — 1] < <‘;‘> for n > ny.
n

It follows that ) (Ep, (z/a,) — 1) converges absolutely and uniformly in B(0,r). The conclusion
now follows from Theorem 42.

For p, = n — 1, just choose ng, such that for n > ng, |a,| > R > r. Then ) |1 — Ep, (2/a,)|
is dominated by a geometric series, done. O

Theorem 44. (The Weierstrass Factorization Theorem) Let f be an entire function and let (ay,)y,
be the nonzero zeros of f with multiplicities m,,, respectively. Then there is a nonnegative integer
m (if m > 1, then m is the order of zero at zero), an entire function g, and a sequence of positive
integers (pp,), such that

Proof. page 170. O

Example 23. The factorization of the sine function:

Z2 a z
S mwe TZ n|:|1 ( 7’L2> TZ | | n

n=—oo

The proof is at page 175.

6.3.2 The Gamma function
6.3.3 Riemann’s zeta function and the Riemann hypothesis

Riemann’s zeta function is a fundamental tool in analytic number theory. Analytic number theory
studies properties of integer numbers using the tools of analysis. The path to constructing the
Riemann zeta function starts with Euler, who considered the s-series

o0

1

ns
n=1

as a function of the real variable s > 1. He noticed

Theorem 45. (Euler’s Theorem)

L6

n=1 p prime

Note that lim, 1 1/{(z) = 0. From this we obtain two immediate consequences:
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Proposition 24. (a) (Euclid) There are infinitely many primes.
(b) The sum of the reciprocals of primes

>,

p prime
diverges.

Proof. The first of these facts is obvious, if the product [[(1 — 1/p*) were finite, we could take the
limit as z — 1 and obtain a finite number.

For the second part, note that the product [[(1 — 1/p) equals zero. Then apply Corollary 10
to conclude that > (1 — 1/p —1) = — > 1/p does not converge absolutely, so this sum diverges.
Consequently > 1/p diverges. O

Riemann’s genius idea was to extend Euler’s construction to the entire complex plane. This he
published in a memoir in 1859. For Re(z) > 1, he defined Riemann’s zeta function as
[e.e]
1
C(Z) = Ev

n=1

exactly like Euler. Its absolute convergence that is uniform on compacts follows from the conver-
gence of p-series, with p = Re z. Then he extended the function to the entire plane.

Definition. The Riemann zeta function {(z) is a meromorphic function which has a single pole of
order 1 at z =1 and which for Re z > 1 is given by the formula

oo

(=3,

n=1

Riemann’s goal was to understand the distribution of prime numbers among the positive inte-
gers. In 1848 Chebyshev (also spelled as Tchebychev) has found an estimate for the the number
m(n) of primes less than or equal to n. Chebyshev’s prime number theorem shows that there exist
constants A and B such that for every n,

A—— N B—
1nN<7T( ) < Inn

In other words 7(n) is of order n/Inn. Chebyshev actually found that A = 0.4 and B = 0.48 work.
The procedure of extending the zeta function to a meromorphic function on the entire plane, as it
is outlined in detail in Conway’s book, is based on Chebyshev’s work

Here are the steps:

1. A formula for Re z > 1. Using the change of variable t — nt, we can write

o0 o0 oo
I['(z) = / e ' lat = / e M i  ndt = n‘z/ e "MF 1 qt,
0 0 0

Zn_zf‘ Z / e ME gt
e Mg = i dt
Z 6t -1 :

Thus
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2. A formula for Re z > 0. The above formula works for Re z > 1. We want to write a formula
that works for Re z > 1. We need to “correct” the issues that arise in this integral when ¢ is close

to 0.
C(2)I( )—/1 LI t*Lat + ( —1)1+/oo ! dt
z 2= 0 etfl t z 1 etfl ’

3. A formula for 0 < Re z < 1. We can restrict the formula to this strip and then rewrite it in

a more compact form
° 1 1
I'(z) = — — ) ¥ dt.
e = [ (at-7)

4. A formula for —1 < Re z < 1. Again we can rewrite this formula as

L7 11 1 </ 1 1
[(z) = —— 4 |- — —— ) tat
C(=)() /0 (et—l t+2> 2z+/1 (et—l t) ’

then extend the definition of the left-hand side to Re z > —1 using the right-hand side.

5. A formula for —1Re z < 0. In this strip the above formula can be written as

oo

/1 11\, o 1 B
C(z)F(z):/O <et—1_t+2>t 1dt:2/0 (Zw>tdt

n=1
=2(27)" 711 - 2) /00 Ldt
N 0o t2+1

Theorem 46. (Riemann’s functional equation) For —1 < Re z < 0,

C(2) =2(27)* 7T (1 — 2)¢(1 — 2) sin <;7rz> .

We can use this to extend the zeta function to the entire half-plane Re z < 0. As a corollary,
we obtain

Theorem 47. The zeta function can be extended to a meromorphic function in the entire complex
plane with only a simple pole at z = 1 whose residue is 1. For z # 1, { satisfies Riemann’s functional
equation.

This is a good example on how analytic functions are extended. There is a general procedure,
analytic continuation, which we will study later. Sometimes it produces extensions to the whole
complex plane, sometimes we obtain multivalued functions and then the disambiguation is done
using a Riemann surface (as it was done when trying to extend the square root to the plane).
You can understand better the above construction if you think about the following much simpler
example:

The function f(z) = Y ;72" is defined on |z| < 1. It can be extended to the entire plane
by the formula f(z) = 1/(1 — 2), and then on |z — 2| < 1 it has the series expansion f(z) =
50 o (~ 1) (= = 2)m

From the function equation we can deduce that 0, —2, —4, —6, ... (the nonpositive even numbers)
are zeros of the zeta function. These are called the trivial zeros.
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The Riemann hypothesis. The nontrivial zeros (which are the zeros different from 0, —2, —4, —6, ...)
of ¢(z) have real part equal to 1/2.

The Riemann hypothesis is useful for estimating the number 7(n) of primes less than or equal
to n. If the Riemann hypothesis were true, then a stronger fact could be proved, namely that

/ 7—1—0 n'/21nn).

Inx

Here O(nl/ 2Inn) is a quantity for which there exists a constant C, not depending on n, such that
O(n'?Inn) < Cn'/?Inn. This improves the observation of Gauss (1849) that

"odt

~ Li(n) = —.

(o) = Lif) = [

Here Li(n) is called the logarithmic integral (not to be confused with the dilogarithm).
Here are some known values of the zeta function:

7'1'2 7'['4 n(27 2n
C(2) = F?C(Zl) - %, ,C(Qn) = (—1)"+1B22((22n))!7

where By, is the 2nth Bernoulli number. Also,

(1) =~ 75.4(-3) = 50

6.4 Compactness in H(X,Y)

Recall that on the spaces of continuous and holomorphic maps between two Riemann surfaces X
and Y we have put the compact-open topology. We have concluded that if Y admits a metric (such
as when Y is an open subset of the Riemann sphere but there are other situations as well), then
the compact-open topology on both continuous and holomorphic functions is metrizable. This is
the setting in which we work now. Recall also that we require X to have a countable dense subset.

We want to analyze compact families (sets) of maps, or rather families of functions whose closure
is compact. Since in metric spaces compactness can be phrased in terms of convergence, we make
the following definition:

Definition. A set F in C(X,Y) or H(X,Y) is normal if each sequence in F has a convergent
subsequence.

We need a characterization of normal families for which we have to introduce another notion

Definition. A set F C C(X,Y) is equicontinuous at a point 2y € X if for everye > 0 there is § > 0
such that for |z — 29| < 9, d(f(2), f(20)) < € for every f € F.

Theorem 48. (Arzela-Ascoli) A set F € C(X,Y) is normal if and only if the following two
conditions are satisfied:

(a) for each z € X, {f(2)| f € F} has compact closure in Y;

(b) F is equicontinuous at every point in X.

Now we can proceed with characterizing normal families of holomorphic functions. Yet another
definition:
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Definition. A set F C H(X,C) is locally bounded if for every a € X there are M > 0 and an
open set U containing a such that

|f(2)| < M, for z € U.

Lemma 9. A set F in H(X,C) is locally bounded if and only if for each compact set K C X there
is a constant M such that |f(z)| < M for all f € F and z € K.

Proof. Every open neighborhood of a point contains inside a compact neighborhood, so one im-
plication is obvious. For the other implication, let K be compact, and for a € K let U,, M, be
the corresponding open neighborhood and constant. Then by compactness, finitely many of the
U,’s cover K, let them be Uy, ,Uq,, ... ,U,,. Then M = max(M,,, M,, ..., M,,) has the desired
property for the set K. O

Theorem 49. (Montel) A family F € H(X,C) is normal if and only if F is locally bounded.

Proof. If F is normal but not locally bounded, then there is K such that sup{|f(z)||z € K, f €
F} = oo. Choose {f,} a sequence such that sup{|f.(z)||z € K} > n. Choose a conver-
gent subsequence of f,, say f,, — f. Then convergence in the compact-open toplogy implies
sup{|fn,(2) — f(2)|| 2 € K} — 0. Hence sup{|f(z)||z € K} = oo, a contradiction because f is
continuous on K and hence has a maximum.

For the converse, we check the conditions from the Arzela-Ascoli theorem. Since both conditions
are local, we can restrict ourselves to a local coordinate chart, thus we can work in some closed
disk about a € C, B(a,r), where |f(z)| < M for all f € F. Let z be such that [z —a| < ir. By
Cauchy’s formula for v = a + re', 0 < t < 2,

1

—%A<ﬂ‘ﬂ)dw‘
/(f(“’)(a_z)dwlgzMM—z\.
. r

w—a)(w — 2)

|f(a) = f(2)|
1

2T

Let § < min(3r, g57€). Then if [z —a| < 8, [f(a) — f(2)| < €, showing that F is equicontinuous at

a, which is condition (b) from Arzela-Ascoli. Condition (a) is immediate from local boundedness,
choosing K = {a}. Thus, by the Arzela-Ascoli theorem, F is normal. O

Corollary 11. A subset of H(X,C) is compact if and only if it is closed and locally bounded.

Now we look at meromorphic functions. We have seen before H(X,CUoo) = M(X) U {fx} is
closed in C'(X,C U c0). Also, we can put on the Riemann sphere the following metric, so that we
are in agreement with Conway:

2|z — 2 2
) = (s e 5 =
This metric is equivalent to the one defined before.
Definition. For every f € M(X) define
2|f'(2)]

p(f): X = C, p(f)(a) = ;IE}ZW

This definition makes sense regardless of whether a is a pole or not. If a is not, then the
right-hand side is the limit of a continuous function.
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Theorem 50. A family 7 C H(X,C U {oo}) is normal if and only if u(F) = {u(f)|f € F} is
locally bounded.

Proof. Here is a rewrite of the proof from Conway. Again we apply the Arzela-Ascoli theorem,
and the only difficult part is to check that if u(F) is locally bounded then F is equicontinuous.
Certainly, we can work in local coordinates, thus we can think X to be an open subset of C. Assume
wu(f) < M in some open disk containing z. Let € > 0. We want to find § > 0 such that |z — 2| < §
implies |f(z) — f(2')] < e for all f € F.

Fix f € F. Suppose that z, 2’ are not poles of f, and choose a polygonal path wy = z, w1, ..., w, =
2’ that avoids poles. Using the triangle inequality we have

n

! n = 2 WE ) — w
d(f(2), f(#)) < ;d(f(wk)yf(wkl)) => [(1+f(wk)Q)(l+f(wk,1)2)]1/2’f( k) — f(wp—1)]

k=1
= 2 flwg) = flwg—1)
< — _ — _
< ; T F DT For ) | wr = we S (we—1) | lw — we—1]
n 2 ,
+ W—1)||wp — Wk—
20+ Flan?) 0+ e (el =i
| fwe) = flwp—1) - 2(1 + [ f (w)[*)
< 2 — _ — w1 |+ M — Wk
Now, for this particular f we have some freedom of choice. We can choose wy,wo, ..., w,_1 so that

n
> we — wp| < 2|z — 2|
=1

f(wy,) : Jlwg—1) B f,(wk—l)
Wk — Wk—1
201 + [ f (wi)?)
[(1+ f(wp)?) (1 + f(wp—1)?)]"/?

<«

<l+a,

for some a > 0. Then
d(f(2), f(") <4dalz = 2| +2(1 + a)M|z — 2’| = (4a + 2a + 2aM)|z — 2]

Letting o — 0, we obtain d(f(2), f(2)) < 2M|z — 2/|.
If 2’ is a pole, then

d(f(2),00) = lim d(f(2), f(w)) <2M lim |z —w| =2M|z — 2/|.
/ w—z!
So we can choose § = €¢/2M and we are done. O

6.4.1 The Riemann mapping theorem

The category of Riemann surfaces has as objects the Riemann surfaces and as morphisms the
holomorphic maps between such surfaces. The isomorphisms of this category are the biholomorphic
maps, namely the maps who admit holomorphic inverses.

Definition. Two Riemann surfaces that admit a biholomorphic map between them are called
conformally equivalent.
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Lemma 10. If f: X — Y is, holomorphic, one-to-one, and onto, then it is biholomorphic.

Proof. By the Open Mapping Theorem, f is an open map so its inverse, f~! is continuous. Now
let us focus on one point zg and work in local coordinates. Then f/(zy) # 0, or else f(z) — f(z0)
has a zero of order 2 at zy so it is not injective, by Theorem 24. Then, by the continuity of f’,
1'(2) # 0 in a neighborhood of U of zy. Let V = f(U). Then f : U — V is holomorphic, invertible,
and with nonzero derivative. By Proposition 6, f~! is holomorphic on V. Varying 2z, and thus
f(20), we obtain that f~! is holomorphic, so f is biholomorphic. O

We now prove that if X C C and X simply connected (meaning that any loop in X can be
continuously deformed, in X, to a point) then X is conformally equivalent to either the entire
complex plane C, or to the open unit disk D. Moreover, the former happens only when X = C,
and by Liouville’s theorem, the complex plane is not conformally equivalent to the unit disk.

Theorem 51. (The Riemann Mapping Theorem) Let G be a simply connected region which is not
the whole plane and let a € G. Then there is a unique biholomorphic map f : G — D such that
f(a) =0 and f'(a) > 0, where D is the open unit disk.

Proof. Pages 160-162. Here are the main ideas to keep in mind:

e You first show that there are one-to-one analytic functions f : G — D such that f(a) = 0
and f'(a) > 0. You do this by choosing a point b € C\G, and then taking z — v/z — b. The
image of this function lies in the exterior of a disk, and via a Mobius transformation, it can
be mapped inside the unit disk. Let now F be the set of such functions.

e You show that F U {0} is closed. For this you use Hurwitz’s theorem to prove that if a
sequence of one-to-one functions converges, then the limit is either one-to-one or constant.

e You show that there is a function in F that mazimizes f'(a). By Montel’s theorem F U {0}
is compact, so the continuous functional f — f’(a) has a maximum. This maximum is not 0,
so there is a function in F for which this maximum is attained.

e You show that if f is not onto, then f is not a mazimum of the functional. For this you pick
a point w € D\ f(G), and construct

zZ—w _|W(a)|] z—a

d)(z):l—@z’ h=+/¢of, () W (a) 1—az’

then finally set g = 1) o h. You show that ¢'(a) > f(a).

Here is a brute force example.

Example 24. Let us find a biholomorphic map f between G; = {z||z — 1| < 1} and G2 =
{z|37/4 < arg z < 5m/4} such that f(1) = —1 and f'(1) > 0.

Note that one can map G by fi(z) = 2% to the half-plane G3 = {z|Re z > 0}. The rotation
fa(z) = iz maps it further to the upper half-plane.

We now find a Mobius transformation fs from G1 to the upper half-plane. For that we map
0— 1,144+ 0, 2+ oco. The formula is

z— (144 0—(1+i) (1—-i)z—2
2—2 7 0-2  z-2

f3(z) =
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Now the map
9(2) = (fao f1)~ Ly f3(z W 1;1)7;—{—21

maps G1 to Go. But

g(1) = VI =i = \/V2eTim/4 = /2eTin/8 £

So we need to adjust, in order to both map 1 to —1 and to make sure that the derivative is positive.
Let us instead find a function h : Gy — Gp such that h'(—=1) > 0 and h(—1) = 1. Then we
take f = h~!, since this works by Proposition 6. The function h is obtained by composing an
automorphism of G; with

2224924
_1 _
9B = oy
Note that
4i
1 .
g (D=173"5"5

Let us now find ¢ : G; — G such that (Z)(% + %z) = 1. Note that 1 is the center of the circle G1. If
this were the unit disk, and we were mapping a = % + %z to the origin, we would simply use

zZ—aQa

Pa(z) =

1—az

Let t1 be the translation ¢;(z) = z — 1. Then we must use

- (2 + z)z — % (4+2i)z —4i
—— " _ 5 5 = .
¢(z) =17 0 gq0t1(2) = %+%)Z+,_, (—1+42i)z + 6 — 2
Then
422 + 24

1 N
RS Al o) o e

maps G2 to G and —1 to 1. We have

d 2 d —2+i 240z
< == 2 (2 —4 : .
7?09 ) 2—i—idz< +22+1> 2+i  (2+1)2

The derivative at —1 is therefore g“ = % + %z’. The only place where we can insert a phase factor

is in front of ¢,. So let a be a complex number whose absolute value is 1. Set v, = A¢, and let

(BA—=1+2i)z+6 — 6\ —4i

P(z) =t oy oti(2) = (—1+2i)z+6—2i

Then

(2A +2)2% + (3 — 3)\) + 2\i
(2+14)22+ (2 +1)

h(=)pog (=) =
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This maps G to G1 and —1 to 1. Its derivative is

d 1 d

T—=5A+2X\\ 1 —5A+2)\i z
22+1 N 241 (22 +1)2
The derivative at —1 is

1
4+ 2i

(1= BA+ 2Xi) = 2%(% —4)(1 = BA+2)i) = %{(g C 90+ (i - 2)).

We want this number to be positive. Set A = cos@ + isinf. Then the real part of this number is
8 cos O + 9sinf + 2, which we want to be positive, and the imaginary part is —9cos€ + 8sinf + 1,
which we want to be zero. Divide by /82492 = /145, and choose a € (0,7/2) such that
sina = 8/1/145, cos a = 9/4/145. Then we should have

sinacos @ + sinf cosa +2/v145 > 0
cosacosf —sinasinf = 1/v/145.

Now choose 3 € (0,7/2) such that cos 3 = 1/v/145. Then we should have cos(f — a) = cos 3. We
make the choice # = o + . Then the first expression is sin(2a + 3) + 2/v/145, and is not hard
to realize that a4+ 208 < m, for example because @ < 7/4 and [ < 7/2. Hence we have a map
h : Gy — G1 such that h(—1) = 1 and A'(—1) > 0. Invert and obtain that the desired function is

o B 2+i)w— (2A +2)
flz)=h"'(z) = \/(_2_¢)w+(3—3)\)+2/\i

where we use the branch of the square root for which /1 = —1, and X is defined as above. The
Riemann mapping theorem shows that this function is unique.



Chapter 7

Approximations of holomorphic
functions

7.1 Runge’s Theorem

The following proof I have found in the lecture notes of Ch.L. Epstein (at UPenn).

Theorem 52. (Runge’s Approximation Theorem I) Let K C © C C, K compact, © open. The
following conditions are equivalent:

(a) Every holomorphic function in a neighborhood of K can be approximated by holomorphic
functions in .

(b) The open set 2\ K has no component whose closure is compact in .

Proof. (a) implies (b). Assume by contrary this is not true, and let L C Q\K with L compact.
Then the boundary of L lies in K. Let w € L, and consider h(z) = (2 — w)~! holomorphic in a
neighborhood of K. Then we can find a sequence f,, of holomorphic functions in §2 such that f, — h
uniformly on K. But then (z — w)f, — (¢ — w)h uniformly on K. Using the maximum modulus
principle, we find that (z — w)f,, converges to (z — w)h uniformly on L, because the boundary of
L lies in K. But (z — w) fn(2)],=w = 0, but (z — w)h(2)|,=w = 1, a contradiction.

(b) implies (a) Let Hx and Hgq be the linear subspaces of the Banach space C'(K) of continuous
functions on K with the sup norm that consist of the restrictions to K of the holomorphic functions
in a neighborhood of K on the one hand, and of the holomorphic functions on €2 on the other hand.
Consider the closures Hy and Hg. Assume that they do not coincide, and let f € Hyx\Hg. Then
the Hahn-Banach theorem in functional analysis states that there is a continuous linear functional

¢ : C(K) — C, such that ¢[7—=0, ¢(f) =1

Another result in functional analysis, the Riesz representation theorem implies that ¢ can be
represented by a finite measure on the Borel subsets of K, meaning that

o(9) = /K gdp.

So, to finish the proof, we have to show that if  is a finite measure on K, then fK fdu =0 for
all f € H(Q2,C) implies |, i Jdp =0 for all f holomorphic in a neighborhood of K. Let u be such

a measure. The function
du(w
b(2) = / p(w)
K 2 — W

65
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vanishes for z € C\Q. This function is holomorphic for z € C\K. But since every component of
C\ K meets a component of C\Q2, we deduce that ¢ =0 on C\K.

Now let h be a holomorphic function in a neighborhood of K and let x be a function that is
supported in the domain of A and identically equal to 1 on K. Using the product rule and the
Cauchy-Pompeiu formula, we obtain

// f”wcl A dw.
" 2mi CO\K W—Z

/h( Jp(z) = 5 — /// a“’dw/\dwd,u()
K T (C\K w—z
// / 3wd (2)dw A diw = 0,
27TZ (C\K

where in the second equality we changed the order of summation. The conclusion follows. O

We now compute

Theorem 53. (Runge’s Approximation Theorem II) Let K C C be compact and let E C C\K be
such that F intersects every component of C\ K. If f is analytic in an open set containing K and
€ > 0, then there is a rational function R(z) = P(z)/Q(z), with P(z) and Q(z) polynomials, such
that all zeros of Q(z) are in E and

[f(z) = R(z)| <e

Proof. Let f be holomorphic on U O K, with U open and U compact. Choose one point in each
component of C\K that intersects C\U. Because K is compact, the distance from K to C\U is
positive, let it be 4. Also, because K is bounded, the number of connected components of C\K
that contain an open disk of radius 6/2 is finite. But any component that does not contain such
a disk lies inside U. So the number of connected components of C\ K that intersect C\U is finite.
Choose a (finite) point from E in each of these components, and let these points be z1, 22, . .., 2.
Let Ky be the compact set obtained as the union of K and the connected components of C\ K that
lie entirely in U. Then f is still holomorphic in a neighborhood of Ky, but now F is finite.

Let us apply the previous theorem to Ky and Q = C\{z1, 22, ..., 2, }. Then there is g € H(2, C)
such that

1f(z) —g(2)] < %, for all z € K.

At every zj, expand

o

9(x)= 3 di(z— ).

j==o0

Because the distance from zj to K is positive, for every k there is ry, > 0 such that B(z,r) C C\K.
For every k, choose Nj € N such that

~ N, .
Z a?(z —zp)| < 3 for |z| > 7.

j==o0
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This is possible because of the uniform convergence of the Laurent expansion on compact annuli
(see the proof of the Laurent series expansion theorem for more details). Set

where ¢(z) is integral (i.e. holomorphic in the entire plane. Next, choose a polynomial P(z) such
that

sup{|P(z) = 4(2)||z € K} < |z € K}.

3sup{|Q(2)|

Set R(z) = P(z)/Q(z). Then R(z) is rational, it only has poles or removable singularities at
Z1, 29, ..., 2n, and

[f(2) = R(2)| < |f(2) = 9(2) + 9(2) = h(2)| + |h(z) = R(2)]

i l(z)— P(z
U@ -g@+ 1Y bz -z + A= LE
k=1 j=—o0 1Q(2)|
€+< n € +€ 6+6+€
c € e_€e_ €€
k=1
as desired. .

Corollary 12. Let G be an open subset of the plane and let E be a subset of (CU{c0})\G such that
E meets every component of (CU{o0})\G. Let R(G, E) be the set of rational functions with poles
in E, viewed as a subspace of H(G,C). Then R(G, E) is dense in H(G,C) in the compact-open
topology.

Corollary 13. If G is an open subset of C such that (C U {c0})\G is connected, then the set of
polynomials is dense in H(G,C).

Proof. Apply Runge’s theorem with £ = {oco} O
At this moment we have a nice characterization of simply connectedness.
Theorem 54. Let GG be open and connected in C. Then the following are equivalent

e (G is simply connected;

e n(v,a) =0 for all loops v in G and a € C\G;

(CU{00})\G is connected;

e any analytic function in G is the limit of a sequence of polynomials;;

f,yszfor all f € H(G,C) and v a loop in G}
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e every analytic function in G has an antiderivative;

for every nonzero analytic function f in G, log f is well defined;

every nonzero analytic function is G has a well defined square root;

G is homeomorphic to the unit disk.

7.2 The Mittag-Leffler Theorem

We have seen that given finitely many points in an open set and fixing the singular parts of
a holomorphic function at these points we can construct a function that is holomorphic off those
points and has the prescribed singular parts. But what about infinitely many such points? We have
seen before that we can construct a holomorphic function with prescribed zeros. Can we prescribe
the poles? More than that, can we prescribe the singular parts of a meromorphic function?

Theorem 55. Let G be an open set, (ag)r a sequence of distinct points in G without a limit point
in G, and let

mi
Z ) k=1,2,..

Then there is a meromorphic function f on G whose poles are exactly the points ax, & > 1, and
such that the singular part of f at ay is Si(2).

Proof. The complete proof is at pages 205-206. Here are the main ideas of the proof.

First, if there are only finitely many aj, then we can just take f(z) = >, Sk(2). The expression
on the right is the partial fraction decomposition of the rational function f, and this partial fraction
decomposition contains splits f into the sum of its singular parts at each of ay. Indeed, at a; all
Sj, j # k, are holomorphic and so do not contribute to the singular part at ay.

If there are infinitely many aj we can still take f(z) = >, Sk(2), but the sum might not
converge. But then we choose the compact sets K,, such that
(i) K, C intK,+1 C G,

(i) Up K = G,
(ii) every connected components of C\ K contains a point from C\G.

Divide the indices of the sequence (ay) into the sets I, with I; containing the indices of aj in
K1, and I, containing the indices of ay in K,\K,—1, n > 2. All I, are finite because of compactness
and because aj has no accumulation point in G.

Then use Runge’s Theorem (Theorem 52) to approximate on K,_; the function f,(z) =
> ker, Sk(z) by a holomorphic function on G, R,(2). Do it such that

|f(2) — Ru(2)] <1727
Set f(2) = f1(2) + X1 (fa(2) = Ru(2)).

Now on the open set intK,, 1 we have

n—1
2)= 2 Sk(2)+ Y | D Su(x) = Ri2) | + > (fi(2) — R;(2)).

kel Jj=2 \kel; jzn
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This sum converges by the Weirestrass M-test. The last term is holomorphic on intK,_1, so it
does not contribute to any singularities in int/,_;. Nor does any of the R;(z) create or contribute
to singularities. So on intK,,_; we are in the situation of the finite sum discussed in the beginning,
with the only singularities given by the ay with k € I; Ul U...UI,_1. These singularities have the
singular parts Si(z).

Now as you vary n, you cover all G, as the union of the interior of K, also cover G. O
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Chapter 8

Analytic continuation

8.1 Schwarz Reflection Principle

Theorem 56. (Schwarz Reflection Principle) Let G be a region that is symmetric with respect to
the real axis. If f: GN{Imz > 0} — C is continuous and analytic on GN{Imz > 0} and f(z) € R
when € G N R then f can be extended to an analytic function on G.

Proof. pages 211-212 O

8.2 Analytic Continuation along a Path

8.3 The Monodromy Theorem

Theorem 57. Let G C C be open. Let (f, D) be so that D C G and D open, and f € H(D,C)
such that (f, D) can be analytically continued along any path in G that starts from a point in D.
Let a € D, b € G, and 79 and ~; be two paths such that vy(0) = 71(0) = a, v(1) = y1(1) = b, and
70 and 77 are homotopic with fixed endpoints. Consider the analytic continuations (f, DY) and
(f},D}) of (f, D) along 7o and 71 (o f{ = f = f¢ and D = D} = D). Then [f7], = [f1].

71
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Chapter 9

Riemann surfaces

9.1 Riemann surfaces as domains of functions

This section uses some things from Donaldson’s book on Riemann surfaces and from C. Teleman’s
lecture notes, as well as some ideas from my topology course.

The closed orientable surfaces are classified by their genus. More general surfaces can be quite
complicated.

Recall the definition of Riemann surfaces from before. They were introduced by Riemann in the
study of elliptic integrals, in relation to implicitly defined functions. The story was about functions
w(z) defined by an algebraic equation P(z,w) = 0, where P is a 2-variable polynomial, and the
question was where does the function w naturally live. We have encountered this question before,
for P(z,w) = z — w?, when w(z) = \/z. We have seen that the domain was a Riemann surface
obtained by patching together two copies of the plane cut along a ray. This is one way to produce
Riemann surfaces, but there are many other ways. I will show you below many, many examples.

9.1.1 The Riemann sphere revisited

We recall that the Riemann sphere is the one point compactification of the plane, and that it is
itself a Riemann surface. We will now identify it with the projective line CP'. For this define the
n-dimensional complex projective plane by:

CP"=C""™N{0}/~ z~7Z ifz=X, X\ecC\{0}.

We put on the quotient space the topology induced by C"**!. Using appropriate charts, teh result
can be made into a complex manifold. For example when n = 1, then we let Uy = {[Zo, Z1]| Zo # 0}
and Uy = {[Zo, Z1]| Z1 # 0}, where square brackets are used for equivalence classes. The maps
gbo : Uo — C,gf)o([zl, ZQ]) = Zl/Zo and gf)l : U1 — C, ¢oo([Z07Z1D = Zg/Zl define charts that allow
us to identify CP! with the Riemann sphere C U {oo}.

In general we can turn CP" into an n-dimensional complex manifold by using the charts
Uj = {[Zo, L1y eeny ijl, 1,..., Zn] | Zi € (C}, and qZ)j : Uj — C, gf)([Zo, L1y eeny ijl, 1,..., Zn]) =
(Zo, Z1, ..., Zy). In this picture, ¢, ! embedds C" in CP", and the remaining part is referred to
as the hyperplane at infinity. In particular CP?\Uj is the line at infinity Lo.. It is important to
point out that the n-dimensional projective space is compact, and that it is an example of a com-
pactification of the n-dimensional complex space, which when n > 1 is different from the one-point
compactification.

73
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9.1.2 Algebraic curves

Let us return to the equation P(z,w) = 0 that defines w, and look at the so-called affine curve
defined by it

X = {(z,w) € C*| P(z,w) = 0}.

It turns out that the curve is the right domain of w.

Compare to 22 + y?> = 1. The function y is defined on [~1,1] by either y = /1 — 22 or
y = —y/1 — 92, but the two overlap at endpoints. So it makes sense to glue the endpoints. But
then you get a circle: the circle 2% + 4% = 1! And indeed, the function y defined in the circle just
projects on the first coordinate.

But the affine curve might not be a Riemann surface. Nevertheless we have the following result:

Theorem 58. If for each point on X either 9P/Jz or dP/0w is not zero, then X is a Riemann
surface.

Proof. Assume that (zp,wp) is a point where dP/0w does not vanish. Then using the implicit
function theorem, there are disks D1, Dy C C centered at zp, such that X N (D; x Dy) is the graph
of a holomorphic function ¢ : D1 — Dy. Then we can define a chart ¢ : X N (D; x D) such that
P(z,¢(2)) = z. If (20, wp) is a point where OP/0z does not vanish, switch the roles of z and w.
We have to check that the changes of coordinates are holomorphic. Between two charts of
the first kind, or two charts of the second kind, the changes of coordinates are just the identity
maps. The change of coordinates from a chart of the first kind to a chart of the second kind is just
2z (z,0(2)) = ¢(z), and this is holomorphic. The theorem is proved. O

Example 25. Let A € C and define the curve
X ={(z,w)|w® = 2(z —1)(z = \)}.

Then the conditions of Theorem 58 are satisfied, and consequently the curve is a Riemann surface.
What surface? It is the Riemann surface of the function w(z) = /2(2 —1)(z — A), which is a
punctured torus. We will see below how to make it into a torus with no puncture.

This curve can be presented in a different form, by multiplying out and changing the z-variable:

X ={(z,w)|w® = 2> + az + b}.

The condition that the cubic polynomial does not have a multiple root, namely that the cubic is
nonsingular, is that the discriminant A = —16(4a® + 27b%) be nonzero.

Example 26. Let

This is a sphere with one puncture.

Example 27. The affine curve
X ={(zw)|w® =2}

does not satisfy the conditions from the statement.
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Now we turn to projective curves, which lie not in the 2-dimensional complex space, but in the
the 2-dimensional complex projective space, which is obtained by adding a complex line at co to
C2. Consequently, we will add add points at infinity to the affine curves, turning the ones that are
Riemann surfaces into closed Riemann surfaces (provided that they behave nicely at infinity).

For this let p be a homogeneous polynomial of degree n in 3 variables, meaning that

(2o, 21, Z2) = Z ci07i1,i2ZéOZiIZ;2'
i9+i1+i2=n
For technical reasons, let us further assume that p is nonconstant and that is not the product of
two polynomials, in particular it is not divisible by any of the variables. Note that

P(AZo, A\Z1, A Z2) = N'p(Zo, Z1, Za)

meaning that it is n-homogeneous, so it satisfies the Euler identity

op dp Ip
A Z Z
9z "oz T oz
Note that p(Zy, Z1, Z2) = 0 is equivalent to p(AZy, AZ1,AZ2) = 0 for all A # 0. So the equation
p(Z1, Za, Z3) = 0 defines a subset X of CP? which we call the projective algebraic variety defined
by p, which in this case is just the projective curve. Thus

= np.

X ={[Z, Z1, %) € CP?|p(Zy, Z1, Z5) = O}.
Note that projective curves are compact. Note that
X=XnNUy=XNC?={(z,w)| P(z,w) = p(1, z,w) = 0}.
Thus X is an affine curve, and X is obtained from it by adjoining the points at infinity
X N Lo = {[0,Z1, Z5) | p(0, Z1, Z) = 0}.

Note that in C3, p(0, Z1, Z5) = 0 is 1-dimensional, and so in CP?, this becomes 0-dimensional,
hence a finite set of points on the line at infinity.

Theorem 59. Suppose p(Zy, Z1, Z2) is homogeneous of degree d > 1 and assume that all of its
three partial derivatives are simmultaneously equal to zero only at the origin. Then

X ={[2%, %1, Z5) € CP? | p(Zo, Z1, Z2) = 0}
is a compact Riemann surface.

Proof. Euler’s identity implies right away that p is not divisible by any of the variables. Now let
us work in a chart of CP?, say Uy. Thus Zy # 0. The intersection X of X with this chart is

X ={(z,w) | P(z,w) = p(1, z,w) = 0},

Note that 0P/0z = 0p/0Z1 and OP/0w = Op/0Z,, and the latter cannot both be zero on a point
in the zero set of p, or else by Euler’s identity dp/0Zy = 0 at such a point as well, which is ruled out
by the hypothesis. So we are in the condition of Theorem 58 showing that via the Implicit Mapping
Theorem we can put a Riemann surface structure on X. But on the part of X that lies in the
intersection of two charts we can put via the same theorem the same Riemann surface structure.
So X is a Riemann surface. O
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Example 28. Let us return to the Riemann surface of the nth root
X ={(z,w) |w" = z}.
Its compactification in the projective space is
X ={[20,21,2Z5) € CP*|p(Zy, Z1, Z2) = Z4 — Z1 Z) ™" = 0}.

We have

. L0 .
= (-2, g =2 o =n

On the curve also Z§ — Z1Z"! = 0. Note that if n > 2 at (0,1,0) all of these are zero. So the
conditions of Theorem 59 are satisfies exactly when n = 2. There is exactly one point at infinity.
In that case X is a sphere. We will see later that it is conformally equivalent (i.e. biholomorphic)
to the Riemann sphere.

Example 29. We now look at the famous example of elliptic curves. These are the compactifica-
tions of the curves of the form

X ={(z,w)|w? = 2> +az+b} —16(4a® — 270%) #£ 0.
We set
X ={[Z1, Z, Z3)| Z3Zy — Z} — 2aZy — bZ3 = 0}.

If we set the partial derivatives equal to zero we obtain

73 —2aZ; —3bZ3 =0

378 —aZi =0

2797y = 0.
We only need to be concerned with what happens on the line at infinity, because we already
know that the curve is smooth at finite points. But if Zy = 0 then the above conditions imply
Z1 = Zy =0, so the conditions of Theorem 59 are satisfied.

How many points are there at infinity anyway? Well, Zy = 0 implies Z; = 0, so there is only

one point at infinity, namely [0,0,1]. We add this point to the punctured torus X and obtain a

torus with no puncture X.
We will revisit elliptic curves in a moment.

9.1.3 One-dimensional abelian varieties

Let 7 € C be such that Im 7 > 0. Consider the following discrete subgroup of (C,+) (referred to
as a lattice):

A={m+71n|m,n € Z}.

The standard Riemann surface structure induces a Riemann surface structure on the quotient C/A.
We obtain what is called a I-dimensional abelian variety. The name variety comes from the fact
that it is a projective variety with the same complex structure. It is worth mentioning the fact
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that these tori are projective varieties can be proved with the Lefschetz trick, which uses theta
functions!

There is an apparently more general way to define these Riemann surfaces, using wy,ws € C\{0}
such that wy/w; € R. By switching w; with we we can assume that Im ws/w; > 0. Then set

L = {njwi + nows | n1,n9 € Z}.

Then C/L is again a torus with a Riemann surface structure. As a homework exercise shows, this
case is already covered by the previous situation.

Let us connect this to elliptic curves. We introduce the Weierstrass p-function (which makes
the object of a homework exercise).

1 1 1
-5+ 8 (e w)
weL\{0}
This function is meromorphic in the plane, it is holomorphic in C\ L.

Proposition 25. The series defining o converges uniformly in H(C,CP!) (i.e. in the space of
meromorphic functions on C.

Proof. First observation is that , then

1 + nawal = lwrllny + nawsfwn| = |y (m +n2)2 + n{Imen fun 2
So there is a constant ¢ > 0 such that |njwi + nows| > cy/n? + n3. Consequently,

Z 1/|w]® < oo and Z 1/|w]* < oc.

weL\{0} weL\{0}

Let K be a compact set in C. Note that L N K is finite. Moreover, if we set M = sup,c |2/,
there is N such that for n? +n3 > N, [njw; + naws| > 2M. Set Ly = {njw; +nows |n? +n3 > N}.
Then ZwELN (ﬁ — ﬁ) defines a holomorphic function on K. To prove this, for w € Ly note
the estimate:

1 1| | 22w — 22 H | 2|2
(z—w)?  w? (z—w)2w?| = Twl|lz —w*  |Jw?|z —w]?
But
1 1
|z —w| > w| —[z| > |w| = M > |w| - §\w| = §Iw|~
Thus
1 1 |2] | 2|2 1 5 1
- = < 8M—— +4M>—
Cow?  w?| = ol —wP el —wP = wp T Juf

Consequently >, L (ﬁ — ﬁ) converges uniformly and absolutely on K, thus defines a holo-

morphic function on K. Hence p converges in the compact-open topology of H(C,CP?'). OJ
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Proposition 26.
g =23 —
(z —w)*

Proof. The series converges uniformly on compacts in C\L in the topology of the space of holo-
morphic functions, so it can be differentiated term by term. ]

Note that by construction g is even and g’ is odd. And it is immediate that @’ is doubly periodic
with periods wy and we. But we actually have the following result.

Proposition 27. The Weierstrass p-function @ is doubly periodic with periods w; and ws.

Proof. We have

d

0z +wi) —p(2) = ¢'(z +wi) - ¢'(2) = 0.

Thus there are constants C; such that p(z +w;) = p(z) + C;, ¢ = 1,2. But for z = —w; /2,
p(wi/2) = p(—wi/2) + C; = p(wi/2) + C,
Thus C7 = Cs = 0, and so p is doubly periodic, as specified. O

Thus we can interpret  as a function in H(C/L, CP'), namely as a meromorphic function on
the torus. The functions in H(C/L, CP") are called elliptic functions. They are ‘inverses’ of elliptic
integrals, one of which computes the arc-length of the ellipse. The same is true for its derivative
¢'. These are examples of what are called elliptic functions. Note that by Liouville’s Theorem,
H(C/L,C) = C, since any holomorphic function on C/L is bounded and can be lifted to a bounded
holomorphic function on C.

In some sense p and @ are the elliptic functions. Every other elliptic function can be written
in the form Ry (p) + ¢'Ra(gp), where Ry, Ry are rational functions. We will not prove this, nor will
we prove a fact discovered by Jacobi, namely that every elliptic function can be expressed in terms
of theta functions. But we will prove one thing, namely we will establish a conformal equivalence
between elliptic curves and one-dimensional abelian varieties.

To this end, set

1 1
go = 60 Z W and g3z = 140 Z W
weL\{0} weL\{0}

Theorem 60. The Weierstrass p-function satisfies the differential equation

0 (2)” = 4p(2)° — gap(2) — gs.

Proof. This proof is sketchy, we ignore the convergence issues. The idea is from C. Teleman’s
lecture notes on Riemann surfaces. First, set G, = > oy w - We have the Taylor series
expansion

—k (—1)k z
_ _ 14k
(z —w) " + " +

k(k+1) N k(k+1)(k+2) 2°

2
21 w? 3! w3
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Changing the order of summation and canceling the odd powers of z we have

I =2-3---2m+1) o
p(z):z2+mz::1 @] NG o (w)u?™.

Do the same computation for the derivative, or simply differentiate this sum to obtain

2 —=2-3-(2m+ _
{Q, z — 72 + Z (2m — 1 )G2m+2(w)u2m 1_
m=1
Now compute f(z) = ¢'(2)? —4p(2)3 —g2p(2) —g3. Well, this is impossible! Instead, note that when
computing the first few terms the singularity at the origin cancels out, and we get a function f that
is elliptic and holomorphic, not meromorphic. But then it is constant, by Liouville’s Theorem. The

constant is zero, because f(0) = 0. Consequently ©(2)? = 4p(2)® — gagp(2) — g3, as desired. O

Proposition 28. In a fundamental domain given by the parallelogram with vertices 0, w1, ws, wy +
wo the function p'(z) has exactly three zeros, namely w;/2,ws/2, (w1 + w2)/2. Moreover, if we set
e1 = p(w1/2), ea = p(we/2), e3 = p((w1 +w2)/2), then eq, e, eg are distinct and these numbers are
the roots of the equation 423 — goz — g3 = 0.

Proof. Consider a complex number ¢ whose real and imaginary part are positive, and sufficiently
small when compared to |wi], |w2|, w1 +wa| (say 1/10th of the smallest of these numbers). Consider
the parallelogram D with vertices ¢, w; + ¢, w2 + (, w1 +wa + (. There is exactly one pole of order 3
inside D, and because of periodicity, if v is the counterclockwise contour consisting of the boundary
of this parallelogram, f ©"(2)/¢'(2)dz = 0. By the Argument Principle (Theorem 22):

1 [9"(2)

- dz = number of zeros of ¢ in D — number of poles of ¢’ in D,
2mi ), ¢'(2)

¢ has exactly three zeros, multiplicities counted, inside D. By periodicity

o (wi/2) = —p'(—wi/2) = ¢ (wi/2 + wi) = ¢ (-wi/2)
O (w1 +w2)/2) = =g/ (— (w1 + w2)/2) = @' (= (w1 +wa)/2 + w1 +w2) = ' (—(w1 +w2)/2)

50 ' (w1/2) = ' (wa/2) = ' ((w1 + w2)/2) = 0. As seen above, there are no other zeros in D, as
there are only three zeros in any fundamental domain, and in particular in the parallelogram with
vertices 0, w1, ws,wq + wa.

Let us now prove that eq, eg, e3 are distinct. If say e; = eq, then f(z) = p(z) —e1 = p(z) — €2
has zeros at wy/2 and wy/2, and since f'(z) = p/(z) and @' (w1/2) = ' (w2/2) = 0. But then each
of the zeros of g is double. But the the Argument Principle:

1 /
- / & (Z)dz = number of zeros of p in D — number of poles of p in D
2mi )y 9(2)

implies that o has only 2 roots, multiplicities counted, in a fundamental domain. So ey, ez, e3 are
distinct.
Finally, because

4e3 — gaer — g3 = dp(w1/2)* — g2p(w1/2) — g3 = @' (w1 /2)* =

and same for eg, e3, we deduce that ey, eg, e3 are the three roots of the equation 423 —goz—g3 = 0. [
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Note that as a biproduct of the proof, we deduce that every elliptic function, i.e. every map
in H(C/L,CP?'), has the same number of zeros and poles. In fact, by adding a constant to the
function, we deduce that every value of the function is assumed the same number of times. This
number of times is called the degree of the function. In our case g has degree 2 and ' has degree 3.
There are no maps of degree 1 or else the one-dimensional abelian variety and the Riemann sphere
would be conformally equivalent, and in particular would be homeomorphic. But one is simply
connected and one is not, and to prove this you do not need a lot of toplogy, just notice that the
integral of any holomorphic 1-form on a closed contour in the Riemann sphere is zero by Cauchy’s
theorem, while the integral of dz on the closed contour from 0 to w; on the torus is w; # 0.

It is quite spectacular that from here we deduce that g% £ 27¢3, so the discriminant of the cubic
is nonzero! Now we have an abelian variety C/L and an elliptic curve X obtained by compactifying
in the projective space the affine curve defined by w? = 423 — goz — g3.

Proposition 29. The map f : C/L — X given by f(z) = [1, p(2), ¢'(2)] if z # 0 and f(0) = co is

a conformal equivalence.

It can be shown conversely that every elliptic curve has an associated lattice, and hence an
associated one-dimensional abelian variety.

9.2 Riemann surfaces through analytic continuation

9.2.1 The formulation of the problem

So we have addressed the problem of constructing the appropriate domain of a function w implicitly
defined by a polynomial equation P(z,w) = 0, which, historically, was the starting point in the
development of Riemann surfaces. Now we want to integrate such functions, or rather, functions
of the form R(z,w) where R is rational, or even better said, 1-forms R(z,w)dz on the Riemann
surface. When restricting ourselves to just a planar part of the Riemann surface, this leads naturally
to the question of finding an antiderivative (also called primtive), via the Fundamental Theorem
of Calculus. In other words, given f(z) defined on an open set in the plane how to construct a
function F'(z) such that

(In general, for a 1-form f(z)dz you want to find a function F(z) such that dF = fdz.)

This problem can be solved easily if f(z) is defined on an an open simply connected set D in the
plane, by fixing zp € D and for each z € D, a path 7, from 2y to z, and setting F'(z) = f,yz f(w)dw.
This is a trick we have used extensively in the past, for example when we proved that differentiable
implies analytic. The Cauchy Theorem implies that F'(z) is well defined. But if the domain D
is not simply connected, then the primitive might be multivalued. So the topology of the domain
plays an essential role.

Example 30. Let us visit an example that we understand very well by now. Let
1
f{zl1<|z-3] <3} = C, f(z):;

For everty z in the domain of f fix a path ~, from 1 to z and define

F(z) = / dw _ In |z| + iarg(z),
1w
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which is the principal branch of the logarithm. Then F(z) is an antiderivative for f(z).
But if we let

Fi{z|1/2< |2 <3/2) > C, f(z) = %

then the integral formula, and any other attempt to define a primitive for f, leads to a multivalued
function.

In both cases f(z) is defined on an annulus by the same formula. But f(z) lives naturally on
C\{0}, and the first domain lies inside the simply connected domain {z|Re z > 0} C C\{0}.

But now where does F(z) live? It can certainly be defined on a small disk B(1,¢) by F(z) =
ff f(w)dw. For an arbitrary z in the plane, we can still fix a path ~, from 1 to z and use the same
formula. But the value of F(z) depends on the path as well. At this point we would like to make
a remark, that connects us to a more recent discussion. The value of F(z) is the one obtained
by analytic continuation of (F, B(1,¢€) along ~., so once we have fixed an antiderivative in B(1,¢€)
we can forget about f altogether and the problem of finding the primitive becomes a problem of
analytic continuation.

With this example we have shifted our attention to the following question. We are given an
analytic function

f:UCC—C

and we want to find the largest domain on which f can be extended. In more generality, let X,Y
be Riemann surfaces and let U be an open subset of X. Assume that

f:U—=Y
is a holomorphic map. We want to find the largest domain of f. The construction will yield
e an open set V such that U C V C X,

e a Riemann surface Z and an onto holomorphic map 7 : Z — V such that every zy € V
has a connected, simply connected open neighborhood W such 7 establishes a conformal
equivalence between each of the connected components of 7=1(W) and W,

e a holomorphic map f : Z — Y such that on one connected component of 7 Y U), for= f.

It is important to point out that this procedure also covers the particular case that we have
discussed before, that of finding the domain of an implicitly defined function w, given by P(z,w) =
0, P a polynomial. Both methods yield the same result, up to a conformal equivalence. The second
method is less intuitive (it is pure abstract nonsense), but it works in more generality.

The map 7 is what is called a covering map, with Z a covering space of V.

Definition. A continuous map 7w : £ — B is called a covering map if for every b € B there is
an open set U containing it such that 7 establishes a homeomorphism between every connected
component of 7~1(U) and U.
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9.2.2 The solution to the problem

We recall the notion of a germ of an analytic function at a point. This can be extended to the
notion of a germ of an analytic map between Riemann surfaces. Here is how we define it. Assume
that X,Y are Riemann surfaces, and that zy € X. Consider all pairs (f, D), where zp € D C X,
D open, and f : D — Y is holomorphic. Two such pairs (f1, D7) and (f2, D2) are equivalent if
fi = fa on D1 N Dy. The equivalence class of (f, D) is called the germ of f at zp and is denoted by
[Fz-

It is important to point out that the Monodromy Theorem works for maps between Riemann
surfaces the way it works for functions in the plane.

Problem. Given a germ of a holomorphic map between two Riemann surfaces, how do we construct
the natural domain of the function whose germ this is?

Let [f]., be a germ, and let (f, D) be a representative for it, with D connected and simply
connected. Let V' C X be the largest open subset on which we can perform analytic continuation
along a path (which is the union of all open sets on which we can perform analytic continuation).
We define Z to be the collection of all germs of these analytic continuations. Each point in Z is
therefore of the form [fi].,, where z; € V and f; is an analytic function in some neighborhood of
z1 that is obtained by analytic continuation of f along some path from zg to zi.

Now we put on Z the structure of a Riemann surface. For [g]., we want to construct a chart
of Z containg this point. We know that z € V', and we let W C V be a simply connected open set
containing z that lies entirely inside a chart ¢, : U, — C of X. Consider all analytic continuations
of [g]. to [hwlw along a path from z to w that is contained entirely in W. Define the chart
Yy : W — C, where W is the set of all such analytic continuations, and Y ([h]w) = ¢a(w).

Define the maps 7: Z = V, 7([gl.) =z and f: Z = Y, Ef)([g]z) = g(2).

Theorem 61. Z is a Riemann surface. The maps 7w and f are holomorphic, 7 is a covering map
and there is one connected component of 7=!(D) on which fom = f.

Proof. The Monodromy Theorem implies that every iy is one-to-one, so they can be used as
charts. Let now vy, ¥y be two charts defined as above. If W lies inside the chart U, and W' lies
inside the chart Ug, then vy ([hlyw) = ¢a(w) and Yy ([hlw) = ¢g(w), thus Pw o ¥y = ¢a o qﬁlgl,
and the latter is holomorphic. So Z is a Riemann surface.

Let W be an open set that defines a chart as above, and let ¢, the chart that defines 1y,. Then
Gq 0O w‘}/l is the identity map, which is holomorphic, so 7 is holomorphic. Let us show that 7 is
a covering map. Choose v € V', and choose a neighborhood V,, of v that is simply connected. Let
us examine the set 7=1(V,). It contains every point in 7~ 1(v). Let [g], € 7 !(v), and let W be
the open set in 771(V,,) defined by germs [h,,] obtained by analytic continuation of [g], along paths
in V,. Because every [h],, € W is obtained by analytic continuation of [g], along a path in Vj,
by the Monodromy Theorem [h],, is determined by w, so 7 is one-to-one. Note also that different
[9], vield disjoint sets W because if W; and W5 have [h],, in common, then by performing analytic
continuation on a path from w to v we obtain the same germ at v. Moreover, the union of the sets
W gives 71(V,,). So 7 is a covering map.

Next, let [¢g]. € Z, and let V; C V be a simply connected open set on which the holomorphic map
g : Vg — Y is defined, and let W be the open neighborhood of [g]. that is conformally equivalent to
Vy via m. Then on W, f = gom, which is a composition of holomorphic maps. So f is holomorphic.

Finally, if we choose the connected component of 7—1(D) that contains [f],,, then on this

component f = fom. O
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Example 31. The Weierstrass p-function g(z) is a holomorphic map between a torus C/L and
the Riemann sphere CP!:

¢:C/L — CP".

Using it we can define a 1-form p( )dz, which we can integrate on every path on the torus. Fix
some point zg # 0 and define ((z f p(w)dw, where the integral is performed on some path
that starts at some point zg # 0 on the ‘torus and ends at z (set it equal to oo at the point that
is the image on the torus of the nodes of the lattice). Because of Cauchy’s Theorem this is well
defined in some simply connected neighborhood D of zp, so it defines the germ of a function [(].,
at zo. Note that in our situation X = V = C/L, Y = CP!. Now we apply the above algorithm.
We obtain Z = C, and ¢ : C — CP?!,

C(z):§+ <1+1+"‘>.

z—w w  w?

The function ((z), called the Weierstrass zeta function, is no longer periodic, it cannot be defined
on the torus. It appears as the integral of an elliptic function. In the construction of {(z) we have
produced a simply connected Riemann surface C and a holomorphic covering map 7 : C — C/L.

9.2.3 Universal covering spaces

In the above example, the Weierstrass p-function and its integral, the Weierstrass zeta function,
allowed us to find a covering space for one-dimensional abelian varieties (and in particular for elliptic
curves) that is a simply connected Riemann surface, such that the covering map is holomorphic.
We will discuss the case of hyperelliptic curves as a homework exercise, and explain that the
situation repeats in that case. In fact, we will now construct, for every connected Riemann surface
X, a simply connected Riemann surface X and a covering map 7 : X — X that is holomorphic.
Moreover, X is unique up to a conformal equivalence, and is called the universal covering space of
X. We will classify simply connected Riemann surfaces, which leads in some sense to a classification
of all Riemann surfaces.

Theorem 62. Let X be a connected Riemann surface. Then there is a unique (up to conformal
equivalence) connected, simply connected Riemann surface X for which there is a holomorphic
covering map 7 : X — X.

Proof. Fix zy € X and consider the set of all paths in X starting at zg. On the set of all paths in
X beginning at zp we define an equivalence by

a ~ (3 if and only if a(1) = (1) and o homotopic to 8 with fixed endpoints.

We denote the equivalence class of o by &. We define X to be the set of equivalence classes, and let
e the equivalence class of the constant path e, (t) = 29, 0 < ¢ < 1. The covering map 7 : X — X
is defined by the equation

Since X is connected, 7 is onto.
Let us put on X a Riemann surface structure. For that we introduce the operation of compo-
sition of paths: if a ends where [ starts, then o * 8 is ax f(t) = «(2t) if t < 1/2 and (2t — 1) if
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t > 1/2. Note that path composition is compatible with homotopy (the compositions of homotopic
paths are homotopic). Now choose a point & € X and let v = 7(&) = a(1). Let U be a connected
simply connected open neighorhood of v that is also a chart, with the complex coordinate defined
by ¢ : U — C (just pick a chart around v and restrict it to a connected, simply connected open
subset containing v). Let

W = {04/;5 |4 is a path in U beginning at «(1)},
YW C, dw(axd) = (n(axd)) = dlaxdl)).

The proof that the pairs (W, 1) defined this way for all points in X define an atlas is similar to
the proof given in Theorem 61. Also, by the same argument 7 is holomorphic.

Let us now show that X is connected and simply connected. To show that X is connected, let
& be a point in X. Define f: [0,1] — X, f(s) = as, where a,(t) = a(st). Then f is a path from
ey = €, to &, which proves that X is path connected.

To prove that X is simply connected, we need the so called Path Lifting Lemma, which states
that given a path v € X starting at z and an element & € 7 !(z), there is a unique path 7 in
X starting at & such that w o4 = ~. This is clearly true if + lies in a set that is evenly covered,
so it is true in general. Now let 5 be a loop in X based at ey. The notation is not accidental, as
by the Path Lifting Lemma, it is the lifting of v = 7 o 4. But now s +— 74(1) is another lifting
of v, and since the lifting is a loop, 79 and ~; are homotopic. But 7y is constant, so v = 7 is
null-homotopic. Now there is another useful fact, the so called Homotopy Lifting Lemma, which
states that homotopies can be lifted. So if + is null homotopic, so is its lifting. Therefore any loop
in X is null homotopic; X is s1mply connected.

To prove unlqueness let X’ be another pos&ble covering space of X that is simply connected,
with covering map 7'. For every wo € X and wj) € X’ such that w(wg) = 7' (w’) there is a unique
map h: X — X’ such that 7 = 7’ o h, and h(wp) = w}:

X/

h
ZAY
X X

This map is defined as follows. Let w € X and let 7 be a path in X from wq to w. Lift 7((y)) to
a path starting at w(, and let v’ be its endpoint. Then h(w) = w'.

If 1/ is the corresponding map when we switch X and X', then ho k' and b/ o h are identity
maps, making both A and i’ conformal equivalences. The uniqueness is proved. ]

Example 32. Let g > 1 be an integer number. Consider the unit disk B(0, 1) in the plane, and
consider an arc of a circle that lies inside the unit disk and has enpoints on the unit circle, and that
makes a right angle with the unit circle. Rotate this arc by k;r k=0,1,...,49g— 1. The arc of circle
and its rotates forms a regular 4g-gon with curved sides. Vary the orlglnal arc until the angles of
the 4g-gon are all equal to %, so that the sum of the angles is 4wr. When this happens, then by
reflecting the regular polygon over the sides, and then reflecting again and again, using inversion
(see the discussion on M&bius transformations), we obtain a tesselation of the unit disk by 4g-gons.
It is important to know that in the so called hyperbolic metric these polygons are all isometric.

Now let the oriented sides of the polygon at the center of the disk be

albla O‘laﬁla ag, b27 04276% ceey Qg bga agaﬁg
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and consider the Mobius transformations ¢; mapping a; to —a;, j = 1,2,...g and v; mapping b,
to =B, j = 1,2,..9, and let I" be the group that they generate. It is not hard to see that the unit
disk is invariant under I' (the orthogonality of the arcs to the boundary plays a role). In fact the
Mobius transformations that maps the unit disk to itself are of the form ¢(z) = =%, |a| < 1. And
I" is a discrete subgroup of such transformations. We obtain the covering map

m:B(0,1) = B(0,1)/T" = 3,.

Here Y, is a closed genus g Riemann surface. In fact, as a consequence of the Uniformization
Theorem, every closed genus g surface can be obtained as the quotient of the unit disk by a discrete
subgroup of the group of automorphisms of the unit disk.

We conclude this example with one important remark. The universal covering space cannot
be obtained by integrating a holomorphic 1-form, the way it was done for the torus where we
integrated p(z)dz. In this setting, the correct construction is to integrate a complete system
of linearly independent holomorphic 1-forms, and the result is a complex g-dimensional space.
Factoring this space by the lattice of complete integrals (namely integrals along loops that define
elements of the fundamental group) we obtain the so called Jacobian variety associated to the
Riemann surface.

Theorem 63. (The Uniformization Theorem - Koebe, Poincaré, 1907) Every connected, simply
connected Riemann surface is conformally equivalent to the unit disk, the complex plane, or the
Riemann sphere.

Proof. Here is a sketch of the proof (following loosely some online notes by Kevin T. Chan). Let
X be the Riemann surface.

Case 1. X is open.
We will need the following result due to Koebe:
Theorem 64. (Koebe Distortion Theorem) If f : B(0,1) — C is univalent (i.e. injective) then

/ |2 / 2]
£ Ol e < HE) 101 1Ol

Combining this with Montel’s Theorem, we deduce that every family of functions that are
holomorphic and univalent in a simply connected region of the plane, and so that at some point
the set of values of the functions and of their derivatives is bounded, is normal.

We consider a countable triangulation of X. What this means is that we describe X as obtained
by gluing countably many triangles, so that two triangles share one common side. Moreover, we do
this so that the sides of each triangle lies in a coordinate chart, and in local coordinates the sides
of the triangle are piecewise analytic arcs (i.e. images of a segment through a univalent analytic
map). A result due to van der Waerden shows that for a triangulated simply connected open
surface the triangles can be enumerated as Ay, Ao, ..., A,, ... such that A, has in common with
A1 UAsU---UA, either one side or two sides, but not a side and the opposite vertex.

For domains that have a piecewise analytic boundary the Riemann Mapping Theorem has a
stronger version, namely that they can be mapped to the unit disk such that the map extends
continuously to a bijection on the boundary.

We construct inductively a biholomorphic map ¢,, from Ay UAs U ---UA, to a disk B(z, R)
in C. For the base case, A1 is (conformally equivalent to) a planar region with piecewise analytic
boundary, so it can be mapped to the unit disk by a biholomorphic map that extends continuously
to the boundary.
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For the induction step, we add A, 11 to E, = Ay UAyU---UA,. So we have ¢ : B, — A/,
where A’ is a disk, that extends to the boundary. Also, A, lies in a chart U, and let ¢ : U — C
map it to a triangle A”.

Now part of F,, call it V|, lies inside the coordinate chart of A, 4. In particular the common
boundary lies inside the coordinate chart of A,,41, which is an arc of the circle. Let this boundary
be the arc a; that is mapped to arc a} in A’ by ¢1 and to arc af in A” by . Choose a circular
arc ab, in A’ that has the same endpoints as @} and such that the region in the shape of the bigon,

1, that a},a} bound is inside ¢, (V). Set By = ¢, 1(B1) and B} = o ¢, }(B).

Now we have a holomorphic function f; : B] — B{, and more important a holomorphic map
g1 : Apt1 UBy — A'U B/, Let B) be the reflection of Bj over the arc a), and use the Schwarz
reflection principle to extend f1 to Bj, and let fo be the restriction of the extension to Bj. This
defines a univalent map from A, UB;UBy — A"UB{UBY, where By = ¢, }(B1) and BY = f2(Bs),
where on B, the map is given by fa o ¢,,. Now proceed inductively with reflections until the entire
disk A’ is covered, and hence we have a map on the entire E,,. Thus we have a conformal map
from the interior of F,4; to some bounded region in the plane that extends continuously to the
boundary. Now map this region, using the Riemann mapping theorem, to the unit disk.

So for every n you have a conformal map

On: En =AM UAU---UA,, — B(0,1)

that extends to a bijection on the boundary.

Fix zp € Ay and set ¢, = qbn(qﬁfl) By composing with Mobius transformations normalize
the ¢y, such that ¢1,(20) = 0, ¢} ,(20) = 1, but now because of the second condition, the disk
can be distorted, so we actually have maps from F, to some disk R,. As a consequence of the
Koebe distortion theorem and Montel’s theorem, the family ¢ ,, n > 1, is normal and since the
compact-open topology in H(B(0,1),C) is metrizable, there is a convergent subsequence ¢ p, of
®1.n, n > 1. Then ¢, : E,, — Cis a sequence of holomorphic functions that converges on F; to a
univalent holomorphic function ¢g. Now do the same thing with F> but with the subsequence ¢y,
to extend ¢ to Fo, and repeat for all n to obtain a function ¢g : X — C that is both univalent and
holomorphic. If the image is the whole plane, we are done. If the image is not the whole plane,
map the image (which must be open and simply connected) using the Riemann mapping theorem
to the unit disk.

Case 2. X is closed.

Take out one point zp € X. The remaining part is still simply connected (because of the
topological classification of surfaces your surface could only be a topological sphere). Now we are
in the previous case, we have a surface that is either C or the disk. Let us prove that it must be C.
Let thus ¢ : X\{zp} — B(0,1) be holomorphic. Let also ¢ : U C X — B(0,1) be a local coordinate
chart around zg, say 1(z9) = 0. Then ¢o1~! is holomorphic and has a singularity at 0. But ¢o—?
is bounded, so zy is a removable singularity. Thus ¢ can be extended to zp, and because of the
Open Mapping Theorem, ¢(z9) € B(0,1). But then we have a map ¢ : X — B(0, 1) that is onto,
and X is compact while the disk is not. We have reached a contradiction. Thus ¢(X\{zp}) = C.
But then X is a one-point compactification of the complex plane, and so it must be the Riemann
sphere. ]

Remark 8. The universal covering space of the plane without a point, say C\{0} is clearly the plane,
and the exponential function is the covering map. A consequence of the Little Picard Theorem
(page 297 in the book), which we do not have time to cover, is that the universal covering space of
any other connected open set in the plane that is not the plane itself is the unit disk.



