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On the Design of Low-Density Parity-Check Codes
within 0.0045 dB of the Shannon Limit

Sae-Young Chungvember, IEEEG. David Forney, JrFellow, IEEE Thomas J. Richardson, and Ridiger Urbanke

Abstract—We develop improved algorithms to construct good  Let v be a log-likelihood ratio (LLR) message from a de-
|0W-d?n5it|y ﬁ):arity-chf/czk EOdlfs thatdagprozcr? the Ehaﬂn?dn Ii_n;]i_t greed, variable node to a check node. Under sum-product de-
very closely. For rate 1/2, the best code found has a threshold within : ; : ; L
0.0045 dB of the Shannon limit of the binary-input additive white coding,v is equal to the sum of all incoming LLRs; i.e.,
Gaussian noise channel. Simulation results with a somewhat sim-

pler code show that we can achieve within 0.04 dB of the Shannon dy—1

- - hirehng

limit at a bit error rate.of 10 .usmg a bIocI-< Iengt.h of 1G. v = Z g 1)
Index Terms—bPensity evolution, low-density parity-check codes, -0

Shannon limit, sum-product algorithm.
wherew;, ¢ =1, ..., d, — 1 are the incoming LLR’s from the
neighbors of the variable node except the check node that gets
the message, andu is the observed LLR of the output bit
ICHARDSONet al.[1] constructed irregular low-density associated with the variable node.
parity-check (LDPC) codes that easily beat the best knownThe message update rule for check nodes can be obtained by
turbo codes when the block length of the code is large. Thigserving the duality between variable and check nodes and the
shows that LDPC codes—originally invented by Gallager [2}esulting Fourier transform relationship [10]. From this, we get

forgotten for decades, rediscovered by many [3], [4]—can nawe following well known “tanh rule” (see [11]):
outperform powerful turbo codes [5] if designed properly.

They also showed thatfor many interesting channels, including
additive white Gaussian noise (AWGN) channels, one can use
an algorithm calledensity evolutiofi] to calculate a threshold
value for arandomly constructed irregular LDPC code which de-
termines the boundary of the error-free region asymptotically%ere% j =1,...,d. — 1 are the incoming LLR’s from
the block length tends to infinity. (Density evolution based op__ 1 nejghbors of a degreé- check node, and is the output
combinatorial or Monte Carlo approaches had been previouglyr message sent to the remaining neighbor.
attempted by Gallager [2], Spielman [7], and MacKay [8].) From now on, we assume a random ensemble of irregular

In this letter, we develop an improved implementation of deRpges specified by two degree distributiohg) and p(z),

sity evolution calledliscretized density evolutid8]. We show whereA(z) = E{iz , Mz~ andp(z) = Edr , p;@i~L. Here
= 7 J: N . Ll

that this improved algorithm models the exact behavior of di;—i is the fraction of edges that belong to degieeariable
cretized sum-product decoding. Using this algorithm and %des,pj is the fraction of edges that belong to deggee-

improved optimization algorithm, we design good rate-1/2 igspeck nodesd; is the maximum variable degree, aiidis the
regular LDPC codes for binary-input AWGN channels that apaaximum check degree.

proach the Shannon limit very closely.

I. INTRODUCTION

d.—1
u - Uj
tanh = H tanh=* 2)

Let Q(w) be the quantized messagewofi.e.,

Il. DISCRETIZEDDENSITY EVOLUTION

L . . . S w 1 . A
Our derivation of discretized density evolution is based on the ~+z|-4, fw>—
“ H ” H H H A 2 2
local tree assumption” of [1], which is validated by the general
concentration theorem of [1]. Qw) = [E B }w N
) —_
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(pmf) of a quantized messa@eby p.,[k] = Pr(w = kA) for TABLE |
k € 7. Then,p, is related to its input pmf's by QUANTIZATION EFFECT
dy—1 bits | threshold () [ error [dB]
Py = ® Pu, 9 ] 0975122 0.01708
= 10 0.976918 0.00109
11 0.977025 0.00014
wherep, is the pmf ofz; p,,, is the pmf ofz;; and@) is discrete 12 0.977037 0.00003
convolution. Since tha;’s are independent and identically dis- 13 | 0.977040 0.00001
tributed (i.i.d.) forl < ¢ < d,,, the above can be rewritten as 1 0.977041 0.00000
d,—1
Py = Duo * <® p“) GOOD RATE-1/2 ODDTEASBV\%IE'EI'H Ic;l = 100, 200, 8000
wherep,, = p,,, 1 < < d, andx is discrete convolution. This d, 100 200 8000
calculation can be done efficiently using an FFT. [ A Y Y
We define the following two-input operat: 2 ]10.170031 | 2 | 0.153425 2 0.096294
3 | 0.160460 | 3 | 0.147526 | 3 | 0.095393
a b 6 | 0.112837 | 6 | 0.041539 | 6 | 0.033599
Ria, b) = Q <2tanh1 <tanh—tanh—)) 7 | 0.047489 | 7 | 0.147551 | 7 | 0.091918
2 2 10 [ 0.011481 | 18 [ 0.047938 15 | 0.031642
11 | 0.091537 | 19 | 0.119555 | 20 | 0.086563
wherea andb are quantized messages. Note that this operati 26 | 0152978 | 55 | 0.036379 | 50 | 0.093896
can be done using a pre-computed table, which is the key step 27 | 0.036131 | 56 | 0.126714 | 70 | 0.006035
making discretized density evolution computationally efficien 100 | 0.217056 | 200 | 0.179373 igg 8‘8;%’:;
Using this operator, we calculate the quantized mesgag§é2) 300 10089018
as follows: 900 | 0.057176
2000 | 0.085816
U= R(El, R(EQ, RN R(Edp_g, Edp—l) .. )) 2888 ggggégg
8000 | 0.118165
where we assume that discretized sum-product decoding ™ ,ay | 10.9375 | 12.0000 , 18.5000
check nodes is done pairwise. - 0.97592 0.97704 0.9781860
Letc = R(a, b). The pmfp,. of ¢ is given by SNRnorm 0.0247 0.0147 0.00450

pe(k]

> palimli].

(i) KASRGA. jA) threshold is defined as the maximum noise level such that the

probability of error tends to zero as the number of iterations

Abusing notation, we write this as = R(pa, ps). tends to infinity. _ o
Since thep,,,’s are all equal, we defing, = p,,, foranyl < The complexity of this calculation is of ordé}(n?) due to
i < d,, and V\;ritep,l, = Ry, R(po, ..., R(p]_’zpq_)’ ) as the calculations at check nodes, wheris the number of quan-

pe = R%—1p, Note that we can reduce the number of operdization levels. However, this is actually faster than the calcula-
tions to do this by properly nesting this calculatioy defining tion based on changing of measures between LLR(ané p1)

d i—1 dy j— -
Ap) = X, M@ pandp(p) = X%, pyRI~1p for any dom_ams as in [1], which requires finer quantization due to nu
pmf p, we can write discretized density evolution as follows: Merical problems when changing measures. As a result, our al-

Theorem 1: Discretized density evolution is described by gorithm is more accurate and also realizes the discretized ver-
sion of the sum-product algorithm exactly. This implies that the

threshold predicted by our algorithm is always a lower bound,
since it is exact for a sub-optimal decoding.

Table | shows how the threshold values are affected by quan-
tization for the rate-1/2); = 200 code in Table Il. Number of
bits used for quantization versus threshold values imoise

P = p(puy * APP))

where the initial pmfa,g,,o) has all mass at 0 antds the iteration
number.

To run this algorithm, without loss of generality, we first as
sume that the all-0 codeword was sent. Then, we fix the chan
parameter, namely noise power, and we run the above algorit
iteratively until either the density af tends to the “point mass
at infinity” (equivalently, the probability of error tends to zero)
or it converges to a density having a finite probability of erro
which is defined as the probability af being negative. The

1Although for finite quantization different nesting might produce slightly dif-
ferent results, it still corresponds to some valid decoding algorithm and asymp-

totically, asA — 0, it will converge to continuous belief propagation.

ﬁt ndard deviation) and errors in dB relative to the threshold
\r/]mue for 14-bit quantization are shown. All threshold values
are rounded down. When 14 bits are used to quantize the LLR
values into 16 384 levels, we observe that the threshold has
rB—digit precision.

lll. OPTIMIZATION

In this letter, we use a slightly different optimization tech-
nique than the iterative linear programming used in [1] to opti-
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Fig. 2. Simulation results for thé, = 100 andd, = 200 codes of Table II,
using a block length of07.

mize A(x), which seems to be better for designing codes, espe-

cially whend, is large. We maximize the rate of the code while
maintaining the following constraints: Y1) = 1; 2) the new
A(z) is not significantly different from the old one (required
to guarantee that the linear programming formulation is valid);
and 3) the new\(z) is better than the old one (produces smaller
probability of error). For details of this algorithm, see [9].

Thresholds for some good rate-1/2 codes with maximum vari-
able degrees 20, 30, 40, 50, 60, 70, 85, 100, 200, 500, 1000,

2000, 4000, and 8000 are given in Fig. 1 [9], wh8MR . 1,,
is defined as the distance from the Shannon limitin dB. Table I

gives the degree distributions for some of these codes, wheteo]

threshold values are rounded down &MR,.., values are
rounded up. The Shannon limités= 0.978 69 at rate 1/2.
We used concentrateg(z)'s only, where p(x)
(1 — p)xi=t + px’ for some integeri > 2. This restric-
tion not only makes it easier to optimize(x), especially
for large maximum variable degrees, but also is not too

(11]

(12]
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restrictive for the AWGN channel [12]. The average check
degreep,, is used in Table Il to parametrize(x) where

pav =(L=p)G—1)+pi=j—1+p.

In Fig. 2, we show simulation results for tHe = 100, 200

codes in Table II. A block length afo” was used, and the code
graph was constructed randomly, except that cycles of length 2
and 4 were avoided. AtBER®¥ %, thed; = 200 code operates
within 0.04 dB of the Shannon limit. The maximum allowed
number of iterations was 2000. When decoding was successful,
about 800-1100 iterations were needed. No undetected errors
occurred.

At a BER of about 10°, we decoded 249 and 371 blocks

for thed; = 100 andd; = 200 codes, respectively—i.e., about
1.2x10° and 1.8<10° decoded bits, respectively.

More results and an online demonstration of density evolution

are available at http://truth.mit.edu/~sychung.

IV. CONCLUSIONS
We have designed LDPC codes for binary-input AWGN

0y P , channels that approach the Shannon limit very closely. Our de-

S S H SRS 18 RS THEIHHS S S 8 sign is based on discretized density evolution and optimization
of degree distributions via iterative linear programming. Our
design can be used to design LDPC codes of arbitrary rates
between 0 and 1 for many interesting channels.

Our results strongly suggest that optimal LDPC codes under

sum-product decoding for AWGN channels may approach the
Shannonlimitasymptotically asthe blocklengthtendstoinfinity.
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