Chapter 18

Mathematical Techniques and
Notation Used in this Book

18.1 Vectors and Operators in 3D

For some vector @, written explicitly in terms of its three components in a geometry with 3
orthonormal basis vectors (&, 3, 79):

é’:aa@+a53+a7ﬁ,

where @, B and 7, are unit vectors along the a-, -, and - directions.

Its magnitude squared is written several ways:

o =d>=d-a,

and is given by:

a? = (a6 + agf + a.7) - (aad + agf + a,3) = (a2 + a% + a,zy)

This is often a form of confusion since, without context, a? could stand for a times a or @ - @.
It should be clear from the context in which it is used.

The magnitude of a vector is:

a=|d| = +4/a2 +az + a2 .
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Note that the positive square root is taken.

Some other useful identities:

a-b =

@+ 0 =

a2 +23-b+ b

aabo + agbs + ayb, = |dl|b] cos b,

where 0 ; is the angle between the vectors @ and b.

18.1.1

The common realizations of 3D coordinate ststems are:

coordinate system

variable names

domain

Some common coordinate system representations

unit vectors

rectilinear (x,y,2) —o<r<oo|(z,9,2),or
—oo<y<oo| (i) k), or
—00 < 2 < 00 | (N, Ny, Ny)

cylindrical (p, 0, 2) 0<p<oo (p, ¢, 2), or
—00 < 2 < 00 | (M, Mg, Tz)
0<o<2m

spherical-polar (r,0,0) 0<r<oo (7,0, 9), or
OSGSW (nr, fl@,n¢)
0<¢<2m

The 3D rectilinear coordinate system
z k
i
i
Y

The vector for position in this coordinate system is:

T=xr+yy+ 22

(18.1)

(18.2)
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with the properties:

rT=x-Z ; y=y-r¥ ; 2=2-0 (18.3)

An elemental volume, dV = dx dy dz in this coordinate system is shown below.

A 3D integral in this coordinate system is represented by:

/dff(x,y,z) or /dz/dy/dzf(:v,y,z) or ///da:dydzf(:v,y,z) (18.4)

All forms of (18.4) are employed in this book.

The 3D cylindrical-planar coordinate system

dp pdd
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The vector for position in this coordinate system is:

T =pp+po+ 22 (18.5)

An elemental volume, dV = rdpd¢ dz in this coordinate system is shown below.

A 3D integral in this coordinate system is represented by:

[aiteo) o [ap [pao [a:f002) o [[[papasazp02) as0)

The 3D spherical-polar coordinate system

The vector for position in this coordinate system is:

Z=rf+rf+rsinbod (18.7)

An elemental volume, dV = r2dr df d¢ in this coordinate system is shown below.
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rsin 6do

rsin@

A 3D integral in this coordinate system is represented by:

/dxfr@qb /dr/rd@/rsm@dgbfr@gb ///r sin @ drdfde f(r,0, ¢)
(18.8)
Yet another form used in this book is

/r2drdQ f(r,0,0) (18.9)

where dS) is the differential element of solid angle.

Transformations between coordinate systems

Here are the two most common transformations:

8y

pCoS ¢ + psin ¢ + 22
= rsinfcos¢x + rsin @ sin ¢y + rcos (18.10)
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18.2 Common Trigonometric Relations

cos(at+b) = cosacosbFsinasinb
sin(a+b) = sinacosb=+cosasinb
1
coa — + cos (2a)
2
1—
sin?q — cos (2a)
2
sina +cos’a = 1
l+cosa = 2cos®(a/2)
1 —cosa = 2sin®(a/2) (18.11)

18.3 Common Hyperbolic Functions

et 4+ e
cosha =
2
. et —e @
sinha =
2

cosh (a =b) = coshacoshb =+ sinhasinhb
sinh (a £b0) = sinhacoshb =+ coshasinhb
cosh (2a) + 1

cosh’a = 5
Gnha — cosh (2a) — 1
2
cosh’a —sinh?a = 1

cosha+1 = 2cosh®(a/2)
cosha —1 = 2sinh? (a/2) (18.12)
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18.4 Complex Numbers or Functions

e
coS T

sin x

CcOS 1T

sin ix

coshiz

sinh iz

Cos 2

sin z

cos? z + sin? z
cosh z

sinh z

cosh? z — sinh? 2

where x and y are real.

V-1
T 41y
T — 1y
Re(z)
Im(2)
cosy +1siny
it 4 o—in
2 .
— e W
2
cosh x

ell‘

isinh x
CoS &

isinx

cosx coshy —isinzsinhy

sinx cosh y + i cos zsinh y

1

coshx cosy + isinhzsiny

sinh z cosy + i cosh zsin y

1

(18.13)
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18.5 3D Differential Operators in a Cartesian Coordi-
nate System

(@.8.9) = (2,9,%)

ox + dy + 0z
o = OF, OF, (O0F, OF, . (OF, OF,
VXF_x<8y 8z)+y<8z 8x)+z( )

Lo 0% 0% 0%
. p— 2 p—
V.-V =V oz + % + 53 (18.14)

where 1 is an arbitrary scalar function, and F'is an arbitrary vector function of (z,y, 2).

18.6 3D Differential Operators in a Cylindrical Coor-
dinate System

-

(6.8.4) = (p.6.2)

Vg = ﬁg—i+$%g—2+zg—f

R

e = A () ol (2

19 [ o 10%) 9%
Vo = 15 (05) t po t o (18.15)
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18.7 3D Differential Operators in a Spherical Coordi-

/ 2 dzd(x)f(x) = f(xg), if 21 < 29 < 29 (Dirac’s delta function)
1 = 0, if zg < 21, or, 19 > X2
Omn = 1, if m = n (Kronecker’s delta)
= 0,ifm#n
O(z) = 1, if x > 0 (Heaviside's step function)
= 0,ifx<0

“ 1 8(sin 8F¢) 8F9 A 1
: ( a )+9<rsin9 o

nate System

o0y - 1 oY

* rsin98_¢

8(sin9F9)+ 1 0F,
00 rsinf 0¢

oF,

1 O(r*F,) N 1
rsin 6

10(rFy)

90 oo
28¢ £2(97 ¢)¢
T E) + T

e + (alternative form)

Lo (. oy 1 0%y
" = (sm@—) + —sinzéw

18.9 Taylor/MacLaurin Series

r  Or

)

~

1

+ -

r

(

8(7’F9)
or

OF,
o0

(18.16)

(18.17)

Let f(z) be a function of a single variable that is infinitely differentiable. We define f®*)(a)
to be the k™ derivative of f(z), evaluated at x = a. That is,
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ete.

The Taylor Series of f(x) in the vicinity of z = a is

|
— k!
Examples:
22 2 2t
log(1 I N
og(l+ ) T - + 3 1
=1+ +x2+x3+x4
© T IS T Ty
A+ Br+Cax* = A+ Ba+Ca®*+ (B+2Ca)(r —a) + C(x — a)?

Y R AR YR
(1-759) —1+2+86

(18.18)

(18.19)

(18.20)

(18.21)
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18.10 Orthogonal functions

18.10.1 Legendre Polynomials

The Legendre Polynomials were first discovered (in 1782!) from the Taylor expansion of a
1/r potential:

A

! ! =" L Pi(cos) , (18.22)

Z =2 r2+1'2 = 2r1' cos — it

where 6 is the opening angle between vecr and 7.

With the convention
P(1)=1 (18.23)
! 2

/ df sin O P (cos §) Py (cos ) = / dzP(2)Py(z) = ST 15”/ (with substition z = cos )
0 -1

(18.24)



