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Abstract For any positive integer n, we define the arithmetical function F'(n) as F(1) = 0.
Ifn>1and n=pipy? - pp* be the prime power factorization of n, then F(n) = aip1 +
azp2 + -+ + arpr. Let S(n) be the Smarandache function. The main purpose of this paper

is using the elementary method and the prime distribution theory to study the mean value
properties of (F(n) — S(n))?, and give a sharper asymptotic formula for it.
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§1. Introduction and result

Let f(n) be an arithmetical function, we call f(n) as an additive function, if for any positive
integers m, n with (m, n) = 1, we have f(mn) = f(m) + f(n). We call f(n) as a complete
additive function, if for any positive integers r and s, f(rs) = f(r) + f(s). In elementary
number theory, there are many arithmetical functions satisfying the additive properties. For
example, if n = p'ps? - - pi* denotes the prime power factorization of n, then function Q(n) =
a1 + ag + -+ - + ai and logarithmic function f(n) = Inn are two complete additive functions,
w(n) = k is an additive function, but not a complete additive function. About the properties
of the additive functions, one can find them in references [1], [2] and [5].

In this paper, we define a new additive function F'(n) as follows: F'(1) =0;Ifn > landn =
Pyt ps? -+ pi* denotes the prime power factorization of n, then F'(n) = aip1 +aopa+- - -+ ppi.
It is clear that this function is a complete additive function. In fact if m = p{*p5?---pp*
and n = pllpgz--~pf’“, then we have mn = p?1+51p32+52---p2’“+5". Therefore, F(mn) =
(a1 + B1)p1 + (2 + B2)p2 + - - - + (g + Br)pr = F(m) + F(n). So F(n) is a complete additive
function. Now we let S(n) be the Smarandache function. That is, S(n) denotes the smallest
positive integer m such that n divide m!, or S(n) = min{m : n | m!}. About the properties
of S(n), many authors had studied it, and obtained a series results, see references [7], [8] and
[9]. The main purpose of this paper is using the elementary method and the prime distribution
theory to study the mean value properties of (F(n) — S(n))?, and give a sharper asymptotic
formula for it. That is, we shall prove the following;:

Theorem. Let N be any fixed positive integer. Then for any real number x > 1, we
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have the asymptotic formula

Z (£(n) ch ' z+1 +0 <1an2 \/5> ’

n<z

where ¢; (i =1, 2, ---, N) are computable constants, and ¢; = %.

§2. Proof of the theorem

In this section, we use the elementary method and the prime distribution theory to complete
the proof of the theorem. We using the idea in reference [4]. First we define four sets A, B,
C, D as follows: A = {n, n € N, n has only one prime divisor p such that p | n and p* { n,
p > n%}; B = {n, n € N, n has only one prime divisor p such that p? | n and p > n3};
C = {n, n € N, n has two deferent prime divisors p; and py such that p1ps | n, ps > p1 > n%};
D = {n, n € N, any prime divisor p of n satisfying p < n%}, where N denotes the set of all
positive integers. It is clear that from the definitions of A, B, C' and D we have

Y (F(n)=Sm)* = Y (F(n)=Sn)*+ Y (F(n) - S(n)”

n<z n<x n<lz
neA neB
+> (F(n) = Sn)*+ Y (F(n) = S(n))*
n<x n<x
nec neD
= Wi+ Wy + W35+ W, (1)

Now we estimate Wy, Ws, W3 and Wy in (1) respectively. Note that F(n) is a complete
additive function, and if n € A with n = pk, then S(n) = S(p) = p, and any prime divisor ¢ of
k satisfying ¢ < n3, so F(k) < n3 Inn. From the Prime Theorem (See Chapter 3, Theorem 2
of [3]) we know that

1= T Lo it o (i) .

where ¢; (i = 1, 2,---, k) are computable constants, and ¢; = 1. By these we have the

estimate:

Wi o= Y (F(n)=Sm)*= Y (Flpk)-p)°

n<z pk<z
neA (pk)eA

= Z ) K Z Z (pk)3 In®(pk) < (Inz)? k3 p3
pk<z k< /x k<p<% k< /x k<p<%
(pk)eA

< (Inz) zk; (f)
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N
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If n € B, then n = p?k, and note that S(n) = S(p?) = 2p, we have the estimate

W = S (Fm-sm)?= Y (Fp*k) —2p)°

n<x p?k<z
neB p>k
= > > Py<d Y #
k<ad k<p<\/F k<zd k<p<\/F
k2 -3 e

1
k<z3

If n € D, then F(n) < n3 Inn and S(n) < ns Inn, so we have

Wy = Z (F(n) - S’(n))2 < Z niln’n < 2% In’z. (5)
n<x n<x
ne_D N

Finally, we estimate main term Wj3. Note that n € C, n = pyp2k, po > p1 > ns > k. If
k< p < n%, then in this case, the estimate is exact same as in the estimate of W;. If

k<p <ps< n%, in this case, the estimate is exact same as in the estimate of Wy. So by (2)

we have

Wa = () -Sm) = Y (Fek) =)'+ 0 (o8 )
n<wz p1p2k<z
ned p2>p1>k

— Z Z Z )+ 2p1 F(k) +pi) + O (mg In? x)

k<ed k<p1S\/;p2—mk

= > > oopt+o Y. > > kp +O<x%1n2:v)
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a x x
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k<z3 k<pi<y/%

=Y N > 1o > > S kp |- (6)

k<ed k<pi<\/E PSP k<z3 k<pi<\/F P1<P2S3%

Note that ((2) = %2, from the Abel’s identity (See Theorem 4.2 of [6]) and (2) we have
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In*p In
k<a %k<p1<\/% P<p1 k<zd k<pi<y/F =1
N 3 3
Ci - P1 P1
= > 2w ol X g,
=1 pces k<pi<\/E k<ad k<p1<\/E




Vol. 5 A new additive function and the F. Smarandache function 131

where d; (i =1, 2, ---, N) are computable constants, and d; = %2.
% 3
k k . 8
XX Y m< Yk Y e < 3 cmas <o @)
k<ad k<p1<\/EPL<P2S3% k<ed 1<y k<a®
p1x z? 9
Z Z kln N+1 < Z k2 1n N+2 < 1HN+2.’E. ( )
k<aed k<p1<\/F k<cd
From the Abel’s identity and (2) we also have the estimate
2 o _ 1 Tp1
Z Z plplklniki Z k Z In Z-
k<zs k:<p1<\/E P k<ed  k<m<yE P
- Yon e 0 () (10)
where b; (i =1, 2, ---, N) are computable constants, and by = %2

Now combining (1), (3), (4), (5), (6), (7), (8)and(9) we may immediately deduce the
asymptotic formula:

2 N .’E2 (E2
S (P = S = S e 40 (mw f) ,

n<lz

where a; (i =1, 2, ---, N) are computable constants, and a; =b; —dy = &
This completes the proof of Theorem.
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