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Abstract

A Moyal deformation of a Clifford CI(3,1) Gauge Theory of (Confor-
mal) Gravity is performed for canonical noncommutativity (constant ©*”
parameters). In the very special case when one imposes certain constraints
on the fields, there are no first order contributions in the ©*” parameters
to the Moyal deformations of Clifford gauge theories of gravity. However,
when one does not impose constraints on the fields, there are first or-
der contributions in ©*” to the Moyal deformations in variance with the
previous results obtained by other authors and based on different gauge
groups. Despite that the generators of U(2,2),50(4,2),S50(2,3) can be
expressed in terms of the Clifford algebra generators this does not imply
that these algebras are isomorphic to the Clifford algebra. Therefore one
should not expect identical results to those obtained by other authors. In
particular, there are Moyal deformations of the Einstein-Hilbert gravita-
tional action with a cosmological constant to first order in ©* . Finally,
we provide a mechanism which furnishes a plausible cancellation of the
huge vacuum energy density.

Keywords: C-space Gravity, Clifford Algebras, Gauge Theories of Gravity,
Moyal deformations.

1 Introduction

Many approaches have been taken towards the quantization of gravity. Within
the framework of the gauge theory formulations of gravity, a Moyal deformation



of gravity has been very popular. Its construction is based, in particular, on
the U(2,2),50(1,4) SO(2,3),SL(2,C) groups. Clifford, Division, Exceptional
and Jordan algebras are deeply related and essential tools in many aspects in
Physics [1], [2], [3], [5]. The aim of this work is to provide a Moyal Deformation
of Clifford Gauge Theories of Gravity advanced in [12].

Gravitational theories on canonical noncommutative spacetimes (associated
to constant noncommutative parameters ©*") was developed earlier [15, 16] in
terms of a twisted diffeomorphism algebra. A Noncommutative gravity asso-
ciated to coordinate-dependent noncommutative parameters ©#”(X) has also
been studied by many authors. For instance, on noncommutative spacetimes
endowed with a Lie algebraic structure, [X*, X¥] = i0""(X) = if/”X?. An
principal example of such noncommutative spacetimes is the x-Minkowski space
associated with DSR (Doubly/Deformed Special Relativity) [17].

An internal gauge theory using a covariant star product between two arbi-
trary Lie algebra valued differential forms on a symplectic manifold endowed
only with torsion but no curvature was recently developed by [20] . In this case
[X*, X¥] = iO"(X) where ©""(X) is now a Poisson bivector. If the bivector
©"(X) has an inverse w,, (X) that is nondegenerate det w,, # 0 and closed
dw = 0 (so the Jacobi identity is obeyed [20]], then w is the symplectic two-form
of a symplectic manifold M.

The construction of a fully gauge invariant action to all orders in ©*¥,
and the corresponding QFT associated with gauge theories in noncommuta-
tive spacetimes based on a Lie-algebraic noncommutativity structure for the
OM(X) = iff* X?, remains a challenging problem due to the fact that the
cyclicity property of the integrals is valid up to second order in powers of ©#"
[28].

We shall focus on the case when ©#" are constant parameters. The results
in this work differ from the results of other authors in several aspects. Mainly
in the construction of the generalized action prior to its Moyal deformation. No
constraints are imposed by hand on the gauge fields like in [23] and on the scalar
fields like in [22].

The outline of this work goes as follows. In section 2 we review the con-
struction of a CI(3,1) Gauge Theory of (Conformal) Gravity and provide the
most generalized gravitational action. In section 3 we perform the Moyal defor-
mation following the Seiberg-Witten map procedure relating the non-Abelian
noncommutative gauge fields based on noncommutative coordinates and the
non-Abelian gauge fields based on commutative coordinates.

We find in section 3 that there are no first order contributions in the ©+¥
(constants) parameters to the Moyal deformations of Clifford gauge theories of
gravity in the very special case when one truncates all the components of the
Clifford-valued scalar field ® = ®4T'4 to zero except ®™"P4 #£ 0, and all the
components of the Clifford gauge field Aﬁf A to zero except Azb # 0. However,
when one does not impose such constraints on the fields, there are first order
contributions in the ©* (constants) parameters to the Moyal deformations
in variance with the previous results obtained by other authors and based on
different gauge groups.



Despite that the generators of U(2,2), SO(4,2), SO(2, 3) can be expressed in
terms of the Clifford algebra generators this does not imply that these algebras
are isomorphic to the Clifford algebra. Therefore one should not expect identical
results. In particular, there are Moyal deformations of the Einstein-Hilbert
gravitational action with a cosmological constant to first order in ©#* . Finally,
we provide a mechanism which furnishes a plausible cancellation of the huge
vacuum energy density.

2 Cl(3,1) Gauge Theory of Conformal Gravity

Let nap = (—,+,+,+), €o123 = —€’12 = 1, the real Clifford CI(3,1, R) al-
gebra associated with the tangent space of a 4D spacetime M is defined by
{Ta;Ts} = 2n4p such that

[y, Ty] =204, T5 = —iTo T Ty T3, (I5)? = 1; {Ts,T.} = 0; (2.1)
Pabed = €abed I's; Tap = % (Paly —TuTy) . (2.2a)

Tabe = €abed I's T Tabed = €abed . (2.2b)

FeTy = Tap+1ap, TapI's = %Gabcd red, (2.2¢)

Tap Do = e Do — Nae T + €apea Ts T (2.2d)

TeTap = Nae Db — e Ta + €abea T's T (2.2¢)

Lo Ty Te = nab Ce + e Ta — Nacl's + €abea T's T (2:2f)

T Tog = €, Ts — 48,0 T — 252, (2.2¢)

1
0ti = 5 (0205 — 93 62). (2.2.h)

the generators I'gp, I'gpe, apeq are defined as usual by a signed-permutation sum
of the anti-symmetrizated products of the gammas. A representation of the
Cl1(3,1) algebra exists where the generators

LT, =TIy, Ty, I's, 'y =—iT'o; I's; a=1,2,3,4 (2.3)

are Hermitian; while the generators I';,I'5;Ty, for a,b = 1,2,3,4 are anti-
Hermitian. Hence, i’ I'5;ily, are Hermitian. Using eqs-(2.1-2.3) allows to
write the C1(3,1) algebra-valued (Hermitian) one-form as

- a i a L
A = (aul—l— by Ts + e Ta + i fy Ta I's + 4wubfab> dx*.  (2.4)

The Clifford-valued gauge field A,, transforms according to A; =U1'A4,U+
U~19,U under Clifford-valued gauge transformations. The Clifford-valued field



strength is F' = dA — i[A, A] so that F transforms covariantly F' = U1 F U.
Decomposing the field strength in terms of the Clifford algebra generators gives

a - a Z a
Fu = Fi,1 4+ F},Ts + Fi, Ty +i 5T Ts + ZFw’j T (2.5)
where F' = % F,, dzt A dx¥. The field-strength (real-valued) components are
given by
Fﬁy = 0ua, — Oyay (2.6a

FSV = Oub, —0vb, + Qerya —2€}, fua

)

(2.6)

Fy, = Oue; — Oyey, + wﬁbeyb — whe,p + 2f5by —2f, b, (2.6¢)
F% = 0uf3 — 0ufy +wil fup — Wil fun + 2e5b, — 2elb, (2.6d)
)

F;‘jfj = auwﬁb + wiw,. b4 4 (eZeg - fﬁfﬁ) — > V. (2.6¢

At this stage we may provide the relation among the CI(3,1) algebra gener-
ators and the the conformal algebra so(4,2) ~ su(2,2) in 4D . The operators of
the Conformal algebra can be written in terms of the Clifford algebra generators
as [4]

1 1 1 1
Pa = 71_‘11 (1 - FS); Ka = 71—‘0, (1 + FS); D = — 71—‘57 Lab = 7Fab'
2 2 2 2
(2.7)
P, (a=1,2,3,4) are the translation generators; K, are the conformal boosts; D
is the dilation generator and L, are the Lorentz generators. The total number
of generators is respectively 44+4+1+6 = 15. From the above realization of the
conformal algebra generators (2.7), the explicit evaluation of the commutators
yields

[Pm D] = P [Km D] = —Kg; [Paa Kb] = =290 D + 2Ly

(P, P = 0; [Ka,Ky = 05 (2.8)

which is consistent with the su(2,2) ~ so(4,2) commutation relations. We
should notice that the K,, P, generators in (2.7) are both comprised of Her-
mitian I'; and anti-Hermitian +I',I'5 generators, respectively. The dilation D
operator is Hermitian, while the Lorentz generator L,; is anti-Hermitian. The
fact that Hermitian and anti-Hermitian generators are required is consistent
with the fact that U(2,2) is a pseudo-unitary group.

Having established this one can infer that the real-valued tetrad Vi field

(associated with translations) and its real-valued partner f/: (associated with
conformal boosts) can be defined in terms of the real-valued gauge fields e [
as follows _

¢“T, + fiT,Is = VPP, + VO K, (2.9)



From eq-(2.7) one learns that eq-(2.9) leads to

a a __ a. a a _ Yra
e, — fi =V e+ [ =V =

a 1 a (ra a 1  ra a
e = 5 ViE+V, fo = S =V, (2.10)

The components of the torsion and conformal-boost curvature of conformal
gravity are given respectively by the linear combinations of eqs-(2.6¢, 2.6d)

a a5 _ 1a . a ab __ 1a
Fo, — F% = Fo[Pl; FY, 4+ F% = F°[K] =

pv N N N
a ab _ T1a ma
Fi,To + FipToTs = Fi[P] Pu + Fi[K] K. (2.11a)
Inserting the expressions for e}, f in terms of the vielbein Vi and f/lf given

by (2.10), yields the standard expressions for the Torsion and conformal-boost
curvature, respectively

Fg [Pl = 0, Vi + Wit Vo — V3 by, (2.11b)
FLIE] = 0 Vi + Wi Vi +2 V0 by, (2.11¢)

The Lorentz curvature in eq-(2.6e) can be recast in the standard form as

ab __ ab __ ab ac , b a Ysb  ra b
FHV = RHV = 8[u UJV} + W[M CUV]C + 2( ‘/[N VV] =+ ‘/[N VV] ) (211d)
The components of the curvature corresponding to the Weyl dilation generator
given by F, in eq-(2.6b) can be rewritten as

1, .- .
Fi, = Ouby + 5 (Vi Ve = Vi Vaa )- (2.11¢)

and the Maxwell curvature is given by F ﬁy in eq-(2.6a). A re-scaling of the
vielbein Vi /1 and f/lf /1 by a length scale parameter [ is necessary in order to
endow the curvatures and torsion in eqs-(2.11) with the proper dimensions of
length=2,length™!, respectively.

To sum up, the real-valued tetrad gauge field V¢ (that gauges the transla-
tions P, ) and the real-valued conformal boosts gauge field 17;} (that gauges the
conformal boosts K,) of conformal gravity are given, respectively, by the linear
combination of the gauge fields e, F f; associated with the I'y, I'; I'; genera-
tors of the Clifford algebra C1(3,1) of the tangent space of spacetime M* after
performing a Wick rotation —i I'g = I'y. A conformal Gravity-Maxwell case is
based on the pseudo-unitary algebra u(2,2) = u(1) @ su(2,2) ~ u(l) ® so(4,2).

Gauge invariant actions involving Yang-Mills terms of the form [ Tr(FA*F)
and theta terms of the form [Tr(F AF) are straightforwardly constructed. For
example, a SO(4,2) gauge-invariant action for conformal gravity is [8]

S = / d*x €qpea €77 Ry, REE (2.12)



where the components of the Lorentz curvature 2-form Rffl’,dx“ Adx” are given

by eq-(2.11d) after re-scaling the vielbein Vi /I and f/lf/l by a length scale
parameter [ in order to endow the curvature with the proper dimensions of
length™2.

The conformal boost symmetry can be fixed by choosing the gauge b, = 0
because under infinitesimal conformal boosts transformations the field b,, trans-
forms as 0b, = —2 £* eqy = —2 &,,; i.e the parameter &, has the same number
of degrees of feedom as b,. After fixing the dilational symmetry and setting
the torsion to zero which constrains the spin connection wzb(Vlf) to be of the

Levi-Civita form given by a function of the vielbein V!, and eliminating the f/;f
field algebraically via its (non-propagating) equations of motion leads to the de
Sitter group SO(4,1) invariant Macdowell-Mansouri-Chamseddine-West action
[7] (suppressing spacetime indices for convenience)

1

VoA V) €apea. (2.13)

S = / d'z ( R (w) Jrll2 VEAVE) A (Rw) +
the action (2.20) is comprised of the topological invariant Gauss-Bonnet term
R®(w) A R®(w)éqpeq; the standard Einstein-Hilbert gravitational action term
#R™(w) AV AV%€qpcq, and the cosmological constant term £V AVEAVEA
Veapeq. 1is the de Sitter throat size; i.e. [ is proportional to the square of the
Planck scale (the Newtonian coupling constant).

The familiar Einstein-Hilbert gravitational action can also be obtained from
a coupling of gravity to a scalar field like it occurs in a Brans-Dicke-Jordan
theory of gravity

1 1 X
S = 5/ d'z /g ¢ <¢§3u(¢§9“” Dyg) + b (Dio) + 6R¢)'
(2.14a)

where the conformally covariant derivative acting on a scalar field ¢ of Weyl
weight one is

Djé = (Op — bu) ¢ (2.14b)
Upon fixing the conformal boosts symmetry by setting b, = 0 and the dilational
symmetry by setting ¢ = constant leads to the Einstein-Hilbert action for

ordinary gravity.
We proceed next with the introducion of the Clifford-valued scalar field (a
hyper-complex valued scalar) defined as

1 1 1
=T,y = o1+ 0%, +51 3 ~Yab +o U Vape +a " Yapea (2.15)

One should mention that the ¢ field appearing in (2.15) must not be confused
with the scalar field appearing in eqs-(2.14). Now we can propose the most
general action as an extension of the MMCW action displayed in eq-(2.13 ) and
given by



S = /d4xe’“’p" <FuF,® > = /d‘*erPU < F, Fl@°T,TI'ple >

(2.16)
The bracket operation < ..... > denotes extracting the Clifford scalar part of
the geometric product of Clifford-valued quantities. It is the analog of taking
the trace of a matrix product. The most general action can be decomposed into
several pieces S = S; + S + S5 + 54 + S5. Defining ¢p?0¢d = ebed 5 — abed
we have

S5 = / drz VP < Fl‘fy Ff, ¢ T4 TB Yabed > =
. .
/ dz €abed ehvre 2 ( a51FSZIZ Fgg + as2 Fﬁu F;)gd + as3 Fl“’ FgﬁCd ) +

/ d*z €apea €777 @ ((asaFL0, Fee? + assFl,, Foo + asgFob, ; Felet)
(2.17)
One can rewrite (2.17) in differential form notation as

S5 = /eabcdgo (a51 Fu’b/\FCd + as2 Fa/\Fde + as3 F/\Fade)+

/ €abed P ( as4 Fabe A Fecd + ass F% A Febed + as6 Fal;f /\FEde) (218)

One can recognize that the MMCW action (2.13) is contained in one piece
of S5 and given by

Svmew C / d*x €abea €77 @ (F Fd) (2.19)

when ¢ = 1 as described by eqs-(2.6e, 2.11). One should notice that when the
scalar field ¢ is not constant the expression

/ d*z \/9 ¢ ( Ruvpe Ruvpe —4 Ry R + R?) (2.20)

is no longer equal to the Gauss-Bonnet topological invariant due to the key ¢(x)
factor and such terms will now contribute to the equations of motion.

The term egpeqF'* A FP4 in (2.18) can be rewritten as F@ A F, , while the
term egpeqF’ A Fobcd = F A F, etc.... The components Fbed — Fﬁf,ddx" ANdx¥
Fabed — pabeddyi Adz, etc. .. are all given by eqs-(2.4,2.5,2.6) after taking into
account the relations among the Clifford algebra generators (gamma matrices)
in eqs-(2.1, 2.2). The other terms in the action are

S, = /d4xe“”p” < Fp FR ¢TaTpl > =



/d4$6ﬂupa¢ (all F,u,z/ Fpa + az F;jy Fapa + a3 Fg}j Fabpa) +

/ d4£L' etvre QZ) ( a4 Fsllzc Fabc po + ais FEBCd Fabcd po ) (221)

One can rewrite (2.21) in differential form notation as

51:/¢(a11FAF+a12F“AFa —|—a13F“b/\Fab)+
/ qb (a14 Fabc A Fape + ais Fade A Fabcd) (222)
Sy = / d*z P7 < Fo FE ¢ ToTp ya > =
/ ¢ap (az1 FONF® +ago FPANF +ag3 FAANF?) +
/q’)ab (a34 Cad/\FCdb + ass Cade/\FCdeb) (2.23)
Sy = / dz ePe < Ffu Ff, " Talpr, > =

/qba (agl FCANF +ag F% AN F? + ao3 Félc/\FbC + a9y Félcd/\Fde)

(2.24)
S, = / d*z eP7 < Fo R ¢ Ty T Yabe > =
/ Pabe (a41 F®ANF +ay FPAFC +ay3 F A FY ) +
/ bave ((asa F*YNFY +ags FO% A F) (2.25)

the way to obtain the numerical coefficients a;; is explained in the Appendix.

One may introduce dynamics for the dimensionless Clifford-valued scalar
field ® otherwise a variation of the action (2.16) with respect to the @ field
will trivially constrain the action to zero since in this case ® will act as a
Lagrange multiplier. The scalar field contribution to the action for the signature
(73 +7 +7 +) is

1 1
S[®] = / d'r Jg < — TE (D, ®") (D" ®) —u V(®) > (2.26a)
The dagger operation ®f denotes the reversal operation and is obtained by
reversing the order of the Clifford generators. For example, (74 A73)" = 7% AVa,
(Ya A AYe)T =Y Ay AT, et ... so that



< (Du®") (D" ®) > = (Duo) (D"9) + (Dyda) (D*¢*) + (Dyudas) (D67°) +

(Du¢abc) (D#(ﬁabc) =+ (Du(babcd) (D#(ﬁade) (226b)

where we have omitted combinatorial numerical factors for convenience.

The potential, for example, may be given by a polynomial V(®) =" _, a, ®"
or a more complicated function. Upon taking the Clifford scalar part of the po-
tential one has < V(®) >= V(¢, 9%, ¢, p2%¢ ¢2*?) which is a complicated
(polynomial, for example) expression given in terms of the 16 scalars. For sim-
plicity we shall choose the analog of a quartic Higgs-like potential given by

1
V= le(|q>A<I>A| — v?)?

1 1 1
ARy = "+ ¢"0a + o7 00w + 55 0 Gabe + 5 O Parea (2.27)

the reason one must take the absolute value in |[®4® 4| is because the Clifford
scalar norm ®4® 4 is not positive definite since the 16-dimensional quadratic
form has a split (8, 8) signature [?] when the tangent space metric 7,4 is Minkowskian
diag(—1,+1,+1,41).

The gauge covariant derivative acting on the Clifford-valued scalar @ is
defined as

(D, @) T4 = (0, @) T4 —i[AlTp, ®T¢ ] =

D" = (9, @) =i AT ®° < [[p, T |T4 > = (9, %) —i A] @€ fp8

(2.28a)
where we have written the commutator Clifford algebra as [['g,T'¢] = f Bg‘F A
and whose structure constants are displayed in the Appendix. Under infinitesi-
mal CI(3,1) gauge transformations the Clifford-valued scalar ® field transforms
as

; = 1
000 = —i fGUp gt P, & = ¢ Ta = €1 + & + 5 6w +
1 aoc 1 aoc
g 5 b Yabe + E g bed Yabed (228b)
and the gauge covariant derivative transforms as well (D, %) = —if% 5 ¢4 D, 5.

To sum up, the action S + S[®] given by eqs-(2.16-2.26) is comprised of
(i) ¢ times the MMCW Lagrangian (2.13) that contains the Einstein-Hilbert
and cosmological constant terms. (ii) Extra terms quadratic in the curvature
and torsion. (iii) A coupling of curvature and torsion terms. (iv) kinetic and
potential terms for a multiplet of 16 spacetime scalar fields ¢, ¢%, ¢, p@be, pabed
that from the tangent space point of view behave as a scalar, vector, antisym-
metric tensors of rank two and three and a pseudo-scalar field, respectively.



(v) Non-minimal couplings of the scalars and curvature and torsion terms. (vi)
terms involving the field strengths associated with conformal boosts, a dilational
(Weyl gauge field) and a U(1) Maxwell-like generator as displayed by egs-(2.6,
2.11). A review of conformal (super) gravity can be found in [8].

The action displayed by eqs-(2.16-2.26) is a more complex generalization
of the f(R,T) modified gravity models involving powers of curvature and tor-
sion [9]. It is also a more general extension of the cosmological models based on
Brans-Dicke-Jordan gravity [11] and non-minimally coupled Einstein-Electroweak
theory [10]. It contains many more terms than a U(2,2) = SU(2,2) x U(1)
gauge theory (conformal gravity and Maxwell theory). In addition it includes
the kinetic and potential terms of a multiplet of 16 scalar fields (corresponding
to a 4 x 4 matrix-valued scalar in the 16-dimensional adjoint representation of
U(2,2)).

3 Moyal Star Product Deformations

The associative and noncommutative Moyal star product when the (inverse)
symplectic form Q*" = —Q"*” does not have an X-dependence is defined as

(A1 * Ag )(Z) = 6:L‘p< % QY axu 8yu ) Al(X) AQ(Y)|X:y:Z =

= (3)"
S Qur Quave QHnvn (97 A1) (O]

n 2 ViVa...... v, A2) (31)

n=0
tisimerin, A1(Z) = Opy Oy o O, A1(2). (3.2a)
8:}11,2 .... v, As(Z) = 0y, Ouy woo... 0y, As(Z). (3.2b)

For simplicity we shall take the very special case of canonical noncommuta-
tivity [XH, X¥]. = iO* = QM = constants, such that the star product is the
standard Moyal one. If the fields and their derivatives vanishing fast enough at
infinity, one has the cyclicity property of the integral

/A*B = /AB—i—totaldem'vative = /AB = /B*A (3.3)

/A*B*C = /A(B*C’)—l—totalderivative = /A(B*C) =

/ (Bx(C)A = / (B * C) x A + total derivative = / B xC x A (3.4)

10



therefore, when the star product is associative and the fields and their derivatives
vanishing fast enough at infinity (or there are no boundaries) one has

/A*B*C:/B*C’*A:/C’*A*B. (3.5)

The relations (3.3-3.5) are essential in order to construct invariant actions under
star gauge transformations of the form 6F),, = i[{, F),,]«. The invariance of the
actions is due to the associativity property of the star products and the cyclicity
property of the integrals and of the Clifford scalar part of the geometric product
of the Clifford generators. Taking the scalar part is the analog of the trace of a
matrix product.

One should notice, for example, that when one has a Lie-algebraic type
of noncommutativity, the ©’s are now X-dependent [X*, X¥], = i©0"(X) =
if}” X? so that the cyclicity property no longer holds since the star product is
X-dependent. For a detailed study of how to remedy this problem see [25].

Due to the noncommutativity of the spacetime coordinates, the components
of the Clifford-algebra valued field strength are now modi fied as follows

Fuw = Fo,Te = (0, A — 0, AT ) Te —

(AX+AB — AP« AN ) (T4, Ty} - %(A;‘*Af + AB« A ) [Ta, Ty ).

(3.6)
The commutators [ T4, I'p ] and anti-commutators { I'4, I'p } in eq-(3.6),
where A, B are polyvector-valued indices, can be obtained from all the rela-
tions provided in the Appendix. Notice that both the standard commutators
and anticommutators of the gammas appear in eq-(3.6) and which now define
the Clifford-algebra valued field strength in noncommutative spacetimes; i.e. if
the products of fields were to commute one would have had only the Lie alge-
bra commutator A4, A% [[a,T ] pieces without the anti-commutator {I'4,T'5}
contributions in the r.h.s of eq-(3.6).

We should remark that one is not deforming the Clifford algebra involving
[Ta, Tp]and { T4, I'p } in eq-(3.6) but it is the ”"point” product algebra
A%+ AB of the fields which is being deformed. (Quantum) g-Clifford algebras
have been studied extensively by [29].

The symmetrized star product in terms of ©@*” = constants is

N =

AL %, Af =

”w

(A2« AP+ AP« AY) = AT AP +

DO =

-2
%@aﬂ O™ (Dn D AY) (95 0x AB) + .o (3.7)

the antisymmetrized (Moyal bracket) star product is

Atkg AL = — (A}« AP — AP« AY) = i10°P (0, A) (95 AD) + ... (3.8)

1
2
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Early works on Moyal deformations of gravity can be found in [21],[18],[15].
Examples of an X-dependent ©#¥(z) occurs in x-deformed Minkowski space-
times [17]. An extension of the Seiberg — Witten (SW) map for X-dependent
©" (x) was provided by [25], [19], [20], [26], [27], among others, relating the
non-Abelian noncommutative gauge fields based on noncommutative coordi-
nates and the non-Abelian gauge fields based on commutative coordinates. It
is then when one may construct the proper expressions for the deformed field
strengths, associated with the noncommutative coordinates, in terms of the un-
deformed field strengths. Since the former involve the universal enveloping alge-
bra that is in finite dimensional one must find a criteria to reduce the number
of the degrees of freedom to a finite one; this is attained via the Seiberg-Witten
map.

The main advantage of recurring to a Clifford algebraic formulation described
in this work, is that both the commutator and anticommutator algebra in eq-
(3.6) closes and this will simplify the laborious and cumbersome Seiberg-Witten
procedure, involving the universal enveloping algebra. One may now proceed
to perform the Moyal deformations of the field strengths and the action in a
straightforward fashion.

The Moyal deformation of the terms S5 encoding the MMCW gravitational
action with a cosmological constant is given by

Sy = / d'z 7 < Fh « Fo x ¢ Ta Tp Yapea > =

4 v ab cd a bed abed
/d T €gped € pagﬁ*(am}-w, *]:p(, + as2 ]:MV *]:pg +as3 Fuu *]:pg ) +

/ A% €apea €777 0 #( asaF e * Foat + a55F e * Fon + aseFpmes * Fod)
(3.9)

Before studying the Moyal deformations given by the action (3.9) one needs
to establish the dictionary among the different Clifford C1(3,1) gauge field com-
ponents and the fields of conformal gravity. From eqs-(2.2,2.4) one can infer the
following correspondence

b b b bed
AR s AL el A s O A% b, Ay eva, (3.10)

w

Let us look at the first order ©-corrections to the components of F, P‘ffj given by
eq-(2.6e) upon using eq-(3.6) and the equations in the Appendix
WFah = Fib + 0% 0,48 g A — O a AT g ALy (3.11)

Repeating this procedure with the other field strength components in eqgs-
(2.6a-2.6d) yields the first order ©-corrections

OF = Fu +2 0% 9,45 95, —
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2 0% 9o A OpAser —2 0P 0o AT O ALerg +
2 0% 9o AT g Aergn (3.12)

(1)]-‘;111 — ]:ﬁu _ 9 @aB aaAzef s Ayer (3.13)
, 1
WFme = Fib +2 0% 0uA 9y — 5 07 0, AT 0545, (3.14)

O Fgled = Faled 49 % 9, A u At + 5 070 0, AL Dy AL

1
1 0% Do AL 05 ASL, (3.15)

We have indicated in the previous equations (3.11-3.15) that one has a first
order correction by attaching explicitly a superscript () to the field strength
expressions in the left hand side. The expressions for the components of .7-';3,
in the right hand side are obtained explicitly from eqs-(2.6a-2.6e ) by replacing
the commutative gauge fields A;? for the noncommutative ones Af}.

Having written the above expressions (3.11-3.15) for the noncommutative
field strengths in terms of the noncommutative gauge fields Aﬁ it remains to
write the latter noncommutative fields in terms of the commutative fields Aﬁ‘ via
the Seiberg-Witten map procedure. A lengthy procedure (see [22], [23]) yields
the following expression for the noncommutative field strengths 7, in terms of
the commutative fields, after ommiting the Clifford-valued internal indices for
simplicity since Fp, = FipTa, Fuy = FiTa, A,y = ATy,

1 1
Fur = Fuv + 30 {Fpa; Fupt = 70°{Aa, (9 +Dp)Fu}+ - (3.16)
where the covariant derivative is defined in the adjoint representation

DoFuu = aaF;w -1 [Am F/M/]' (3'17)

Similarily, the Seiberg-Witten map allows to express the noncommutative
scalar fields components present in the Clifford-valued field ® in terms of the
commutative scalar fields components present in the Clifford-valued field ®

=93 _i 0% {A,, (0s + Dg)®} + ... (3.18)

see [22] for the case of a SO(2,3)-valued scalar field.

All that rests now is to evaluate the individual components of 7, = F, lﬁ,F A
in the left hand side of (3.16) after performing the geometric products of the
Clifford algebra generators appearing in the right hand side of (3.16) due to the

13



decomposition of F,,, = nyfm A, = A;‘I‘A. A similar procedure is performed
in eq-(3.18).
We shall focus for now on the contribution up to first order in the ©-terms

to the Clifford bivector components Fgfﬁfyab

1 P
1) ab ab « abe abed
( )JT_.IU’ = lﬂ” +§ (C) p (Fpa Fvﬁc - Flu.a V5Cd)

1 ) ,
5 07 (Fuae FJ5" — Fuaca F§™") + ... (3.19)

The extra terms in (3.19) are of the form O(AJF + AAF'). For example

1 1
-1 0% (A% 95F, e — A 0F,ea ) — 1 0% A% Agea FY, (3.20)

A similar procedure yields the expression for the noncommutative scalar field
gﬁ“bc‘i = €°d% in terms of the commutative scalar and gauge fields.

The higher order corrections in © are obtained from the higher order terms
in the definition of the Moyal star products and in those terms generated by the
Seiberg-Witten map. Comparing our results, based on the Moyal deformations
provided by eq-(3.9), with the results of others we should emphasize that the
authors [23] had for their starting U(2,2) invariant Lagrangian only the two
terms (omitting numerical factors)

L = €apea (F*NF + FAF) (3.21)

instead of the siz terms present in eq-(2.18). Secondly, they imposed by hand
several constraints on the fields such that F),,, = F}, = Fﬁg“ = F;jfjc‘i =0. And
thirdly, they set ¢ = constant.

Whereas the authors [22] used the Seiberg-Witten map procedure to con-
struct a model of noncommutative gravity based on the gauge theory of SO(2, 3)
defined over a noncommutative spacetime characterized by ©*” = constants.
The starting Lagrangian in [22] was chosen to be

L = eapeqd @ F° N F (3.22)

They found a cancellation of the ©-terms to first order and which agrees with
the results obtained by the authors [23] (for the group U(2,2)) when one has a
canonical noncommutativity. It appears that the cancellation of the first order
terms in ©*” might be model-independent.

Let us examine carefully the Moyal deformation of the eq-(2.16) after one
inserts the explicit expressions for the noncommutative fields inside the integral

/ diz P < @ % F % Fpy > (3.23)
the ©-terms up to first order in the integrand will be

® (Fu *Fpa)(l) + W (Fuw Fpo) +

14



% @(XB aa(I) aB(F[LV Fpo’) (324)

The last term is a total derivative after an integration by parts due to the
condition ©*9,05(...) = 0. Hence the last term decouples (it can be dropped
if the fields vanish fast enough at infinity or there are no boundaries). This is
to be expected if one does not wish to introduce imaginary terms to the Moyal
deformed action. The hats represent the noncommuative scalars and &M g
the first order contribution in © to the noncommutative scalar field. ® is the
Clifford-valued scalar field with commutative components.
The first two terms of eq-(3.24) gives

Qs
4

< {Aq, 08+ Dg) Fu} Fpp @ > €MP7 —

Qs
4

< Fu Foo {Aq, (05+Dp) } @ > &P +

(SR
2
The terms that one must extract the Clifford scalar part < ... > are of the form

< {Fop, Fo,} Fpp @ > 77 4 (3.25)

0% < {Fu,., Fp,} Fpo ® > 7" (3.26)
0% < F,, {Fa, Fpo } & > 0 (3.27)
0% < F,, Foy { Fog, &} > 0 (3.28)
0% < F,, Foo { Ay, (O +Dp) &} > 0 (3.29)

0% < F,, {As, (05 +Dpg) Fpot & > 77 4
0% < {A,, 05+ Ds)Fu} Fpp & > (3.30)

%@aﬂ < (0aF,) (05F,0) & > (3.31)

To simplify the calculations let us truncate all the components of the field
® = ®4T' 4 to zero except ®™P1 +£ 0, and all the components of AZ‘FA to zero

except Azb = 0. In this case one will have in explicit components form for the
term in eq-(3.28) the following
0% < F yup F yoi {FL5 Yros Grmnpg 770} > 0P (3.32)

Recurring to the expressions displayed in the Appendix allow us to extract
the Clifford scalar part < ... > of the geometric products of the Clifford C1(3,1)
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algebra generators in eq-(3.32). After some straightforward but lengthy algebra
it yields (up to a numerical factor)

O Nae Fil) FS4 FIE Gynpg €777 = 0 (3.33)

%

The reason this last expression eq-(3.33) is vanishing is due to the contrac-
tion structure of the tangent space indices and the antisymmetry of all the
terms of eq-(3.33) under the exchange of indices with the exception of the (flat)
tangent space metric Ngc = Neq-

Following the same procedure with eq-(3.27) and using the same symmetry
(antisymmetry) argument in the contraction of indices gives for the Clifford
scalar part

O ae FSP Fgl FI Gmnpg €77 = 0 (3.34)

identical vanishing results occur with eq-(3.29)

SR Nac F/%) Fl(;g AZ" (9 + Dg)pmnpg €77 = 0 (3.35)

and with eq-(3.26).
The explicitly gauge noncovariant eq-(3.30) yields

O Nae bmnpg Fiiy' AL (9 + D) ot 77 —
0% New Gmnpg FSL AW (95 + Dg)FIP 77 = (3.36)

A way to see why eq-(3.36) is zero can be obtained by relabeling the indices
pv > po,q < mya < ¢ in the second line of eq-(3.36) so that it becomes
identical to the first line and leading to an exact cancellation due to the key
minus sign in eq-(3.36) and antisymmetry F7J = —FJ2.

Finally we examine eq-(3.31) giving

% e (aaF:?/n> (36F53) Pmnpg €77 = 0 (3.37)

The reason eq-(3.37) is zero is due to an overall antisymmetry. Relabeling
the indices in eq-(3.37) uv < po,«a <> 8, mn <> pq and due to the antisymmetry
of 2% = —©P8« it leads to

v 1
5 O (OuFLL") (D5FLS) by @7 = = 5 07 (D332) (Du L") Gpgn 7 =

5 O (OuF}L") (95FL8) bunnp 7 (3.38)

therefore, if X = —X = X =0.

Therefore, the Clifford scalar part of the first order contributions in the
0P terms of the Moyal-deformed action is vanishing when one truncates all
the components of ® = ®4T" 4 to zero except ™9 #£ 0, and all the components
of Aﬁf A to zero except AZZ’ # 0. If one does not impose such truncation, one
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will have to consider the Moyal deformations of all other expressions in eqs-
(2.21-2.25). Tt is unlikely that there is a cancellation of the ©-terms up to first
order in this most general case.

For example, let us examine the first order contribution in @*# of

[ < (s bgetscona) > owe (3.39)

One of the terms is

’L’ [e) aoc vpo
5 07 (0aFuw) (95F55"") avea €77 #0 (3.40)

which is clearly nonvanishing and furnishes an imaginary contribution to the
Moyal deformed action. The other imaginary contribution can be dropped be-
cause it yields a total derivative term

7
/ 2 O Do (Fyu F33°) OpPapea €77 =

/ 5 0 O ( Fyw Fg Oasea ) €7 (3.41)

after an integration by parts.
One may cancel the contribution in eq-(3.40) by adding to eq-(3.39) the term

aoc (1) vpo
/ < (pr' d*FuV*¢abcd) > P (342)

which amounts to a trivial symmetrization of the ordering in the products of
the field strengths. Not surprisingly, due to this trivial symmetrization, there
is cancellation due to the antisymmetry of @27,

Eq-(3.40) is gauge covariant because 8 Fjuy = Do Flu, and 9g Fo2? = Dy Fabed
after writing F ;chd = e“b“dGW. Because there are a lot of gauge noncovariant
terms in the expansion in powers of ©, the authors [24] used the method of
composite fields which enables to write the final results in a manifestly gauge
covariant way. Therefore, the final results are manifestly gauge covariant as
they should be.

There are many other terms in eq-(3.39) whose contribution is nonvanishing
and real to first order in O, for example

Chs F;; Fpors FSBCd Gabed €77 # 0 (3.43)

O Fly F3 F5% Gapea €77 # 0 (3.44)

o

due to the fact that now F),, and F; ;ﬁZCd are no longer zero. In particular, the
terms of eq-(3.44) clearly form part of the deformed action S5y, in eq-(3.9)
and encoding the Moyal deformations of the MMCW gravitational action with
a cosmological constant given by eq-(2.13) to first order in ©#”. By setting
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Dabed = €abedp and recurring to the decomposition of F O‘flp’, F gﬁ provided in eqs-

(2.11d, 2.13) one will have that eq-(3.44) yields the following © corrections to
the vacuum energy density (in the modified action)

z% 0% Fly V2 VP VE VE capea €77 (3.45)

where V! is the vielbein field. If one identifies 75 ~ é = é and 7 = pPoacuum
one can cancel the enormous pyqeuum energy density (when ¢ = 1) if the terms
in eq-(3.45) are of the same order of magnitude, which implies that

l% (VEVEVEVE + 0% Fup VEVEVEVE) €apea €77 = 0 (3.46)
Setting the magnitude of the constant ©%7 parameters to be of the order of
the Planck scale squared L% will fix the values of F,, in eq-(3-46) that furnish
a cancellation of the huge vacuum energy density. Hence, the second terms in
eq-(3.46) provide in general the z-dependent corrections to the vacuum energy
density (cosmological constant). This result should be contrasted with those in
[22].

One should notice that despite the generators of U(2,2),50(4,2),50(2,3)
can be expressed in terms of the Clifford algebra generators this does not imply
that these algebras are isomorphic to the Clifford algebra. Hence one should
not expect identical results as those obtained by other authors.

To sum up, when one does not impose constraints on the fields, there are
first order contributions in the ©#” (constants) parameters in the Moyal defor-
mations of a Clifford gauge theory formulation of gravity in variance with the
previous results obtained by other authors and based on different gauge groups.
This could provide a plausible cancellation mechanism of the huge vacuum en-
ergy density 1/L%. The first order contributions in the 0% terms of the
Moyal-deformed action is vanishing in the special case when one truncates all
the components of ® = ®AT" 4 to zero except ™1 £ (), and all the components
of A;‘I’A to zero except Aﬁb # 0.

Similarily, one obtains the Moyal deformations of the action S[®] corre-
sponding to the Clifford-valued scalar field ®. Firstly, there is a modification
of the gauge covariant derivative term (2.28a) due to the noncommutativity of
the pointwise product of fields. Both commutators and anticommutators will
appear in the Moyal deformations of eq-(2.28a) as they did in eq-(3.6). This
will lead to corrections in powers of © of the gauge covariant derivative terms.
Secondly, one performs the Moyal star products among all the terms present in
the Clifford-valued scalar field action as it was done in eq-(3.9) after recurring
to eq-(3.18).

APPENDIX
In this Appendix we shall write the (anti) commutator relations for the

Clifford algebra generators and explain how to obtain the numerical coefficients
a;; in eqs-(2.16-2.25).
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[’Ym F)/b] = Yab = — TVba, avb:172737'“7m (Al)

N | =

1
5{%7 W} = gar 1

[7(17 Yoc ] = 2 Gab Ye — 2 Gac Vb, { Yas Vbe } =2 Yabe (AQ)

[ Yabs Ved } = =2 Gac Vbd +2 Gad Vbe — 2 Jvd Yac +2 9be Yad (Ag)

In general one has [30]

ning....n ning....n QP'Q' [ning ng....ng)
pq = odd, [lemg....mpv e ] = 2 '_leler:,Q....mp - 2!(]9 — 2)!<q — 2>| [ma1mea Tms...... mp) +
2p'Q' [n1....n4 ns....ngq)
1(p = 4)1(q = D)1 6[m1.‘__m4 Vigoimy] T e (A.4)
pq = even, {'lemgu..mpu 2 a } = 2’Ym11n§2....r(rlzp - 2!(]? _ 2)!(61 _ 2)! [mima Tms...... mp]
2p'ql [n1...n4 n5....Nnq|
T — s Ab
4|(p _ 4)'((] _ 4)[ [m1....my fyms ...... mp] ( )

nlng....nq] _ (_1)p—12p!q! [n1 7”2““71(1]
U(p —1)l(g — 1)1 T Tmzemy]

bq = even, [’lemz....mp7 v

(_1)p—12p!q! [ninang ng...ng)
S(p— 3)i(g — B Crmmarms Yoniimg] T (4.6)

ning....ng _ (71)p712p'ql [n1 na....ng|
pa = 0dd { Gmymamy: VY = T T 1 T my)

(_1)p—12p!q! [ninang ng....ng)
3'(]9 _ 3)|(q _ 3)[ [mimams ’ym4 ...... myp]

The generalized Kronecker delta is defined as the determinant

b (A7)

a1 o
gzl o ... ng
2
Opipe e = det by e g
ag ”
5b1 ce . 5bk
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These equations are all that is need to evaluate the numerical coefficients of
the action provided by eqs-(2.16-2.26). For instance if one wishes to extract the
scalar part of the Clifford geometric product of < VmnpYrstYuv >, all one needs
is to extract the bivector part of the product

rs 1 rs 1 rs
Ymnp Y b= 5 [’Ymnp, Y t} +§ {’Ymnpa’y t} =

P n np) mnp]

rSs TS 1 [d s rs
(2 Yt =36 0, " 7,10 +§(18§[[m7 oaae ) (A9)

DN | =

From eq-(A.9) one learns that its bivector piece is

1
2
and whose contraction with -, will bring up the scalar part as follows

36 0p 3] (A.10)

n p

< APy > = —4467 (A11)

[uv]
In this fashion one extracts the scalar part of the Clifford triple geometric prod-
uct of generators and obtains the numerical coefficients a;; in the action dis-
played by eqs-(2.16-2.26).

Acknowledgments

This work was sponsored by the Prometeo Project of the Secretary of Higher
Education, Science, Technology and Innovation of the Republic of Ecuador. We
are also indebted to M. Bowers for assistance.

References

[1] I. R. Porteous, Clifford algebras and Classical Groups (Cambridge Univ.
Press, 1995).

[2] C. H Tze and F. Gursey, On the role of Divison, Jordan and Related Al-
gebras in Particle Physics (World Scientific, Singapore 1996); S. Okubo,
Introduction to Octonion and other Nonassociative Algebras in Physics
(Cambridge Univ. Press, 2005); R. Schafer, An introduction to Nonas-
sociative Algebras (Academic Press, New York 1966); G. Dixon, Division
Algebras, Octonions, Quaternions, Complex Numbers, and the Algebraic
Design of Physics ( Kluwer, Dordrecht, 1994); G. Dixon, J. Math. Phys
45 no 10 (2004) 3678; P. Ramond, Exceptional Groups and Physics, hep-
th/0301050; J. Baez, Bull. Amer. Math. Soc 39 no. 2 (2002) 145.

[3] P. Jordan, J von Neumann and E. Wigner, Ann. Math 35 (1934 ) 2964;
K. MacCrimmon, A Taste of Jordan Algebras (Springer Verlag, New York
2003); H. Freudenthal, Nederl. Akad. Wetensch. Proc. Ser 57 A (1954 )
218; J. Tits, Nederl. Akad. Wetensch. Proc. Ser 65 A (1962 ) 530; T.
Springer, Nederl. Akad. Wetensch. Proc. Ser 65 A (1962 ) 259.

20



[4]

[5]

[10]

[11]

C. Castro, M. Pavsic, Progress in Physics 1 (2005) 31; Phys. Letts B 559
(2003) 74; Int. J. Theor. Phys 42 (2003) 1693;

M.Pavsic, The Landscape of Theoretical Physics: A Global View, From
Point Particles to the Brane World and Beyond, in Search of a Unifying
Principle (Kluwer Academic Publishers, Dordrecht-Boston-London, 2001).
S. W. MacDowell and F. Mansouri: Phys. Rev. Lett 38 (1977) 739;

F. Mansouri: Phys. Rev D 16 (1977) 2456.

S. W. MacDowell and F. Mansouri: Phys. Rev. Lett 38 (1977) 739;

F. Mansouri: Phys. Rev D 16 (1977) 2456.

A. Chamseddine and P. West, Nuc. Phys. B 129 (1977) 39.

D. Wise, “MacDowell-Mansouri Gravity and Cartan Geometry” arXiv :
gr-qc/0611154.

E. Fradkin and A. Tseytlin, Phys. Reports 119, nos. 4-5 (1985) 233-362.
S. Capozziello, and M. De Laurentis, “Extended Theories of Gravity”
Physics Reports 509, 167 (2011) arXiv : 1108.6266.

S. Nojiri and S. Odintsov, “Unified cosmic history in modified gravity: from
F(R) theory to Lorentz non-invariant models” Phys. Report 505 (2011) 59.
arXiv : 1011.0544.

I. Obata, T. Miura and J. Soda, “Dynamics of Electroweak Gauge Fields
during and after Higgs Inflation” arXiv : 1405.3091.
C.J. Feng and Z.Z. Li, “Towards a realistic solution of the cosmological

constant fine-tuning problem by Higgs inflation” arXiv : 1405.3056.

S. Capozziello and V. Faraoni, Beyond Einstein Gravity. A Survey of Grav-
itational Theories for Cosmology and Astrophysics Fundamental Theories
of Physics, vol. 170 (Springer, New York, 2011).

V. Faraoni, Cosmology in Scalar-Tesnor Gravity Fundamental Theories of
Physics, vol. 139 (Kluwer Academic Publishers, Dordrecht, 2004).

C. Castro, A Clifford-Gravity Based Cosmology, Dark Matter and Dark
Energy” to appear in the Int. J. Geom. Meth. Mod. Phys., 2015.

F. Hehl, J. McCrea, E. Mielke and Y. Ne’eman, Phys. Reports 258 (1995)
1.

C.Y Lee, Class. Quan Grav 9 (1992) 2001.
C. Y. Lee and Y. Ne’eman, Phys. Letts B 242 (1990) 59.

R. Gilmore, Lie Groups, Lie Algebras and some of their Applications (John
Wiley and Sons Inc, New York, 1974).

21



[15]

[16]

[17]

[18]

[22]

[23]

A. Chamseddine, ” An invariant action for Noncommutative Gravity in four
dimensions” hep-th/0202137. Comm. Math. Phys 218, 283 (2001).

A. Chamseddine, ” Gravity in Complex Hermitian Spacetime” arXiv : hep-
th/0610099.

N. Seiberg and E. Witten, String theory and noncommutative geometry,
JHEP 9909 (1999) 032 [hep-th/9908142].

A. Agostini, G. Amelino-Camelia, M. Arzano, and F. D’Andrea, ”Ac-
tion functional for kappa-Minkowski Noncommutative Spacetime” [hep-
th/0407227].

J. Wess, J. Phys. Conf. Ser. 53 (2006) 752 [hep-th/0608135].
P. Aschieri, M. Dimitrijevic, F. Meyer, S. Schraml and J. Wess, Lett. Math.
Phys. 78 (2006) 61 [hep-th/0603024].

R. Banerjee, P. Mukherjee and S. Samanta, Phys. Rev. D75 (2007) 125020
[hep-th /0703207].

M. Chaichian, M. Oksanen, A. Tureanu, and G. Zet, ”Noncommutative
gauge theory using covariant star product defined between Lie valued dif-
ferential forms” [arXiv : 1001.0508].

M. Chaichian, M. Oksanen, A. Tureanu, and G. Zet, Covariant star product
on symplectic and Poisson spacetime manifolds® [arXiv : 1001.0503].

A. Schenkel and C. Uhlemann , ”Field theory on curved noncommutative
spacetimes” arXiv : 1003.3190.

J. Madore, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 16 (2000)
161;

B. Jurco, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 17 (2000)
521;

B. Jurco, L. Moller, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C
21 (2001) 383.

P. Aschieri, M. Dimitrijevic, F. Meyer and J. Wess, Class. Quant. Grav. 23
(2006) 1883.

M. Dimitrijevic and V. Radovanonic, Noncommutative SO(2, 3) gauge the-
ory and Noncommutative Gravity “ arXiv : 1404.4213

Y.G Miao, Z. Xue and S.J Zhang, U(2,2) gravity on noncommutative
space with a symplectic structure” arXiv : 1006.4074.

P.Aschieri, L. Castellani and M. Dimitrevic, Noncommutative gravity at
second order via Seiberg-Witten map Phys. Rev. D 87 (2013) 024017.

22



[25]

[26]
[27]

28]

M. Dimitrijevic, L. Jonke and L. Moeller, JHEP 0509 (2005) 068 [hep-
th/0504129).

Marija Dimitrijevic, Frank Meyer, Lutz Mller, Julius Wess, Eur. Phys. J C
36 (2004) 117 [hep-th/0310116].

M. Dimitrijevic, L. Jonke, L. Moeller, E. Tsouchnika, J. Wess and M.
Wohlgenannt Eur. Phys. J C 31 (2003) 129 [hep-th/0307149].

L. Moeller, ” A symmetry invariant integral on x-deformed spacetime” [hep-
th/0409128].
G. Felder anf B. Shoihket, Lett. Math. Phys. 53 (2000) 75.

C. Chryssomalakos and E. Okon, ”Star product and invariant integration
for Lie type Noncommutative Spacetimes” arXiv : 0705.3780.

W. Behr and A. Sykora, Construction of gauge theories on curved noncom-
mutative spacetime, Nucl. Phys. B 698 (2004) 473.

W. Behr, ” Noncommutative Gauge theory beyond the Canonical case” hep-
th/0511119;

A. Sykora, ” The application of star products to noncommutative geometry
and gauge theory” hep-th/0412012.

R. Ablamowicz and B. Fauser, Clifford and Grassmann Hopf algebras via
the BIGEBRA package for Maple* Computer Physics Communications
170 (2005) 115.

B. Fauser, A Treatise on Quantum Clifford Algebras* arXiv
math/0202059; Habilitationsschrift, Univ. Konstanz, p. I-XII,1-164, ill

K. Becker, M. Becker and J. Schwarz, String Theory and M-Theory : An
Introduction, pages 543-545 (Cambridge University Press, 2007)

23



