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Abstract

Let ((s) denote the Riemann zeta-function. This thesis is concerned with estimating
discrete moments of the form

w):ﬁ S 1)

0<y<T
where k£ € N and the sum runs over the non-trivial (complex) zeros p = 3 + iy of
¢(s). Here the function N(T') ~ =logT denotes the number of zeros of ((s) up
to a height T' counted with multiplicity. It is an open problem to determine the
behavior of Ji(T) as k varies. The main result of this thesis is to establish upper
and lower bounds for Ji(7T') for each positive integer k that are very nearly of the
same order of magnitude. In particular, assuming the Riemann Hypothesis we show
that, for any k£ € N and € > 0 arbitrary, there exist positive constants C; = C(k)
and Cy = Cy(k, €) such that the inequalities

Cl(logT)k(k-i-Z) < Jk(T) < C«z(logT)k(k+2)+a

hold when T is sufficiently large. The lower bound for Ji(T') was proved jointly with
Nathan Ng.

Two related problems are also considered. Assuming the Riemann Hypothesis

S. M. Gonek has shown that Ji(T) ~ 15(logT)® as T — oo. As an application



vi

of the L-functions Ratios Conjectures, J.B. Conrey and N. Snaith made a precise
conjecture for the lower-order terms in the asymptotic expression for Ji(7"). By

carefully following Gonek’s original proof, we establish their conjecture.

The other problem is related to the average of the mean square of the reciprocal
of ('(p). Tt is believed that the zeros of ((s) are all simple. If this is the case, then the
sum Ji (7)) is defined when k& < 0 and, for certain small values of k, conjectures exist
about its behavior. Assuming the Riemann Hypothesis and that the zeros of ((s)
are simple, we establish a lower bound for J_;(7T") that differs from the conjectured

value by a factor of 2.
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1 Introduction

Let s = o+it. The Riemann zeta-function is the function of a complex variable s
defined in the half-plane ¢ >1 by either the Dirichlet series or the Euler product

((s) ;:i%: I (1—%)1. (1.1)

n=1
p prime

It is defined by analytic continuation elsewhere in the complex plane except for a
simple pole at s = 1. If we let £(s) = 1s(s—1)7*/?T'(£)((s), then it can be shown

that the function £(s) is entire and satisfies the functional equation £(s) = £(1—3s).

In his classic 1859 paper, Riemann [28] showed there is a deep connection between
the behavior of the function ((s) and the distribution of the prime numbers. In fact,
he sketched a proof of a formula that expresses the number of primes less than a

number z explicitly in terms of the zeros of the zeta-function.

Every zero of ((s) corresponds to either a zero of {(s) or a pole of I'(s). From
well known properties of the gamma function, one can deduce that ((—2k) = 0 for
each positive integer k£ and, from (1.1) and the functional equation, that these are

the only zeros of ((s) on the real-axis. We call these zeros the trivial zeros.



It is also known that (s) has a countably infinite number of non-trivial (complex)
zeros. We write these zeros as p = 4+ 17y. It can be shown that the non-trivial zeros

of ((s) satisfy 0 < 8 < 1 and that they are symmetric about the real-axis and

about the line o = % Moreover, it is known that the number of non-trivial zeros
with 0 < v < T is about % log - o — % as T' — oo. Riemann famously conjectured

that all the non-trivial zeros have ¢ = 5. This conjecture, known as the “Riemann
Hypothesis”, is widely regarded as one of the most important open problems in pure

mathematics.

For an overview of the theory of the Riemann zeta-function, its connection to
number theory, and related topics we refer the reader to the books by Ingham [18],
Davenport [3], Titchmarsh [37], Edwards [4], Ivi¢c [19], Iwaniec & Kowalski [20], and

Montgomery & Vaughan [23] as well as the references contained within these sources.

1.1 Moments of [('(p)|.

This thesis is concerned with estimating discrete moments of the form

Ji(T Z ' (p) (1.2)

0< <T

where k is a real number and the sum runs over the non-trivial (complex) zeros
p= 41y of the Riemann zeta-function. Here, the function

T T
Z 1——log———+O(logT)

2r 27
0<y<T
denotes the number of zeros of ((s) up to a height 7" counted with multiplicity.
Initially, Ji(T) is only defined for positive values of k. However, it is believed
that the zeros of the Riemann zeta-function are all simple and, if this is the case,

then Ji(T) is defined for k < 0, as well.



It is an open problem to determine the behavior of J(7T') as k varies. Indepen-

dently, Gonek [10] and Hejhal [14] have made the following conjecture.

Conjecture 1: There exist positive constants Ay and By such that
Ap(log T)FF+2) < J(T) < By(log T)Fk+? (1.3)

for each fized k € R and T sufficiently large.

Though widely believed for positive values of k, there is evidence to suggest that
this conjecture is false for £ < —3/2. In fact, it is expected that there exist infinitely
many zeros p of ((s) such that |¢'(p)|~ > |y]'/3~¢ for each € > 0. If this is the case,

then there are arbitrarily large numbers 7. such that
J—kz(Ta) Z (TE)Qk/S_l_E.

When k < —3/2, this is not consistent with the upper bound in (1.3).

Until very recently, for £ > 0, estimates in agreement with Conjecture 1 were
only known in a few cases where k is small. Assuming the Riemann Hypothesis,
which asserts that 3 = 1 for each non-trivial zero p = 8 + iy of ((s), Gonek [8] has
proved that

1

J(T) ~ E(logT)3 as T — oo.

No asymptotic formula is known for Ji(T') for any other value of k. Also assuming
the Riemann Hypothesis, Ng [25] was able to exhibit positive constants D; and Dj
such that, for T sufficiently large,

Di(log T)* < Jo(T) < Dy(logT)®.

This establishes Conjecture 1 for the case k = 2.



There are a few related unconditional results where the sum in (1.2) is restricted

only to the zeros of ((s) with 3 = 1. In this case, Garaev [5] implicitly (see also

Laurinéikas, Slezeviciene, and Steuding [21; 34]) has shown that

Z ¢'(p)] < C(log T)™*
for a positive constant C'. This result relies on a deep mean-value estimate for Dirich-
let series due to Ramachandra [27]. Also, on this restricted set of zeros, Garunkstis
and Steuding [6] have proved upper bounds of the conjectured order of magnitude
for the mean-square and for the mean-fourth power of ('(p). In fact, by modifying
a recent method of R. R. Hall [13], they give upper bounds for the more general
quantity
Jr(T5A) = NT) > Il

0<y<T, =3
(Yt =) log T<X

for any fixed A > 0 when k = 1 or 2 where 7 is defined by

7" = min{y : ¢(4 +i7) = 0 and o/ > 7},

If the Riemann Hypothesis is assumed, then these unconditional results can be ap-
plied to the sum Ji(7) and, in that case, the value of the constant in the upper
bound for J,(7") obtained by Garunkstis and Steuding improves slightly the value of

the constant in Ng’s upper bound for J5(7") mentioned above.

Very little is known about the moments J;(7") when k& > 2. However, assuming
the Riemann Hypothesis it can be deduced from well-known results of Littlewood

(Theorems 14.14A-B of Titchmarsh [37]) that for ¢ > 1/2 and ¢ > 10 the inequality

|(’(a—l—z't)‘ < exp (lfgll%)



holds for some constant A > (0. Assuming the Riemann Hypothesis, for £ > 0, it

immediately follows that

Te(T) < exp (3E5255). (1.4)

Non-trivial lower bounds for Ji(7") can be obtained from the results mentioned above.
For instance, if we apply Holder’s inequality to Ng’s lower bound for Jo(7") we can
show that, for k > 2,

Ju(T) > B(log T)* (1.5)

for some positive constant B = B(k). The main goal of this thesis is to improve
the estimates in (1.4) and (1.5) by obtaining conditional upper and lower bounds for
Jp(T') that are very near the conjectured order of magnitude. In particular, we prove

the following result.

Theorem 1.1.1. Assume the Riemann Hypothesis. Let k be a positive integer and let
e > 0 be arbitrary. Then, there exist positive constants C; = C1(k) and Cy = Cs(k, €)

such that inequalities
C (log T)kk+2) < Z I (p)]*" < Collog T)FH+D+ (1.6)
0<'y<T

hold when T s sufficiently large.

This result lends strong support for Conjecture 1 in the case when £ € N and,
up to the factor (logT')¢ in the upper bound, establish the appropriate size of these

moments.



1.2 Negative Moments of |('(p)|

It is generally believed that the zeros of ((s) are all simple. If this is the case, then

the moments

1 1
D) =5y 2 e

0<y<T

are defined for £ > 0. Through the work of Titchmarsh (Chapter 14 of [37]), Gonek
(unpublished), and Ng [24], it is known that the behavior of these sums are intimately
connected with the distribution of the summatory function

M) =3 pln)

n<x
where p(+), the Mobius function, is defined by p(1) = 1, u(n) = (—1)* is n is divisible
by k distinct primes, and p(n) = 0 if n > 1 is not square-free.

Using a heuristic method that is similar to Montgomery’s study [22] of the pair-

correlation of the imaginary parts of the zeros of ((s), Gonek [12] conjectured that

1 T
Z—NB— as T' — oo. (1.7)

DRI PIEN

A completely different heuristic method due to Hughes, Keating, and O’Connell
(discussed in the next section) leads to the same conjecture. As evidence for his
conjecture, assuming the Riemann Hypothesis and that the zeros of ((s) are all

simple, Gonek [10] has proven that

1
2 wpE 2T

0<y<T

for some constant C' > 0 and T sufficiently large. In Chapter 4 of this thesis, we

quantify this result by proving the following theorem.



Theorem 1.2.1. Assume the Riemann Hypothesis and that the zeros of ((s) are all
simple. Then the inequality

1 3
2 TR 2 (w ‘€>T

0<~<T (

holds for € > 0 arbitrary and T sufficiently large.

Our result provides a lower bound for J_;(7") that differs from Gonek’s conjecture
by a factor of 2. Combining the method used to prove Theorem 1.2.1 with the method
used to prove the lower bound in Theorem 1.1.1, we could likely show that, for each

positive integer k,

1 1
—_— > (4 logT( 2)
Ny, 2 T > i)

0<~y<T

where C} > 0 is a constant depending on k. However, as mentioned above, this may

not be the correct size of these moments when k > 2.

1.3 More Precise Conjectures for Moments of |('(p)|.

By using a random matrix model to study the behavior of the Riemann zeta-function
and its derivative on the critical line, Hughes, Keating, and O’Connell [16] have

refined Conjecture 1 above and formulated the following conjecture.

Conjecture 2: For fived k > —3/2,

)2 G*(k+2) (k+2)
‘]k 0;T|< | k (2]€+3) (k) (1 g 27r>lC b

as T'— oo where G(-) is the Barne’s G-function and

-1 (=) 5 ()

p prime



It can be shown that a(0) =a(l) =1 and that a(—1) = a(2) = 5. Using these
values of a(k), we can check that Conjecture 2 agrees with the previously known and
conjectured results. In particular, it agrees with the observation that Jo(7T) = 1,
which is trivial, the calculation that Ji(T) ~ 15 (log T')*, which is a result of Gonek
mentioned previously, and it also agrees with the conjecture of Gonek for J_1(7)

given in equation (1.7) above.

Using the Ratios Conjectures of Conrey, Farmer, and Zirnbauer [1] it is possible
to further refine the above conjecture for Ji(T') when k is a positive integer. This is

done in Section 7 of a recent paper by Conrey and Snaith [2].

Conjecture 3: For each positive integer k, there exists a polynomials Py(-) of degree

k(k+2) and leading coefficient (2(];;; -a(k) such that

Z ’g ‘Qk g)k (lOg %) +0 (T—1/2+£)
0<’y<T

for e > 0 arbitrary and T sufficiently large.

Conrey and Snaith only explicitly work out the coefficients of the polynomials
Pr(+) in the cases k=1 and k=2, but their method should work for any positive

integer k. As evidence for Conjecture 3, in Chapter 5 we prove the following theorem.

Theorem 1.3.1. Assume the Riemann Hypothesis. Then Conjecture 3 is true in

the case k=1.



1.4 Notation

Interchangeably, we use Landau’s big-O notation, f(7T")= O(g(T )), and Vinogradov’s
< notation, f(T) < ¢(T'), to mean that there exists a positive constant C' such that
the inequality

()] <C-g(T)
holds for T sufficiently large. All constants implied by the big-O or the < notations
are absolute, unless otherwise stated, in which case we write f(T) <4 ¢(T) to

indicate that the implied constant depends on a parameter A. Similarly, we use the

expressions f(7T') > g(T) (respectively, f(T') >4 g(T)) to mean that
f(T)| > C-g(T) asT — oo,

where the implied constant is absolute (respectively, depends on A). In addition, we

use Landau’s little-o notation, f(T") = o(g(T)), to mean that

D)

m ———= = 0.
T—oo [g(T)]

Equivalently, f(T') = o(g(T")) means that the inequality |f(7)| < €|g(T)| holds for

e > 0 arbitrary and 7T sufficiently large (depending on ¢).
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2 The Proof of the Lower Bound
in Theorem 1.1.1

In this chapter we establish the lower bound in Theorem 1.1.1. In particular, we

show for each positive integer k we have

ST )" > T(log T)*H (2.1)

0<y<T
where the implied constant depends on k. This estimate was proved jointly with
Nathan Ng. The proof of (2.1) relies on a recent method developed by Rudnick and
Soundararajan [29; 30] to compute lower bounds for moments of central values of
L-functions in families. The main tools used in our proof are a mean-value estimate
of Ng (our Lemma 2.2.1) and a well-known lemma of Gonek (our Lemma 2.3.1). It
is likely that the proof of (2.1) can be adapted to prove a lower bound for Ji(7T") of

the conjectured order of magnitude for any rational value of k with £ > 1.

Let k € N and define, for £ > 1, the function Ag(s) = >, . n™". When § < [Ss],
this is a “short” Dirichlet polynomial approximation to ((s). Assuming the Riemann
Hypothesis, we will estimate

= Y (A T A and = Y A" (22

0<~y<T 0<~<T
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where the sums run over the non-trivial zeros p = % + i of ((s). Holder’s inequality

implies that
’ 2k

Z K,(P)|2k > v>

0<~y<T (22

and so to prove (2.1) it suffices to establish the estimates
5> T(log T)F 42 and B, < T(log T)F+1 (2.3)

for a particular choice of &.

For computational purposes, it is convenient to express Y; and s slightly dif-

ferently. Assuming the Riemann Hypothesis, 1 — p = p for any non-trivial zero p of

((s), so A¢(p) = Ae(1 — p). This allows us to re-write the sums in (2.2) as

L= ) () Aclp)* Ae(1—p)* (2.4)
and
So= ) Acp)*Ac(1-p). (2.5)

It is with these representations of ¥; and 3, that we establish the bounds in (2.3),
and thus the estimate in (2.1).

2.1 Some Estimates for Sums of Divisor Functions

For each real number £ > 1 and each £ € N, we define the arithmetic sequence of

real numbers 7(n; &) by

3= () A >0

n<ek S
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The function 7¢(n; &) is a truncated approximation to the arithmetic function 74 (n)

(the k-th iterated divisor function) which is defined by

Ho = (1) = 3o )

for ®s > 1. We require a few estimates for sums involving the functions 74(n) and
7,(n; &) in order to establish the bounds for ¥; and ¥, in (2.3). First, we require a

simple estimate for the size of ((s) to the right of the critical line.

Lemma 2.1.1. Let s = 0 +it and set T = |t| + 3. Then
[((o+it)] = O(7'77)
uniformly for 1/2 < o < 3.

Proof. By Theorem 4.11 of Titchmarsh [37], we have

1 xlfs L
¢(s) :Z;JF - +0(277)

uniformly for o > 09 > 0, |t| < 2mz/C, where C is a given constant greater than 1.

Now choose x = 7. Then, for 1/2 < o < 3,

ot < 3 - +0(r7) =0(r).

n<Tt

This proves the lemma. ]

Lemma 2.1.2. For x > 3 and k,¢ € N, we have

Z —Tk(nzzz(n) = (log z)** (2.8)

n<x

where the implied constants depend on k and /.
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Proof. While proving the lemma, we allow any implied constants to depend on k and
0. Let s = o + it and set 7 = |t| + 3. Also, we put m = |k¢/4] 4+ 2 where, as usual,

| x| denotes the greatest integer less than or equal to z. We begin by noticing that

ZM(l_logn>m§ZM§2mZM<l logn >m’

n log x B 2log x

n<z n<z?

so the lemma will follow if we can show that

Skem(r) = M@ _ 1Og”)m = (log ). (2.9)

n log x
n<x S

Our proof of (2.9) relies on the identity

1 ctico g8 Llogx)™, ifz>1,
L L ds = (108 2) (2.10)
270 Jemioo S 0, if0<z<l,

which is valid for ¢ > 0 when m is a positive integer (which is certainly the case for
our choice of m). To use (2.10), we let
> AN AR > . . _is
Fk:f(‘s):Z%:H(l*'Z(H; 1)(£+; 1)p J >; (2.11)
j=1

n
n=1 p

the second equality follows by using standard properties of 7;(n). This series and

product converge absolutely for o > 1. Thus, by (2.10),

1 1tico Is o0 Tk(’n,)’rg(n) 1 1+i00 x\ S dS
il F 1 ds = — |5 <_>
1 73(n)Te(n) m
= L PO 1 ) (212)
n<z
(log x)™

m| S}ag’m(l’).

An elementary algebraic manipulation of the infinite product in (2.11) shows that

Fro(s) = Gre(s)((s)" (2.13)
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where

Gru(s H (1 — —) (1 + i (k+§—1) <Z+§—1)p—j5>.

p

Since this product converges absolutely for o > 1/2, the formula in (2.13) provides
a meromorphic continuation of Fj,(s) to the half-plane ¢ > 1/2. Now, by (2.12),

(2.13), and the calculus of residues, we see that

1 m 1 14200 s
Eﬁﬁiﬂ%%m@>———z/ Grals+1)C(s D)2 ds
1

m! 270 i i sml
— Res { Ge(s+ 1) (s+ 1) =7 } (2.14)
1 71/4+ioo S
+ — Gro(s+1)¢(s+1)k ds;

1
210 J 1 )4ico s

the contour shift is justified by the absolute convergence of the Gy 4(s) for o > 1/2,
the estimate in Lemma 2.1.1, and our choice of m. A straightforward calculation

shows that

S

I}EOS{GM(S—H)Q(S—H) = +1} = Ppom(log ) (2.15)

where Py (-) is a polynomial of degree k¢ + m with a positive leading coefficient.

Also, by Lemma 2.1.1,

—1/4ioco s L
/ Gk,e(s+1)<(s+1)“Sf;1 5 —1/4/ Mdt« V4 (2.16)

—1/4—ico Tl
Inserting estimates (2.15) and (2.16) into (2.14) establishes (2.9). By our initial

observation, this proves the lemma. O

Lemma 2.1.3. For £ > 3 and k € N we have

(log )" < Z Tl < P (1 5 <Y <n)2 < (log &) (2.17)

n<g n<gk n<gk

where the implied constants depend on k.
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Proof. From equations (2.6) and (2.7) we notice that 7(n; &) is non-negative and
T(n; &) < Tr(n) with equality holding when n < & The lemma now follows by
choosing k = ¢ in (2.8). O

2.2 A Lower Bound for

In order to establish a lower bound for 3, we require a mean-value estimate for sums

of the form
SX,YiT)= Y ((p 1)
0<~<T
where
X(s) = x_z and Y(s) = Z y—z
n<N n<N

are Dirichlet polynomials. For X(s) and Y'(s) satisfying certain reasonable condi-
tions, a general formula for S(X,Y;T) has been established by Nathan Ng [26].
Before stating the formula, we first introduce some notation. For T large, we let
£ = log L and N = TV for some fixed ¥ > 0. As usual, the arithmetic functions
p(+) and A(-) are defined as the coefficients in the Dirichlet series

CL Z Né? and — %(8) = Z M

n=1 n=1
It can be checked that u(1) = 1, p(n) = (—1)% if n is the product of k distinct prime
factors, and p(n) = 0 if any prime divides n multiple times and that A(n) = logp
if n = p* for some prime p and A(n) = 0 otherwise. In addition, we define the
arithmetic function Ay(-) by Ag(n) = (i * log?)(n) for each n € N. Here * denotes
Dirichlet convolution, that is (a*b)(n) = >_,,_, a(k)b(¢). Alternatively, with a little

work, we can show that As(n) = A(n)log(n) + (A x A)(n).
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Lemma 2.2.1. Let x, and y, satisfy |x,|, |y.| < 7¢(n) for some £ € N and assume
that 0 < ¥ < 1/2. Then for any A > 0, any € > 0, and sufficiently large T" we have

S(X,Y;T) = S1+ 83+ S+ Oa(T(log T) ™4 + T*/4H0/2+<)

where
s = L xmym”(? (Z) — 2P1(L) logn + (A *log)( ))
1 = or i 2 1 ogmn og)n)),
mn<N
2 - 47T mn 2 ogn),
mn<N
and
_ T T<a;b) YagThg
Soo= o X a2
a,b<N (N N
(a,b)=1 g<min (Zv?)

Here P1, Py, and Qs are monic polynomials of degrees 1,2, and 2, respectively, and

for a,b € N the function r(a;b) satisfies the bound
Ir(a;b)] < As(a) + (logT)A(a) . (2.18)
Proof. This is a special case of Theorem 1.3 of Ng [26]. O

Using Lemma 2.2.1, we can now deduce a lower bound for ¥; from the divisor
sum estimates given in Lemmas 2.1.2 and 2.1.3 of the previous section. Letting
¢ = TV we find that the choices X (s) = A¢(s)* ! and Y (s) = Ag(s)* satisfy the
conditions of Lemma 2.2.1 with ¥ = 1/4, N = &*, x,, = 7,_1(n; €), and y,, = 7(n; ).

Consequently, for this choice of &,

Y1 = 81 +812+813+0(7)
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where
T Ti—1(m; §) 7 (mn; §)
Su = o Z =0 (P2(2) = 221(£) logn + (A xlog) (n)),
M
T Te(m; &) Te_1(mn; €
Si2 = s Z 4 )Tznl( )QQ(X—logn),
mnkail

and

Sy — % 3 T(Z;b) 3 i(ag; §)Te-1(bg; §)

g
a,b<gck (NN
(a,b)=1 g<min ( a’b )

We show that Xy >, T'(log T)***2 by establishing the estimates Sy, >, T'(log T)¥*+2,

Siy < T(logT)¥ 1, and Sy3 < T(log T)**'. Throughout the remainder of this

section, all implied constants are allowed to depend on k.

To estimate 811, we claim that (P2(Z) — 2P1 (L) logn+ (A xlog)(n)) > £2. To

see why, notice that since P, is monic we have
Po(L) = (1+o(1)).22
Also, since n < & = T'* and P, is monic, we see that
1 2
P1(Z)logn < (Z_l + 0(1)>$ .
Therefore, since (A *log)(n) > 0, these estimates imply that
1
<i]32(.,§,”) — 2P, (&) logn + (A * log)(n)> > (5 + 0(1)).,2”2 > £? (2.19)

which proves the claim. Letting mn = ¢, we see that

Tr—1(m; &) m(mn; 7 (4;
Z ( f,zn( §) :Z(T§)< Z Tkl(m;f))

mn<¢g e<gk m|t
m<gh—l m<gk—1
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But, noticing that

Z Te—1(m; §) > (45 €),

mlé
m§§k71

we can conclude from (2.17) that

Z Tr—1(m; &)1 (mn; €) > Z M > (logT)k2
St mn (<¢
mggk*l

which, when combined with (2.19), implies that 811 > T'(log T)**2.

We can establish an upper bound for 815 by using the inequalities 74 (n; §) < 7%(n)
and 7x(mn) < 71,(m)7k(n). Since Q(L —logn) < £, by twice using (2.8), we find
that

810 < TL? Z Tk (M) T—1 (M) -1 (1)

ot mn
< T4 ( 3 Tk(m);l;l(m)) <Z Tk;(”))

< T(log T)> =D+t

< T(log T)F*+1.

It remains to consider the contribution from 8;35. Again using the inequalities

T6(n;€) < 1x(n) and 7 (mn) < 7.(m)7(n) along with (2.18), it follows that

815 < Z (Aa(a logT)A( ) Z 76(a) Tk (9) Tk—1(0) k-1 (9)

a,b<gk g<gk g
< Z (Az(a) + (log T)A(a))m(a) Z Tr1(D) Z Tk(g)Tgk—1<9)
a<T b<T g<T

< (log T)k2_1 Z M + (log T)k:2 Z A(“)Tk(a)‘

a
a<T a<T
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Using the crude bound 74(n) < n® for € > 0 arbitrary, it is easily shown that

3 M -y kl‘;gp + Ox(1) = klog T + Oy(1).

a<T p<T

Using this estimate and, again, the inequality 7(mn) < 7(n)7(m), it follows that

5 220 17y 5~ AOIl) | 5 (A2 M)l

< (logT)? + Z Tr(mn)A(m)A(n)

mn
mn<T

< (log T)2 + (Z Tk(nzlA(n)>

n<T

< (log T)>.

From the above estimates, we can now see that 33 < (log T)’“QH. Combining this

with our estimates for 811 and 815, we conclude that 37 > T'(log T)k2+2.

2.3 An Upper Bound for >

Assuming the Riemann Hypothesis, it follows from (2.5) that

n- 3 3 ey nn

0<~v<T m<gk n<gk

:N(T)ZTk(Z§)2+2%Z Z Tk(m;f:k(mg) Z (%)p

n<gk m<Ek m<n<gk 0<y<T

(2.20)

where N(7T') denotes the number of non-trivial zeros of ((s) up to a height 7. Re-
calling that & = T"/(*) and using the estimate N(7T") < T'logT and Lemma 2.1.3, it
follows that
(n; €)° k241
N(T _— T(log T)* . 2.21
D IRLULENITONEY 2:21)

n<gk
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In order to bound the second sum on the right-hand side of (2.20), we require the

following version of the Landau-Gonek explicit formula.

Lemma 2.3.1. Let x,T > 1 and let p = 5 + iy denote a non-trivial zero of ((s).
Then

Z xf = ——A (z) + O(zlog(2zT) log log(3z))

é—>>> + O(log(QT) min (T, 10;3:)),

where (x) denotes the distance from x to the nearest prime power other than x itself,

+ O<logaj min <T,

A(z) =logp if x is a positive integral power of a prime p, and A(x) = 0 otherwise.
Proof. This is a result of Gonek [9; 11]. O

Applying the lemma, we find that

Z Z Tk(m;fim(n;é) Z <%>p

m<ER m<n<ek 0<y=T

T 7 (m; )i (n; §) A (2
_72 3 ( )75 JA()

m<EF m<n<gr

10| L0gz Y Y BlmnG

m<Ek m<n<ek

L0 Z Z Tkmeknﬁ)log

m<Ek m<n<ek < >

+0 10gTZ Z 7 (3 )7 (n: )

m<ek men<eh log 7;

= 8a1 + 82 + Sa3 + Sa4,
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say. Since we only require an upper bound for ¥ (which, by definition, is clearly
positive), we can ignore the contribution from 8,; because 74(m; &) 7 (n; ) A() > 0

for each m,n € N so the sum is clearly negative.

In estimating the remaining terms, we use € to denote a small positive constant,
which may be different at each occurrence, and we allow any implied constants to
depend on k. In order to estimate S,5, we note that 7x(n; &) < 7(n) <. n°. Since
&F = T4 this implies that 850 < T4+, Turning to Su3, we write n as ¢gm + £ with
—% < { <% and find that

w et Y Tz,

where [z] denotes the greatest integer < z. Notice that (g + £) = % if ¢ is a prime
power and ¢ # 0, otherwise (¢ + <) is > 1. Hence,

823<<TE<Z Z Z —+Z Z 1)

(q)sﬁO

< T*f( Z Z 1) < TV4*e

<< 5 ]+1

It remains to consider S94. For integers 1 < m < n < &% let n = m + ¢. Then

l 14
log2 = —log(l — —) > —.
m m m
Consequently,
Sy <T5 Y D ——— KT =T (2.22)

m<ek 1<e<gk
We can now establish the lower bound in Theorem 1.1.1. Combining (2.21) with
our estimates for Sgo, Sa3, and 8y we deduce that ¥y < T'(log T)’€2+1 which, when

combined with our estimate for ¥;, completes the proof of (2.1).
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3 The Proof of the Upper Bound
in Theorem 1.1.1

In this chapter, we prove the upper bound in Theorem 1.1.1. In particular, assuming
the Riemann Hypothesis we show that

> (O <o Tllog )+ (3.1)

0<y<T

for k € N and € > 0 is arbitrary. Our proof is based upon a recent method of
Soundararajan [35] that provides upper bounds for the frequency of large values of
|¢(5+4t)|. His method relies on obtaining an inequality for log |((5 +4t)| involving
a “short” Dirichlet polynomial which is a smoothed approximation to the Dirichlet
series for log((s). Using mean-value estimates for high powers of this Dirichlet

polynomial, he deduces upper bounds for the measure of the set (as a function of V)
[t € [0,7]: log|C(+it)| = V}
and from this is able conclude that, for arbitrary positive values of k and ¢,
/OT O3 +t)[* e T(log T+ (32)

Soundararajan’s techniques build upon the previous work of Selberg [31; 32; 33] who
studied the distribution of values of log ¢ (%+2’t) in the complex plane.
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Since log ('(s) does not have a Dirichlet series representation, it is not clear that
log |¢'(5+4t)| can be approximated by a Dirichlet polynomial.! For this reason, we
do not study the distribution of the values of ('(p) directly, but instead examine
the frequency of large values of |((p + a)|, where a € C is a small shift away from
a zero of ((s). We proceed analogously to Soundararajan and use the functional
equation for the zeta-function. This requires deriving an inequality for log|((o+it)]
involving a short Dirichlet polynomial that holds uniformly for values of ¢ in a small
interval to the right of, and including, o= % By estimating high power moments of
this Dirichlet polynomial averaged over the zeros of ((s), we are then able to derive
upper bounds for the frequency of large values of |((p+a)| and use this information

to prove the following theorem.

Theorem 3.0.2. Assume the Riemann Hypothesis. Let a € C with |a| < 1 and
R — 3| < (logT)~'. Let k € R with k > 0 and let € > 0 be arbitrary. Then for

sufficiently large T the inequality

> [Clp+a)[* <o T(log )+ (3.3)

0<~y<T

holds uniformly in c.

Comparing the result of Theorem 3.0.2 with (3.2), we see that our theorem pro-
vides essentially the same upper bound (up to the implied constant) for discrete
averages of the Riemann zeta-function near its zeros as can be obtained for contin-
uos moments of |C(%+zt)| Discrete moments similar to those in Theorem 3.0.2 have

been studied previously. For instance, see the articles by Gonek [8] and Hughes [15].

'Hejhal [14] studied the distribution of log |¢’(5+it)| by a method that does not directly involve

the use of Dirichlet polynomials.
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We deduce (3.1) from Theorem 3.0.2 since, by Cauchy’s integral formula, we can
use our bounds for ((s) near its zeros to recover bounds for the values of {'(p). For
a precise statement of this, see Lemma 3.6.1 below. Our proof allows us only to

establish (3.1) when k& € N despite the fact that Theorem 3.0.2 holds for all k£ > 2.

3.1 An Inequality for log|((c+it)| when o > 1.

Throughout the remainder of this chapter, we use s = ¢ + it to denote a complex

variable and use p to denote a prime number. We let A\g = .5671... be the unique

positive real number satisfying e = \y. Also, we put o\ = 0y, = % + 10},\1- and let

0, if |x| < 1,

log™ || = .
log x|, if |x| > 1.

As usual, we denote by A(+) the arithmetic function defined by A(n) = log p when

n = p¥ and A(n) = 0 when n # p*. The main result of this section is the following

lemma.

Lemma 3.1.1. Assume the Riemann Hypothesis. Let T = |t| + 3 and 2 < z < 7%

Then, for any X\ with A\g < X\ < loix, the estimate

A(n) logx/n| (1+X)logTt
noxtitlogn logx 2 logx

+0(1) (3.4)

log™ |¢(o+it)| < Z

n<x

holds uniformly for 1/2 < o < oy.

In [35], Soundararajan proved an inequality similar to Lemma 3.1.1 for the func-
tion log ‘C (%4—@25)‘ In his case, when ((1+41it) # 0, an inequality slightly stronger
than (3.4) holds with the constant Ay replaced by 0y = .4912... where d; is the unique
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positive real number satisfying e=% = §, + %58. Our proof of the lemma is a modifi-

cation of his argument.

Proof of Lemma 3.1.1. We assume that |((o+it)| > 1, as otherwise the lemma holds
for a trivial reason. In particular, we are assuming that ((o+it)#0. Assuming the
Riemann Hypothesis, we denote a non-trivial zeros of ((s) as p = % + iy and define

the function

7%

1 o—1
F(s)=% — = 2
D S S
P p
Notice that F(s) > 0 whenever o > % and s # p. The partial fraction decomposition

of ¢'(s)/¢(s) (equation (2.12.7) of Titchmarsh [37]) says that for s # 1 and s not

coinciding with a zero of ((s), we have

¢ 1 1 11 1
Z(S):;(s—p+5) —EF(%s—H) -— B (3.5)

where the constant B = log 2mr—1—27y; 7o denotes Euler’s constant. Taking the real

part of each term in (3.5), we find that

C/ 1F/ 1
Stirling’s asymptotic formula for the gamma function implies that
I’ 1 _
F(S) :logs—£+0(|s| %) (3.7)

for § > 0 fixed, |args| < m — ¢, and |s| > J (see Appendix A.7 of Ivic [19]). By
combining (3.6) and (3.7) with the observation that F(s) > 0, we find that

—R %(8) = slogT — F(s)+ O(1)
(3.8)

< LlogT+ O(1).
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uniformly for % < 0 < 1. Consequently, the inequality

log [((o+it)| —log [((or+it)| = R h [— %(u—f—it)}du
< (02—0) (LlogT + O(1)) (3.9)

(orx—3) (3log 7+ O(1))

IN

holds uniformly for % <o <oy

To complete the proof of the lemma, we require an upper bound for log |((ox+it)|
which, in turn, requires an additional identity for ('(s)/((s). Specifically, for s # 1

and s not coinciding with a zero of ((s), we have

¢ ) — A(n) log(z/n) 1S ) / 1 s
C() ; n® logx +logx<g< )> +10g$zp:(p—s)2

(3.10)

—2k—s

1 oz I = 7
“logz (1 —s)? - log = ; (2k + 5)2

This identity is due to Soundararajan (Lemma 1 of [35]). Integrating over o from o

to 0o, we deduce from the above identity that

log [((ox +it)] =R Z

/

¢ .
R = t
n"ﬂ“” logn logx log x C(UA +it)

xP—s 1
o 20 [ G Ols)

We now estimate the second and third terms on the right-hand side of this expression.

A(n)  logz/n 1

(3.11)

Arguing as above, using (3.5) and (3.7), we find that

!
R %(m—i—it) = 1logT — F(oy+it) + O(1). (3.12)
Also, observing that
1/2 o
SI ol <X e y
zl/2=ox o1/ 2N F (o) +it) (3.13)

Z lp—or—it|2logz  (ox+it)logx
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and combining (3.12) and (3.13) with (3.11), we see that
A(n)  logz/n N 1logT

log |C(or+1t)| < %Z

n<x

+F(ax+it)<( z!2mo _1>+O< ! )

log © or—13)logx log z

notitlogn logx 2log x

If A > Ao, then the term on the right-hand side involving F'(o)+it) is less than or

equal to zero, so omitting it does not change the inequality. Thus,

10g|§(0>\+it)|§§RZ Aln) logz/n 110g7’+0< ! )

— noxtitlogn logx 2log x log =

(3.14)

Since we have assumed that |((o+it)| > 1, the lemma now follows by combining the

inequalities in (3.9) and (3.14) and then taking absolute values.

3.2 A Variation of Lemma 3.1.1

In this section, we prove a version of Lemma 3.1.1 in which the sum on the right-
hand side of the inequality is restricted just to the primes. A sketch of the proof of
the lemma appearing below has been given previously by Soundararajan (see [35],

Lemma 2). Our proof is different and the details are provided for completeness.

Lemma 3.2.1. Assume the Riemann Hypothesis. Put T = |t|+¢e*. Then, for o > 3

and 2 < x < 72, we have

Z A(n) logx/n_z 1 logz/n — O(log log log 7).

n°titlogn logx

p0'+it IOg T

p<x

n<x

lo

As a consequence, for any A with \g < A <

1 logx
Z ‘ g /p i
pO’)\-‘r’Lt logm

p<z

holds uniformly for % <o<oyand2 <z <72

8%, the estimate

(1+X) log 7

log™ ‘C(a—l—it)‘ < T

+0 ( log log log T)
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Proof. First we observe that, for o > %,

z:AM)MWM_§:1§£@_12233%¢W”+mn

nslogn logx v logz 2 p* log+\/x

n<z p<\z
1 A(n) log+/x/n
2n<ﬁnslogn log \/x

Thus, if we let w = u + 7w and v = |v| + €%, the lemma will follow if we can show

that

Z Aln) logz/n = O(logloglog v) (3.15)

= n¥logn logz
uniformly for u > 1 and 2 < 2z < v. In what follows, we can assume that z > (log v)?

as otherwise

A 1 1
Z (n) logz/n < Z — < logloglogv.
n¥logn logz

n<z p<log? v

Let ¢ = max(2,1+wu). Then, by expressing %(s—l—w) as a Dirichlet series and
interchanging the order of summation and integration (which is justified by absolute

convergence), it follows that

1 et ¢ ,ds 1 [ S~ An) | Lds
_ 1y M/‘*’“ (2)%
2w — Y S N 52
A
= Zﬂlog(z/n).
nw
n<z

Here we have made use of the standard identity

1 et ds logz, ifx>1,
_. 1‘ —_—
271 52

c—100

0, ifo<az<l1,
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which is valid for ¢ > 0. By moving the line of integration in the integral left to

Rs=0 = % — u, we find by the calculus of residues that

> Al) log(z/n) = —(log Z)C_,(w) B (Q(w)>/ oot

n<z n® C C (w_1)2
N | (3.16)
+ L i [ - C—/(S+w)] zs§
2mi %71172'00 C 52

That there are no residues obtained from poles of the integrand at the non-trivial
zeros of ((s) follows from the Riemann Hypothesis. To estimate the integral on the
right-hand side of the above expression, we use Theorem 14.5 of Titchmarsh [37],
namely, that if the Riemann Hypothesis is true, then

%(aﬂ't)] < (log7)>™

uniformly for g <o< %, say. Using this estimate, it immediately follows that

w

%fquioo CI ds "
/ . [— Z(s#—w)}zss—? < 2247 logv.

W~

Inserting this estimate into equation (3.16) and dividing by log z, it follows that

A(n)log(z/n) ¢ IENVISIENY
Zn—w log z - _Z(w) B @(Z(w)>
nse (3.17)

1—w Z3/4—u

+—= +0(
(w—1)%1log = log z

i)

Integrating the expression in (3.17) from oo to u (along the line o +iv, u < o < 00),

we find that
A(n) log(z/n 1
5 ) L8/ _ o ) + S (w)
= gn logz 0gz C
Sl-u Z3/4—u
1 .
* <y2(log z)? * (log 2)? ©8 V)
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Assuming the Riemann Hypothesis, we can estimate the terms on the right-hand
side of of the above expression by invoking the bounds

%/(O'—i—it)’ < loglog T (3.18)

|log ((o+it)| < logloglogT and

which hold uniformly for ¢ > 1 and |¢| > 1. (For a discussion of such estimates see
Heath-Brown’s notes following Chapter 14 in Titchmarsh [37].) Using the estimates

in (3.18) and recalling that we are assuming that v > 1 and z > (logv)?, we find

that
; n“j}l(:g)n loifgi;n) < logloglogw + loigolgi)f - v? (Zi(l)guz)2 < g
< logloglogv.
This establishes (3.15) and, thus, the lemma. O

3.3 A Sum over the Zeros of ((s)

In this section we prove an estimate for the mean-square of a Dirichlet polynomial
averaged over the zeros of ((s). Our estimate follows from the the Landau-Gonek

explicit formula (Lemma 2.3.1 above).

Lemma 3.3.1. Assume the Riemann Hypothesis and let p = % + 17y denote a non-
trivial zero of ((s). For any sequence of complex numbers of = {a,}5°, define, for
£=>1,

me = me(&/) = max (1,]an]).

Then for 3 < & <T(logT)™ ! and any complex number o with Rae > 0 we have

2

<meTlog Ty =, (3.19)
0<~<T | n<g

where the implied constant is absolute (and independent of «).
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Proof. Assuming the Riemann Hypothesis, we note that 1 —p = p for any non-trivial

zero p = 5 + iy of ((s). This implies that

Z npPta Z Z mpPta nl p-‘ra

n<¢§ m<g{ n<g

and, moreover, that

>
npto

0<y<T |n<g

2

2 -
Ny el pany Oy s (2

n<g m<¢ m<n<g 0<y<T

where N(T') ~ % log T denotes the number of zeros p with 0 < v < T'. Since Ra > 0,
it follows that

|a'ﬂ|2 |a/n|2 |CLn|
NS e < TlogT) < meTlogT > S

n<g n<g n<g

Appealing to Lemma 2.3.1, we find that

Z an—l—a < > =21 + 2o + X3 + Xy,

m<§ n<m 0<y<T
where
T A, an n
Bm g2 et (n)
m<& m<n<§
|am] |an|
Yo =0 <longoglogTZ 1R Z nRa |7
m<§ m<n<E
|am| |a”| log_m
mv (Z it 2 prry
m<¢ m<n<§ n
and

| |an]
24 - O <lOgT Z m?Roe Z n1+§Ra log n ’

m<g m<n<g
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We estimate > first. Making the substitution n = mk, we re-write our expression

for ¥, as

Z GoeA(k) T G e\ (k)

mk 1+a - 27r ml+2Ra Ll+a
m<£ m<{ k<%

Again using the assumption that Ra > 0, we find that

2 <mel Y |‘7sz| 3 AF,)T < meTlogTy =2 Jan]

n<g m§% n<g

Here we have made use of the standard estimate ) <¢ A(m)

< log&. We can replace
Ra by 0 in each of the sums ¥; (for i = 2,3, or 4), as doing so will only make the
corresponding estimates larger. Thus, using the assumption that 3 < & < T/logT,
it follows that
|an| |an|
) logT'loglogT Y — 1 TlogT » —.
2 < mglogl loglog Z - Z < mgl log Z -
n<{ m<n<§ n<g
Next, turning to X3, we find that
|G| log ™
)y — —n,
3 << Mg Z m Z <>
m<g m<n<§{ ™
Writing n as gm + € with —3 < £ < 7, we have
A log (g +
eyl 5y )
msé EEE D
where, as usual, |z] denotes the greatest integer less than or equal to x. Now

<q+ % >= % if ¢ is a prime power and ¢ # 0, otherwise < q + % > is > % Using
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the estimate >, . A(n) < £, we now find that

23 < me Z % Z A(q) %

me <41 156§
Am
+m52% Z log(g+1) 1
m<E g<[5]+1 1<
<<mgz]am]10gm Z A(q)
msé g< ]+
+me Y lam| Y log(g+1)
msE - g<| S+l
|am|
<<m£(510gf)ZW
m<¢
||
TlogT —.
< mgl log qu -

It remains to consider the contribution from >, which is

<<m§logTZ|am\ Z n101g£<<mglogTZ% Z logl )

n
m<¢ m<n<¢ m<¢ m<n<é O m

since % > % if n > m. Writing n = m 4+ ¢, we see that

1 1 m
Z log & Z m<< Z 7<<m10g£<<€1og$.

m<n<g & n 1<€<g—m

1<e<éE—m
Consequently,
||
Yy K< meTlogT —.
(< meT gty L
m<§
Now, by combining estimates, we obtain the lemma. ]

3.4 The Frequency of Large Values of |((p+a)|

Our proof of Theorem 3.0.2 requires the following lemma concerning the distribution

of values of |((p+a)| where p is a zero of ((s) and a € C is a small shift. In what
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follows, log,(+) stands for logloglog(-).

Lemma 3.4.1. Assume the Riemann Hypothesis. Let T be large, V' > 3 a real

number, and o € C with |a| <1 and 0 < Ra — 3 < (logT)~'. Consider the set
8(T5V) = {7 € (0,T] : log[¢(p+a)| >V}

where p = % + iy denotes a non-trivial zero of ((s). Then, the following inequalities

for #8, (T; V), the cardinality of 8, (T; V), hold.

(i) When y/loglogT <V <loglogT, we have

#8.(T; V) < N(T)

4 V2 4
IOg IOgT €xp (_loglogT <]' - log3T)> :
(i) When loglogT <V < (loglogT)logs T, we have

%4 2
#SO‘ (T’ V) < N(T) IOg lOgT exp (_log‘{ogT (1 - (loglog4’}/) logs T)) :

(ii) Finally, when V > L(loglogT)logy T, we have

#84(T; V) < N(T) exp (—567 log V) .

201

Here, as usual, the function N(T) ~ % logT denotes the number of zeros p of ((s)

with 0 <~ <T.

Proof. Since Xy < 2, by taking # = (log7)*¢ in Lemma 3.2.1 and estimating the
sum over primes trivially, we find that

log T

14+ Ao +0(1)) log 7

<2
4 loglogT — 5

10g+ o +i7)| < < log log 7

logT
loglog T’

for |7| sufficiently large. Therefore, we may suppose that V < 2 for otherwise

the set S, (7; V') is empty.
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We define a parameter

1 log,(T), if V <loglogT,
A=A(T,V)=q 2ellog(T), if loglogT <V < i(loglogT)log; T,
1, if V> 3:(loglogT)logsT,

and set = min (T2, 74V) and put z = /88T Further, we let

1 log(z 1 log(x
p<z P e & z<p<ae P lo8® &
Then Lemma 3.2.1 implies that
1+
105 C(p-+)| < 191(0)] + [92(0) + L0V 1 O(1og, 7Y (3:20)

for any non-trivial zero p = 1 + 4 of ((s) with 0 < v < T. Here we have used that
Ao >1/2, 2 <TY? and 0 < Ra — % < (logT)~! which together imply that
L1 X

1
2 logT ~ 2 + logz

Since A\g < 3/5, it follows from the inequality in (3.20) that
log™ [¢(p+a)] < |S1(p)| + |Sa(p)] + 55 + O(logs T).
It follows that if p € 8,(7; V'), then either

|Sl( )’ > V( - 10,4) or ’SQ(p)‘ Z u)LA

For simplicity, we put V; = V(l—m) and V5 = 10A

Let N1(T; V) be the number of p with 0 < v < T such that |S1(p)| > V4 and let
No(T; V') be the number of p with 0 < v < T such that |S2(p)| > Va. We prove the
lemma by obtaining upper bounds for the size of the sets N;(T;V) for i = 1 and 2

using the inequality

NAT; V) -V < Y 1Si(p)™, (3.21)

0<~y<T
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which holds for any positive integer k. With some restrictions on the size of k, we
can use Lemma 3.3.1 to estimate the sums appearing on the right-hand side of this

inequality.

We first turn our attention to estimating N;(7; V). If we define the sequence

ay(n) = ax(n,z,z) by

ar(n) 1logz/p *
Z ns <Zps logx)

p<z

then it is easily seen that |ay(n)| < k!. Thus, Lemma 3.3.1 implies that the estimate

> S < N(T) k! (ZEM)’“

log x
0<<T vz P 108

< N(T) & (Zl)k

p<z p

< N(T>\/E<kloglogT)k

(&

holds for any positive integer k with z* < T'(logT)~! and T sufficiently large. Using
(3.21), we deduce from this estimate that

loglog T\ ¥
%) - (3.22)

N(T;V) < N(T)Wk ( =

It is now convenient to consider separately the case when V' < (loglogT)? and the
case V' > (loglog T')?>. When V' < (loglogT)? we choose k = |V?/loglog T'| where,
as before, |z| denotes the greatest integer less than or equal to x. To see that this

choice of k satisfies 2¥ < T'(log T')~!, we notice from the definition of A that

VA <max (V, (loglogT)log,T) .
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Therefore, we find that

k V32/loglogT _ VAlogT 9 \2
< BT exp (AL (1- 13)°)
< exp (log T(l — 10%)2>
< T/logT.

Thus, by (3.22), we see that for V < (loglog T')? and T large we have

V 1%
_ - . 3.23
VloglogT P ( log log T) ( )
When V > (log log T')? we choose k= |10V ]. This choice of k satisfies 2% < T'(logT) !
since 210V = T10/leglog T < T(1og T)~! for large T. With this choice of k, we conclude

from (3.22) that

N(T;V) < N(T)

1000 log log T"

N\(T; V) < N(T) exp (g log V — 10V log (—V>>
(3.24)

< N(T)exp (— 10V logV + 11V logs(T))
for T sufficiently large. Since V' > (loglogT)?, we have that logV > 2logs(T) and

thus it follows from (3.24) that

Ni(T;V) < N(T) exp ( — 4V log V). (3.25)

By combining (3.23) and (3.25), we have shown that, for any choice of V,

iy )+ N(T)exp (— 4V IogV). (3.26)

Vv
N{(TV N(T)——— <——
1 ) <N )\/loglogTeXp loglog T’

We now turn our attention to estimating No(7; V). If we define the sequence

ﬁk(n) = Bk(naaja Z) by

Be(n) 1logz/p ’
Z ns - (Z ps logx >

n<xk z<p<zx
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then it can be seen that |Gx(n)| < k!. Thus, Lemma 3.3.1 implies that

S 1Sa(p)* < N(T )m(Z lM)’“

log
0<y<T z<p<lzx p &

< N(T) k! ( 3 1>k

z<p<lz p

. (3.27)
< N(T) k! (logy(T) + O(1))
< N(T) k! (2logy(T))"

< N(T) (2klogy(T))"

for any natural number k with ¥ < T'/logT and T sufficiently large. The choice
of k = [ % —1] satisfies 2¥ < T/logT when T is large. To see why, recall that

A>1z=T4" and V < 22T Therefore,
g log

xk‘ S QZ(V/A_l) S Tl—A/V S Tl—l/V _ T(logT)—5/2 S T(logT)—l

Also, observing that A < %logg(T) and recalling that V' > /loglogT’, with this
choice of k and T large it follows from (3.21) that

No(T; V) < N(T) (%)2’{ (2K logs(T))"

< N(T) exp ( — 2k log(LA) + k log(% 10g3(T))> (3 28)

< N(T exp( % LA —l—210g10—A—|— Vlog(2V 10g3(T))>
< N(T)exp (-

log V)

Using our estimates for Ny(7T; V') and Ny(T; V) we can now complete the proof
of the lemma by checking the various ranges of V. By combining (3.26) and (3.28),

we see that

#8,(T;V) < N(T) exp ( — ) + N(T)exp (— 4V logV)

v
iV 10g IOgT (329)
+ N(T)exp ( — 251logV).
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If VioglogT <V < loglogT, then A = %log3(T) and (3.29) implies that, for T
sufficiently large,

Vv 2 2
#8,(T;V) < N(T)W exp (—bg‘fw (1 — ﬁ) ) (330)

T e (wir (- )
IOgIOgT P loglogT logs T’ :

< N(T)

If loglog T < V < 1(loglog T") logs(T'), then A = log logT logs(T') and we deduce from
(3.29) that
. v v? 9 2
#SOC(T’ V) < N(T) IOg lOgT exp (_loglogT <]‘ " 5(loglog T) 10g3T> ) (3 31)
+ N(T) exp (_&) + N(T)exp (— 4V 1ogV).

(loglog T) logs T
For V in this range, (1og101§gT§/log3T > glth and IOVV < loglog T, so (3.31) implies
that

#8.,(T; V) < N(T)

10g IOgT exp _loglogT ( - 5(loglog T) 10g3T> (3 32)
V .
—exp(—1 ‘fZT(l— —— >>
A /log ]()g T og log (loglog T)logs T

< N(T)
Finally, if V' > 1(loglog T') logs T, then A = 1 and we deduce from (3.29) that

#8,(T; V) < N(T) exp <10g v V—) +N(T)exp (-LlogV).  (3.33)

100loglog T

Certainly, if V' > (log log T') logy T then we have that —logV > o7 +VlogV

100 log 10gT
for T sufficiently large and so it follows from (3.33) that

#84(T;V) < N(T) exp (—5¢7 log V). (3.34)

The lemma now follows from the estimates in (3.30), (3.32), and (3.34). O
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3.5 Proof of Theorem 3.0.2

Using Lemma 3.4.1, we first prove Theorem 3.0.2 in the case where |o| < 1 and
0 < Ra < (logT)~!. Then, from this result, the case when —(log7)™! < Ra < 0
can be deduced from the functional equation for ((s) and Stirling’s formula for the
gamma function. In what follows, & € R is fixed and we let £ > 0 be an arbitrarily

small positive constant which may not be the same at each occurrence.
First, we partition the real axis into the intervals Iy = (—o0, 3], Iy = (3, 4k loglog T],
and I3 = (4kloglog T, c0) and set
= Y gs.Ty)

vel,NZ

for i = 1,2, and 3. Then we observe that

3 [Clptra))t < e [#SQ(T, V) — #8.(T, y—1)} <Y Y+ D (3.35)

0<y<T veEL
Using the trivial bound #8,(7T,v) < N(T'), which holds for every v € Z, we find
that ¥; < eS*N(T'). To estimate X5, we use the bound

2
8.(T. N(T)(log T)° <—>
#84(T.) < N(T)oe T exp (o
which follows from the first two cases of Lemma 3.4.1 when v € I, N Z. From this,

it follows that

4kloglogT )
S < N(T)(log T)* / exp <2ku - “—> du
3

loglog T
4k
< N(T')(log T)E/ (log T') k=) gy
0

< N(T)(log T)¥*

When v € I3 N Z, the second two cases of Lemma 3.4.1 imply that

#8,(T,v) < N(T)(log T) e~ ",
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Thus,

Y3 < N(T)(log T)* / ek dy,

4k loglogT
< N(T)(log T) 3=
In light of (3.35), by collecting estimates, we see that
ST [Clp+a)|™ < N(T)(log T)F*+ (3.36)

0<~y<T
for every k > 0 when |a| <1 and 0 < Ra < (logT)~L.
The functional equation for the zeta-function states that ((s) = x(s){(1 — s)
where x(s) = 257%71T'(1 —s) sin (%) Stirling’s asymptotic formula for the gamma

function (see Appendix A.7 of Ivi¢ [19]) can be used to show that

|x(o+it)] = (%)1/2_6 (1 + O(%))
uniformly for —1 < ¢ < 2 and |t| > 1. Using the Riemann Hypothesis, we see that
[C(p+a)| = |x(p+a)¢(1—p—a)|
= [x(p+a)¢(p—a)|
= [x(p+a)C(p—a)l
< C[¢(p—a)]
for some absolute constant C' > 0 when |a| < 1, [Ra—3| < (logT) !, and 0 <y < T

Consequently, for Ra < 0,

Y Kt < S [cp-a)™. (3.37)

0<~y<T 0<y<T

Applying the inequality in (3.36) to the right-hand side of (3.37) we see that

37 [¢lota)[* < N(T)(log T)F+ (3.38)

0<~<T

for every k£ > 0 when |o| < 1 and —(logT)™' < Ra < 0. The theorem now follows
from the estimates in (3.36) and (3.38).
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3.6 Proof of the Upper Bound in Theorem 1.1.1

The upper bound in Theorem 1.1.1 can now be established as a simple consequence

of Theorem 3.0.2 and the following lemma.

Lemma 3.6.1. Assume the Riemann Hypothesis. Let k,¢ € N and let R > 0 be

arbitrary. Then we have

S [ < (}‘;) * [fi}i}é ST o)™ (3.39)

0<~<T 0<~<T

Proof. Since the function ((¥)(s) is real when s € R, ¢9(5) = ¢(O(s). Hence, assum-

ing the Riemann Hypothesis, the identity
(O =pt+a)| = [¢D(pta)| = [¢O(p+a)l (3.40)

holds for any non-trivial zero p of ((s) and any « € C. For each positive integer k,
let d = (aq,ag, ..., ag) and define

k

Z(s; ) = H C(s+a;)((1—s+a;ik).

i=1

If we suppose that each |a;| < R for i = 1,...,2k and apply Holder’s inequality in

we see that (3.40) implies that

the form

< H(Zm (52 ),

1 1

< ﬁ( > K(pw)\%)k ( > [¢lp+arn) |2k> )

i=1 \0<y<T 0<y<T

gx Z ‘Cp—l—oz %

0y <T

> ()

0<~y<T

(3.41)
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In order to prove the lemma, we first rewrite the left-hand side of equation (3.39)
using the function Z(s;@k) and then apply the inequality in (3.41). By Cauchy’s

integral formula and another application of (3.40), we see that

S )" = (K;T (HCM )>

0<~y<T

where, for each i = 1,...

€| 2k

)

| (z 2o
Cak 0<~<T

, 2k, the contour %; denotes the positively oriented circle in

(3.42)
doy;

041
Q;

g

the complex plane centered at 0 with radius R. Now, combining (3.41) and (3.42)

we find that
01N 2k i 2k; Qk doy;
C S( ) - | max |((p—|—a) / / e
O;J 2 _\a|§R 0<27;T @ G 1|Oéi|e+1
(k| g
< (2 )
<(37) - |ma X Lo (Re>
0<~<T
el B
< () - |me X ora)
L 0<y<T ]
as claimed. 0

Proof of the upper bound in Theorem 1.1.1. Let k € N and set R =

it follows from Theorem 3.0.2 and Lemma 3.6.1 that

> I

2k <<k,l,e N(T) (IOg T)k(k+2€)+s

(logT)~!. Then,

(3.43)

0<~y<T

for any ¢ € N and for ¢ > 0 arbitrary. By setting £ = 1 and using the estimate
N(T) < T'logT, we establish (3.1) and, thus, the upper bound in Theorem 1.1.1.
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4 The Proof of Theorem 1.2.1

In this chapter, we prove Theorem 4. The theorem says that assuming the Riemann

Hypothesis and that the zeros of ((s) are simple we have

5 |</1)|2 . (2i3 )T (4.1)

0<y<T (p

for ¢ > 0 arbitrary and 7T sufficiently large. Under the same assumptions, Gonek has

previously shown that

1
> TR > T (4.2)

0<~y<T

and, as mentioned in the introduction, he conjectured that in fact

0<y<T

Gonek conjectured this formula using a heuristic similar to Montgomery’s study of
the pair correlation of the ordinates of the zeros of ((s). Independently, using a
heuristic based upon random matrix theory, Hughes, Keating, and O’Connell have
conjectured the same asymptotic formula [16]. We see that our lower bound for
J_1(T') given in (4.1) differs from the conjectured value by a factor of 2 and quantifies

the constant implicit in Gonek’s estimate given in (4.2).
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The proof of the inequality in (4.1) is similar to the method used in the proof
the lower bound in Theorem 1.1.1 given in Chapter 2. Let M¢(s) = >, o, pu(n)n™*
where the () is the Mébius function. Assuming the Riemann Hypothesis, for any

non-trivial zero p = $ + i, we have M¢(p) = M¢(1 — p). Using this fact and letting

2

bl

1
M, = Z WME(l—p) and My = Z | Me(p)

0<~<T 0<~<T

Cauchy’s inequality implies that

‘ 2

1 | M,
2 1¢'( - M,

=
o2 1)

Here we are implicitly assuming the zeros of ((s) are simple so that the sums involved
in the above argument are well defined. The estimate in (4.1) now follows if we can

show that M; ~ 2T logT and that M, ~ 5T (logT)? for a particular choice of &.

4.1 The Calculation of M;

We first estimate the sum M;. Assuming the Riemann Hypothesis there exist a
sequence T = {7,}>° ., n <7, <n+ 1, such that

AlogT, )

. -1
|C(O’ + ZTn>‘ < exp <m

(4.3)

for some constant A > 0 and uniformly for % < o < 2. For a proof of this fact, see
Theorem 14.16 of Titchmarsh [37]. In order to prove (4.1), we can assume, with no
loss of generality, that 7" is in the sequence J. In what follows, we will also assume

that € = o(T") and choose £ as a function of T after we have evaluated M; and Ms.
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Let ¢ = 1+ (log T) ™! and recall that |y| > 14 for every non-trivial zero p = § +iy

of {(s). By assuming that all the zeros of ((s) are simple, Cauchy’s integral theorem

c+iT 1—c+1iT l1—c+1 c+i 1
+/ +/ +/ )—M(l—s)ds
<c+i c+iT 1—c+iT 1—cti C(S) ¢

_ —.(11+12+13+I4),
271

then implies that

1
Ml e
211

1

say. Here we have used the fact that the residue of the function 1/{(s) at s = p
equals 1/('(p) if p is a simple zero of ((s).

The main contribution to M; comes from the integral I; the rest of the integrals
contribute an error term. To handle the integral I;, we write 1/((s) as a Dirichlet

series and interchange the sums and the integral. After a change of variables, we
find that
— — A(m)p(n) / g (m)“
2rl, = —_ — ) dt.
mh mZZI nzq neml-c 1 n

Integrating and using the fact that |u(n)| < 1, it follows that

B pu(n)? - 1
ol =(T—1)) - +0 m; ; e Tlog mii]

n<g <
n#m

The big O-term is
1 1
< Z me Z | log m/n|
m=1 n<g
n#m
< £lo {io: i
’ m=1 me
< ((c) Elogg
< ¢ (logT)?,
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since ((c¢) < logT for our choice of ¢. From the standard estimate

pln :—lg§+0() (4.4)

n<g

we deduce that

I = %Tlogf + O(&(log 7)) + O(T).

To estimate the contribution from the integral I, we recall that the functional

equation for the Riemann zeta-function says that

C(s) = x(s)¢(1 —s) where x(s)=27"'T(1 — s)sin (g)

Stirling’s asymptotic formula for the gamma function can be used to show that

xX(o +it)| = (’ |> /2_0<1+O(\t]_1)) (4.5)

uniformly for —1 < ¢ < 2 and [t| > 1. Combining this estimate and (4.3), it follows
that, for T € 7,

NS in(o— Alogl
¢ min(oc—1/2),0) ( >
|C(a+z )| <1 exp Toglog T

uniformly for —1 < o < 2 for some constant A > 0. As a consequence, we can

estimate the integral I, trivially to find that

Alog T o AlogT
I, < exp <10g logT> Zn P < Cexp <10g logT>

since £l < Tt =e

To handle the integral I3, we notice that the functional equation for {(s) combined

with the estimate in (4.5) implies that, for 1 < |¢t| < T,

(o +it)| 7 < [tY2¢|¢(e —it) | < [t2¢(e) < [tV 1og T,
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and thus that

L < logT<ZW> /Tt—W dt.

n<¢ 1

Since |u(n)] <1 and
1 1
— < - <1 logT
> nc_E - <log¢ <log T,

n<g n<g
integrating we find that I3 < v/T(log T)?.
Finally, since 1/((s) and M¢(1 — s) are bounded on the interval [1 — ¢+ 1, ¢+ 1],

we find that I, < 1. Thus, our combined estimates for Iy, I, I3, and I, imply that

AlogT

3
M1 = FTlOgg + O(fexp (w

) +o()

for a fixed constant A > 0.

4.2 The Calculation of M,

We now turn our attention to M,. Assuming the Riemann Hypothesis, we notice
that

My = Me(p)Me(1 = p)

0<~<T

SO IESEED WD DS W V)

n<g m<g m<n<g 0<y<T

(4.6)

where N(T') = L 1log T + O(T') denotes the number of non-trivial zeros of ((s) up to

height 7. Combining this estimate for N(7") with (4.4), we see that

2

3

N(T)S :“(Z) = 5T logTlog + O(TlogT).
n<¢
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To handle the triple sum on the second line of (4.6), we use the Landau-Gonek
Formula (Lemma 2.3.1 above) and see that

SR S (5) - X X ()

m<En<m 0<~<T m<Em<n<E

+0 longoglogTZ Z %)

m<Em<n<E

oyl s 10g‘)

m<E m<n<§

+0 logTZ Z

ﬁ >
m<E m<n<§ m

=21 + 2o+ Mg + Xy,

say. To estimate X1, let m = p*n for primes p and then we find that

1_

Z p(m pu(p*m)log p
o pF

m<¢ ph<é/m

p(m p(pm) log p
Tyl g plomlosy

T e p<&/m
T 2 1 |
— _ZM Z 08D | O(TlongaX ng)
2 m P m<¢ P
m<E p<E/m plm
(pm)=1
T 2 | |
= _Zu(m) Z ng O(TlongaX ng)
> m p m<¢€ p
m<¢ p<§/m plm
p(m log p
27TZ 1 og > —i—O(TlogTrgll%? p )
m<¢g plm
where we have used Merten’s well-known estimate
lo
3 ]fp —log &+ O(1). (4.7)

p<&
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By (4.4) and partial summation, we see that

? 3
Z @ log % = p(log@? + O(log&).

m<§

To finish our estimate for >;, we need to bound the sum over primes in the O-term.
Let py1, p2, ps3, - . . denote the sequence of primes (in order) and, for each integer m > 3,

let k£ be the unique number such that

P1P2 " Ph—1 S M < p1p2 - - - P

The Prime Number Theorem then implies that
k—1
Pr-1 < Zlogpj <logm
j=1

and hence, by (4.7),

1 1
Z ogPp < Z o8P < log pr < loglogm.

plm p P<py

Therefore, collecting estimates, we deduce that

T
¥ = %logf + O(T' log T'loglog T').
s

Also, it is easily shown that 3y < £(logT)?loglog T < &(log T')3. Turning to X3, we

write n as gm + ¢ with -5 < 14 < % and find that

23<<10g§Z >y

m<§ ‘1<L J+1f—<£<m

where |z] denotes the greatest integer < x. Notice that (¢ + £ =)= Ifl if ¢ is a prime
power and ¢ # 0, otherwise (q + %} is > % Hence,

R IOIEID D IS DD DI D)

mSE g g 1sis R m<E gLl Iss
Ag)#0

<<10g£(z 3 ><<£log£) < ¢(log T)>.

Mg o< £ )41
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It remains to consider 4. For integers 1 <m <n <&, let n =m + £. Then

log%:—log(l—%) >%.

Consequently,
S < Z< > m+£)f <y Z 5 < &(log &) < &(log T)*.
m<E 1<0<E m<§ 1<e<§

Collecting all our estimates, we have shown that
3 3
My = ﬁTlongogf + ET(log €)%+ O({(log {)3) +O(TlogT)

and that
AlogT

3
My = = Tlogé + O(§exp (o
Pl 0g& T O(Lexp loglog T

)) +o()
for a fixed constant A > 0. To complete to the proof of (4.1), it remains to choose

a value of ¢ with & = o(T)) so that My ~ %TlogT and M, ~ 5T (logT)?. To

—B logT)

accomplish this, we simply choose a constant B > A and let £ = T exp (bg osT )

4.3 Some Remarks

Let P be a polynomial. If we repeat the above calculation with the function

p(n)

n<g

in place of M(s), it can be shown that

Y gor = (G +om) 12

0<y<T

I[(P)= <f01 P@)dx)

[y P(2)2dz +2 [} [ P(2)P(x + y)dedy

where
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The choice of P = 1 recovers our estimate in (4.1). Though I have not been able to
prove it, numerical calculations seem to imply that 7(P) < 1/2. If that is the case,
the estimate in (4.1) is the best that can be attained by this method when & < T'. It
would be interesting to see if a better lower bound for J_;(7") can be obtained using
mean-value theorems of long Dirichlet polynomials (i.e. the case when £ > T') along
with the assumption of certain correlation sum estimates for the Mobius function of

the form

S lm)(kn + h) < €42

n<g

with a certain amount of uniformity in £ and h. In this case, the analogue of the
sum M; could be handled using a result of Goldston and Gonek [7]. To handle the
analogue of the sum My, we would need a formula for the mean-square of long Dirich-
let polynomials summed over the zeros of ((s). Jim Bian, Steve Gonek, Heekyoung

Hahn, Nathan Ng, and I have begun work on such a formula.
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5 The Proof of Theorem 1.3.1

In this chapter we prove a conjecture of Conrey and Snaith (see the remark at the
end of this chapter) concerning the lower-order terms of the second moment of |¢'(p)].
Throughout this chapter we let T'> 1, .Z = log %, and € > 0 be arbitrary. Then,

assuming the Riemann Hypothesis, we show that

Z |§/<p)|2:l$4+(270_1)TZ3
241 61
0<y<T (5.1)

+ BoTL? + BiITZ + ByT + O(T/?*°)

where 7y is Euler’s constant and Bs, By, and By are other, computable, constants.
Our method allows us to express the B; (for i = 0, 1,2) in terms of the the coefficients

v, in the Laurent series expansion

+3 (=D (s—1)F (5.2)

1
C(s) = s—1 k!

o0

k=0

around s = 1. This will be done at the end of the chapter.

From (5.1), we recover a well-known result of Gonek [8] which, assuming the
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Riemann Hypothesis, says that

> P = ilog‘*T +O(Tlog’T). (5.3)

247
0<y<T
In fact, our proof of (5.1) is a modification of Gonek’s method taking care to keep

track of all lower-order terms.

5.1 Some Preliminary Results

In this section we collect a few results that are necessary in order to prove the

estimate in (5.1). We begin by recalling a classical result of Ingham [17].

Lemma 5.1.1. Let v > 0. Then for T > 1 we have

T T & 2041 T o1
W (L 4 i) 12dt — C log )2t
[ |C (2+Z>| 2V+1nz:% n n (Og2,ﬂ_)
2C2V+1
Cs, —)T O(TV/2.p2v+1
+( wt 5,51 )T O )

where the coefficients C,, are defined by % =3, %s” for |s| < 1.

In the case v = 1, which is the only case we use, Lemma 5.1.1 and equation (5.2)

imply that, for 7' > 1,
T
/ |C’(% +it)|]* =T P, (02”) +O(TY2.2?),
1

where the polyinomial P; is defined as

3

Pi(z) = %—(1—fyo):v2+2(1—fyo—fyl):c—2(1—fyo—*yl—72). (5.4)

The functional equation for {(s) can be written

r(t7)

((s) =x(s)¢(1=s), where x(s) = WS_1/2W~

2
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Using Stirling’s asymptotic formula for the gamma function, we can deduce that the

estimates

Ix(o+it)| = [t 2(1+O0(|t| ™)) (5.6)
and

X;,(a%—it) = —log L + O(Jt|™) (5.7)

hold uniformily for —1 < ¢ < 2 and |t| > 1. By combining these estimates, it follows
that

/

—s) = X (1—s)y(1—s
X' (1—s) X( )x(1—s) 58)

= —x(1—s)log &L + O(Jt]7=1/?)
uniformily for —1 <o <2 and t > 1, as well.
We also require a few additional lemmas.
Lemma 5.1.2. Let {a,}32, be a sequence of complex numbers satisfying a, < n°

for e > 0 arbitrary. Let ¢ > 1 be fived and let m be a non-negative integer, then for

T > 1 we have

1 T, & an, . t\m
o /. <ch+it>x(l—c—zt)(log%) dt
= (5.9)
= Z a,(logn)™ + O(T“2(log T)™).
1<n< L
Proof. This is Lemma 5 of Gonek [8]. O

Lemma 5.1.3. Let F(s) = > 2, a,n~* be a Dirichlet series with a finite abscissa

of convergence o, and satisfying Y >~ |axn”" K (0 —0,)"% for o > 0, and some



o6

real number o > 0. Suppose there exists a non-decreasing function p(x) such that

lan| < @(n) formn>1. Letx >2,U > 2,0 < 0,, and k = 0, — o + 1/logx. Then

1 k42U d
I = ?(s+w)xw—w
n®  2m J._u w
n<x
1 o 2 log U
+ O(m”“_”( 08 7) + #(22) (1 +x o8 ))
U x
Proof. This is Corollary 2.1, p. 133 of Tenenbaum [36]. O

Lemma 5.1.4. Assume the Riemann Hypothesis. Let s = o +it and put T = |t| + 3.
Then, for o > % and s # 1, we have

%(s) < (fgf + #) ,

where the implied constant is absolute.

Proof. Let p = 3 + 4 denote a zero of ((s). Then Theorem 9.6A of Titchmarsh [37]
implies that, for s # 1 and s # p,

gy = b oo T b
g( ) |5_2p:§13_f’+0(1 o )+0(|S_1|> (5.10)

uniformly for —1 < ¢ < 2. From this, the fact that the number of terms in the sum

is O(log 7), and the estimate |('(s)/((s)| < 1 for o > 2, the lemma is immediate. [

5.2 Proof of Theorem 1.3.1

The Riemann Hypothesis (RH) will be assumed during the course of the proof. If
we let p = % + iy be a non-trivial zero of {(s), then the RH implies that v is real
and that p = 1 — p. Moreover, this implies that

¢'(p) = ¢'(1=p)



57

as ('(s) is real-valued for real s. An upper bound for the maximum size of {(s) and
its derivatives is provided by the Lindelof Hypothesis, which follows from the RH,

and asserts that for any € > 0,
IC(o+it)| < t° and |((o+it)| < t° (5.11)

for o > % and t > 1. We choose a number T with T' < T < T + 1 such that

%(JHT)‘ < log®T (5.12)

uniformily for —1 < ¢ < 2 and T" > 2. The existence of such a T can be deduced

from equation (5.10) above. It is known that no zero p = 3 4 iy of ((s) satisfies
0 <~ <1 and that the number of zeros of ((s) with ordinates between 7" and 7'+ 1
is O(log T'). Thus, it follows from Cauchy’s Theorem that, for ¢ > 0 arbitirary,
DIl =D ) 1—p) +O(T)
0<y<T 1<y<T (513)

1 ¢’ , p e
= 57 | FOCEC-5) ds + O

where C is the positively oriented rectangular contour with vertices at the points
c+1v, c+iJ, 1—c+1:TJ, and 1—c+:

for a fixed constant ¢ (to be chosen at the end of the proof) satisfying 1 < ¢ < 2.

We first estimate the contribution from the horizontal portions of the contour to
the integral on the right-hand side of (5.13). By combining the estimates in (5.5),
(5.6), (5.8), and (5.11), we see that |[('(c+it)| < t/277F for 0 < i and t > 1.
From this, (5.8), and (5.12) it can be seen that the horizontal portions of the integral
around € contribute an amount that is O(chl/ 2“). In other words, we have that

IS (PP = I — I+ O(T /) (5.14)

0<y<T
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where
1 c+iT C/

! /
= 1—
=5 L e ds
and
1—c+iT 1
Lo L [T
2mi l1—c+i <

(5)C'(5)C' (1) ds.

The integral I, can be expressed in a more convenient manner. Logarithmically

differentiating the functional equation for ((s), we see that

Com X L
Z(l_s)_xﬂ ) C()’

from which it follows that
I ! /T C/(l +it)(' (1—c+it)( (¢ — it)dt
= — 2 (1—c+1 —c+i c—1
2 2 )1 ¢

_ (Ka—cﬂ't)—%(c—it)) C(1—ctit)C'(c — it)dt

2r /)

X
LT
where
L= 2 [ X i (et e — it
= — “(1—c+i —c+i c—1 .
Y 1 X

In particular, we see that for any ¢ > 1,

> I (p))P = —Is—2 Re I + O(T°'/**), (5.15)

0<y<T
The integral I3 can be computed using Lemma 5.1.1. Using Cauchy’s Theorem
and estimating as above, we can shift the line of integration in /3 from 1 — ¢ to 1/2

with an error of O(T¢~1/2*¢). Thus, it follows that

1 T !
== [ X 1in)|¢QL +it)|dt + O(T° /),
2t )1 X
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Using estimate (5.7), we see that

I; = ——/ L+it)|*log £dt + O(T* L/2+e)

= / 1¢'( +t|dt+ / /|< i) Pdu dt+O(T° 2%9).

The last equality follows from integration by parts. Lemma 5.1.1 now implies that

I t .
== el - c—1/2+¢
I3 o P1(Z) + o /1 P1(log 27T) dt + O(T ) (5.16)

where Py () is the polynomial defined in equation (5.4).

The integral I; can be calculated as follows. Differentiating the functional equa-
tion for ((s) and using estimates (5.8) and (5.11) we have, for ¢ > § and ¢ > 1,

that
('(I=s) = X'(1=5)C(s) = x(1=s)¢(s)
= —x(1=5)(¢(s)log = + ¢(s)) + O(|t|]7~*/**).

From this and Lemma 5.1.2, it follows that

I = — C,(04—zt)(’(l—c—z’t)(’(c%—z't)alt
27 ¢
— _% CC, (e+it)¢ (e+it)x(1—c —it) (C(c—l—it) log %+C'(c+it}> dt

+ O(Tc—1/2+5)

1 /T
——/ ('(c+it)*x(1—c—it) log Ldt

(5.17)
/
- 2— i (e +it)¢ (e +it)’x(L—c—it)dt + O(T* /).
™
= Z A(£)log mlogn — Z log m log nlog mn + O(T¢~1/%+9)
1<tmn< L 1<mn<Z

= > A(0)logmlogn—2 »_ log’mlogn+O(T*'/**).

1<tmn< L 1<mn<L
T 27
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Here A(n), the von Mangoldt function, denotes the coefficients of the Dirichlet series
for —('(s)/C(s). If we define

Rifa) = Res ¢ R (T) and Ralo) = Res ()67 (%),

then using Lemma 5.1.3 we can show that

Z A(0)logmlogn = —R; (L) + O(T"/**) (5.18)

1<tmn< L
and also that
Z log” mlogn = —Ra (L) + O(TY?*). (5.19)
1<mn< g
We will only prove (5.18) as formula (5.19) can be established in an analogous man-

ner. Since
Z A(k)logllogm < loanZA(/ﬁ) <log’n,
kém=n klm

from Lemma 5.1.3 we see that, for a =14 1/logx and = > 2,

Z A(0)logmlogn = ~ L (S)C'(S)Q(:U—S)ds

211 ,
1<tmn<z T Ja—iv C s

a+iU C,

+ O(2°U ' og® x) + O(log® z).
Now we shift the line of integration from a to % + (logx)~!. In doing so we pass
over the poles of the integrand at s = 1 which contribute a residue of R;(z). Using
Lemma 5.1.4, the Lindelof Hypothesis, and equation (5.11), the resulting integrals
are easily shown to be O(z'/2TU® + 22U ~1*). If we choose U = x1/2, it follows
that
Z A()logmlogn = —Ri(x)+ O(x*°U%) + O(z' U 1F9)

1<tmn<z

+0(2z°U " log® ) + O(log® x)

= —Ry(z) + O(z"/**9).



61

Finally, letting z = 2, we obtain (5.18).
Combining (5.15)-(5.19), we find that

1 /T
Z I¢'(p Z—'P1( )—%/1 ’J’l(log%)dt

1<~<T

(5.20)
T T e
~2Re Ry(5-) +4 Re Re(5-) +O(T ).

It now remains only to calculate the residues R (5= ) and Ry(4). In order to do this,

we need the Laurent series coefficients for (’(s)/((s) around s = 1. Writing

C/ > kfk .
—+ Z ~1) (5.21)
C k=0
and using (5.2), we can solve for the & recursively in terms of the 7, by setting
g/

Z(S)C(S) =('(s)

and comparing coefficients. The first few values of & are:

k &k

0 o

1 2% + 18

2 372 + 67170 + 2799

3 | 4y3 + 129970 + 247172 + 1292 + 675

We are now in a position to finish the proof of (5.1). By choosing ¢ = 1+ ¢, using
the above values of & and (5.4), we deduce from (5.20) that

Z ’C 34 (27%_1)7133
0c7=T T (5.22)

+ BoT.L? + B\T.Z + ByT + O(T"/?+%),
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where the constants are:

1
By = o (1 =27+ —2m),
T

1
Bl = —5-(2—dyn+ 295 + 2795 + 107071 — 41 + 72),
and
1
By = - (6+670(571+472-2) +675 (Yo+75 +671+1) — 1271 +42797 +372+1073).

By replacing 2¢ by ¢ (which is possible since € > 0 was arbitrary), we complete the

proof of (5.1).

Remark: In Section 7.1 of [2], Conrey and Snaith conjectured that, for e > 0

arbitrary,

T 2
1 L t % M t
TN 4 3 0 2
E — — Jogt — 4+ 2 0ed (L0 LY pe?
)l /1 <247T ©8 27T+37T ©8 27r+(27r 7T) °8 2w

0<y<T

3 t 4 2 7 2 4 5
_(7_0+M+£) 10g_+(ﬁ+w+l+ﬂ+ﬂ) dt
T T 21 21 T T T T 3T

+0 (T1/2+s) :

assuming the Riemann Hypothesis. That our expression in (5.22) is equivalent to
their conjecture follows by performing the integration on the right-hand side of the

above expression and comparing terms.
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