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Introduction

» The Riemann Hypothesis - one of the most important
problems in mathematics.

» Introduced by Bernhard Riemann in his article 'On the
Number of Primes Less Than a Given Magnitude' in 1859.

» A solution of the Riemann Hypothesis gives a better
understanding of the Riemann zeta function and many other
important consequences in mathematics.

» The Clay Mathematics Institute listed the Riemann
Hypothesis as one of the seven Millennium Problems in 2000.



The Riemann Zeta Function

» Studied extensively by Euler in the first half of the eighteenth
century as a real variable function.

» Riemann extended Euler's definition to a function of a
complex variable, and established the functional equation
form.

» Generalizations of the function appear frequently in modern
mathematics

» Most common definition: The Riemann Zeta Function is a
function of a complex variable that analytically continues the
sum of the Dirichlet series:

()= 1)

for Re(s) > 1



Euler’'s Progresses

» Euler has made important progresses in the study of the real
analytic version of the zeta function.

» He resolved the Basel's problem in 1734 by establishing its
convergence to 72 /6.

» Basel's Problem:
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» Other values of the series have important roles in formulating
various laws of physics.



How Euler gave us a cool T-shirt idea

Euler, 1735

Figure 1. Euler Formula



Euler's Product Formula

» Often called the 'Golden Key’, the Euler Product Formula is a
fascinating way to relate the Riemann Zeta Function with the
prime numbers

» Introduced and proved by Euler at the St Petersburg Academy
in 1737

» The proof utilized ideas from the sieve of Eratosthenes

» Complete form of the formula:




Convergence Properties of the Zeta Function in the
defined domain

» Since n® = (") we have
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» The series then converges with Re(s) > 1

» The zeta function thus converges absolutely in the domain of
definition.

> Very useful in establishing the analyticity of the function in
this domain.



Analytic Continuation of the Riemann Zeta Function when
s<1

» A general idea could be shown using the eta function, which is
an alternating version of the zeta function

» Eta function: - .
(_1)n+

n(s) = ~—— (6)

ns
n=1

» Closed form relationship between the zeta and the eta
function:
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» Values of the zeta function can be obtained based on values
of the eta function in the region 0 < Re(s)< 1.

» Riemann was able to extend the zeta function to an analytic
function in all of C except for a simple pole at 1.



The Functional Equation Form of the Riemann Zeta
Function

» The functional equation form of the Riemann Zeta Function is
a very useful way to calculate the values of the Riemann Zeta
Function and understand its analytic property.

> Relates the Riemann Zeta Function with the Gamma
Function, another important function in mathematics

» The functional equation:
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Zeros of the Riemann Zeta Function

» Zeros which lie on the left half of the complex plane are called
"trivial zeros' of the Riemann Zeta Function

» Zeros in this region occur at negative even integers

» It is known that all the other zeros (the nontrivial zeros) only
occur on the critical strip where 0 < Re(s) < 1
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Figure 2: The Critical Strip



The Statement of the Riemann Hypothesis

» The official Riemann Hypothesis reads: "The Riemann Zeta
Function has its zeros only at the negative even integers and
the complex numbers with real part %

» No zero can occur outside the line of symmetry of the critical
strip

» This property has been verified so far for the first
10,000,000,000,000 solutions

Figure 3: The Value Plane on the Critical Line of Re(s) = 1



Generalized Riemann Hypothesis

» The Generalized Riemann Hypothesis can be stated for
Dirichlet L-functions, which are formally similar to the
Riemann Zeta Function.

» A Dirichlet character is a completely multiplicative arithmetic
function x such that there exists a positive integer k with
x(n+ k) = x(n) for all n and x(n) = 0 whenever
ged(n, k)> 1.

» The corresponding Dirichlet L-function is defined by:

Lns) =S M) (9)

nS

n=1

for every complex number s with Re(s) > 1



Generalized Riemann Hypothesis (cont.)

» The function can be extended to a meromorphic function
defined on the entire complex plane.

» The generalized Riemann Hypothesis asserts that for every
Dirichlet character x and every complex number s with
L(x,s) =0, then it is actually 3.



The Riemann Hypothesis and the Prime Number Theorem

» The Prime Number Theorem states a way to estimate 7(x),
the number of primes between 1 and x.

» A strong form of the Prime Number Theorem uses the
Logarithmic Integral, or Li(x), as a way to estimate 7(x).
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» Von Koch and Schoenfeld proved that the Riemann
hypothesis is equivalent to the following statement:

|m(x) — Li(x)] < V/xlog(x) (11)

for all x > 3



Estimates using the Prime Number Theorem

z w(x) ML«) ﬁ J',; ﬁdt
10? 25 22 28 29
10? 168 145 169 177
104 1229 1086 1218 1245
10° 9592 8686 9512 96209
106 78498 72382 78030 78627

107 664579 620421 661459 664917
108 5761455 5428681 5740304 5762208
107 50847534 48254942 50701542 50849234
1010 4550562511 434294482 454011971 455055614

Figure 4: Table of estimates of 7(x)



Importance of the Riemann Hypothesis

» A proof of the Riemann hypothesis will provide accurate
estimates for the distribution of prime numbers.

> It also implies strong bounds on the growth of many
arithmetic functions, besides the prime counting function.

» Many other important problems in number theory, such as the
prime gap conjecture or the Goldbach conjecture, can be
attacked using implications from the Riemann Hypothesis.



Progress on the Riemann Hypothesis

» Partial progress on the hypothesis (in the forms of zero-free
regions for the zeta function) have been made.

> It is known that there are no zeroes of the zeta function on
the line Re(s) = 1.

» Numerical evidence and research indicate the validity of the
conjecture, but it remains unproven until this day.

» Progress towards a proof has been made using different
approaches (complex analysis, algebraic geometry, random
matrix theory, etc.)



Bernhard Riemann - The man behind the hypothesis

» Bernhard Riemann was a German mathematician in the 19th
century.

» He was described as an extremely pious and shy man.

> Always tried to look at mathematics in a larger philosophical
context.

» A man of great brilliance and staggering boldness underneath
the diffident appearance.

Figure 5: Bernhard Riemann



Quotes on the Riemann Hypothesis

» "Right now, when we tackle problems without knowing the
truth of the Riemann hypothesis, it's as if we have a
screwdriver. But when we have it, it'll be more like a
bulldozer.” - Peter Sarnak

» "The consequences [of the Riemann Hypothesis| are fantastic:
the distribution of primes, these elementary objects of
arithmetic. And to have tools to study the distribution of
these of objects.” - Henryk lwaniec

> "If | were to awaken after having slept for a thousand years,
my first question would be: Has the Riemann hypothesis been
proven?” - David Hilbert

Figure 6: Henryk Figure 7: Peter Figure 8: David
Iwaniec Sarnak Hilbert
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