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Abstract

It is proposed how the Extended Relativity Theory in C-spaces (Clifford spaces)
allows a unified formulation of point particles, strings, membranes and p-branes,
moving in ordinary target spacetime backgrounds, within the description of a single
polyparticle moving in C-spaces. The degrees of freedom of the latter are provided
by Clifford polyvector-valued coordinates (antisymmetric tensorial coordinates). A
correspondence between the p-brane (p-loop) wave functional “Schroedinger-like”
equations of Ansoldi-Aurilia-Spallucci and the polyparticle wave equation in C-
spaces is found via the polyparticle/p-brane duality/correspondence. The crux of
exploiting this correspondence is that it might provide another unexplored avenue
to quantize p-branes (a notoriously difficult and unsolved problem) from the more
straightforward quantization of the polyparticle in C-spaces, even in the presence of
external interactions. We conclude with some comments about the compositeness
nature of the polyvector-valued coordinate operators in terms of ordinary p-brane
coordinates via the evaluation of n-ary commutators.

Keywords : Clifford algebras; Extended Relativity in Clifford Spaces; Strings; Branes;
M-theory; polyparticle/p-brane duality; loop wave functional equations; Born-Dirac os-
cillator; n-ary commutators.

After more than four decades of string theory research (see [1] for more recent books
on string theory) there are still many questions pending. Among some of the problems
are : The quantization program of p-branes (for p > 2) remains unsolved; the foundation
of string theory (M-theory, F-theory) from a fundamental physical principle (like general
covariance and the equivalence principle in General Relativity) has not been envisioned
yet; the fundamental variables of M- theory, F-theory and the underlying origin of string



dualities are unknown; the formulation of a unified description of all p-branes on a single
footing has not been constructed. The aim of this preliminary work is to shed some light
onto some of these problems by recurring to the Extended Relativity Theory in C-spaces
(Clifford spaces). Recent avenues of research in string theory are currently being pursued
based on generalized geometries like Exceptional and Double Field Theories (see [2], [3]
for most recent references). We must not confuse the C-spaces associated with closed 3-
forms in Double Field Theories [3] with the C-spaces (Clifford-spaces) in this work. They
are very different generalized geometries.

In the past years, the Extended Relativity Theory in C-spaces (Clifford spaces) and
Clifford-Phase spaces were developed [4], [5]. The Extended Relativity theory in Clifford-
spaces (C-spaces) is a natural extension of the ordinary Relativity theory whose general-
ized coordinates are Clifford polyvector-valued quantities which incorporate the lines, ar-
eas, volumes, and hyper-volumes degrees of freedom associated with the collective dynam-
ics of particles, strings, membranes, p-branes (closed p-branes) moving in a D-dimensional
target spacetime background. C-space Relativity should permit us to study the dynamics
of all (closed) p-branes, for different values of p, on a unified footing, as we intend to show.

Our theory has 2 fundamental parameters : the speed of a light ¢ and a length scale
which can be set equal to the Planck length. The role of “photons” in C-space is played
by tensitonless branes. An extensive review of the Extended Relativity Theory in Clifford
spaces can be found in [4]. The polyvector valued coordinates X#, X#1#2 XHik2bs are
now linked to the basis vectors generators v*, bi-vectors generators vy, A 7,, tri-vectors
generators v, A Yus A Vus, --- of the Clifford algebra, including the Clifford algebra unit
element (associated to a scalar coordinate).

These polyvector valued coordinates can be interpreted as the quenched-degrees of
freedom of an ensemble of p-loops associated with the dynamics of closed p-branes, for
p=20,1,2,..., D —1, embedded in a target D-dimensional spacetime background. C-space
is parametrized not only by 1-vector coordinates X* but also by the 2-vector coordinates
X##2 - 3-vector coordinates X#1#2t3 - called also holographic coordinates by [13], since
they describe the holographic projections of 1-loops, 2-loops, 3-loops,..., onto the coordi-
nate planes . By p-loop we mean a closed p-brane of topology SP. In particular, a 1-loop
is closed string. When X is the Clifford-valued coordinate corresponding to the ClI(1,3)
algebra in four-dimensions it can be decomposed as

X = X1+ Xty + XA + X 9% AN Ay, + X7 9 Ay Ay Ay (1)

where we have omitted combinatorial numerical factors for convenience in the expansion
of eq-(1). To avoid introducing powers of a length parameter L (like the Planck scale L,),
in order to match physical units in the expansion of the polyvector X in eq-(1), we can
set it to unity to simplify matters. The component X is the Clifford-scalar component
of the polyvector-valued coordinate X and dX is the infinitesimal C-space proper “time”
interval

(d2)? = (dX)* + dX, dX" + dX,, dX" + ... 2)



that is invariant under CI(1,3) transformations and which are the Clifford-algebraic
extensions of the SO(1, 3) Lorentz transformations [4]. One should emphasize that dX is
not equal to the proper time Lorentz-invariant interval dr in ordinary spacetime (dr)? =
G dX*dX" = dX,dX". Generalized Lorentz transformations (poly-rotations) in flat C-
spaces were discussed in [4], [8]. A detailed discussion on Clifford geometric algebras and
polyvectors can be found in [6], [7] . An extensive analysis of the C-space generalized
Lorentz transformations and their physical implications can be found in [9], [10].

An ordinary p-brane moving in a D-dim flat target background spacetime spans a
p + 1-dimensional world volume and the Nambu-Goto action written in terms of the
Nambu-Poisson bracket is given by

S =T / "o \/ |det 0, X* Op X" 1|

T / o \J({Xm, Xre, Xbs . X1} )2 (3)

T is the p-brane tension whose units are (mass)P*!. X#(o%) are the embedding functions
of the p+ 1-dim world volume of the p-brane into the D-dim target spacetime background
(D > p+1). The world volume coordinates are o = (o', 02, -+ oPt).

Let us generalize the action (3) to the C-space case when the world volume and target

space coordinates are both Clifford-valued. Given the 2¢ polyvector valued world indices

O'A — S, O_a) 0-(11(127 . O_alaz.l.a,d (4)

and the 2P polyvector valued target space indices
XM _ X, XM’X,UIIQ’ . ’Xmm---up (5)

with D > d one can write the analog of the expression for a Nambu-Poisson bracket in
C-space as [4]

M
6A1A2-~~A2d 8XM1 aXMQ aX 2d (6)

dotr Qo2 T Qo
In general each polyvector valued coordinate component X (o4) is a function of all

the 2 polyvector valued world indices 0. The expression (6) simplifies considerably in
the very special case when

X = X(S)’ XH = X“(aa), X Hip2 — quz(gamz)’ ’XNIMQ“‘Hd — X,U«INQ"'Md(O-alaz“'ad)

Y
XHiH2Hd+1 — Y Hp2Hat2 — 0 — XHIH2TED — () (7)

The above conditions of eq-(7) basically describe grade-preserving maps from the Clifford-
valued world manifold to the target Clifford-valued C-space. It comprises of maps such
that points are mapped to points; areas to areas; volumes to volumes ... and where
one freezes to zero the polyvector valued target coordinates whose grade exceeds the
dimension d (of the world manifold an whose associated C-space is 2%-dim).



In this case the determinant-like expression (6) factorizes as follows

% ( oz . ag OXTOXT 8XM> ( laxbe] [asha] .. OXM QX Her2 )
Ds 6 6 “ ..

0s do® Qo T Qogad Joabr  Hgazbz

(e[aﬂncﬂ fanbrcs] . HX Hvipr § X Havap2 ) <€[a1b1r:1d1} lasbacads] .. OX HivipiTL ) X Hav2p2T2
Ogaibicr  Hgazbace Ogaibicidi  Hgazbacads
(8)

It is convenient to introduce an ordering of indices to avoid having to introduce fac-
torial numerical factors. For the bivector coordinates o1, g2 ... one requires to have
a; < by;ay < by;---. For the trivector coordinates o1t g%b2¢2 ... one requires to
have a1 < by < c¢1;a9 < by < ¢9;--+, etc. Similar ordering prescription applies for the
XHv o Xmmpen ... target, C-space polyvector valued coordinates. The generalized version
of the epsilon symbols ensures that no polyvector-valued indices are repeated.

A remark is in order. One could also view the induced metric Hap =
o4 XM 05 XN Gy on the 2%-dim Clifford-valued world volume as a hyper-matrix but
the construction (if possible) of the hyper-determinant of the C-space metric (a hyper
matrix) is a more difficult problem [11], [12]. For this reason we shall not pursue this road
at the moment to build generalized p-brane actions in C-spaces based on Nambu-Goto
actions associated with the square roots of hyper-determinants.

Let us proceed. For example, when d = 2 and D > d, eq-(8) is given by

OX (e, OXM 0XF2 | 9XMn )
s \ & 9om Do Do 12

The term %—f corresponds ef fectively to the motion of a point particle parametrized
by the variable s and moving in one-dimension described by the coordinate X. The term

etz %2(511 %f:; is the standard Poisson bracket {X#!, X#2} with respect to the variables
o', 0? and associated with the motion of a string in a D-dimensional background. The
term ag(;f;l corresponds ef fectively to the motion of a point particle parametrized by

W—dimensional background described by

the (bivector) variable ¢'? and moving in a
the (bivector) coordinates X#*.
The analog of the Nambu-Goto action would now be

0X oXmmn
. 2 2 1 2 =
S =k / ds do'do® do' \/@ \/( {Xm, X2} )2 4 ( o2 > =

K / dsu(aa)s()2 / dotdo® \/( {Xm Xn} )2 / daum =
K / dX / do'do® \[({Xm, X2} )2 / J(dxmn 2 (10)

Concluding, the action (10) factorizes and collectively describes a point particle moving
in one-dim; a string moving in D-dim, and a point particle moving in w—dim. Fur-
thermore, one should notice that one has a product of terms instead of a summation of
individual actions.




The conditions of eq-(7) in the more general case ( D > d > 2 ) describe richer dynam-
ics . Taking into account that a p-brane spans a p + 1 dimensional world volume one has
that the second term in eq-(8) describes the standard Nambu-Poisson bracket associated
to a d — 1-brane (spanning a d-dim world volume) moving in a D-dim target background.
dd-1) D(D-1)

2

The third term describes effectively a — l-brane moving in a

2
background. The fourth term describes effectively a W — 1-brane moving in a
W-dim target background; and so forth. The final term (QX#1#2Hd /Jgt12:ad)
corresponds ef fectively to the motion of a point particle parametrized by the (highest
grade polyvector) variable 012374 and moving in a D(Dfl)(DCEQ)'"(Dfd)-dimensional back-
ground described by the (polyvector) coordinates X#1#2Hd,

When the conditions of eq-(7) are imposed on the target C-space polyvector valued

coordinates the number of degrees of freedom N (when D > d) is given by

-dim target

N=D+D+D+ .. +@D=2@O+O+6+ ... +@G =211

hence the number of transverse degrees of freedom is N —2¢ > 0. When D = d one
has N = 2P = 29 and the number of transverse degrees of freedom is zero as expected.
Therefore, by choosing D > d one will have non-trivial dynamics since the number of
transverse degrees of freedom are not zero.

To sum up, the action associated with the expression in eq-(8) is defined to be

S =k / ds do* do? ... do'? do'® ... do'® do'** ... do'P4 VA (12)

where A is the square of the expression given by eq-(8) and effectively describes a collective
ensemble of points and p-branes, for certain specific values of p, and each moving in
different target space dimensions as discussed above.

We will describe now how a polyparticle in C-space may have a correspondence with
a nested hierarchy of point particles, strings, membranes and p-branes in ordinary space.
Let us begin by recalling the infinitesimal interval displacement in C' space

(dX)?* = dXy dXM = (dX)* + L2 dX, dX" + L™ dX,,,, dX"" + ... +

L72P dx

HIH2.....

. (A X F1H2e D (13)

X is the Clifford-scalar part of the Clifford-valued coordinate X™. The values of M
range from 1,2,---,2P. ¥ and X are both taken to be dimensionless. The polyparticle
dynamics is parametrized by the C'-space proper time variable ¥ such that the polyvector
valued coordinates describing the motion of the polyparticle in C-space are determined
by the 2P functions XM = XM (%),

When n = p+1, the p-brane/polyparticle duality /correspondence is defined as follows

LP{xm X o Xe 20 o ( (14a)



1 dX ikt
_ 2 n 1 ) fn 12
= /dE\/( ——) © Tn/dcf\/{X (X, Xm )2 (14D)

T, is the n—1-brane tension and whose physical units are (mass)™ = (length)~". The val-
ues of n range from 1,2,---, D. For n = 1 one has the point particle action parametrized
by the time-like variable o! of the world line in ordinary spacetime.

s=m [doty (Cgf)z (15)

For n = 2 one has the string action

OXH QX M2

80"11 W, (121,2 (16)

S = T2 / d(fld02 \/( {X’“,X”Q} )27 {XM’XM} — 2102
where o', 02 are the temporal and spatial coordinates of the worldsheet, respectively; and
so forth. For a p-brane whose world volume is n = p+ 1-dim one writes the p-brane action
given by the right hand side of eq-(14b) in terms of the Nambu-Poisson bracket

OXm 9Xte  9Xw
m I Hn) _ Q1042 ... Qp — ..
{X 17X 27"'7X } = € e i @0-(11 ao-ag ao.ap+1 ? a’_172737 7p+1 (]‘7)

One should note that we are using the epsilon symbol in defining all the above brackets.
One could have used the epsilon symbol only in the highest grade case, corresponding to
the case when p+ 1 = D, and defined the lower grade brackets in terms of an auxiliary
number of antisymmetric tensor fields w2 of different ranks if one performed the
derivatives with respect to all the o® variables o', 02, ---,o”. For instance

OXHL HX M2
don do2’
oXHM gXH2 gXHs
Jdou Qo Qo
ete, ..... However this multisymplectic approach will complicate matters since one must
satisfy the (generalized) Jacobi identities (fundamental identities) which will constrain
the functional form of the auxiliary number of antisymmetric tensor fields w®“2~. For
this reason, to simplify matters we define the brackets solely in terms of epsilon symbols
as shown above in eqs-(16,17). In this way we have a nested hierarchy of point particles,
strings, membranes and p-branes in ordinary spacetime. The sequence of variables is
nested as follows o' C (o',0?) C (¢%,0%,0%) C--- C (o!,0%,--+,0P).

A realization of the duality conditions in eq-(14a) can be simply realized when both
sides of eq-(14a) are equal to a constant. Since the right hand side of eq-(14a) depends
on Y and the left hand side depends on ¢% an equality is possible when both sides are
equal to a constant. In particular, the simplest choice to attain this equality is when

{Xm,XpQ} = (192 a:1,2,3,--~,D (18@)

{X“l,X“Q,X“S} = (919203

. a=1,23,---,D (18b)



X' =co', X2 =co XP=cgo, X" =c0" ..., XP = cpo” (19)

where ¢y, ca, ..... are constants and such that {X# X#2 . . X#r} = 0 except for the
specific value

L {XY X2 X" = (cicency)? LM = ( )2 = |V]* = constant

(20)
On the other hand, from the equations of motion associated with the free polyparticle
L . M .
action in C-space [4], after taking into account that (diz(z )2 = 1 and that X is chosen to
be dimensionless,

dXM dQXM
S = /dE = /dZ (W)Q = — = 0, XM = X, X¥ XHhH2 ... XHi#2-kD

(21)
one concludes that the components X#1#2-#n (%) grow/decrease linearly with ¥ so that
the n-volume velocity components V##z-hn — X2 g6 constant. This is indeed
consistent with the results found in eq-(20) where the magnitude of the n-volume velocity
V is constant. If the n-volume velocity components are constant then the magnitude of
the n-volume velocity is also constant. The converse is not true. A typical example is
ordinary circular motion. In [13] it was shown that when the areal velocities are constant
the Nambu and Schild string actions lead to equivalent equations of motion. Similar
conclusions hold for p-brane actions.

Proceeding with eqs-(19,20) one learns, if one equates both sides of eq-(14b) and sets
T, = L™, that the (dimensionless) polyparticle’s proper time in C-space obeys

ax

| 0,
Z:ﬁ/dna:L— n=12..D (224)

n’

and also

VI =V, = /d"a\/{Xm,Xuz,...,Xun}Z, n=1,2,....D  (22b)

Because the magnitudes of the n-volume velocities |V| are constant, from (22b) one learns
that the scale sizes of the evolving world lines, world sheets, world volumes, .... are linearly
proportional to the polyparticle’s proper time ¥ in C-space. The scale L can be taken to be
the Planck length. This is not unlike to cosmological models where the size of the cosmos
is taken as a “dilational” clock. From eq-(22a) one may also infer directly that > only
remains invariant under length, area, volume, hyper-volume preserving diffeomorphisms
of the o coordinates. We have chosen a very simple case in eqs-(19). More complicated
cases warrant further investigation.

To study further the polyparticle/p-brane correspondence let us begin by writing the
wave equation associated with a free polyparticle in C-space in natural units h = c =1

; oV (XM %) O?W (XM %)

= - - 7/ XMEX XM XHH2 . XHIE2-RD 923
¥ OXM 09X, » AT R (23)



A solution of (23) consistent with the dispersion relations Py, PM = M? is

U(XM YY) = Eap i (Py XM — M*Y)] (24a)

inserting the solution (24a) into (23) yields (Py PM — M?)¥ = 0, and which in turn, after
replacing Py — —i0/0XM leads to the analog of the Klein-Gordon equation in C-space
for the Clifford-scalar-field ®(X*)

2
(WaaX + M2> XMy = 0, when ¥V (XM,%) = &(XM)Exp[ —i M?* 2]
M
(24b)

Choosing an ansatz solution to eq-(23) given by the following “diagonal” sum

(XM YD) = To(X, %) + U (XM D) + Uy(XHH2 %) + ... + Wp(Xrre—rp 31y (25)

and inserting it into eq-(23) leads to the family of decoupled equations

O (X H1b2-ppt+1 3 2 (X Hik2-pip+1 Y
;U ) ( ,2) L p=-1,0,1,2,---,D—1. (26)
)Y OX Kkttt OX i
where p = —1 corresponds to the scalar part X of the polyvector X™. In the string,
M-theory literature p = —1 corresponds to brane-instantons [1].

We are going to compare the wave equations (26) with the p-brane (p-loop) wave func-
tional “Schroedinger-like” equation obtained by [13] and which are based on the Schild
p-brane actions that are invariant under length, area, volume, hyper-volume preserving
diffeomorphisms of the ¢® coordinates. As a result the corresponding Hamiltonian den-
sity is not zero, whereas the Hamiltonian density associated with the fully reparametriza-
tion invariant Nambu-Goto p-brane action is zero. The p-brane (p-loop) wave functional
“Schroedinger-like” equation [13] is given by

_W ( jé)p dpsm> %Cp dpsm 5}/#0#1#2?.5([56)%;5‘3—’_1] 1, (S) -

HOHLH2..
ov(C,;V,
i [ p p-‘rl] (27)
Vi
where s = s',s ... s? are the intrinsic spatial coordinates of the spatial p-loop C,

of topology S? (a closed p-brane) that is moving in a D-dimensional target spacetime
background and sweeping a p+ 1-dimensional timelike world hypertube €2, 1 whose p+ 1-
dimensional proper volume is V1. The proper volume V,,;; acts now as a clock/temporal
variable and from eq-(22) one can see its relation to the polyparticle’s proper time ¥ in
C-space.

The p + 1-vectors YHork2#»[C (s)] are the holographic [13] coordinates associated
with the spatial C), loop located at the boundary of the time-like world hypertube af-
ter it has swept a V,;; volume. The Cj-loop encloses a p + 1-dim region and whose
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projections onto the coordinate planes define the values of the holographic coordinates
Y HoH1p2- - pp [Cp(S)].

The measure of integration of the p-dimensional loop C), of topology S? is given in
terms of the square root of

ne _ L Ve 2 L Ve _ ivigen, OYM OV oy
(Y")" = {ym,yre )Y} {ymyr Y} = ¢ P 950 o5t Dl

(28)

where Y#(s) are the ordinary coordinates in spacetime of the points of the p-loop C,.

The terms inside the integrand in the left-hand side of the loop wave equation (27)
explicitly depend on the spatial loop coordinates s at each point of the p-loop C,, whereas
the terms in the right-hand side only depend on the shape of the p-loop. For this reason

one must integrate the left-hand side along all the points of the p-loop. This integration
62\1’[01)?‘/174—1}

OY HORLH2:HP (8) Y gy pg....pp (S)

ticular case when the non-zero modes contribution averages to zero, one is solely left with

the zero-modes contribution

amounts effectively to taking the loop-average of . In the par-

PV Vy T
5Yu0mm""“p(s) 5Y#0#1#2~~up(s> ! aY(l(;()wwzmup 8YM0M1M2----Mp%(0)

such that the wave equation associated with the latter zero-modes denoted by ¥{g)"*"*

becomes

IR o iy N et A0 R
2(p + 1)tmr+t ay(té;)uwz----up 8Yuou1uz----up;(0) OVpt1

and bears now an identical expression (up to numerical factors) to the functional form
of eq-(26) obtained from the wave equation of a free polyparticle in C-space. This also
requires using the explicit correspondence ¥ ~ V,41 derived in eq-(22b), when n = p+ 1,

so that a% > 3V(Z+1 and matching the zero modes coordinates (quenched-like degrees of

freedom) Yoy to the Clifford polyvectors X2 v,

Instead of recurring to the p-brane (p-loop) wave functional “Schroedinger-like” equa-
tion [13] the polyparticle/p-brane duality/correspondence at the quantum level should be
given in terms of the functional (path) integrals for the partition functions

(30)
the crux of exploiting the correspondence (30) is that it may provide another avenue to
quantize p-branes (a notoriously difficult and unsolved problem) from the more straight-
forward quantization of the polyparticle in C-space. For instance, a preliminary relation
between the quantum membrane propagator and Clifford-polyvectors was found in [14].

We conclude by adding some further comments. So far we have only discussed the
physics of a free polyparticle and free p-branes. It is warranted to introduce interactions.



The Hamiltonian density for p-branes in the presence of an external potential is now given

by

po= T X Xy 4 V(X X0 X 31
pu— 1’ 9 ey p+1 + 17 9 te b p+

where X* = X*(0%), a=1,2,---,p+ 1. Above, we simply added a potential term to
the kinetic terms of the p-brane Schild Hamiltonian density.

The polyparticle version of eq-(31) is

_ m(P+) dXHRe ke 2 M2 pt1

H = 2L2(p+1)(p+1)! ( a2 ) + V(X g ) (32)
One may choose for potential (density) V' the polyparticle analog of the relativistic
point-particle harmonic oscillator and whose wave-functions in both configuration and
Bargmann-Fock like space were found using group-theoretical methods by [15]. These
wave-functions are provided by generalized Hermite polynomials. Similarly, one may ex-
plore the polyparticle generalization in C-space of the Born-Dirac oscillator [16] which is
now characterized by an equation of the form

: a . OV
(z ooy i X = M ) WM R) =i o, XM= X X0 X Xt
(33)

and exhibiting an X™ < PM Born’s reciprocity symmetry. As usual, powers of a suitable
length (inverse mass) must be inserted in (33) to match physical units. The quantization
of the Born-Dirac polyparticle oscillator in C-spaces (construction of the explicit quantum
states, spectrum, ....) may facilitate the quantization program of p-branes living in ordi-
nary spacetimes, and experiencing an external interaction, via the p-brane/polyparticle
duality /correspondence proposed in this work. The energy-angular momentum spectrum
of the Born-Dirac point-particle oscillator behaves as J ~ E? [16] which resembles the
Regge behavior of the string.

Another Schroedinger wave functional equations worth mentioning are those based on
the De Donder-Weyl quantization approach to gravity [17] where a parameter of inverse
spatial volume dimensions, Clifford-valued wave functions and Clifford-Dirac operators
are essential. To finalize, and related to the quantization approach of p-branes via the
quantum polyparticle, it is worth mentioning that the n-ary commutators of the quantum
operators X" can be expressed in terms of Clifford polyvector-valued coordinate operators
as follows

[X’m’ Xuz] ~ j(muz, [)}'m’ X’uz, Xus] ~ Xuluzus, o [j(m’ X“Q,u-, XN}H—I] ~ X H1H2 ppt
(34)

when the coordinate algebra is isomorphic to the Clifford algebra [18]. The essence of

(34) is the compositeness nature of the polyvector-valued coordinate operators in terms

of the ordinary p-brane coordinate operators.
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