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Chapter 1

The Basics

1.1 The Field of Complex Numbers

The two dimensional R-vector space R? of ordered pairs z = (z,y) of real numbers with multiplication
(z1,y1)(x2,y2) := (T122—Y1Y2, T1Y2+T2y1 ) is @ commutative field denoted by C. We identify a real number
2 with the complex number (z,0). Via this identification C becomes a field extension of R with the unit
element 1 := (1,0) € C. We further define i := (0,1) € C. Evidently, we have that i> = (—1,0) = —1. The
number i is often called the imaginary unit of C although nowadays it is hard to see anything imaginary
in the plane point (0,1).! Every z € C admits a unique representation

z=(z,y) = x(1,0) + (0, 1)y = x + 1y,
where 2 is called the real part of z, x = Re(z), and y the imaginary part of z, y = I'm(z). The number

Z = x — iy is the conjugate of z and
|z] = Va2 +y?=VzzZ

is called the absolute value or norm. The multiplicative inverse of 0 # z € C is given by

IThe situation was different in 1545 when Girolamo Cardano introduced complex numbers in his Ars Magna only to
dismiss them immediately as subtle as they are useless. In 1702 Leibnitz described the square root of —1 as that amphibian
between existence and nonezistence and in 1770 Euler was still sufficiently confused to make mistakes like v/—2v/—3 = v/6.
The first answer to the question ”What is a compler number” that satisfied human senses was given in the late eighteenth
century by Gauss. Since then we have the rock-solid geometric interpretation of a complex number as a point in the plane.
With Gauss, the algebraically mysterious imaginary unit ¢ = /—1 became the geometrically obvious, boring point (0, 1).
Many teachers introduce complex numbers with the convenient half-truth that they are useful since they allow to solve
all quadratic equations. If this were their main purpose of existence, they would truly be subtle as they were useless. The
first one to see the true usefullness of the complex numbers was Rafael Bombelli in his L’Algebra from 1572. Investigating

Cardano’s formula, which gives a solution of the cubic equation 3 —3pz—2¢ = 0 by z¢ = f/q +q? —p3+ f/q - Ve —p3,

he noticed that the solution of z3 — 15z — 4 = 0 is given by zg = v/2 + 11v/—1 4+ ¥/2 — 113/—1. It was Bombelli’s famous
wild thought that led him to recognize that xo = 4. This was the first manifestation of one of the truly powerful properties
of complex numbers: real solutions of real problems can be determined by computations in the complex domain. See also:
T. Needham, Visual Complex Analysis [1997] and J. Stillwell, Mathematics and Its History [1989].
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)
T
a field isomorphic to C. A mapping T : C — C is C-linear iff

The set of 2 x 2-matrices 3T, Y € R} with the usual matrix addition and multiplication is

Tz = pz for some pp € C and all z € C.

A mapping T : R? — R? is R-linear iff
a b
T:( > for some a,b,c,d € R.
c d

A R-linear mapping T : R? — R? is C-linear iff

T~ ( @ —=b ) for some a,b € R.
b a

The function d : C x C — Ry, d(z,w) := |2 — w| defines a metric on C. Since C is R? with the extra
algebraic structure of multiplication, many geometric and topological concepts can be translated from
R? into complex notation. In particular, C is a complete metric space in which the Heine-Borel theorem
holds (compact <= closed and bounded). Let M C C and I = [a,b] C R. Every continuous function
v : I — M is called a path in M. The set M is called path-connected if every two points in M are in
the image of a path in M and M is called connected if for any two disjoint open sets U,V C C with
M C UUYV one has either M C U or M C V. Any open and connected subset D of the complex plane
is called a region.

Proposition 1.1.1. Any two points of a region D can be connected by a smooth path.

Proof. Fix zp € D and consider the sets A = {z € D : z can be connected to zg by a smooth path} and
B = {z € D : z can not be connected to zy by a smooth path}. Then A, B are open.? Clearly, D C AUB
and AN B = (. Since D is connected it follows that either D C A or D C B. Since 29 € DN A we obtain
that D C A. O

Problems. (0) Prepare a 20 minute lecture on ” Complex Numbers” suitable for a College Algebra (Math
1021) course.

(1) Show that every path-connected set is connected. Find a connected set which is not path-connected.
(2) Towards a Functional Calculus. Let A = % ( _12 ? ) Compute A" (n € Np) using a) the Jordan
normal form of A, b) the fact that A is in a field isomorphic to C, and try to do it without any use of
complex numbers. For which functions f other than f(z) = 2™ can one define f(A)? Compute e*4 and
find the solution of a/(t) = Az(t) with initial value 2(0) = (1, —1). Let A be an arbitrary 22:2-matrix and
let o(A) C C denote the set of eigenvalues of A. Show that the asymptotic behavior of the solutions of
2’ (t) = Az(t) can be characterized in terms of the so-called spectrum o(A).

(3) Towards the Mandelbrot set. Let f(z) = 22 + ¢ for some ¢ € C and a,, := f*(0) = (fo fo---0 f)(0).
Compute and draw the set of all ¢ € C for which the sequence a,, converges. Draw (with the help of a
computer) the set of all ¢ € C for which the sequence a,, stays bounded (Mandelbrot Set). What is a
Julia Set? What is a Fractal? Give examples and brief, informal descriptions.

2Why?
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1.2 Analytic Functions

It had taken more than two and half centuries for mathematicians to come to terms with complex numbers,
but the development of the powerful mathematical theory of how to do calculus with functions of such
numbers (what we call now complex analysis) was astonishingly rapid. Most of the fundamental results
were obtained by Cauchy, Dirichlet, Riemann, Weierstrass, and others between 1814 and 1873 - a span
of sixty years that changed the face of mathematics forever. Before going into some of the details, let us
try a preliminary answer to the question ”What is complex analysis?”. It is clear that any short answer
must be incomplete and highly subjective. In these lecture notes we take the position that the core of
complex analysis is the study of power series >~ a,(z — 29)" and of the characteristic properties of
those functions f which can be represented locally as such a power series.®> As we will see below, one
characteristic property of such functions is analyticity.

Definition 1.2.1. Let D C C be open, f: D — C, z=x 41y, f = u+iv.

a) f is complex differentiable in a € D if lim,_,, W exists for each sequence z in D \ {a}
converging to a.

b) f is analytic (holomorphic, regular) on D if it is complex differentiable for alla € D. If f is analytic
an C, then it is called an entire function.

c) If f is complex differentiable in a € D, then f'(a) = f(M(a) = %(a) =lim,_,, W

Example 1.2.2. (a) A function f(z) = u(z,y)+iv(z, y) is continuous if its real part u and its imaginary part
v is continuous at (xg.yo).* It follows that the monomials f(z) = 2" (n € Np) are complex differentiable
and f'(a) = lim, 4 2==% = lim, ., 2" '+ a2z" 2+ .- +a" 22 +a"! = na""!. Thus, any complex
1

z—a
. N n - . . . o N ne
polynomial )" ;a,z™ is an entire function with derivative >~ " | na,z"~".

(b) A convergent power series > a, 2" represents an analytic function inside its circle of convergence.
To see this let f(z) := > oo, anz™ be convergent for |z| < R. Then g(z) := > -2 na,z""! is convergent
for |2| < R5. Let |2| < 7 < R and |h| < r — |2|. Then there exists K > 0 such that |a,r"| < K for all
n € Ny. It follows from

f@+2ffu>_MQZE:%<gig;;£_%w4>

n=0

and [EHIT=2" ponet| = 2T ypineiot) < SR T |fifafrict = G e

Fetm -6 S R
pias)) oo = K3 (T )

1 1 1 1 1
- K{W<1_ [z|+|h] 1_i> _;(1_M)2}

Kr|h|
(r = [z = [R[)(r = [2])*’

3In a power series Sonioan(z — z0)™ the variable z is always a complex number, and the coefficients a, are either
complex numbers (classical complex analysis) or elements of an arbitrary Banach space X (modern complex analysis).

4Why?

5For a proof, see Section 2.7
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which tends to zero with h. Hence, f'(z) = g(z) if |2| < R.

It is one of the main results of complex analysis that all analytic functions f defined on a region Q2 C C
can be represented as a convergent power series > a,(z — z9)", where 2 is the center of the largest
disc S C 2, and z € S. Moreover, as we will see in the section on asymptotic complex analysis, not only
the convergent power series but all formal power series can be uniquely represented by equivalence classes
of analytic functions.

(c) The function f(z) = Z is continuous, infinitely often real differentiable, but nowhere complex differ-
entiablesince%zlforZZa—i—%and%z—lforZZa—i—%. O

Lemma 1.2.3. Leta € D C C, D open, and f: D — C. Tfae:

(1) f'(a) exists.

(ii) There exists a function A : D — C which is continuous in a and satisfies f(z) = f(a) + A(z)(z — a).
Proof. Obvious. Also, notice that the differentiability of f in a implies the continuity of f in a. O

Remark 1.2.4. The usual of differentiation from calculus can be used when differentiating holomorphic
functions. The proofs extend without any change beyond replacing the real variables x, v, .... by complex
variables z, v, ...... As an example we discuss the chain rule:

Let D,U € C beopen, f: D — U and h : U — C. If f is complex differentiable in
a € D and h is complex differentiable in f(a), then ho f is complex differentiable in a and

(ho f)(a) =H(f(a))f'(a).

Proof. Let F:=ho f, f(z) = f(a) + A1(2)(z — a), b = f(a), and h(w) = h(b) + Az(w)(w — b). Then

F(z) = h(f(2)) = h(b)+(A20f)(2)(f(2) —b) = h(f(a))+[(A20 f)(2)](A1(2)) (2 —a) = F(a)+A3(2)(2—a),
where Az(z) = [(Az0 f)(2)]A1(2). Thus, F' is complex differentiable in a and F'(a) = (Azo f)(a)Ai(a) =

W (f(a)f'(a) O

1.3 The Complex Exponential

In this section we introduce the complex exponential function and list some of its properties. We need
the following crucial lemma, whose proof from advanced calculus carries over to complex series.

Lemma 1.3.1 (Cauchy Product of Series). Let Y.~ an and Y.~ by be absolute convergent series. Then
(o gan) O obn) = 20" o Cn, where ¢y = D21 g aibp—; and 307 ¢, is absolute convergent.

The complex exponential
o0

exp(z) := Z %z"

i=0
has the following properties:
(a) The sum Y " ;12" converges absolutely and |exp(z)| < el*l for all z € C.

(b) The function exp maps addition into multiplication; i.e., exp(z) exp(w) = exp(z +w) for all z,w € C.
This can be seen by using the Cauchy product for series: exp(z) exp(w) = (307 o 52") (Xiep Fw') =

n=0 n!
>0 T Xm0 Wim!z?w"—p =3 Sz +w)" = exp(z + w).
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(c) The function exp is entire and exp’ = exp. To see this let a € C. Thenicxp(zz):?{p(a) = exp(a) 70@(;:;1)71
= exp(a) Yoo H(z —a)" ' = exp(a) +exp(a) (z —a) Yo, L(z —a)"? — exp(a) as z — a since
S, (2 —a)"? is bounded if [z — a| < 1.

(d) It follows from the Taylor expansion of the real exponential function e that exp(z) = e® for all x € R.
Therefore, we write often e® instead of exp(z). Moreover, for all y € R, we have the Euler formula

e = cos(y) + isin(y)

since, by using the Taylor expansions of cos and sin, e®¥ = > %z"y" = 3% o (1) +

(DY M(—l)"y%"’l = cos(y) + isin(y). Therefore, for z = (z,y) € C,
e* = e%e" = e*(cos(x) + isin(x)).

(e) Let y € R. Then e*™ = cos(y) & isin(y). It follows that cos(y) =

%(eiy — e~ %). Therefore, if we define

(e + e”™) and sin(y) =

cos(z) 1= %(ei‘z +e ") and sin(z) := — (e — e ™),
then we obtain the famous Fuler Formula
e* = cos(z) +isin(z) (2 € C).
(f) It is often convenient to write complex numbers in their exponential or polar coordinate representation

z = |z]e' &) = r(cos(f) + isin(h),

where z = (z,y), 6 = arg(z) € (—m,n] is an angle such that tan() = £, and r = |2| = /22 + 92 In
particular, if z = r(cos(f) + isin(f) and n is a positive integer, then 2™ = ™ (cos(nf) + isin(nf) and the
n n-th roots of z are given by zj, = {/r(cos(£ + 228 + jsin(cos(¢ + 22£) |k =0,1,--- ,n— 1.

Problems. (1) Show that for all z € C such that sin(3z) # 0 and for all n € N the trigonometric
summation formula 1 + cos(z) + cos(2z) + - - - + cos(nz) = @ sin(n 4 £z) holds.

2
(2) Show that exp is periodic, exp(C) = C\ {0}, and that cos and sin assume every value in C countably
often.

1.4 The Cauchy-Riemann Theorem

Recall that a function f = u +iv : D — R? is called differentiable (in the real sense) in 29 € D C R? if
there exists a R-linear map A : R? — R? such that —— (f(2) — f(20) — A(z — 20)) — 0 as z — 2. If f

|z—zo0]

fl(z0) = A= ( ug(20)  uy(20) ) '

Vg (ZO) Uy (20)

is differentiable at zg, then®

Moreover, if the partial derivatives ug, uy, vs, vy exist and are continuous in zp, then f is differentiable
at 20-

6Why?
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Theorem 1.4.1 (Cauchy-Riemann). Let D C C be open, zo € D, and f: D — C, f = u+iv. Tfae:

(1) f is complex differentiable in z.

(i) f is differentiable in zo and uy = vy, Uy = —vg at 2.

In this case, f'(z0) = %(zo) = ug(20) + vz (20) = %%(zo) = —iuy(20) + vy(20).

Proof. Let u=a+ib~ A, where A = _ab Z ), and z = x+14y. Then pz = A(z). Thus, f is complex
differentiable in zy <= lim,_,,, %ﬁfz“) = p = f(z0) < lim,_,,, Z_l—ZO (f(2) = f(z0) — pu(z — 20)) =
0 < lim,_,, ﬁ (f(2) = f(z0) — A(z — 29)) = 0 < f is differentiable in zy and f/(z9) = A =

( a b ) _ ( uz(20)  uy(20) ) 0
-b a vp(20) vy(20) )

Example 1.4.2. (a) Let z = z + iy and consider f(z) = Z = (x,—y). Then f is differentiable and
f(zy) = ( (1) (il ) for all z,y. Thus, f is nowhere complex differentiable.

(b) Consider f(z) = || = (2% + 2,0). Then f is differentiable and f'(z,y) = < 25” (Q)y ) for all z,y.

Thus, f is complex differentiable in zq iff zg = 0.

Next we will collect some further properties of analytic functions without going into greater detail. A
twice continuously differentiable function v : D — R on a region D C R? is called harmonic if u is in the
kernel of the Laplace operator A;i.e., Au = ugy +uyy = 0 on D. We will show in Section 777 below that
any analytic function f = u+iv : D — C is infinitely often differentiable. Thus, t;z = Vya = Vzy = —Uyy
and Vgy = —Uyy = —Uyzy = —vyy. This yields the following statement.”

The real- and imaginary parts of an analytic function are harmonic.
Assume that f = u+iv is analytic on a region D and that the equations u(x, y) = ¢; and v(z,y) = ¢z define
smooth curves in D for some ¢1, ¢z € R; i.e., there exist smooth functions v,0 : R — D, y(t) = (x(t), y(t)),

o(t) = (z(t),y(t)) such that u(y(t)) = c1 and v(o(t)) = co for all t. Then (uy,uy) - (2',y) = ugz’ +uyy’ =
Lyu(z,y) =0 and (uz,ug) - (¥, 7) = uz@ + ug§’ = Lu(,§) = 0 for all t > 0. Thus, for all ¢,

(g, uy) L (2',y") and (uz,ugz) L (Z',7).
Furthermore, since 0 = ugvy — VgUy = UgVs + UyVy = (U, Uy) - (U, Vy), it follows that
(s uy) L (v vy)

for all z € C. Assume that the two curves v and o intersect; i.e., zo = (2o, yo) := y(t1) = o(t2) for some
ti,t2 € R.If f'(z0) # 0, then +/(t1) L o'(t2), since (uz(20),uy(20)) L (vz(20), vy(20)). This proves the
following.

If f = u+iv is analytic and zg = (xq, yo) is point common to two particular curves u(z,y) = ¢1
and v(z,y) = ¢z and if f'(z9) # 0, then the lines tangent to those curves at (xo,yo) are
perpendicular.

"It will be shown later that any harmonic function u on a simply connected region D is the real part of an analytic
function.
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Let f be complex differentiable at zg with f'(z9) = u # 0. Then f(z0 + h) = f(20) + ph if h = 0. Thus,
locally at zg, f is approximately a rotation by arg(s) with a magnification by |u|. It is therefore not
surprising that analytic functions with f’ # 0 are conformal; i.e.:

Analytic functions are locally angle- and orientation preserving.

Since we will not discuss this (very important) concept any further in this class, we refer to R. Remmert’s
Theory of Complex Functions [1991] for further reading,.

Recall from your advanced calculus course that a continuously differentiable function f : D — R2 has
a differentiable inverse f~! with (f~1)(f(2)) = (f'(z))~! in some neighborhood of a point z; where
det f'(z0) # 0 (Inverse Function Theorem). If f = u + iv is also assumed to be analytic, then the
Jacobian matrices f’(z) can be represented by nonzero complex numbers in a neighborhood of z. It
follows that the Jacobian matrices (f~!)(w), w = f(z), can also be identified with complex numbers.
Thus, the partial derivatives of (f~!) satisfy the Cauchy-Riemann equations in a neighborhood of f(zo)
and we obtain the following result.

Corollary 1.4.3. Let f be analytic in a region D (with f' continuous).® If f'(z0) # 0 for some 2y € D,
then there exists a neighborhood U of zy and a neighborhood V of wo = f(z0) such that f : U — V is
one-to-one, onto, f~1 is analytic, and (f~1) (w) = ﬁ forw=f(z)eV.

Example 1.4.4 (The Complex Logarithm). Let U be a horizontal strip {(x,y) : yo < y < yo + 27)} and
f(z) = e* = e®(cos(y),sin(y)). Then f is analytic, f’ is continuous, and f'(z) # 0 for all z € U. Let V
be the sliced plane {z # 0 : arg(z) # yo mod 2I1}. Then f : U — V is one-to-one and onto. By the
corollary above, g := f~! is locally analytic and satisfies ¢'(w) = (f 1) (w) = ﬁ = ﬁ = L for
w = f(z) € V. Since ¢’(w) = < for all w € V we call g the branch of the complex logarithm on V' and
write logy (w) := g(w). O

Problems. (1) If f = u+ iv is analytic, then f(z) = 2u(Z20, 2520) — f(z) = 2iv(Z52, 2520) + f(z0)

(2) Study the Cauchy-Riemann equations and the complex differentiability of f(z) = EIES

1.5 Contour Integrals

Let f be a continuous function on D C C and let v : [a,b] — D be continuously differentiable. Then the
integral of f along ~ is defined as

b
/ f(2)dz = / SO (1) dt.

Let a = agp < a1--- < a, = b be a partition of the interval [a,b]. If v : [a,b] — D is continuously
differentiable on the subintervals [ag_1, ag], 1 < k < n, then ~ is called piecewise smooth and

8We will see below that any analytic function is infinitely often continuously differentiable. Thus, the continuity assump-
tion is always fulfilled.



10 CHAPTER 1. THE BASICS

It is obvious that contour integration is linear (i.e., fv cf+g=c fv f+ fv g for all analytic functions
fig: D — Cand all ¢ € C) and that

| / J(2)de] < ML(),

where L(y) := f; |7/(t)] dt denotes the arclength of v and M = max.c~ | f(2)|.
Example 1.5.1. Let v : [0,27] — C be given by v(¢) = €' and f(z) = 2" for some n € Z. Then

27 i B )
2Ndz =1 e(n+1)it dt — T on = —
v 0 0 else

1 1
—,/—dz:l.
211 N Z

A function ¥ : [a, l;] — C is called a reparametrization of a piecewise smooth curve v if there exists
a strictly monotone C'-function o that maps [a, b] onto [a, b] such that v(t) = ¥(a(t))) for all ¢ € [a, b].

In particular,

Lemma 1.5.2. f,y f(z)dz= ef:y f(2)dz, where e =1 if &/ >0 and else e = —1.

Proof. [ f(z)dz = [} fOON O dt = [} FE@® (@) () dt = [10) FF(E)T (s)ds =
€ 2 F(())7 () ds = e [ [(2) dz. 0

Let K C C be compact. A set I' C K is called a smooth boundary of K if there exists a bijective
Cl-map 7 : [a,b] — I such that /() # 0 for all ¢ € [a,b] and for all ¢ € [a, b] there exists € > 0 such that
for all s € [—¢, €] one has

Y(t) +isv'(t) € K <= s > 0.

If K is a compact set with a smooth boundary T = 7(]a, b], then we define

| sz = [ reas = / 12 dz,

where the definition is independent of the parametrization 7. If a compact set K has a piecewise smooth
boundary 0K = U}_;I'y, where I';, is smooth and I'; N T'; is finite, then

/M{f(z)dz ::; . f(z)dz.

Example 1.5.3.
(a)

(b)



Chapter 2

The Works

2.1 Antiderivatives

Definition 2.1.1. Let D C C a region and let f: D — C be continuous. The function f is called Cauchy
integrable if

f)dz= [ f(z)dz

71 72
for all piecewise smooth curves ~y; : [a,b] — D with the same starting- and endpoints.
One should notice that the notion of Cauchy integrability has little to do with the usual definitions
of Riemann or Lebesgue integrability. If f is continuous, then the contour integral along v exists. Thus,
the important element in the definition of Cauchy integrability is not the existence of the integral, but

the fact that the value of the contour integral depends only on the starting- and endpoint of the path ~y
(path-idependence, see statement (iii) below).

Theorem 2.1.2. Let f: D — C be continuous. Tfae.

(i) f is Cauchy integrable.

(ii) fv f(z)dz =0 for all piecewise smooth, closed curves in D.

(iii) There exists a function F: D — C such that f,y f(z)dz = F(y(b)) — F(y(a)) for all piecewise smooth
curves 7 : [a,b] — D.

(iv) f has an antiderivative; i.e., there exists an analytic function F : D — C with F' = f on D.

Moreover, F : D — C is an antiderivative of f if and only if f,y f(z)dz = F(y(b)) — F(v(a)) for all

piecewise smooth curves vy : [a,b] — D.

Proof. 'We show first that (iv) implies (i7¢). We may assume that v : [a,b] — D is smooth. Then h(t) :=
F(y(t)) is continuously diﬁerentiable and A/ (t) = f(v(t))y'(¢) for all t € [a,b]. It follows that F(y(b)) —
F(y(a)) = h(b) f R(t)dt = f: Fy@®)Y (t)dt = f,y f(2)dz. The implication (ii1) = (i) is
obvious. To show (m) = (i) we may assume that 1,72 : [0,1] — D (possibly after a reparametrization).
Define v : [0,2] — D by 7( )=t ) X[0,1](t) +72(2 = t)x[1,2)(t) Then v is piecewise smooth and closed
and therefore, 0 = [ f(2)dz = [ f(2)dz — [, f(z)dz. It remains to be shown that (i) = (iv). Fix

11
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2o € D. Then, for all w € D, there exists a smooth curve 7 : [a,b] — D such that y(a) = 2o and y(b) = w.

Define
~ [ 1@a:
¥

It follows from (#i¢) that the definition of F(w) is independent of the choice of . Now let o : [¢,d] — D
be an arbitrary, piecewise smooth path in D. Then we extend the path o to a path 7 : [¢,d] — D, ¢ < ¢,
G /le,q) = o such that 6(¢) = zo and obtain

/Uf(z)dz = /&f(z)dz—/&/[_ f(z)dz

&cl

— F(5(d) - F(5(c)) = Fo(d)) — F(a(c)).

Now let wg € D and K. (wo) ={w:|jw—wy| < e} C D. For w € K(z0) define y(t) = wo + t(w — wy) for
t € [0,1]. Then F(w) = [, f(z)dz= S F(wo + Hw —wp) ) dt(w —w). Thus, £02= F(wo) — F(wo)
as w — wg. O

Lemma 2.1.3. Let D C C be an open sphere and f : D — C continuous. If féR f(z)dz = 0 for all
rectangles R C D with sides parallel to the azes, then f is Cauchy integrable on the sphere D

Proof. Let a € D be fixed. For w € D define F(w f f(2) dz, where
It follows from

that F(zo+h)—F(zo)—f7 i dz—f ez = [ f(z dz:fol f(z0 + th) dth. Thus, 2E () =

f(20). Moreover, F(zo + ih) fo (20 + ith) dtih. Thus, & 5 L (20) = if(20). Let F = u+4v. Then
‘f;f = Uy + 1V = (f;l; = —iuy —i— Uy, O Uy = Uy and vy = —u,. Since the Cauchy-Riemann equations
hold, F is analytic and F' = wu, + iv, = f on D. It follows from the previous theorem that F is an
antiderivative of f on Dj i.e., f is Cauchy integrable on D. O

It follows from Theorem 2.1.2 (iv) that every polynomial is Cauchy integrable on C. Also, by Example
1.2.2 (b), every function f which has a power series representation, is Cauchy integrable on its circle of
convergence.! As motivation for the next definition, consider D = C\ {0} and f(z) = L. If S denotes the
unit sphere, then [;¢ f(z)dz = 2mi. This shows that f is not Cauchy integrable on C \ {0}, although f
is analytic there. However as we will see next, f is locally Cauchy integrable on C \ {0}.

Definition 2.1.4. Let D C C be open and f € C(D). Then f is called locally Cauchy integrable if for all
a € D there exists an open neighborhood U C D of a such that fy is Cauchy integrable.

Theorem 2.1.5. Let D C C be open. If f : D — C is continuous and analytic on D\ {a}, then f is locally
Cauchy integrable.

Tt follows from the standard comparison theorems for infinite series, that > anz™ converges absolutely for |z| < R if

and only if t 3 o° %z"*l converges absolutely for |z| < R.
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Proof We assume first that f is analytic on D. We show that || sr f(2)dz = 0 for all rectangles R C D
with sides parallel to the axes. Let R be such a rectangle, set Ry := R and d := L(0R). Divide Ry into
four congruent rectangles R', R%, R3, R*,

Then L(6R*) = $L(6Ry) = & andféR z)dz ="y [spr f(2) dz. Choose ko such that | [5, f(z)dz| <

4| [5pro f(2) dz| and define R1 = R, Repeatlng this process (induction) yields a nested sequence of
rectangles R,, such that

[ pe)dsl < 4|/ F(2)dz| and L(6Rn11) = ~L(5R,.).
SR, Ry 1 2

Thus,
|/5Rf(2) dz] < 47| /(SRH f(2)dz| and L(0R,) = —

Choose a € Nyen, Ry # 0.2 Since f is analytic there exists a continuous function g : D — C with g(a) = 0
such that, for all z € D,

f(z) = f(a) +f(a)(z = a) + g(2) (2 — a).
For € > 0 choose n € N such that |g(z)|| < & for all z € R,,. Then?

[ rea <o f<>+f<><z—a>dz+/ o(:)(z — o) d]

ORy SRy,

d e d
= 4"|/ (z—a)dz| <4 271%2—":6.

Thus, [s5 f(2)dz = 0 for all analytic functions f : D — C.

Now assume that f is continuous on D and analytic on D\ {a}. Again, we show that [, f(z)dz =0
for all rectangles R C D with sides parallel to the axes and consider the following three cases.
(1): If a ¢ R, then [5, f(z)dz = 0 by the first part of the proof.
(2): If a € dR, then we con51der a sequence of rectangles R; C R with sides parallel to the axes such
that R — R as i — 00. By continuity, lim;co [5p f(2)dz = [55 f(2)dz. By the first part of the proof,
féR 2)dz = 0 for all i. Thus, f(SR 2)dz = 0.

(3): If a € R\ 0R, then we devide R into two recangles RY, R2 C R with sides parallel to the axes, R =
R'UR?, and a € 6R'NR?. Then, as shown in case (2), [, f(2)dz = [;p1 f(2)dz+ [p f(2)dz=0. O

Remark 2.1.6. Notice that the proof works also if f : D — C is continuous and analytic on D \
{finite number of vertical or horizontal, compact line segments}.

2Assume NRy, = (. Then Rg C URS = C. Slnco Rg is compact and the complements Rf, are open, there exists m € N
such that Ry C U Ry,. But then R§ D ( ) = Ny Rn = Ry which contradicts the fact thet R, C Ro. Thus
NRy # 0.

3Show that fﬂ/ zdz = 0 for all absolutely continuous, closed paths ~.
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2.2 Cauchy’s Theorem

Definition 2.2.1. Let D C C be open, let vo,71 : [0,1] — D be piecewise smooth paths (curves), and let
§:[0,1] x [0,1] — D be continuous. Then

(a) yo0,71 are homotopic in D with fixed endpoints if vo(t) = 6(¢,0), v1(¢t) = 6(¢,1) for all ¢t € [0,1] and
~0(0) = 6(0,5) = v1(0), v(1) = 6(1,s) = y1(1) for all s € [0,1].

(b) If vo,71 are closed, then they are homotopic as closed curves if t — 6(t,s) is a closed curve for each
s €[0,1] and vo(t) = 0(¢,0), v1(t) =d(¢, 1) for all t € [0, 1].

(¢) A curve vy is null-homotopic in D if there exists a constant curve v1(t) = a € D such that vy and
are homotopic as closed curves.

(d) The open set D is simply connected if every closed curve in D is null-homotopic in D.

Example 2.2.2. (a) D simply conected, not connected:

(b) D connected, not simply connected:

(¢) If D is convex, then D is simply connected since 6(t,s) := sy1(t) + (1 — sy0(t) connects any two closed
curves continuously inD.

(d) An open set D is called star-shaped if there exists a € D such that for all z € D the line-segment
between a and z is contained in D. It is easy to see that star-shaped sets are simply connected.

(e) A sliced half-plane D := C \ Rye' is simply connected. To see this consider D = C\ R_. Let v be a
closed curve in D. Then «y has a polar-coordinates representation y(t) = r(t)e'*") with —m < a(t) < 7
for all t € [0,1]. Define §(t,s) := r((1 — s)t)e?*®0=9) " Then § folds back the curve v and contracts it
towards the constant curve v1(t) = v(0) € D. Thus, D is simply connected.
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Theorem 2.2.3 (Cauchy’s Theorem). Let f : D — C be continuous on on open set D and analytic on
D\ {a}.

i) If v0,v1 are homotopic as closed curves in D, then f,m f(z)dz = f’n f(z)dz.
ii) If v is a null-homotopic closed curve in D, then f,y f(z)dz=0.

iii) If v0,71 are homotopic in D with fized endpoints, then f’m f(z)dz= f'n f(z)dz.

(
(
(
(iv) If D is simply connected, then f is Cauchy integrable.

Proof. With the help of a few technical lemmas, the first statement will be shown over the next few
pages. It is clear that (i) implies (ii) if one sets v = 7o and 71 (t) = a, where a € D is as in Definition 2.2.1.
If 49,71 are homotopic in D with fixed endpoints, then 5y := vo 4+ (—70), 1 := 71 + (—70) are homotopic
as closed curves.*Thus, if (i) holds then 0 = [[ f(z)dz = [, f(z)dz = [ f(z)dz— [ f(2)dz. This
shows that (i) implies (iii). It follows immediately from Theorem 2.1.2 that (ii) implies (iv). It remains
to be shown that (i) holds.

We need the following three lemmas, and for those the notion of antiderivatives along continuous
curves. Let Q C C, p: Q — D continuous, and f : D — C continuous. A continuous function F': Q — C

is called an antiderivative of f along p if for all ¢ € Q) there exist

(1) a neighborhood U of q € @,
(2) a neighborhood V of p(q) € D, and

(3) an antiderivative G of f,,

such that p(U) C V and F(u) = G(p(u)) for all u € U.

Lemma A. Let F': Q — C be an antiderivative of f along p. Then
(i) If o : M — Q is continuous, then F o ¢ is an antiderivative of [ along poo.

(i) If Q is connected and if F' is another antiderivative of F along p, then F = F + ¢ for some ¢ € C.

Proof.  The first statement follows from the continuity of . To prove the second statement, fix a € @,
define ¢ := F(a) — F(a) and R
M:={qeQ: F(q) — F(q) = c}.

Since M is nonempty (a € M), closed (M = (F— F)~'{c}), and Q is connected, we have to show that M
is open. Let b € M; i.e., F(b) = F(b) 4+ c. Then there exist neighborhoods U, U of b € Q, neighborhoods
V,V of p(b) € D, and antiderivatives G, G of f,,, f;. such that p(U) C V, p(U) C V, F(u) = G(p(w))
and F(u) = G(p(u)) for all u € U. Choosig a small enough neighborhood of b, one may assume that
U=U,V =V and that U,V are connected. Then

G(p(b)) = F(b) = F(b) + ¢ = G(p(b)) + ¢

and G/ — G’ = fso — fsv =0 on V. This shows that F(u) — F(u) = G(p(u)) — G(u) = ¢ for all u € U.
Thus, U C M. This shows that M is open. O

4If 4 : [0,1] — D, then we denote by v + (—v) the curve t — v(2t) if t € [0,1/2) and t — (2 — 2t) if t € [1/2,1]



16 CHAPTER 2. THE WORKS

Lemma B. If f is analytic and Q = {(x,y) : 0 < x,y < 1}, then there exists an antiderivative of f along
p:Q—D.

Proof. Let T denote the set of all ¢ > 0 which have the property that for all rectangles R C @ with
perimeter L(OR) <t there exists an antiderivative of f along p,,. We have to show that 4 € T'.

Step 1. We show that T is nonempty. Assume that 7' is empty. Then, for all n € N, there exists a rectangle
R, in Q with perimeter less than 1/n such that f has no antiderivative along p,, . Let r, € R, C Q.
Since @ is compact, there exists a subsequence 7,, — r € @. Since f is continuous on D and analytic on
D\ {a}, it follows from the local Cauchy Theorem 2.1.5 that f is locally Cauchy integrable on D. Thus,
there exist neighborhoods U of 7 and V' of p(r) € D such that f,, has an antiderivative G and p(U) C V.
Thus, F'(u) := G(p(U)) is an antiderivative of f along p,,. Since R,, C U for n large, there exists an
antiderivative of f along p,,. ,which is a contradiction.

Step 2. Let t € T and let R C @ be a rectangle with L(OR) < %t. Then R is the union of two rectangles
Ry, Ry C Q whose perimeter is at most ¢. Let Fj; be the antiderivative of f along p,, (k= 1,2). Since
RN Ry is connected, it follows from Lemma A that Fl/RmR2 = Fg/RmR2 + ¢ for some constant c¢. Define
F as Fy on R; and as F; + ¢ on Rs. Then F is an antiderivative of f along P/ Thus, if ¢t € T, then
3t € T. This shows that 4 € T. O

Lemma C. Let v : [0,1] — D be a piecewise smooth curve and let F' be an antiderivative of f along .
Then [ f(z)dz = F(1) — F(0).

Proof.  Since (]0,1]) is compact in D and f locally Cauchy integrable (by Theorem 2.1.5), there exist
n open subsets Vi C D, a partition 0 = tg < t; < -+ < t, = 1, and analytic function Fj such that
V([tk—1,te]) C Vi and Fy = f/,, for all 1 <k < n. It follows that F'(t) = Fj,(v(t)) + c for t € [ty—1,tx].
Thus, [, ammaf(z)dz =370, [, f(2)dz =35 Fe(v(tk)) = Fr(y(te-1)) = 2py Fte) — f(te-1) =
F(1) — F(0). O

Proof of (i). Let k =0,1, o (¢) := (k,t), 7(t) := (¢, k). Since 79, y1 are homotopic as closed curves in D
there exists a continuous ¢ : [0, 1] x [0, 1] — D such that ¢ — (¢, s) is a closed curve for each s € [0, 1] and
Yo(t) = 6(t,0) = 6(1o(¢)), 71(t) = 6(t, 1) = §(71(t)) for all ¢ € [0,1]. It follows from Lemma C that there
exists an antiderivative F' of f along §. By Lemma A (i), there exist antiderivatives Fy, = F o 7 along
doty, = 7yk. By Lemma C, f% f(2)dz = F(1)—F(0) = F(r:(1))—F(7(0)) = F(1,k)—F(0, k). By Lemma
A (i), the functions F ooy, are antiderivatives of f along §ooy. Since oo (t) = 6(0,t) = 6(1,t) = dooy(t)
it follows from Lemma A (ii) that F o 01 — F 0 09 = const. Thus, f'n f(z)dz = F(1,1) — F(0,1) =
Fooy(l) = Foog(l) = Foo1(0) — Foop(0) = F(1,0) — F(0,0) = f,m f(z)dz. O

2.3 Cauchy’s Integral Formula

Let v be a null-homotopic closed curve in an open subset D of C and f : D — C analytic. Then

g9(z) = w with g(a) := f’(a) is continuous on D and analytic on D \ {a}. Applying Cauchy’s

Theorem 2.2.3 to the function g, we obtain the following statement.

Theorem 2.3.1 (Cauchy’s Integral Formula). If D C C is open, v : [a, 8] — D a null-homotopic closed
curve in D, f: D — C analytic, and a € D\ v[a, §], then

1
1[I,
21 yZ—a

Ind, (a)f(a) =
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where Ind(a) = ﬁ y Zia dz denotes the index of the closed curve v with respect to a.

In the following we will collect some properties of the index Ind,(a). Let yo(t) := a + Re*?™ with
t € [0,n] denote a circle of radius R that winds n-times counterclockwise (resp. clockwise) around the
point a. Then

1 1 "
(4) Ind,m(a):—,/ dz::l:/ 1dt =+n
2 Jyy 2 —a 0
is the winding number of the closed curve -y around a. It follows from Cauchy’s Theorem 2.2.3 that
Ind,(a) = Ind,(a) for all closed curves v that are homotopic to 7o as closed curves in C\ {a}. Thus,
Indy(a) is also called the winding number of a closed curve v around a.

Proposition 2.3.2. Let v : [a,b] — C be a closed curve and W = C\ v[a, b].

(i) Ind, : W — Z is continuous and therefore locally constant.

1) In s = Indy + Inds for all closed curves v with the same endpoints as 7.

ii) Indy+5 = Indy + Inds for all closed ¥ with th dpoi

(iii) Ind_y = —Ind,.

(iv) The interior Int(y) := {a € W : Ind,(a) # 0} is open and bounded, the exterior Ext(y) := {a €

W : Indy(a) = 0} is open, and C\ v[a,b] is the disjoint union of the intirior and exterior of the
closed curve ~.

Proof. 'We show below that Ind, maps W into Z. If a,, — a in W, then ﬁ — ﬁ uniformly in

z € v[a,b]. Thus, Ind(a,) = f,y ﬁ dz — f,y —Ldz = Ind,(a). This proves (i). The statements (i) and
(iii) are obvious. The openess of Int(y) and Ext(gamma) follows from the continuity of v as a function
with values in Z. Let M, :={a € C: |a| > r} C W. By (i), Ind, is constant on M,. Since fv L dz=0
for |a| sufficiently large, it follows that M, C Ext(y). This shows that Int(gamma) is bounded. It remains
to be shown that Ind,(a) € Z for all a € W. This follows from the following discussion of the complex

logarithm. O

Let D C C\ {0} be simply connected. By Cauchy’s Theorem 2.2.3, there exists an analytic function F

such that F'(z) = 1 for all z € D. By the quotient rule, dizer(z)

= (. Therefore, eF(®) = & for some &

and all z € D. Choose ¢ such that e™¢ = ¢ and define F(z) = F(z) 4+ ¢. Then F is an antiderivative of
z — % on D and e”®) = z for all z € D. We call F a branch of the logarithm on D.

Notice that if F' is a branch of the logarithm on D, then F + 27ni (n € Z) is another branch. If 1 € D
and F(1) =0, then F is called the main branch of the logarithm on D.

If D=C)\ (—00,0] and F(1) = 0, then F is called the main branch of the logarithm and is denoted by
“In”. In particular, if z > 0, then F(z) = [ 1 dt = Inux.

Now let 7 : [a, ] — C be a piecewise smooth curve and a € C\ v[«, 5]. Then

% efvﬁdz:/Y(ﬁ)_a
(*) Ma)—a

In particular, if v is closed, then Ind,(a) = 5= fv L_dz € Z. To show () we observe first that

2me z—a

f,y Lodz = f,yia 1 dz, where (y — a)(t) := y(t) — a. Hence, we may assume that a = 0 € C\ 7[a, 4.

z—a
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tion a« = tp < -+ < t, = f and disks Vp,---,V, C C\ {0} such that

Then there exists rti
k < n). Let Fj be a branch of the logarithm on Vi (1 < k < n). Then
F(vy

Yitk-1.tk] C Vi, (
f%;dz—Fk( (t)

7(8)
Hk 1 V(tkkl) W'

pa
<

1
f’Yk z-a dz = —’Y(tk) a,nd ef'y z—a dz —

a
1
) Y(tr—1)

(tx—1), where vy : =Y el Therefore, e

Example 2.3.3. Since Ind, = Ind,, + Ind,, + Ind,, it follows from (A) that the Ind, is given by

Theorem 2.3.4 (Cauchy’s Integral Formula for Derivatives). Let D C C be open and f : D — C analytic.
Then f is infinitely often complex differentiable on D and, for every null-homotopic closed curve =y :
[a, 8] = D,

Ind,(@)f) (a) = 2= / % dz

211

for all a € D\ v|a, ] and n € Ny.

Proof. (1) Let g : v[a, 8] — C be continuous. Define H, : C\ v[a, 8] — C by Hy(a) := [ (q(z)) dz.

v
(zf(:g)n — (;’fz)w uniformly for z € y[a, 8] as a, — a in C\y[a, ], it follows that H,, is continuous.

Moreover, H,, is analytic and H,, = nH,,41. This follows from

Hn(aC)L:aHOn(ao) _ /Y a_lao ((z_la)n = _1%)") o(2)dz
_/Va_lao<(zia) z—a0)<_ Z_anlk(z_lao)k> 9(2)dz

n—1 1
Z/ (z — ap) k+1 (z —a)n—k dz

Since

gl

¥
g(z) dz — Z = nHp41(ap)
a)n o _ \n—k Z _ aO n+1 - n+1180
k 0
as a — ag, where we set g(z) := ﬁ and use that a — f = é)n = dz is continuous, as shown above.

(2) By Cauchy’s Integral formula 2.3.1, Ind.(a) f(a) = 5= ) (5(2) dz. Now the statement of the theorem

follows inductively from (1) and the fact that a — Ind,(a) is piecewise constant. O
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Corollary 2.3.5 (Morera’s Theorem). Let D C C be open, a € D and f : D — C. The following are
equivalent.

(i) f is analytic on D.
(if) f is continuous on D and analytic on D\ {a}.

(iii) f 4s continuous and locally Cauchy integrable on D.

Proof.  Clearly, (i) implies (ii), and (ii) implies (iii) by Theorem 2.1.5. If (iii) holds, then there exists
a local antiderivatice on some neighborhood U for each point in D. By Theorem 2.3.4, f,, = F/'U is
infinitely often complex differentiable. Thus, f is analytic.

2.4 Cauchy’s Theorem for Chains

Let D C C be open, 7% : [a, 3] = D (1 < k < n) piecewise smooth closed curves, and my, € Z. Then

n
Y= Z mrYk
k=1

is called a chain in D. The integral along the chain « is defined as

[sera: =Y m [ 1)
v k=1

Tk

For a ¢ |, ] the winding number of y with respect to a is W(v,a) 1= 5= f,y —L_dz, and the interior

of the chain v is defined as the set Int(y) := {a € C\ vy[e, 0] : W(v,a) # _} A chain v is called
null-homologous in D if Int(y) C D.

Example 2.4.1. (a) The chain v = 29; — 372 — 73 is null-homologous in an open set D if D contains the
interior of the three circles.

(b) The chain 7 := 1 + 2y2 + 273 — 4 is null-homologous in C\ {z1, 22, 23}
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(c) Let D := C\ {0}, v1(t) := €™, and 72(t) := 2™ for ¢ € [0, 1]. Then 71,72, and 7 := 1 + 72 are not
null-homologous in D, but the chain 4 := v; — 72 is null- homologous in D.

(d) Let D := C\ {two disjoint discs}. The path v is null-homologous, but not null-homotopic.

We observe that every null-homotopic closed curve 7 in D is null-homologous in D. In fact, let a € C\ D.
Then z — —L is analytic on D, and therefore W (v, a) = - fv L_dz =0.Thus a ¢ Int(y), Int(y) C D,

z—a 2me z—a

and therefore v is null-homologous.

Theorem 2.4.2 (Cauchy’s Theorem for Chains). If D C C is open, v : [a, 8] — D a null-homologous
chain in D, f: D — C analytic, and a € D\ v[«, 3], then

() [, f(z)dz =0,

(i) W(y,a) /™ (a) = 2% [, cEd=dz (neNy).

Proof. We can assume without loss of generality that D is a bounded open set containing v (if necessary,
we can replace D by the intersection of D with a large disc containing the chain 7). We show that

1 M dz.

21 yZ—a

(%) W(y,a)f(a) =

Then (i7) folows with differentiation, and (i) follows by applying (%) to the analytic function g(z) :=
(2—a)f(z). Thisyields [ f(z)dz = [ % dz = 2miW (v,a)g(a) = 0. To prove () we define g : DxD — C
by

fw=-r= +z

s={ iy 1L
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The function g is continuous (see below) and the function h : C — C defined by

fgvz Ydv z€D
h(z) :_{ G z¢ D

¥y v—2z

is entire and bounded (see below). By Liouville’s Theorem ??, h = 0 and therefore (x) holds. To prove
the continuity of g, let (vo, 20) € D. If vy # 2o, then g is obviously continuous. If vy = 2g, let U be a disc
in D around zg. For all v,z € U we have that

g(v,z)z/o f(z+tv—2))dt.

Thus, by the uniform continuity of f’ we obtain the continuity of g. If v = z, then the integral represen-
tation of g is obvious; if v # z, then fo (z+t(v—2))dt = = f f'(w)dw = “[f(v(1)) = f(7(0))] =
W) = f(2)] = g(v, 2).

For v € D we have that z — g(v, z) is continuous on D and analytic in D \ {v}. By Morera’s

Theorem 2.3.5, the function z — g(v, z) is analytic on D for all v € D. If 4 is a null-homotopic path in
D, then [. h(z)dz = [; [ g(v,z)dvdz= [ [ g(v,z)dzdw = 0. Thus, h is analytic on D.

Ifve Dand z€ C\ D, then z — % is analytic. As above, it follows that h is analytic on C \ D.

Ir remains to be shown that h is analytic in a € dD. Since a ¢ D, it follows that a ¢ Int(vy) or
W (v,a) = 0. There exists a disc U around a which is contained in C \ v[a, 5]. Since U is connected it
follows that W (~,z) =0 for all z € U. Thus, for all z € UN D,

(G [ F B [

:Ag(v,z)dv—i—f(z)?wiW(w,z)z/wg(v,z) dv.

Since h(z fgvzdv—f j”)dvforallzeUﬂDand by definition, h(z) = ,YgdvforallzeU
which are not in D, it follows that
h(z) = / S dv
LU=z

for all z € U. For v € v[a, f], the function z — M is analytic on U. As above it follows that & is analytic

on U. Thus, h is entire. Since h(z f ! ”) dv for all z with |z] > R (R large) it follows that h(z) is
bounded if |z| > R. Since h(z) is bounded 1f |z| < R (by continuity), it follows that h is bounded. O

Example 2.4.3. Let f be analytic on D := C\ {z1, 22} and consider the closed curves
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Then 4 := v — v1 — 2 is null-homologous in D. This implies that f& f(z)dz=0, or
[1era= [ @iz [ s
v 71 72

2.5 Principles of Linear Analysis
Let X be a vector space over C with norm || - || : X — Ry satisfying, for all z,y € X and A € C,
Azl = Alllzll, [l +yll < llzll + llyll and [jz]| = 0 iff & = 0.

A sequence (z,,) (n € N) is called a Cauchy sequence in X if for all € > 0 there exists ng € N such that
||zn — zm|| < € for all n,m > ng. The normed linear space X is called a Banach space if it is complete;
i.e., if every Cauchy sequence converges in X . Since every normed vector space X is a metric space with
metric d(z,y) = ||z —yl|, it can always be enlarged to become complete; i.e., for all normed vector spaces

X, it is possible to find a Banach space X in which X is isometrically embedded as a dense subset. The

Banach space X is unique up to isometric isomorphisms and can be obtained, as ususal, as the vector
space of all Cauchy sequences modulo the zero-sequences with norm ||(z, )]l := limy— o0 ||Zn]|-

Example 2.5.1. (a) Every finite dimensional, normed vector space C™ is a Banach space and all norms
on C" are equivalent; i.e., m|| - |1 < |- || < M| - |1 for some m, M > 0.

(b) Let s be the vector space of all finite sequences (s,) (i.e., s, = 0 for all but finitely many n € N). The
completion of s under the norm ||(sn)||1 := >.req |sn| is the space of all absolutely summable sequences
and is denoted by l3. The completion of s under the norm ||(s,)||cc := sup,, |$»| is the space of all zero
sequences and is denoted by cg.

(c) Let P[0,1] be the vector space of all polynomials p : [0, 1] — C. If the norm is ||p||oc := supepo,1) [p()],
then the completion of P[0, 1] is C]0, 1], the space of all continuous functions f : [0,1] — C. If the norm
is [Ip|l1 = fo |p(t)| dt, then the completion is L'[0,1], the space of all (equivalence classes of) Lebesgue
integrable functions. If the norm is ||p[|1,00 := ||Pllcc + ||P/|lco, then the completion is C[0, 1], the space
of all continuously differentiable functions. And finally, if the norm is |[p[|-1,00 = SUpP,eo 1] | [y p(t)dt|,
then the completion is C~1[0, 1], the space of all (equivalence classes of) generalized, Riemann integrable
functions. Since [|pl|—1,00 < ||Pll1 < [|Pllco < |IP|1,00 for all polynomials p, it follows from the construction

of the completions via Cauchy sequences that C*[0,1] C C[0,1] ¢ L'[0,1] c C~1[0,1].

Definition 2.5.2. Let XY be normed vector spaces. A linear operator T : X — Y s called bounded if
there exists M > 0 such that | Tz||y < M|jz|x for allx € X.

Proposition 2.5.3. Let XY be normed vector spaces andT : X — Y linear. The following are equivalent:
(i) T is bounded (ii) T is continuous
(iii) T 4s continuous in 0 (iv) supg <1 172 < o0

Proof. Statement (i) implies (ii) since || Tz — Ty|| < M ||z — y||. Clearly, (ii) implies (iii). If (iii) holds,
then there exists § > 0 such that ||T'z|| < 1if [|z|| < d. If ||lz[| <1, then ||T'(6x)[] < 1 or supy, < [|Tz]| < 1.

If (iv) holds, choose M > supy, < [[Tz||. Then HT ‘ <M or ||Tz|| < M ||z| for all z € X. O

Il
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Proposition 2.5.4. Let X be a normed space and Y be Banach space. Then the space L(X,Y) of all
bounded linear operators T': X — Y is a Banach space with norm || T := supj < [|T|.

Proof. Tt is easy to see that L(X,Y") is a normed vector space. If (T},) is a Cauchy sequence in L(X,Y),
then ||T5,|| < M for some M > 0 and all n € N and (T),z) is a Cauchy sequence in Y for all z € X. Since
Y is complete, we can define Tx := lim,, T,,x. It is easy to see that T is linear and bounded. Let € > O.
Then there exists ng such that || T, — T)n|| < € for all n,m > ng. Thus, [T,z — Tzl < €l|z| for all z
and n,m > ng. Taking the limit as m — oo, we obtain [T,z — Tz|| < €||z| for all z and n > ng. Thus,
there exists ng such that ||T;, — T'|| < e for all n > ng. This shows that T;, — T in L(X,Y). O

Corollary 2.5.5. The dual space X* := L(X,C) of a normed vector space X is a Banach space.
Example 2.5.6. (a) (C")* =C" and (z,z*) :=z*(z) = >, zfz; for all z* € C" and x € C".

(b) ¢ =l and (z,x*) :=a*(x) = > oo, xfw; for all z* €1y and z € co.

(c) I} =loo and (z,x*) = 2" (x) = Yoy xfw; for all 2* € loo and x € ;.

(d) L*[0,1]* = L*°[0,1] and (z,2*) := z*(v) = fol x*(t)z(t) dt for all z* € L>=[0,1] and x € L*[0,1].
(e) C[0,1]* = BV,[0,1] and (z,z*) = x*(z) = fol x(t) dz*(t) for all x* € BV;[0,1] and xz € C0,1].

Theorem 2.5.7 (Principle of Uniform Boundedness). Let X be a Banach space, Y a normed space and
F C L(X,Y). If, for all x € X, there exists M, > 0 such that |Tz| < M, for all T € F, then there
exists M > 0 s.t. |T]| < M for all T € F.

Proof. Recall that a set S C X is called nowhere dense if the interior of its closure S is empty and
that Baire’s Theorem states that in a complete metric space X no non-empty open subset of X is
the countable union of nowhere dense subsets. Now, let X,, = {x € X : |[Tz||<n forall T € F} =
Nrer{x € X : ||[Tz|| < n}. Then X, is closed and | J X,, = X. By Baire’s Theorem, the interior of some
X, is nonempty. Let 9 € X,,, and € > 0 such that the spere K (zg,€) C Xp,. Then || T (zo + €z)|| < no
for all T € F and all [|z]| < 1. But then || T'(2)|| < L(no + ||T'(z0)||) < 222 for all T € Fand |[z| < 1. O

Theorem 2.5.8 (Banach). 5 Let X be a normed space, Y a Banach space, T, € L(X,Y), and | T,|| < M

for all n. The following are equivalent :

(i) There exists T € L(X,Y) such that Tp,x — Tz for allx € X.

(ii) (Tnx) is a Cauchy sequence for all x in a total subset of X .5

(iii) There exists T € L(X,Y) : T,,- — T uniformly on compact subsets of X.

Proof. Clearly, (iii) implies (i) and (i) implies (ii). We show that (ii) implies (iii). If (ii) holds, then the
sequences T, w converge for all w € D, where D is the dense linear span of the total subset. Let ¢ > 0,
x € C, C compact, § = z5;. There exists a finite number of y; € C such that all z € C' can be written as
T = y; + 2y where ||z;|| < J. Also, there exists w; € D such that y; = w; + z,,, where ||z,,|| < ¢. Thus,

for all x € C,

4e

x
Now, choose ng such that ||T,w; — Trw;| < £ for all n,m > ng and all of the finitely many w;. Then,

| Tz — Toz|| < e for all n,m > ng and all © € C. Now, define Tz := lim T,x. Then T is linear, ||T|| < M
and T, — T uniformly on C.

1Tz — Tzl < | Thwi — Tonwil| + | Toze || + ([T zell + ”Tnzyl” + HTmZylH <N Thwi — Trnwi]| +

5This very useful statement is often referred to as “Schaefer Drei-Vier-Fiinf”; see 111.4.5 in H.H. Schaefer’s Topological
Vector Spaces, Springer Verlag
6 A subset is called total if its linear span is dense in X
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Theorem 2.5.9 (Hahn-Banach). ” Let M be a subspace of a complex vector space X, p a seminorm on
X, F: M — C linear, and |F(x)| < p(z) for all x € M. Then there exists p : X — C linear such that
pyy = F and |p(x)| < p(x) for all x € X.

Corollary 2.5.10. Every bounded linear map from a linear subspace M of a normed space X into C has
a bounded linear extension to X with the same norm.

Proof. Let F € L(M,C). Then there exists M > 0 such that ||F(z)| < M ||z|| =: p(z) for allz € M.
By the Hahn-Banach Theorem, there exists #f € X* such that of, = F and [(z,25)| < M ||z| for all

x € X. Thus, |zf|| < || F||. Since x§ is an extension of F', we also have || F|| < ||z§]|. Thus ||[F|| = |lz§||. O
Corollary 2.5.11. For all zy in a normed space X there exists x§ € X* such that (xo,x§) = ||zo| and
5]l = 1.

Proof. Let M = {axo:a€C}, F : M — C, F(axg) := al|zgl|. Then F € L(M,C), |F|| = 1, and
F(xq) = ||xo]|.- Now the statement follows from the corollary above. O

Corollary 2.5.12. Every xg € X can be viewed as an element in X**; t.e., a vector xo € X can also be
viewed as a linear map xo : X* — C, defined by xo(z*) := x*(x9) = (xg, 2*) with the same norm; i.e.,
the Banach space norm of xo s the same as the operator norm of xo as an element of X**.

Proof. Let g € X. Then pg, : X* — C defined by iz, (*) := x*(20) is linear and |ug, (z*)| < ||2*]] ||zol|
for all * € X*. Thus, ||tz < ||zo]|. Since there exists * € X* with [|z*|| = 1 and z*(z¢) = ||zo]| we
get that [y = SUDp -1 liea ()] = [0 O

Corollary 2.5.13. Every normed vector space X can be embedded in the Banach space X** and the com-
pletion of of the normed space X coincides with the closure of X in its bidual X**.

Example 2.5.14. Let s be the vector space of all finite sequences (s,,) with the sup-norm. Then the dual
of s is [; and its bidual is [,. Clearly, the completion of s is ¢y which is also the closure of s in .

Definition 2.5.15. Let X be a normed space. A subset T' of X* is called a norming set for X if |z| =
Sup,-cr |(x, z*)| for all z € X.

Example 2.5.16. It follows from Corollary 2.5.12 that the dual unit sphere S* := {z* € X* : ||2*|| = 1}
is a norming set for X. Let x € o and I' be the set of all unit sequences (9; »)icn, where 9;,, denotes
the Kronecker symbol. Then I' C I% is a norming set for I since ||z|| = sup; |z;| = sup -cr [(z, 2%)|.

"For a proof see, for example, H.L. Royden’s Real Analysis, Macmillan.
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2.6 Cauchy’s Theorem for Vector-Valued Analytic Functions

Definition 2.6.1. Let D C C be open, X a Banach space, and I' C X* a norming set for X. A function
f:D — X is called analytic on D if

f/(CL) :— lim f(Z) - f(CL)

z—a zZ—Qa

exists for all a € D. The function f is called weakly analytic with respect to T if the functions (f,z*) :
D — C defined by z — (f(z),z*) are analytic on D for all * € T'. The function f is called weakly
analytic if (f,x*) : D — C is analytic on D for all z* € X*. The function f is locally bounded if
sup,cc || f(2)]| < oo for all compact sets C C D.

Theorem 2.6.2 (Dunford). Let D C C be open, X a Banach space, and f : D — X. The following are
equivalent.

(1) f is analytic on D.
(ii) f is weakly analytic on D.
(iii) f 4s locally bounded and weakly analytic on D with respect to a norming set T of X.

Proof. Clearly, (i) implies (ii). Assume that (ii) holds. Let C' be a compact subset of D and z* € X*.
Then there exists My« > 0 such that |(f(z),2*)] < My~ for all z € C. Considering the vectors f(z)
as linear maps in X** (see Corollary 2.5.12) and using the Principle of Uniform Boundedness 2.5.7 it

follows that there exists M > 0 such that || f(z)|| < M for all z € C. Thus, (ii) implies (iii). We show

that (iii) implies (i). To show the existence of lim,_,, j(zz)# for a € D we may assume that a = 0. For

h,k € C\ {0} let

) = £0)  f(k) = £(0)
h k '
We have to show that for € > 0 there exists § > 0 such that ||u(h, k)|| < € whenever |h| < § and |k| < 0.
Let 7 > 0 such that the sphere S := K,(0) C D and let M :=sup,¢g [ f(2)| = sup,cg ,-cr [(f(2), 7).
By Cauchy’s integral formula (f(w),z*) = 5= f‘z‘:% % dz for all w € K,(0) and z* € T". Thus, for
h,k € K,.(0)\ {0} and z* €T

(ulh, b)) = o oty (% Lih _ ﬂ . Lik _ %D it

PN {f(z),z7)
= k2m' 2|=2r 2(2 — h)(2 — k) dt.

u(h, k) =

Thus, [(u(h, k), z*)| < |h— k|24 for all z* € T. Since I' is a norming set for X we obtain that [|u(h, k)| <
|h — k|2 This proves the claim. O

Theorem 2.6.3 (Cauchy’s Theorem). If D C C is open, X a Banach space, v : o, 3] — D a null-
homologous chain in D, f: D — X analytic, and a € D\ v[a, 5], then

() [, f(z)dz =0,

(i) W(y,0)f™(a) = £ [ 2= dz (neNp).
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Proof. Since f is continuous one can define the path-integrals. Now the statement follows from Cauchy’s
Theorem 2.4.2 for complex-valued functions; i.e., since <f,y f(z)dz,x*) = f,y(f(z),x*>dz = 0 for all

x* € X*, we obtain that f,y f(z)dz = 0. Similarly, one proves (ii). O

Corollary 2.6.4 (Liouville’s Theorem). Let X be a Banach space and f : C — X. The following are
equivalent.

(i) f is bounded and entire.

(ii) f 4s constant.
Proof. 1f f is bounded and entire, then f’(a) = 5= f|zfa|:R (zf_(—z))zdz =+ fozﬂ %Re“ dt. Thus,
[/ (a)]| < <2t for all R > 0. Thus, f = 0 and therefore, f is constant. O

Corollary 2.6.5 (The Fundamental Theorem of Algebra). Every non-constant complex polynomial has at
least one zero in C.

Proof. Let p be a polynomial of degree n > 1. Then % — ¢y, as |z| — oo. Thus [p(2)| > %cp|2"] for
|z| > R. Suppose p(z) # 0 for all z € C. Then f := 1/p is entire and bounded. By Liouville’s Theorem
above, f is constant (which is a contradiction). (]

Corollary 2.6.6 (Weierstrass’ Convergence Theorem). Let D C C be open and X a Banach space. If
fn D — X is a sequence of analytic functions which converges uniformly on each compact subset of D
towards a function f, then f is analytic and f; — f' uniformly on compact subsets of D.

Proof. Clearly, f is continuous and for each rectangle R C D we have that 0 = fR fu(2)dz — fR f(z)dz.
Thus, z — (f(z),z*) is locally Cauchy integrable for all * € X*. By Morera’s Theorem 2.3.5, f is weakly
analytic. By Dunford’s Theorem 2.6.2, f is analytic. Let ¢ € D and choose € > € > 0 such that the sphere
K:(c) C D. Since é"_(;))g — (zf_(z))g uniformly for those z with |z — ¢| = € and a € K(c), it follows from

Cauchy’s Integral Formula that

1 fule) 1 o)
/za_é I I

(z—a)? 2mi ame (2—a)? f'(a)

fula) =

T 2mi

uniformly for a € K.(c). Now, if K C D is compact, then K = UK, (¢;) and therefore f — f’
uniformly on compact subsets of D. o

Example 2.6.7. Since z — n—lz = e~ #In" i5 entire and |n%| < # for all z with Rez > ¢ > 1, it follows from
the Weierstrass Convergence Theorem that the Riemann-Zeta function ((z) := Y o0 | - is analytic and

n+1l nz
¢'(2) == Y05, 2 for all z with Rez > 1.

Corollary 2.6.8 (Mazur). A complex normed algebra which is a field is isomorphic to the complex field.

Proof. Let e denote the unit in X. Since X is a normed algebra, ||zy| < ||z| ||y|| for all z,y € X. In
particular, ||e|| > 1. Assume that there exists z € X such that z— e # 0 for all A € C. Then the resolvent
f:A— (z— Xe)"!is well-defined for all A € C. It is easy to see that f satisfies the resolvent equation

fA+h) =)
h

for all A\, h € C. Thus, f is entire if and only if f is continuous. Since

[F+h) = FOII <[RS+ B)IILFCALL

= (A +h)f(h)
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it follows that f is continuous if || f(A + k)| is bounded for small h. Since
FO+h) = f(N)]e = hef(A Z h'ef(A

for |h] < TFOooT A)H it follows that || f(A + h)H < 2| f(\] for |h| < 2||f(A)|| Thus fis entire and f/(A\) = f2())
for all A € C. Since [|[f(A| = [|[—5[e — 2] =||-3 2 )| < MI if 2jz| <Al 1t follows from the

continuity of f that f is bounded. Bt Louiville’s Theorem, f is constant. But then 7! = f(0) = f(\) =
limy—oo f(A) = 0 and therefore [le|| = ||zz~|| < ||=|/||[z~"|| = 0, which is a contradiction. This shows
that the map A\ — Ae defines an isomorphism between C and X

o

2.7 Power Series

Proposition 2.7.1. Let a = (an)n>0 be a sequences in a Banach space X and

1

limsup,, o, ¥/ |lanl| '

Then Y " o anz"™ converges absolutely for |z| < R(a) and diverges for all |z| > R(a). Moreover, if b =
(bn)n>0 is another sequence in X, then R(a + b) > min(R(a), R(b)). If b is a complex sequence and
bxa:= (31 bn—iti)n>0 denotes the Cauchy product, then R(bx* a) > min(R(a), R(D)).

R(a) :=

Proof. 1f |z| < R := R(a) or limsup,,_, ., {/[lan] = % < Ii_l’ then there exists p < 1 such that {/[la,|| <
I%I for all n > ngy. But then the power series converges absolutely since |la,z"| < p™. To prove that
the power series diverges for |z| > R, assume that the power series converges for some z € C\ {0}.
Then ||a,z"|| < 1 for all n > ng or {/as| < ‘71‘ for all n > ng. This shows that |z| < R. To show
that R(a + b) > min(R(a), R(b)) let |z| < r < min(R(a), R(b)). Then Y " (an + by)z" exists and thus,
R(a+b) > r. If b is a complex sequence and |z| < r < min(R(a), R(b)), then Y07 (321 o bp—iai) 2"

extists since 7, | 5,4 buay 1 < 3, (3 b6l s 1) 77 = (32 lasll#7) (52 1alr®). =

Theorem 2.7.2. Let a = (an)n>0 be a sequences in a Banach space X with R(a) > 0. Then f(z) :=
S0 o anz™ is analytic for || < R(a), f'(2) = Y ne nanz""t, and a, = % f(™(0).

Proof. Let C be a compact subset of the sphere Kg(0) around the origin with radius R. Then C' C K,.(0)
for some r < R. It follows that fy(z) := Zﬁ[:o a, 2" converges uniformly on C'. Now the claim follows
from the Weierstrass Convergence Theorem 2.6.6, and a,, = % f (")(0) is proved by induction. O

Remark 2.7.3. Let f(z) = Y.,° ;a,2" be a power series with radius of convergence R = R(a). Assume
that the power series converges uniformly on the sphere Kg(0). If R < oo, then the power series converges
for all |z] < R and f is continuous for |z| < R. If R = 400, then f is a polynomial.

Proof. Assume R < co. Then, for all € > 0 there exists ng such that | Y7 ax2z"|| < eforallm >n > ng
and all |z|] < R. By continuity, the estimate holds for all |z| < R. This proves the first statement. If
R = o0, then || Y)L, “apz"|| <1 for all m > ng and all z € C. Thus || Y77, apz*| <1 for all z € C.
By Liouville’s Theorem 2.6.4, Y77 apz* = 0. O
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Theorem 2.7.4 (Abel’s Continuity Theorem). If f(z) = > °°  a,z" converges for some z € C, then
h(t) := f(tz) is continuous on [0, 1].

Proof. Define b, := anz". Then h(w) := > °  byw™ converges for w = 1. Thus, h is analytic for
|w| < 1. We show that h(1) = lim; ~ h(t) and assume that h(1) = Y7 (b, = 0 (otherwise consider

h(t) := h(t) — h(1)). Let € > 0 and define ¢, := Y. ;b;. Then |c,|| < €/2 for all n > ng. Using the
Cauchy product we obtain for all 0 < ¢ < 1, t5h(t) = (22 %) (X520 bt ) = Sty (Xjmobs) 1" =
Yoo gent™ Thus, || < [[(1—1) 300 g ent™]| + (1 —1t) >° llenllt™ < e forall tg <t < 1.

n n=no+1

O

Theorem 2.7.5. Let D C C be open, X Banach space, and f: D — X. The following are equivalent.
(1) f is analytic on D.
(ii) For all zg € D exist a,, € X such that f(z) =, an(2—20)™ whenever z is in a sphere K(z9) C D.

(iii) For all zo € D exist € > 0 and an, € X such that K(z0) C D and f(z) =Y. ." o an(z — 20)" for all
z € Kc(20) .

Moreover, if one of the statements holds, then

0, = £ () 1 / (Ldz (n > 0).
|z—z0|=¢€

n! 2mi z — zg)ntl

Proof. Clearly, (ii) implies (iii). If (iii) holds, then f is analytic by Theorem 2.7.2. It remains to be shown
that (i) implies (ii). Let z € K(z9) C D. By Cauchy’s Theorem 2.6.3 and the uniform convergence of

> (ﬂ) for w € C with |w — 2| = ¢,

n=0 \ w—zg

1 1 1
@) = 5o ) = o Eel
270 Jj—zg|=e W — 2 270 Sy zg)=e W — 20 1 — w__u?()
1 2 (z—z)"
= — o7 f(w)dw
211 |w—z0|=¢ 7;3 (w — Zo)"+1

n=0

= Z (% /|w20_5 #dw) (z — 20)".

O

Corollary 2.7.6. Let D C C be open, zo € D, X Banach space, and f : D — X analytic. Then there
exists a neighborhood V' of z in D such that either f;, =0 or f(z) #0 for all 20 #z € V.

Proof. Let z € Kc(z) C D. Then f(z) = >.° qan(z — 20)". If ap = 0 for all n > 0, then f = 0
on K(zp). Otherwise let a,, be the first non-zero coefficient. Then f(z) = >..° an(z — 20)" = (2 —

20)™ >0 o Antm(z — 20)™ = (2 — 20)™g(2). Since g is analytic and g(z9) = an, # 0, it follows that there
exists a neighborhood V' of zy in K,(zo) such that g(z) # 0 for all z € V. O

Corollary 2.7.7. Let D C C be a region, X Banach space, and 0 # f : D — X analytic. Then N :={z €
D : f(z) =0} has no accumulation point.
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Proof. Let © be the interior of the closed set N. Then € is open. Since f # 0, it follows that Q # D.
Let 2o € 02N D. Because g := f,, = 0 it follows that g™ = 0. Therefore, f(™)(z) = 0 since f™ is

continuous on D and thus f(z) = 7 M(z —20)" =0 for z € K.(20). This shows that z is in £,

n=0 n!

the interior of N. Thus, €2 is closed. Since € is open and closed in D and w # D, it follows that N has
empty interior. Now let zg € N. By the previous corollary, there exists a neighborhood V' of zy such that
V' NN ={z}. Thus N has no accumulation points. O

Corollary 2.7.8. Let D C C be a region, X Banach space, and f1, fo : D — X analytic. If f1 and fa2
coincide on a subset of D which has an accumulation point in D, then fi = fa on D.

Proof. The statement follows immediately from the previous corollary. O

2.8 Resolvents and the Dunford-Taylor Functional Calculus

A linear mapping A : X D D(A) — X (X Banach space), where the domain D(A) is a linear subspace
of X, is called a linear operator on X.

A closed linear operator is a linear operator whose graph G(A) := {(x, Az) : + € D(A)} is closed in
X x X;ie., if , € D(A), z, — x, and Az, — y, then € D(A) and Az = y.

On D(A) we consider the graph norm ||z]|4 := ||z|| + ||Az||. The mapping v : D(A) — G(A),y(z) :=
(x, Az) is an isometric isomorphism between [D(A)] := (D(A), || - ||a) and G(4A) C X x X, where X x X
is endowed with the 1-norm. It follows that A is closed if and only if [D(A)] is complete (i.e., a Banach
space).

Recall that a linear operator is called bounded if D(A) = X and A is continuous; i.e., [|Al| := sup <1 |4z <
oo. By the Closed Graph Theorem, a linear operator A is bounded if it is closed and D(A) = X.

Let A be a linear operator on X. By
p(A) :={\ € C: A — Ais bijective and (\] — A)~* € L(X)}
we denote the resolvent set of A and by
R:p(A) = L(X), A= R\ A) := (M — A)~!

the resolvent of A. The set 0(A) := C\ p(A) is called the spectrum of A.
Proposition 2.8.1. Let A be a linear operator on X. Then

(a) If p(A) # 0, then A is closed.

(b) If A is closed, then p(A) :={\ € C: Al — A is bijective}.

Proof. (a) Since A is closed if and only if AT — A is closed for some (all) A € C, we can assume that
0 € p(A). Let x,, € D(A), x,, — z, and Az,, — y. Since A~! is continuous, z,, = A~ Az, — A~ 'y. Thus,
x=A"tye D(A) and Az = y.

(b) If a linear operator is closed and injective, then it is easy to see that its inverse is well defined and
closed. Thus, if AI — A is bijective, then its inverse is closed and everywhere defined. By the closed graph
theorem, (A — A)™1 € L(X). O
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Theorem 2.8.2. Let A be a closed linear operator on X and Mg € p(A). If |\ — Xo| < 1/||R(Xo, A)||, then
A€ p(A) and

oo

RO\ A) =) (=1)"R(Ao, A" (A = Ao)"

n=0

In particular, p(A) is open, o(A) is closed, the resolvent R: A — R(\, A) is analytic on p(A),
R™ (X, A) = (=1)"n!R(Xo, A" (n € Ny),
and dist(MNo,0(A)) > 1/]|R(Ao, A)]|.

Proof. Recall that if T € £(X) with |T| < 1, then (I —T)~! exists and (I —T)~' = Y ;T™. One
has A\ — A= (A=) + Xl — A =[I— (X —AR(N, A)](MoI — A). Hence R(\, A) = R(N\g, A)[I —
(Ao — N)R(No, A)] 71 = RN, A) D07 s(Ao — A)"R(Xg, A)™ exists whenever |X — \o|||R(Ao, 4)|| < 1. Now
the other statements follow from the results of the previous section. o

As the first derivative operator on C[0, 1] shows, there are closed operators with empty resolvent set. This
can not happen if A is bounded.

Proposition 2.8.3. If A € L(X), then o(A) is non empty and compact. Moreover,

suplo(A)] = lim A"V < |4

and R(\,A) = Y7 5ot A" for [A] > sup|a(A)|.

Proof. By Proposition 2.7.1, R(A) := 307 | sr A" converges for [A| > limsup,, . [[A"['/". It can
be easily verified that R(A)(AM — A) = (A — A)R(\) = I. Thus, R(\) = R(\,A), D := {\ € C:
IA| > limsup,, . [|A"[|'/"} C p(A), and sup |o(A)| < limsup,, . ||A"||*/". By Theorem 2.7.5 it follows
that R(X\,A) = Y7, se A" converges for all [\| > sup|o(A)|. Thus the radius of convergence of
R()) is less or equal to sup |o(A)|; i.e., limsup,, . ||A"||"/™ < sup |o(A)|. This shows that sup|o(A)| =
limsup,, . [[A"]|Y/" < ||A]. We will show next that sup |o(A)| < liminf,, . [|A"||'/™. The factorization
(AT — A™) = (A — A)P,(A) = P,(A)(AI — A) shows that if (A\"] — A™) has a bounded inverse, so will
(M — A). Thus, if A € 0(A), then A™ € 0(A™) and therefore by the above considerations, |A|™ < ||A™]].
This shows that sup |o(A)| < ||A™||*/™ for all n € N or sup |o(A)| < liminf, . ||A™|Y/".

Since R(A,A) = Y07 sar A" for [A| > 2[|A]|, it follows that |[R(), A)|| < \_/2\| for [N > 2||A].
Suppose that the spectrum of A were empty. Then the resolvent is an entire function which is bounded
(by continuity) on the compact set {A € C: |A| < 2||A||} and bounded on the complement {X € C: |A| >
2||A||}. By Liouville’s Theorem, R(\, A) = const for all A € C. Since R(A, 4) — 0 as A\| — o0, it follows
that R(\, A) = 0. But then I = (A — A)R()\, A) = 0, which is a contradiction. Thus, o(A) # 0. O

If A e £(X), then we denote bt F(A) the family of all complex valued functions f which are analytic on
some neighborhood of o(A). The neighborhood need not be connected and can depend of f € F(A). Let
f € F(A) and let U be a neighborhood of o(A) with a piecewise smooth boundary such that U U §U is
contained in the domain of analyticity of f. Then

1
27i

f(A) = f( JR(A, A)dX € L(X)

and the definition of f(A) depends only on f and not on the domain U (by Cauchy’s theorem).
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Theorem 2.8.4 (Dunford Functional Calculus, Spectral Mapping Theorem). If A € L(X), f,g € F(A),
and o, B € C, then

(a) af +Bg € F(A) and af(A) + Bg(A) = (af + Bg)(A).

(b) f-g€F(A) and f(A)g(A) = (fg)(A).

(¢c) If F(A) = 3°°°  an A" for all X in some neighborhood of o(A), then f(A) = 3 an, A™.
(d) f(o(A)) =a(f(A)).

2.9 The Maximum Principle

Let D C C be a region and f : D — C analytic. If K C D is a compact region with interior Ky, then
Cauchy’s integral formula
1
F2) = — fw) dw
211 Jog w — 2
shows that the values of the function f on the boundary 0K determine f in the interior Ky. In this
section we collect some consequences of this crucial fact.

Lemma 2.9.1. Let f : D — C be analytic and K,(c) C D. If inf{|f(z)| : z € 0K,(c)} > |f(c)|, then there
exists zo € K, (c) such that f(z9) = 0.

Proof. Assume that f(z) # 0 for all z € K, (c) := {z : |z — ¢| < r}. It follows from |f(z)| > |f(c)| for
z € 0K, (c) that f(z) # 0 for all z € K,(c). By a standard compactness argument one obtains that
f(z) #0 for all z € Ki(c) C D with # > r. Define g(z) := ﬁ for z € Ki(c). Then g is analytic and

(z € Ko)

1 1 g(z) 1
e = loOl =15 | < swp Jg(=)] = ,
|f(C)| 2mi lz—c|=r # — € {z:|z—c|=r} lnf{z:\zfc\:r} |f(Z)|
or, inf .. _¢j=ry | f(2)] <[f(c)|, which is a contradiction. O

Theorem 2.9.2. Let f: D — C be analytic and not constant. If D is a region, then f(D) is a region.

Proof. Since continuous images of connected sets are connected, one has to show that f(D) is open. Let
¢ € D. Since f is not constant, there exists K,(c) C D such that f(z) # f(c) for all z € K, (c) (otherwise
there would exist a sequence z, — ¢ such that f(z,) = f(¢) for all n € N, and this would imply that
f(z) = f(c) for all z € D). Define

0:= inf |f(2)— f(e)] > 0.

zGéKT(c)
Let [b— f(c)| < 6/2. Then
|f(z) =0l = |f(z) = f(c)| = [f(c) = b] > 4/2
for all z € OK,(c). Therefore,
inf |f(z) = bl = /2 > |f(c) — bl.

2€0K,(c)

It follows from the lemma above that there exists zg € K (c) such that b = f(z0); i.e., K;5,2(f(c)) C
f(K,(c)) C f(D). Hence, f(D) is open. O
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Example 2.9.3. Let f(z) := 22. Then f(K1(0)) = K1(0) is open in C, but f(—1,1) = [0, 1) is not open in
R.

Corollary 2.9.4. Let D C C be a region and f : D — C be a scalar-valued analytic function. If |f| has a
minimum at ¢ € D, then f(c) = 0.

Proof. Suppose that f(c) # 0. Then there exists an open neighborhood around f(¢) which is in the region
f(D). Thus, there exists z € D such that |f(z)| < |f(c)|, which is a contradiction. O

Example 2.9.5. It is standard folklore in mathematics that classical complex analysis extends from scalar-
valued functions to Banach space valued functions. This handy statement is true and useful if one keeps
in mind that there are many exceptions to the rule. Examples of such exceptions are the statements
above. In general, they do not hold if f : D — X, X a Banach space. To see this, let X := C? with norm
(21, z2)|| := max(|z1], |22|) and consider f(z) := (1,z). Then || f(2)|| =1 for |z| < 1 and || f(z)]| = |z| for
|z| > 1. Also, the image of the unit sphere contains no open subset of C x C; i.e., f does not map regions
into regions.

Theorem 2.9.6 (Maximum Principle). Let D C C be a region and f : D — X analytic. Then the analytic
landscape z — || f(2)|| has no mazimum on D unless it is constant on D.

Proof. (1) First, we prove the claim for X = C. Assume that f is not constant and K,(c) C D. Since
U := f(K,(c)) is aregion in C and f(c) € U, it follows that f(c) is in the interior of U. Thus, there exists
z € K, (c) such that |f(2)] > |f(c)].

(2) Suppose that there exists ¢ € D such that ||f(z)|| < [|f(c)] for all z € D. Choose zf; € X* with
[lz&ll = 1 such that (f(c),z5) = | f()]|- Then h: z — (f(z),z}) satisfies

[h(2)] < [lollllf (I = IF I < £l = [hle)]
for all z € D. By (1), h is constant on D. Thus,

1f I < [[f(e)ll = hle) = h(z) < [[f(2)]],
or |[£(2)]| = [If ()| for all = € D. O

We remark that if D C C is a region and f : D — C is analytic, then f is constant if and only if |f] is
constant. This does not hold in Banach spaces as the example f(z) := (1, 2) (z € K1(0)) illustrates.

Corollary 2.9.7. Let f : D — X be analytic on a bounded region D C C and continuous on D. Let
M :=max{||f(z]| : z € OD}. Then either ||f(2)|| = M for all z € D, or | f(2)|| < M for all z € D.

Proof. Since continuous function attain there maximum on compact sets, there exists a € D such that
Il f(z|l <|lf(a)| for all z € D. If a € D, then it follows from the Maximum Principle that || f(2)|| = || f(a)]|
for all z € D and thus for all z € D. In this case, || f(2)|| = M for all z € D. If a € D, then M = ||f(a)]|.
If there exists zg € D such that | f(z0)|| = ||f(a)||, then ||| is constant on D and thus on D. Otherwise
If()|l < M for all z € D. O



