MULTISCALE MODEL. SIMUL. To appear

SIGNAL RECOVERY BY PROXIMAL FORWARD-BACKWARD
SPLITTING*

PATRICK L. COMBETTEST AND VALERIE R. WAJS?

Abstract. We show that various inverse problems in signal recovery can be formulated as the
generic problem of minimizing the sum of two convex functions with certain regularity properties.
This formulation makes it possible to derive existence, uniqueness, characterization, and stability
results in a unified and standardized fashion for a large class of apparently disparate problems.
Recent results on monotone operator splitting methods are applied to establish the convergence of a
forward-backward algorithm to solve the generic problem. In turn, we recover, extend, and provide
a simplified analysis for a variety of existing iterative methods. Applications to geometry/texture
image decomposition schemes are also discussed. A novelty of our framework is to use extensively
the notion of a proximity operator, which was introduced by Moreau in the 1960s.
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1. Introduction. Signal recovery encompasses the large body of inverse prob-
lems in which a multi-dimensional signal T is to be inferred from the observation of
data z consisting of signals physically or mathematically related to it [23, 66]. The
original signal @ and the observation z are typically assumed to lie in some real Hilbert
spaces H and G, respectively. For instance, in image restoration [2], the objective is
to recover the original form of an image T from the observation of a blurred and noise-
corrupted version z, and therefore H = G. On the other hand, in signal reconstruction,
the data z are indirectly related to T and therefore H and G are often different spaces.
Thus, in tomography [39], a signal must be recovered from a collection of measure-
ments of lower dimensional signals; in phase retrieval, holography, or band-limited
extrapolation [44, 66], a signal must be recovered from partial measurements of its
Fourier transform.

Mathematically, signal recovery problems are most conveniently formulated as
variational problems, the ultimate goal of which is to incorporate various forms of a
priori information and impose some degree of consistency with the measured data z.
The objective of the present paper is to investigate in a unified fashion the properties
and the numerical solution of a variety of variational formulations which arise in the
following format.

PROBLEM 1.1. Let f1: H — ]|—o00,+00] and fo: H — R be two proper lower semi-
continuous convex functions such that f5 is differentiable on H with a 1/(-Lipschitz
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continuous gradient for some 3 € ]0, +oo[. The objective is to

(1.1) minimize fi(x)+ fo(x).
r€H
The set of solutions to this problem is denoted by G.

Despite its simplicity, Problem 1.1 will be shown to cover a wide range of ap-
parently unrelated signal recovery formulations, including constrained least-squares
problems [35, 48, 63], multiresolution sparse regularization problems [10, 30, 31, 36],
Fourier regularization problems [46, 50], geometry /texture image decomposition prob-
lems [5, 6, 7, 57, 71], hard-constrained inconsistent feasibility problems [26], alternat-
ing projection signal synthesis problems [38, 60], least square-distance problems [22],
split feasibility problems [13, 15], total variation problems [19, 62], as well as certain
maximum a posteriori problems [68, 69]. Thus, our study of Problem 1.1 will not only
bring together these and other signal recovery approaches within a common simple
framework, but it will also capture and extend scattered results pertaining to their
properties (existence, uniqueness, characterization, and stability of solutions) and to
the convergence of associated numerical methods.

Our investigation relies to a large extent on convex analysis and, in particular,
on the notion of a proximity operator, which was introduced by Moreau in [53]. Sec-
tion 2 will provide an account of the main properties of these operators, together
with specific examples. In Section 3, we study the properties of Problem 1.1 and
analyze the convergence of a general forward-backward splitting algorithm to solve it.
The principle of this algorithm is to use at every iteration the functions f; and f
separately; more specifically the core of an iteration consists of a forward (explicit)
gradient step on fo, followed by a backward (implicit) step on fi. In the remaining
Sections 4-6, the general results of Section 3 are specialized to various settings and
the forward-backward splitting scheme is shown to reduce to familiar signal recovery
algorithms, which were obtained and analyzed by different means in the literature.
Section 4 is devoted to problems involving sums of Moreau envelopes, Section 5 to
problems with linear data formation models, and Section 6 to denoising problems.

1.1. Notation. Let X be a real Hilbert space. We denote by (- | -) its scalar
product, by || - || the associated norm, and by d the associated distance; Id denotes
the identity operator on X and B(z;p) the closed ball of center z € X and radius
p €10, +00]. The expressions x,, — z and x,, — = denote, respectively, the weak and
the strong convergence to z of a sequence (z,)nen in X.

Let ¢: X — [—00,400] be a function. The domain and the epigraph of ¢ are
domy = {z € X | ¢(z) < +oo} and epip = {(z,n) € X xR | ¢(z) < n}, respec-
tively; ¢ is lower semicontinuous if epi¢p is closed in X x R, and convex if epi¢p is
convex in X x R. T'g(X) is the class of all lower semicontinuous convex functions from
X to ]|—o0, +00] that are not identically +oo.

Let C be a subset of X. The interior of C is denoted by int C' and its closure by C'.
If C is nonempty, the distance from a point € X to C is d¢(z) = inf ||z — C||; if C
is also closed and convex then, for every « € X, there exists a unique point Poxz € C
such that ||x — Pox|| = do(z). The point Pox is the projection of z onto C' and it is
characterized by the relations

(1.2) PocxeC and (VzeC) (z—Pox|x— Pex) <0.

2. Proximity operators. This section is devoted to the notion of a proximity
operator, which was introduced by Moreau in 1962 [53] and further investigated in
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[54, 55] as a generalization of the notion of a convex projection operator. Though
convex projection operators have been used extensively in nonlinear signal recovery
(see [21, 23, 66, 67, 74] and the references therein), the use of proximity operators
seems to have been initiated in [24]. Throughout, X and ) are real Hilbert spaces.

2.1. Elements of convex analysis. We recall key facts in convex analysis.
Details and further results will be found in [76].
Let ¢ € Tg(X). The conjugate of ¢ is the function ¢* € I'y(X) defined by

(2.1) Vu e X) ¢"(u) = sug (x| u) — ().
x€

Moreover, ¢** = . For instance, the conjugate of the indicator function of a
nonempty closed convex set C, i.e.,

0, if x e,
(2.2) Lot T e

+oo, if ¢ C,
is the support function of C)| i.e.,
(2.3) e =o0c: u— sup (z | u).

zeC

Consequently,
(2.4) ohH =15 = 1.

The subdifferential of ¢ is the set-valued operator dp: X — 2% the value of which at
zeXis

(2.5) dp(a) ={ue X | (WyeX) (y—u|u)+o() <p(y)}
or, equivalently,

(2.6) Op(x) ={u € X | p(z) +¢"(u) = (z | u)}.
Accordingly (Fermat’s rule),

(2.7) (Ve € X) ¢(x) =inf (X)) <& 0€ dp(x).

Moreover, if ¢ is (Gateaux) differentiable at x with gradient V(z), then dp(z) =
{Vp(x)}. Now, let C' be a nonempty closed convex subset of X. Then the normal
cone operator of C is

{uex | (Wyel) (y—=z|u) <0}, ifzeC;
g, otherwise.

(2.8) NC = aLci €T — {
Furthermore,

732_130%}, if z¢C,

(2.9) (Vo € X) ddc(x) = { do ()
Ne(x) N B(0;1), if zeC.

LEMMA 2.1. [76, Corollary 2.4.5] Let (¢r)i<rw<m be functions in To(X), let X™
be the standard Hilbert product space, and let v: X™ — |—00,+00] : (Tk)1<k<m —
Sy dk(zk). Then o = X, 0y,

LEMMA 2.2. Let ¢ € To(Y), let p € To(X), and let L: X — Y be a bounded
linear operator such that 0 € int (dom ¢ — L(dom)). Then
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(i) d(po L+1) = L*o(dp)o L+ I [76, Theorem 2.8.3].
(ii) infrex (¢(Lz)+1(z)) = —minyey (¢*(v) +¥*(—L*v)) (Fenchel-Rockafellar
duality formula) [76, Corollary 2.8.5].

2.2. Firmly nonexpansive operators.

DEFINITION 2.3. An operator T: X — X is firmly nonexpansive if it satisfies
one of the following equivalent conditions:

(i) (V(z,y) € X°) [|Tz = Ty|]> < (Tz - Ty |z —y).

(i) (V(z,y) € X%) [Tw —Ty|? < o - yl* — | (1d ~T)z - (1d ~T)y|?

It follows immediately that a firmly nonexpansive operator T: X — X is nonex-
pansive, i.e.,

(2.10) (V(z,y) € &%) [Tz~ Tyl < |z —y].
2.3. Proximity operators. The Moreau envelope of index v € ]0,+o0o[ of a
function ¢ € T'y(X) is the continuous convex function

1
2.11 Yo X — R: inf — |z — g%
(2.11) p: X — xHyngSO(y)Jr 27H$ yll

For every x € X, the infimum in (2.11) is achieved at a unique point prox,,, + which
is characterized by the inclusion

(2.12) T — prox,, x € 79¢( prox.,, ).

The operator

1
(2.13) prox,: X — X': x + argmin gp(y)+§|\x—y||2
yeXx

thus defined is called the proximity operator of . Let us note that, if ¢ = (¢, then

.= Pe.

1
(2.14) Yo = %d% and  prox,
Proximity operators are therefore a generalization of projection operators.
LEMMA 2.4. Let p € T'o(X). Then prox,, and Id —prox, are firmly nonexpan-
sive.
Proof. The first assertion appears implicitly in [55], we detail the argument for
completeness. Take z and y in X. Then (2.12) and (2.5) yield

(2.15) <pr0x¢ Y — Prox,, | x — prox,, x> + cp(proxw z) < cp(proxw Y)
<pr0x@ T — prox,y | y — prox, y> + ¢(prox, y) < ¢(prox,, z).

Adding these two inequalities, we obtain

(2.16) || prox,, = — prox,, yl|? < <proxw T —prox,y | — y>

The second assertion follows at once from the symmetry between 7" and Id —7 in
Definition 2.3(ii). O
LEMMA 2.5. Let p € I'o(X) and v € ]0,+00[. Then “p is Fréchet-differentiable
on X and V(") = (Id —prox. ) /7.
Proof. A routine extension of [55, Proposition 7.d], where y =1. 0
4



2.4. Proximal calculus.

LEMMA 2.6. Let ¢ € I'o(X) and x € X. Then we have the following.

(i) Quadratic perturbation: Let ¥ = ¢ + o - [|?/2 + (- | u) + B, where u € X,

a € [0,+00|, and B € R. Then prox, & = prox, 41 ((z —u)/(a+1)).

(ii) Translation: Let = ¢(-—z2), where z € X'. Then prox, = z+prox,(r—z).
(iii) Scaling: Let 1) = ¢(-/p), where p € R\{0}. Then prox,, x = pprox,, 2 (z/p).
(iv) Reflection: Let ¢: y+ p(—y). Then prox, x = — prox,(—z).

(v) Moreau envelope: Let ) = "o, where v € 10, +o0[. Then

(2.17) prox, r =z + ﬁ(prox(wl)(p T —x).

Proof. We observe that in all cases ¢ € T'o(X). Now set p = prox,, . As seen in
(2.12), this is equivalent to z — p € 9 (p).

(1): It follows from Lemma 2.2(i) and (2.12) that z—p € 9 (p) & z—p € dp(p)+
op-+u e (2—u)/(a+1) —p € D(p/(a+1))(p) & p=pros,quy) (2~ w)/(a + 1))

(ii): Tt follows from (2.12) that z —p € OY(p) @ x —p € dp(p —2) & (v — z) —
(p—2) €0p(p—2) & p—2z=prox,(r — 2).

(iii): It follows from Lemma 2.2(i) and (2.12) that + —p € OY(p) © = —p €
p~'0p(p/p) & x/p—p/p € O(p/p*)(p/p) & p = pprox,,,(z/p).

(iv): Set p = —1 in (iii).

(v): See [27, Lemma 2.2]. O

LEMMA 2.7. Let ¢ = || - ||*/(27) — ", where v € ]0,+0c0[ and ¢ € To(X), and
let v € X. Then tp € To(X) and

1 yx
2.18 =z — - .
(2.18) prox, . =1z 5 Prox .2 (7 n 1)

PESRY

Proof. Let 0 = vp + || - ||?/2. Then clearly ¢ € I'g(X) and hence o* € T'o(X).
However, since (2.1) and (2.11) imply that 1) = p* /7, we obtain ¢» € Ty(X). Let us also
observe that Lemma 2.5 asserts that 1 is differentiable with gradient V1 = prox,, /7.
Consequently, it follows from (2.12) that

P =Drox, T < r—p= (proxwp)/'y
& p—y(x—p) €10p(y(x — p))
VT ’

-
e 1 _y@x-—p) € o (y(z —
po v(z —p) %Llw(v( p))
Yy
R — =
(@ —p) =prox 2 (7+ 1)
1 YT
2.19 sp=z— - .
(2.19) p=uz 71oroxww_flip<7+1)

a

LEMMA 2.8. Let ¢ = po L, where ¢ € I'o(Y) and where L: X — Y is a bijective
bounded linear operator such that L' = L*. Then prox,, = L* o prox,oL.

Proof. Tt follows from the assumptions that 1 € T'o(X). Now let (z,p) € X2
Since L is surjective, Lemma 2.2(i) asserts that 9y = L* o (J¢) o L. Therefore, it
follows from (2.12) that p = prox, « < = —p € L*(0¢(Lp)) < Lx — Lp € dp(Lp) <
Lp = prox,(Lz) < p = L*(proxw(Lx)). d

5



LEMMA 2.9. Let (¢r)1<k<m be functions in To(X), let X™ be the standard Hilbert
product space, and let @: X™ — ]—o0,+00]: (Tk)1<k<m — Ppey Pu(@r). Then
prox,, = (prox¢k)1§k§m.

Proof. 1t is clear that ¢ € To(X™). Now take (z)1<k<m and (pg)i<i<m in X™.
Then it follows from (2.12) and Lemma 2.1 that (px)i<k<m = ProX,(Tx)i<k<m
(xr —Pr)1<k<m € 00(Pr)1<k<m = XI100k(pr) € (Pr)1<k<m = (PTOXy, Th), op oy
0

2.5. Moreau’s decomposition. Let V be a closed vector subspace of X with
orthogonal complement V+. The standard orthogonal projection theorem, which has
far reaching applications in signal theory, states that the energy of a signal x € X
can be decomposed as |z[|* = di (x) + d;,. (z) and that x itself can be written as
x = Pyx + Py.x, where (Pyx | Pyix) = 0. If we set ¢ = 1y, then ¢* = 11,1 and
it follows from (2.14) that these identities become ||z||> = 2('p(z) + '(¢*)(z)) and
T = prox, x + prox,. . Moreau has shown that, remarkably, this decomposition
principle holds true for any ¢ € I'o(X).

LEMMA 2.10. Let ¢ € To(X), v €]0,400[, and z € X. Then

(2.20) ] = 2v(Tp(x) + (¢*) (/7))
and

@ =
(2.21) x=a2 45, where x; ProXy, &
Ty = Y PrOXpx /y (x/’Y)

Moreover,
(2.22) o(@F) +¢" (7 /7) = (25 | 25)/7-
Proof. Using (2.11) and applying Lemma 2.2(ii) with ¥ = X, L = Id, and
Uy o —yl?/(27) (hence ¥*: v = 7l|v[|?/2 + (z | v) by (2.1)), we obtain
2 — inf
o) = inf o(y) + ¥ (y)

— ming*(v) +¢*(-v)

i o Y2
= —ming"(v) + S [[v]" = (= | v)

1
5 lell? = min e’ (©0) + /) = ol

(2.23)

%W — V() (/).

which establishes (2.20). Next, we obtain (2.21) by differentiating (2.20) using
Lemma 2.5. Finally, we observe that (2.12) and (2.6) yield

® _ @ ®
r) =prox,,r < x— 1z, € y0p(z)

& 1 /v € dp(z)
(2.24) & p(a2) + ¢ (05/7) = (a® | 25 /1),
which establishes (2.22). O
REMARK 2.11. Let us make a few remarks concerning Moreau’s decomposition.
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(i)

For v =1, Lemma 2.10 provides the nicely symmetric formulas

l2[I* = 2( () + (e*)(2))
(2.25) T = ProX,, ¥ + ProX,.

@(proxq; a:) + @*(proxw* x) = <pr0x¢ T | prox,. a:>,

which correspond to Moreau’s original setting; see [53, 55], where alternate
proofs are given.

Let ¢ = 1k, where K is a closed convex cone in X (recall that K C X is a
convex cone if K + K C K and (Vo € ]0,400]) aK C K). Then ¢* = 1o,
where K© = {u € X | (Vo € K) (z|u) <0} is the polar cone of K. In this
case (2.25) becomes

[2]* = di (2) + dis (x)
(2.26) = Pz + Pgox
(Pgx | Pgox) =0.

We thus obtain a decomposition of x into two orthogonal signals Pxa and
Pyesx. In signal theory, such conical decompositions appear for instance in
[14, 66, 74]. They of course subsume the usual linear orthogonal decompo-
sitions discussed at the beginning of this section. Moreau established (2.26)
prior to (2.25) in [52].

We have derived (2.21) from the energy decomposition principle (2.20). An
alternate derivation can be made using the theory of maximal monotone
operators [24].

Using Lemma 2.6(iii), we can rewrite (2.21) as

(2.27) x =19 + 25, where ¥ = prox,

o _
¥ z and xT = Prox, (., .

%)

Equation (2.21) describes a powerful (generally nonlinear) signal decomposi-
tion scheme parameterized by a function ¢ € I'g(X) and a scalar v € ]0, +oo].
Signal denoising applications of this result will be discussed in Section 6.

2.6. Examples of proximity operators. We provide a few examples of prox-
imity operators that are of interest in signal recovery.

EXAMPLE 2.12. Suppose that ¢ = 0 in Lemma 2.6(i). Then taking o = 0 shows
that the translation x — x —w is a proximity operator, while taking u = 0 shows that
the transformation x — kz is also a proximity operator for x € |0, 1].

More generally, linear proximity operators are characterized as follows.

EXAMPLE 2.13. [55, Section 3] Let L: X — X be a bounded linear operator.
Then L is a proximity operator if and only if L = L*, |L|] < 1, and (Vz € X)
(Lz | ) > 0.

We have already seen in (2.14) that convex projection operators are proximity
operators. More generally, the following example states that underrelaxed convex
projection operators are proximity operators.

EXAMPLE 2.14. Let C be a nonempty closed convex subset of X, let v € ]0, +o0],
and let x € X. Then PrOXg2 /(9,) & = & + L(ch — x)

Y+

Proof. The proof is a direct consequence of (2.14) and Lemma 2.6(v). O
A hard-thresholding transformation with respect to set distance, i.e.,

(2.28)

Pez, if do(x) <7,
7

{x, it de(x) > ;
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is not continuous and can therefore not be performed via a proximity operator (see
Lemma 2.4). However, as our next example shows, soft-thresholding transformations
can.

EXAMPLE 2.15. Let C be a nonempty closed convex subset of X, let v € ]0, +o0],
and let x € X. Then

g .
——(Pcx — td ;
(2.29) Prox. g, T = v de () (Pew —a), 1t dolz) >,
Poz, if de(z) <.

Proof. Suppose that p = prox,,_  or, equivalently, that z — p € y0dc(p). Then,
in view of (1.2) and (2.8), it follows from (2.9) that

=P,
(2.30) peC =x—pée Nc(p) NB(0;7) = P o
do(r) <«
and, on the other hand, that
p— Pcp>
C=x—p=y|——
recsemn= (P
(2.31) =z — Pop = (1 + L) (p — Pep) € Ne(FPep)
dc(p)
(2.32) = Pox = Pcp.
Consequently, we rewrite (2.31) as
Y
C=z—Pex= 1—|——> — P,
p¥ ¢ < dc(p) o= Fop)
de(z) = de(p) +
=+ r—).
P do(z) ¢

Now suppose that dz(x) > . Then p ¢ C since otherwise (2.30) would yield de(x) <
v, which is absurd. The expression of p is then supplied by (2.33). Next, suppose
that do(z) < «y. Then p € C since (2.33) yields p ¢ C = de(p) =de(z) —7 <0 =
p € C = C, which is absurd. The expression of p is then supplied by (2.30). O

In the above example, C' can be thought of as a set of signals possessing a certain
property (see [21, 23, 29, 67, 74] for examples of closed convex sets modeling pertinent
constraints in signal recovery). If the signal  is close enough to satisfying the property
in question, then prox.,  z is simply the projection of z onto C; otherwise, prox. 4. =
is obtained through a nonstationary underrelaxation of this projection. Here is an
important special case.

EXAMPLE 2.16. Suppose that C' = {0} in Example 2.15. Then (2.29) becomes

5y .
1—— ), if ||z|| >;
(234) pI"OX,),”,“ T = ( |£E||>
0, if flz| <.

In particular, if X = R, it reduces to the well-known scalar soft-thresholding (also
known as a shrinkage) operation

(2.35) prox, . z = sign(z) max{|z| — v, 0}.

8
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From a numerical standpoint, Moreau’s decomposition (2.21) provides an alter-
native means to compute xi‘f = prox,,, x. This is especially important in situations
when it may be difficult to obtain x?‘f directly but when the dual problem of applying
prox,. . is easier. We can then compute x?‘f = T — YProX,. ., (x/v) or, using (2.27),
(2.36) 1 =ux— PLOX, (. /) T-

The following example illustrates this point.
EXAMPLE 2.17. Suppose that ¢: X — ]—00, +00] is defined as

(2.37) w: x— sup (z | Ly),
yeD

where L: )Y — X is a bounded linear operator and where D is a nonempty subset
of Y. Then ¢ € T'y(X). Now let C be the closed convex hull of L(D). Then, using
(2.3), we can write (more generally, any positively homogeneous function ¢ in T'g(X)
assumes this form [4, Theorem 2.4.2])

(2.38) p:x— sup (z | u) = oc(z).
ueC

In turn, (2.4) yields ¢* = 0 = tc and (2.14) asserts that, for every € X, we can
calculate xi‘f through a projection operation, since (2.36) becomes

(2.39) xS = x — prox r=a— P,cz.

yee(+/7)

In the case when ¢ is the discrete total variation functional, this approach is used
implicitly in [17].

We now provide an application of the product space setting described in
Lemma 2.9.

EXAMPLE 2.18. Let v € ]0, +o0o[ and define a function ¢ € I'o(R) by

o e, e
(2.40) 1 € {+OO’ e

Then a straightforward calculation gives (V§ € R) prox, & = (£ + /&2 +47)/2.
Now let ¢ be the Burg entropy function on the Euclidean space R™, ie., ¢: x =
(&k)1<k<m — ZZ‘:l ®(&k). Then it follows from Lemma 2.9 that

(2.41) (Vz € R™) prox,,x = % (fk /& 47)

Our last two examples will play a central role in Section 5.4.
ExXAMPLE 2.19. Let (ex)ken be an orthonormal basis of X, let (¢ )ren be func-
tions in I'yp(R) such that

1<k<m

(2.42) (Vk €N) ¢ >0 and ¢4(0) =0,

and let ¢: X — |—00,400] : = >, oy O ((z | ex)). Then:
(i) ¥ € To(X).
(ii) (Vo € X) prox,z =Y,y (prox,, (z|ex))ex.
9



Proof. Let us introduce an operator

(2.43) L: X —A(N):z— ((z] €k))keN

and a function

(2.44) p: 2(N) = ]—00,+09] : (&)ken — Y dr(&r)-
keN

From standard Hilbertian analysis, L is an invertible bounded linear operator with

(2.45) L' =L 2(N) = X: (&)ken — Y Sker
keN

(i): In view of the properties of L, since ¢ = ¢ o L, it is enough to show that ¢ €
['o(¢2(N)). To this end, define, for every K € N, px = Ei(:o ok, where gk: (&)1en —
ok (&k). Then it follows from the assumptions that ¢k is lower semicontinuous and
convex on £2(N) as a finite sum of such functions. Consequently (see Section 1.1), the
sets (epi px ) xen are closed and convex in £2(N) x R. Therefore, since by assumption
(2.42) the functions (pk)Kken are nonnegative, the set

(2.46) epip = epi <sup <pK) = ﬂ epi i

KeN KeN
is also closed and convex as an intersection of closed convex sets. This shows that ¢
is lower semicontinuous and convex. Finally, since (2.42) implies that ¢(0) = 0, we
conclude that ¢ € T'o(£?(N)).

(ii): Fix x = (&)ren € £2(N). Now set p = prox,x and q = (m)ren, Where
(Vk € N) mp = proxy, . Then, in view of Lemma 2.8 and (2.45), it suffices to show
that p = q. Let us first observe that, for every k € N, (2.42) implies that 0 minimizes
¢x, and therefore that prox,, 0 = 0. Consequently, it follows from the nonexpansivity
of the operators (prox,, Jren (see Lemma 2.4) that

(2.47) D lmel? = | proxg, & — prox,, 07 <> [& — 0> = [Ix[|*.
keN keN keN

Hence q € ¢?(N). Now let y = (x)ken be an arbitrary point in ¢£2(N). It follows from
(2.12) and (2.5) that p is the unique point in ¢?(N) that satisfies

(2.48) (y=p[x=p)+elp) < ey)
On the other hand, the same characterization for each point in (7 )ren yields
(2.49) (Vk € N) (i — i) (& — k) + dre (1) < br(mi).

Summing these last inequalities over k € N, we obtain (y — q | x — q) + ¢(q) < ¢(y).
In view of the characterization (2.48), we conclude that p =q. O

The following special case is the widely used soft-thresholder that will be discussed
in Problem 5.18 and Example 6.3.

ExaMPLE 2.20. Let (ex)ren be an orthonormal basis of X, let (wg)ren be a
sequence in |0, +oo[, let 1: X — |—00,400] : = >, ywk|(z | ex)], and let x € X.
Then prox, r = ), . Tkek, Where

(2.50) (Vk € N) 7, = sign({z | e)) max{|(x | ex)| — wk, 0}.

Proof. Set ¢r, = wi| - | in Example 2.19 and use (2.35). O
10



3. Properties and numerical solution of Problem 1.1. We begin with some
basic properties of Problem 1.1. Recall that the set of solutions to this problem is
denoted by G.

ProPoOSITION 3.1.

(i) Ewxistence: Problem 1.1 possesses at least one solution if f1 + fo is coercive,
ie.,
(3.1) Jim @) + fole) = +x.

(ii) Uniqueness: Problem 1.1 possesses at most one solution if f1 + fa is strictly

convex. This occurs in particular when f1 or fs is strictly convex.

(iii) Characterization: Let x € H and v € ]0,+o00[. Then the following statements

are equivalent:
(a) x solves Problem 1.1.
(b) = prox,; (z—~Vfa(x)).
(c) (vy e H) (z—y| Vfa(z)) + fi(z) < fi(y).

Proof. (i): The assumptions on Problem 1.1 and (3.1) imply that f; + fo lies in
I'o(H) and that it is coercive. Hence the claim follows from [76, Theorem 2.5.1(ii)].

(ii): See [76, Proposition 2.5.6].

iii): It follows from Fermat’s rule (2.7), Lemma 2.2(i), and (2.12) that

(
) xeGS0€d(fi+ f2)(x) =0f1(x) + 0fe(x) = 0f1(x) + {Vfalx)}
) & =Vfa(z) € dfi(z)

& (x —’nyg(x)) —x € y0f1(x)
(3.4) &z =prox, g, (z —yVfa(z)).

Using (3.3) and (2.5), we see that x € G & (Vy € H) (y —z | =V fa(z)) + f1(x) <
fi(y). O

The fixed point characterization provided by Proposition 3.1(iii)(b) suggests
solving Problem 1.1 via the fixed point iteration x,+1 = ProX. s, (wn — 'nyg(xn))
for a suitable value of the parameter . This iteration, which is referred to as a
forward-backward splitting process in optimization, consists of two separate steps.
First one performs a forward (explicit) step involving only fa to compute z, 1 =
Zpn — YV fa(xy,); then one performs a backward (implicit) step involving only f; to
compute Tpiy = ProxX,z & 1. Formally, this second step amounts to solving the
inclusion (2.12), hence its implicit nature. The following theorem is an adaption of
some results from [25], which provides a more general iteration in which the coefficient
~ is made iteration-dependent, errors are allowed in the evaluation of the operators
prox,; and V fs, and a relaxation sequence (An)nen is introduced. The errors allow
for some tolerance in the numerical implementation of the algorithm, while the flex-
ibility introduced by the iteration-dependent parameters v, and A, can be used to
improve its convergence pattern.

First, we need to introduce the following condition.

CONDITION 3.2. Let X be a nonempty subset of a real Hilbert space X. We say
that a function p € To(X) satisfies this condition on X if for all sequences (Yn)nen
and (Vp)nen in X and points y € X and v € dp(y), we have
(3.5)

[yn =y, v, — v, (Vn € N) v, € dp(yn) } = y is a strong cluster point of (Yn)nen-
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REMARK 3.3. In Condition 3.2, the inclusion v € dp(y) is redundant and stated
only for the sake of clarity. Indeed, since ¢ € I'o(X), d¢ is maximal monotone
[76, Theorem 3.1.11] and its graph is therefore sequentially weakly-strongly closed in
X x X [4, Proposition 3.5.6.2]. Accordingly, the statements y, — y, v, — v, and
(Vn € N) v,, € d¢(y,) imply that v € dp(y).

Here is our main convergence result (recall that fi, f2, 8, and G are defined in
Problem 1.1).

THEOREM 3.4. Suppose that G # &. Let (Yn)nen be a sequence in |0, +oo| such
that 0 < infpenvn < SUP,enYn < 28, let (An)nen be a sequence in |0,1] such that
infpen Ay > 0, and let (an)nen and (bp)nen be sequences in 'H such that ), o llan| <
+o0 and Y, o ||bn|| < 4o00. Fiz xg € H and, for everyn € N, set

(3.6) Tyl = Tp + )\n(me%f1 (zn — 1 (Vfa(zn) + bn)) + an — xn>

Then the following hold.
(1) (zn)nen converges weakly to a point x € G.

(i) e [V o) = Vol < +oc.

)
(i) > ,en || prox, ¢ (Tn — YnVf2(2n)) — :Cn||2 < +00.
iv) (n)nen converges strongly to = if and only if limdg(xz,) = 0. In particular,
strong convergence occurs in each of the following cases:
(a) int G # @.
(b) f1 satisfies Condition 3.2 on G.
(¢c) fo satisfies Condition 3.2 on G.
Proof. Tt follows from (3.2) that

(3.7) G={xeH|0ecfi(x)+{Vix)}}.

Now let A = 0f; and B = V fo. Since f1 € I'o(H), [76, Theorem 3.1.11] asserts that A
is maximal monotone. On the other hand since, by assumption, V fs is 1/-Lipschitz
continuous, it follows from [8, Corollaire 10] that SB is firmly nonexpansive.

(i): Applying [25, Corollary 6.5], we obtain that (x,)nen converges weakly to a
point = € (A+ B)71(0) = G.

(ii)&(iii): As in [25, Eq. (6.4)] set, for every n € N, T1, = prox, ;, a1, = 1/2,
Ty =1d =,V fo, and ag, = 7,/(26). Then [25, Remark 3.4] with m = 2 yields

(3.8) S e 1d =Ty )z, — (Id =T )z < +o0
ZnEN |(T1,n 0 Topn)wn — :Cn||2 < +o00.

The assumptions on (v, )nen then provide the desired summability results.
(iv): The characterization of strong convergence follows from [25, Theorem 3.3].
(iv)(a): This is shown in [25, Remark 6.6].
(iv)(b): Set v = —V fa(z) and

n Yn = PI"OXfyﬂfl (xn - 'anfQ (xn))
(39) (¥ € 1) { = (on — )/ — Vfa(n)

Then (2.12) yields (Vn € N) v, € f1(yn). On the other hand, we derive from (i) and
(iii) that y, — z € G. Furthermore, since

(3.10) (Vn € N) [lvn — v < M+ IV fa(an) — Vfa(2)],
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it follows from (ii), (iii), and the condition inf, ey, > 0 that v, — v. It then results
from Condition 3.2 that we can extract a subsequence (yx, )nen such that yp, — =
and, in turn, from (iii) that xx, — x. Accordingly, since x € G, we have dg(xg, ) — 0
and therefore lim dg(x,) = 0.

(iv)(c): Set v = V fa(x) and (Vn € N) v, = V fa(x,,) (so certainly v, € dfa(zy,) =
{Vfa(zn)}). Then (i) yields x, — x while (ii) yields v, — v. Therefore Condi-
tion 3.2 implies that € G is a strong cluster point of (z,,)nen and we conclude that
h_mdc(xn) =0.0

REMARK 3.5. If fo =0, A\, = 1, and b, = 0 in Theorem 3.4, we recover the
prozimal point algorithm and item (i), which states that (z,)nen converges weakly to
a minimizer of fi, follows from [61, Theorem 1].

Further special cases of Theorem 3.4(iv)(b)&(iv)(c) can be constructed from the
following proposition.

PROPOSITION 3.6. Let X be a real Hilbert space. Suppose that ¢ € To(X) and
that @ # X C D, where D = dom . Let C be the set of all nondecreasing functions
from [0, +00] to [0,400] that vanish only at 0. Then ¢ satisfies Condition 3.2 on X
in each of the following cases:

(i) D is boundedly relatively compact (the closure of its intersection with any

closed ball is compact).

(ii) ¢ is differentiable on X and Id =V is demicompact [T7, Section 10.4]:
for every bounded sequence (Yn)nen in X such that (ch(yn))ne converges
strongly, (Yn)nen admits a strong cluster point.

(iii) For every y € X and v € Op(y) there exists a function ¢ € € such that

(3.11) (Ve e D) (x—ylv)+e(y) +cllz —yl) <o)

(iv) ¢ is uniformly conver at every point in X: for every y € X there exists a
function c € C such that, for every x € D,
(3.12)

(Vo €]0,1]) ¢(az+ (1 - a)y) +a(l —a)e([lz —yl) < ap(@) + (1 — a)p(y).

(v) @ is uniformly convex: there exists a function ¢ € C such that, for every x

and y in D, (3.12) holds.

(vi) ¢ is uniformly convex on bounded sets: for every bounded convex set C C X,

@ + Lo is uniformly convex, i.e., there exists a function c € C such that, for
every x and y in C' N D, (3.12) holds.
(vil) ¢ is strongly convexz.

Proof. Take sequences (Y )nen and (vp, )nen in X and points y € X and v € dp(y)
such that y, — y, v, — v, and (Vn € N) v, € 9p(yn)-

(i): The sequence (yn)nen is bounded (since it converges weakly) and lies in
dom dp C D. It therefore lies in a compact set and, as a result, y must be a strong
cluster point.

(ii): The sequence (yn)nen is bounded and, since ¢ is differentiable, (¥n € N)
Vo(yn) = v, — v. Hence the demicompactness assumption implies that we can
extract a subsequence (Y, )nen that converges strongly. Since y,, — y, we conclude
that yr, — y.

(iii): It follows from (3.11) that

N

(3.13) (Vn € N) (yn =y [ 0) + ¢(y) + cllyn = yll) < & (yn)-
On the other hand, it follows from (2.5) that
(3.14) (Vn € N) (y —yn | vn) + (yn) < 0(y)-
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Adding these two inequalities, we obtain

(3.15) (Vn €N) c(llyn —yl) < (yn —y [ vn — ).

However, since y, — y and v, — v, we have (y, —y | v, —v) — 0. Therefore the
assumptions on ¢ and (3.15) yield ||y, —y|| — 0.
(iv): For every z in D, we have [76, Section 3.5]

(3.16) 312) = (z-ylv)+e)+cllz—yll) <)

Hence (iv) is a special case of (iii).

(v): This is a special case of (iv).

(vi): Since y, — ¥, (Yn)nen and y lie in some closed ball C. However since
f + t¢ is uniformly convex, there exists ¢ € € such that (3.12) holds true for every
x € CN D. Thus, we deduce from (3.16) that (3.13) is satisfied, and we conclude as
in (iii).

(vii): This is a special case of (v) with c: t — pt?/2 for some p € ]0, +oo] [76,
Section 3.5]. O

Examples of functions satisfying the various types of uniform convexity defined
above can be found in [12, 75].

4. Problems involving sums of Moreau envelopes.

4.1. Problem statement. We consider the following formulation, which is
based on the notion of a Moreau envelope defined in (2.11).

PROBLEM 4.1. Let

(i) (Ki)i<i<m be real Hilbert spaces;

(i) for every i € {1,...,m}, L;: H — K; be a nonzero bounded linear operator,

i € To(K;), and p; €]0, +o0];

(iti) f1 € To(H).

The objective is to

4.1 mlmmlze filz Pig,(Lix)
( i

The set of solutions to this problem is denoted by G.
PROPOSITION 4.2. Problem 4.1 is a special case of Problem 1.1 with fo =

S (P o L and = (X0 |Lill* /o)~

Proof. Set
(4.2) fo = Z (Pig;)oLi and 3= <Z ||L1||2/pz>
i=1 i=1
Since, for every i € {1,...,m}, the function “p; is finite, continuous, and convex,

it belongs to I'g(K;) and therefore (Pip;) o L; € I'o(H). Consequently, f2 belongs to
To(H). Now, set (Vi € {1,...,m}) T; = Id —prox,, .. As seen in Lemma 2.4, the
operators (T;)1<i<m are (firmly) nonexpansive. Therefore, for every i € {1,...,m},
we obtain
(V(z,y) € H?) |(Lj o Tio Li)x — (Lj o Ty o Loyl < ||IL7|| - | Ti(Liz) — Ti(Lay)|

< LFI - 1 Liw = Lay||

< NLE - Ll e =yl
(4.3) = 1Zll* - = = yll-
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On the other hand, we derive from Lemma 2.5 that

(4.4) V= Zv((m%) oL;) = ZL; o (_) oL; = Z —LioTioL;.

‘ ‘ Pi ‘ Pi

i=1 i=1 i=1
Since (4.3) states that each operator L} oT; o L; is Lipschitz continuous with constant
| L;]|?, it ensues that V f, is Lipschitz continuous with constant Y .-, || L:||*/pi;. We
conclude that V f3 is 1/8-Lipschitz continuous. O

4.2. Properties and numerical solution of Problem 4.1. The following is
a specialization of Theorem 3.4, in which we omit items (ii) and (iii) for the sake
of brevity (special cases of item (ii) below can be derived from Theorem 3.4 and
Proposition 3.6). The algorithm allows for the inexact computation of each proximity
operator.

THEOREM 4.3. Suppose that G # &. Let (Yn)nen be a sequence in |0, +oo| such
that 0 < infpenYn < SUP,en Tn < 2 (EZ’; |\L7;|\2/p7;)_1, let (An)nen be a sequence in
10,1] such that infpen A > 0, and let (an)nen and ((biv">"€N)1<¢<m be sequences in
H such that 3,y lan|| < +00 and maxi<i<m . ,cy 1binll < +o0. Fiz zg € H and,
for every n € N, set

(4.5) zpy1 =+

1
An (pmx%f1 <xn + Tn < Z — ((Lj‘ o (proxpiw —Id)o L)z, + bi,n)>) +a, — xn> .

i=1 """

Then:

(1) (zn)nen converges weakly to a point x € G.

(ii) (@n)nen converges strongly to x if and only if lim dg(z,) = 0.

Proof. The proof is a consequence of Proposition 4.2 and Theorem 3.4(i)&(iv)
with b,, = — sz:1 bi n/pi and V fo given by (4.4). O

4.3. Proximal split feasibility problems. We shall call the special case of
Problem 4.1 when m = 1 a proxzimal split feasibility problem. In other words, we are
given a real Hilbert space KC, a nonzero bounded linear operator L: ‘H — K, a function
f1 € To(H), a function ¢ € T'y(K), and a real number p € |0, +o00[. The objective is
to

(4.6) migier%ize fi(z) + #o(Lzx).

We denote by G the set of solutions to this problem.

Applying Theorem 4.3 with m = 1, we obtain at once the following convergence
result.

COROLLARY 4.4. Suppose that G # @. Let (Yn)nen be a sequence in )0, +oo|
such that 0 < inf,envn < sup,eyTn < 2p/|IL||?, let (A\n)nen be a sequence in ]0,1]
such that inf,eny A, > 0, and let (an)nen and (by)nen be sequences in H such that
Y omen llan|l < +oo and Y-, o [|bn|| < +oo. Fiz xo € H and, for every n € N, set

(4.7) Tpy1 = Tp+n <p1"ox%f1 (x,ﬁ—%l ((L*O(prox[w —1Id )OL)xn—i—bn)) +an—xn) .

Then:
15



(1) (zn)nen converges weakly to a point x € G.

(ii) (@n)nen converges strongly to x if and only if lim dg(z,) = 0.

Now, let us specialize the above setting to the case when p = 1, f; = (¢ and

¢ = g, where C' C 'H and @) C K are two nonempty closed convex sets. Then, in
view of (2.14), (4.6) becomes
(4.8) minimize dg(Lzx).
In other words, one seeks a signal x € C such that the signal Lz is at minimal
distance from Q; in particular, when C' N L~(Q) # &, one seeks a signal in z € C
such that Lz € Q. This is the so-called split feasibility problem introduced in [15]
and further discussed in [13]. Let us observe that one of the earliest occurrence of this
formulation is actually that provided by Youla in [73]. In that paper, the problem
was to find a signal x in a closed vector subspace C', knowing its projection p onto a
closed vector subspace V' (hence L = Py and Q = {p}); it was also observed that the
standard signal extrapolation schemes of Gerchberg [37] and Papoulis [59] fitted this
framework.

In the present setting, Corollary 4.4(i) reduces to the following corollary.

COROLLARY 4.5. Suppose that the set G of solutions to (4.8) is nonempty. Let
(Yn)nen be a sequence in )0, +oo[ such that 0 < infpenyn < SUp,enYn < 2/|L|12, let
(An)nen be a sequence in ]0,1] such that inf,en Ay > 0, and let (an)neny and (by)nen
be sequences in H such that )y llan|| < 400 and -, ||bn| < +oo. Fiz xg € H
and, for every n € N, set

(4.9) Tpi1 =Tn + M\ (Pc (a:n + 'yn((L* o(Pg—1d)o L)z, + bn)) +a, — xn) .

Then (x,)nen converges weakly to a point x € G.

REMARK 4.6. Corollary 4.5 improves upon [13, Theorem 2.1], where the ad-
ditional assumptions dimH < 4oo, dimK < 400, A, = 1, 7, = v € ]0,2/[|L||?],
an =0, and b, = 0 were made.

4.4. The u+v signal decomposition model. Underlying many signal recovery
problems is the decomposition of a signal x € H as z = u + v, where u captures the
geometric components of the signal (typically a function with bounded variations)
and v models texture (typically an oscillatory function), e.g., [5, 6, 7, 51, 57, 71, 72].
The variational formulations proposed in [5, 6, 7, 71, 72] to achieve this decomposition
based on a noisy observation z € H of the signal of interest are of the general form

1
(4.10) muinimize 1(u) + ¢(v) + 2—p|\u +o—2|?

where 1 and ¢ are in I'o(H) and p € ]0,+oo[. In order to cast this problem in our
framework, let us introduce the function

(4.11) p: H—]—00,+00] : w — @z — w).
Then ¢ € T'g(H) and the change of variable

(4.12) w=z—v
in (4.10) yields
1
(4.13) quinimize )(u) +p(w) + 5 flu - wl®.
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In view of (2.11), this problem can be rewritten in terms of the variable u as
(4.14) minir%ize P(u) + Po(u).
ue

In other words, we obtain precisely the formulation (4.6) with f; = ¢, K = H, and
L=1d.

We now derive from Corollary 4.4 and some facts from [9] the following result.

COROLLARY 4.7. Suppose that (4.10) has at least one solution. Let (yn)nen be
a sequence in |0,+oo[ such that 0 < inf,envn < SUPpenTn < 2p, let (An)nen be a
sequence in ]0,1] such that inf,eny Ap, > 0, and let (an)nen and (by)nen be sequences
in H such that ), llan]| < +00 and D, |Iball < +00. Fiz ug € H and, for every
n €N, set

(4.15) upy1 = un—|-/\n(prox%w (un—i— In (z—prox,4(z—un) —un—f—bn)) —l—an—un) .
p

Then (un)nen converges weakly to a solution u to (4.14) and (u, prox,,(z —u)) is a
solution to (4.10).

Proof. By assumption, the set G of solutions to (4.14) is nonempty. As noted
above, (4.14) is a special case of (4.6) with f; = ¢, K = H, and L = Id. Moreover,
in this case, (4.7) reduces to

(4.16)  Upt1 =Un+ Ay (prox,y » (un + ’y—n(proxw Uy — Uy + bn)> +a, — un>
" P

However, using (4.11) and Lemma 2.6(ii)&(iv), we obtain
(4.17) (Vz € H) prox,,z = 2z — prox,,(z — x).

Therefore, (4.16) coincides with (4.15). Hence, since ||L|| = 1, we derive from Corol-
lary 4.4 that the sequence (uy,)nen converges weakly to a point w € G. It then follows
from [9, Propositions 3.2 and 4.1] that (u,prox,,u) is a solution to (4.13). In view
of (4.17), this means that (u,w) is a solution to (4.13), where w = z — prox,,,(z — u).
Upon invoking the change of variable (4.12), we conclude that (u,v) is a solution to
(4.10), where v = 2z — w = prox,,(z — u). O

REMARK 4.8. Consider the particular case when A\, = 1, v, = p, a, = 0, and
b, = 0. Then (4.15) becomes

(4.18) U1 = Prox,, (z — prox,,(z — uy)).

Let us further assume, as in [5], that ¢ is the support function of some nonempty closed
convex set K C ‘H and that ¢ is the indicator function of pK for some p € ]0, 400l
Then, since ¢ = ok, it follows from (2.39) that prox,, = Id —F,x. On the other
hand, since ¢ = ¢k, (2.14) asserts that prox,, = P,x. Altogether, (4.18) becomes

(4.19) Upt1 :Z—PHK(z—un)—PpK(z—PHK(z—un)).

This is precisely the iteration proposed in [5].

REMARK 4.9. Problem (4.13) was originally studied in [1] and recently revisited
in a broader context in [9]. The reader will find in the latter further properties, in
particular from the viewpoint of duality.
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4.5. Hard-constrained signal feasibility problems. Suppose that in Prob-
lem 4.1 weset K; =H, L; =1d, f1 = tc, and, for every i € {1,...,m}, w; = 1/p; and
fi = tc;, where C and (C;)1<i<m are nonempty closed convex subsets of H. Then,
in view of (2.14), we obtain the so-called hard-constrained signal feasibility problem
proposed in [26] to deal with inconsistent signal feasibility problems, namely

1 m
(4.20) minimize 5 Z widg: ().
i=1

zeC

We shall assume, without loss of generality, that >. w; = 1. In other words, (4.20)
aims at producing a signal that satisfies the hard constraint modeled by C' and that
is closest, in a least-square distance sense, to satisfying the remaining constraints
modeled by (C;)i<i<m. In particular, if C' = H, one recovers the framework discussed
in [22], where z — Y7 | widZ, (x)/2 was called a proximity function. Another example
is when m = 1, i.e., when one seeks a signal z € C at minimal distance from Cj.
This setting is discussed in [38, 60]. Let us now specialize Theorem 4.3(i) (strong
convergence follows as in Theorem 4.3(ii)) to the current hypotheses.

COROLLARY 4.10. Suppose that the set G of solutions to (4.20) is nonempty.
Let (Yn)nen be a sequence in |0,+o00[ such that 0 < infpenvyn < sup,enn < 2,
let (An)nen be a sequence in ]0,1] such that inf,en A, > 0, and let (ap)nen and
((biv")"EN)KKm be sequences in H such that ) .y |lan| < 400 and maxi<i<m
> nen bin| < 4o00. Fiz xg € H and, for every n € N, set

(4.21) zpy1 =zn+ Ny <Pc <xn + ’M(Z%(Piwn + bi,n) — xn>) +a, — xn) .

i=1

Then (x, )nen converges weakly to a point x € G.

REMARK 4.11. When v, = v € 0,2, b;, = 0, and a,, = 0, Corollary 4.10
captures the scenario of [26, Proposition 9], which itself contains [22, Theorem 4]
(where C' = H), and the convergence result of [38] (where m = 1).

5. Linear inverse problems.

5.1. Problem statement. In Section 1, we have described the signal recovery
problem as that of inferring a signal T in a real Hilbert space H from the observation
of a signal z in a real Hilbert space G. In this section, we consider the standard linear
data formation model in which z is related to T via the model

(5.1) z2=TT 4+ w,

where T': H — G is a linear operator and where w € G stands for an additive noise
perturbation. This model covers numerous signal and image restoration and recon-
struction prescriptions [2, 16, 23, 39, 66, 67]. The problem under consideration will
be the following.

PROBLEM 5.1. Let

(i) K be a real Hilbert space;

(i) T: H — G be a nonzero bounded linear operator;

(iii) L: H — K be a bijective bounded linear operator such that L=! = L*;

(iv) f eTh(K).
The objective is to

L 1 ,
(5.2) minimize f(Lx) + §HT{E —z|I°.
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The set of solutions to this problem is denoted by G.

In Problem 5.1, the term [Tz — z||?/2 is a so-called data fidelity term which
attempts to reflect the contribution of the data formation model (5.1), while the
term f(Lx) promotes prior knowledge about the original signal . This formulation
covers various instances of linear inverse problems in signal recovery. Two specific
frameworks will be discussed in Sections 5.3 and 5.4; other important examples are
the following:

e In discrete models, the underlying Hilbert spaces are Euclidean spaces. If
K ="H, L =1d, and w is a realization of a multivariate zero mean Gaussian
noise, then (5.2) with a suitable norm covers maximum a posteriori models
with an a priori Gibbs density p o« exp(—f). This setting is discussed in
[68, 69].

e Let K =H = H'(Q), where Q is an open domain of R™, let L = Id, and let
f be an integral functional of the form

(5.3) fro— ’y/ﬂ o(w,z(w), Va(w))dw,

where v € ]0,+o0[. Then (5.2) covers a variety of formulations, including
total variation, least-squares, Fisher information, and entropic methods, e.g.,
[3, 19, 32, 40, 45]. Let us add that this framework also corresponds to the
Lagrangian formulation of the problems of [2, 42, 43, 56, 62, 70], the original
form of which is

(5.4) minimize / o(w, z(w), Va(w)) dw,
ITz—zl?P<n Jo
where 1 € ]0, +oo[. In this case, the parameter v in (5.3) is the reciprocal of
the Lagrange multiplier.
e In the Fourier regularization methods of [46, 50], H = L?(R?), K = H x H,
L is the Fourier transform, and f: y +— 7| lyh|?, where h is the frequency
response of a filter and v € ]0, +o0|.

5.2. Properties and numerical solution of Problem 5.1. Our analysis will
be greatly simplified by the following observation.

PROPOSITION 5.2. Problem 5.1 is a special case of Problem 1.1 with fi = fo L,
forx— ||Tx — 2||?/2, and 3 = 1/||T||*.

Proof. Set fi = fo L and fa: x +— || Tz — z||?/2. Then it follows from assump-
tions (i)—(iv) above that f; and fy are in Tg(H), and that f is differentiable on H
with Vfa: z +— T*(Tx — z). Consequently,

(5:5) (V(z,y) € H) |Vha(x) = VRO = IT*T (@ - y)| < 1Tz -yl

and V fs is therefore Lipschitz continuous with constant || 7']|2. O
Let us first provide existence and uniqueness conditions for Problem 5.1, as well
as characterizations for its solutions.
PROPOSITION 5.3.
(i) Problem 5.1 possesses at least one solution if f is coercive.
(ii) Problem 5.1 possesses at most one solution if one of the following conditions
is satisfied:
(a) f is strictly conve.
(b) T is injective.
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(iii) Problem 5.1 possesses exactly one solution if T is bounded below, i.e.,
(5.6) (K €]0,+00))(Vx € H) ||Tx| > | |-

(iv) Let x € H and v € ]0,+o0[. Then the following statements are equivalent:
(a) x solves Problem 5.1.
(b) 2= (L* o prox,;oL)(z + yT*(z — Tx)).
() (VyeH) (Ty—Tx|z—Tx)+ f(Lz) < f(Ly).

Proof. Let f1 and fo be as in Proposition 5.2.

(i): In view of Proposition 3.1(i), it is enough to show that fi; + fo is coercive.
We have f1 + fo > f o L. Moreover, since f is coercive, it follows from assumption
(iii) in Problem 5.1 that f o L is likewise. This shows the coercivity of f1 + fa.

(ii): This follows from Proposition 3.1(ii) since, in item (ii)(a), f1 is strictly
convex by injectivity of L and, in item (ii)(b), fa is strictly convex. To show the
latter, consider two distinct points z and y in H and let « € |0, 1[. Then, by (5.6),

fa(az + (1 = a)y) = |a(Tz — 2) + (1 - a)(Ty — 2)[/2
=Tz —2|?/2+ (1 - )| Ty — 2[%/2 = a(l - )| T(z — y)||*/2
(5.7) < afa(z) + (1 - a) fa(y) — k*a(l — a)llz — y|*/2
<afy(r) + (1 —a)fa(y)
(iii): It follows from (5.6) that T is injective. Therefore, by (ii)(b), there is at
most one solution. Regarding existence, Proposition 3.1(i) asserts that is suffices to
show that f1 + f2 is coercive. Since f € I'g(K), it is minorized by a continuous affine

functional [76, Theorem 2.2.6(iii)], say (- | u) + /2 where v € K \ {0} and € R.
Hence, we derive from (5.6) that

(5.8) (Vz € H) 2(fi(z) + fo(x))
> 2(La | u) +n+ Tz — 2|?
=2(z | L*u) + 0+ | Tz|* — 2(z | T*2) + |||®
= |z + L = T%2|* + (|Tz]* — [l2]?) = |1 L*u = T*2[* + [|2]* + 7
* * 2 * *
> (llzll = [1L7u = T*2])" + (5% = Dl|2]® = [L*u = T*2|]* + [[2]* +n
* * 2 * *
> (wllll = L —T*2[|/K)" = [|IL*u — T*2|* /5% + || 2] + n,
and we obtain lim|y|| 400 f1(2) + f2(2) = +o0.
(iv): This follows from Proposition 3.1(iii) and Lemma 2.8. O
Next, we turn our attention to the stability of the solutions to Problem 5.1 with
respect to perturbations of the observed data z.
PROPOSITION 5.4. Suppose that T satisfies (5.6). Let Z be a point in G, and let

x and T be the unique solutions to Problem 5.1 associated with z and Z, respectively.
Then

(5.9) e — 2| < llz = 2]/~

Proof. The existence and uniqueness of x and Z follow from Proposition 5.3(iii).
Next, we derive from Proposition 5.3(iv)(c) that

(TT— Tz | z—Tx)+ f(Lx)
(5.10) {m-m | T T + f(L7)
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Adding these two inequalities, we obtain ||T'(z — 2)||*> < (T'(x — ) | z — 2) and, by
the Cauchy-Schwarz inequality, | T'(z — Z)|| < ||z — Z]|. Using (5.6), we conclude that
rllz — 2| <[lz—2]. O

In the context of Problem 5.1, the forward-backward splitting algorithm (3.6)
assumes the following form, which can be described as an inexact, relaxed prozimal
Landweber method, as it alternates between an inexact Landweber step z, +— x, +
Y (T*(z — Tx,) — by,) and a relaxed inexact proximal step.

THEOREM 5.5 (Proximal Landweber method). Suppose that G # @. Let (vn)nen
be a sequence in |0, +o0o such that 0 < infpenvn < sup,en¥n < 2/||T112%, let (An)nen
be a sequence in |0,1] such that infh,eny A > 0, and let (ap)nen and (bp)nen be se-
quences in H such that ) |lan|| < +00 and ), ||bnll < +o00. Fiz 29 € H and,
for every n € N, set

(5.11) Zpt1 =Tn + An ((L* oprox., ¢ OL) (wn + 9, (T (2 —Txp) — bn)) + a, — xn) .

Then:

(1) (zn)nen converges weakly to a point x € G.

(i) eI T (@ — 2)|” < +o0.

(iii) ZnENH (L* O prox. oL) (mn + v T*(z — Txn)) — anQ < +o00.

(iv) (zn)nen converges strongly to x if and only if limdg(z,) = 0. In particular,

strong convergence occurs in each of the following cases:
(a) intG # @.

(b) f satisfies Condition 3.2 on L(G).

(¢) T is bounded below.

(d) Id —T*T is demicompact.

Proof. Let f1, f2, and (8 be as in Proposition 5.2. Then, in view of Lemma 2.8,
(3.6) reduces to (5.11) in the present setting. Thus, items (i)—(iii), as well as the
main claim in item (iv) and item (iv)(a) are consequences of their counterparts in
Theorem 3.4.

(iv)(b): In view of Theorem 3.4(iv)(b), it suffices to show that f o L satisfies
Condition 3.2 on G. To this end, take sequences (y,)neny and (vp)nen in H, and
points y € G and v € I(f o L)(y) = L* (8f(Ly)) such that y, — vy, v, — v, and
(Vn € N) v, € 0(f o L)(yn) = L*(8f(Lyn)) (see Lemma 2.2(i)). Since L is linear and
bounded, it is weakly and strongly continuous. Therefore, we have Ly,, — Ly € L(G)
and Lv, — Lv € df(Ly). On the other hand, (Vn € N) Lv,, € df(Ly,). Hence, since
f satisfies Condition 3.2 on L(G), there exists a subsequence (yi, )nen such that
Ly, — Ly. Tt follows from assumption (iii) in Problem 5.1 that yx, — y.

(iv)(c): It follows from (5.7) that fs is strongly convex. Hence the claim follows
from Proposition 3.6(vii) and Theorem 3.4(iv)(c).

(iv)(d): In this case Id —V f; is demicompact. Hence the claim follows from
Proposition 3.6(ii) and Theorem 3.4(iv)(c). O

5.3. Constrained least-squares problems. The least-squares problem asso-
ciated with (5.1) is

1
12 inimize =Tz — z||*.
(5.12) minimize 2H x—z|

A natural way to regularize this problem is to force the solutions to lie in a given
closed convex set modeling a priori constraints [35, 48, 63]. This leads to the following
formulation.
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PROBLEM 5.6. Let
(i) T: 'H — G be a nonzero bounded linear operator;
(ii) C be a nonempty closed convex subset of H.

The objective is to

1
1 inimize —|7Tz — z||%.
(5.13) mlguerglze 2H x—z|

The set of solutions to this problem is denoted by G.
PROPOSITION 5.7. Problem 5.6 is a special case of Problem 5.1 with K = H,
L=1d, and f = 1c.
Proof. The proof is a direct consequence of (2.2). O
PROPOSITION 5.8.
(i) Problem 5.6 possesses at least one solution if one of the following conditions
is satisfied:
(a) C is bounded.
(b) T(C) is closed.
(ii) Problem 5.6 possesses at most one solution if one of the following conditions
is satisfied:
(a) Problem (5.12) has no solution in C, and C is strictly convez, i.e.,

(5.14) (V(z,y) € C?) (z+y)/2 €intC.

(b) T is injective.
(iii) Problem 5.6 possesses exactly one solution if T' is bounded below.
(iv) Let x € H and v € ]0,+0c0[. Then the following statements are equivalent:
(a) x solves Problem 5.6.
(b) & = Po(z+~T*(z — Tx)).
(¢c)zeCand (VyeC) (Ty—Tx|z—Tz) <O0.
Proof. (i)(a): This follows from Proposition 5.7 and Proposition 5.3(i) since ¢¢ is
coercive.

(i)(b): Since T is linear and C' is convex, T(C') is convex. Hence the assumptions
imply that T'(C) is a nonempty closed convex subset of G. As a result, z admits a
projection p onto T(C) and, therefore, there exists a point € C such that p = Tz
and x solves (5.13).

(ii)(a): By Fermat’s rule (2.7), if (5.12) has no solution in C, then we have
(Vx € C) 0 ¢ 9||Tx — z||*/2 and the result therefore follows from [47, Theorem 1.3].

Finally, items (ii)(b), (iii), and (iv) follow from Proposition 5.7 and their coun-
terparts in Proposition 5.3, with the help of (2.14) in (iv)(b) and of (2.2) in (iv)(c).
a

COROLLARY 5.9. Suppose that G # @. Let (Yn)nen be a sequence in ]0,4o00|
such that 0 < infpenvn < supp,en¥n < 2/||T1%, let (An)nen be a sequence in ]0,1]
such that infpey A, > 0, and let (an)nen and (by)nen be sequences in H such that
Y onen llan|| <400 and Y- ||bnl| < +oo. Fiz xg € H and, for every n € N, set

(5.15) Tyl = Tp + An <Pc (wn + (T (z — Txy,) — bn)) +a, — xn) .

Then:
(i) (@n)nen converges weakly to a point x € G.
(i1) (@n)nen converges strongly to x if and only if lim dg(z,) = 0.
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Proof. Specialize Theorem 5.5(1)&(iv) to the setting described in Proposition 5.7
and use (2.2). O

REMARK 5.10. As in Theorem 5.5(iv), we obtain strong convergence in partic-
ular when int G # @, when T is bounded below, or when Id —T*T" is demicompact.
Another example is when C' is boundedly compact, since in this case t¢ satisfies con-
dition (i) in Proposition 3.6 and we can therefore conclude with Theorem 5.5(iv)(b).

REMARK 5.11 (Projected Landweber iteration). Corollary 5.9 improves upon
the results of [35, Section 3.1], which considered the special case when A = 1, v, =
v €10,2/||T||[, an =0, and b,, = 0. In this particular scenario, (5.15) reduces to the
classical projected Landweber iteration

(5.16) Tni1 = Po(zn +4T*(z — Txy)), where 0<~v<2/||T|?

item (i) can be found in [35, Theorem 3.2(v)], and item (ii) implies [35, Theo-
rem 3.2(vi)] and, in turn, [35, Theorem 3.3].

REMARK 5.12 (Disproving a conjecture). In [35, Section 3.1], it was conjectured
that, for any C, G, T, and z in Problem 5.6 such that G # @, any sequence (z,)nen
generated by the projected Landweber iteration (5.16) converges strongly to a point
in G. This conjecture is not true, as we now show. Take G = R, z = 0, and
T:x v (x|u), where u € H ~ {0}. Furthermore set H = ker T and v = 1/||T||%
Then (5.16) can be rewritten as

1 (zn | u)
(5.17)  zpy1 = Po (a:n — WT Txn> = Pc <xn — Tl u) = (Pc o Py)xy,.

However, it was shown in [41] that, for a particular choice of zg, u, and of a closed
convex cone C, the sequence (z,,)nen produced by this alternating projection iteration
converges weakly but not strongly to a point in G.

5.4. Sparse regularization problems. In nonlinear approximation theory,
statistics, and signal processing, a powerful idea is to decompose a function into an
orthonormal basis and to transform the coefficients of the decomposition to construct
sparse approximations or estimators, e.g., [18, 20, 30, 31, 33, 34, 49]. In the context
of infinite-dimensional inverse problems, a variational formulation of this concept is
the following (the specialization to the finite dimensional setting is straightforward).

PROBLEM 5.13. Let

(i) T: H — G be a nonzero bounded linear operator;

(ii) (er)ren be an orthonormal basis of H;

(i) (¢r)ken be functions in T'g(R) such that (Vk € N) ¢ > 0 and ¢ (0) = 0.
The objective is to

o1 2
(5.18) minimize §||Tx —z||* + I;\Iqék((x | er))-

The set of solutions to this problem is denoted by G.

PROPOSITION 5.14. Problem 5.13 is a special case of Problem 5.1 with K = (*(N),
L:x v ((x | ex))ren, and f: (§x)ren = D pen Ok (Er)-

Proof. See proof of Example 2.19. O

PROPOSITION 5.15.
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(i) Problem 5.13 possesses at least one solution if there exists a function
¢: [0, 400 — [0, +o0[ such that ¢(0) = 0, lim;—, 400 ¢(t) = 400, and

(5.19) (V(&k)ren € 2(N)) Z¢k(€k) >c <Z |§k|2> ~

keN keN

(ii) Problem 5.13 possesses at most one solution if one of the following conditions
is satisfied:
(a) The functions (¢x)ken are strictly conver.
(b) T is injective.
(iii) Problem 5.13 possesses exactly one solution if T is bounded below.
(iv) Let x € H and v € ]0,+o0[. Then the following statements are equivalent:
(a) x solves Problem 5.183.
(b) (VkeN) (x| ex) =prox,,, (x+9T"(z —Tx) | ex).
(c) (Vk € N)(Vn € R) (n— (x| e))(z — T | Tex) + dul(w | ex)) < bx(n).

Proof. In view of Proposition 5.14, we can invoke Proposition 5.3. Let f and L
be as in Proposition 5.14.

(i): By Proposition 5.3(i), it is enough to show that f is coercive. Let
x = (&)ren € €*(N). Then it follows from (5.19) that f(x) = > ,cn@r(&k) >
¢ (X pen 1€k1?) = c(|Ix]|?). Therefore, [|x|| — 400 = f(x) — +o0.

(ii)(a): In view of Proposition 5.3(ii)(a), it is enough to show that f is strictly
convex. Let x = (§k)ken and y = (nk)ken be two distinct points in dom f (if dom f is
a singleton, the conclusion is clear) and let & € |0, 1[. Then there exists an index ! € N
such that & # n;, ¢1(&) < 400, and ¢;(n;) < +00. Moreover, by strict convexity of
o1, di(a& + (1 —a)m) < adi(&) + (1 — a)gi(m). Consequently, since the functions
(oK )keN are convex,

flax+ (1 —a)y) = Z on (e + (1 —a)ny)

keN
<Y adk(&) + (1 — a)dr(m)
keN
(5.20) =af(x)+ (1 -a)f(y),

which proves the strict convexity of f.

Finally, items (ii)(b), (iii), and (iv) follow from their counterpart in Proposi-
tion 5.3, with the help of Example 2.19 in (iv). O

We now turn our attention to the numerical solution of Problem 5.13.

COROLLARY 5.16. Suppose that G # &. Let (yn)nen be a sequence in )0, 4+o00|
such that 0 < infrenVn < sup,enYn < 2/[IT|12, let (An)nen be a sequence in )0, 1] such
that inf,en Ay > 0, and let (bp)nen be a sequence in 'H such that Y o ||bn|| < +o00.
Moreover, for every n € N, let (ank)ren be a sequence in (*(N) and suppose that

Y onen V2 ken [nk|* < +oo. Fiz xg € H and, for every n € N, set
(5.21)

Tng1 = Tn + An < > (ank +prox, s, (@ + 10 (T*(z = Tan) = bn) | ex))ex — xn> :
keN

Then:
(1) (zn)nen converges weakly to a point x € G.
.. . 2
(i) Y pen||TT (20 — 2)||” < +o00.
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(iii) >, en ||p1rox%f1 (a:n + T (z — Txn)) — a:n||2 < H4oo, where fi:y +—
S ren Ok ({y | €1))-

(iv) (zn)nen converges strongly to x if and only if limdg(x,) = 0.

Proof. Tt follows from Example 2.19 that (5.21) is a special case of (5.11) with
(Yn € N) a, = Y ey @n,ker. In view of Proposition 5.14, the corollary is therefore
an application of Theorem 5.5. 0

Specific strong convergence conditions are given in Theorem 5.5(iv). Let us now
provide two illustrations of the above results.

EXAMPLE 5.17. Suppose that T is bounded below. Then (without further as-
sumptions on the sequence (¢x)ren), Problem 5.13 has a unique solution x (Propo-
sition 5.15(iii)) and we obtain the strong convergence of any sequence generated by
(5.21) to z (see Theorem 5.5(iv)(c)). Moreover, as the data z vary, the solutions are
stable in the sense of (5.9).

PROBLEM 5.18. We revisit a problem investigated in [30] with different tools (see
also [10, 31, 36, 64, 65] for related frameworks and special cases). Let

(i) T: H — G be a nonzero bounded linear operator;

(ii) (eg)ren be an orthonormal basis of H;

(ili) p € [1,2] and (wk)ken be a sequence in |0, +o0o[ such that w = infrenywy, > 0.
The objective is to

o] 2
(5.22) minimize §HT{E —z|I* + %wﬂ(m | ex)|P.

Clearly, Problem 5.18 is a special case of Problem 5.13 with (Vk € N) ¢p: & —
wi|€|P. Moreover, since p € [1,2], we have (V(&;)ren € £2(N)) (ZkeN |§k|p)1/p >

(Zren |5k|2)1/2. Accordingly,
(V(En)ren € ) D on(&) = D wnlénl”

keN keN

>wd |Gl

keN

p/2
(5.23) >w (Z |gk|2> .

keN

Therefore (5.19) holds with c: ¢ — wt?/2. Hence, as a result of Proposition 5.15(i),
Problem 5.18 admits at least one solution. Moreover, we deduce from Proposi-
tion 5.15(ii)(a) that it admits exactly one solution if 1 < p < 2. Now, let the sequences
(Yn)nen, (An)nens (brn)nen, and (am k)nen be as in Corollary 5.16 and define, for every
(k,n) € N2,

(5.24) mpp =prox,, e (Tn + 90 (T7 (2 = T2pn) —by) | ex), Where wy i = Vnwi.
Then we can rewrite (5.21) as

(5.25) Tyl = Tp + An < Z(O‘"”“ + Tk )€k — {En> .

keN

We deduce at once from Corollary 5.16(i) that

(5.26) (Tn)nen converges weakly to a solution x to Problem 5.18.
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In [30], (5.26) was obtained with the additional assumptions A\, = 1, | T|| < 1, 7, = 1,
ank =0, and b, = 0 (see [30, Proposition 3.11]). Furthermore, it was shown that,
in this particular case, strong convergence is achieved [30, Theorem 3.1]. Let us now
extend this result.

COROLLARY 5.19.  Let (vn)nen be a sequence in ]0,+oo[ such that 0 <
infrenyn < suppenvn < 2/|IT)% let (An)nen be a sequence in ]0,1] such that
infpen An > 0, and let (by)nen be a sequence in 'H such that ), [|bn|| < +oc.
Moreover, for every n € N, let (ank)ren be a sequence in (*(N) and suppose that
Y onen V2 ken lnk|* < +oo. Fiz xg € H and let (2n)nen be a sequence generated by
(5.24)—(5.25). Then (xn)nen converges strongly to a solution x to Problem 5.18.

Proof. As seen in (5.26), x, — x, where x solves Problem 5.18. Now set
Fiiy e Spenerl(y | en)l?, fo: y — |Ty — 22/2, and, for every n € N, set hy, =
x+ 1T (z — Tx) = ¢ — v, Vfa(x) and v, = x, — x. Then we must show that
vn, — 0. Proposition 3.1(iii) yields (Vn € N) prox, ; h, = x. Hence, it follows from
Lemma 2.4 that

1

(527) (Vn € N) [[prox, ¢ (vn + hp) —vn —prox, ; hall

Yn f1

= prox, (mn + v T*(z — Ta:)) — |

< | prox,, ¢ (mn + v T* (2 — Ta:)) — prox., (mn + v T* (2 — Txn)) I
-+l prox,, (xn + v IT*(z — Tmn)) — x|

< T T (@ — )| + | rox,,, (2n +9T" (2 = T2n)) — 2all
Therefore, the boundedness of (v, )nen and Corollary 5.16(ii)&(iii) yield
(5.28) [vn — prox., s (vn + hyn) + prox, ¢ hall — 0.
On the other hand, (5.26) states that
(5.29) vn — 0.

The remainder of the proof is patterned after that of [30, Lemma 3.18]. There, it was
shown that, if |T|| < 1 and ~, = 1 (hence h,, = z + T*(z — Tx)), then (5.28) and
(5.29) imply that v, — 0. We shall show that this conclusion remains true in our
more general setting. Define, for every n and kin N, n,, 1 = (hyp, | €x), Vn .k = (Un | €x),
& = (x| ex), xk = (q | ex), and px = (r | ex), where ¢ = T*(2—Tx) and r = 2q/|T||>.
Since, for every n € N, h,, = x + v,q and v, < 2/||T||?, we have

(5.30) (Vk € N)(Vn € N) |nnkl?/2 < &7 + 22 lxel® < 1617 + |kl
Now let ¢ = inf (,, xyen2 wn k- Note that (5.24) and our assumptions yield
(5.31) 0> 0.

As in [30, Lemma 3.18], we treat the cases 1 < p < 2 and p = 1 separately.

First, suppose that 1 < p < 2. We derive from (5.29) that sup,,cy ||vn|| < B for
some B € ]0,+o00[. Now define K= {k € N | (3n € N) |, x| > B}. Then we derive
from (5.30) that

(5-32) (Vk € K)3n € N) [&* + [pl* = nn|?/2 > B? /2.
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Consequently, since z and r lie in H, we have

(5.33)

+00 > Y (16 + lonl?) = Y (16 + lonl?) = (card K)B?/2,
keN kekK

and K is therefore a finite set. Consequently, it results from (5.29) that >, o [vn.k]? —
0. To show that [v,[|* — 0, it remains to show that Y,y [Vn.k* — 0. The defi-
nition of K yields

(5.34)

(Vk e NNK)(Vn € N) |n,x| < B.

Using (5.31), (5.34) and proceeding as in [30, Lemma 3.18], we obtain a constant
i € ]0, +oo[ depending only on p, §, and B such that

Z |l/n,k|2 < 1% Z |Vn,k - prOXwnyk‘.‘p(Vn,k + nn,k) + pI'OXwnyk‘.‘p "7n,k|2
keNNK keNNK

(5.35)

< pllvn —prox, s (vn + hy) + prox, 2.

Hence it follows from (5.28) that Y,y [Vn.k]? — 0, as desired.
Finally, suppose that p = 1. Since z and r lie in H, (5.30) yields

(5.36)

D 5up i ef?/2 < 37 (Iel? + lpel?) < +oc.

keN™ keN

Hence, by (5.31), there exists an integer K € N such that (Vn € N) 3, [mnx]* <

(6/2)?, and it follows from (5.29) that Ef:() |Un.k[* — 0. It now remains to show that
> ks [Vnk]? — 0. Invoking the same arguments as in [30, Lemma 3.18], this follows
from (2.35) and (5.28). O

REMARK 5.20. Let us make a few of comments about Corollary 5.19.

(i)

(iii)

In [30, Remark 3.14], the assumption p < 2 in Problem 5.18 was made to en-
sure that the sequence (z,,)nen is bounded, whereas here it is made to ensure
that Problem 5.18 has solutions. These two conditions are perfectly consis-
tent. Indeed, the algorithm of [30] iterates z,+1 = Rz, = R""lzg, where
R = prox;, o(Id +1%(2 — T')) is nonexpansive (actually averaged nonexpan-
sive [25]) and its fixed point set Fix R is the set of solutions to Problem 5.18
(Proposition 3.1(iii) or Proposition 5.15(iv)). Hence, (R"2o)nen is bounded
if and only if Fix R # &; actually, Fix R = @ = ||R"x¢|| — +oo [11, Corol-
lary 9(b)].

Let f: (§x)ren — D pen Wk|&k|P. Then, since infrenywp > 0, f is strongly
convex on ¢P(N) for p = 2, and strong convergence can be deduced directly
from Theorem 5.5(iv)(b) and Proposition 3.6(vii). However, for 1 < p < 2, we
cannot conclude via Theorem 5.5(iv)(b) and Proposition 3.6(vi) since, even
for (wg)ken constant, f is known to be uniformly convex on bounded sets
only in ¢P(N) [75].

For p = 1, it follows from Corollary 5.19 and Example 2.20 that (5.24)-
(5.25) is a strongly convergent iterative soft-thresholding method. This result
extends the theoretical foundations of the multiresolution schemes proposed
in [10, 31, 36, 64, 65].

6. Denoising problems.

6.1. Problem statement and basic properties. In denoising problems, G =
H and T'=1d in (5.1), which leads to the data formation equation
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(6.1) z =T+ w.

In other words, z is a noisy observation of Z. We derive from Problem 5.1 the following
formulation.
PROBLEM 6.1. Let
(i) K be a real Hilbert space;
(ii) L: H — K be a bijective bounded linear operator such that L=! = L*;
(iii) f € To(K).

The objective is to

. 1 ,
(6.2) minimize f(Lx) + §Hx —z||I°.

PROPOSITION 6.2. Problem 6.1 possesses exactly one solution z®, which is char-

acterized by one of the following equivalent conditions:
(i) 2% = prox;.p 2 = (L* o prox;oL)z.

(i) (vy € H) (y— 2% | z—22) T [(L=®) < f(Ly).

Proof. Since T' = Id , the existence and uniqueness of a solution follow from Propo-
sition 5.3(iii). The characterizations are obtained by applying Proposition 5.3(iv) with
T=Id andy=1.0

EXAMPLE 6.3 (Wavelet soft-thresholding). Suppose that, in Problem 6.1, (ex)ken
is an orthonormal wavelet basis of H, K = (*(N), L: z — ((z | ex))ren, (Wk)ken
is a sequence in ]0,+oo[, and f: (& )ren — D penwkl&k|- Then, it follows from
Example 2.20 that z® is the wavelet soft-thresholded transformation of z [33, 34].

Proposition 6.2 states that Problem 6.1 admits a unique solution z® = ProXyop, 2.
According to Moreau’s decomposition principle (2.25), the signal z can be decomposed
as

(6.3) z =294 29
where 2° = ProX(for)+ # = PIOX;.op, Z is by definition the solution to the dual problem
(6.49) mimize f*(La) + 5o — 2|
. minimize x)+ =z — z||*.
rEH z 2

Moreover, f(Lz%)+ f*(Lz°) = (29 | 29). Schematically, the action of the dual filters
proXy.y, and proxy.,, can be represented as in Figure 1.

2 proxso;,  —— 2% (denoised signal)

ProXs..;, (——=2° =2z — 2% (residual signal)

Fig. 1: Proximal signal denoising.
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Moreau’s decomposition principle tells us that the component of the signal that is
filtered out, namely z©, is actually dually related to the denoised component z® since
it is obtained by applying the same type of proximal operation to z, except that the
function f is now replaced by its conjugate f*. In practice, deeper insights into the
properties of the denoising procedure can be gained from the availability of the two
components z® and z° in the decomposition of z. This is particularly important
in standard linear hierarchical signal analysis [49], as well as in certain nonlinear
extensions thereof [24, 28].

As a classical illustration of this denoising decomposition, consider the case when
H = L2(R), K = H x H, and the Fourier transform T of the original signal in (6.1) lies
mostly in some low frequency band B, whereas the Fourier transform @ of the noise
lies mostly in a higher frequency range. Then it is natural to obtain the denoised
signal z® by low-pass filtering z [58]. Now let L: H — K be the Fourier transform
operator, let V' be the closed vector subspace of K of signals with support B, and set
f = ty. Then, as is well-known [23, 66], the above low-pass filtering operation can be
written as 2¥ = Py/(Lz) which, in light of (2.14), we can rewrite as 2% = prox;., 2.
Since f* =i, = ¢y 1, the signal that is filtered out is indeed the high-pass component
29 = Py (Lz) = proxXs.op, 2.

As a second example, take H = L?(Q2), where (2 is a bounded open domain in R,
and let f be the total variation, i.e.,
(6.5) frae {”ﬂ Ve, i v € )

~+00, otherwise,

where v € |0, 4+00[. Then the denoising problem (6.2) was initially proposed in [62].
In this case, the proximal decomposition (6.3) appears implicitly in [51], where z®
was described as a bounded variation component of the image z carrying most of its
structure, while z® was described as a texture/noise component. One will find in [51]
a detailed and insightful analysis of this decomposition model.

We conclude this section with a stability result. Let z € H be a perturbation of
the data z and, as above, let Z% and 2% be the associated solutions produced by (6.2).
Then it follows at once from Proposition 5.4 with 7'=1d that [|z® —2%| < ||z —Z]|.
Here is a sharpening of this result.

PROPOSITION 6.4. Let Z € H. Then ||2® —Z%|2 +]2° —=2°|2 < ||z —Z||?, where
we have used the same notation as in (6.3).

Proof. Using Lemma 2.4 and (6.3), we obtain

12® = Z€|* = || proxsor 2 — proxgep 7 ||

< 2 = 211> = [(1d —proxsep)z — (Id — prox,,)Z ||
= FE (- 20 - (B2

(6.6) = Iz = 2” = 1€ - Z°I”.
O

6.2. A split denoising problem. As seen in Proposition 6.2, the solution to
Problem 6.1 is 2% = L*(proxf (Lx)) In Section 2.6 we have provided examples of
proximity operators that could be computed in closed form. In some problems, how-
ever, it may be more difficult to evaluate prox; directly and some iterative procedure
may be required. We address this question in the case when f can be split into the
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sum of two functions, say

(6.7) f=p+,

where
(i) v € I'o(K) and the operator prox,, is relatively easy to implement;
(ii) ¢ € T'o(K) is differentiable and V4 is a-Lipschitz continuous on K for some
a €10, +ool.
Problem 6.1 then becomes

1
(6.8) minier%ize o(Lx) + ¢(Lx) + §||a: — 2|

We now provide a strongly convergent algorithm to construct the solution 2 to (6.8).

THEOREM 6.5. Let (Y )nen be a sequence in |0, 400 such that 0 < inf,en v, <
SUP,enTn < 2/(a+ 1), let (An)nen be a sequence in |0,1] such that inf,eny Ay, > 0,
and let (an)nen and (bn)nen be sequences in K such that 3\ llan| < +oo and
Y nen bn|l < 400, Fiz g € K and, for every n € N, set

(69) Tn+1 = Tn + An(proxfyngp ((1 - f)/n)xn + fYn(LZ - Vw(l‘n) - bn)) + an — xn) .

Then (xn)nen converges strongly to x = prox;(Lz) and 2® = L*x.
Proof. In view of assumption (ii) in Problem 6.1, (6.8) is equivalent to

1
(6.10) minierlrclize o(x) + Y(z) + 3 |z — Lz|>.

Now set fi = ¢ and fo = ¢ + || - —Lz||*/2. Then V5 is Lipschitz continuous with
constant 1/8 = a+ 1 and (6.10) is a special case of Problem 1.1 transposed in K.
Moreover, (6.9) is a special case of (3.6). We also observe that, since || - —Lz||%/2
is strongly convex, fo is likewise. It therefore follows from Proposition 3.6(vii) that
f2 satisfies Condition 3.2. Hence, we derive from Theorem 3.4(iv)(c) that (2, )nen
converges strongly to the solution z = Lz® to (6.10). O

REMARK 6.6. The continuity of L* yields L*z,, — 2z® in Theorem 6.5.

A noteworthy special case of (6.8) is when ¢ = (¢, for some nonempty closed
convex set C' C K. In this case, we seek the optimal solution to the denoising problem
relative to 1 o L over the feasibility set L=1(C), i.e.,

o 1 2
(6.11) minimize W(Lx) + §||a: —z||=
This formulation makes it possible to incorporate more a priori information in terms
of constraints on Lz®. As a direct corollary to Theorem 6.5 we obtain the following
corollary.

COROLLARY 6.7. Let (v, )nen be a sequence in |0, +00[ such that 0 < inf,en vn <
SUP,en Tn < 2/(a+ 1), let (An)nen be a sequence in ]0,1] such that inf,eny A, > 0,
and let (an)nen and (bn)nen be sequences in K such that 3\ llan| < +oo and
Y nen bn|l < 400, Fiz g € K and, for every n € N, set

(6.12)  zpy1 =Tn + Ay <Pc((1 — Yn)Tn + Y (Lz — V(x,) — bn)) + a, — xn) .

Then (xn)nen converges strongly to x = prox;(Lz) and 2% = L*x.
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