Appendix A

Practical implementation using Mathematica

The purpose of this appendix is to illustrate some of the set partitions and diagram
formulae we have encountered. We do this through a practical implementation of these
formulae by using the software program Mathematica'?. The source code and more
detailed examples are contained in a companion Mathematica notebook. This notebook
can be downloaded by using the link:

http://extras.springer.com, Password: 978-88-470-1678-1

To view the notebook you may use the free Mathematica Reader which you can down-
load from the Internet or you can use the Mathematica program itself. The Mathemat-
ica program (version 7.0 or later) must be installed on your computer or remotely
through your system if you want to execute the source code.

A.1 General introduction

The filename of a Mathematica notebook ends with a “.nb”. Place the notebook and
the style file StyleFile978-88-470-1678-1.nb in the same folder. This style file formats
the notebook nicely but it is not absolutely necessary to have it.

In Windows, double-clicking on the notebook will open the notebook and start
Mathematica (or the Mathematica Reader). It is best to begin by executing the entire
notebook because some functions depend on previously defined functions. To exe-
cute the entire notebook (on Windows), press Control-A (to select all the cells in the
notebook), followed by Shift-Enter. (On a Mac, press Command-A followed by Shift-
Enter.) These actions will execute all of the function definitions and examples in this
notebook. This may take a little time. You will see “Running” on the top left of the

' Mathematica is a computational software program developed by Wolfram Research.
2 For further references on the use of Mathematica in the context of multiple stochastic inte-
grals, see for example, [54], [155].

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams -
A survey with computer implementation.
© Springer-Verlag Italia 2011
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notebook. After the execution has completed, you will be able to apply the functions
created in this notebook to new set partitions or to create additional examples of your
own. You may type, paste, or outline a command and then press Shift-Enter to execute
it. You may do this in the present notebook or, preferably, in a new notebook that you
would open.

Please note that the execution of any of these functions requires the use of the
Combinatorica package in Mathematica (which can be activated by executing the line
Needs [“Combinatorica”]. We automatically execute this package in this note-
book.

To type a command, simply type the appropriate function and the desired
argument and press Shift-Enter to execute the cell in which the command is located.
Mathematica will label the command as a numbered input and the output will be
numbered correspondingly. One can recall previous outputs with commands like %5,
which would recover the fifth output in the current Mathematica session. Unexecuted
cells have no input label.

Warning. Some of the functions in this notebook use a brute-force methodology.
The number of set partitions associated to a positive integer n grows very rapidly,
and so any brute-force methodology may suffer from combinatorial explosion. Unless
you have lots of time and computational resources at your disposal, it may be better
to investigate examples for which n is small.

Comment about In[ ] and Out[ ]. Mathematica, after execution of a command,
automatically numbers it, for example, “In[1]:=". The output lines are also numbered,
for example, the corresponding output line will start with: “Out[1]=". Here, we sym-
bolically start a command input line with “/n:=" and the corresponding output starts
with “Out="". Thus, in the sequel do not type, for example, “In:=" nor “In[269]:=",
as this is automatically generated by Mathematica after you execute the command by
pressing Shift-Enter.

Comments about the time it takes to evaluate a function. To evaluate the time
it takes to simulate 1,000,000 realizations of a standard normal random variable, type:

In := RandomReal[NormalDistribution[0, 1], {1 000 000}]; // AbsoluteTiming
Out= 0.2187612, Null

The semicolon suppresses the display of the output (except for the timing result),
which is generated by AbsoluteTiming. The first part of the output is the number of
seconds it took Mathematica to generate 1,000,000 realizations of a standard normal
random variable. The output was suppressed, which is why the symbol Null appears
in the second position.
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Comments about the function names. We typically give the functions long, in-
formative names. In practical use, one may sometimes want to use a shorter name. For
example, to have the function Chi do the same thing as the function CumulantVector-
ToMoments, set:

In := Chi = CumulantVectorToMoments

A few similar functions may have different names because they are used in dif-
ferent contexts. This is the case, for example, of the functions MeetSolve, PiStarMeet
Solve and MZeroSets.

Comments about typing Greek symbols. To type symbols, such as y and x,
either copy and paste them with the mouse from somewhere else in the notebook or
type respectively \[Mu] and \[Kappa]. Mathematica converts these immediately to
greek.

Comments about Mathematica notation. In Mathematica, a set partition is
denoted in a particular way, for example, {{1,2,4}, {3}, {5}} is a set partition of
the set {1,2,3,4,5}. The trivial, or maximal, partition consisting of the entire set
is denoted {{1,2,3,4,5}} and the set partition consisting entirely of singletons is

denoted {{1}, {2}, {3}, {4}, {5}}.

Comments about hard returns. Mathematica ignores hard returns. Therefore, if
the input line is long, one can press “Enter” in order to subdivide it.

Comments about stopping the execution of a function. Hold down the “Alt”
key and then press the “.” key, or go to the menu at the top, choose “Evaluation” and
then choose “Abort Evaluation.”

Comments about the examples below. The examples are particularly simple.
Their only purpose is to illustrate the Mathematica commands. The Mathematica out-
put will sometimes not be listed below, because it is either too long or would require
complicated formatting.

A.2 When Starting

Type first the following two commands:
In := Needs [“Combinatorica”] ; Off[First::first]

The first command loads the package Combinatorica. The second command shuts off
an error message that does not impact any of the function outputs. These commands
will be executed in sequence.
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Note: These two commands are listed at the beginning of the notebook. They will
be automatically executed if you execute the whole notebook.

A.3 Integer Partitions

A.3.1 IntegerPartitions

Find all nonnegative integers that sum up to an integer n, ignoring order; this is a
built-in Mathematica function.

» Please refer to Section 2.1.

Example. Find all integer partitions of the number 5. The output {3, 1, 1} should
be read as the decomposition 5 =3 4+ 1 + 1.

In := IntegerPartitions[5]

Our= {{5},{4,1},{3,2},{3, 1, 1},{2,2,1},{2, 1, L, 1}, {1, 1,1, 1, 1}
Example. Count the number of integer partitions of the number 5.

In := Length[IntegerPartitions[5]]
Out= 7

A.3.2 IntegerPartitionsExponentRepresentation

This function represents the output of IntegerPartitions in exponent notation; namely,
1727 ... n™ where r; is the number of times that integer ¢ appears in the decompo-
sition, ¢ = 1, ..., n.

Example. Find all integer partitions of the number 5, and express them in
exponent notation. Thus 5 = 3 + 1 + 1 is expressed as {122°3'495%} since there are 2
ones and 1 three.

In := IntegerPartitionsExponentRepresentation[5]

Out= {{1020304951}  [1120304150} = 110213140501 = 112203140503

{1 122304050}7 {1321304050}7 {1520304050}}
A.4 Basic Set Partitions

» Please refer to Section 2.2.
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A.4.1 SingletonPartition

Generates the singleton set partition of order n, namely 0 = {{1},{2},---,{n}}.
This is a partition made up of singletons.

Example. Generate the singleton set partition of order 12.

In := SingletonPartition[12]

Our= {{1},{2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}}

Example. Same example with grid display.

In := Grid[SetPartitions[3], Frame — All]

Out= {1,2,3}
{1} {23}
{1.2} {3}
{1.3} {2}
{13 {2} {3}

A.4.2 MaximalPartition

Generates the maximal set partition of order n, namely 1 = {{1,2,...,n}}.
Example. Generate the maximal set partition of order 12.
In := MaximalPartition[12]

Out=" {{1,2,3,4,5,6,7,8,9,10,11,12}}

A.4.3 SetPartitions

Enumerates all of the set partitions associated with a particular integer n, namely all
set partitions of {1,2,--- ,n}; this is a built-in Mathematica function.

» Please refer to Section 2.4.
Example. Enumerate all set partitions of {1,2,3}.
In := SetPartitions[3]

Our= {{{1,2,3}}, {{1},{2,3}}, {{1,2},{3}}, {{1,3},{2}},
{1 {25 {31}
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A.4.4 PiStar

Generates a set partition of {1,2,--- ,ny + - -+ 4+ ng}, with k blocks, the first of size
n, and the last of size n, that is,

* :{{1’... 7n1}7{n1 +17... M _A'_nz},... ’{n1+...+nk71+1’... 7n}}
» Please refer to Formula (6.1.1).
Example. Create a set partition 7* with blocks of size 1, 2,4, 7, and 9.

In:= PiStar[{1,2,4,7,9}]
Oour= {{1},{2,3},{4,5,6,7},{8,9,10,11,12, 13, 14},
{15,16,17,18,19,20,21,22,23}}

A.S Operations with Set Partitions

A.5.1 PartitionIntersection

Finds the meet o A 7 between two set partitions o and 7; each block of o A 7 is a
non-empty intersection between one block of o and one block of 7.

Example. Find the meet between the set partitions {{1,4,5},{2},{3}} and
{{1,2,5}, {3}, {4}}

In := PartitionIntersection [{{1,4,5},{2},{3}},{{1,2,5},{3},{4}}]
Our=" {{1,5},{2}, {3}, {4}}

Example. If the partitions ¢ and 7 are not of the same order, then PartitionInter-
section returns a message.

In := PartitionIntersection[ SingletonPartition[8], {{1, 2, 5, 6, 7}, {3}, {4}}]
Out= Error

A.5.2 PartitionUnion

Finds the join o V 7 between two set partitions o and 7; that is, the union of blocks of
o and 7 that have at least one element in common.

Example. Find the join between the set partitions {{1,4,5},{2},{3}} and
{{1,2,5}, {3}, {4}}

In := PartitionUnion [ {{1,4,5}.{2}.{3}}, {{1,2,5}.{3}.{4}} ]
Out= {{1,2,4,5},{3}}
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A.5.3 MeetSolve

For a fixed set partltlon 7, find all set partltlons o such that the meet of 7 and o is the
singleton partition 0, that is, o A 7w = 0.

» Please refer to Section 4.2.

Example. Find all set partitions o such that the meet of o and {{1,4,5}, {2}, {3}}
is the singleton partition 0.

In:= MeetSolve[{{1,4,5},{2},{3}}]

Out=" {{{1},{2,3,4},{5}}, {{1},{2,5}.{3.4}}, {{1},{2,3,5},{4}},
{1} {243, {3,531, {{1,2}, 3,4}, {5}}, {{1.2},{3,5}, {4}},
{({1,2,35, {4}, {5}}, {{1,3},{2,4}, {5}}, {{1.3},{2,5},{4}},

H{1h {24 {34}, {5}, {1} {2}, {3, 5}, {4}}, {{1}.{2,3}, {4}, {5}},
({142,453}, {5} {{1h.{2,5} {3}, {4}}, {{1,2}, {3}, {4}, {5}},
(1,35, {28 {4}, {5}, {1}, {2}, {3}, {4}. {S}}}

The output also displays the number of solutions (namely 17).

A.5.4 JoinSolve

For a fixed set partltlon «, find all set partltlons o such that the join of 7 and o is the
maximal partition 1, that is, o V 7 = 1.

Example. Find all set partitions o such that the join of o and {{1,4,5},{2},{3}}
is the maximal partition 1.

In:= JoinSolve[{{1,4,5},{2},{3}}]

our= {{{1,2,3,4,5}}, {{1},{2,3,4,5}}, {{1,2},{3,4,5}},
{{1,2,3},{4,5}}, {{1,3},{2,4,5}}, {{1,2,3,4},{5}},
{1,5},{2,3,4}}, {{1,2,5},{3,4}}, {{1,3,4},{2,5}},
{{1,2,3, 5}, {4}}, {{1,4},{2,3,5}}, {{1,2,4},{3,5}},
{{1,3,55,{2,4}}, {{1},{2,3,43,{5}}, {{1},{2,5},{3,4}},
{13,42,3, 55, {4}}, {{1},{2,4},{3,5}}, {{1,2},{3,4}, {5}},
{1,2}, 13,55, {4}}, {{1,2,3}, {4}, {5}},
{131, 42,43, {53}, {{1,3},{2,5}, {4}}}
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A.5.5 JoinSolveGrid

Display the output of JoinSolve in a grid.

Example. Find all set partitions o such that the join of o and {{1,2},{3,4}} is
the maximal partition 1.

In:= JoinSolveGrid[{{1,2},{3,4}}]
Out= " {1,2,3,4}

{1 {2,3,4}
{1,3,4} {2}
{1,2,3} {4}

{1,4}  {2,3}
{1,2,4} {3}
{1,3}  {2,4}

{1y {23} {4
{24 {3
(L3} {2} {4
{4 {2} {3}

A.5.6 MeetAndJoinSolve

For a fixed set partition 7, find all set partitions ¢ such that the join of 7 and o is
the maximal partition 1 AND the meet of 7 and ¢ is the singleton partition 0. that is,
cAm=0andoVT=1.

Example. Find all set partitions o such that the join of o and {{1,4, 5}, {2}, {3}}
is the maximal partition 1 and such that the meet of o and {{1,4,5}, {2}, {3}} is the
singleton partition 0. Include the timing of the computation.

In := MeetAndJoinSolve [{{1,4,5},{2},{3}}] // AbsoluteTiming
Out={0.2031250, {{{1},{2,3,4},{5}}, {{1},1{2,5},{3,4}},
{11,{2,3,50 {41}, {{1},{2,4},{3,5}}, {{1,2},{3,4},{5}}
{123, {3,5},{4}}, {{1,2,3}, {4}, {5}}
{133, {2,45, {51}, {{1,3},{2,5}, {4}}}}

The output in the first position is the number of seconds it took to generate the rest
of the output. The number of solutions will also be specified (namely 9).
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A.5.7 CoarserSetPartitionQ
This is a built-in Mathematica function; CoarserSetPartitionQ[o, 7] yields “True” if

the set partition 7 is coarser than the set partition o; that is, if ¢ < 7, i.e., if every
block in ¢ is contained in a block of 7.

Example. Is the set partition 7 = {1,2}, {3,4}, {5} coarser than the set partition

o={{1,2,3,4},{5}}?

In:= CoarserSetPartitionQ[{{1,2, 3,4}, {5}}, {{1,2},{3,4}, {5}}]
Out= False

A.5.8 CoarserThan

For a fixed set partition 7, find all set partitions o such that ¢ > m, i.e., all set
partitions such that every block of 7 is fully contained in some block of .

Example. Find all of the set partitions o such that o > {{1,2}, {3,4}, {5}}.

In:= CoarserThan[{{1,2},{3,4},{5}}]
Our=" {{{1,2,3,4,5}},{{1,2},{3,4,5}},{{1,2,3,4},{5}},
{{1,2,5},{3,4}}, {{1,2},{3,4},{5}}}
A.6 Partition Segments

A.6.1 PartitionSegment

For set partitions o and m, find the partition segment [o, 7], that is, all set partitions p
such that o < p < 7.

» Please refer to Definition 2.2.4.
Example. Find all of the set partitions p such that
{13, {2}, 3}, {4, 5} =o < p <7 ={{1,2,3},{4,5}}.
In := PartitionSegment[{{1}, {2}, {3}, {4,5}}, {{1,2,3},{4,5}}]
Our= {{{1,2,3},{4,5}}, {{1},{2,3},{4,5}}, {{1,2},{3},{4,5}},
{33421 {4, 53}, {13,423, {3}, {4, 5}}}

The output also specifies the number of partitions in the segment (namely 5).
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A.6.2 ClassSegment

For set partitions ¢ and 7, with o < 7, obtain the “class” of the segment [, 7], namely
Ao, ) = (127 - |g|"e1),

where r; is the number of blocks of 7 that contain exactly ¢ blocks of ¢ (terms with
exponent zero are ignored in the output).

» Please refer to Definition 2.3.1.

Example. Compute the class segment when ¢ = {{1,2},{3},{4,5}} and
m={{1,2,3},{4,5}}.

In:= ClassSegment[{{1,2},{3},{4,5}}, {{1,2,3},{4,5}}]
Out= (12"

This is because only one block of 7 (namely, {4,5}) contains one block of ¢ and
one block of 7 (namely, {1,2,3}) contains two blocks of o. The answer could be more
fully written as (1'2!39).

A.6.3 ClassSegmentSolve

Given a partition o, find all coarser partitions 7 with a specific class segment A(o, 7) =
(1272 .- |o|"let) written as {{1,71},{2, 72}, ,{|o], 7o} } With r; > 0 or merely
r; > 0. We want r; blocks of 7 to contain exactly ¢ blocks of o, fort =1, ..., n.

Input format. ClassSegmentSolve[o, A(o, 7)]

Example. Find the set of all partitions 7 such that the class segment of
o= {{1,2},{3},{4,5}} and 7 is equal to A(o, 7) = (1'2!). We want r; = 1 block
of 7 to contain one block of ¢ and r, = 1 block of 7 to contain two blocks of o.

In:= ClassSegmentSolve[{{1,2}, {3}, {4,5}}, {{1, 1}, {2, 1}}]
Our= {{{1,2},{3,4,5}}, {{1,2,3},{4,5}}, {{1,2,4,5},{3}}}

If = = {{1,2},{3,4,5}}, then {1,2} contains the block {1,2} in ¢ =
{{1,2},{3},{4,5}} and {3,4,5} contains the blocks {3} and {4,5} of 0.
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A.6.4 SquareChoose

For a list of non-negative integers {ry, 2, ..., 7, }, with 1r; 4+ 2r; +--- + nr, = n,
compute

nl_ n . n!
{/\} B {Tl, ...,rn} n (ll)r1 7! (ZI)T2 Tl (n!)rn rnl

If one relabels the integers and denote by {71, 77, - , 71}, with & < n and k equal to
the greatest integer in [n] such that 7, > 0, then 1y + 275 + - - - 4+ k7, = n, and

m - {7"1;-717%} T ann 7"1!(2!)”771'!2! e (R )

» Please refer to Formula (2.3.8).

Example. For the list {1,3,0,0,0,0,0} or the list {1, 3} compute

7!
(AN AN GH

SquareChoose[{1, 3,0, 0, 0, 0, 0, 0}]
SquareChoose[{1,3}]

In:
In:

The output is 105 in both cases.

A.7 Bell and Touchard polynomials

» Please refer to Section 2.4.

A.7.1 StirlingS2
Obtain the Stirling numbers S(n, k) of the second kind, where 1 < k < n. This is a

built-in mathematica function. Recall that

n!
S ,k’ - r r 9
(n, k) Z (AN et 2Dt (n— k4 D)me—ktip, !
TlyeesTn—k+1
where the sum runs over all vectors on nonnegative integers (71, ..., 7, k1) satisfying
4+ Tk =kand lry +2rp - - +(n—k+ 1) rp_pr1 = n.

» Please refer to Proposition 2.3.4.
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Example. Get S(3,2).

In := StirlingS2[3, 2]
Out= =3

Example. Get all the Stirling numbers of the second kind for n = 10.

In := Table[StirlingS2[10, k], k, 10]
Out= 1,511, 9330, 34105, 42525, 22827, 5880, 750, 45, 1

Example. Make a table of the Stirling numbers of the second kind forn =1, ..., 10
andk=1,...,n.

In := Table[If[n >=k, StirlingS2[n, k]], {n, 1, 10}, {k, 1, 10}] // MatrixForm

Out= 1 Null Null Null Null Null Null Null Null Null
1 1 Null Null Null Null Null Null Null Null
1 3 1  Null Null Null Null Null Null Null
1 7 6 1 Null Null Null Null Null Null
1 15 25 10 1 Null Null Null Null Null
1 31 90 65 15 1 Null Null Null Null
1 63 301 350 140 21 1 Null Null Null
1 127 966 1701 1050 266 28 1 Null Null
1 255 3025 7770 6951 2646 462 36 1 Null
1 511 9330 34105 42525 22827 5880 750 45 1

The output has “Null” in the upper quadrant since the S(n, k) are either not defined or
are set equal to 0 when k& > n.

A.7.2 BellPolynomialPartial

Generate the partial Bell polynomials B, (1, ..., £n—g+1), defined for 1 < k < n.
Recall that

Bn,k('rh ey xn—k-{-l) =
S e () (20
rilral o V1 n—k+1)!
T1seeTn—k+1 12 n—ktl ( )
where the sum runs over all vectors on nonnegative integers (71, ..., 7 —g+1 ) satisfying

ri4-+rp_pr1r =kand lr; +2rp - - +(n—k+ 1) rp_gr1 = n.

» Please refer to Definition 2.4.1.
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Input format. BellPolynomialPartial[n, k, z] where | < k < n and z is a vector of
length at least n — k + 1 (the extra components are ignored). The index & can also be
“All”. This outputs By, 1, - - , By, in alist.

Example. Generate the partial Bell polynomial n = 4,k = 2 and 3 variables
x1,22, 23, x4 . These form a vector and must be inserted with curly brackets.

In := BellPolynomialPartial[4, 2, {x1, 22, 23}]
Out= 3x2* +4xla3

The output should be read as 323 + 4x15.

Example. Numerical computation with n = 70, k = 50, and the variables taking
consecutive numerical values.

In := BellPolynomialPartial[40, 33, {1,2,3,4,5,6,7,8}]
Out=794559498748278120

Example. Numerical computation with n = 70, k = 50 , and the variables taking
consecutive numerical values, defined through a table.

In := BellPolynomialPartial[70, 50, Table[i, {i, 1, 70 - 50 + 1}]]
Out= 15438518873468196487426757812500000000000000000000

A.7.3 BellPolynomialPartialAuto

Automatically generates symbolic form of BellPolynomialPartial[n, k] without having
to input a vector. Moreover k can be ‘All’, in which case the outputis By, 1, -+ , By »,
in a list.

Example. Generate the partial Bell polynomial n = 4, k = 2 but with unspecified
variables.

In := BellPolynomialPartial Auto[4, 2]
Out= 323 + 4z 1133

Example. Generate all the partial Bell polynomials with n = 4.

In := BellPolynomialPartial Auto[4,“All”’]
Out={z4, 396% + 4z 172, 695%953» x?}
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A.7.4 BellPolynomialComplete

Generate the complete Bell polynomial of order n, that is,

§ n LT T
Bn(xl,x27...7xn): |:T :|x11x22...xnz
1y

s T
|
n: T2 T
— . . . €T, X <. n
Z (AN 2Dyl (), n
where the sum is over all non-negative ry, 7y, - ,r, satisfying 1r; + 2r, + --- +

nr, = n.
» Please refer to Definition 2.4.1.

Input format. BellPolynomialComplete[z] where x is a vector. The length of the
vector determines the value of n.

Example. Generate the complete Bell polynomial with 4 variables =1, 22, 23, z4.
These form a vector and must be inserted with curly brackets.

In := BellPolynomialComplete[{x1, 22, 23, z4}]
Out= 1%+ 621222 + 322% + 4123 + 24

The output should be read as =} + 623z, + 323 + 4223 + 24.
Example. Generate the complete Bell polynomial with 4 identical variables.
In := BellPolynomialComplete[{z, x, x, x }]

Out= x4+ 72* + 623 + z*

A.7.5 BellPolynomialCompleteAuto

Automatically generates a symbolic form of complete Bell polynomial of order n.
There is no need to input a vector.

Input format. BellPolynomialCompleteAuto[n].
Example. Obtain the complete Bell polynomial of order 4.

In := BellPolynomial Complete Auto[4]
Out= x‘l‘ + 6x%x2 + 39:% +4x1x3 + T4
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Example. Make a table of Complete Bell polynomials of order 1 to 6.

In := TableForm[Table[BellPolynomialCompleteAuto[n], n, 1, 6],
TableHeadings — “n=17, “n=2", “n=3", “n=4", “n=5", “n=6", None]
Out=

n=1 T

n=2 3 + 1,

n=3 :1:? + 3z120 + 23

n=4 :1:‘1l + 6x%x2 + 31‘% +4x1x3 + 24

n=5 xf + 10.1‘?.’1'}2 + 15x1x§ + 10.’1?%.’133 + 10223 + Sx124 + TS

n=6 x¢ + 152}y + 452323 + 1523 + 202323 + 607 2225 + 1023

+15x%x4 + 152,24 + 6125 + X6

A.7.6 BellB

Gives the complete Bell polynomial when all the arguments are identical and computes
the Bell number of order n. These are buit-in mathematica functions.

Input format. BellB[n, x] where n is a non-negative integer and x is a scalar. This is
equivalent to BellPolynomialComplete[{z, z, .., z, x}] with the scalar 2 appearing n
times.

Example. Get BellPolynomialComplete[{z, =, z, x}] using BellB[4, z].
In:= BellB/4,z]
Out= z + 72> + 62° + a*

Input format. BellB[n].

This is the Bell number of order n. It is equivalent to
BellPolynomialComplete[{1, ..., 1}] with 1 appearing n times and also equiva-
lent to T}, (1), where T, is the Touchard polynomial.

Example. Get BellPolynomialComplete[{1, 1, 1, 1}] using BellB[4].

In := BellB[4]
Out= 15

Example. Get the Bell numbers up to 20.

In:= Table[BellB[k], {k, 20}]

Out= {1, 2, 5, 15, 52, 203, 877, 4140, 21147, 115975, 678570, 4213597,
27644437, 190899322, 1382958545, 10480142147, 82864869804, 682076806159,
5832742205057, 51724158235372 }
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Example. Compute the sum of SquareChoose of over all values of its non-negative
arguments, that is:

n n!
Z |:’I“1, ...,’rn:| - Z (U)Tl 7‘1! (2|)7‘2 ,rz! .. (TL!)T" Tn!

This amounts to evaluate the corresponding complete Bell polynomial with the
variables x all equal to 1 or BellB[n]. Do it for n = 5.

In := BellB[5]
Out= 52

A.7.7 TouchardPolynomial

Obtain the Touchard polynomial T;,(x) of order n, where z is a scalar. It is, in fact,
identical to BellB[n, x]. The Touchard polynomial of order n is equal to the moment
of order n of a Poisson with parameter z.

» Please refer to Definition 2.4.1.

Input format. TouchardPolynomial[n, 2] where n is a non-negative integer and x is
a scalar.

Example. Get the Touchard polynomial of order n = 4.

In := TouchardPolynomial[4, x]
Out= x4+ 72* + 623 + z*

Input format. TouchardPolynomial[n, x, “All”]. This generates a full list of Touchard
Polynomials of order 0 up to order n.

Example. Get the Touchard polynomial of order 0 up to order 5.

In := TouchardPolynomial[5, x, “All”]
Out= ={1,z,z+2°, v+32°+2>, v+ 72> +6x° +2*, o+1522 42523 +102* +-2°}
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A.7.8 TouchardPolynomialTable

Generates a table of Touchard polynomials from order 0 to n.

Example. Get a table of the Touchard polynomials of order 0 up to order 5.

In := TouchardPolynomialTable[5]
Out= Tn

n

0 1

1 T

2 x + 22

3 x+322 423

4 x + 72% + 627 + 2*

5 x4+ 1527 + 2523 + 102* + 2°

A.7.9 TouchardPolynomialCentered

Computes the centered Touchard polynomial of order n. It is equal to the moment of
order n of a centered Poisson with parameter x.

» Please refer to Proposition 3.3.4.

Input format. TouchardPolynomialCentered[n, 2] where n is a non-negative integer
and x is a scalar.
Example. Get the Touchard polynomial of order n = 5.

In := TouchardPolynomialCentered[5, x]
Out= x + 1022

Input format. TouchardPolynomialCentered[n, x, “All”]. This generates a full list of
centered Touchard polynomials of order 0 up to order n.
Example. Get the centered Touchard polynomial of order 0 up to order 5.

In := TouchardPolynomialCentered|5, z;, “All”|
Out={1,0,z,2,r + 32%,x + 102?}
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A.7.10 TouchardPolynomialCenteredTable

Generates a table of centered Touchard polynomials from order 0 to n.

Example. Get a table of the centered Touchard polynomials of order 0 up to
order 5.

In := TouchardPolynomialCenteredTable[5]
Out=

W N = o 3
8 8 o — N

4 g+ 322
5 x+ 1022

A.8 Mobius Formula

» Please refer to Section 2.5.

A.8.1 MobiusFunction

For set partitions ¢ < 7, compute the Mobius function

plom) = (=" @) @Y™ ((n—1)H™
n—1

— n—1

= (—1)n—T H (j!)"‘j+1 — (_l)n—r H (j!)Tjﬂ ,

j=0
where n = |o|, r = ||, and A (o, 7) = (1"2"2 - .- n™) (that is, there are exactly r;
blocks of 7 containing exactly ¢ blocks of o).

Input format. MobiusFunction[o,7].

Example. Evaluation of the Mobius function with o = {{1}, {2}, {3,4}, {5, 6},
{7},{8,9}} and m = {{1,2},{3,4,5,6,7,8,9}}.

In := MobiusFunction[{{1}, {2}, {3,4},{5,6},{7},{8,9}}, {{1,2},
{3,4,5,6,7,8,9}}]
Out= 6
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Let’s check this result with ClassSegment.

In:= [{{1},{2},{3,4},{5,6},{7}. {891}, {{1,2},{3.4,5,6,7.8,9}}]
Out= (2'4")

Thus , = 1,74 = 1,n = 6,7 = 2 which explains why p(o,7) = (—1)%2
(3H! =e.
A.8.2 MobiusRecursionCheck

Verify that the Mobius function recursion

;L(U,W):Z - EE: wlo,p),

o<p<m

holds; in the output, the number in the first coordinate is ;4(o, 7) and the number in
the second coordinate is — > . (7, p); they should be equal.

Example. Check the Mobius function recursion when o = {{1},{2}, {3}, {4}}
and 7 = {{1,2,3,4}}.

In := MobiusRecursionCheck [{{1}, {2}, {3}, {4}},{{1,2,3,4}}]

The output is {—6, —6}, confirming equality.

A.8.3 MobiusInversionFormulaZero

Compute the Mobius inversion formula given by

Fm)= Y u(o,m)G o)

0<o<m
where F' and G are functions taking set partitions as their arguments.
Input format. MobiusInversionFormulaZero[r].

Example. Let 7 = {{1,2,3},{4,5}}. Forall 0 < o < 7, obtain the Mobius
function coefficient 1 (o, 7) and print G(o).

In := MobiusInversionFormulaZero[{{1, 2,3}, {4,5}}]
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Out=Number of partitions in the segment = 10

o w(o,m) G(o)

{{1,2,3},{4,5}} 1 G[{{1,2,3},{4,5}}]
H1h42,3h{4,51r -1 GH{{1},{2,3},{4,5}}]
{1,2},{3},{4,5}} -1 G[{{1,2},{3},{4,5}}]

{3 {2h {451 -1 GI{1,3},{2},{4,5}}]
12,3045, {5}y -1 GI{{1,2,3},{4},{5}}]
{1521, {31{4,5) 2 GH{1},{2},{3},{4,5}}]
{13423 {45, {5} 1 GI{{1},{2,3}, {4}, {5}}]
{12}, {35, {4}, {5}} 1 GK{1,2}, {3}, {4}, {5}}]
{1,35, {21, {4, {5}} 1 GR{1,3},{2}, {4}, {5}}]
(Hh 2 354 {5} -2 GIR{1},{2}, {3}, {4}, {5}}]
Here G is not specified so the output merely lists the various terms in the sum.
For example, in the output, the term corresponding to o = {{1},{2,3},{4,5}} is

(_1)CX{{1}3{2a3}v{475}})
The function MobiusInversionFormulaZero is also useful for computing

G(m)= Y F(o).

Ogagw

Merely ignore p(o, 7) and replace G(o) by F (o).

A.8.4 MobiusInversionFormulaOne

Compute the Mobius inversion formula given by

Fr)= Y u(m0)G (o)

r<o<l

where F' and G are functions taking set partitions as their arguments.
Input format. MobiusInversionFormulaOne|[].

Example. Let 7 = {{1,2,3,},{4,5}}. Forall 7 < ¢ < 1, obtain the Mobius
function coefficient i (7, o) and print G (o).

In:

MobiusInversionFormulaOne[{{1, 2,3}, {4,5}}]
Out= Number of partitions in the segment = 2

o w(o,m) G(o)
({1,2,3,4,5)})  —1  G[{{1,2,3,4,5}}]
{L2,35{4,51 1 G{{1,2,3},{4,5}}]
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The output has 2 terms only in this case:

(=DG{{1,2,3,4,51}] + (VG[{{1,2,3}, {4, 5}}].

The function MobiusInversionFormulaOne is also useful for computing

G(m)= > Fl(o).

wgagi

Merely ignore (o, ) and replace G(o) by F'(o).

A.9 Moments and Cumulants
» Please refer to Chapter 3. Recall the notation:
For every subset b = {ji, ..., jx} C [n] = {1,...,n}, we write

Xjk) and XbZle X oo X X

Jio

X, = (X;

190

where x denotes the usual product. For instance, Vim < n,
X[m] = (X], ..,Xm) and X[m] = Xl X oo X Xm

The function names below acquire their meaning when read from left to right. Thus,
the function MomentToCumulants expresses a given moment in terms of cumulants.
In practice, this function is used to transform cumulants into moments.

A.9.1 MomentToCumulants
Express the moment of a random variable in terms of the cumulants.

Input format. To express E[X™] in terms of cumulants, use MomentToCumu-
lants[m].

» Please refer to Formula (3.2.16).

Example. Express the third moment E[X?] of a random variable X in terms of
cumulants.

In := MomentToCumulants[3]
Out= x1[X]? +3x1 [ X]x2[X] + x3[X]

Notation: y;[X]? denotes the third power of the first cumulant of X
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A.9.2 MomentToCumulantsBell

Use complete Bell polynomials to express a moment in terms of cumulants. One can
use either the function MomentToCumulantsBell or directly BellPolynomialComplete.

» Please refer to Proposition 3.3.1.
Input format. MomentToCumulantsBell[x] where x is a vector (of cumulants).

Example. Express the sixth moment of a random variable X in terms of cumulants
(using Bell polynomials). Let k1, - - - | k6 denote the cumulants.

In := MomentToCumulantsBell[{k1, k2, k3, k4, k5, k6}]
Out= k1°+ 15k1%k2 + 45k1%k2% + 15k2% + 20k1°k3 + 60k 1k2k3 + 10k32 +
15k1%k4 + 15k2k4 + 6k1K5 + k6

In := BellPolynomialComplete[{ k1, k2, k3, k4, k5, k6}]
Out= k1° + 15k1%k2 + 45k12k22 4 15k23 + 20k13k3 + 60k1k2k3 + 10k3% +
15k1%2k4 + 15k2k4 + 6k1k5 + k6

Example. Express the second moment of a random variable X in terms of cu-
mulants (using complete Bell polynomials). Let x;[X], x2[X] denote the cumulants.
This example demonstrates that the arguments can be any expression.

In := BellPolynomialComplete[{x[X], x2[X]}]
Our=" x1[X]* + xa[X]

Example. Express the sixth central moment of a random variable X in terms of
cumulants (using complete Bell polynomials). Let k1, - - - , k6 denote the cumulants.
This amounts to supposing that the mean, that is, the first cumulant k1 = 0.

In := BellPolynomialComplete[ {0, k2, k3, k4, k5, k6}]
Out=15k23 + 10k32 + 15k2k4 + k6

Example. In the previous example, suppose that the random variable X is
normalized to have mean O and variance 1. This amounts to setting k1 = 0 and
k2 =1.

In := BellPolynomialComplete[{0, 1, k3, k4, k5, k6}]
Out= 15+ 10k32 + 15k4 + k6
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Example. Obtain the sixth moment of a standard normal. This amounts to setting
in addition all cumulants higher than 2 equal to 0.

In := BellPolynomialComplete[{0, 1,0,0,0,0}]
Out= 15

Remark. From now on, we shall sometimes adopt the notation x;[X| = k;, j =
1,2, ...

Example. Display the results in a table (up to order 5). For a more involved table
use MomentToCumulantsBellTable.

In := Column[Table[ BellPolynomialComplete[ Table[Subscript[\[Kappal], i], i, 1,

1.3, 1,511
The output is a table:

K1

n% + Ky

Ii? + 3K1Ky + K3

/41‘ + 6&%&2 + 3/{% 4+ 4K1K3 + Kg

/{? + 10&?/@2 + 15&1%;% + 10/@%&3 + 10Kk2Kk3 + SK1K4 + K5.

A.9.3 MomentToCumulantsBellTable

Express moments in terms of cumulants and display the result in a table.

Input format. MomentToCumulantsBellTable[~] , where x is a vector of cumu-
lants.

Proceed interactively. How many rows do you want to see?
In:= NumRows =5
Out= 5

Sometimes you may need to clear the previous definitions of p and x. To type
these symbols copy and paste them with the mouse from somewhere else in the
notebook or type respectively as \[Mu] and \[Kappa].

In:= ClearAll[y, K]
Input is a list of cumulants, for example:

In := Kk =Table[Subscript[x, i], i, 1, NumRows]
0Mt= {K17I{27I{3;K’45K/5}
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Then, you make a table by plugging this into MomentToCumulantsBellTable:
In := MomentToCumulantsBellTable[ ]

Out= n

n
1 K1

2 K+ Ky

3 /f? + 3K1Ky + K3

4 K} + 6K3K) + 3K3 + 4k K3 + Ky

5 ﬁ? + 10&?%2 + 1551,%;% + 10&%&3 + 10K2Kk3 + SK1K4 + K5

To obtain centered moments, make the first element of your input equal to 0:
In := \[Kappa][[1]]=0
Out= 0

Check the value of the vector « and generate the table:
In:= &K

Out= {0, Ky, K3, K4, Ks }

In := MomentToCumulantsBellTable[x]

Out= Lin

n
1 0

2 R2

3 R3

4 3K3+ Ka
5 10k2K3 + K5

A.9.4 CumulantToMoments

Express the cumulant of a random variable in terms of moments.

» Please refer to Proposition 3.3.1.

Input format. To express X, [X] in terms of moments, use CumulantToMoments[m].
» Please refer to Formula (3.2.19).

Example. Express the third cumulant x3[X] of a random variable X in terms of
moments.

In := CumulantToMoments[3]
Out= 2E[X)* - 3E[X]E[X?] + E[X?]

Notation: E[X]* denotes the third power of the first moment of X.
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A.9.5 CumulantToMomentsBell

Use partial Bell polynomials to express a cumulant in terms of moments.
Input format. CumulantToMomentsBell[x] where x is a vector (of moments).

Example. Express the moments in terms of cumulants (using partial Bell polyno-
mials).

In := CumulantToMomentsBell[{m1, m2}]
Out= —ml1* +m2

Example. Display the conversion results in a table (up to order 5). For a more
involved table use CumulantToMomentsBellTable.

In := Column[Table[ CumulantToMomentsBell[Table[Subscript[\[Mu], i], i, 1,
1.5, 1,511
The output is a table:

1

—47 +

243 = 3papn + p3

—6pt + 120310 — 313 — Apnpis + pa

24113 — 6043 p1a + 301113 + 203 p13 — 102 pa3 — Spay g + pis-

A.9.6 CumulantToMomentsBellTable

Express cumulants in terms of moments and display the result in a table.

Input format. CumulantToMomentsBellTable[u:] , where 1 is a vector of moments.

Proceed interactively. How many rows do you want to see?
In := NumRows =5
Out= 5

Sometimes you may need to clear the previous definitions of i and k. To type these
symbols copy and paste them with the mouse from somewhere else in the notebook or
type respectively as \[Mu] and \[Kappa].

In:= ClearAll[y, K]
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Input is a list of moments, for example:
In := = Table[Subscript[u, i], i, 1, NumRows]
Out=" {1, pi2, p3, pa, pis }

Then, you make a table by plugging this into CumulantToMomentsBellTable:

In := CumulantToMomentsBellTable[ ]

Out= o
1 2
2 —5 + 12
3 2p3 = 3 + p3
4 —6pt + 1203 11y — 33 — dpaptz + pia
5 2443 — 60473 1y 4 3041145 + 205 a3 — 10213 — Spn pia + pis

To obtain a table involving centered moments and cumulants, make the first ele-

ment of your input equal to 0:
In:= \[Mu][[1]]=0
Out= 0

Check the value of the vector 11 and generate the table:
In:= pu

Out= {07/1427/4@7//647//65}

In := CumulantToMomentsBellTable[ ]

Out= Kn

n
1 0

2 M2

3 3

4 3ps+
5 —10pap3 + pis

A.9.7 MomentProductToCumulants

Express the expected value of the product of random variables X? = X
where b = {j1,...,jr} C [n] = {1,...,n}, in terms of cumulants.

» Please refer to Formula (3.2.7).

X

Ji”

Jk >
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Example. Express the expected value EX {12} = EX| X, in terms of cumulants.
In := MomentProductToCumulants [X, {{1,2}}]
Our= x[Xi]x[X2] + x[X1, X3

A.9.8 CumulantVectorToMoments

Express the cumulant of a random vector X; = (Xj,...
b={j1,..,Jrx} € [n] = {1,...,n}, in terms of moments.

, Xj.), where

» Please refer to Formula (3.2.6).

Example. Express the cumulant of Xy 53 = (X1, X») which is the covariance of
X and X, in terms of moments.

In := CumulantVectorToMoments[X, {{1,2}}]
Out=" —E[X|]E[X;] + E[X, X5

A.9.9 CumulantProductVectorToCumulantVectors

Express the joint cumulant of a random vector (Xj,,Xy,, - ,Xp,) wWhere
{b1,b2,-+- ,bp} C [n], in terms of cumulants of random vectors whose compo-
nents are not products (Malyshev’s formula).

» Please refer to Formula (3.2.8).

Example. Express the cumulants x[X; X;, X3] in terms of cumulants of random
vectors whose components are not products.

In := CumulantProductVectorToCumulantVectors[ X, {{1,2}, {3}}]
Our= X (X2)x (X1, X3) + x(X1)x (X2, X3) 4 x (X1, X2, X3)

A.9.10 GridCumulantProductVectorToCumulantVectors

Display the output of CumulantProductVectorToCumulantVectors in a grid.

Example. Display in a grid CumulantProductVectorToCumulantVectors of
X[X1 X2 X5, Xy

In := GridCumulantProductVectorToCumulantVectors [ X, {{1,2,3}, {4}}]
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Out= Number of terms in summation = 10

X [Xo] x [X3] x [X1, X4
X [X1, Xa] x [X2, X5]
X [X0] x [X3] x [X2, X4
X [X1, Xs] x [Xa, X4
X [ X0 x [Xa] x [X3, X4
X [X1, Xo] x [X3, X4
X [X5] x [ X7, Xa, X
X [Xo] x [X7, X5, X4
X [Xi] x [X2, X3, X4
X (X1, Xo, X3, X4)

+ 4+ + + F+ o+ o+

A.9.11 CumulantProductVectorToMoments

Express the joint cumulant of a random vector (X 6 X% ... X)) where
{b1,b2,- -+ ,br} C [n], in terms of moments.

Example. Express the cumulants x[X; X,, X3] in terms of moments.

In:= CumulantProductVectorToMoments[X, {{1,2},{3}}]
Out= —]E[Xl Xz]]E[X3] + E[Xl X2X3]

A.10 Gaussian Multiple Integrals

A.10.1 GaussianIntegral

This function can be used to compute multiple Gaussian integrals
[ F@1z)Glde) - Glda)
over a set partition o and

. flxy, ..., xn)G(dxy) - - - G(dxy,)

over all partitions at least as coarse as o, where f(x, ..., z,) is a symmetric function,
for example, g(x;)---g(z,), and where G is a Gaussian measure with control
measure v. This function generates the set partition data necessary to compute
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multiple Gaussian integrals. This data is listed under two lists: “control measure v”
and “Gaussian measure G”. The output is “The integral is zero” when this is the case.

» Please refer to Theorem 5.11.1.

Example. When computing the multiple Gaussian integral over a set partition
with a block size greater than or equal to three, the integral is zero.

In := GaussianIntegral[{{1,2,3},{4,5},{6,7}, {8}}]
Out= The integral is zero.

Rules for interpreting the data listed in output:

Rule 1. To obtain a Gaussian multiple integral over o, equate the variables listed
under “control measure v and integrate them with respect to v; the variables listed
under “Gaussian measure G’ are integrated with respect to G over the off-diagonals.

Rule 2. To obtain a Gaussian multiple integral over “> ¢”, equate the variables
listed under “control measure v’ and integrate.

Example. Obtain the block data necessary to decompose the multiple Gaussian
integral over a particular set partition.

In:= Gaussianlntegral[{{1,3}, {4,5}, {6}, {7},{2}}]

Out=

Gaussian measure G
Control measure v

{6}
4
’ {2

The output lists {1, 3}, {4,5} under “control measure v”” and it lists {6}, {7}, {2}
under “Gaussian measure G”.

Interpretation: Let o = {{1,3}, {4,5}, {6}, {7}, {2}}. Integrating g(z,) . . . g(x7)
over o gives:

([s@m@) [ gessenee)ein,

If one integrates it over “> ¢” instead, one obtains

(/QZ(I)V(dx))Z(/g(a:)G(dx)f.
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Integrating a symmetric function f(xy,--- ,27) over o gives
/ f(@3, 23, 25, 05, 22, T6, T7)V(d33) v (d25) G (d22 ) G (dwe ) G (d7).
TLFTeFTT
If one integrates it over “> ¢” instead, one obtains

/f(x3,ch,ac5,a:s,mz,xﬁ,x7)V(dm3)u(dm5)G(dx2)G(da:6)G(dm).

A.11 Poisson Multiple Integrals

We first define some functions which are useful for the evaluation of Poisson multiple
integrals. Please refer to the main text.

A.11.1 BOne
For a given set partition o, find By (), that is, isolate the blocks of ¢ that are singletons.
» Please refer to Formula (5.12.85).

Example. Find all of the singleton blocks of {{1,2}, {3,4}, {5}}.

In:= BOne[{{1,2},{3,4},{5}}]
Our= {{5}}

Example. The set partition {{1,2,3}, {4,5}} has no singleton blocks.

In:= BOne[{{1,2,3},{4,5}}]
Out= {}

A.11.2 BTwo

For a given set partition o, find B, (o), that is, isolate the blocks of ¢ that are not
singletons.

» Please refer to Formula (5.12.86).
Example. Find all the blocks of {{1,2}, {3,4}, {5}} that are not singletons.

In := BTWO[{{I,Z},{3,4},{5}}]
our= {{1,2},{3,4}}
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A.11.3 PBTwo

For a fixed set partition o, find B,(0); viewing By(o) as a set, find all ordered
partitions of B, (o) with exactly two blocks, called R; and R;.

» Please refer to Formula (5.12.87).

Example. For the set partition [{{1,2}, {3,4}, {5,6},{7}}], find
BZ([{{L 2}’ {37 4}7 {57 6}7 {7}”)

In:= PBTwo[{{l,2},{3,4},{5,6},{7}}]

Out= R1 R2

{12} {{3,4},{5,6}}

{3:41  {1.2},{5,6}}

{{s,6}}  {{1,2},{3,4}}
{1.2}1,{3,4}3  {{5,6}}
{25 {5,6;3  {{3,4}}
{{3,4}, {5,633 {{1,2}}

Example. For the set partition {{1,2}, {3}}, PB2({{1,2},{3}}) is empty.
In:= PBTwo[{{1,2},{3}}]

Our=" pi R2

A.11.4 PoissonIntegral

Let N (dx) be a Poisson measure with control measure v and let N be the correspond-
ing compensated Poisson measure, that is,

N(dz) = N(dz) — EN(dz) = N(dz) — v(dz).

The function “PoissonIntegral” can be used to compute multiple Poisson integrals

/f(ml,...,xn)ﬁ(dxl)---ﬁ(dxn)

over a set partition o, where f(z1,...,x,) is a symmetric function, for example,
g(@1) - g(xn).

» Please refer to Theorem 5.12.2, Formula (5.12.91).
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This function generates the set partition data necessary to compute multiple Pois-
son integrals, namely
Rl ) R27 Bl ) B2'

Rules for interpreting the output. The integral of a symmetric function over
o with respect to a product of compensated Poisson measures N is a sum of K + 2
terms, where K is the number of rows in the display (R;, R, By). They are obtained
as follows:

(1) The variables with indices in R; are identified and integrated over v; the vari-
ables with indices in a block of R, are identified. These identified variables, together
with the variables with indices in By, are integrated over N on the off-diagonals. This
is done for each row of the display (R;, Ry, By).

There are two other terms:

(2) The variables with indices in blocks of B, are identified. These identified
variables, together with the variables in B, are integrated over [NV on the off-diagonals.

(3) The variables with indices in each block of B, are identified and integrated
over v; the variables with indices in B; are integrated over IV on the off-diagonals.

Example. Decompose a Poisson integral on o = {{1,2}, {3,4}, {5}, {6}}.
In := PoissonIntegral[{{1,2}, {3,4}, {5}, {6}}]

The output is a chart with two groups of outputs. The first gives (R;, R,, By ). The
second gives B,, B;. The first group (R, R,, By) is as follows:

{2 {3,430 {{5)1{6}}
{343 {n23 {51 {6},

the first column corresponding to R, the second to R,, the last to B;. The second
group B,, B is as follows:

{1.2},{3,4}}  {{5}.{6}}-
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This corresponds to the following decomposition:
[ st gla) Ride) -+ Bdae) =
2( [ Pamtdn) [ Plengles)gto Nde) ¥ des) Ndoo)
T4£T5F£ T
+f 2 (02)07 (2:)9 )9 ) N () K () K () N ()
TyFT4FT5FT6
2 ~ ~
([ Pwtdr) [ glas)gleoN dos) N de).
T5F£T6

Integrating a symmetric function f(xy,--- ,z7) over o gives
/ f(l‘l, s ,$6)N(dl‘1) s ﬁ(dxé) =
2/ f(x2, 2, 4, x4, x5, xé)y(dxz)]’\\T(dm)ﬁ(dxs)l\?(dxé)
T4FATSFT6
+/ f (@2, @2, 24, T4, 35, 26) N (da2) N (dag) N (das) N (dae)
TyFT4F£T5FT6

—|—/ fla2, 22, T4, T4, 5, 26 ) (da )v(das) N (das) N (dag).
T5F£T6

A.11.5 PoissonIntegralExceed

This function can be used to compute multiple Poisson integrals

i f(@1, o zn)N(dzy) - - - N(day,)

over all partitions at least as coarse as o, where f(xy, ..., z,) is a symmetric function,
for example, g(z;) - - - g(x,,), and where N is a compensated Poisson measure with
control measure v.

» Please refer to Theorem 5.12.2, Formula (5.12.90).

This function generates the set partition data necessary to compute multiple
Poisson integrals, namely B, B.

Rules for interpreting the output. Equate the variables in each block of B, and
integrate them with respect to the uncompensated Poisson measure N; the variables
listed in B are integrated with respect to the compensated Poisson measure V.
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Example. Decompose a Poisson integral over > ¢ where

g = {{17 2 3}7 {47 5}7 {6}7 {7}}
In := PoissonIntegralExceed[{{1,2,3},{4,5},{6},{7}}]

The output is a chart listing B,, and B as follows:
{1,2,3},{4,51 {6}, {7}}-
This corresponds to the decomposition
[ sl glanNidan)-- Nidor) =
>0
3 2 AT 2
[Nty [ PN [ oanFid)
Integrating a symmetric function f(x1,--- ,z7) over > o gives
f(@y, oy n)N(day) - - N(day) =
>0

/f(I3, 3, 3, T3, 5, Tg, ©7) N (da3 )N (das) N (dag) N (d7 ).

A.12 Contraction and Symmetrization

» Please refer to Section 6.2 and Section 6.3.

A.12.1 ContractionWithSymmetrization

In the product of two symmetric functions of p and ¢ variables, respectively, identify
r variables in each function and symmetrize the result.

Input format. ContractionWithSymmetrization|p, ¢, r|, where < min{p, ¢}.
Example.
In := ContractionWithSymmetrization[2, 2, 1]

The input function is f(x1,x2)g(x3, z4). The output is a chart corresponding to

(1/2)(f (21, 22)g(21, 23) + f21,23)9(21,22)).
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A.12.2 ContractionIntegration

In the product of two symmetric functions of p and ¢ variables, respectively, identify
r variables in each function, and integrate [ of these r variables. The integrated

variables are designated by an overtilde, e.g. 1.
Input format. ContractionIntegration|p, ¢, r, {], where I < r < min{p, q}.

Example. The input function is f(x1,x3,23)g(x4, xs). Identify one variable and
integrate it.

In := ContractionIntegration[3,2, 1, 1]
Our= {{1,2,3},{1,4}}

The output corresponds to [ f(z1, 22, 23)g(z1, z4)v(dzy).

A.12.3 ContractionIntegrationWithSymmetrization

In the product of two symmetric functions of p and ¢ variables, respectively, identify
r variables in each function, integrate [ of these r variables, and then symmetrize the
result.

Example. The input function is f(z, 2, 23)g(x4, z5). Identify one variable,
integrate it and then symmetrize the result.

In := ContractionIntegrationWithSymmetrization|[3, 2, 1, 1]

The output gives the number of terms (namely 3) and displays a chart correspond-
ing to

(1/3)/f(1‘175”27963)9(5”173?4) + f(@1, 22, w4)g(w1, 23) + f (21,23, 74) (21, 32)v(d21).

A.13 Solving Partition Equations Involving 7*

Some of the functions here are similar to earlier ones which involved an arbitrary set
partition 7. Here, we are interested in partitions 7 of the form

ﬂ-* :{{17 77L1},{7’L1+17"' ,TL]+TL2}7...,{TL1+"'+nk71+17"' 7n}}7

as defined in Section A.4.4. The input is a list (nq, ..., ny) of positive integers defin-
ing 7*.
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A.13.1 PiStarMeetSolve

For a finite sequence of positive integers, generate a unique set partition 7* whose
block sizes are equal to these integers, and then find all set partitions ¢ such that
o A7* is the singleton partition 0. The result is used in Rota and Wallstrom’s Theorem.

Input format. PiStarMeetSolve[list], where ‘list” is a list of positive integers that
defines the set partition 7.

Example. For the sequence {2,2}, generate 7* and find the meets of 7* that give
0, that is, all partitions o such that 0 A 7 = 0.

In := PiStarMeetSolve[{2,2}]

Here 7* = {{1,2}, {3,4}}. The output gives the number of solutions (namely 7)
and lists them:

Our= {{{1,4},{2,3}}, {{1,3},{2,4}}, {{1},{2,3},{4}},
H13:42,43 (33, {{1,35{25 {43, {{1,43, {2}, {3}},
{1}:{25, {3}, {4}}}

A.13.2 PiStarJoinSolve

For a finite sequence of positive integers, generate a unique set partition 7* whose
block sizes are equal to these integers, and then find all set partitions o such that
o V 7* is the maximal partition 1.

Input format. PiStarJoinSolve[list], where ‘list” is a list of positive integers defining
the set partition 7.

Example. For the sequence {2, 2}, generate 7* and find the joins of 7v* that give 1,
that is, all partitions ¢ such that o V 7* = 1.

In := PiStarMeetSolve[{2,2}]

Here 7 = {{1,2},{3,4}}. The output gives the number of solutions (namely
11) and lists them:

Owr= 213]={{{1,2,3,4}}, {{1},{2,3,4}}, {{1,3,4},{2}}, {{1,2,3},{4}},
{141,423 ({1,241, {33}, {{1,3},{2, 4}, {{1},{2,3},{4}},
H13:42,45 (33, {135 {21, {43}, {{1,4}1,{2}, {3}}}
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A.13.3 PiStarMeetAndJoinSolve

For a finite sequence of positive integers, generate a unique set partition 7* whose
block sizes are equal to these integers, and then find all set partitions ¢ such that
o A m* is the singleton partition 0 and o \V 7* is the maximal partition 1. This function
is used in diagram formulae.

Example. For the sequence {2,2}, generate 7* and find the intersection of the
meets of 7* that give 0 and the joins of 7* that give 1, that is, all partitions o such
thatoc A7m* =0ando V7* = 1.

In := PiStarMeetAndJoinSolve[{2,2}]

Here 7* = {{1,2},{3,4}}. The output gives the number of solutions to the meet
and join problem (namely 6) and lists them:

Our= {{{1,4},{2,3}}, {{1,3},{2,4}}, {{1}.{2,3},{4}},
({142,435 33 {135 {21 {43}, ({141, {2}, {3}}}

A.14 Product of Two Gaussian Multiple Integrals

A.14.1 ProductTwoGaussianIntegrals

Computes the product If (HI, qG (g) of two Gaussian multiple integrals, one of order
p > 1 and one of order ¢ > 1; the function f has p variables and the function g has ¢
variables; both f and g are symmetric functions. Namely it computes

IS @) =S () (“)t6ira 200

T r
r=0

In the displayed output of the function,

coefficient = r! (p) <q>
r)\r

Observe that IC, , (f®,g) is equal to If, . (f = g) where ~ denotes
symmetrization.

» Please refer to Proposition 6.4.1.

Input format. ProductTwoGaussianIntegrals[p, ¢].
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Example. The input functions are f (1) and g(x;). Compute 7 (f)I(g).
In := ProductTwoGaussianIntegrals[1, 1]

The output is a chart corresponding to

If (f®0g) + I (f @1 9) =

/ F(@n)g(a2)G(di )G (di) + / f(@)g(z)v(dz).
T1#£T2

A.15 Product of Two Poisson Multiple Integrals
A.15.1 ProductTwoPoissonIntegrals

Computes the product IZJF (NI, qﬁ (g) of two Poisson multiple integrals, one of order
p > 1 and one of order ¢ > 1; the function f has p variables and the function g has ¢
variables; both f and g are symmetric functions. Namely it computes

oo =5n(?)(%) > () s it

r=0
In the displayed output of the function,

o =7 () () 0)

Observe that Iﬁq_r_l (f*L g)) is equal to I]{\Z—q—r—l (f L g) where ~ denotes
symmetrization.

» Please refer to Proposition 6.5.1.

Input format. ProductTwoPoissonIntegrals[p, g].
Example. The input functions are f(z;) and g(z,). Compute [ lﬁ (HT lﬁ (g)-
In := ProductTwoPoissonlIntegrals[1, 1]

The output is a chart corresponding to
LY (f&0g) + 1Y (f ) g) + 15" (f %1 9)

F(@)g(y) N (dz) N (dy) + / f(@)g(@) N (da) + / F(@)g(@)v(dz)

TFy

= [ F@)e(w) N (dz)N(dy) + / f(@)g(x) N (dz).

z#y
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A.16 MSets and MZeroSets

These sets appear in diagram formulae involving Gaussian and Poisson multiple in-
tegrals. They have similar structure. Given a list (ny,--- ,ny) of positive integers,
let n = ny + -+ + ny and let 7* be the special partition of [n] = {I,...,n} de-
fined in Section A.4.4. The MSets and MZeroSets are a collection of set partitions of
[n] ={1,...,n}.

The sets My ([n],7*) and M) ([n],7*) appear in diagram formulae when
the random measure is Gaussian (see Section 7.3). The sets Mx; ([n],7*) and
MY, ([n] ,7*) appear when the random measure is compensated Poisson (see Section
7.4). They are respectively subsets of M ([n],7*) (involving meet and join) and
M° ([n] ,7*) (involving meet only).

» Please refer to Section 7.2.

Input format. FunctionNamel[list], where “list” is a list (ny,...,nx) of positive
integers.

Example. Let the list be (2,2) so that 7* = {{1,2}, {3,4}}. Find the MSets and
MZeroSets.

A.16.1 MSets

This function produces the same output as PiStarMeetAndJoinSolve. It provides the
set partitions in M ([n],7*), namely all set partitions o such that ¢ A 7* = 0 and
oVt =1.

A.16.2 MSetsEqualTwo

This function produces all solutions to PiStarMeetAndJoinSolve containing partitions
only of size two. It provides the set partitions in M, ([n] , 7*).

A.16.3 MSetsGreaterEqualTwo

This function produces all solutions to PiStarMeetAndJoinSolve containing no single-
tons. It provides the set partitions in M > ([n], 7*).

A.16.4 MZeroSets

This function produces the same output as PiStarMeetSolve. It provides the set parti-
tions in M° ([n], 7*), namely all set partitions o such that o A 7* = 0.
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A.16.5 MZeroSetsEqualTwo

This function produces all solutions to PiStarMeetSolve containing partitions only of
size two. It provides the set partitions in M9 ([n] , 7*).

A.16.6 MZeroSetsGreaterEqualTwo

This function produces all solutions to PiStarMeetSolve containing no singletons. It
provides the set partitions in M2, ([n], 7).

Example. (See above.) The (full) output also indicates the number of solutions.

In:= MSets[{2,2}]
Our=- {{{1,4},{2,3}}, {{1,3},{2,4}}, {{1},{2,3},{4}},
{13:42,43, 33} ({135 21 4], ({143, {2}, 331}

In:= MSetsEqualTwo[{2,2}]
Our= {{{1,4},{2,3}}, {{1,3},{2,4}}}

In := MSetsGreaterEqualTwo[{2,2}]
Owr={{{1,4},{2,3}}, {{1,3},{2,4}}}

In:= MZeroSets[{2,2}]
Our= {{{1,4},{2,3}}, {{1,3},{2,4}}, {{1},{2,3},{4}}, {{1},{2,4}, {3}},
{13525 {43) {143, {2}, {333}, ({13, {2}, {3}, {4}}}

In:= MZeroSetsEqualTwo[{2,2}]
Ow={{{1,4},{2,3}}, {{1,3},{2,4}}}

In := MZeroSetsGreaterEqualTwo[{2,2}]
Our=- {{{1,4},{2,3}}, {{1,3},{2,4}}}

Example. A case where the cardinality of 7* is odd and, therefore, the output is
empty when executing MZeroSetsEqualTwo.

In := MZeroSetsEqualTwo[{2,2, 1}]
Our= :={}
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A.17 Hermite Polynomials
A.17.1 HermiteRho

Computes Hermite polynomials with a leading coefficient of 1 and parameter p >
0. They are orthogonal with respect to the Gaussian distribution with mean zero and
variance p. The generating function is e*~ 2Pt
These polynomials are defined by:
o2 dh P

Hy(z,p) = (—p)e e, n=>0,

and satisfy

Ln/2]
Hy(z,p)= Y (2’;) 2k — D(=p)kaz=2* n > 0.
k=0

» Please refer to Section 8.1.

Example. Compute the Hermite-Rho polynomial of order 5 with a leading
coefficient of 1.

In := HermiteRhol[5, z, p]
Out= > — 1023p + 152p°

A.17.2 HermiteRhoGrid

Display the Hermite-Rho polynomials up to order n, using a leading coefficient of 1
for each polynomial.

Example. Make a grid of the first 11 Hermite-Rho polynomials (that is, go up to
order 10).

In := HermiteRhoGrid[10]
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The output is a chart:

0 1
1 =z
2 —p+a?
3 3pr+a
4 3p° —6pa* + 2t
5 15p°x — 10p2® + 2°
6 —15p° +45p%2% — 15pz* + 2°
7 —105p°z + 105p%2> — 21pa° +
8 105p" — 420p°2% 4 210p%2* — 28pa® + 2°
9 945p*x — 1260p° x> 4 378p%x° — 36px” 4 2°
10 —945p° 4+ 4725p%x% — 3150p°z* + 630p°2% — 45p2® + 210,

A.17.3 Hermite

Computes Hermite polynomials with a leading coefficient of 1. These polynomials are
obtained by setting p = 1 and are defined as

dac"e 2, xeR.

z2 dn z2
2

H,(z)=(-1)"¢

Example. Compute the Hermite polynomial of order 5 with a leading coefficient
of 1.

In := Hermite[5, x] // TraditionalForm
Out= 2° — 102° + 152

A.17.4 HermiteGrid

Display the Hermite polynomials up to order n, using a leading coefficient of 1 for
each polynomial.

Example. Make a grid of the first 11 Hermite polynomials.

In := HermiteGrid[10] // TraditionalForm
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200 -
100 -
| T~ . | . f |
-4 -2 - 4
~100 -
200

Fig. A.1. Hermite polynomial with n = 5

The output is a chart:

1

x

2t —1

2 — 3z

z* — 6% +3

> —102° + 152

28 — 152% + 4522 — 15

x’ —212° + 10523 — 1052

2% — 282 +2102* — 4202° + 105

2° — 3627 + 3782 — 1260x> + 945z

210 — 4528 + 6302 — 31502 + 472522 — 945.

O 0 9 & »n B~ W N = O

—_
(=]

Example. Plot Hs(x) for —5 < 2 < 5. The output is Fig. A.1.
In := Plot[Hermite[5, x], {x, -5, 5}]
Example. Plot Hy(x) fork =0,--- ;6 and —5 < z < 5. The output is Fig. A.2.

In := Plot[Evaluate[Hermite[#, x] & /@ RangelO, 6, 1]], {Xx, -5, 5}, PlotStyle —
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60 -

out[793]=

—40

Fig. A.2. Hermite polynomials with 1 <n < 6

A.17.5 HermiteH
The built-in Mathematica function HermiteH[n,x] is defined as

2 d"” 2
HermiteH —(—1)"e" -,
ermiteH[n, z] = (—1)" e dan©

One has:

H,(z)= 2_"/2HermiteH[n, \;:2} .

In := HermiteH|2, z]
Out= =2+ 42?

A.17.6 HermiteHGrid

Displays HermiteH as a chart. For example,
In := HermiteHGrid[3]

The output is a chart:

0 1

1 2x

2 —2+4a?

3 —12x + 8a3.
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A.18 Poisson-Charlier Polynomials
A.18.1 Charlier

Computes the Poisson-Charlier Polynomials. They are orthogonal with respect to the
Poisson distribution with mean a. These polynomials ¢, (x, a), defined for n > 0 and
a > 0, satisfy the orthogonality relation

k !
e n!

ch(kaa)cm(kaa)ei K = Onm
k=0

and the recursion relation

co(z,a) =1

Cnt1 (T, a) = ailxcn(k —1,a) —cy(x,a), n>1

» Please refer to Chapter 10.

Example. Compute the Poisson-Charlier polynomial withn = 8 and a = 1.
In := Charlier[8, x, 1] // TraditionalForm
Out= 18—-36x"+5182°%—38362° +15659x* — 3486023 +386182> — 16072z +1
Example. Compute the Poisson-Charlier polynomial with n = 2 and @ > 0.
In := Collect[Charlier[2, x, a], x] // TraditionalForm
2
Ou= 54 (=)~ 2zt

(“Collect” gathers together terms involving the same powers of x. )

A.18.2 CharlierGrid

Displays the Poisson-Charlier polynomials up to order n with Poisson mean a > 0.

Example. Make a grid of the Poisson-Charlier polynomials for 0 < n < 5.

In := ChalierGrid[5, a] // TraditionalForm
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Out=

1
T

a

2

MR C RS
D (A=) (A2 a1
(S - B A (U )2 (S-S - a1

o 10 5,4 4 (354 30 , 10),3 50 55 30 _ 10) .2 4 (24 430 ;20 4 10 4 5.
et @)t + @+ a4+ + (R -0 -0 - )P QRS E )]

Example. Plot the Poisson-Charlier polynomial with n = 5 and a = 1/2 over the
rval —1 < x < 3.
In := Plot[Charlier[5, x, 0.5], {x, -1, 3}, PlotRange — All]

Example. Plot the Poisson-Charlier polynomials with a = 1 and 1 < n < 6 over
interval —1 < z < 1. The output is Fig. A.3.

In := Plot[Evaluate[Charlier[#, x, 1] & /@ Range[l, 6]], {x, -1, 1}, PlotStyle —

out[8odl= . ., .

=20

Fig. A.3. Poisson-Charlier polynomials with 1 <n < 6
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A.18.3 CharlierCentered
These polynomials are defined by
Cp(z,a) = a"cp(z + a,a).

They are orthogonal with respect to the centered Poisson distribution with parameter
a>0.

Example. Compute the centered Poisson-Charlier polynomial with n = 3.

In := Collect[CharlierCentered[3, x, a], x]
Out= 2a+ (2 —3a)z — 32% + 2

Example. Compute the centered Poisson-Charlier polynomial with n = 3 and
a=1.

In := CharlierCentered[8, x, 1] // TraditionalForm
Out= 2% — 2827 +2942° — 14282° + 30592* — 142823 — 332622 + 29042 — 7

Example. Plot the centered Poisson-Charlier polynomials with ¢ = 1 and
1 < n < 6 over the interval —1 < x < 1. The output is Fig. A.4.

In := Plot[Evaluate[CharlierCentered[#, x, 1] & /@ Range[1, 6]], x, -1, 1, Plot
Range — All]

Out[808]=

Fig. A.4. Centered Charlier polynomials witha =land 1 <n <6
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A.18.4 CharlierCenteredGrid

Displays the centered Poisson-Charlier polynomials up to order n.

Example. Make a grid of the centered Poisson-Charlier polynomials for
0<n<5s.

In := ChalierCenteredGrid[5, a]
Out=

0 1

1 =z

2 F-z-a

3 2 =32+ (2-3a)z+2a

4 z*— 62’ + (11 — 6a)z” + (14a — 6)x + 3a” — 6a

5 2’ —10z" + (35 — 10a)z’ + (50a — 50)2” + (154> — 70a + 24)x — 20a” + 24a

6 a° —152° + (85 — 15a)z* + (130a — 225)a° + (45a* — 375a + 274)2”
+(—165a" + 404a — 120)z — 15a° + 130a”> — 120a



Appendix B

Tables of moments and cumulants

In the following tables, w,, and x,, denote respectively the nth moment and nth cumu-
lant of a random variable X . If X has mean zero, then ; = x; = 0 and p,, and x,, are
said to be “centered”. If, in addition, X has variance one, then p, = k; = 1 as well,
and p,, and k,, are said to be “centered and scaled”.

List of tables:

1. Centered and scaled Cumulant to Moments
2. Centered Cumulant to Moments

3. Cumulant to Moments

4. Centered and scaled Moment to Cumulants
5. Centered Moment to Cumulants

6. Moment to Cumulants

G. Peccati, M.S. Taqqu: Wiener Chaos: Moments, Cumulants and Diagrams -
A survey with computer implementation.
© Springer-Verlag Italia 2011
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Centered and scaled Cumulant to Moments

n Kn =

1 0

2 1

3 3

4 =34 1

5 —10p3 + ps

6 30 — 10p3 — 1504 + s

7 210u3 — 35u3ps — 21 s + w7

8 —630 + 56003 + 42014 — 3513 — 564315 — 28116 + s

9 —7560p3 4 56003 + 25203 114 + 756415 — 126 1ap65 — 841316 — 3617 + 1o

10 22680 — 3780013 — 18900414 4 420043 11a + 31503 + 50403115 — 1262 +
1260[1(, — 210#4#6 — ]20/,63”7 — 45/13 + H10

12 —1247400 + 33264003 — 9240043 + 124740014 — 83160043 s — 31185045 +

1155043 — 49896013 115 + 5544043 prafis + 1663242 — 831606 + 1848043 116 +

27720416 — 46202 + 1584043 117 — 7925447 4+ 297045 — 49514 ps — 220443 1o —
66110 + p12

13 —32432400u3 + 14414400,&% + 2162160013 14 — 1201200/4%#4 — 2702700#3#;2;
+120120p3 papts + 720725 e — 15444007 + 34320/1%#7 + 51480pap7 — 17166147
+25740/1,3p,8 — 1287/1,5[1,8 =+ 4290/1,9 — 715#4,[1,9 — 286/1,3#10 — 78#11 + u13

14 97297200 — 37837800013 + 3363360015 — 11351340044 +
151351200463 114 + 3783780015 — 630630013 143 — 315315045 + 6054048013 115 —
336336043 s — 151351203 papis — 227026812 + 252252412 + 756756046 —
504504043 116 — 3783780114 p16 + 21021072 j16 + 33633611315 116 + 8408442 —
21621603 17 + 24024003 pap7 + 1441440507 — 171643 — 270270p8 +
60060443 115 + 90090414 15 — 3003 116415 + 40040413419 — 20021519 + 60064110 —
1001 peapro — 364pspn — 9y + g
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Centered Cumulant to Moments

n Kn =

1 0

2 142

3 "3

4 =33 + pa

5 —10p2p3 + ps

6 303 — 1043 — 1502 s + pe

7 210p3p3 — 35p3pta — 21 piaopus + g

8 —630u3 + 560pa403 + 42003 04 — 3513 — 56315 — 282 s + i

9 —756073 p3 + 5603 + 252012 3 pia + 75643 15 — 126414 p15 — 84 16 — 361217 + o

10 22680u5 — 37800u3 13 — 1890013 p1a + 420003 g + 3150043 + 50400213 115 —
1262 + 126003 16 — 210416 — 12043117 — 452118 + fe10

11 4158001303 — 924004013 — 20790043 1305 + 1155033 — 4158043 s +
9240415 15 + 13860412 p1apts 4 924042 13 116 — 46241516 + 198013147 — 330pap17 —
165138 — SSp2 00 + 11

12 —1247400u5 + 332640043 113 — 9240043 + 12474003 14 — 83160023 14 —
3118503 43 + 1155043 — 498960443 f13 pas + 5544003 praps + 166320 4% —
8316045 116 + 1848043 116 + 2772042 p1aps — 462418 + 158402 p3pi7 — 79257 +
2970#«%/18 — 495 paps — 22039 — 662 110 + fL12

13 —3243240043 113 + 1441440003 13 4 2162160043 3 pog — 120120003 14 —
27027002 13 13 + 324324043 15 — 2162160412 143 s — 162162013 praps +
9009013 15 4+ 72072132 — 1081080143 a3 s + 120120413 prafis + 720724 prs prs —
15444003 17 + 3432003 17 + 514804 prapir — 17166 pe7 + 257401 3 g —
1287 s s + 4290u§,u9 — T15pap9 — 286310 — T8 pinn + f413
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Cumulant to Moments

n Kn =

1 o

2 —ui + 2

3 203 — 3pipa + pa

4 —6u1 + 12072 — 33 — iz + s

5 2443 — 60743 12 + 30p1 143 + 2047 s — 10papu3 — Spuapua + pis

6 —12048 + 360t 2 — 2703 13 + 3003 — 1203 ps + 12001 pops — 1042 +

30t pa — 15p2p1a — 6pu1 s + pis

7 720p] — 252043 pi2 + 252043 115 — 630701 13 + 8401 ps — 12604 pio s + 2103 13 +
140413 — 21043 pta + 2101 prapra — 35p3pta + 42003 ps — 21 piopus — Tpu pis + pi7

8 —504045 + 2016045 12 — 2520041 113 + 100803 13 — 6303 — 672003 s +
13440463 pioprs — 5040401 113 13 — 168043 113 4 560402143 + 168047 p1a — 252013 iy s +
42013114 + 56041 p13 pa — 35145 — 336411 s + 33601 pipis — 56315 + 56413 s —
28/1,2;15 — 8,11/1117 + us

9 4032047 — 181440u] pr 4 27216043 113 — 15120043 3 4 226801 113 + 604804 13 —
15120003 popis 4+ 9072003 p3 i3 — 7560463 13 + 2016043 p13 — 1512001 pia g3 +
56043 — 15120763 14 4 3024043 o pua — 113401 pi3 p1a — 756013 113 p1a +
252040 3 pog + 63041 13 + 302415 s — 45363 papus + 7563 s + 10081 13 15 —
12614115 — 504423 6 + S04 piapis — 84puapis + 7203 p7 — 36217 — g s + pao

10 —362880u1° + 181440015 1 — 317520008 13 + 226800041 143 — 56700013 13 +
2268013 — 6048004] 113 + 181440043 piapi3 — 1512000463 123 113 + 3024001 43 i3 —
25200041 13 + 30240043 12 13 — 37800313 — 168001 13 + 15120048 g —
37800014 2 pra + 22680043 143 114 — 18900423 p1g + 1008003 p13 14 —
7560081 2 p13 pta + 420003 pra — 945003 13 + 3150p0 5 — 3024003 ps +
6048011 p1apus — 2268041 i3 s — 1512075 i3 pus + 50402 puapus + 252041 prapis —
1262 4 50407 p16 — 756013 pajts + 1260763 s + 168041 1306 — 210404116 —
720763 7 + 720p1 prapr — 120p3 407 + 90t s — 45p2p15 — 10401 o + pio
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11

12

13

14

Hn =

K3
34+ Ka
10Kk3 + ks
15 + 1063 + 15k4 + K
1053 + 35Kk3k4 + 21 K5 + K7
105 4 280k3 + 210k4 + 35K3 + 56K3K5 + 28k6 + Ks
1260k3 + 280&% + 1260k3k4 + 378ks + 126Kk4k5 + 84Kk3ke + 36K7 + Ko

945 + 630053 + 3150k4 + 2100K3 k4 + 1575K2 + 2520k3k5 + 126K2 + 630k6 +
210k4kK6 + 120Kk3K7 + 45K8 + K10

1732553 + 15400K3 + 34650k3k4 + 5775k3K3 + 6930ks5 + 4620K3 K5 +
6930k4k5 + 4620K3K6 + 462K5K6 + 990K7 + 330K4K7 + 165K3K8 + 55K9 + K11

10395 + 138600k3 + 154003 + 519754 + 138600K3 K4 + 51975k3 + 5775K3 +
83160k3k5 + 27720K3K4k5 + 8316&% + 13860k¢ + 9240&%:‘% + 13860Kk4K6 +
4625(2, + 7920k3Kk7 + 792k5K7 + 1485kK8 + 495K4Kk8 + 220K3K9 + 66K10 + K12

270270k3 4 600600%3 + 900900k3 k4 4+ 200200k3 K4 + 45045033 + 135135k5 +
360360K3 ks + 270270k4k5 + 45045k3 ks + 36036k3k2 + 180180k3k6 +
60060k3K4K6 + 36036K5K6 + 25740K7 + 17160&%&7 + 25740k457 + 1716K6K7 +
12870k3k8 + 1287 Kkskg + 2145Kk9 + 7T15Kak9 + 286K3K10 + 78K11 + K13

135135 + 31531503 + 1401400K3 + 945945k, + 6306300x3 k4 + 1576575K3 +
1051050k3 K3 + 525525k3 + 2522520k3 k5 + 560560K3 k5 + 2522520K3K4K5 +
378378k2 4 126126k4k2 + 315315k6 + 840840k3 k6 + 630630k4k6 +
105105;@%&6 + 168168Kk3K5K6 + 42042&% + 360360k3%57 + 120120K3 K457 +
72072ksk7 + 171662 + 45045k5 + 30030K3 K5 + 45045k4k58 + 3003K6k5 +
20020K3kK9 + 2002K5K9 + 3003K10 + 1001 Kar10 + 364K3K511 + 91 K12 + Kia
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Centered Moment to Cumulants

n Hn =

1 0

2 K2

3 K3

4 3&% + Ka

5 10Kk2K3 + K5

6 15,%% + 10&% + 15K2K4 + K6

7 105K3 k3 + 35K3k4 + 21 Kaks + K7

8 1053 + 280k243 + 210834 + 35K3 + 56k3k5 + 28kake + s

el

1260k3 k3 + 280K3 + 1260k2Kk3k4 + 378K3 ks + 126Kk4k5 + 84k3k6 + 36K2K7 + Ko

10 945k3 + 6300k3 K3 + 3150K3 K4 + 2100k3 k4 + 1575K2K5 + 2520k k3K5 + 126K2 +
630k3 k6 + 210k4k6 + 120K3kK7 + 45KaKs + Ko

11 17325k3K3 + 15400k, K3 + 34650K3 K354 + 5775kK3K5 + 6930K3 ks + 4620K3 ks +
6930Kk2K4K5 +4620K}2/£3Iis+462&5I€6+99OH§H7+330/€4H7+165K3Hg+551€2/€9+n11

12 10395k5 + 138600k3 K3 + 15400K35 + 51975k3 K4 + 138600k2K3 K4 + 51975363 +
5775k3 + 83160K3K3k5 + 27720K3k4k5 + 8316K2Kk% + 13860K3 K6 + 9240K3 K6 +
13860k2k4k6 + 4622 + T1920k2k3k7 + T92ksk7 + 1485K3 ks + 495k4ks +
220K3K9 + 66K2K10 + K12

13 270270k3K3 4+ 6006003 K3 + 900900k3 Kk3k4 + 20020053 kg + 450450k, k353 +
135135k3 K5 + 360360K2K3 k5 + 270270K3 kaks + 45045k3 K5 + 36036K352 +
180180k3 K3k + 60060k3K4k6 + 36036255k 4+ 25740K3 K7 + 17160K2 K7 +

25740k k4k7 + 1716K6K7 + 12870k2Kk3K8 + 1287 Kskg + 2145&%/@9 + 715K4K9 +
286k3k10 + T8K2Kk11 + K13

14 135135k) + 3153150k3 k% + 1401400k2K3F + 9459455 k4 + 6306300K5 K3 K4 +
15765753 K3 4+ 1051050K3 K3 + 525525k, k5 + 25225203 k3 ks + 560560k3 ks +
2522520k, k3k4ks 4+ 378378k3K2 + 126126k4k2 + 315315K3 K6 + 840840k2K3 k6 +
630630K3K4rcs + 105105K3 16 + 168168k3ksK6 + 42042k2K2 + 3603603 K37 +
120120k3K4k7 + 72072k2k5K7 + 1716K3 + 4504553 K5 + 30030K3 K8 +
45045K,k4k8 + 3003Kk6K8 + 20020K2K3K59 + 2002K5K9 + 3003}-@%/@10 +
1001K4K10 + 364K3611 4+ 9 K2K12 + K14
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Moment to Cumulants

11

fn =
K1
li% + K2
K] 4 3K1k2 + K3
K? + 6&%&2 + 35% +4K1K3 + K4
Ku? + 10&?&2 + 15&1#@% + 10&%5;3 + 10Kk2K3 + SK1K4 + K5

Ii? + 15&‘1‘&2 + 45&%5% + 15/{3 + 20&?53 + 60K K2K3 + 10/{% + 15/<;%/<;4 + 15k2K4 +
6K1K5 + Ke

K]+ 21Ky + 105K3K3 4+ 105153 + 35K K3 + 21063 Kkak3 + 105K3K3 + T0kK1 K3 +
35&?&4 + 105k1K2Kk4 + 35K3K4 + 21&%&5 + 21 Koks + TRike + K7

kS 4+ 28k8 Ky + 210k K3 + 4202 K3 + 105K5 + 56K7 K3 + 560K Kkaks + 840k Kak3 +
280k3 K3 + 280kak3 + T0k ks + 420K3 Kok + 210K3 K4 + 280k 1 K3k + 35K3 +
56&?&5 + 168K1Kk2K5 + 56K3K5 + 28&%&6 + 28kKoke + 8Kk1Kk7 + Kg

K136k ka+378K] ka+1260k3 K3 +945k1 K3 +84KS k3 +1260k T kak3+3780k3 K3 ks +
126053 13 +840k3 K3 42520k Ko k3 +280K3 + 126k3 ka+ 126053 K ka+ 1890k K3 Ka+
12602 k34 + 1260k2k3K4 4+ 315k1K3 + 126K ks + 756K kaks + 378K ks +
504/{1H3H5+126I€4I€5+84/€%KJ5+252/€1l€21i6+84l€3H6+361€%H7+36l€2ﬁ67+9l€1l€g+1€9

K10+ 45K3 K0 + 630KSK3 + 31501 K3 + 47253 K5 + 945K5 + 120K] K3 +
252053 Kaks 4+ 12600k3 k2 k3 + 12600k k3 ks + 2100k K2 + 1260052 kK3 +
6300K3K3 + 2800k K3 + 21068 Ky + 31503 koka + 9450K3 K3 K4 + 3150K3 K4 +
4200K3 K3k + 12600k ko kska + 2100K3 K4 + 15756365 4+ 1575k2k3 + 25263 ks +
2520K3 Kaks 4+ 3780k k3 ks + 2520k k3 ks + 2520k2k3ks + 1260k kaks + 12652 +
210k ke + 1260k% Kkaks + 630K3 6 + 840k Kkaks + 210k4ks + 120K3 K7 +
360Kx1Kk2k7 + 120K3K57 + 455%"58 + 45K72k8 + 1051K9 + K10

kI 55Kk 4 990K K3 + 693053 K3 4+ 17325k3 K5 + 10395k1 K5 + 165K K3 +
46208 kK3 + 34650k K3 Kks + 69300k K3 ks + 17325k K3 + 4620k7 K3 +
462003 k23 + 69300k k3K3 + 1540052 K3 + 15400K243 + 330K] k4 +
69303 k2k4 + 346503 K3k + 34650k K3 k4 + 11550k kaka + 6930053 Kak3ka +
346505%/{3#;4 + 23100&1&§n4 + 57755?53 + 17325/<;1/<52/<¢ﬁ + 5775&3&% +

4625 ks + 6930k Kakes + 20790k3 K3 ks + 69303 ks + 924053 kaks+
27720k k2 k3ks + 46202 ks + 69303 kaks + 6930k kaks + 1386k K2 +

46253 ks + 4620K3 Kkaks + 6930k K3k + 4620k K3k + 4620k K3 K6 +
2310k 1 kaks 4+ 462ksk6 + 330K K7 + 1980K% Kak7 4+ 990K3 K7 + 1320k 1 K3K7 +
330k4K7 + 165&?&8 + 495Kk 1 Kok + 165K3Kk8 + 55/{%&9 + 55kak9 + 11K1K10 + K11
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