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ABSTRACT. The aim of this paper is to establish the large time well-posedness of the quadratic Schréodinger
equation in 2D and 3D. Let € > 0 be the size of an initial datum, which is sufficiently small. Then, by
using the operator . = x — 2itV and the associated weighted Sobolev spaces, we show that there exists

a solution whose life-span T is given by T' = e¢'/¢ (almost global) in 2D and T = oo in 3D.

1. INTRODUCTION

In this paper, we are concerned with the well-posedness of the Schrodinger equations with the poly-
nomial nonlinearity;

(1.1) i0ru — Au = Ny(u, ),

where N, (u) is a homogeneous function of u and @ of order o. This problem is easily solvable if « is
large enough, which is the case when the linear term is dominant. The difficulty in the study of the
large time behavior of solutions for small «’s lies in the fact that the structure of the nonlinearity plays
a significant role. This can be understood, for example, in terms of the Strauss exponents; o = v/2+ 1
in 2D and ap = 2 in 3D ([7]). For a larger than the Strauss exponent, there exists global-in-time
solutions in L**! for small data by using the Strichartz estimates ([1, ¥]). For detailed list of known
results for the solvability of (1.1), see [5].

In this paper, we consider the Schrodinger equation with quadratic nonlinearity, a = 2, which is
equal to or less than the Strauss exponent in 3D or 2D. Therefore, small initial data do not guarantee a
global existence of a solution in L3. (See Appendix for details.) To establish the existence of a solution
whose life span is beyond the existence time in L3, we now use the maximal decay rate of the linear
part in L°;
itA

e uo|| oo <t 2 w0l 11,

which will lead to a global existence in 3D (relatively) easily. However, the structure of the nonlinearity
plays a significant role in 2D; the quadratic nonlinear terms decay in time with the same speed as
the linear term. Thus, the special oscillating structure of nonlinear terms must be taken into account.

Along this direction, the role of the nonlinearity is well understood in [3, 5], where they establish the
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existence of a global solution of the Schrédinger equation

(12) o= Au=No(u), Ma(w)(©) = [ | Q& mi(e ~mitn)ie,
where

(1) Q@ =11in 3D (N(u) = u?),
(2) @ is linear for |(¢,7)] < 1 and Q =1 for |(£,n)| > 2 in 2D. (N2(u) behaves like uVu for low

frequency part and u? for large frequency part.)

The main idea in [3, 5] is the so called space-time resonance, where the particular structure of Na(u) in
fact cancels the space-time resonant set, which is equal to the zero frequencies of the interacting waves.

The goal of this paper is to provide a different approach of the work [3, 5] to the equation
(1.3) i — Au = u? + a% + |ul?.

We observe that the (classical) weighted L? estimates and L decay of solutions are enough to prove
the almost global existence of a solution in 2D (which is weaker than the result in [5], but without
the derivative structure in N(u)) and the global existence in 3D. Moreover, our method covers the
nonlinearity |u|?, which cannot be addressed by the space-time resonance method due to the large
resonance set.

The weighted L? spaces are defined by the operator & = (A, -+ ,.%y), Z; = x; — 2itV;, which is

unitarily equivalent to x and 2itV such as
L =U{t)x;U(—-t) = eixQ/t(%th)e_mQ/t, U(t) = €™ is the free Schrodinger operator.

This method was developed by Klainerman([2]) and was used in [0] to establish the global well-posedness
for the nonlinear Schrédinger equation of the form i0;u — Au = |u|?%u. In this paper, we follow the

same approach in [0].

Notation and main result. Let H,) be the space of complex valued functions with

n

(1.4) Homlf1= Y (IV"fll2 + IX"fllr2), n €N,

m=0
where X is the operator f — xf, z = (x1,--- ,24). And the fact that the linear operator (i0; — A)
commutes with the operator .Z = (z — 2itV) leads to the time-dependent norm;

n

(1.5) Himlf1= Y (V"™ fll2 + 1L f 2) -

m=0

The first term in (1.5) is the usual energy norm and it is easy to show that u satisfies

(1.6) lu() s < Nluoll s +/0 [[us) ]| zoe [u(s)]| o ds.
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Therefore, it is natural to obtain decay estimates of ||u(t)||f and the bound of second term in (1.5)
similar to (1.6). It is shown in [0] that ||u(t)| e decays as

(1.7) Ju(®)][ L~ S

~

_ d
(1+1) d/2H(t,n) [u], n> 5

The main contribution of the paper is to show that a solution of (1.3) satisfies the estimate
d

(L8) SISl S Nl e Ll b =1,2

which is enough to show the following result.

Theorem 1.1. Let ug be an initial datum such that Hg o) [ug] = € which is sufficiently small. Then,

there exists a solution u of (1.3) such that sup H g)[u] < € with T = el/€ in 2D and T = oo in 3D.
0<t<T

2. PROOF OF THEOREM

To prove Theorem 1.1, we need the following lemma. For detailed proofs, see [0].
Lemma 2.1. (1) Hn) =Hppy,  (2) [(ZLF)?|| 2 S I fllzee |22 ] 2

The first statement of Lemma 2.1 implies that ||.Z*al|;2 < Hy 1 [u] because Hg ) norm is indepen-

dent of the complex conjugate. This property is the main ingredient of the proof of Theorem 1.1.

Proof of Theorem. We now take .Z to the equation (1.3).
(2.1) (10, — A) Lu = 2uLu + 2uLu + iLu + ula — au?® — vu® — x|ul®.
Then, by Lemma 2.1, we have
(2.2) %IIEUH%Q S llullzee (1€l Z2 + 1 Lull L2 Heg, 1y [ul]) -
We take .Z one more time to the equation (1.3). The direct computation yields that
L% (WP 4+ + |uf?) = 2% (W + @ + [uf?) — dite (uVu + aVia + uVa + aVu)
(2.3) — 2it6;; (u® + @® + [ul?) + 82 (Vu)® + (Va)® + |Vul?)
— 4t? (2uV?u + 20V + uVu + aV3u) .
In (2.3), we can estimate 2?u® and zutVu (and variant in @) in terms of H; o) [u]. However, terms

t6ij (u? 4+ @* + [ul?) and t* (uV?u + uV20 4+ uV?i + uV?u) cannot be estimated directly in H o [u].
We thus compute further. Since

Lu = 2%u — 4iteVu — 2itdju — 4*°V3iu,  L*a = 2*u — diteVa — 2ité;u — 42 V3a,
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by properly multiplying these terms and conjugates with v and u, we have

(2.4a) ul?u = x*u? — ditzuVu — 2itd;ju? — 4t*uViu,
(2.4b) u.L*u = 2*u® — ditzuVa — 2itd;;u’ — M*uvia,
(2.4¢) 0L = 2?|ul* — ditzaVu — 2ité;;|ul* — 4*aVu,
(2.4d) wL?t = 2 |u|? — ditzuVa — 2itd;j|ul? — 4PuV2a.

Therefore, we can express ¢;; (u* 4+ @? + |u|?) and ? (uV?u + aV?a 4+ uV?a + aV?u) in terms of £
and z2u? and zutVu (and variants in @) as follows.

(2.5a) 8t*uViu = —u (XQU + %) + 22202,

(2.5b) 8t?aVia = —u (% + .,2”211) + 2222,

(2.5¢)  2itdu* = —%u (.Zzu - %) — ditzuVu,

(2.5d)  2itd;u* = %a (% - .,%2@) — 4itzuVv,

(2.5¢) 4t*uVia = —% (u% - a%) + 22|u|? — 4itzuVa,
(2.5f)  4t*aViu = —% (0.L%u — u??u) + 2*|ul® + ditzuVu,

(0220 — ulu) + 2*|u|? - 2itzaVu — 2itzuVa — 262aV>u + 2t2uV>a,

N | —

(2.5g) 2it51~j|u|2 = -

1/, —
(2.5h)  2t2aViu + 2t2uVia = 1 (u,f?u + 4.2 + 0.L%u + u$2u) + 2% |ul? 4 2itzuVa — 2itzuVu.

In sum, we have

11 5 1 3 —— 1
(10 — N).L%u = Zu.z?u + 2020 + Zﬂ.ﬁf?u + §u.§f2ﬂ + Zu.i”?u - 5@3%

(2.6)
+ 8t? ((VU)2 + (Vﬂ)z + ’VU‘Q) - 2? (u2 +a?+ ]u\Q) — ditzuVu — 8itzuVa.
By Lemma 2.1,
d 2,112, < 2,112 2
(2.7) ZN2%ula S e (1220l + B [u]) -

Combining (1.6), (2.2) and (2.7), we finally have

t
(2.8) Heopl] < e+ /0 ()| e Hlgs 3y il s

Let sup M 9)[u] := [lulx,. By (1.7),
0<t<T

llul|x, S e+ lnT||u||§(T in 2D,

Jullx, S e+ llullk, in3D.
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In 3D, we can take T" = oo, while in 2D we choose T such that ¢ x InT" ~ 5, which leads the existence

of a solution v whose life span is given by T ~ el/€ in 2D. This completes the proof. O

3. APPENDIX

As mentioned in Introduction, we show the existence of a solution for the Schrédinger equation (1.3)
in L2*!. To this end, we begin with the Strichartz estimate.

Lemma 3.1 (LY — LY Estimate). Let U(t) = e®® be the Schridinger operator. For 1< q < 2,
<3
N[O fl e St [f1lza-
3.1. 3D case. Since o = 2, we use L? — L3/2 estimate.

[[u(t)

lu(s) [ Zads

il + [ A=

1 2t
< —u()]] s +( su s||u(s / —ds
Sl + (s Vi) [

1 > Int
< Tl + (s VAl ) %
1

where we take the initial data at ¢ = 1 for the convenience when performing estimates since
integrable at 0. We set ||u|x, := sup Vt||u(t)||zs. Then,
0<t<T

[FERS
\[

is not

(3.2) lullxer < lluoll, g +InTul%,
which implies that there exists a unique solution whose life span T is given by
1 .
T ~e<, with e = |[u(1)]|, 3 << 1.
L2

3.2. 2D case. We now apply the same argument to the 2D case.
1 t _1
Ju(®)l[rs S 75 uoll, 5 +/0 (t = 5)75]|u(s)|7ads

2 it
(3.3) < t*%HUOHL% + < sup Sﬁ||u(s)\Ls) / (t — s)*%sfwds
0

0<s<t

2
1 2_
Sl g + 572 (s P9l )
8>

We choose 8 such that £ —20=—-p,ie. B= % Then,

2
(3.4) sup 3| u(t)| s ST ol 5 + | sup 2/3|u(®)llzs | -
0<t<T Lz 0<t<T
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We set, ||ul|x, := sup #/3||u(t)||zs. Then,
0<t<T

(3.5) lallxr STV Jluoll, g + llullk,

which implies the existence of a solution whose life span is given by 7'~ 1 /¢, € = HuoHL 3
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