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Basics

m Definitions

Mathematica allowsyou to definethingsin threeways.

First: Directassignment.Thisis donewith the: = symbol,andit createsa globaldefinition. The
patternyou give ontheleft of the:= will bereplacedvith exactlythe expressioryou give ontheright.

Here’sanexamplethatdefinesy = y :=5X +3
to bealinearexpressiowithan .

X init. .
oufs: 3 +95X

To seeall definitionsassociatec = 7y
with asymbol,you canentera? Q@ obal ‘ y

followed by the symbol’'sname.
y:=5x+3

Now supposevedefinex tobe  mnps= X 1= -8

Now whenyou askfor thevalue  ing= Y
of y, you gettheexpression

3+ 5x evaluatedvith whatever
otherdefinitionsMathematica
hasbeengiven,in this casewith
X:=-8.

oue= -3/
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But if you askto seethe defini 7= ?Y
tion of y, it’s still anexpressior @ obal ‘' y
y:=5X+3

Soif youre—definex andaskfor mg= X : =10
thevalueof y, yougetsome nop= Y

thing differentthanwe got ' )
before. Out[9]= 53

The secondkind of assignmenis assignmentvith evaluationwhichis donewith the= symbol. This
is very muchlike directassignmenthut the patternon theleft of the= is assignedo bethevalue of
the expressiorontheright. In otherwords,Mathematica doeswork ontheright—hand-sidédefore
makingtheassignment.

Let’s definez like this. mop= Z =YN2 + X
ouiol= 2819
Now thedefinition of z Is: = 7 2Z
A obal ‘ z
z = 2819
Soif wechangex, it causes 2= X @ = 2

changen thevalueof theexpre: Y
siony, butdoesn’tchangethe ' ]

definitionof y. But,it doesn’t ~ ouii3= 13
changehevalueof z because 4= 2V
thereisnox ory in thedefini- ‘
tion of z. Mathematica has G obal "y

alreadyreplacedll thex’s and y:=5x+3
y’s in theexpressionve usedto

' - n[s= Z
definez with thevaluetheyhad el i
atthetime we madethe oufis= 2819
definition. 6= 2 Z

@ obal ‘ z
z = 2819

You sometimeseedto removedefinitionsbecausgou madea mistake or perhaps/ou’ve re-written
somethingandanold definitionis in theway.

You eraseadefinitionby assign  npi7:= X =.
ing "nothing"to asymbol,which nsg= ? X
is donewith the=. operator: -

d obal ‘ x
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Now watchwhathappensf we 9=y
askfor thevalueof y. Mathemat _ 3.5x
ica doesthebestit canwith outigrE =
evaluatingy, butsincex is no
longerdefined,it evaluateso
itself ratherthana number.

You canalsogetrid of unwanter mpo= C ear [y]
definitionswith thed ear _ o
function. = 7Y

G obal 'y

The third kind of definitionis througharule table. Mathematica appliesall the definitionsyou’ve
givenit through:= and= wheneveit hasto evaluateanexpression.But arule tablegivesalist of
definitionsthatonly applywhenyou decideto usethem. A rule tableis alist of rules,andis entered
asrulesseparatethy commasbetweercurly braces.

Here'sanexampleof aruletable 2= {a -2, b>3, ¢ » 47}
thatdefinesa tobe2,b to be3, ) . .

andc to be47. Thearrow— s~ W% (&= 2, D=3, € ~4ar]
enteredby typing —> andMathe-
matica magicallyreplaceghe —
and> with anarrowsymbol
whenyoutypethe nextcharactel

Thedefinitionsin arule tablearen’tuseduntil you applythemto anexpressiorwith the/ . operator.
Then,the expressiorns evaluatedvith thosedefinitions.

Here’sanexampleusingtherule 3= a+b”2+Cc"3
tablefrom before. Withoutthe ) 2 . A3
rule table this expressiorevaly ~ *¢¥= &+ b +c
atesto itself becauseve haven't

definea, b, orc.

Butif weapplytheruletable,it wnps= a+b”2+c”"3/. {a-»2, b>3, c->47}
evaluateso anumber: ouza= 103834

Rulesmadewith thearrow— behavdike assignmentsadewith = in thattheright handsideis
evaluated.

To illustratethis, noticethatin mesi= {U->X"2, Vvo1l-Vy}

thisrule table,all theexpres B 2 B

sionson theright handsideof its  ©©%= (U ~=>X% v ->1-Vy}

arrowsareevaluated. nel= U=V /. {U>X"2, V>1-Yy}
oupzel= -1 + X% +y

Occasionallyyou needrulesthatdon’t evaluateheir right—hand-side.To do that,you enter :>
insteadof —> andit producesa differentkind of arrow:». Thesedefinitionsbehavdike :=. You
don’t needtheserulesvery often. I'll showanexampldater.
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m Functions

The concepbof afunctionis central:Most of thework donein Mathematica takesplacethroughfunc
tions. A functionis a definitionthatdefinesanexpressiorof theform f[x, y, z, ...] to haveavalue

that'sanexpressionn x, y, z...

Notethatthis is the computationahotionof thetermfunction. In calculus,youusethe
analyticaldefinition of thetermfunction,which is a mappingbetweertwo setswith
particularpropertiesandit mayor maynot be anythingeasyto write downor compute.
Sorryaboutthe confusingterminologybut there’snothingl cando aboutit.

Here’showto defineafunction
thatgivestwo timesanumber
plus3. I've usedx for the
argument.

A coupleof thingsto note.

In[27]:=
Out[27]=
In[28]:=

out[28]=

T[Xx ]1]=2%Xx+3
3+2X

T [10]

23

e Mathematica usessquarebracketd] to indicatetheargument®f afunction. That'sbecausdt
allowsyou to puttwo expressionsextto eachotherwith a spaceo indicatemultiplication,as
in xy. If youusedparentheseshentheexpressiors(x+ Yy) couldeithermeanthe productof s
andx + y or thevalueof thefunctions atx + .

e Theleft handsideof theassignmenshouldbea pattern. A plain symbollike x in a patternonly
matchestself. You haveto indicatethata symbolis to bereplacedoy theargument'svalueby
makingit a patternvariable. Thereareseveralwaysto do this, butthe easiests by addingan

underscore..

Here’swhathappensf you
forgetthe _:

Sofarsogood

But thisis clearlywrong:

Here’sthe sameproblemusinga
rule table:

In[29]:=

out[29]=

In[30]:=

In[31]:=

out[31]=

In[32]:=

out[32]=

In[33]:=

out[33]=

g[X] =5Xx -8

-8 +95X

79

d obal ‘g
g[x] =-8+5X
g[X]

-8 +5X
g[38]

g[8]

h[8] /. {h[X] »2X"2}
h[8]
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\dlvr;at’shappen%ds thatby 4= Cl ear [g]
efiningg[x] andh[x] we’'ve _ _ _
givenadefinitionthatonly nesi= GIX_1=5X -8
applieswhentheargumenis the ouss= -8 + 5 X
symbolx. Insteadwhatwe nEer= 7 Q
usuallywantis to makex a ‘
patternvariable,sothatthe G obal "g
definition appliesno matterwhat g[x_]=-8+5X
theargumento thefunctionis.

nE7= g [X]
oufsr -8 +H X
nEe= gly]
ousgl= -8 +5Y
o= g [8]
outagl= 32
mop= W [8] /. {h[X_] »Xx"2}
outla0l= 064
Again, we cangetrid of 1= Cl ear [t, g]
unwanteddefinitionsby calling
d ear:
m Exercises
Exercise 1

Defineafunctionthatgivesthe squareof anumbermplusseven.

Exercise 2

Defineafunctionthattakestheradiusof a circle andgivesits area. To get «, typePi or click
onthe 7 symbolin thebasicinput palette.

2= Pi

out[42l=  JT
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A random walk simulation

Let's sayyouwantto simulatearandomwalk onthenumberdl, 2, ..., n. Imaginethesenumbers
written outin aline andanantthatcancrawl from onenumberto thenext. At eachinstantin time,the
antcaneitherstepleft, stepright, or stayput, basedn arandomnumber. We wantto simulatepaths
theanttakes.

m First simulation

We'll keepthefirstimplementatiorvery simple. Theantgoesleft or right or stayswith probability% ,
andif it getsto theendatriesto walk off theend,it staysputinstead.We’'ll representheant’sloca
tion asanumberbetweerl andn = 10.

Conditional functions

We needto definea functionthattakesthe antfrom onestepto thenext. Mathematicallywe imagine
takingthe currentlocationof theantk, andarandomnumberu, uniformly distributedbetweerD and
1. Ourupdatefunctionshoulddo somethindike this:

‘min [k +1, 10] if u< &

fik, ul =4 max(1, k-1] if u> 3%
k otherwise

Soif u< % , theanttriesto moveright, butif it triesto go pastl10, it hasto stayput. If u> % , theant
triesto moveleft, butif it triesto go pastl, it hasto stayput. Thatgivesusthetransitionrule we
wanted. Now how do we explainthis to Mathematica?

Thefunctionwill takethe currentlocationk, andanumberu betweerD and1 asarguments.The
numberu is howwe’ll decidewhethertheantmovesright or left or staysput. (We’'ll give ourfunction
arandomnumberin aminute.) We'll alsocall it MoveAnt insteadof f. Themoredescriptivethe
functionname the easieit is to remembexvhatit's supposedo do. Thisis whatwe havesofar:

MoveAnt [k , u_]: =

Now we haveto expressa decision. If u < -é— , thentry to goright:
MoveAnt [k, u_ J:=1If [lu<1/3, Min[k+1, 107, .. ]

This introducedwo built—in Mathematica functionsM n andl f , andthecomparisoroperators.
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TheM n functionreturnsthe mas= M n[l, 2, 3]
smallestbof its arguments.It also
worksonlists. Noticethatif

you giveM n non—numeric map= M n[-10, -11, -30]
argumentsit doesn’tknow quite  ougaq= - 30

whatto do, soit remainsunevalt M 1 2 -1

ated. There’salsoaMax func: "= ni{l, 2, -1}1
tion thatreturnsthelargestof its  outas)= -1

outiaz= 1

arguments. nel= M n[a, b, C]
oupel= Min [a, Db, C]
Thel f functionis onewayto ma7= |t [True, 4, 5]

expresglecisions.It takesthree

outa7= 4
arguments(1) a Booleanexpre:
sion (thatis, somethinghat magp= 1T [Fal se, 4, o]
evaluatego Tr ue orFal se), ouas= 5
(2) anexpressiono evaluataf
thefirst argumenis Tr ue, and
(3) anexpressiono evaluatdf
thefirst arguments Fal se.
You oftenusecomparisoropera inf49:= 5<10
torsasthefirstargumentoif. . True
Thesecomparegwo numbersanc
returnTrue orFal se. Less— In[50]:= °>10
than< andgreater-than are out[50}= False
pretty obvious. If youwant _— 10 < 10

less—than—or—equal-ttype <=
andwhenyou typethe next out[51)= False

characterit will magicallyturn . _ 10 < 10
into <. Samefor >= whichturns
into=. If youjustwant ousz=  True
equal-to,you haveto becareful.  ys3- Sqrt[2] <2
Remembethat- makesadefink

out[53]= True

tion, soyou can’'tusethat.
Instead Mathematica hasa In[54]:= 10 =10
separateotation,a double

; : out[54]= True

equalssign== thatmagically

turnsinto --. Thisistheproper M= 10 =9

way to checkfor equality. For out[55]= False

not—-equal-toyou enter: =, 3 _

which magicallyturnsinto . 56> 10=9
Fromin[s6l:= Set:: setraw : Cannot assign to raw object
out[56]= 9
In[57]:= 10 #9
out[57]= True

Sothatgivesusthefirst branchof thedecision thatis, whento moveright. But we haveto handle
anotherdecisionwhichis whento moveleft. First,you shouldknow thatyou canmakeyour program
morereadabléy hitting the Enterkey andputtingin someline breaks:
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MoveAnt [k_, u_
Min [k +1, 10],
v ]

Now for whento moveleft:

MoveAnt [k _, u_ ]:=1If [u<1/3,

Min [k + 1, 107,

If [u>2/3,

Max[k -1, 1],
]

]:=1f [lu<1/3,

Notice thatMathematica will automaticallyindentthingsbasedn howthey’renested.Thatalso
makesyour programmorereadable.Thelastcases thatthe antstaysstill, andwe’re done:

nse= MoveAnt [k, u 1:=1f[u<1/3,

Mnik +1, 107,
[ f[u>2/3,
Max [k -1, 17,
k1]

Let's testit out:
nso= MoveAnt [3, 1/10]

ousol= 4

neo= MoveAnt [3, 9/10]

outs0}= 2

me1:= MoveAnt [3, 1/ 2]

outpl}= 3

ne2:= MoveAnt [10, 1/ 10]

ousz= 10

ne3:= MoveAnt [1, 9/10]

oue3= 1

Uniform random numbers

We wanttheantto moveatrandom,sowe needto passour MoveAntfunctionsomerandomnumbers.

Luckily, Mathematica hasabuilt in functioncalledRandom
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Evedrytime you (t:)aIrIbRandom it mea:=  Random[ ]
producesa numberbetweerD _
and1 thatis for all intentsand oup= 0.0305317
purposesandom. It takesno mjesy= Random[]
argumentsjust createsa nunm outes= 0.453709
ber,andit’s differenteachtime. Rand
Thebracketd] arenecessary. "= Random[]
outesl= 0.283504

Sowhenyou evaluatethis expressionit simulategheantmovingatrandom:
me7= MoveAnt [5, Random[]]

oue7= 4

mes:= MoveAnt [5, Random[]]

outsl= 5

meor= MoveAnt [5, Random[]]

oute9]= 5

We candefinea newfunctionthatmovesthe antat random:

mi7op= MoveAnt Random[k ] : = MoveAnt [k, Random[]]

Thisis aplacewhereyouneed = Wong[K_] = MoveAnt [K, Random[]]
the:=. Watchwhathappensf . _

you use=. Essentiallywhat outrt= Max[l, 1+ki
goeswrong,is thattheRandon{] ~ n72= 7 W 0Ng
getsevaluatedeforethe defink @ obal * W ong

tion is made which meanghe

sameu will alwaysbeused, wrong [k_] = Max[1, -1+Kk]
which makeghe antalways
movethe samedirection. And
that'snotwhatwe want.

Simulating many steps

Therealpowerof acomputeis thatit canautomaticallydo somethingoverandoverwithout getting
bored. Sohow dowe encodeaepetition? And in particularhow do we keepup with thelocationof the

ant?
Therearelots of waysto do this. Oneis with theMathematica functionNest Li st .
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TheNest Li st functiontakesa m73=  Nest LI st [t, X, 3]

fncion andastaringpont, e (x, 1 x], 10111, 1001 1))

consistingof your startingpoint, mr4= T [X_] =X +1

thenthefunctionappliedtothe  oupa= 1 + X

startingpoint, thenthefunction B .

appliedto that,andsoon. nrsi= - NestList [T, 10, 3]
ous= {10, 11, 12, 13}

nze= O ear [T ]

Solet’s try this:
n77= Nest Li st [MoveAnt Random 5, 10]
ourr= {5, 6, 7, 7, 6, 5, 6, 7, 7, 8, 7}

Let's seeif we cangeta picture. We’'ll movetheanymanystepsnow.
n7ep= ant Pat h = Nest Li st [MoveAnt Random 5, 40]

oure= {5, 6, 5, 6, 6, 5, 6, 5, 5, 6, 5, 4, 3, 2, 3, 3, 3, 4, 5, 4,
5,4, 3, 3, 4, 3, 4,4, 3,4, 3,2, 2,1, 2,1, 1, 2,1, 2, 3}

Thesimplestway to geta pictureis with Li st Pl ot , which hasthe unfortunatesideeffectof drawing
the picturesideways.I’d really like to seetheantmovingleft andright, with time goingup, butwe’ll
leavethatfor later.
mnap= LI st Pl ot [ant Pat h, Pl ot Joi ned -» True]
6 L
5 L

4l

10 20 30 40

oufre)= = Graphics -
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Using anonymous functions

Here’savery usefulthingto know: You candefineanonymougunctionsin Mathematica. Thatmay
not seemvery useful,afterall, how canyou usea functionif it hasno name. But, very oftenyou need
to passa functionasanargumento anotherfunction,asin Nest Li st , andyou needto specifysomeof
its arguments.

Here’showto createananony mgop= Function[{x}, X2 +1]
mousfunctionthattakesa num . 2

= Function X}, X2 +1
berx andreturnsx? + 1. The outedl [{x) +i]
first itemis alist of argument
namesandtheseconds an
expressiorfor thereturnvalue.

Supposdghefunctionyouwant  mguy= h[X_, ¢c_] =Xx"2+cC
to iteratetakesextraarguments.
Then,thisis howyou cancall
Nest Li st andspecifyaparticu  ms2= NestLi st [Function[{x}, h[x, 1/4]], O, ¢
lar valuefor thatextraargument
You useFunct i on to createa
functionthattakesonevalue, mes= hlter [xInitial _, c_, nSteps_]:=
andpasse to h, bfuttr&e(%trr]\er Nest Li st [Function[{x}, h[x, c]], xInit
argumentgo h arefixed. This _

constructioris really useful o= NIter (o, 174, 3]

whenyou wantto definea ouga= {0, F, 1%+ Hek

functionthatusesNest Li st and - Qearn hiter

you wantto passin thatextra In(8s}= [n, ]
argument.In thisexamplehlter
takesaninitial x, thevalueof c
to usewhencallingh, andhow
manystepdo iterate. You will
write functionslike hiter all the
time whenusingfunctionslike
Nest Li st andnap.

outgll= C + X2

1 5 89
ouz= {0, 7. 15 256

Exercises

Exercise 3

Write anew MoveAntfunctionthattakestwo additionalargumentspierr andpyight, sothat
the antmovesleft with probability perr andright with probability pright -

Exercise 4

Extendyour MoveAnt functionfrom the previousproblemsothatit alsotakesn, thenumber
of positionsour antcanoccupy,asanargument.
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Exercise 5

Usingyour MoveAnt function, plot a samplepathof anantthatmovesleft with probability

=, rightwith probability 5, walking on thenumbersl to 50. Plot50 steps. Try to dothis
usingNestListandananonymougunction,asin theexample.

m Second simulation

Let’s try somethingdifferent. Insteadof the previoussimulation,wheretheantmovedleft or right
with someprobability,let’'s makeit sothattheantis facingleft or right, andat eachtime step,it either
movesforwardor turnsaround. This meanghatthe anthasstatein additionto its location,sowe have
to keepup with moreinformation.

Representing multi-part data (records)

Recordsarea usefulconcepthatmostprogrammindanguagesupport. A recordallowsyouto com
bine severapiecesof informationinto a singleplace. A classicexamples thata simpleaddress
consistf aperson’sname a streetwith a houseor building number a city, a state,anda zip code.
To represenanaddressn acomputeryou needto keepup with thesefive piecesof information,so
it's commonto usesomefeatureof thelanguageo keepall the partsof anaddresgogether.

Recordsarecalled"structures'in C andC++ andrelatedlanguages.

In Mathematica, therearea coupleof waysto represenarecord. The simplestis to takeadvantagef
thefactthatif Mathematica encounteranexpressiorior which thereareno definitions,thatexpres
sionevaluatego itself. Soyou canrepresenanaddressasanexpressiorfthatlookslike function
application)whoseheadis "Address"andwhoseargument@arestringsof charactershatrepresenthe
partsof theaddress.

nige= Address["El mp", "123 Sesane St.", "New York", "NY", "10023"]
ousel= Address [Elmo, 123 Sesame St., New York, NY, 10023 ]

Sinceanantnow hasto havea me7=  Ant [5, Left]
directionaswell asalocation, o= ANt [5, Left ]
we needto usearecordwith two ’
piecesof information. We can

usethesymbolsLeft andRight

for the orientation. Sothis, for
examplerepresentananton

spacenumberb, facingleft.

Now we haveto encodeherule for movinganant: It takesa stepwith probabilityl/2, thatis, if the
randomnumberu is lessthanl/2, otherwiset turnsaround. Again we haveto usevax andm n to
makesureit doesn’tstepout of bounds.
I's . 1
f[Ant [k, Left 1, u] = Ant [Max[1, k—_l}, Left 1 if u < >

‘ Ant [k, Right ] otherwise
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. . . 1
f [Ant [k, Right ], u] = - Ant [Min [10, k +1], Right 7 if u < >
Ant [k, Left ] otherwise
Again,we’ll call theupdate mes:= MoveAnt [Ant [K_, Left], u ]l:=I1t[u<l/2
functionMoveAnt becausd is Ant [Max[1l, k-1, Left],
suchanuninformativename. Ant [k, Right]]

You canseeherethatwe use .
Left insteadof Left_. That's In(89)=
becausave wantto give adefink

tion thatapplieswhentheant’s
secondtemis thesymbolLeft,

sowe don’t wantto useLeft asa
patternvariable. We alsoleave

the underscoreff Rightfor the
samereason.

MoveAnt [Ant [K_, Right], u ]l:=I1f[u<l/.
Ant [M n[10, k +1], R ght],
Ant [k, Left]]

Also, you canseethatwe can
give Mathematica severaldefini
tionsfor MoveAnt. It remem
bersthe patternwe usedin each
definition, andthat’'show it
keepsthemstraight.

Let’s testour newdefinition of mpo:=  MoveAnt [Ant [5, Left ], 0.1]
MoveAnt: ouo= ANt [4, Left ]
mew=  MoveAnt [Ant [1, Left], 0.1]
oufpi= Ant [1, Left ]
nez;=  MoveAnt [Ant [8, Right], 0.1]
ourez= Ant [9, Right ]
nest=  MoveAnt [Ant [8, Right], 0.9]
oufez= ANt [8, Left ]

Exercises

Exercise 6

Write anewMoveAntfunctionthattakestwo additionalargumentspgie, andn, sothatthe
antstepsforwardwith probability psiep andturnsaroundwith probability 1 — psiep. The
argumenn is thenumberof positionsour antcanoccupy.

Exercise 7

Write anewdefinition for MoveAntRandonthattakesanant, psiep, andn, andmovesthe ant
atrandom.
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Exercise 8

Createa pathwith 20 randomstepsof anantthatmoveswith probability% andturnswith
probability% onthenumbersl to 15. (Considemsingananonymousgunction.)

Solution (hidden)

Transforming lists of data

We now havea way to producea list of all the statesour anthasbeenin. But we can’tjustplot this
list becausdt’s alist of Ant[k, direction], notalist of numbers.Let’s try to plot alist of justthe
positionsof theant.

Sowe’ll havesomethingo work with, here’sa samplepathl created.

mpgl= randomAnt Pat h = {Ant [5, Right], Ant [6, Ri ght],
Ant [7, Right], Ant [8, Right], Ant [8, Left], Ant [7, Left],
Ant [6, Left], Ant [6, Right], Ant [6, Left], Ant [6, Ri ght],
Ant [7, Right], Ant [8, Right], Ant [9, Right], Ant [10, Right],
Ant [11, Right], Ant [12, Right], Ant [12, Left],
Ant [11, Left], Ant [10, Left], Ant [9, Left], Ant [8, Left]}
ouppe)=  {Ant [5, Right ], Ant [6, Right ], Ant [7, Right 7,
Ant [8 Right ], Ant [8 Left ], Ant [7, Left ], Ant [6, Left ],
Ant [6, Right ], Ant [6, Left ], Ant [6, Right ], Ant [7, Right 7,
[8, Right ], Ant [9, Right ], Ant [10, Right 7,
[11, Right ], Ant [12, Right ], Ant [12, Left ],
(11, Left ], Ant [10, Left ], Ant [9, Left ], Ant [8, Left ]}

Ant
Ant

Usuallywe don’t wantto seethelong outputof a calculationlike this. Mathematica canbetold notto
showthe output: Justendthecommandwith asemi-colon(;) Later,whenwe dosomeverylong
simulationsyou’ll definitely wantto usethe semi—colon.Otherwiseyour notebookwill befull of
uselesoutput.

mioop= FandomAnt Pat h = {Ant [5, Right], Ant [6, Ri ght],
Ant [7, Right], Ant [8, Right], Ant [8, Left], Ant [7, Left],
Ant [6, Left], Ant [6, Right], Ant [6, Left], Ant [6, Ri ght],
Ant [7, Right], Ant [8, Right], Ant [9, Right], Ant [10, Right],
Ant [11, Right], Ant [12, Right], Ant [12, Left],
Ant [11, Left], Ant [10, Left], Ant [9, Left], Ant [8, Left]};

We needafunctionthatwill take mpoy= Ant Position[Ant [K_, dir_]]:=
anantandgive justits position.
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Toglofro][nalistofAnt recc();[d: ni02:= Map [T, {a, b, Cc}]
to alist of positionswe needto L1021

apply AntPositior to eachentry ounoz= (T [a], T D], T[e])
in thelist. Thebestwayto do
thatis to usetheMap function.
Map takesa functionandalist,
andreturnsthelist you getby
applyingthatfunctionto each
itemin thelist.

Sohere’showto getjustthe o= MAP [Ant Posi ti1 on, randomAnt Pat h]
positionsout of ourlist of ants ouos= {5, 6, 7, 8, 8, 7, 6, 6, 6, 6, 7, 8, 9, 10,

And thiswe know how to plot:

mipoap= Li st Pl ot [Map [Ant Posi ti on, randomAnt Pat h], Pl ot Joi ned -» Tr ue]
12}

11

10¢

5 10 15 20
oufioq= = Graphics -

You'll noticethatthis antbehavewery differently from ourfirst ant. It tendsto walk in onedirection
for awhile, thenturn aroundandwalk the otherway for awhile.

Exercises

Exercise 9

Createa pathwith 50 randomstepsof anantthatmoveswith probability-g- andturnswith
probability% onthenumbersl to 15. Plotjustthepositions.

Exercise 10
Write afunctionAntOrientatior thattakesanantandgivesjustits orientation.
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Exercise 11

Usingthe pathyou createdfind away to plot thejusttheant’sorientation. This meansyou’ll
needto comeup with agraphicalrepresentatiofor Left andRight.

m Third simulation

We've seenour antmovearoundon aline, butwhatabouton a plane? Let’s write anewsimulation
wheretheantis facingsomeorientation. It stepsforwardwith someprobability psiep, @andturnswith
probability pryn = 1 - pstep. |f theantdecidedo turn, it turnsleft with probability perr andright with
probability pright = 1 — piert. Theantis movingaroundonannxn grid.

Afs Eeforeweneedto k((ejeptrack mpposp= ANt [{3, 7}, South]
of theant’spositionandorienta )

tion. It's bestto representhe ouosi= ANt [{3, 7}, South ]
ant’'slocationasanorderedopair

{X, y} becausehisis theform

thatpointsshouldbein for

Li st Pl ot andotherbuilt—in

function. Theorientationcan’t

be justleft andright anymore.

Let’'s usethesymbolsNorth,

South,East,andWest. Soin

this newsimulation,antswill be

representeds

Ant[{x, y}, directior.

Exercises

Sincethis simulationis morecomplicatedwe’ll breakup the MoveAntfunctioninto smallerparts. If
you try to write the MoveAntfunctionall atonce,you’ll find yourselfdrowningin all the different
cases.

Exercise 12

Write afunctionTakeSte| thattakesa point{x, y} andadirectionNorth, South,East,or
West,andreturnsthe point {Xnext, Ynext} YOU getby takinga stepof sizel in thatdirection.
(Don’t worry aboutthe boundaryWe’ll handlethatin the nextexercise.)

Exercise 13

Write a function EnforceBoundaryhattakesa point{x, y} andn andreturnsa point
{Xiixed» Yiixed}- Thenewpointmustsatisfyl < Xsixeqg < N andl < Viixeq < N. If {X, y} iS
alreadyinsidethe box, thenyou shouldn’tchangeat. Butif {x, y} is outsidethebox,you
shouldreturnthe pointon the boundaryclosesto {x, y}. Your functionshouldsatisfythe
propertieghat

EnforceBoundaryn + 1, y}, n] = {n, y}
EnforceBoundanyO, y}, n] = {1, y}
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etc.

Theideais thatwhenwe write MoveAnt, therewill beacasewheretheantmusttakea step.
To write thatcasewe’ll first havetheanttry to takea step,andusethe EnforceBoundary
functionto makesureit doesn’tstepoutsidethe box.

Exercise 14

Write afunction Turn thattakesanorientation(North, South,East,or West),anda direction
(Left or Right), andreturnsthe neworientationthe antgetsby makingaturnin thegiven
direction. Forinstanceif it's facingnorthandhasto turnright, it will now befacingeast.

Exercise 15

Now write the MoveAntfunction. It shouldtakeanant, psiep, Piet, andthebox sizen. How
manyrandomnumbersshouldit take? Be sureto useyour TakeStepEnforceBoundaryand
Turnfunctions,astheywill makethis functionmuchshorterandeasierto write.

Exercise 16
Write the MoveAntRandonfunctionto go with your new MoveAntfunction.

Exercise 17

Write a MakeRandomPatfunctionthattakesarecordrepresentingheinitial positionand
orientationof theant, psiep andpier , thebox sizen, andthe numberof randomstepsfor the
antto take. It shouldreturnalist of antrecordsfor the historyof theant’ssteps.

Exercise 18

Make arandompathwherepseep = %, Pert = 5 , thebox sizeis 100,andthe anttakes10000
steps(Hint: Youreally don’t wantto seeall theantrecordsonthescreensoendthecom
mandthatcreateshe pathwith a semi-colon.)

Now plot the path.

Solution (hidden)

Example random ant path

Here’sapicturefrom my solution. Thisis prettyant-like. (Well, ant’sdon’t moveon grids,butthisis

prettygood.) | usedthe PlotRangeoptionsothatthe entirebox s visible, andthatthere’salittle bit of

a gapbetweerthebox andthe axesandthe edgesof thepicture. | usedthe AspectRatimptionto
makethe plot squarethatway, thegrid isn’t squishednto a TV-shapedectangle.

In[122]:=

ant Pat hl nPl ane =
MakeRandonPat h[Ant [ {4, 4}, North], 2/3, 1/2, 100, 100007;
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mi2s;= LI st Pl ot [Map [Ant Posi ti on, ant Pat hl nPl ane], Pl ot Joi ned -» Tr ue,
Pl ot Range » {{0, 101}, {0, 101}}, AspectRatio - 1]
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oufizs= = Graphics -

A stratified population model in discrete time.

m A model with adults and children

Let’s supposeve wantto modela populationconsistingof childrenandadults,with time beingdis-

crete. Eachtime stepwill representiyear. Sowe mightsaythateachyear,—llg of all childrenareold
enoughto becomeadults,andeachadulthasa —2% chanceof becominga parent. To keepthingssim:
ple, parentswill justhaveonechild peryearatmost. We’'ll alsoincludemortality: %of thechildren

die eachyear,and % of theadultsdie eachyear. (*By theway, I’'m makingthesenumbersup.) This
leadsto thefollowing discretetime model:

X1 [t] = thenumberof childrenattimet
X2 [t] = thenumberof adultsattimet
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X1 [t + 1] = (thenumberfrom lastyean +
(thenumberof newborng— (thenumberthatgrowup) — (thenumbeithatdie)

X[t + 1] = (thenumberfrom lastyean + (thenumberof childrenwhogrewup) — (thenumbelrthatdie)

1 1
16 X1 [t] - ?ij'xl[t]

Xolt +1] =Xa[t] + 76 X1 [t] ~ o5 Xa [t]

X]_[t +1] :Xl[t}+%X2[t]—

You canrepresenthis modelin termsof matricesandvectors. We'll representhe populationasa
vector:

X1 [t] )
Xo[t]

Thetransitionfrom oneyearto the nextis alineartransformatiorof x;, andx, sowe canrepresenit
asavector:

1L _1 L
16 50 20
L 1_ L
16 30

x[t] = (

In Mathematica, vectorsarerepresentedslists with two items. Matricesarerepresentedslists of
lists, wherethe entriesin the matrix aregroupednto rows. Thespecialvat r i xFor mfunctiondis-
playsamatrix nicely laid out.

m2ap= A= {{a, b}, {c, d}}
oufiza= {{a, b}, {c, d}}

2= Mat ri xFor m[A]

Out[125]//MatrixForm=
5 a)
c d

Thus,to definethelineartransformatiorfor goingfrom oneyearto the next,we havetwo options.
Oneisto defineM asalist of lists,andthe otheris to usethe matrix buttonon the Basiclnput palette.
Whenyou click it, it insertsa matrix with four openslots:

o O
(5 o)
You mustreplacethe emptyboxeswith expressionsYou canalsogoto thelnputmenu,andchoose
InsertTable/Matrix/Palette Thatopensup adialogbox whereyou canspecifythe numberof rows
andcolumns.

In theend,eitherway produceghe samedefinitionof M.
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mazer= M= {{1-1/16-1/50, 1/20},

367 1 1 29
400 ’ 20}’ {16’ 30}}

{1/16, 1-1/30}}

out[126]= { {

miaz7= Mat ri xFor m[M]

Out[127]//MatrixForm=

367 1
400 20
1 29

megi= MUsi ngPal ette = ( 1-1 /11/61_61 /50 . 1 13%0 )
367 1

1 29
oz {{ 355 351 {15 301

Thetransitionrule cannow berepresentedsmatrix multiplication. In Mathematica, you haveto be
carefulaboutmultiplicationandlists. If you just puttwo termsfor a matrix productnextto eachother,
it treatsthemaslists ratherthanmatricesandyou getstrangeesults. This exampleshowsthatwe get
somethinghorribly wrongfrom theexpressiorA x. It's notevena column,whichis whatwe wanted.

Instead matrix multiplicationis handledwith the dot operatotthatis, justaperiod(.) Sotheexpres
sionA. x givesuswhatwe want.

mazgp= X = {X1, X2}

ouf29)= {X1, X2}

miasop= MAt ri XxFor mix]

Out[130]//MatrixForm=
2
X2
in3y= A X

oupsy= {{ax1l, bxl}, {cx2, dx2}}

np3zz= MAt ri XFor m[AX]

Out[132]//MatrixForm=

axl bxl
cx2 dx2
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A. X

In[133]:=

{axl +bx2, cx1 +dx2}

Out[133]=

mizar= Mat ri xFor m[A. X ]

Out[134]//MatrixForm=

axl +bx2
cxl +dx2

Let’s saythatwe startwith a
populationof 20 adultsand5
children. Whatdoesthe popule
tion look like thenextyear?

In[135]:=

Out[135]=

Hmm. Now is agoodtimeto In[136]:=
introducetheN function,which
evaluatesanexpressiomownto
decimalnumbersandgetsrid of

all thefractions.

out[136]=

Whatif we wantedthe stateaftet
two years?Wejustapplythe
transitionmatrix twice:

In[137]:=

out[137]=

M {5, 20}
{ﬂ ﬂ}
80 ' 48

N[M {5, 20}]
(5.5875 , 19.6458 )

N[M M {5, 20}]
(6.10882 , 19.3402 }

Whataboutafter50 years?We needto takeM>° butthe poweroperator*) doesn’twork like we
want: It returnsa matrix consistingof powersof theentries. Insteadwe haveto usetheMat ri x-

Power function.

mizsr= MAt ri XFor m[AN 2]

Out[138]//MatrixForm=
c?2 d?
miasor= MAt ri XxFor m[A. A]

Out[139]//MatrixForm=

(a2+bc ab+bd]
ac+cd bc+d?

mia40p= MAt ri xFor m[Mat ri xPower [A, 2]1]

Out[140]//MatrixForm=

(a2+bc ab+bd]
ac+cd bc+d?
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Backto ourexamplejf wewant n413= N[Mat ri1 xPower [M 50]. {5, 20}]

to seethe populationin 50 years )
this is whatwe shoulddo. ouper= {11.3224 -, 19.416 }

Let’'s saywe wantto plot thetrajectoryof the populationovertime. We’d like the numberof children
asafunctionof time, andthe numberof adultsasa functionof time.

First,we’ll generatealist of mpazi=  lable[f [J], {J, 10}]

populationstates.Let’s startby L1421 . . : ‘

doingthiswith theTabl e oufraz=  {T [1], T [Z], T, [3], T [4], T [5], T[6], T]

function. Tabletakesanexpre: 3= Table[f [] ], {1, 2, 10}]

sionandarangefor avariable, — oupeg- ( [2], 13, 1[4, 1 [5], T[], T [7], 1t
enproduceslist of all values - , ,

of thatexpressiorior different ~ "w4= Table[t [J 1, {J, 0, 10, 2}]

valuesof thevariable. The oufasg=  {t [O], T [2], T [4], T [6], T[8], 1[10]}

rangeis specifiedas

{variable first, last. You can

alsospecify{variable last to

meanthatthefirstis 1, and

{variable first, last sizg to

meanthatit shouldtakestepsof

thegivensize,ratherthanjust 1.

Soto getourlist of statesye wantalist of M' X wheret goesfrom 0to 50. But we'd like to eventu
ally plot x andy asfunctionsof time, soratherthanjustthe valueof M' xg, we’ll makethe entriesin
our tablepairsof {t, M' xg}. It's agoodideato try outfunctionswith a smallnumberof iterationsto
be sureyou’re gettingit right, thendo a biggercalculationandusea semi—colorto keepit from being

displayed.
maasp= X0 = {5, 20}
oufuas= {5, 20}

nppaer= Tabl e [N[Mat ri xPower [M t].x0], {t, 0, 10}]

ouuasl= { {5., 20. }, {55875 , 19.6458 }, {6.10882 , 19.3402 },
{6.57185 , 19.0773 1}, {6.98354 , 18.8521 },
{7.35001 , 18.6602 }, {7.67664 , 18.4976 }, {7.9682 , 18.3608 },
(8.22886 , 18.2468 }, {8.46232 , 18.1529 }, {8.67182 , 18.0767 }}

npa7:= Tabl e[ {t, N[MatrixPower [M t].x0]}, {t, 0, 10}]

oupar= { {0, {5., 20. }}, {1, {55875, 19.6458 }}, {2, {6.10882 , 19.3402 }},
{3, {6.57185 , 19.0773 }}, {4, {6.98354 , 18.8521 1},
{5, {7.35001 , 18.6602 }}, {6, {7.67664 , 18.4976 }},
(7, {7.9682 , 18.3608 }}, {8, {8.22886 , 18.2468 }1,
{9, {8.46232 , 18.1529 1}, {10, {8.67182 , 18.0767 }}}
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mi14g1= popul ati onSt at es =
Tabl e[ {t, N[MatrixPower [M t].x0]}, {t, O, 50}7];

Now thatwe havethe stateshow dowe getalist of {t, x;[t]} sowe canplotthe numberof children?
We’ll write afunctionthattakesa datapoint{t, {x;[t], Xo[t]}} andgivesit, x;[t]}. Thenwe canusethe
Map functionto applyit to ourlist of populationstates.

mipagp= T MeAndNuntChi l dren[{t , {x1_, x2_}}] = {t, x1}

oufag= {t, X1}

miasop= 11 MeAndNuntChi | dren[ {0, {x1[0], x2[0]}}]
ouaso= {0, X1 [0]}

misi= chi I drenl nTi me = Map [Ti meAndNunChi | dr en, popul ati onSt at es]

ounsy= {{0, 5.}, {1, 55875 }, {2, 6.10882 }, {3, 6.57185 },
{4, 6.98354 }, (5, 7.35001 }, (6, 7.67664 }, {7, 7.9682 },
(8, 8.22886 )}, {9, 8.46232 }, {10, 8.67182 }, {11, 8.86023 },
{12, 9.03006 }, {13, 9.18355 }, (14, 9.32264 },
{15, 9.44907 )}, {16, 9.56434 }, {17, 9.66981 }, {18, 9.76665 },
{19, 9.8559 }, (20, 9.93847 }, (21, 10.0152 }, {22, 10.0867 },

{23, 10.1537 }, (24, 10.2168 }, (25, 10.2763 }, {26, 10.3328 },
{27, 10.3866 }, {28, 10.438 }, (29, 10.4874 }, {30, 10.5349 },
{31, 10.5809 )}, {32, 10.6255 }, {33, 10.6689 }, {34, 10.7113 },
{35, 10.7528 }, {36, 10.7934 }, (37, 10.8334 }, {38, 10.8728 },
{39, 10.9118 }, {40, 10.9502 }, {41, 10.9883 }, {42, 11.0262 },
{43, 11.0637 }, {44, 11.101 }, (45, 11.1382 }, {46, 11.1752 },
{47, 11.2121 }, {48, 11.2489 }, {49, 11.2857 }, {50, 11.3224 }}



24 LearningToProgram.r

mips2i:= LI St Pl ot [chil drenl nTi me, Pl ot Joi ned -» True]
11}

10+

10 20 30 40 50

oupisz= = Graphics -

Exercises

Exercise 19
Plot the numberof adultsasa functionof time.

Exercise 20

Make a picturewith two curves,onefor thenumberof childrenasa functionof time,andone
for thenumberof adults.

Eigenvalue solution

Computingpowersof a matrixis mucheasiernf we putthe matrixinto Jordancanonicaform (thatis,
diagonalizat). That'sbecausg@owersof adiagonalmatrix areeasyto take:

nsa= VAL T xForm[Mat ri xPower [(3 8 ) n]]

Out[153]//MatrixForm=

(% o)

0 b"

And with diagonalizationthefollowing happens:
A-PJ P!
A= (PIJPYH (PIPY) ... (PIPT

A" =PJ" P
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To computethe Jordancanonicaform A = PJ P!, we needthe eigenvaluesindeigenvectorsf the

matrix A. Thenwe stackthe eigenvectors$o createP andmakea diagonalmatrix out of the eigenval
uesfor J.

AvVy =21 Vq
Avy = Vo
T 7 T 7
A1 O
A|lVy Vo | =]|V1 Vo (Olk)
) ) 2

Herearesomefunctionsyou mightfind useful. Mathematicacancomputeeigenvaluesndeigenvee
torsthroughthefunctionski genval ues andEi genvect or s. Thefunctionthatcomputesothis

Ei gensyst em There’salsoaJor danDeconposi ti on functionthatassemblethe eigenvectors
into thematrices? andJ.

misap=  { {| anbdal, | anbda2}, {v1, v2}} = Ei gensystem[M]
2261 + /21481 2261 - /21481

outisa= { { 2400 ’ 2400 }
232 1

{{-F5 + 150 (2261 + 21481 ), 1},
1

P%*T (2261 - /21481 ), 1}}}

missp= Mat ri xForm[Si nplify[Mv1]]

Out[155]//MatrixForm=

{ -18653 +367 /21481 ]

60000

2261 +/21481
2400

miase= Mat ri xFor m[Si mpli fy[l anbdalvl]]

Out[156]//MatrixForm=

-18653 +367 /21481
60000

2261 +/21481
2400

ms7:= {P, J} = JordanDeconpositi on[M]

owoste {{{gog (59 - V21481 ), 15 (-59 +~/21481 |}, (1, 1}},

2261 - /21481 2261 + /21481
8 2400 . 0. {0, 2400 I3y
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npss= Mat ri XFor m[P]

Out[158]//MatrixForm=

[ 8 (-59 - /21481 ) &5 (-59 ++/21481 )
1 1

npsor= MAt ri XxFor m[J]

Out[159]//MatrixForm=

2261 -+/21481 0
2400
0 2261 ++/21481
2400

Justto checkthateverything’sright:

nieor= MAt ri XxFor m[M

Out[160]//MatrixForm=

mie1= Mat ri XxForm[Si nplify[P.J. 1 nverse[P]]]

Out[161]//MatrixForm=
367

N
400 20
1 29
1 0

Supposeave write our populationstateasx = av, + bv,. Then

Mx=aMvi +bMv, =aa; vi + bA, vo. Continuinginductively,we seethat:
Mix=aMiv; +bMiv, =ad;tvi +bAst vy

Let’s seewhatthenumerical mze2;= N[ {l anbdal, | anbda2}]
valuesof theeigenvaluesire

ougtez=  {1.00315 , 0.881015 }

SinceA; > 1 andA, < 1, thepowerd,' — 0 ast — oo, which meanghatthev, componenbf the
populationstateis disappearing However thev,; componenbf the populationis growing. Sothat
meanghatovertime, the populationstatewill look moreandmorelike amultiple of v; .

Let’'s seewhatv; lookslike npeal=  N[V1]
numerically. This meanghatin . {058376 . 1
thelimit therewill beabout0.6 " t0. L

childrenfor eachadultin the
population.
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Exercises

Supposeve havea populationwith four agegroups:children,adolescentsadults,andelderly. Chil-
drenarebornatayearlyrateof % peradolescentfor afew teenageregnanciesiynd % peradult.

Eachyear,-fz of thechildrenbecomeold enoughto becomeadolescents;ll- of theadolescentbecome

adults,and 4= of theadultsbecomeelderly. Eachyear, 25 of thechildrendie, 5 of theadolescents

die, & of theadultsdie, and ¢ of theelderlydie.

Exercise 21

Startingfrom aninitial populationof 20 children,10 adolescent§0 adults,and4 elderly,plot
the numberof eachagegroupin the populationasa functionof time for 100years.

Hint: Insteadof writing TimeAnd mpes:= zZ = {1, 2, 3, a, b, c}
NumChildrenwith patternstr _ 9

usingthePar t funl?:tion,orthye ounse= {1, 2, 3, a Db, ¢}
equivaleninotationv([n]]. This moesi= Part [z, 3]

will allow youto write asingle  oupes= 3

function TimeAndNthGroup, .

ratherthan4 functionsTimeAnd "= Part [z, 6]

Children, TimeAndAdoles ouesl= C
cents.... maen= Z [[31]
oufl167= 3
mnesl=  Z [[6]]
out[168]= C
Exercise 22

Using eigenvectorsywhatproportionswill the populationtendto astime increases?

Now let's makethe problemalittle moreinteresting. Supposehatwith probability pepigemic there’san
epidemicof theflu in anygivenyear. Whenthere’sanepidemicthe deathratesof childrenandeld
erly aretripled, andthe deathratesof adolescentandadultsaredoubled. Now we can’tjustuseM!
because¢here’sa differentmatrix for yearswhenthere’sanepidemic,andayearhasanepidemicor
not basedn arandomnumber.

Exercise 23

Simulatethe populationwith Pepidemic= 35 -



