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Abstract. In this paper, we consider a nondifferentiable minimax fractional programming problem
treated with complex variables. Duality problem in optimization theory plays an important role. The
goal of this paper is to formulate the Wolfe type dual and Mond-Weir type dual problems. We aim to
establish the duality problems, and prove that the duality theorems have no duality gap to the primal
problem under some assumptions. The processes involves to show three theorems: the weak, strong
and strictly converse duality theorem.
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1. Introduction

Complex programming problem was studied first by Levinson [10] (in 1966) who consid-
ered the linear programming in complex space. Short later Swarup and Sharma [14] studied
linear fractional programming in complex space. Hence after complex fractional program-
ming problems in the linear and the nonlinear cases were treated by numerous authors (e.g.
Lai et al. [3-9], Parkash et al. [13], Ferrero [1] and references therein). In applications, many
practical problems related to complex variables, for instance, in electrical engineering, filter
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theory, statistical signal processing, etc. For a complex fractional programming [cf. Lai et al.
7], one may maximize the equalizer output kurtosis as

E(l2[% - 2(E(|z19)* - |E(%)?

Kiz)= (27

where E(-) stands for expectation, and |z|> = z -Z. While the minimax fractional complex
variable problem, one can find an example in the book Haykin [2] that is a problem to evaluate
the eigenvalues A4, ..., A,, of the correlation matrix A as follows
) 2 Az
A= min max——, k=1,...,m

dim(S)=k zeS gzHgz

where S is a subspace of C™, dim(S) denotes the dimension of subspace S ¢ C™, and the max-
imum is taken the nonzero vector z over the subspace S. Note that A in the above expression
is a positive semidefinite Hermitian matrix.

In this paper, we would study a more general minimax fractional programming problem
with complex variables as in Lai and Huang [3] in which it has established the necessary
and the sufficient optimality conditions. It is remarkable that the duality problem is also
an important part in optimization theory, and the duality models are based on the sufficient
optimality conditions established in [3], thus if once we have the optimality conditions, it is
naturally to investigate the duality models, and proves its duality theorems with nonduality
gap between the dual problem and its primary problem. Caused by the above reasons, in this
paper we will constitute two duality models: the Wolfe type [cf. 15] and the Mond-Weir
type dual [cf. Mond-Weir 12], and prove three theorems: weak, strong and strict converse
duality theorem with respect to the given primal problem with zero duality gap in the duality
theorems.

2. Minimax Fractional Programming Problem with Complex Variables

In this paper, we consider the following minimax fractional complex programming prob-
lem [see Lai et al. 3] as the following:
, Re [f({,n)+("Az) /%]
(P) mingey MaXpey g foey—(AB]
s.t. X ={¢{=(2,2)€C*" | —h({) €S} cC>™

where Y is a compact subset of {n = (w,w) | w € C"} C C>™; A and B € C™" are positive
semidefinite Hermitian matrices; S is a polyhedral cone in C?; f(:,-) and g(-,-) are continuous
functions, and for each n € Y, f(-,n) and g(-,n) : C*" — C are analytic, we assume further
that h(-) : C2" — CP is an analytic map defined on { = (z,%) € Q € C".

This set Q = {(2,%) | z € C"} is a linear manifold over real field. Without loss of generality,
it is assumed that Re [f({,n) + (z7A2)/2] > 0 and Re [g({,n) — (z'Bz)/?] > 0 for each
(Z,n) € X x Y. This problem will be nonsmooth if there is a point £, = (2y,2,) such that
zg Azg = 0 or z5'Bzy = 0.
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In complex programming problem, the analytic function f(z,%) is defined on the set Q
since a nonlinear analytic function can not have a convex real part in our requirement [cf.
Ferrero 1]. By this reason in our programming problem (P), the complex variables are taken
as the form ¢ = (z,%) € C*".

In order to understand some problems studied as before in different view points that are
the special cases of problem (P), we recall these special forms as the following:

(i) In problem (P), if Y vanishes and rewrite { = (2,%), then (P) is reduced to the following
minimization problem [cf. Lai el al. 7]:

. Re [f(2,2)+(z"Az)'/?]
(PO) mlnCZ(z,E)EX Re [g(z,2)—(z7Bz)172]"

(i) If A= 0 and B = 0 are zero matrices in problem (P), then (P) is reduced to (P;) which
was studied by Lai et al. [8].
: Re [f(&,m)]
(P1) mingey max,ey g sl
subject to X={{=(2,2)eC?| —h({) €S c CP}.

where Y is a specified compact subset in C?™, and for each n € Y, f(-,n) and g(-,7)
are analytic functions.

(iii) If B=0, g(+,-) = 1, then problem (P) is reduced to (P,) which was investigated by Lai
et al. [4, 9].

(Py) minyexy max,ey Re[f({,n)+ (z1Az)1/?]
subject to (ex={{=(22)eC®| —h({)eS}

where Y is a specified compact subset in C2™.

(iv) fA=0,B =0and g(+,-) =1, then problem (P) is reduced to (P3) which was considered
by Lai et al. [6].

(P3) mingex max,cy Re f({,n)
subject to (ex={{=(z3)eC®| —h({)eS }.

(W) f{=xeR'and n =y €Y C R™, then problem (P) is reduced to the real variable
problem which was studied by Lai et al. [5].

3. Notations

At first we describe briefly for some Notations and Definitions that are used in Lai et al.
[3] as follows.

Let S = {& € CP | Re(K&) > 0} € CP be a polyhedral cone where K € CK*? is a k x p
matrix. The dual cone S* of S is defined by

S*={ueCP|Re(E,u) >0, for £ €S}.
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For sy € S, the set S(sy) is the intersection of those closed half spaces that include s, in their
boundaries. Thus if sy € int(S), then S(sy) is the whole space CP. We say that problem (P)
has the constraint qualification at a point {, = (2, %) if for any nonzero u € S* c CP, we
have

Re(h'(£o)(¢ = Lo),u) #0  for { # ¢o.

Generalized convexity is an important role in optimization theory. Thus, for convenience, we
recall the generalized convexities of complex functions as follows [cf. Lai et al. 7, 8].

Definition 1. The real part of an analytic function f(-) from C?" to R is called, respectively,

(i) convex (strictly) at { =, €Q C c2if

Re[f()—f({0)] = Re[f{(Lo)({—Lo)],
>)

(ii) pseudoconvex (strictly) at { =, €Q if

Re[f/(Lo)({ —C0)] Z0=>Re[f(O)—f(Co)] =0,
(>0)

(iii) quasiconvex at{ ={,<Qif
Re[f({) = f({o)] 0=>Re[f;({o)({—Cp)] <O.

Definition 2. An analytic mapping h(-) : C*" — CP is called, respectively,

(i) convex at { = {, € Q with respect to (w.r.t.) a polyhedral cone S in CP if there is a
nonzero y € S*( € CP), the dual cone of S, such that

Re(h({) — h(Zo), ) = Re(h'(£o)(& — o> ).

Here (-, -) stands for the inner product in complex spaces.

(i) pseudoconvex (strictly) at { = {, € Q w.rit. S if there is a nonzero pu € S*( C CP) the
dual cone of S, such that

Re(h'(£0)(¢ = Co), ) = 0=>Re(h({) —h(Lo),u) =0,
(>0)

(iii) quasiconvex at { = {, € Q w.r.t. S if there is a nonzero u € S*( C CP) such that

Re(h({) — h(Zo), ) < 0= Re(h'({o)(§ — o), 1) <O.
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Throughout this paper, X is a subset of C2", and for { = (2,%z) € X, f(¢,-) and g(¢,-) are
continuous on the compact set Y. Thus we can denote

‘ Re[F({,m) + (z7A)1/2] Re[f(c,v)+<zHAz)1/2]}
Re[g({,m) — ("B2)2] eV Rel[g({,v)— (zFBz)1/2]

since Y is compact, the supremum in the above v € Y is attained. This set Y({) is also a
compact subset of Y.

We need use the differential of a complex function by the gradient symbols V, and V3 as
the following [cf. 4]:

For eachn € Y € C*>™, w € C" and { = (2,%) € Q € C?", suppose that the function
®(0) = f(Z,m) +2z"Aw + (h(Q), u) is differentiable at {, = (2y,2). Then

Y(C)={n€Y

Re[#/(£0)(¢ — £o)] = Re [< 5 =20, Vaf (Lo, ) + Vsf (Lo, )

+ Aw + TV (o) + w1 Vsh(Zo) )} .
The generalized Schwarz inequality in complex space can be as the inequality:

Re(z"Au) < (2" A2)Y2 (1M Au)Y/2. (D

4. Necessary and Sufficient Optimality Conditions
In Lai et al. [3], the authors have established the optimality conditions. For convenient,

we restate the necessary optimality conditions as follows.

Theorem 1. (Necessary Optimality Conditions, [cf. 3, Theorem 2]) Let {y = (2¢,2,) € Q be a (P)-
optimal with optimal value v*. Suppose that the problem (P) satisfies the constraint qualification
at {, with assumptions ngAzo = (Azy,2o) > 0 and zgl Bz, = (Bzg,29) > 0. Then there exist
0#ueS* cCP,uy,uy, € C" and positive integer k with the following properties (as Y({y) C Y
is provided a compact subset in C*™):

(1) finite points m; € Y(Ly) fori=1,---,k;
(ii) fori=1,--- k, multipliers A; > 0 and Zle A=1
such that Zle ALf () = v gL m)] + (h(Q), w) + (Az,2)'/2 + v*(Bz,2)"/? satisfies the fol-

lowing conditions

Xk:ll{ [ 2f (Co, 1) + V&£ (Lo, m)] [Vzg(Co, 1:) + Vz8(Cos m)] }

1=

+(WIVLR(e) + uVh(Z0) ) + (Auy +v*Buy) = 0; )

Re(h(Zo),u ) =0; (3)
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u?Aul <1, (ngAzo)l/2 :Re(ngAul); 4

ulquuz <1, (zg[BzO)l/2 =Re(z(1){Bu2). (5)

In order to get the necessary optimality conditions of (P) for nonsmooth situation at
o = (20,%0) € Q, that is, if z/Azy = 0 or z['Bz, = 0, the problem (P) is a complex nondiffer-
entiable minimax programming. In this case, we define a set:

;¢ = {¢ec™

—h(£o)l € S(=h(Zp)), {=(z,7) €Q

with any one of the next conditions (i), (ii)and (iii) holds }

() Re{ S, 2 [ /(80,1 — V81 (Co,n)

L+ 2t 4 ()2, 2) Y2 | <0,
if z/Az; > 0 and z}) Bzy = 0;

(Af’»'o,Zo)l/2

i) Re{ 3y 24 [ £/(Z0,m0) = v*g{(Zomo)

if z{'Azy = 0 and 2} Bzy > 0;

L+ (Az,2) 12 + 2220 L <o,

(Bz0,20)

(iii) Re{ P :fg(co,m)—V*gg(Co,m)

if ngAzo =0and ngBzO =0.

L+ ([A+ (v¥)?B]z,2) /2 } <0,

This set Z5({,) plays an important role for the cases either (Azy,z,) = 0 or (Bz,z%,) = 0.
If the set Z({() = 0, then we can obtain the necessary optimality conditions of problem (P)
as the following.

Theorem 2. (Necessary Optimality Conditions, [cf. 3, Theorem 3]) Let {y = (29,29) € Q be
(P)-optimal with optimal value v*. Suppose that problem (P) possesses constraint qualification
at {o and Z5({o) = 0. Then there exist a nonzero y € S* C CP and vectors uy,uy € C" such that
the conditions (2)~(5) hold.

We know that the sufficient optimality conditions for problem (P) follows from the con-
verse of necessary optimality conditions with extra assumptions, thus the sufficient optimality
conditions are various. The additional assumptions are convex as well as the generalized con-
vexities, for instance, we can state the sufficient optimality conditions of (P) as follows [cf. 3,
Theorem 4].

Theorem 3 (Sufficient Optimality Conditions). Let {, = (29,29) € Q be a feasible solution
of (P). Suppose that there exist a positive integer k > 0, v € R, fori =1,---,k, 4; > 0,
n; € Y({,) with Zle A; =1, and that 0 # u € S* c CP, u;, u, € C" satisfying conditions
(2)~(5) of Theorem 1 for Zﬁ(C o) = 0. Assume that any one of the following conditions (i), (ii)
and (iii) holds:

(i) Re {Zle Ai [(f((, n;) +27Au;) —v*(g(g,m;) — zHBuz)] } is pseudoconvex on
¢ =(2,2) €Q, and h({) is quasiconvex on Q w.r.t. the polyhedral cone S C CP;
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(ii) Re {Zle Ai [(f((, n;) +27Auy) —v*(g(¢,m;) — zHBuz)] } is quasiconvex on
¢ =(2z,2) €Q, and h({) is strictly pseudoconvex on Q w.r.t. S C C?;

(iii) Re {Zle Ai [(f((, n;) +27Au;) —v*(g(g,m;) — zHBuz)] + (h({),,u)} is pseudoconvex
onl=(z,2)€qQ.

Then o = (2y,20) is an optimal solution of (P).

5. Wolfe Type Dual Model

In order to construct a duality problems respect to the primal problem (P), we take some
preparation.

Let { = (2,%) € Q C C2" be any feasible solution of problem (P). By the compactness of Y
in (P), the closed subset Y ({) is also compact which is the set of points in Y maximizing the
fractional function

Re[f(¢,m) + (z1A2)Y/2]
WSV Re[g({,n) — (2" B2)1/2]

Since for each { = (2,%) € Q, the functions f({,-) and g(Z,-) are continuous on Y. Thus one
can show easily that the fractional function:

atnq, Mg,..., Ny for some k € N.

k
AiRe [£ (£, ) + (s742)"/]
¢(%) =maxRe [F(&m) +(&As)' 2] ;
T pev R ,n)— (zHB /2] k
n e[g(¢,n) — (z"Bz)1/?] ZkiRe[g(C,ni)—(zHBz)l/zj

i=1

(6)

and so the problem (P) become
(P) min ®(4).

Based on the optimality conditions (2)~(5) in Theorem 1 as well as in Theorem 2, the exis-
tence of optimal solution for problem (P) even (P) is a nondifferentiable minimax program-
ming problem with complex variables under some generalized convexities has established by
Theorem 3.

By using the optimality conditions (2)~(5) and the existence for optimal solutions of prob-
lem (P), one may consider the duality model with respect to the primal problem (P). In this
section, we would construct the Wolfe type dual in fractional programming problem (WD) by
considering the objective from the original fractional functional added the constraints of (P)
with a multiplier u € S* into the numerator of the fractional functional in (P). Precisely it
likes

k
ZAiRe [£(&,m)+ (7A2)2 + (R(D), 1) ]
o)==

(7)

k J
AiRe[g(¢,m;) = (z"B2)"/?]

i=1
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and then maximize ®({) under suitable constraints.

In order to distinguish the feasible variable { = (2,%z) € Q in (P) from the dual problem,
we replace the variable in the dual problem (WD) by &£. Of course this £ = (a, @) € Q € C*"
still plays as a feasible solution of (P) and also assumes to satisfy the necessary conditions
(2)~(5). Then we could constitute the Wolfe type dual as the dual problem of (P) as the
following form:

(WD) max 5 ey MAX(g iy wy)ex; (kL) 28

where ®(&) defines a fractional functional as the expression (7) replace ¢ by &.
Here

() K(&) stands for a set of the triplet points (k, A, 7)) satisfying the optimality conditions of
problem (P) for any given feasible solutions £ = (a, @) € Q, then there exist a nonzero
multiplier u € S* C CP, the dual cone of the polyhedral cone S in CP such that (v,u) >0
for any v € S. Thus (h(&),u) <0as —h(§) e S c CP.

(ii) the new constraint set X, (k, X, 1) is the set of all feasible solution (&, u, w;,w,) of (WD).

Consequently, the constraints of (WD) are as the following expression:
For £ =(a,a) €Q c C?",

k

{ A TFE R+ af €om0) s s TR+ 030
i=1

k

(Do [aE 0 = (@Ba) 1) = ("2 [F(En) + (@A) /2 + (h(E), )] ) x

=1

1

1 10

{ 2i[V.g(& M)+ Vzg(&,m)] - BWZ} =0, (8)
i=1

Re(h(&),u) >0, u#0inS", )]

W?AWl <1, (a"Aa)"? = Re(a" Aw), (10)

W?BWZ <1, (a"Ba)'/? = Re(a’Bw,), (11)

If for a triplet (k, 2, 1) € K(&), the set X, (k, 2, 1) = 0, then we define the supremum over
X,(k, A, 1) to be —oo for non exception in the formulation of (WD).
Without loss of generality, we may assume that

k
> ARe [£(E,n) + (al’Ad)'/? + (r(E), )] > 0

i=1
and

AiRe [g(£,1)~ (@"Ba)'/*] >0

k
=1

1
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for each (k, A, ) € K(&), (&, u, wy, w») € X;(k, A, 7).

How we can approve that problem (WD) is really a dual problem of the problem (P)?
To confirm the problems (WD) and (P) are surely in duality relation. The next three theorems
must be established for non duality gap under extra assumptions.

Now for simplicity, we denote the function

k k
i(e) = (Z&-Re [f(-,m)+(-)HAw1+<h(-),u>])x(inRe [£(5,n,) — o'"Bw,] )
i=1 i

=1
k k
= (Do rRe [£(&:m)+aAw, + (H(E),w)] ) (ZAiRe [g(e,m)— (-)HBWZJ)
i=1 i=1
fore=(,")eQc C*.
Employing the necessary optimality conditions (2)~(5) with some generalized convexity,

we can prove three theorems: the weak, strong and strict converse duality theorem of problem
(WD) as follows.

Theorem 4. [Weak Duality] Let { = (z,%) be (P)-feasible, and (k, 2, 1,&, U, Wy, wy) be (WD)-
feasible. If ®,(&) is pseudoconvex on Q, then

Re[f(¢,m) + (z742)"/?]
1Y Re[g(Z,m) — (2B2)V/?]

Proof. Suppose on the contrary that

> ®(&).

Re[f(¢,m) +(5"A2)!/?]

i _ Y AaRe [£(E,00) + (@A) + (h(E), )]
n<Y Re[g(¢,n) — (z"B2)"/?]

S AiRe [g(€,m;) — (af'Ba)'/?]

2(&)
Then for each n € Y, we get

(Relrc.m+ a7 x (T 2ike [(6un) = (a5a)' ]
< (Relatt.m =521 ) x ( L, Ak [FCEm)+ @A)+ ()] )

Now we are replaced 1 by n;, multiplies A; (with Zle A; =1). Then it deduce to
k k
(D2 Re[£(@m) + 42)2] ) % (Z ARe [g(€,m:)— (aHBa)”Z])
i=1 i=1

k k
= (D22 Re[2(&,m) — (5"'B=)12] ) (Zme [f (&,m:) + (a"Ac)' /> + <h(5),u>])
i=1 i=1

<0. (12)
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From inequalities (10), (11) and generalized Schwarz inequality (1), we obtain

Re(zAw,) < (zlLIAz)l/Z(wa[Awl)l/2 < (zAz)"/? and (13)
Re(z""Bw,) < (zHBz)l/z(Wwaz)l/2 < (z"B2)'/2, (14)

since w Aw1 <1 and w, HBw, < 1.
From inequalities (12), (13) and (14), we obtain

00 = SLiaike [FEn)-+2"am + (@] ) x (T, Ak [g(6n) - o, )
—(Zh ARe [F(E,n)+aAw, + (h(E),m]) x | T, ARe [g({,ni)—zHsz])
< (Zi;l AiRe [F(,n) + (A2 + (h(C),.u)]) x (2, AiRe [(8,m0— a"Bws] )
(T, 2iRe [£(E,n) +a¥aw; + ((ELW]) x ( S 2iRe [g(Z ) — (zHBz)l/Z])
<0-+Re (h(O), 1) (zl ARe [g(Z,n) — aBw,] )

Since Re (h({),u) < 0 and (Zle AiRe [g(&,my) — aHsz]) > 0, the above inequality
implies that

21(8) <0=2,(8).
By hypothesis ®; is pseudoconvex and ®,({) — ®,(£) < 0, we get

k
{Zzi [V.F (&0 + Vaf (E,10] +Aw, + T Voh(E) + qugh(a)}

i=1

k
(202 LaE 0 - @By )

i=1
k

= (D2 Lm0 + (@A) 2 + (h(E), 1))

i=1

~ {in [T+ Vsgl&,n] ~Bwa | <0,

i=1

This contradicts the equality of (8). Hence the proof is complete. O

Theorem 5. [Strong Duality] Let {o = (20,%0) be an optimal solution of problem (P) satisfying
the hypothesis of Theorem 1. Then there exist (k,A, 1) € K({y) and ({o, u, w1, wy) € X1(k, A, 1)
such that (k, 2, 1,0, U, W1, W) is a feasible solution of the dual problem (WD). If the hypotheses
of Theorem 4 are fulfilled, then (k, i, 1,80, U, W1, Ws) is an optimal solution of (WD), and the
two problems (P) and (WD) have the same optimal values.
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Proof. If £y = (29,%) € Q be an optimal solution of problem (P) with optimal value
k
Zi:1 AiRe[f(Lo,m;) + (Zg[Azo)l/Z]
k >
Zizl AiRe[g(Lo,mi) — (Zngo)l/z]

then by Theorem 1, there exist 0 # u € S* c CP, w;,w, € C" and positive integer k to satisfy
the following equality:

vi=(lo) =

k
{ Zli [V.f(o,n) + Vaf (Lo,m)] +Aw; +u" V. h(Zo) + MHvzh(Co)} X

i=1

(

{7 [Toe o + Tsg(Com] — Bws | =o.

i=1

k
24 [8(Zo,m) = (38 B20)"21) = (02 [f (Corn0) + (2l Azg) /2 + (H(Zo), )] ) X
i=1

= IIM»
fu

It follows that (k, 2, 1n) € K(Lp) and (Lo, u, wq,wy) € X(k, A, 1) such that (k, 2, 1,0, h, W1, Wq)
is a feasible solution of the dual problem (WD).

If the hypotheses of Theorem 4 are also fulfilled, then (k, i, 1,0, U, W1, W) is an optimal
solution of the dual problem (WD). O

Now we consider ®,(e) as a strictly pseudoconvex on Q instead of pseudoconvex. Then
we have the strict converse duality theorem as follows.

Theorem 6. [Strict Converse Duality] Let Zand @, X, M, E, ,wy,,w7) be optimal solutions of
(P) and (WD), respectively, and assume that the assumptions of Theorem 5 are fulfilled. If (o)
is strictly pseudoconvex on Q, then { = &; and the optimal values of (P) and (WD) are equal.

Proof. Assume that (Z, ?) = Z;ﬁ E: (@,a), and reach a contradiction.
By Theorem 5, we know that

R @)+ EARY2] S AiRe [£(E )+ (@1AD)2 + (hE), )]
n<Y Re[g(¢,n) — (2" B2)'/?] > ZiRe [¢(E, 7)) — (@B&)!/2]

Then for eachn €Y,

Relf@m)+ @A) _ Ty AiRe [FE i)+ @"A@)2 + (D), )]
Re[g(¢,n) = (3"'B2)!/?] Y, ARe [g(E,7) - (@"Ba)"?]

That is, for each n €Y,

k
(Relf(Z,m +Ea2)1%) {ZiiRe [, i) — (@ B@)"/*] }
i=1
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%
~ (Relg(@m) - @D x {ZiiRe [£(E, 7))+ (@"A8)"/% + (h(E), m]} <o0.
i=1

It implies that

—
'Mm
>

N
I
—

k
ZiRe[ (7)) + (2142)'/2] ) {ZiiRe [s(E,7) — @"B@)"/?] }
k
Re[g(Z, i) - BBE)]) x {Zi f & 7)) + (@ a@)? + <h(§),m]}

=
i=1 i=1

<0. (15)

M»)

From inequality (15), we use the same line as the proof of Theorem 4, one can easily obtain

®,(0) < &,(2).

Since hypothesis ®(®) is strictly pseudoconvex on Q, it implies that

I3
(S AT E R+ Vo @] +49: + 5 V@ + k(B
i=1

{ 2 [Vo8 o m) + Vsg(E, )] —sz} <0
i=1

=)

(O

Il
-

% [2(E ) - @B - (304 [FE 7))+ @a@) 2 + (h(®), )]

i i=1

-
|

which contradicts the equality of (8). Hence the proof is complete. O

6. Mond-Weir Dual Problem and its Duality Theorems

The minimax fractional problem (P), actually is a minimization problem with objective
function

S MRe[ £ (L, M) + (27Az)1/2]
> ARe[g({m) - (zHB2)Y/2]

Thus the Mond-Weir type dual problem (D) can be regarded as a maximization problem with
objective function

w(Q)=

S ARe[F(E,m;) + (aAa)V/?]
> ARe[g(E,m;) — (afBa)l/2]

which is obtained by using the original variable { = (z,2) € Q of ¢({) replaced by
& =(a,a) € Q in the same fractional functional to be ¢(&).

(&)=
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The main task for the dual model (D) is to establish the constraints of (D) and search the
conditions to approve the problem (D) is surely a dual problem with respect to the primal
problem (P). Moreover to prove there are no duality gap between (D) and (P). That is, they
have the same optimal values. In other word,

mcin(P) = mgax(D) is approved.

This is the main thought. Fortunately, from necessary optimality conditions (2)~(5) is used
to the assumptions for sufficient optimality conditions.

Consequently one can find the existence of optimal solution for problem (P), besides a feasible
solution satisfying conditions (2)~(5), it needs extra assumptions (for instance, generalized
convexity) to obtain a sufficient optimality condition. Caused from this reason, we establish
the Mond-Weir type dual problem (MWD) as the following form:

(MWD) max max

(e T EK(E) MAX (2w wo)exy (kT PLS)

where & = (a,@) € Q € C?" is given as any feasible point satisfying the conditions (2)~(5)
in theorem 1, it corresponds to k € N, A = (A, 5, Ak), A; > 0 with Zle A; = 1 and
n=MmMmM,,m)of n; e Y() CY. We use K(§) to denote the set of all triplet points
(k, A, 1) depending on &. Then by the triplet points (k, 2, m) corresponding to all points
(&, u,wy,w,) € C2" x CP x C" x C™ in the fractional functional ¢ (&) and maximizing the real
number over & under the complex variables. We denote X,(k, 2, 1) as the set of all points
(&, u,wqi,wy) in problem (MWD). Consequently, from the above preparation, the Mond-Weir
type dual problem is then formulated by

Re[f(£,n)+(afAa)'/?]
(MWD) MaXsex MAXney Relg(E,n)—(aBa) 2]

(= o 55

SE AR [ £(En)+(aAa) 2]
Y, ARe [ g(Em) (ot Ba)V2 ]

= mMmaXgey

= MaXq 3 mek(e) Mgy wy)exy ki P(E) )

subject to £ = (a,@) € Q € C?" and

k
{ZA [VoF &m0+ Vzf (6,1)] +Awl} x (D024 Re [g(&,m) — («'Ba)'/?] )

i=1
- (ZAiRe [£ (&, 1) + (@A) 2] x {in [V.8(E,n) + Vzg(€,m;)] —BWZ}
i=1 i=1

+u’ V;h(8) +uVzh(8) =0, (16)

Re(h(&),u) >0, u#0inS", a7
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W{IAwl <1, (aAa)/? = Re(alAw,), (18)

Wngz <1, (a'Ba)!/? = Re(aBw,). (19)

For convenient, we denote the function

0a(e) = Za2iRe [FCorm)+ (] ) x (T, Ake [aEm) = aBw,])
- ( Zif:l AiRe [f(&,n;) + a'Aw,] ) X (Zle AiRe [g(®,1;) = (-)"Bw,] )

fore=(,")eQc C>.

In order to show that the problem (MWD) is a dual problem of (P), we need to establish
the following duality theorems: weak, strong and strict converse duality theorem for problem
(MWD), mutatis mutandis, the same as the proof of the weak, strong and strict converse
duality theorem for problem (WD).

Theorem 7 (Weak Duality). Let { = (2,%) be (P)-feasible, and (k, X, 1,&, U, wq,ws) be (WD)-
feasible. Suppose that any one of the following conditions (i) and (ii) holds:

(1) ®,(e) is pseudoconvex on Q and (h(e), u) is quasiconvex on Q,

(ii) ®,(e) is quasiconvex on Q and (h(e), u) is strictly pseudoconvex on Q,

Then
 Re[f@m+@"An"2] )
Wt Re[g(L,m — GPBRZ] ~ 0
Proof. Suppose on the contrary that
Re[f(Z, 1)+ (2"A2)"/?] Yoy AiRe [£(E,1) + (aAa)V/2]
<¢(&)=

%Y Re[g(Z,m) — GFB) 2] Y ARe [g(E,m) — (afBa)V/2]

Then for each n € Y, we get

(ReLr(€.m)+ (42772 ) x (Zle AiRe [g(é,m)—(aHBa)l/z])
< (Rels(@,m)~ ("B2)"12] ) (Zi‘zl AiRe [f(é,mH(aHAa)”Z]).

Now we are replaced 71 by n;, multiplies A; (with Zle A; =1). It reduces to
k k
(D Re[£(Zm) + E42)2] ) % (Z AiRe [g(€,m)— (aHBa)”Z])
i=1 i=1

k k
— (D22 Re[g(&,m) — 57B=)"] ) (inRe [f(g,m)+<aHAa)1/2])
i=1 i=1
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<0. (20)

From inequality (18), (19) and generalized Schwarz inequality (1), we obtain
Re(zfAw,) < (zHAz)l/z(wawl)l/2 < (z"Az)Y/? and (21)
Re(z""Bw,) < (zHBz)l/Z(wawz)l/2 < (z"B2)'/2. (22)

From inequalities(19), (20), (21) and (22),
2,0 = (Zi‘:l AiRe [f(c,m)+zHAW1]) x (X, AdRe [g(Em) - a''Bw,] )
(T ARe [£(E,m) +aaw,]) x (Zi;l AiRe [g(C,m)—zHsz])
< (21;1 AiRe [£(Z,m)+(21Az)12] ) x (X ARe [g(2,m) —a''Bw,] )
~(Zh AR [0+ 0w ) x  ZE AiRe [6Con) - (752)7] )

<0=9o,(¢&).
We obtain
®,(§) <0=2,(&). (23)
Since { = (z,%) and & = (a, @) are feasible solutions of (P) and (MWD), we have
Re(h({), ) <0 < Re(h(&), ). 24

If hypothesis (i) holds, ®,(e) is pseudoconvex at £ and (h(e), u) is quasiconvex at &, then
by (23) and (24) , we have

Re[®5(E)({ = &) <0and Re( W (E)(—&),u) <0
That is

k
{ZA [VoF (&0 + Vaf (£,1)] +Aw1} (D224 Re [g(&.m) - (a"Ba)'1)
i=1

k
- (Zli Re [£(&,n) + (a"Aa)/2]) - {Zl [V.8(&n:) + Vzg(&,m)] - BWz}
i=1

1=

+u’ V,h(E) +uVzh(E) <o.

This contradicts the equality of (16).
In hypothesis (ii), it follows by the same lines as the proof given for (i).
Hence the proof is complete. O

As for the strong and strict converse duality theorems of (MWD), mutatis mutandis, the
same as the proof of duality theorems for (WD). Hence, we state directly the strong and strict
converse duality theorems as in the following:
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Theorem 8 (Strong Duality). Let {q = (2q,2g) be an optimal solution of problem (P) satisfying
the hypothesis of Theorem 1. Then there exist (k, 2, n) € K({y) and (Lo, u, wq,wy) € X(k, 2, )
such that (k, 2., 1,0, W, W1, W) is a feasible solution of the dual problem (MWD). If the hypothe-
ses of Theorem 7 are fulfilled, then (k, X, 1,0, U, W1, W5) is an optimal solution of (MWD), and
the two problems (P) and (MWD) have the same optimal values.

Theorem 9 (Strict Converse Duality). Let Zand (E, i, , E, u, w7y, ,w7) be the optimal solutions
of (P) and (WD), respectively, and assume that the assumptions of Theorem 8 are fulfilled. If
®,(e) is strictly pseudoconvex on Q and (h(e),u) is quasiconvex on Q, then Z = E,- and the
optimal values of (P) and (WD) are equal.
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