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56:171 Operations Research -- Fall '97

<><><><><><><> 56:171 Operations Research . <><><><><><><>
<><><o><><><><> Sample Quizzes -- Fall 1997 <><s<><><><o<>

>SS SSSQUIZ # L <SS
For each statement, indicate "+"=true or "o"=fal se.

Part|: LINDO

a. The LOOK command is used to display the LP model after you have entered the
formulation.

b. After the LP model has been entered, the SOLVE command finds the optimal solution.

c. After the LP model has been entered, the SAV E command causes the LP model to be
written to afile which can be used as input in another session.

d. To beginyour entry of the LP model into LINDO, you should use the command
ENTER.

e. The number of rows inthe LP model isaways greater than the number of constraints
which you have entered.

f. LINDO does not accept "strict inequalities’ such as X + 2Y < 10, so that you must enter
X +2Y <=10 instead.

g. Thecommand DIVERT will cause subsequent LINDO output to be sent to atext file.

h. The command RVRT will reverse the direction of an inequality which you previousy
have entered.

I. When entering your LP model, the last constraint which you enter should be followed by
END.

j- The PRINT command may be used to print any LINDO output which has previously
appeared on the monitor.

k. LINDO assumesthat all variables are restricted to be nonnegative, so that you need not
explicitly enter these constraints.

|. After you have entered the objective function, you must enter SUBJECT TO before
entering the first constraint.

m. The command DIVERT will send all output which has previously appeared on the
monitor display to atext file.

<>SISISISISISISISISIS<S>
Part I1: Investment problem

Consider the following investment problem: Y ou now have $100 available for investment
(beginning of year #1). Y our objective isto maximize the value of thisinitial investment after four
years, i.e., the end of year #4 or equivalently, the beginning of year #5. The available investments
are:

* Investment A isavailable only at the beginning of years 1 and 2; each $1 invested in A
will be returned in two equal payments of $0.70 at the beginning of each of the
following 2 years. (For example, if you invest $1 now, at the beginning of year 1, then
you receive $0.70 at the beginning of year 2 and another $0.70 at the beginning of year
3)

* Investment B is available only once, at the beginning of year 2; each $1 invested in B at
the beginning of year 2 returns $2 after 3 years, i.e., the beginning of year 5.

» A Money Market fund (R) is available every year; each $1 invested in this way will
return $1.10 after 1 year.

The following table displays these cash flows. For example, -1 indicates $1 put into the
investment, and +0.70 indicates $0.70 received from the investment.
begin |
year# | Al AZI B|] RlL R2 R3 R4
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n. Completethe equation: 0.7A1+ 0.7A2+ 1.1R2- R3=

0. The objective should be to maximize (select one):
14A2+2B + 1.1R4
2B + 1.1R4
14A1+14A2+2B+1.1R1+1.1R2+ 1.1R3 + 1.1R4
0.4A2+ 1B + 0.1R4
none of the above

<S>>I QUiz #1 Solutions <><><><S><S<S><S>

Partl: LINDO

+ a TheLOOK command isused to display the LP mode after you have entered the
formulation.

0 b. After the LP model has been entered, the SOLVE command finds the optimal solution.
Note: The command GO performs this function.

+ _c. After the LP model has been entered, the SAVE command causes the LP model to be
written to afile which can be used as input in another session.

0 d. To beginyour entry of the LP model into LINDO, you should use the command
ENTER. Note: Thecommand MAX (or MIN if the LP isa minimization problem)
performs this function.

+ e Thenumber of rows inthe LP model isaways greater than the number of constraints

which you have entered.

o f. LINDO does not accept "strict inequalities’ such as X + 2Y < 10, so that you must enter
X +2Y <=10 instead. Note: whileitistruethat LINDO does not handle strict
inequalities, it treats "<" asequivalent to "<=",i.e.,, "£".

+ 0. ThecommandDIVERT will cause subsequent LINDO output to be sent to atext file.

0 h. Thecommand RVRT will reverse the direction of an inequality which you previously
have entered. Note: this command (an acronym for REVERT) terminates the diversion
of output to the print file, which was previously commanded by DIVERT.

+ _i. When entering your LP model, the last constraint which you enter should be followed by
END.

0 _j. ThePRINT command may be used to print any LINDO output which has previously

appeared on the monitor. Note: LINDO does not have a print command. To print the

LP output, you must DIVERT the output to a text file, and then use a wordprocesser or

equivalent to print it.

+ k. LINDO assumesthat al variables are restricted to be nonnegative, so that you need not
explicitly enter these constraints.

o __|. After you have entered the objective function, you must enter SUBJECT TO before
entering the first constraint. Note: you must enter ST rather than the complete spelling
SUBJECT TO.

0 __m. Thecommand DIVERT will send all output which has previously appeared on the
monitor display to atext file. Note: this command sends all output from following
commands to the text file, until you issue the command RVRT (revert).

Part I1: Investment problem
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Consider the following investment problem: 'Y ou now have $100 available for investment
(beginning of year #1). Y our objective isto maximize the value of thisinitial investment after four
years, i.e., the end of year #4 or equivaently, the beginning of year #5. The available investments
are;

* Investment A isavailable only at the beginning of years 1 and 2; each $1 invested in A
will be returned in two equal payments of $0.70 at the beginning of each of the
following 2 years. (For example, if you invest $1 now, at the beginning of year 1, then
you receive $0.70 at the beginning of year 2 and another $0.70 at the beginning of year
3.)

* Investment B is available only once, at the beginning of year 2; each $1 invested in B at
the beginning of year 2 returns $2 after 3 years, i.e., the beginning of year 5.

» A Money Market fund (R) is available every year; each $1 invested in this way will
return $1.10 after 1 year.

The following table displays these cash flows. For example, -1 indicates $1 put into the
investment, and +0.70 indicates $0.70 received from the investment.

begin

year# | Al A2 B RIL R2 R3 R4
1 -1 -1
2 |+0.7 -1 -1 |+1.1 -1
3 |+0.7 +0.7 +1.1 -1
4 +0.7 +1.1 -1
5 +2 +1.1

n. Complete the equation: 0.7A1+ 0.7A2+ 1.1R2- R3= 0

0. The objective should be to maximize (select one):
_ 14A2+2B+1.1R4
X 2B+ 1.1R4
_ 14A1+14A2+2B+1.1R1+1.1R2+1.1R3+ 1.1R4
~_ 04A2+1B+0.1R4
none of the above
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<SS QUIZ #2 <SS
For each statement, indicate "+"=true or "0"=fal se.

____a Whenyou enter an LP formulation into LINDO, you must first convert all inequalities to
equations.
___b. Whenyou enter an LP formulation into LINDO, you must manipulate your constraints so
that all variables appear on the left, and all constants on the right.
___C. A"pivot" in anonbasic column of atableau will make it abasic column.
—__d. It may happen that an LP problem has (exactly) two optimal solutions.
___e. If azero appears on the right-hand-side of row i of an LP tableau, then at the next iteration
you cannot pivot inrow i.
___f. A pivot" inrow i of the column for variable X; will increase the number of basic variables.
0. Ifadack variable S for row i isbasic in the optimal solution, then variable X; cannot be
basic.
___h. If azero appears on the right-hand-side of row i of an LP tableau, then at the next iteration
you must pivot inrow i.
___i. A"pivot” in the simplex method corresponds to a move from one corner point of the feasible
region to another.
___j. A basic solution of the problem "minimize cx subject to AXEb, x3 0" corresponds to a corner
of the feasible region.
___k. Thefeasibleregionisthe set of al pointsthat satisfy at least one constraint.
___|. Adding constraints to an L P may improve the optimal objective function value.
____m. The number of basic variablesin an LP isequal to the number of rows, including the
objective function row.
___n. Inthesimplex method, every variable of the LP is either basic or nonbasic.
___ 0. Inabasic LP solution, the nonbasic variables equal zero.
p. Therestriction that X1 be nonnegative should be entered into LINDO as the constraint X1
>=0.
___ Q. The"minimum ratio test”" is used to select the pivot row in the s mplex method for linear
programming.
___r. Thevauein the objective row of the smplex tableau isreferred to as "reduced cost" or
"relative profit", depending upon whether you are minimizing or maximizing, respectively.
___s. Inthe ssimplex method (as described in the lectures, not the textbook), the quantity -Z serves
asabasic variable, where Z is the value of the objective function.
___t. Every optimal solution of an LP isabasic solution.
____Uu.Basic solutions of an LP with constraints AX£b, x2 0 correspond to "corner” points of the
feasible region.
___Vv.Inthe simplex tableau, the objective row iswritten in the form of an equation.
___w LINDO would interpret the constraint "X1 + 2X2 > 10" as"X1 + 2X23 10"

Multiple-Choice:
X. If you make a mistake in choosing the pivot column in the smplex method, the solution

in the next tableau

(@ will be nonbasic (c) will have aworse objective value

(b) will beinfeasible (d) None of the above
y. If you make a mistake in choosing the pivot row in the smplex method, the solution in
the next tableau

(@ will be nonbasic (c) will have aworse objective value

(b) will beinfeasible (d) None of the above

<S>>SO QUiz #2 Solutions <><><><S<S<S><S>
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For each statement, indicate "+"=true or "0"=fal se.

_0_a Whenyou enter an LP formulation into LINDO, you must first convert all inequalities to
equations. Note: LINDO accepts inequality constraints, and then adds any necessary
sack/surplus variable to convert to equations, as required by the SMPLEX method.

_+ b. When you enter an LP formulation into LINDO, you must manipulate your constraints so
that all variables appear on the left, and all constants on the right.

_+ ¢. A"pivot" in anonbasic column of atableau will make it abasic column.

_0_d. It may happen that an LP problem has (exactly) two optimal solutions. Note: Whilean LP
may have exactly two basic optimal solutions, corresponding to "corners' of the feasible
region, all solutions on the "edge" joining those "corners’ must also be optimal (but
nonbasic).

_0_e. If azero appears on the right-hand-side of row i of an LP tableau, then at the next iteration
you cannot pivot inrow i. Note: only a zero or negative value in a row of the pivot column
can disqualify that row from usein the pivot.

_o f. A"pivot" inrow i of the column for variable X; will increase the number of basic variables.
Note: Every basic solution of a system of equations has the same number of basic variables
(one per equation), so that the number of basic variables remains constant throughout the
simplex method.

_0 0. Ifadack variable S for row i isbasic in the optimal solution, then variable X; cannot be
basic.

_0_h. If azero appears on the right-hand-side of row i of an LP tableau, then at the next iteration
you must pivotinrow i. Note: if thereisonly a single zero on theright-hand-side andif the
corresponding number in the pivot column is positive, then this must be the pivot row. If,
however, there is a negative substitution rate in the corresponding row of the pivot column,
then this would disqualify the use of this row for the pivot.

_+ i. A"pivot” in the simplex method corresponds to a move from one corner point of the
feasible region to another.

_+ j. A basic solution of the problem "minimize cx subject to AxEb, x3 0" corresponds to a
corner of the feasible region.

_0_k. Thefeasibleregionisthe set of all pointsthat satisfy at least one constraint. Note: points
in the feasible region must satisfy all of the constraints!

_0_|. Adding constraints to an LP may improve the optimal objective function value. Note: the
addition of a constraint to an LP might possible make the previous optimal solution
infeasible, in which case the objective function might be worsened, but it cannot add a new
improved optimal solution.

_+ m. The number of basic variablesin an LPis equal to the number of rows, including the
objective function row.

_+ n. Inthesimplex method, every variable of the LP is either basic or nonbasic.

_+ 0. Inabasic LP solution, the nonbasic variables equal zero.

_0_p. Theredtriction that X1 be nonnegative should be entered into LINDO as the constraint X1
>=0. Note: LINDO assumes (requires) that all variables have nonnegativity constraints, so
one should not include these constraints explicitly. Some other LP software packages
assume by default that variables are nonnegative, but allow this default to be overridden.

_+ q. The"minimum ratio test" is used to select the pivot row in the simplex method for linear
programming.

_+ r. Thevaluein the objective row of the smplex tableau isreferred to as "reduced cost" or
"relative profit", depending upon whether you are minimizing or maximizing, respectively.

_+ s Inthe simplex method (as described in the lectures, not the textbook), the quantity -Z
serves as abasic variable, where Z isthe value of the objective function.

_0_t. Every optimal solution of an LPisabasic solution. Note: seethe comment in (d) above.
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_+ u. Basic solutions of an LP with constraints AXEb, x3 0 correspond to "corner” points of the
feasibleregion. Note: Actually, the statement might be considered false, since basic
solutions of an LP might include infeasible as well as feasible solutions, and of course the
infeasible basic solutions would not correspond to "corner” points of the feasible region!

_+ v.Inthe simplex tableau, the objective row iswritten in the form of an equation.

_+ w LINDO would interpret the constraint "X1 +2X2> 10" as"X1 + 2X23 10"

Multiple-Choice:
_C_ X. Ifyoumakeamistake in choosing the pivot column in the ssmplex method, the solution
in the next tableau

(@ will be nonbasic (c) will have aworse objective value
(b) will beinfeasible (d) None of the above
b y. If youmake amistakein choosing the pivot row in the smplex method, the solution in
the next tableau
(@ will be nonbasic (c) will have aworse objective value
(b) will beinfeasible (d) None of the above
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<><><><><><><>(mﬂz#3<><><><><><><>

1. Simplex Method. Classify each simplex tableau below, using the following classifications, and write
the appropriate letter on the right of the tableau. If classB, D, or E, indicate, by circling,the additional
information requested.
A. UNIQUE OPTIMUM.
B. OPTIMAL, but with ALTERNATE optimal solutions. Indicate (by circling) a ny pivot element which would
yield an alternate basic optimal solution.
C. INFEASIBLE
D. FEASIBLE butNOT OPTIMAL. Indicate (by circling) any pivot element which would yield an improved
solution.
E. FEASIBLE but UNBOUNDED. Indicate any variable which, by increasing without limits, will improve the
objective without limit.
Take careful note of whether the LP isbeing minimized or maximized! Note also that (-z), rather than z,
appearsin thefirst column (i.e., corresponding to the approach used in my notesinstead of that in the text by
Winston).

MAX 1 2 0o -3 4 -1 0 1 0 -10
0 0 0 2 -4 0 0o -1 1 3 E
0o -3 1 0o -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0 2
Z X1 X2 X3 X4 Xs Xg X7 Xg RHS
MAX 1 0 o -4 -2 -3 0o -1 0 -10
0 0 0 2 1 0 0o -1 1 3 A
0o -3 1 0o -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0 2
Z X1 X2 X3 X4 Xs Xg X7 Xg RHS
MAX 1 -2 0 4 2 3 0 1 0 -10
0 0 0 2 1 0 0o -1 1 3 C
0o -3 1 0o -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0o -2
Z X1 X2 X3 X4 Xs Xg X7 Xg RHS
MAX 1 0 o -4 2 -3 0o -1 0 -10
0 0 0 2 1 0 0o -1 1 3 B
0 3 1 0o -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0 2
Z X1 X2 X3 X4 Xs Xg X7 Xg RHS
MAX 1 -2 o -4 2 -3 0 1 0 -10
0 0 0 2 1 0 0o -1 1 3 D
0o -3 1 0o -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0 2
(el leleolelele]
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2. For each statement, indicate "+"=true or "o"=fal se.

a. If thereisatieinthe "minimum-ratio test” of the smplex method, the next basic solution will
be degenerate, i.e., one of the basic variables will be zero.

b. Inthetwo-phase smplex method, an artificial variableis defined for each constraint row
lacking adack variable (assuming the right-hand-side of the L P tableau is nonnegative).

c. The Revised Simplex Method, for most LP problems, requires fewer computations per
iteration than the ordinary simplex method.

d. When maximizing in the smplex method, the value of the objective function increases at every
iteration, except possibly in the case of a degenerate tableau (0 on the right-hand-side).

e. If you make amistake in choosing the pivot column in the ssmplex method, the next basic
solution will be infeasible.

f. A basic solution of an LP isaways feasible, but not all feasible solutions are basic.

g. The coefficients of anonbasic variablein the current smplex tableau are the negatives of the
so-called "substitution rates’.

h. In Phase One of the 2-Phase method, one should never pivot in the column of an artificial
variable.

i. If the nonbasic variable X has a negative reduced cost in asmplex iteration for a
minimization LP, then increasing X; will worsen the objective function.

j. Intherevised simplex method, the simplex multiplier vector p will have an element

for each of the nonbasic variablesin the LP.

k. For aminimization LP with constraints Ax3 b, where b is a positive right-hand-side

vector, one must introduce artificia variablesin the smplex algorithm.

|. The smplex multiplier vector p is used in computing the substitution rates of a pivot

column.

m. The Revised Simplex Method, for most L P problems, requires fewer iterations than

the ordinary simplex method.

n. If you make amistake in choosing the pivot row in the simplex method, the next

basic solution will be infeasible.

0. If acolumn of anonbasic variable in the current tableau contains only zero and

negative el ements, then the LP must be unbounded.

-1
p. The simplex multiplier vector at each iterationis computed by p = (AB) Cs, Where B
is the ordered set of current basisindices.
g. Intheordinary smplex method, the current basis inverse matrix may always be
found somewhere in the current tableau, without further computation.

<S>>I QUiz #3 Solutions <><><><S><S<S><S

1. Simplex Method. Classify each ssimplex tableau below, using the following classifications, and write
the appropriate letter on the right of the tableau. If classB, D, or E, indicate, by circling,the additional
information requested.

A
B

. UNIQUE OPTIMUM.
. OPTIMAL, but with ALTERNATE optimal solutions. Indicate (by circling) a ny pivot element which would
yield an alternate basic optimal solution.

C. INFEASIBLE

D.

E.

FEASIBLE butNOT OPTIMAL. Indicate (by circling) any pivot element which would yield an improved
solution.

FEASIBLE but UNBOUNDED. Indicate any variable which, by increasing without limits, will improve the
objective without limit.

Take careful note of whether the LP isbeing minimized or maximized! Note also that (-z), rather than z,
appearsin thefirst column (i.e., corresponding to the approach used in my notesinstead of that in the text by

Winston).

pivot
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3
-Z X1 X2 Xz X4 Xs Xg X7 Xg RHS
MAX 1 2 0 -3 4 -1 0 1 0 -10
0 0 0 2 -4 0 0 -1 1 3 E
0 -3 1 0 -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0 2
-Z X1 X2 Xz X4 Xs Xg X7 Xg RHS
MAX 1 0 0 -4 -2 -3 0 -1 0 -10
0 0 0 2 1 0 0 -1 1 3 A
0 -3 1 0 -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0 2
-Z X1 X2 Xz X4 Xs Xg X7 Xg RHS
MAX 1 -2 0 4 -2 3 0 1 0 -10
0 0 0 2 1 0 0 -1 1 3 C
0 -3 1 0 -1 2 0 2 0 6
0 2 0 3 0 5 1 1 0 -2
-Z X1 X2 Xz X4 Xs Xg X7 Xg RHS
MAX 1 0 0 -4 -2 -3 0 -1 0 -10
0 0 0 2 1 0 0 -1 1 3 B
0 3 1 0 -1 2 0 2 0 6
0 o 3 o0 5 1 1 0 2
-Z X1 X2 Xz X4 Xs Xg X7 Xg RHS
MAX 1 -2 0 -4 -2 -3 0 1 0 -10
0 0 0 2 1 0 0 -1 1 3 D
0 -3 1 0 -1 2 0 2 0 6
o 2 o0 3 0 5 1 0o 2
<S>>SO
2. For each statement, indicate "+"=true or "0"=fal se.
+ a If thereisatiein the "minimum-ratio test" of the simplex method, the next basic solution will
be degenerate, i.e., one of the basic variables will be zero.
+ b. Inthetwo-phase smplex method, an artificial variable is defined for each constraint row
lacking a dlack variable (assuming the right-hand-side of the LP tableau is nonnegative).
+ c. The Revised Simplex Method, for most LP problems, requires fewer computations per
iteration than the ordinary simplex method.
+ d. When maximizing in the simplex method, the value of the objective function increases at every
iteration, except possibly in the case of a degenerate tableau (0 on the right-hand-side).
0 e. If you make amistake in choosing the pivot column in the smplex method, the next basic
solution will be infeasible. Note: the solution remains feasible, but the objective value wor sens!
0 f. A basic solution of an LPisawaysfeasible, but not all feasible solutions are basic. Note:

Thismight be judged false for two reasons! Firstly, if "basis solutions of the LP" means the basic
solutions of the system of equations represented by the tableau, then it might be classified as either
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feasible or infeasible, depending upon its satisfaction of the nonnegativity restrictions. Secondly,
the entire line segment between two basic feasi ble solutions consists of points which are not basic,
but which are feasible (as are any solutions represented by points within the interior of the feasible
region.

0 g. The coefficients of anonbasic variablein the current smplex tableau are the negatives of the
so-called "substitution rates’. Note: the substitution rates are exactly as they appear in the left side
of the tableau.

+ h. In Phase One of the 2-Phase method, one should never pivot in the column of an artificial
variable.

0 i. If the nonbasic variable X has anegative reduced cost in asmplex iteration for a
minimization LP, then increasing X; will worsen the objective function. Note: a
negative reduced cost indicates that the objective will go down as X; isincreased,
which is an improvement, not a worsening of the objective functi on value.

0 j. Intherevised simplex method, the simplex multiplier vector p will have an element
for each of the nonbasic variablesin the LP. Note: The number of elementsin pis
identical to the number of constraints, which (if -Z isignored) is the number of basic

variables,

+ k. For aminimization LP with constraints Ax3 b, where b is a positive right-hand-side
vector, one must introduce artificia variablesin the smplex algorithm.

0 |. The smplex multiplier vector p is used in computing the substitution rates of a pivot

column. Note: The simplex multiplier vector p isused to compute the reduced costs (or
relative profits), in order to select the next pivot column. That is, the reduced cost of X
is Gg=¢-pA

0 m. The Revised Simplex Method, for most L P problems, requires fewer iterations than
the ordinary simplex method. Note: If the same rule is used to choose the pivot column
(e.g., column with the largest relative profit), then the number of iterationsisidentical.

+ n. If you make a mistake in choosing the pivot row in the ssmplex method, the next
basic solution will be infeasible.
0 o. If acolumn of anonbasic variable X; in the current tableau contains only zero and

negative elements, then the L P optimal sol ution must be unbounded. Note: The truth of
this statement depends upon the sign of the reduced cost/relative profit in the objective
row. If itisamaximation and the relative profit in this column is negative, then
increasing X; will worsen the objective function value rather than improving it.

-1
o] p. The simplex multiplier vector at each iterationis computed by p = (AB) Cs, Where B

-1
is the ordered set of current basisindices. Note: thecorrect formulais p = cg (AB) ,
which gives a different result than the formula above.

g. Inthe ordinary simplex method, the current basis inverse matrix may always be
found somewhere in the current tableau, without further computation. Note: If every
constraint, when converted to an equation, includes a slack variable (i.e,, it wasa "£"
congtraint), then an identity matrix appearsinitially in the dlack columns, and in the

-1 -1
current tableau will be found (AB) | = (AB) . Likewise, if all constraints were of
type "3 " then surplus variables would be subtraced from the left side to transform to

equations, and the matrix -1 would appear in the surplus columns of the original tableau,

-1 -1
and (AB) -] =- (AB) (i.e., the negative of the basisinverse matrix) will

appear thisthat location of the current tableau. If, on the other hand, all constraintswere
originally equations, with no dlack or surplus variables, then the basis inverse matrix
would be nowhere to be found.
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SISO L> Quiz HA <>
1. Sensitivity Analysis. Consider the LP problem (lumber processing) below:

Brady Corporation produces wooden cabinets. Each week, they require 90,000 cu ft of processed
lumber. They may obtain processed lumber in two ways. First, they may purchase lumber from
an outside supplier and then dry it at their kiln. Second, they may chop down logs on their land,
cut them into lumber at their sswmill, and finally dry the lumber at their kiln.

Brady can purchase grade 1 or grade 2 lumber. Grade 1 lumber costs $3 per cu ft and when dried
yields 0.7 cu ft of useful lumber. Grade 2 lumber costs $7 per cu ft and when dried yields 0.9 cu
ft of useful lumber. It costs the company $3 per cu ft to chop down alog. After being cut and
dried, one cubic foot of log yields 0.8 cu ft of lumber. Brady incurs costs of $4 per cu ft of
[umber dried.

It costs $2.50 per cu ft of logs sent through their sawmill. Each week, the sawmill can process up
to 35,000 cu ft of lumber. Each week, up to 40,000 cu ft of grade 1 lumber and up to 60,000 cu ft
of grade 2 lumber can be purchased.

Each week, 40 hours of time are available for drying lumber. Thetimeit takesto dry 1 cu ft of
grade 1 lumber, grade 2 lumber, or logsis asfollows:

grade 1. 2 seconds
grade 2: 0.8 seconds
log: 1.3 seconds

Brady has formulated an LP to minimize the weekly cost of meeting the demand for processed
[umber:
Definethedecision variables

Gl =the# of cuft /week of grade 1 lumber purchased and used,

G2 =the# of cuft /week of grade 2 lumber purchased and used,

LOG = the# of cu ft /week of the corporation's own lumber used.

LP Model :

Min  3G1+7G2 (purchase cost)
+4(G1+G2+LOG)  (dry cost for lumber)
+3LOG (cost for chopping)
+2.5L0G (cost for sawmill)

S.t.

0.7G1+0.9G2+0.8L OG?3 90000 (constraint for demand)
2G1+0.8G2+1.3LOG£144000 (available hours for drying)

G1£40000 (available cu ft of grade 1 per week)
G2£60000 (available cu ft of grade 2 per week)
LOGE35000 (available cu ft of own lumber per week)
G1,G2,LOG3 0

LINDO output : (Note that the upper bounds on G1, G2, and LOG were entered into LINDO
using the SUB (simple upper bound) command.)

M N 7 Gl +11 & + 9.5 LOG

SUBJECT TO
2) 0.7 Gl + 0.9 & + 0.8 LOG >= 90000
3) 2GL+0.8& + 1.3 LCG <= 144000

END

SuB Gl 40000. 00000

SUB & 60000. 00000

SUB LOG 35000. 00000
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LP OPTI MUM FOUND AT STEP 3

OBJECTI VE FUNCTI ON VALUE

1) 1033585.
VARI ABLE VALUE REDUCED COST
Gl 40000. 000000 -. 905659
(€7 55471. 703000 . 000000
LCG 15094. 340000 . 000000
ROW  SLACK OR SURPLUS DUAL PRI CES
2) -. 000000 -12. 641510
3) . 000000 . 471699
NO. | TERATI ONS= 3

RANGES IN WHI CH THE BASI S | S UNCHANCED:

OBJ COEFFI Cl ENT RANGES

VARI ABLE CURRENT ALLOMABLE ALLOMABLE
CCEF I NCREASE DECREASE
Gl 7. 000000 . 905659 I NFINITY
& 11. 000000 . 695651 . 312500
LOG 9. 500000 277778 . 387096
Rl GHTHAND S| DE RANGES
ROW CURRENT ALLOMBLE ALLOMBLE
RHS | NCREASE DECREASE

13187. 500000
2999. 996000

1846. 151400
11722. 222000

2 90000. 000000
3 144000. 000000

THE TABLEAU
ROW ( BASI S) Gl (€7 LCG SLK 2 SLK 3
1 ART .91 0.69E-06 0. 72E-06 13. .47 - 0. 10E+07
2 LOG -2.340 0.000 1. 000 1.509 1.698 15094. 34
3 & 1.302 1.000 .000 -2.453 -1.509 55471. 70

a. Suppose that the company can increase the amount of time available for drying each week,
through use of overtime, which will cost $0.50/second, including additional |abor and
energy costs. Should they schedule the overtime? Circle:. YES or NO

b. If so, how many seconds should they schedule?
c. Whether or not you answered "yes' in part (a), suppose that 1000 additional seconds are

available on the dryer. Using the substitution rates, compute the modifications to the
optimal values of the variables which would result from the use of this additional time.

Gl cubicfeet ~_ increase? _ decrease? __ no change?
G2 cubicfeet ~_ increase? _ decrease? _ no change?
LOG cubicfeet ~_ increase? _ decrease?  nochange?

d. If the cost of cutting and processing logs from its own land were to increase to $10/cu ft,
will the optimal solution change?
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e. What additional cost would result if the demanded amount of lumber were to increase by
1000 cubic feet (i.e., from 90,000 to 91,000)? $

SIS IEIEIEI>L>

2. For each statement, indicate "+"=true or "0"=fal se.
a. The optimal basic solution to an LP with m constraints (excluding non-negativity
congtraints) can have at most m positive decision variables.
b. If the primal LP has an equality constraint, the corresponding dual variable must be zero.
c. Thedua of an LP problem isaways aMAXIMIZE problem with "£" constraints.
d. If an LP problem has 3 constraints (not including non-negativity) and 5 variables, then
itsdual problem has 5 constraints (not including non-negativity) and 3 variables.
e. If you increase the right-hand-side of a"3 " constraint in aminimization LP, the optimal
objective value will either increase or stay the same.
f. The"reduced cost" in LP provides an estimate of the change in the objective value when
the right-hand-side of a constraint changes.
g. In the two-phase smplex method, Phase One computes the optimal dua variables,
followed by Phase Two in which the optimal primal variables are computed.
h. At the completion of the revised smplex method applied to an LP, the simplex multipliers
give the optimal solution to the dual of the LP.
i. At the end of the first phase of the two-phase ssimplex method, the phase-one objective
function must be zero if the LP isfeasible.
j. If azero appears on the right-hand-side of row i of an LP tableau, then at the next
simplex iteration you cannot pivot in row i.
k. If aminimization LP problem has a cost which is unbounded below, then its dual
problem has an objective (to be maximized) which is unbounded above.
|. If you increase the right-hand-side of a"£" constraint in a maximization L P, the optimal
objective value will either increase or stay the same.
m. If the increase in the cost of a nonbasic variable remains less than the "ALLOWABLE
INCREASE" reported by LINDO, then the optimal values of al variableswill be
unchanged.
n. If theincrease in the right-hand-side of a"tight" constraint remains less than the
"ALLOWABLE INCREASE" reported by LINDO, then the optimal values of all variables
will be unchanged.

<S>>I QUiZz #4 Solutions <><><><S><S<S><S>
1. Sensitivity Analysis.

a. Suppose that the company can increase the amount of time available for drying each week,
through use of overtime, which will cost $0.50/second, including additional labor and

energy costs. Should they schedule the overtime? Circle: YES or
Solution: The DUAL PRICE indicatesthat each unit (second) increase in the right-hand-

side of row 3, which imposes the restriction on the time available for drying, will improve
ti.e. lower) the total cost by $0.471699, less than the cost of increasing the right-hand-side.

b. If so, how many seconds should they schedule? __none

¢. Whether or not you answered "yes' in part (a), suppose that 1000 additional seconds are
available on the dryer. Using the substitution rates, compute the modificationsto the
optimal values of the variables which would result from the use of this additional time.
Gl 0 cubicfeet ~_ increase? _ decrease? X no change?
G2 1509  cubicfeet _ increase? X decrease?  no change?
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LOG__ 1698  cubic feet X_increase? _ decrease? no change?

ution: Inorder to increase the number of seconds used in the drying process by 1000 in
the equation

3), 2GlL+0.8@& + 1.3 LOG+ SLK3 = 144000,
the slack variable SLK3 must decrease from its current value of zero by 1000. Consulting
the substitution rates of SLK3 in the tableau, we find that the substitution rate for LOG is
+1.698 and that for G2 is-1.509. A positive substitution rate indicates that the basic
variable (LOG) will change in the direction oppositeto that of the nonbasic variable SLK3,
i.e., it will increase. Conversely, a negative substitution rate indicates that the basic
variable (G2) will change in the same direction as that of the nonbasic variable SLK3, i.e.,
it will decrease. The variable G1, on the other hand, remains unchanged (at its upper
bound).

d. If the cost of harvesting logs (now $9.50/cu ft) were to increase to $10.00/cu ft, will the

optimal solution change? Circle: | YES| or NO

Solution: The ALLOWABLE INCREASE for the objective coefficient of LOG is
0.277778, i.e., $0.277778/cubic foot. Therefore, an increase of $0.50 is outside of the
range, meaning that the optimal basis will change, and therefore, the basic solution as well.
(The optimal value of LOG will undoubtedly decrease, although not necessarily to zero.)

e. What additional cost would result if the demanded amount of lumber were to increase by

2. For

_*

-0

o

_*

_*

o

1000 cubic feet (i.e., from 90,000 to 91,000)? $ 12641.51

Solution: The ALLOWABLE INCREASE for the right-hand-side of row 2 is 1846.1514
cubic feet. Thismeansthat an increase of only 1000 cubic feet iswithin the allowable
range, and the optimal basis will not change and the DUAL PRICE, which gives the rate of
increase in cost, remains valid for all 1000 cubic feet, i.e., the increase in cost will be
$12641.51.

SISG5>

each statement, indicate "+"=true or "0"=fal se.

a. The optimal basic solution to an LP with m constraints (excluding non-negativity
constraints) can have at most m positive decision variables.

b. If the primal LP has an equality constraint, the corresponding dual variable must be zero.
In this case, the corresponding dual variable will be unrestricted in sign.

C. Thedua of an LP problem isawaysa MAXIMIZE problem with "£" constraints.
Thisistrue only if the primal isa MINIMIZE problem with nonnegativity constraints on all
of the variables.

d. If an LP problem has 3 constraints (not including non-negativity) and 5 variables, then
itsdual problem has 5 constraints (not including non-negativity) and 3 variables.

e. If you increase the right-hand-side of a"3 " constraint in aminimization LP, the optimal
objective value will either increase or stay the same.

f. The"reduced cost" in LP provides an estimate of the change in the objective value when
the right-hand-side of a constraint changes.

Thereduced cost of a nonbasic variableis the rate of change in the objective value when
that nonbasic variableisincreased!

0__ 0. Inthetwo-phase ssimplex method, Phase One computes the optimal dual variables,

+

followed by Phase Two in which the optimal primal variables are computed.

Phase One has the task of eiminating the artificial variables (forming theinitial basic
solution) fromthe basis, in order to obtain a truly feasible solution.

h. At the completion of the revised smplex method applied to an LP, the smplex
multipliers give the optimal solution to the dua of the LP.
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+

-0

o

_*

_*

-0

i. At the end of the first phase of the two-phase simplex method, the phase-one objective
function must be zero if the LP isfeasible.

j. If azero appears on the right-hand-side of row i of an LP tableau, then at the next

simplex iteration you cannot pivot in row i.

Onthe contrary, if thereis a positive substitution rate in that row of the pivot column, then
the minimum ratio test will force a pivot in that row (unless another right-hand-side isalso
Zexro).

k. If aminimization LP problem has a cost which is unbounded below, then its dual

problem has an objective (to be maximized) which is unbounded above.

If the objective of the minimization problem is unbounded below, then its dual cannot be
feasible, sincein this case any feasible dual solution would provide a lower bound on the
primal optimal value.

|. If you increase the right-hand-side of a"£" constraint in a maximization L P, the optimal
objective value will either increase or stay the same.

m. If the increase in the cost of a nonbasic variable remains less than the"ALLOWABLE
INCREASE" reported by LINDO, then the optimal values of al variableswill be
unchanged.

n. If theincrease in the right-hand-side of a"tight" constraint remains less than the
"ALLOWABLE INCREASE" reported by LINDO, then the optimal values of all variables
will be unchanged.

Although in this case the basiswill remain unchanged, the basic variables, given by the

1
formula xg = (AB) b, will change if the right-hand-side vector b changes.
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OB QuiZ #HE <O<OOOOSOSS

1. Sensitivity Analysis. Consider the LP problem:

Lizzie's Dairy produces cream cheese and cottage cheese. Milk and cream are blended together
to produce these two products. Both high-fat and low-fat milk can be used to produce cream
cheese and cottage cheese. High-fat milk is 60% fat; low-fat milk is 30% fat. The milk used to
produce the cream cheese must average at |east 50% fat, and the milk used to produce cottage
cheese must average at least 35% fat. At least 40% (by weight) of the inputs to cream cheese must
be cream. At least 20% (by weight) of the input to cottage cheese must be cream.

Both cottage cheese and cream cheese are produced by putting milk and cream through the cheese
machine. It costs 40¢ to process 1 Ib of inputsinto a pound of cream cheese. It costs40¢ also to
produce 1 Ib of cottage cheese, but every pound of input for cottage cheese yields 0.9 Ib of cottage
cheeseand 0.1 Ib of waste. Every day, up to 3000 Ib of input may be sent through the cheese
machine.

Cream can be produced by evaporating high-fat and low-fat milk. It costs 40¢ to evaporate 1 Ib of
high-fat milk. Each pound of high-fat milk that is evaporated yields 0.6 Ib of cream. It costs 40¢
to evaporate 1 |b of low-fat milk. Each pound of low-fat milk that is evaporated yields 0.3 1b o
cream. The evaporator can process at most 2000 Ib of milk daily.

Every day, at least 1000 Ib of cottage cheese and at least 1000 |b of cream cheese must be
produced. Up to 1500 Ib of cream cheese and up to 2000 Ib of cottage cheese can be sold each

day.

Cottage cheese is sold for $1.20/Ib and cream cheese for $1.50/1b. High-fat milk is purchased for
80¢/Ib and low-fat milk for 40¢/1b.

HIGH-FAT

MILK CREAM

.,.", CREAM CHEESE
Ve ™ CHEESE

EVAPORATOR MACHINE

S COTTAGE
CHEESE

LOW-FAT
MILK

MAX 1.1 PL+0.8P2- 0.4 HE- 0.4LFE- 0.4 LF - 0.8 HF
SUBJECT TO
2) PL-HL1-LFL-C= 0
3) P2-09H2-09LF2-09QR= 0
4) PL>= 1000
5) P2 >= 1000
6) HFE + LFE <= 2000
7) H1+LFL+Cl+H2+LFR2+C<= 3000
8) - HFE + HF - HFL - HR2
9) - LFE + LF - LFL - LF2
10) - 0.6 HFE - 0.3 LFE + Cl +
11) 0.1 HF1 - 0.2 LFL >= 0
12) 0.25 H2 - 0.05 LF2 >= 0
13) - 0.4 HF1 - 0.4 LFL + 0.6 CL >= 0

0
0
Q2 = 0
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14) - 0.2 H2 - 0.2 LFR2+0.8Q&2 >= 0

END
SUB P1 1500. 00000
SUB P2 2000. 00000

LP CPTI MM FOUND AT STEP 11

CBIECTI VE FUNCTI ON VALUE

1) -159. 2592

VAR ABLE VALUE REDUCED OOST
P1 1000. 000000 . 000000
P2 1000. 000000 . 000000
HFE 1037. 037000 . 000000
LFE . 000000 . 200000
LF 940. 740800 . 000000
HF 1585. 185100 . 000000
HFL 400. 000000 . 000000
LF1 200. 000000 . 000000
cl 400. 000000 . 000000
HF2 148. 148140 . 000000
LF2 740. 740800 . 000000
@ 222. 222220 . 000000

RON  SLACK OR SURPLUS DUAL PRI CES

2) . 000000 1. 200000
3) . 000000 . 859259
4) -. 000000 -. 100000
5) -. 000000 -. 059259
6) 962. 963010 . 000000
7) 888. 888900 . 000000
8) . 000000 -. 800000
9) . 000000 -. 400000
10) . 000000 2.000000
11) -. 000000 -1. 333333
12) -. 000000 -1. 333333
13) -. 000000 -1. 333333
14) -. 000000 -1. 533333
NQ | TERATI ONS= 11

RANGES N VH CH THE BASI S | S UNCHANGED:

OBJ OCEFFI A ENT RANGES

VAR ABLE CURRENT ALLOMBLE ALLOMBLE
OCEF | NCREASE DECREASE
P1 1. 100000 . 100000 INFINTY
P2 . 800000 . 059259 INFINTY
HFE -. 400000 . 150000 . 400000
LFE - . 400000 . 200000 INFINTY
LF -. 400000 . 080000 . 400000
H- -. 800000 . 093750 . 400000
HF1 -. 000000 . 250000 2. 000000
LF1 -. 000000 . 500000 . 400000
Cl -. 000000 . 250000 INFINTY
HF2 -. 000000 . 400000 9. 200000
LF2 -. 000000 . 080000 . 400000
(67] -. 000000 . 266667 INFINTY
R GHTHAND SI DE RANGES
ROV CURRENT ALLOMBLE ALLOMBLE
RHS | NCREASE DECREASE
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. 000000
. 000000

000000
000000
000000
000000

. 000000
. 000000
. 000000
. 000000
. 000000
. 000000
. 000000

2

3
4 1000
5 1000
6 2000
7 3000
8
9

10

11

12

13

14

THE TABLEAU

RON (BASI S)
1 ART
2 P1
3 P2
4 LF
5 LF2
6 SLK 6
7 SLK 7
8 HF1
9 LF1
10 cL
11 HF
12 HF2
13 HFE
14 @

ROW HF
1 0. 000
2 . 000
3 . 000
4 0. 000
5 . 000
6 . 000
7 . 000
8 1. 000
9 0. 000
10 . 000
11 . 000
12 . 000
13 . 000
14 . 000

ROV SLK 5

1 . 059
2 .000
3 -1.000
4 -. 741
5 -.741
6 .370
7 1.111
8 . 000
9 . 000

10 . 000

11 -.519

12 -.148

13 -.370

P1
0. 000

. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000

1 LF1
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000

= O

. 000
. 000
. 000

SLK 6
. 000
. 000
. 000
. 000
. 000

. 000
. 000
. 000
. 000
. 000
. 000
. 000

1000. 000000 888
1000. 000000 799
500. 000000 1000
799. 999930 1000
INFINTY 962
INFINTY 888
INFINTY 1585.
INFINTY 940
622. 222220 577
60. 000000 120
222. 222240 44
577. 777900 400
577. 777830 222
P2 HFE
0. 000 . 000
. 000 . 000
1. 000 . 000
. 000 . 000
. 000 . 000
. 000 . 000
. 000 . 000
. 000 . 000
. 000 . 000
. 000 . 000
. 000 . 000
. 000 . 000
. 000 1.000
. 000 . 000
Cl H2
0. 000 0. 000
. 000 . 000
. 000 . 000
. 000 0. 000
. 000 0. 000
0. 000 0. 000
. 000 0. 000
. 000 . 000
. 000 . 000
1. 000 . 000
0. 000 0. 000
. 000 1. 000
0. 000 0. 000
. 000 . 000
SLK 7 SLK 11
. 000 1.333 1
. 000 . 000
. 000 . 000
. 000 3.333 3
. 000 . 000 3
. 000 0. 000 0
1. 000 . 000 0
. 000 -3.333
. 000 3.333
. 000 . 000
. 000 -3.333 -3
. 000 . 000 -3
. 000 0. 000 0

888
999
000
000
963
888
185
740
777
000
. 444
000
222

900
930
000
000
010
900
100
800
830
000
450
000
220

LFE

. 200
. 000
. 000

. 000

. 000
. 500
. 000
. 000
. 000
. 000
. 500
. 000
. 500
. 000

LF2

. 000

. 000
. 000

coro

000
000
000
000

. 000
. 000
. 000

[cNoNe)

. 000
. 000
. 000

. 000

SLK
333
. 000
. 000
333
333
000
000
. 000
. 000
. 000
. 333
. 333
. 000

page 18

12

LF

. 000
. 000
. 000

. 000

. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000

@2 SLK

. 000
. 000
. 000
. 000

0
0

0
0
0
1.

000
000
000
000
000
000
000
000
000
000

SLK 13 SLK 14

1
. 000
. 000
. 333
. 000
. 667
. 000
. 667
. 333
-1.
-1.
. 000
. 667

333

000
000

1
. 000
. 000
. 833
. 833
. 667
. 000
. 000
. 000
. 000
. 500
. 167
. 667

533

. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000

. 100
-1
. 000
. 200
. 000
. 667
. 000
. 400
. 200
. 400
. 067
. 000
. 667
. 000

000

RHS

-159
1000
1000
940.
740.
962.
888.
400.
200.
400.
1585
148.
1037.

259
000
000
741
741
963
889
000
000
000
185
148
037
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14 -.222 . 000 . 000 . 000 . 000 .000 -1.000 222.222

a. Suppose that the evaporator malfunctions during the day, and is able to process only 1500
Ib. of milk, instead of the original 2000 |b. capacity. If possible, determine the resulting loss

of profit: $
b. Suppose that there is a 10% increase in the minimum requirement for cottage cheese (P2).
If possible, determine the resulting change in profit: $ (increase or decrease?)
c. Inthe situation of (b) above, determine (if possible) the change, if any, of the optimal
quantity of
# pounds of high-fat milk to be purchased (HF): (increase or decrease?)
# pounds of low-fat milk to be purchased (L F): (increase or decrease?)

d. Suppose that, due to a misunderstanding, 100 pounds of low-fat milk was put through the
evaporator. Determine, if possible,

theresulting l oss in profit, if any: $

thechange in the optimal quantity
» of high-fat milk to be put through the evaporator: Ib
» of high-fat milk to be purchased: pounds
» of low-fat milk to be purchased: pounds

GBI

2. For each statement, indicate "+"=true or "o"=fal se.

a. If the primal LP has an equality constraint, the corresponding dual variable must be zero.
b. Thedua of an LP problem isawaysaMAXIMIZE problem with "£" constraints.

c. Theoptimal basic solution to an LP with m constraints (excluding non-negativity

constraints) can have at most m positive decision variables.

d. If youincrease the right-hand-side of a"£" constraint in amaximization L P, the optimal
objective value will either increase or stay the same.

e. If theincrease in the cost of a nonbasic variable remainsless than the"ALLOWABLE
INCREASE" reported by LINDO, then the optimal values of all variableswill be
unchanged.

f. If theincreasein the right-hand-side of a"tight" constraint remains less than the
"ALLOWABLE INCREASE" reported by LINDO, then the optimal values of all variables
will be unchanged.

g. If azero appears on the right-hand-side of row i of an LP tableau, then at the next
simplex iteration you cannot pivot in row i.

h. If an LP problem has 3 constraints (not including non-negativity) and 5 variables, then
itsdual problem has 5 constraints (not including non-negativity) and 3 variables.

i. If you increase the right-hand-side of a"3 " constraint in aminimization LP, the optimal
objective value will either increase or stay the same.

j- At the end of the first phase of the two-phase smplex method, the phase-one objective
function must be zero if the LP isfeasible.

k. The"reduced cost" in LP provides an estimate of the change in the objective value when
the right-hand-side of a constraint changes.

[. In the two-phase simplex method, Phase One computes the optimal dual variables,
followed by Phase Two in which the optimal primal variables are computed.

m. At the completion of the revised smplex method applied to an LP, the simplex
multipliers give the optimal solution to the dua of the LP.

page 19



56:171 Operations Research -- Fall '97

n. If aminimization LP problem has a cost which is unbounded below, then its dual
problem has an objective (to be maximized) which is unbounded above.

<S>>SO QUiz #5 Solutions <><><s><><><s<>
1. Sensitivity Analysis.

a. Suppose that the evaporator malfunctions during the day, and is able to process only 1500
Ib. of milk, instead of the original 2000 |b. capacity. If possible, determine the resulting loss
of profit: $ __none
Solution: The 500 decrease in the right-hand-side of row (6) isin the given range for
which the current basis remains optimal (ALLOWABLE DECREASE = 962.963) and the
DUAL PRICE of row (6) iszero. Therefore, there will be no change in the objective
function.

b. Suppose that there is a 10% increase in the minimum requirement for cottage cheese (P2).
If possible, determine the resulting changein profit: $_decrease $5.93
Solution: Row (5) enforces the minimum requirement for P2 (cottage cheese):
(5) P2 >=1000
The DUAL PRICE for row (5) is- 0.059259, the rate of improvement in the optimal
objective value as the right-hand-side of row (5) increases. Therefore, because of the
negative DUAL PRICE, the profit will decrease by the amount ($0.0593/Ib)(100 Ib) = $5.93.

c. Inthe situation of (b) above, determine (if possible) the change, if any, of the optimal
quantity of
# pounds of high-fat milk to be purchased (HF): __Increase 100_
# pounds of low-fat milk to be purchased (LF): _ Increase 74.1
Solution: In order to determine the effect of an increase in P2, we consider row (5) after it
has been converted to an equation:
(5) P2- SLK5=1000

If P2 increases from 1000 to 1100 Ib., then SLK5 must increase from 0 to 100 b in order to
balance the equation. We next look at the substitution rates of SLK5 in the tableau, and find

Row Basic | Substitution
# variable | rate
4 LF | -0.741
11 HF | -0.519

Wheresas a positive substitution rate for a basic variable X would mean that increaseing SLK5
would replace (i.e., reduce) the basic variable X, a negative substitution rate means that the
basic variable will increase. Therefore, as SLK5 increases by 100 Ib, LF will increase by
100(0.741) = 74.1 Ib, and HF will increase by 100(0.519) = 51.9 Ib.

d. Suppose that, due to a misunderstanding, 100 pounds of low-fat milk was put through the
evaporator. Determine, if possible,
« theresulting loss in profit, if any: $_ 20.00
 thechange in the optimal quantity
» of high-fat milk to be put through the evaporator: _ 50 Ib decrease
» of high-fat milk to be purchased: __ 50 Ib decrease
» of low-fat milk to be purchased: _ 100 Ib. increase
Solution: LFE (#Ib of low-fat milk input to evaporator) is nonbasic (zero) in the optimal
solution, witha REDUCED COST of $0.20/Ib. That is, the objective function will deteriorate at
the rate of $0.20/1b as LFE increases. |f LFE wereto beincreased by 100 Ib, the resulting
deterioration in the proit would be ($0.20/1b)(100 Ib) = $20. Note that this assumes that no
basic variable decreases below its lower bound (namely, zero) as LFE isincreased by 100. One
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could determine the amount of LFE required for a basis change by using the minimum ratio test.
If thisis done, it would be determined that the minimumratio is 962/0.5 = 1924 Ib, much larger
then the increase of 100 which we are considering.

Next, look at the substitution rates of LFE in the tableau:

Row Basic | Substitution
# variable | rate
4 LF | -1.000
11 HF | 0.500
13 HFE | 0.500

Thismeansthat if LFE increases by 100, LF will alsoincrease by 100, while HF and HFE will
both decrease by 0.500(100) = 50.
SIS IBLI>L>

2. For each statement, indicate "+"=true or "0"=fal se.

0 __a Iftheprima LP hasan equality constraint, the corresponding dual variable must be zero.
Note: the corresponding dual variable isunrestricted in sign, being either positive,
negative, or zero.

0 b. Thedua of an LP problem isawaysaMAXIMIZE problem with"£" constraints.
Note: This statement isnot truein general-- it istrue only if the primal isa MINIMIZE
problem with nonnegative variables.

+ ¢ Theoptimal basic solution to an LP with m constraints (excluding non-negativity
congtraints) can have at most m positive decision variables.

+ d. If youincrease the right-hand-side of a"£" constraint in a maximization LP, the optimal
objective value will either increase or stay the same.

+ e If theincreasein the cost of anonbasic variable remains less than the"ALLOWABLE
INCREASE" reported by LINDO, then the optimal values of al variableswill be
unchanged.

o f. If theincrease in the right-hand-side of a"tight" constraint remains less than the
"ALLOWABLE INCREASE" reported by LINDO, then the optimal values of all variables
will be unchanged. Note: the optimal basiswill be unchanged if the increase

0 g. If azero appears on the right-hand-side of row i of an LP tableau, then at the next
simplex iteration you cannot pivot in row i.

+ h. If an LP problem has 3 constraints (not including non-negativity) and 5 variables, then
itsdual problem has 5 constraints (not including non-negativity) and 3 variables.

+ i. If youincrease the right-hand-side of a3 " constraint in aminimization LP, the optimal
objective value will either increase or stay the same.

+ j.Attheend of thefirst phase of the two-phase simplex method, the phase-one objective
function must be zero if the LP isfeasible.

0 k. The"reduced cost”" in LP provides an estimate of the change in the objective value when
the right-hand-side of a constraint changes.

0__|. Inthetwo-phase smplex method, Phase One computes the optimal dual variables,
followed by Phase Two in which the optimal primal variables are computed.

+  m. At the completion of the revised simplex method applied to an LP, the simplex
multipliers give the optimal solution to the dua of the LP.

0 n. If aminimization LP problem has a cost which is unbounded below, then its dual
problem has an objective (to be maximized) which is unbounded above.
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1. Transportation Problem: Consider the transportation problem with the tableau below:
destinations
1 2 3 supply

10 2
u:nl |9 |5 |-’-1 12
3
s2| [7] [&] [iz] ©
@ 3 10
lio] (2] |3
demand 10 5 15

a. If the LP formulation of this transportation problem were to be written, how many constraint rows
(excluding nonnegativity) will it have?

How many variables will it have?

b. Isthisa"balanced" transportation problem? (Yes/No)

o

How many basic variables (shipments) must this problem have (excluding the negative of the cost, -z) ?

d. Aninitia basic feasible solution isto be found using the "Northwest Corner Method"; complete the
computation of this solution and write the values of the variables in the tableau above.

e. Isthe basic feasible solution found by the NW-corner method degenerate ? (yes/no)

—

If, for the basic solution found by the NW-corner method, U; (the dual variable for thefirst source) is set
equal to 0, what must be the value of V5 (the dual variable for the second destination)?

g. For the basic solution found by the NW-corner method, what will be the reduced cost of the variable
X217?

=0

. According to your answer to (g), will increasing X21 improve the objective function?
(Yes/No)

i. Regardless of whether the answer to (h) is"yes' or "no", what basic variable must leave the basisif X271
enters the basis?

j. What will be the value of X»1 if it isentered into the solution asin (i)?

<><S>ISSSSS QUiZ #6 Solutions <><><><><S><><S>

a. If the LP formulation of this transportation problem were to be written, how many constraint rows
(excluding nonnegativity) will it have? 6 (3 supply constraints and 3 demand constraints)

How many variableswill ithave? 9 (= 3x3, onefor every source-destination pair)
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b. Isthisa"balanced" transportation problem? _ Yes (Total supply = 12+8+10=30 and total demand =
10+5+15=30)

¢. How many basic variables (shipments) must this problem have (excluding the negative of the cogt, -z) ?
5 (m+n-1, where m=3 and n=3)

d. Aninitia basic feasible solution isto be found using the "Northwest Corner Method"; complete the
computation of this solution and write the values of the variables in the tableau:
destinations

1 2 3 supply

10 2
E1 IE IE |4“-1~E-__D
= 3 o
:.=_2 |_Il| |Ei |12 “'E':hEhD
> 3 10 )
10| (2] |3

demand —+& —5  H5
g =T -
§] §]

e. Isthebasic feasible solution found by the NW-corner method degenerate ? No_ (There arefive positive
shipments, which must be basic, and since there must be five basic variables, no basic variable can have

the value zero!)

f. If, for the basic solution found by the NW-corner method, U, (the dual variable for the first source) is set
equal to 0, what must be the value of V> (the dual variable for the second destination)? 5
Solution: According to complementary slackness conditions, is X12 is>0 (as in the NW-corner
solution above), the corresponding dual constraint (U; + Vo £ C12) must betight, i.e., Uy + V2= Cqo.
If U1=0, and since C12=5, 0+V 2=5 which impliesthat V>=5.

" v| o9 5 11
% X Il]l 22 :

5 O T 19l [s] [4
% 1] 2 [7 3|r5 5|12
b 8| 3 [10 |-_:Jm|3

g. For the basic solution found by the NW-corner method, what will be the reduced cost of the variable
X21? -3 Solution: Thereduced costis C1 =Cp1- (U2 +Vq) =7-(1+9) =-3

h. According to your answer to (g), will increasing X 21 improve the objective function? __ Yes (The
value -3 indicates that each unit shipped from source 2 to destination 1 will (because of the negative
sign!) reduceour total cost by $3.)

i. Regardless of whether the answer to (h) is"yes" or "no", what basic variable must leave the basisif X271

entersthebasis?  Xoo
Solution: Entering ashipment in cell (2,1) will create a"cycle":
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Note that an increase of 3incell (2,1) will cause decreases of 31n cells (1,2) and (2,2). Any further
increasein cdl (2,1) would force the shipment in cell (2,2) to become negative (infeasible).

j. What will bethevalue of X271 if it isentered into the solutionasin (i)?__ 3  (seediscussion
in (i) above.)
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Consider the following payoff table in which you must choose among three possible aternatives,
after which two different states of nature may occur. (Nothing is known about the probability
distribution of the state of nature.)

State of Nature

Decison | 1 2
1 | 7 1
2 | 5 6
3 | 2 8

1. What isthe optimal decision if the maximin criterion is used?
2. What isthe optimal decision if the maximax criterion is used?
3. Createtheregret table:

State of Nature
Decison | 1 2
1 I
2 I
3 .
4. What isthe optimal decision if the minimax regret is used?

General Custard Corporation is being sued by Sue Smith. Sue must decide whether to accept an
offer of $60,000 by the corporation to settle out of court, or she can go to court. If she goesto
court, there is a 25% chance that she will win the case (event W) and a 75% chance she will lose
(event L). If shewins, she will receive $200,000, but if she loses, shewill net $0. A decision
tree representing her situation appears below, where payoffs are in thousands of dollars:

$e0

settle

lose -~ $0

5%
court %5%
wWin
e 200
5. What isthe decision which maximizesthe expected value? _ a. settle _ b. goto court
For $20,000, Sue can hire a consultant who will predict the outcome of thetrial, i.e., either he

predicts aloss of the suit (event PL), or he predicts awin (event PW). The consultant is correct
80% of the time.

Bayes' Rule statesthat if § are the states of nature and O; are the outcomes of an experiment,
PO1S)PS)

. ")
whee FO] =& P(O)1) S|

P{Si10)=

6. The probability that the consultant will predict awin, i.e. P{PW} is (choose nearest value)
a £25% b. 30% c. 35%
d. 40% e. 45% f. 3 50%
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7. According to Bayes theorem, the probability that Sue will win, given that the
consultant predictsawin, i.e. P{W | PW), is (choose nearest value)
a £25% b. 30% c. 35%
d. 40% e. 45% f. 3 50%
The decision tree below includes Sue's decision as to whether or not to hire the consultant. Insert the
probability that you computed in (7) above, together with its complement P{L éPW}.
$60

settle

Toze $0

=k

court 5%
-\-H'.

consiant

predicts $40
loss
settle
-$20
lose
a9z 3%
-~
court
AR
wWin
$180

8. "Fold back™" nodes 2 through 8, and write the value of each node below:
Node Vaue Node Vaue Node Vaue

8 5 94286 | 2 60
7 20 4 1
6 94286 | 3 50

9. Should Sue hire the consultant? Circle Yes No

10. The expected value of the consultant's opinion is (in thousands of $) (Choose nearest

value):
a £16 b. 17 c. 18 d. 19
e 20 f.21 g. 22 h. 323
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<S>>I QUiZ #7 Solutions <><><><><S><><S>

1. What isthe optimal decision if the maximin criterion isused? 2
2. What isthe optimal decision if the maximax criterionisused? 3
3. Createtheregret table:

State of Nature

Decison | 1 2
1 I 0 7
2 I 2 2
3 S 0
4. What isthe optimal decision if the minimax regret isused? 2
5. What isthe decision which maximizes the expected value? X a. settle _ b. goto court

Solution: Expected value of node 3is (0.75)(0) + (0.25)(200) = 50 < 60!)
For $20,000, Sue can hire a consultant who will predict the outcome of thetrial, i.e., either he
predicts aloss of the suit (event PL), or he predicts awin (event PW). The consultant is correct
80% of thetime.

Bayes' Rule statesthat if S are the states of nature and O; are the outcomes of an experiment,

(a5} Fis|

RO

where 10} =& P(Q 1) As)
|

P{S 10} =

Cc__ 6. The probability that the consultant will predict awin, i.e. P{PW} is (choose nearest value)

a £25% b. 30% c. 35%
d. 40% e. 45% f. 3 50%
Solution:

PO)=a P{o1S|Ps)
|
P(PW) = P{PW | W) PW) + P{PW | L} PIL)
= (0.8)(0.25) + (0.2)(0.75)

=0.35
f 7. According to Bayes theorem, the probability that Sue will win, given that the
consultant predictsawin, i.e. P{W | PW\, is (choose nearest value)

a £25% b. 30% c. 35%
d. 40% e 45% f. 3 50%
Solution:
PIS |o-\=P{q IS}P{Si}
\ I P Q)
(AW W P\
plW|p\/\/\:P\PW|WI (|
\ J PW)
B (0.8)) (0.25)
(0.35)

=0.571
The decision tree below includes Sue's decision as to whether or not to hire the consultant. Insert the
probability that you computed in (7) above, together with its complement P{L éPW}.
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$60
1ettle
60 0
7 Tose .~
— 75
don't fiire court gj%
conenl tant win
200
60 F40
1
witle
4.256
° g Tosa 0.229 -%a0
prcdich”'f -~
wWin go to
0.35 zour =
28.9 % 0571
L, £1B0
predicts $40

Toaa
UE,,E zaltla
-$20
7 lose -~
92 5%
g to Ji;-"’
Caurt
T0E

_ Rl $150
8. "Fold back™" nodes 2 through 8, and write the value of each node below:
Node Vadue | Node Vadue | Node Vaue

8 4.6 | 5 94286 | 2 60
7 20 | 4 58.9 | 1 60
6 94.286| 3 50 |

Solution:
Expected value of node 8 is (0.923)(-20) + (0.077)(180) =- 4.6
Expected value of node 4 is (0.35)(94.286) + (0.65)(40) = 58.9 (Note that from questions
(6), the probability that the consultant predicts awin is 35%.)
Expected value at node 1 is Max{ 60, 58.9} = 60.

9. Should Sue hire the consultant? Cirde. Yes

Solution: Theoptimal decision at node 1 is not to hire the consultant!
d 10. The expected value of the consultant's opinion is (in thousands of $) (Choose nearest

value):
a £16 b. 17 c. 18 d. 19
e 20 f.21 g. 22 h.323

Solution: The expected payoff at node 4, before subtracting the cost of the consultant (20), is
78.9. Compare thisto the expected payoff at node 2. ThusEVSI =78.9 - 60 = 18.9.
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Part |: Integer Programming Model Formulation Part I. You have been assigned to
arrange the songs on the cassette version of Madonna's latest album. A cassette tape has two
sides (#1 and #2). The length and type of each song are given in the table below:

Song Type Length (minutes)
Ballad
Hit
Ballad
Hit
Ballad
Hit
neither ballad nor hit
Bdlad & hit

O~NOOUITRhWN -

ArOIWANWO A

Define the variables
Yi= 1lifsong# isonsidel;
0 otherwise (i.e., if on side 2)
Thus, 1-Y; = 1lifsong#isonside2;
0 otherwise (i.e., if on side 1)

For each restriction, choose a linear constraint from the list (@) through (e€) below.
1. Side#1 must have exactly 3 ballads

2. Side#1 must have at least 2 hit songs

3. If song #2 ison side 1, then song #3 must be on side 2

4. The number of hit songs on side 2 should be no more than 2

5. If both songs 1 & 2 are on side 1, then song 3 must be on side 2.

6. Side#1 cannot contain more than 8 minutes of ballads

Part 11: Integer Programming Model For mulation. Comquat owns four production
plants at which personal computers are produced. In order to use a plant to produce computers,
afixed cost must be paid to set up the production line in that plant.

Define the variables:
Yj= 1if theproduction line has been set up at plant #i
0 otherwise
Xj = # of computers produced at plant #i

For each restriction, choose a linear constraint from thelist (@) through (ee) below.

____ 7. Computers are to be produced at no more than 3 plants.

~__ 8. If theproduction line at plant 2 is set up, then that plant can produce up to 8000
computers, otherwise, none can be produced at that plant.

9. The production lines at plants 2 and 3 cannot both be set up.

~__10. Thetotal production must be at least 20,000 computers.

~__11. If the production line at plant 2 is set up, that plant must produce at least 2000 computers.

___12. If the production line at plant 2 is not set up, then the production line at plant 3 cannot be

set up.
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Constraints:

aYi+Yy+Y3+Ys£E3 b. Y>2£Y3 c. Y3£Y>

d. Yy +Yo+Y3+Y,3 20000 e Y3Yy31 f. X223 2000Y>
g. X1+ Xo+ X3+ X423 20000 h. X, £ 8000Y, i. X5 £ 2000Y>
J- Y1 +Y2+Y3+Y,3 3 k. X523 8000Y, |. 8000X5, £ Y>»
m. Y1+Y3+Yg5+Yg=3 n. 2000X, £ Y> 0. Yo+Y3£E1
p. Y1+Y3+Y5+Yg£3 g Yo+Y331 r. Yo-Yz=1
S. Yo+Ys4+Yg+YgE?2 t. Y3¥o=1 u YsYs£1

V. Yo+Ys+Yg+Yg3 2 w. X2Y2 3 2000 X. X2Y2 £ 8000
Y. Yo+t Y4+Yg+VYg3 3 ZY2E Y3 aa Yz3£Y

bb.4Y, +3Y3+4Y5+4Yg£ 8 cC.4Y,1+3Y3+4Y5+4Yg3 8 dd. Xo£Y>
ee. None of the above

<S>>SO QUiz #8 Solutions <><><><><><s<>

For each restriction, choose a linear constraint from the list (a) through (ee).
_m_ 1. Side#1 must have exactly 3 ballads
Solution: Y1 +Y3+Yg5+Yg=3
_V_ 2. Side#1 must have at least 2 hit songs
Solution: Since songs#2,4,6, &8 are classified as"hits", Yo+ Y4+ Yg + Yg3 2
_0_ 3. If song #2 ison side 1, then song #3 must be on side 2

Solution: One approach to deriving this constraint isto first write Y, £ 1-Y3, i.e., if Yois1
then (1-Y3) isforced dso to be 1, i.e., song #3 isforced to be on side 2. By re-arranging
terms, we obtain Y, + Y3 £ 1. Alternately, we can deduce that the restriction is equivalent to
saying that songs #2 and #3 cannot both be on side 1.

_V_ 4. The number of hit songs on side 2 should be no more than 2
Solution: Since songs#2,4,6, &8 are classified as"hits', Yo+ Y4+ Yg + Yg3 2

_ee 5. If bothsongs1 & 2 areon side 1, then song 3 must be on side 2.

Solution: Thecorrect constraintis| 1-Y33 Y1 +Y,-1| P |Y1+Y2+Y3£ 2|, which

does not appear in the list below.

bb 6. Side#1 cannot contain more than 8 minutes of ballads
Solution: Sincesongs#l, 3,5, & 8 (with playing times 4, 3, 4, & 4, respectively) are
classified as "ballads’, the congtraint is 4Y, + 3Y3 +4Y5 +4Yg £ 8

Part Il: Integer Programming Model Formulation.

_a_ 7. Computers areto be produced at no more than 3 plants.
Solution: Y1 +Yo+Y3+Y,£3

_h 8. If theproduction line at plant 2 is set up, then that plant can produce up to 8000
computers, otherwise, none can be produced at that plant.
Solution: The correct constraint is X, £ 8000Y> , which restricts Xotobe O if Y2isO0,
whileif Y »=1 then X has an upper bound of 8000 computers.

_0_ 9. Theproduction lines at plants 2 and 3 cannot both be set up.
Solution: Y,+Y3£1

_g_10. Thetotal production must be at least 20,000 computers.
Solution: Xj;+ X+ X3+ X443 20000

_f 11. If theproduction line a plant 2 is set up, that plant must produce at least 2000 computers.
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Solution: Theconstraintis X, 3 2000Y5 , which, if Y2 =1, setsalower bound of 2000 on
Xo.

c,aal12. If the production lineat plant 2 is not set up, then the production line at plant 3 cannot be
set up.
Solution: Therequired constraintis Y3 £ Yo, which, if Y =0, restricts Y3 to be 0.
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Consider an(s,S) inventory system in which the number of items on the shelf is checked at
the end of each day. The demand distribution is asfollows:

n= 0 1 2

P{n}= 03 05 0.2
To avoid shortages, the current policy isto restock the shelf at the end of each day (after spare
parts have been removed) so that the shelf isagain filled to itslimit (i.e., 4) if there are fewer than
2 partson the shelf. (That is, itisan (s,S) inventory system, with s=2 and S=4.)

Theinventory system has been modeled as a Markov chain, with the state of the system defined as
the end-of-day inventory level (before restocking). Refer to the computer output which follows to
answer the following questions: Note that in the computer output, state #1 isinventory
level O, state #2 isinventory level 1, etc.

00 0.2 0.5 0.3 0.04 0.2 0.37 0.2 0.09
00 0.2 0.5 0.3 5 | 0.04 0.2 0.37 0.3 0.09
F=|0.2 0.5 oo LET= 006 0,45 0,23 0.35 0.21
0 0.2 0.5 0.20 0.1 0.31 0.34 0.19 0.06
0 0 0.2 0.5 0.3 0.04 0.2 0.37 0.3 0.09
0.074 0.245 0.327 0.255 0.099 0.065 0.214 0.309 0.285 0.125
5 | 0.074 0.245 0,327 0,265 0,099 4 0.065 0.214 0.309 0,285 0.125
F-=| 0,046 0.185 0.228 0.245 0.126 | P%=| 0.085 0.227 0.327 0.273 0.107
0.062 0.208 0.201 0.202 0.144 0.082 0.202 0.316 0.206 0.125
0.074 0.245 0.227 0.285 0.009 0.065 0.214 0.309 0.285 0.125
0,1794 0.6595 14,2062 1.23408 0,6144
4 0.1704 0.6505 1.2062 1.3405 0.6144
2 Pr= |0.3716 1.062 1.1852 0.032 0.4431
2=1 0.2262 0.9219 1.4477 1.0781 0.3261
0.1794 0.659% 1.2062 1.3405 0.6144
i T4
15.760 4.641 3.076 2.5T1 5.367 1 0.063
15.760 4.641 2.076 2.5T1 5.367 .
M=| 12.602 2.754 2.153 4 0,705 g ggﬁ
15 23.206 2.207 2.514 10,216 1 0594
15.760 4.641 Z.076 2.BT1 5 0110
1. thevaue P5,3 is
a. P{demand=0} b. P{demand=1}
c. P{demand=2} d. P{demand£1}
e. P{demand: 1} f. none of the above
2. thevalue P1,4 is
a. P{demand=0} b. P{demand=1}
c. P{demand=2} d. P{demand£1}
e. P{demand? 1} f. none of the above
3. thevaluePs4 is
a. P{demand=0} b. P{demand=1}
c. P{demand=2} d. P{demand£1}
e. P{demand? 1} f. none of the above

4. the numerical value A in the matrix above is (select nearest value)
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ao b. 0.1 c. 0.2 d. 0.3
e. 04 f. 0.5
5. the numerical vaue B in the mean-first-passage time matrix (M) above is (select nearest
value)
al b. 2 c. 4
d 6 e 8 f. 10

6. If the shelf isfull Monday morning, the expected number of days until a stockout
occurs is (select nearest value):

a 2 b.5 c. 10

d. 15 e 20 f. morethan 20

7. 1If the shelf isfull Monday morning, the probability that the shelf isfull Thursday night
(i.e., after 4 days of sales) is (select nearest value):

a 7% b. 8% c. %

d. 10% e 11% f. more than 12%
8. If the shelf isfull Monday morning, the probability that the shelf isrestocked Thursday
night is (select nearest value):

a 10% b. 15% c. 20%

d. 25% e. 30% f. more than 30%
9. If the shelf isfull Monday morning, the expected number of nights that the shelf is
restocked before Friday morning is (select nearest value):

a 0.6 b. 0.7 c. 0.8 d. 0.9
e. more than once but less than twice f. morethan 2
10. The number of transient states in this Markov chain mode is

a zero b.1

c 2 d 5 e. none of the above
11. The number of recurrent statesin this Markov chain mode is

a zero b.1

c 2 d 5 e. none of the above
12. The number of absorbing statesin this Markov chain model is

a zero b.1

c 2 d 5 e. none of the above

13. Which (one or more) of the following equations are among those solved to compute
the steady state probability distribution?

a p1=0.2p3

b. p1=0.2p3+ 0.5p4 + 0.3p5

C. p3=0.2p; +0.2p, +0.3p3 + 0.5p4 + 0.2ps5

d. ps=0.2ps + 0.5p3 + 0.3p4

€ p1+p2+tp3+tpstps=1

>SS QUiz #9 Solutions <><><><S<S><S><S
c_ 1 thevaluePs3 is

a P{demand=0} b. P{demand=1}
c. P{demand=2} d. P{demand£1}
e. P{demand: 1} f. none of the above
b 2 thevaueP, is
a. P{demand=0} b. P{demand=1}
c. P{demand=2} d. P{demand£1}
e. P{demand? 1} f. none of the above
_c 3 thevauePg; is
a. P{demand=0} b. P{demand=1}
c. P{demand=2} d. P{demand£1}
e. P{demand? 1} f. none of the above

d 4. thenumerical value A inthe matrix aboveis (select nearest value)
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e

ac.e

ao b. 0.1 c. 0.2 d. 0.3
e. 04 f. 0.5
5. the numerical vaue B in the mean-first-passage time matrix (M) above is (select nearest
value)
al b. 2 c. 4
d. 6 e. 8(Yps=28.4) f. 10

6. If the shelf isfull Monday morning, the expected number of days until a stockout
occursis (select nearest value):

a2 b.5 c. 10

d. 15 (ms51=15.769) e 20 f. more than 20
7. If the shelf isfull Monday morning, the probability that the shelf isfull Thursday night
(i.e., after 4 days of sales) is (select nearest value):

a 7% b. 8% c. 9%

d. 10% e. 11% f. morethan 12%(pg‘2 = 0.125)
8. If the shelf isfull Monday morning, the probability that the shelf is restocked Thursday

night is (select nearest value): (pé‘%pé‘é) =0.065 + 0.214 = 0.279)

a 10% b. 15% c. 20%

d. 25% e. 30% f. more than 30%
9. If the shelf isfull Monday morning, the expected number of nights that the shelf is
restocked before Friday morning is (select nearest value):

4
a (pgk1>+pgk2>) = 0.1794 + 0.6595 = 0.8389 a 0.6 b. 0.7
k=1
c. 0.8 d. 0.9
€. more than once but less than twice f. morethan 2
10. The number of transient states in this Markov chain mode! is
a zero b.1
c 2 d 5 e. none of the above
11. The number of recurrent states in this Markov chain model is
a zero b.1
c 2 d 5 e. none of the above
12. The number of absorbing statesin this Markov chain model is
a zero b.1
c 2 d 5 e. none of the above

13. Which (one or more) of the following equations are among those solved to compute
the steady state probability distribution?

p1=0.2p3

p1=0.2p3 + 0.5p4 + 0.3ps

p3 =0.2p1 + 0.2p, + 0.3p3 + 0.5p4 + 0.2p5

pa=0.2p, + 0.5p3 + 0.3p4

P1+pP2+pP3tps+ps=1

poooTeE
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Part | Consider the discrete-time Markov chain diagrammed below:
0.1

1 2 3 4
fyle.1 @.24 8.85 .01
" z2|le.75 B.2 B.02 B.63
= 2l A 1 A
" 4l@ A A 1
The following matrices were computed, based upon the above Markov chain data:
E
. 3 4 . 1 2 B.64 ©.252 B.8715 0.0362
Z__ | &.285 B.67 8.0615 B.8435
Fo1|B.6311 B.3628 Fo1| 2.888  9.333 Pe= a a i a
o 2|B.6166 B.3833 o 2| 2.3232 1@ a a a i
] m
A.253 8.582 8.183 ©.8508 A.4663 B.33812 8.13325 8.687633
13'3— A.525 @.323 8.886 B.865 F,q_ B.29475 B0.56056 G6.1188¢ 8.02679
—| B a 1 a | @ @ 1 @
a a a 1 @ @ @ 1
1. Whichisthe matrix Q (used in computation of E)?
4 | B.85 B.81 h|8.1 B.81 o | 888 9.333
A.62 6.83 .75 B.83 2.333 16
al1 a 5 | B.1 @.34
a i | 675 6o f. Hone of the abosme
2. Which isthe matrix R (used in computation of A)?
5 | B85 B.81 n|@.1 B8.81 o | 8.888  9.333
A.62 8.83 .75 B.83 8.333 18
d.| ! a g |91 B.54 f. Mone of the abowe
& 1] A.75 6.2 '
3. Ifthesystem begins in state #1, what is the probability that it is absorbed into state #37?
(Choose nearest value)
a 10% or less b. 20% c. 30% d. 40%
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e. 50% f. 60% g. 70% h. 80% or more

4. If the system beginsin state #1, what is the expected number of stages (including the
initial stage) that the system exists before it is absorbed into one of the two absorbing
states? (Choose nearest value)

a 2orless b. 4 c.6 d. 8

e 10 f. 12 0. 14 h. 16 or more

5. If the system beginsin state #2, what is the probability that the system survivesfor at
least 3 stages before being absorbed into one of the two absorbing states ? (Choose nearest

value)
a. 10% or less b. 20% c. 30% d. 40%
e. 50% f. 60% g. 70% h. 80% or more

SIS IBLI>L>

Part I1: A repairman isresponsible for maintaining two machinesin working condition. When
both arein good condition, they operate simultaneously. However, a machine operates for an
average of only 1 hour, when it fails and repair begins. Repair of a machine requires an average of
30 minutes. (Only one machine at atime can berepaired.) Define a continuous-time Markov chain
with states:

A. Both machines have failed, with repair in progress on one machine

B. One machine is operable, and the other is being repaired

C. Both machinesarein operating condition

AuB
®s_*" @
Apa
1. Inthismodel, the probability distribution of the time required to repair amachineis
assumed to be:
a. Uniform b. Markov c. Poisson
d. Normal e. exponential f. None of the above
2. Thetrangtionratel agis
a. 0.5/hour b. 1/hour c. 2/hour
d -l ga e | ga f. None of the above
3. Thetrangitionratel cgis
a. 0.5/hour b. 1/hour c. 2/hour
d -l cB e |lgc f. None of the above
4. The steady-state probability distribution must satisfy the equation(s) (one or more):
a patps+tpc=1 b. I ABPA =1 BAPB
c. | papa =1 ABPB d. pa=1aBpa+ (I BA+l BOPB+ I cBPC
e. | scpe=1 cBpc f. ps=1aBpa+ (I BA+l BOPB+! cBPC

5. The averageutilization of these machinesin steady state (i.e., the fraction of maximum
capacity at which they will operate), is.

a petpc b. 0.5(pet+pc) C. pet2pc

d. patpstpC e. 2(pstpc) - 0.5(ps+2pc)
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<S>>I Quiz #10 Solutions <><><><s><><s><>
Discrete-time Markov Chain:

1. Which isthe matrix Q (used in computation of E)?

| &.85 .81 nl@-1 @.81 | o | 8.888  9.333
@.02 0,83 B.75 @.83 8,322 1@
d.| ! E' g 8.1 ©.54 f. Maone of the above
B 1] B.75 @.2 '
Solution: Qisthe submatrix of P whose elements are transition probabilities between

transient states! E=(1- Q™
2. Which isthe matrix R (used in computation of A)?

| #.85 881 n|8.1 8.81] .| .88 9333
B.82 @.@3 B.75 @.@3 2.333 1@
d. | ! 4 g 9.1 B.54 f. Mone of the ahowve
@ 1 B.75 @.2 '

Solution: Risthe submatrix of P whose elements are transition probabilities from
transient states to absorbing states! A =ER.
3. If the system beginsin state #1, what is the probability that it is absorbed into state #3?

(Choose nearest value)
a 10% or less b. 20% c. 30% d. 40%
e. 50% f. 60% g. 70% h. 80% or more

Solution: a3 =0.6310

4. If the system beginsin state #1, what is the expected number of stages (including the

initial stage) that the system exists before it is absorbed into one of the two absorbing

states? (Choose nearest value)

a 2orles b. 4 c.6 d. 8

e 10 f. 12 0. 14 h. 16 or more
Solution: e11 + e12 = 8.888 + 9.333 = 18.222

5. If the system beginsin state #2, what is the probability that the system survivesfor at
least 3 stages before being absorbed into one of the two absorbing states ? (Choose nearest

value)
a 10% or less b. 20% c. 30% d. 40%
e. 50% f. 60% g. 70% h. 80% or more

Solution: p§) + p§) = 0.525 + 0.323 = 0.848
SIEISIEIEI>L>

. States:

A. Both machines have failed, with repair in progress on one machine
B. One machineis operable, and the other is being repaired

C. Both machines arein operating condition
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€

ab,e

Q= Qa0

1. Inthismodel, the probability distribution of the time required to repair amachineis
assumed to be:

a Uniform b. Markov c. Poisson

d. Normal e. exponential f. None of the above

Solution: InaMarkov chain model, the probability distribution until the time that a
certain transition occurs must have the exponential (i.e., memoryless) distribution.

2. Thetrangsitionratel agis
a. 0.5/hour b. 1/hour c. 2/hour

d -l ga e | ga f. None of the above

Solution: A trandgition from state A to state B occurs when the current repair is completed.
This happens once every 30 minutes when arepair isin progress, i.e., 2 per 60 minutes, or
2/hour.

3. Thetransitionratel cgis
a. 0.5/hour b. 1/hour c. 2/hour

d -l cB e |l gc f. None of the above

Solution: A transition from state C to state B occurs when one of the two machines (both
operating) fails and requires repair. Each machine fails at the rate of once per hour, and so
the two machines combined fail at the rate of 2/hour.

4. The steady-state probability distribution must satisfy the equation(s) (one or more):

a patpstpc=1 b. | ABPA =1 BAPB

c. | Bapa =1 ABPB d. pa=1aBpa+ (I Ba+l BOPB+! cBPC
e. | scpe=1! cBpcC f. pg= 1 aBPA + (I BA+ BO)PB+ | CBPC
Solution:

» Equation (a) must be satisfied in order to be a probability distribution.
» Equation (b) states that (in steady state) the rate at which the system makes transitions

from state A (namely, the probability pa that the systemisin state A, timestheratel A
at which the system makes transitions into state B when it isin state A) must be the same

astherate at which the system makes transitions into state A (namely, | gapg Since there
is only one way that the system can make atransition into state A). Thisequation is
referred to as abalance equation state A.

» Equation (e) isthe balance equation for state C.

Note that the balance equation for state B is(l BA + | BC) P = | agpa + | cepc, Which
does not appear inthelist.

5. The averageutilization of these machinesin steady state (i.e., the fraction of maximum
capacity at which they will operate), is:

a ps*pc b. 0.5(pe+pc) C. ps*+2pc

d. pat+petpc e. 2(pe+pc) f. 0.5(pe+2pc)

Solution: The expected (i.e., average) number of machines operating is

Opat 1 pg +2pc (sincein state A, no machines are operating, one machine is operating in
state B, and 2 in state C). Dividing this by the total number of machines gives usthe
average utilization of each machine.
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Part |: For each diagram of aMarkov model of aqueuein (1) through (5) below, indicate the
correct Kendall's classification from among the following choices:

@ M/M/1 (b) MIM/2 (©) M/M/V/4
(d) M/IM/4 (€) M/M/2/4 (f) MIM/2/4/4
(@) MIM/L/2/4 (h) M/M/4/2 (i) MIM/4/4

(j) none of the above

N

_ (2]

@

_13)

G.Ol@.@. L e
_(4) _ LY

0.0.9.9.0 @ o
__{3} _ i

0.0.9.9.0 @ e

Note: Kendall snotatlon.
arrival process
service process
# of servers
ma:-: #*in system
\l,'_# insource population

M1 A man

SIS

Part I1: Two mechanics work in an auto repair shop, with a capacity of 3 cars. If there
are 2 or more cars in the shop, each mechanic works individually, each completing the
repair of acar in an average of 4 hours (the actual time being random with exponential
distribution). If thereisonly one car in the shop, both mechanics work together on it,
completing the repair in an average time of 3 hours (also exponentially distributed). Cars
arrive randomly, according to a Poisson process, at the rate of one every two hours when
there are less than two cars in the shop, but one every 3 hours when both mechanics are
busy. If 3 carsare aready in the shop, no cars arrive.
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6. Choosethetransutlon diagram bel ow correspondi ng tothis system

ﬂ_ E_
h f“
1,-:1 1,@ 1,-:1
2 2 3
: -oe-a g @-0-9-6
d_ h_
15 15

. None of the above
For ease of computation, suppose that the steady-state probabilities for this system are (not the
actual values):
pPo=20%, p1=30%, p2=30%, & p3=20%.

7. What fraction of the day will both mechanics beidle?

a 10% c. 30% e. 50% g. 70%
b. 20% d. 40% f. 60% h. NOTA

8. What fraction of the day will both mechanics be working on the same car?
a 10% c. 30% e. 50% g. 70%
b. 20% d. 40% f. 60% h. NOTA

9. What isthe average number of carsin the shop? (Choose nearest answer.)
a 05 c. 1.0 e 15 g. 20
b. 0.75 d. 1.25 f. 1.75 h. 2.5

10. What isthe average number of cars waiting to be serviced? (Choose nearest answer.)
a 05 c. 1.0 e 15 g. 20
b. 0.75 d. 1.25 f. 1.75 h. 2.5

11. The average arrival rate in steady state is approximately one every 2.85 hours, i.e.,
0.35/hour. According to Little's Formula, the average total time spent by a car in the shop
(including both waiting and repair time) is (choose nearest value):

a. 4 hours c. 5hours e. 6 hours g. 7 hours
b. 8 hours d. 9 hours f. 10 hours h. 11 hours

12. What isthe average time that a car spends in the shop waiting to be serviced? (Choose
nearest answer.)

a 05 c. 1.0 e 15 g. 20
b. 0.75 d. 1.25 f. 1.75 h. 2.5

<S>>SO QUiz #11 Solutions <><><><><><><S>
Part |:

B

MIM/2 0.0.9.@.0.6
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Li2)

MIM/ 174 0.0.9.9.0 BONy

E (=)
o:oieieio 3@.0
Fian - —
O OMONONONONK
Iis;

MIM/4/4 G.O.G.G.O ﬁ

Note: Kendal's notation:
arrival process
service process
# of servers
ma:-: #*in system
\l,'_# insource population

M1 A man

Part I'1: Two mechanics work in an auto repair shop, with a capacity of 3 cars. If there
are 2 or more cars in the shop, each mechanic works individually, each completing the
repair of acar in an average of 4 hours (the actual time being random with exponential
distribution). If thereisonly one car in the shop, both mechanics work together on it,
completing the repair in an average time of 3 hours (also exponentially distributed). Cars
arrive randomly, according to a Poisson process, at the rate of one every two hours when
there are less than two cars in the shop, but one every 3 hours when both mechanics are
busy. If 3 carsare aready in the shop, no cars arrive.

_h_ 6. Choose the trangiti on diagram bel ow correspondi ng tothis system

-

ﬂ“ E“
ixh

h_ f_
1,-:1 1,@ 1,-:1

&

:
@ 0@ o--
3 3 15 14 15
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2 c 3 14 14 14
JTONIROEROERSO R IIOERONER O
35 3 4 15 15 15
i. None of the above

For ease of computation, suppose that the steady-state probabilities for this system are (not the
actual values):
pPo=20%, p1=30%, p2=30%, & p3=20%.
b 7. What fraction of the day will both mechanics beidle?

a 10% c. 30% e. 50% g. 70%
b. 20% = po d. 40% f. 60% h. NOTA

c_ 8. What fraction of the day will both mechanics be working on the same car?
a 10% c. 30% = p1 e. 50% g. 70%
b. 20% d. 40% f. 60% h. NOTA

e 9. What isthe average number of carsin the shop? (Choose nearest answer.)
a 05 c. 1.0 e 15 g. 20
b. 0.75 d. 1.25 f. 1.75 h. 2.5

Solution: L = Opot+ 1p1+2p2+3p3=15

a_10. What isthe average number of cars waiting to be serviced? (Choose nearest answer.)
a 05 c.1.0 e 15 g. 20
b. 0.75 d. 1.25 f. 1.75 h. 2.5
Solution: Lgq =0pg+ Op1 + Op2 +1p3=0.2

a_11. Theaverage arrival rate in steady state is approximately one every 2.85 hours, i.e.,
0.35/hour. According to Little's Formula, the average total time spent by a car in the shop
(including both waiting and repair time) is (choose nearest value):
a. 4 hours c. 5hours e. 6 hours g. 7 hours
b. 8 hours d. 9 hours f. 10 hours h. 11 hours

Solution: Accordingto Little's Law, L= W, where L isthe average number of
customersin the system, | isthe average arrival rate, and W is the average time per
customer in the system. Using L=1.5from (9) and| = 0.35/hr, we obtain 0.35W=1.5
from which we compute W = 4.275 hr.

a_12. What isthe average time that a car spendsin the shop waiting to be serviced? (Choose
nearest answer.)
a 05 c. 1.0 e 15 g. 20
b. 0.75 d. 1.25 f. 1.75 h. 2.5

Solution: Again by Little'sLaw, Lq=I Wqwhere Lgisthe average number in the queue
(not including those being served) and W isthe average time in the queue (not including

servicetime). Using L¢=0.2 from (10) and | = 0.35/hr, we obtain Wq= 0.2/0.35/hr =
0.4 hour.
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IS QuiZ H12 <SSO OSSL>

1. A system consists of 4 devices, each subject to possible failure, al of which must function in
order for the system to function. In order to increase the reliability of the system, redundant units
may be included, so that the system continues to function if at least one of the redundant units
remains functional. The dataare:

Device Reliability (%) Weight (kg.)
1 80 1
2 90 3
3 75 1
2

4 85

Suppose that the system may weigh no more than 12 kg. (Since at |least one of each device must
be included, atotal of 7 kg, thisleaves 5 kg available for redundant units.) Assume that no more
than 3 units of any type need be considered. We wish to compute the number of units of each
device typeto beingtalled in order to maximize the system reiability, subject to the maximum
weight restriction.
The dynamic programming model arbitrarily assumes that the devices are considered in the order:
#4, #3, #2, and finally, #1. The optimal value function is defined to be:

Fn(S) = maximum reliability which can be achieved for devices#n, n-1, ... 1, given that the

weight used by these devices cannot exceed S (the state variable)

Note that the computation is done in the backward order, i.e., first the optimal value function F1(S)
is computed for each value of the available weight S, then F»(S), etc., until finally F4(S) has been
computed.

Beliability (%) vz # reduwndant wnits:

i 1 2 i

1 20 a6 Q9.2

2 an [ 1 92.2

3 75 93,75 95,4375

4 g5 397,75 99,6625

a. Compute reliability for 2 units of device #2 (in blank above). %
Details of Computations at. each Stage:
Stage 11— Stage 3

2 ™ X 1 2z 3 2 " ox! 1 2 3
1 0.80799999999 .99 799999999 ,499 5 0.54 799999999 .99 99999999 .99
2 a.80 0.96799999999.99 B 0.65 0.65799999999 .99
3 0.20 0.96 0.99 7 0.67 0.81 .71
4 0.20 0.96 0.99 a 0.67 0.24 0.85
5 0.80 0.96 0.99 qQ | | 0.24 0.28
& 0.80 0.96 0.99 10 0.74 0.89 0.82
7 0.80 0.96 0.99 11 0.74 0.9z 0.94
g a.80 0.96 0.09 12 0.74 0.92 0.97
g 0.20 0.96 0.99
10 0.20 0.96 0.99
11 0.80 0.96 0.99
12 0.80 0.96 0.99
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Stage Zi— Stage 4——

2 ~xt 1 - 3 a2 ™ xi 1 z 3
4 0.72709999999,.99°99999999,949 7 0.46799999999,.99°99999999, 99
5 0.26709999999,.99°99999999, 99 a 0.57709999999,.99°99999999, 99
& 0.59799999999,.99°99999999,949 q 0.60 0.53799999999 .99
7 0.29 0.739799999999,99 10 0.7z 0.66~99999999.99
g 0.29 0.95°99999999,99 11 0.75 0.74a 0.5
g 0.29 0.98°99999999,949 12 0.76 0.53 0.67
10 0.29 0.98 0.20

11 0.29 0.98 0.96

12 0.29 0.98 0.99

Optirnal values & decisions at each stage:

Stage 45 Stage 2@
Ot iwmal Optimal Resulting Optimal Optimal Eesalting
State Waluwez Decizions State State Waluwes Decigions State
7 0.465 1 5 4 0.72 1 1
=2 n..7 i & 5 0.26 1 2
q 0.649 i 7 3} 0.9 1 i
10 0.72 1 a8 T n.29 1 4
11 0.79 2 T a3 0.95 2 2
12 0.83 2 2 = 0.92 2 2
10 0.3 2 4
11 0.9 2 5
12 0.99 3 i
Stage 31 Stage 1
ot L L Optimal Resulting Optimal Optimal Resulting
State Yalues Decizions tate State Waluee Decigions State
5 0.54 1 4 1 0.20 1 1]
& 0.62 2 4 2 0.96 2 ]
7 0.281 2 5 2 0.949 3 ]
g | | | I I I d 0.99 2 1
= n.8s 3 3} 5 n.949 3 2
10 0.9 2 g G 0.99 3 3
11 0.94 ] 2 T 0.99 3 4
12 0.9v 3 = 2 0.949 3 5
Q 0.99 3 )
10 0.99 3 7
11 0.99 3 a3
12 0.99 3 =

b. What isthe maximum reliability that can be achieved allowing 12 kg. total weight? %
¢. How many units of each device should be included in the system?
Device# # of units
1
2
3
4

d. Four values have been blanked out in the output. Fill in the correct values below.
i. the optimal value f3(8)

ii. the optimal decision x5 (8)
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Iii. the state which results from the optimal decision x3* (8

Iv. the value associated with the decision to include 1 unit of device #3, given that 9 kg. is
still available

e. Suppose that only 10 kg. of capacity were available. What is the achievable system
reliability? %
How many units of each device should be included?
Device# # of units
1
2
3
4

OSSOSO ISISI>L>
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