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Model answers: Using Trigonometric
Formulas in Integration

These are the model answers for the worksheet that has questions on using trigonometric
formulas in integration.

Using Trigonometric
Formulas in
Integration Study
Guide

You can see that in both integrals Isinz(x)dx and jsinz(x)dx the power is a positive and

even number. So to find these integrals you will need to use the double angle formulas.
a. Isinz(x)dx =1x-1sin(2x)+c
Making a direct substitution using the double angle formula sin* A=1—1cos2A with
A =X you get:
['sin® (x)dx = [ ( - 2cos(2x))dx

You can split this integral into two separate integrals:

[(3—3cos(2x))dx = [4dx — [ cos(2x )dx

The first integral is found using the power rule (to remind yourself of how to use the
power rule you can check the study guide: Integrating Using the Power Rule) and the
second integral is the basic cosine integral (to remind yourself of how to integrate
basic trigonometric functions you can check the study guide: Integrating Basic
Functions). Therefore:

I(% — 1cos(2x))dx = I%dx - I%cos(Zx)dx =1x —1sin(2x)+c

You can check your answer back by differentiation.
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Isin“(x)dx = 2x —1sin(2x)+ 4 sin(4x)+c.

Firstly, you can rewrite sin(x) as (sin?(x)f. Now you can use the double angle

formula on sinz(x) in a similar way to the previous question. So, after expanding the
brackets you get:

(sin?(x)f = (2 —2cos(2x))2 — 2cos(2x)) = — 2 cos(2x)+ + cos?(2x)

You can see that the third term is a cosine squared term and so you can apply the
double angle formula cos® A=1+1cos2A (now with A=2x) to get:

1cos?(2x)=1( +Lcos(4x))= L + L cos(4x)

And so, after using the two results above and adding the fractions, the integral can be
written as:

[sin®(x)dx = [ (3 —cos(2x)+ £ cos(4x))dx
You can split this integral into three separate integrals:

[ (2 —4cos(2x)+ £ cos(ax))dx = [ 2dx — [ cos(2x)dx + [ £ cos(4x)dx
The first integral is found using the power rule (to remind yourself of how to use the
power rule you can check the study guide: Integrating Using the Power Rule). The
second and third integrals are basic cosine integrals (to remind yourself of how to

integrate basic trigonometric functions you can check the study guide: Integrating
Basic Functions) and so:

Isin“(x)dx = J'%dx - I%cos(Zx)dx + J%cos(4x)dx

= 2x —1sin(2x)+ 4 sin(4x)+c

You can check your answer back by differentiation.

j sin(4x)sin(2x)dx = 4 sin(2x)— & sin(6x)+c
This is a product of two sine functions so you use the following product formula:
sinAsinB = 1(cos(A - B)—cos(A +B)) with A =4x and B = 2x

to help you with the integral. The integrand becomes:
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sin(4x)sin(2x) = (cos(4x — 2x) — cos(4x + 2x))= 2 cos(2x) - £ cos(6x)

and the two resulting functions can be integrated using the basic integral of cosine (to
remind yourself of how to integrate basic trigonometric functions you can check the
study guide: Integrating Basic Functions):

Isin(4x)sin(2x)dx = j% cos(2x Jdx — j%cos(6x)dx = 1sin(2x) - & sin(6x)+c

You can check your answer back by differentiation.

Isin(le)sin(Sx)dx = &sin(7x) - £ sin(17x)+c

This is a product of two sine functions so you use the following product formula:
sinAsinB = 1(cos(A —B)—cos(A +B)) with A =12x and B = 5x

to help you with the integral. The integrand becomes:
sin(12x)sin(5x) = £ (cos(12x — 5x ) — cos(12x + 5x)) = 4 cos(7x) - 1 cos(17x)

and the two resulting functions can be integrated using the basic integral of cosine (to

remind yourself of how to integrate basic trigonometric functions you can check the
study guide: Integrating Basic Functions):

jsin(le)sin(Sx)dx = I%cos(?x)dx - I%cos(l?x)dx =& sin(7x)- 4 sin(17x)+c
You can check your answer back by differentiation.
I cos(12x)cos(5x )dx = £ sin(7x)+ £ sin(17x)+c
This is a product of two cosine functions so you use the following product formula:
cosAcosB = 1(cos(A-B)+cos(A+B)) with A=12x and B = 5x
to help you with the integral. The integrand becomes:
cos(12x)cos(5x) = £ (cos(12x — 5x) + cos(12x + 5x)) = 1 cos(7x) + 1 cos(17x)
and the two resulting functions can be integrated using the basic integral of cosine (to

remind yourself of how to integrate basic trigonometric functions you can check the
study guide: Integrating Basic Functions):
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Icos(le)cos(Sx)dx = I%cos(?x)dx + I%cos(l?x)dx
= & sin(7x)+ & sin(17x)+c

You can check your answer back by differentiation.
[ sin(x)cos(x)dx

This is the product of a sine and a cosine function so you use the following product
formula:

sinAcosB = 1(sin(A—B)+sin(A+B)) with A=x and B = x
to help you with the integral. The integrand becomes:
sin(x)cos(x) = £ (sin(x — x)+ sin(x + x)) = 2 sin(0) + 2 sin(2x) = 4 sin(2x)
and the resulting function can be integrated using the basic integral of sine (to remind

yourself of how to integrate basic trigonometric functions you can check the study
guide: Integrating Basic Functions):

[sin(x)cos(x)dx = [4sin(2x)dx = -1 cos(2x)+c

You can check your answer back by differentiation.

J-sin(g x)sin(x)dx = sin(2 x)—sin(3 x)+c

This is a product of two sine functions so you use the following product formula:
sinAsinB = 4(cos(A-B)-cos(A+B)) with A=2x and B = x

to help you with the integral. The integrand becomes:

sin(2 x)sin(x) = 2 (cos(2 x — x)—cos(2 x + x)) = L cos(2 x)— 2 cos(% x)

and the two resulting functions can be integrated using the basic integral of cosine (to
remind yourself of how to integrate basic trigonometric functions you can check the
study guide: Integrating Basic Functions):

Isin(gx)sin(x)dx = I% cos(2 x)dx — I% cos(3 x)dx = sin(2x)-£sin(Ex)+c

You can check your answer back by differentiation.
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_[cos(% x)cos(:x)dx == 2sin(Z x)+ £sin(3x)+c

This is a product of two cosine functions so you use the following product formula:
cosAcosB = £(cos(A—B)+cos(A+B)) with A=%x and B =1x

to help you with the integral. The integrand becomes:
cos(2 x)cos(L x) = 4 (cos(4 x — £ x)+cos(% x + £ x)) = 2 cos(Z x) + 2 cos(2 x)

and the two resulting functions can be integrated using the basic integral of cosine (to

remind yourself of how to integrate basic trigonometric functions you can check the
study guide: Integrating Basic Functions):

Icos Jeos( x )dx = j cos(Z x Jdx +J. cos(2 x)dx = 2sin(Zx)+£sin(Zx)+c
You can check your answer back by differentiation.
Ism x)cos(2 x)dx = —2cos(4 x)—2cos(sx)+c

This is the product of a sine and a cosine function so you use the following product
formula:

sinAcosB = (sin(A—-B)+sin(A+B)) with A=2x and B =1x
to help you with the integral. The integrand becomes:
sin(2 x)cos(2 x) = 4(sin(2 x — 4 x)+sin(2 x + £ x)) = 4 sin(£ x) + 4 sin(% x)
and the resulting functions can be integrated using the basic integral of sine (to

remind yourself of how to integrate basic trigonometric functions you can check the
study guide: Integrating Basic Functions):

jsm x)cos( x Jdx = I%sin(% X )dx + I%sin(% x)dx = —2cos(:x)-2cos(& x)+c
You can check your answer back by differentiation.
_[cos(% x)sin(2 x)dx = —cos({ x)— 2 cos(2 x)+ ¢

This is the product of a sine function and a cosine function. You can use the formula:

sinAcosB = £(sin(A —B)+sin(A +B)) to help you with the integral.
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Looking carefully at this product formula you see that A is associated with the sine
function and B is associated with the cosine function. So here A=1x and B = £x

meaning that the integrand can be rewritten as:
cos(4 x)sin(% x) =1 (sin(& x — £ x) + sin(& x + £ x)) = sin(% x) + 4 sin(%2 x)

These two new sine functions can be integrated in turn using the basic sine integral
(to remind yourself of how to integrate basic trigonometric functions you can check
the study guide: Integrating Basic Functions):

Icos(g x)sin(& x )dx = J'% sin(2 xdx + I% sin(2 x)dx = —cos(2x) -2 cos(£x)+c

Again, using a trigopnometric formula has transformed a seemingly difficult integral
into two basic integrals. You can check your answer back by differentiation.

You can see that sin?(x)cos?(x) can be rewritten as (sin(x)cos(x))’ using the laws of

indices (to remind yourself of the laws of indices you can check the study guide:
Laws of Indices). Or, using double angle formulas you can rewrite them as
(2 —2cos(2x))& + L cos(2x)) = (2 +1cos(2x))2 — L cos(2x)).

You need to find the integral ['sin®(x)cos®(x)dx . From the above you can see that

you could find the integral either using the product formula or the double angle
formulas.

First, using the product formula.
sin?(x)cos?(x) = (sin(x)cos(x))*

And sin(x)cos(x) is the product of a sine and a cosine function so you use the

following product formula:
sinAcosB = 4(sin(A-B)+sin(A+B)) with A=x and B = x

to help you with the integral. The integrand becomes:

cos(x )y’

x —x)+ sin(x + x))yf

sin?(x)cos?(x) = (sin(x
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Looking at the resulting function you can apply the double angle formula
sin? A=1-1cos2A (now with A =2x) to get:

1sin?(2x) =1 (2 —1cos(4x))= % - Lcos(4x)

and the resulting functions can be integrated using the power rule (to remind yourself
of how to use the power rule you can check the study guide: Integrating Using the
Power Rule) and the basic integral of cosine (to remind yourself of how to integrate
basic trigonometric functions you can check the study guide: Integrating Basic
Functions) and so:

jsm cos?(x)dx = I(sin(x)cos(x))zdx
='[%sin2(2x)dx
= J%dx —I%cos(4x)dx

1x —4cos(4x)+c

You can check your answer back by differentiation.

Now you can solve the integral using double angle formulas you can rewrite
sin?(x)cos?(x) as (2 +2cos(2x)) —4cos(2x)). So,

sin?(x)cos?(x) = (£ + 1cos(2x )% — +cos(2x))
1 _1cos(2x)+4cos(2x) -4 cos?(2x)

s?(2x)

Looking at the resulting function you can apply the double angle formula
cos’ A=1+1cos2A (now with A =2x) to get:

1_
4

Al

—1cos?(2x)=1—1(2+21cos(4x))=1—1—1cos(4x)=1—Lcos(4x)

N[

and the resulting functions can be integrated using the power rule (to remind yourself
of how to use the power rule you can check the study guide: Integrating Using the
Power Rule) and the basic integral of cosine (to remind yourself of how to integrate
basic trigonometric functions you can check the study guide: Integrating Basic
Functions) and so:
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['sin(x)cos® (x)dx = [ (3 + 4 cos(2x)) — 4 cos(2x )
[ (2~ 3 cos(2x)lax

= [ (& - #cos(ax)ix

= [4dx ~[ 4cos(ax)dx

=1x-4cos(4x)+c

You can check your answer back by differentiation.
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