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Abstract

The noisiness of a channel can be measured by comparing suitable functionals of the input
and output distributions. For instance, the worst-case ratio of output relative entropy to input
relative entropy for all possible pairs of input distributions is bounded from above by unity, by
the data processing theorem. However, for a fixed reference input distribution, this quantity may
be strictly smaller than one, giving so-called strong data processing inequalities (SDPIs). The
same considerations apply to an arbitrary ®-divergence. This paper presents a systematic study
of optimal constants in SDPIs for discrete channels, including their variational characterizations,
upper and lower bounds, structural results for channels on product probability spaces, and the
relationship between SDPIs and so-called ®-Sobolev inequalities (another class of inequalities
that can be used to quantify the noisiness of a channel by controlling entropy-like functionals of
the input distribution by suitable measures of input-output correlation). Several applications
to information theory, discrete probability, and statistical physics are discussed.
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1 Introduction

The well-known data processing inequality for the relative entropy states that, for any two proba-
bility distributions p, v over an alphabet X and for any stochastic transformation (channel) K with
input alphabet X and output alphabet Y,

DwK|pK) < D(v||p),

where pK denotes the distribution at the output of K when the input has distribution p (and
similarly for vK). However, if we fix the reference distribution p and vary only v, then in many
cases it is possible to show that D(vK||uK) is strictly smaller than D(v||u) unless v = p. To
capture this effect, we define the quantity

D(vK|pK)
n(p, K) £ sup —————=
vin D(n)

and we say that the channel K satisfies a strong data processing inequality (SDPI) at input dis-
tribution g if n(p, K) < 1. In a remarkable paper [1], Ahlswede and Gécs have uncovered deep
relationships between n(u, K) and several other quantities, such as the maximal correlation (see [2]
and references therein) and so-called hypercontractivity constants of a certain Markov operator
associated to the pair (u, K). For example, they have shown that if X =Y = {0,1}, u = Bern(1/2),
and K = BSC(g), then n(u, K) = (1 —2¢)?, which is also equal to the squared maximal correlation
in the joint distribution Pxy with Px = Py = Bern(1/2) and Py|x = BSC(e), the so-called doubly
symmetric binary source (DSBS) with parameter € [3].

After the pioneering work of Ahlswede and Gécs, the contraction properties of relative entropy
(and other ®-divergences [4,5]) under the action of stochastic transformations have been studied by



several other authors [6-10]. In particular, Cohen et al. [6], who were the first ones to take up this
subject after [1], showed that the SDPI constant of any channel K with respect to any ®-divergence
is always upper-bounded by the so-called Dobrushin contraction coefficient of K [11,12], another
well-known numerical measure of the amount of noise introduced by a channel. (This result of
Cohen et al. was rediscovered five years later in the machine learning community [13].) In the
last couple of years, strong data processing inequalities became the subject of intense interest in
the information theory community [14-22] due to their apparent usefulness for establishing various
converse results.

In this paper, we revisit the problem of characterizing the strong data processing constant
n(w, K) [and its generalizations for arbitrary ®-divergence| and establish a number of new upper
and lower bounds, as well as new structural results on SDPI constants in product probability
spaces. We also address the relationship between strong data processing inequalities and so-called
®-Sobolev inequalities [23]. These inequalities also quantify the noisiness of a Markov operator
(probability transition kernel) by relating certain “entropy-like” functionals of the input to the
rate of increase of suitable “energy-like” quantities from the input to the output. (Logarithmic
Sobolev inequalities, widely studied in the theory of probability and Markov chains [8,24-27], are
a special case.) In particular, we show that the optimal constants in ®-Sobolev inequalities for a
reversible Markov chain can be related to SDPI constants of certain factorizations of the transition
kernel of the chain as a product of a forward channel and a backward channel. Such factorizations
correspond to all possible realizations of the one-step transition of the chain as a two-component
Gibbs sampler [28], which is a standard technique in Markov chain Monte Carlo [29,30]. Conversely,
for a fixed input distribution x on X, the SDPI constants of a given channel K with input in X and
output in Y are related to ®-Sobolev constants of the reversible Markov chain on X obtained by
composing the forward channel K with the backward channel K* determined via Bayes’ rule. To
keep things simple, we focus on the discrete case, when both X and Y are finite, although some of
our results generalize easily to the case of arbitrary Polish alphabets (see, e.g., [21]).

The remainder of the paper is organized as follows. After giving some necessary background
on ®-entropies and ®-divergences in Section 2, we proceed to the study of strong data processing
inequalities in Section 3. Next, in Section 4, we define the ®-Sobolev inequalities and characterize
their relation with SDPIs. Several examples of applications are given in Section 5. Section 6
provides a summary of key contributions. A number of auxiliary technical results are stated and
proved in the Appendices.

1.1 Notation

We will denote by Z2(X) the set of all probability distributions on an alphabet X and by 22, (X) the
subset of & (X) consisting of all strictly positive distributions. The set of all real-valued functions on
X is denoted by .7 (X); Z.(X) and .F2(X) are the subsets of .# (X) consisting of all strictly positive
and nonnegative functions, respectively. Any channel' with input alphabet X, output alphabet Y,
and transition probabilities {K (y|z) : € X,y € Y} acts on probability distributions p € 22(X)
from the right by

pE(y) => p@)K(yls), yeY
zeX

'We will also use the terms “stochastic transformation” or “Markov kernel.”



or on functions f € .#(Y) from the left by

Kf(x) =) K(ya)f(y), zeX

yeY

The set of all such channels will be denoted by .#(Y|X). The affine map p — pK naturally
extends to a linear map on the signed measures on X, since any such measure v can be uniquely
represented as iy — oo for some constants aq, g > 0 and some pg, p2 € Z(X); thus, we set
vK = aju1K — aspua K. The linear map f — K f is positive [i.e., K(Z2(Y)) € #2(X)], and
unital [i.e., K1 = 1, where 1 denotes the constant function that takes the value 1 everywhere on
its domain]. If p ® K € 2 (X x Y) denotes the distribution of a random pair (X,Y) € X x Y with
Px = p and Py|x = K, then K f(x) = E[f(Y)|X = z] for any f € .Z(Y) and z € X.

We will say that a pair (u, K) € P (X) x 4 (Y|X) is admissible if p € P, (X) and pK € Z.(Y).
For any such pair, there exists a unique channel K* € .# (X|Y) with the property that

Elg(Y)Kf(Y)] = E[K"g(X) f(X)] (1.1)

for all g € F(Y), f € Z#(X). This backward or adjoint channel can be specified explicitly via the
transition probabilities

K*(z|y) = (x,y) e X XY (1.2)
(this is simply an application of Bayes’ rule). If (X,Y) ~ u® K, then K* = Px|y, so in particular
K*f(y) = E[f(X)|Y = y] for any f € .Z#(X) and y € Y. Strictly speaking, K* depends on both p
and K, and we may occasionally indicate this fact by writing K}; instead of K™.

Given a number p € [0, 1], we will often write p for 1 —p. For p,q € [0,1], we let pxq = pg+ pq.
Thus, if X ~ Bern(p) and Z ~ Bern(g) are independent random variables, then Y = X @ Z has
distribution Bern(p x q). For a,b € R, we let a V b £ max{a,b} and a A b £ min{a,b}. Other
notation and definitions will be introduced in the sequel as needed.

2 Background on $-entropies and P-divergences

Let F denote the set of all convex functions ®: Rt — R. For any ® € F, the ®-entropy of a
nonnegative real-valued random variable U is defined by

Ente[U] £ E[®(U)] — ®(EU), (2.1)

provided E[®(U)] < oo (see [23] and [31, Chap. 14]). For example, if ®(u) = u?, then Ente[U] =
Var[U]; if ®(u) = ulogu, then

Ente[U] = E[U log U] — E[U]log E[U].

The ®-entropy is nonnegative by Jensen’s inequality.
The ®-divergences® between probability distributions [4,5] arise as a special case of the above
definition. Fix some p € Z2,(X) (this restriction is sufficient for our purposes, and helps avoid

ZWe use the term “®-divergence” instead of the more common “f-divergence” because we reserve f for real-valued
functions on X.



certain technicalities involving division by zero). Then, for any ® € F, the ®-divergence between
an arbitrary probability distribution v € #(X) and p is defined as

Da(v|n) £ B, [cb (jﬂ)] ().

Note that this differs from the usual definition by the subtraction of ®(1). There are two reasons
behind this modification: (a) Dg(u|/u) = 0 for any p,® and (b) any two @, ®’ such that ® — &’ is
affine determine the same divergence. If we now consider a random variable X € X with distribution
w and let f = dr/dp, then

Dg(v||p) = Ente [f(X)].

Moreover, if ®(1) = 0, we can write Dg(v|n) = E,[® o f] since E[f(X)] = 1. Here are some
important examples of ®-divergences [5]:

1. The relative entropy
dv dv dv
D =E, |log—| =E, |~ log —
Wllp) =E, [Og du} " [du 0g du}
is a ®-divergence with ®(u) = ulog u.

2. The total variation distance

1

v —pllrv = S Eu

dv
dp

_1‘

is a ®-divergence with ®(u) = 1|u — 1|.

3. The y?-divergence

(1)
L
dp

is a ®-divergence with ®(u) = (u — 1)? or ®(u) = u? — 1. This is a particular instance of the
fact that any two ®, ®’ € F that differ by an affine function determine the same divergence.

X (vlp) =By

4. The squared Hellinger distance

2
H*(v,p) =E,, < dv_ 1>

is a ®-divergence with ®(u) = (yu — 1)? or ®(u) = 2 — 2\/u.

3However, unless u +— ®(u) is strictly convex at 1, Ds(v||) = 0 does not necessarily imply that v = p.



An important class of ®-divergences arises in the context of Bayesian estimation. Given a parameter
A € (0,1), consider a random pair (0, X) with
, if6=0
@ ~ Bern(A) and PX|@=6‘ = H . .
v, ifg=1

Fix an action space A and a loss function ¢ : {0,1} x A — R — in other words, if ® = § and an
action a € A is selected, then we incur the loss of ¢(6,a). Consider the problem of selecting an
action in A based on some observation Z related to (©, X) via the Markov chain ©® - X — Z —
i.e., Z and © are conditionally independent given X. If A = v(Z) for some function -+, then we
incur the average loss

E[6(©,7(Z2))] = AE[£(0,7(2))] + AE[¢(1,~(Z))].

The goal is to pick v to minimize this expected loss for a given observation channel Pz y. In the
extreme case when Z is independent of X, the best we can do is to take

a* = argmin [M(0,a) + A(1,a)],
a€A

giving us the average loss of

L3 £ inf [M(0 M(1,a)] .
A élelA [ ( ,CL) + ( )a)]
On the other hand, if Z = X, then we can attain the minimum Bayes risk

L3(v, p) = it E[A(8,7(X))]

1nf{ /e v(dz) +)\/£ )},

where the infimum is over all measurable functions v : X — A. The following result is well-known
(see, e.g., [32, p. 882]), but the proof is so simple that we give it here:

Proposition 2.1. The quantity
Dea(vllp) £ Ly — Ly (v, 1)

1s a P-divergence.
Proof. Define the function
@5 (u) = sup [L} — M(0,a) — M(1,a)u], u > 0.
acA

Being a pointwise supremum of affine functions of w, it is convex. Moreover, ®, (1) = 0. With
this, we can write

i = L300 =sup (15~ [ wtde) 300,92 + 25 @17 ()| )

= /X (dx)sup[ — M(0,a) — M(l,a)i(x)}

a€cA

=e e (55))



We consider two particular cases:

o A={0,1}, £(0,a) = 14544} An easy calculation shows that L} = A A A and

pa(u) = [AAX=Au] V[AAAX=A]
=AAX=(Au) AN
Alternatively, we can write
1 1 1 1
Ly = 3 §HBern()\) — Bern(\)||tv = 3 5\1 — 2|

and
. 1 1 -
L,\(% p) = 9 5”/\7/ — Aullrv,

where the total variation norm ||v||7y of a signed measure v on X is given by

vy = 5 3 (@)l

reX

The optimal decision function is
(r)=1 -
The resulting divergence is known as the Bayes or statistical information [33]
1 < 1
B(l) = 312w — Rulley — 511~ 221

In fact, any ®-divergence can be expressed as an integral of statistical informations [5,
Thm. 11]: for any ® € F, there exists a unique Borel measure Mg on [0, 1], such that

Da(vllu) = /[0 B Ma (@) (2:2)

e A=R, ((0,a) = (a — 0)%. Then L} = A\ and

- U
o —an(1- _
(@) ( )\u—ir)\) ’

which gives

% < dv/du
L)\(l/’ M) = )\)\E/_L |:Ady/éu{—);| 5

with the optimum decision function



The corresponding divergence is then given by

Deal) =3 (1- 5, | i)

Adv/dp + A
< dv/du —1)2
= (AV)E, (dv/dp —1)° ’
Adr/dp 4+ A
where the second expression follows after some algebraic manipulations. Note that the func-
2
tions u — % for 0 < A < 1 also belong to F. The divergences generated by these

functions (modulo multiplicative constants) have appeared throughout the statistical litera-
ture [34,35]. In particular, Le Cam [34] considers the case A = 1/2 with the above Bayesian
hypothesis testing interpretation, while Gyorfi and Vajda [35] look at arbitrary A (including
the endpoints 0 and 1). For our purposes, it will be convenient to work with the function

U= A (;‘uj);, which gives the Le Cam divergence with parameter A € (0,1):

LC(v]l) 2 ARE, [(dy/dM—W] _ 1

— | =—=D . 2.3
v di A % e (vlp) (2.3)
The Le Cam divergences LCq(-||-) and LC;(-||-) are also well-defined and are identically zero.

More examples of ®-divergences, as well as a wide variety of inequalities between them, can be
found in [36].

From now on, when dealing with quantities indexed by @, we will often substitute ® with some
mnemonic notation related to the corresponding ®-divergence, e.g., TV, x?2, etc. Moreover, for the
case of the relative entropy we will often omit the index ® altogether and write Ent(-), D(-|-), etc.

2.1 Subadditivity of ®-entropies

Let U and Y be jointly distributed random variables, where U takes nonnegative real vaues and Y
is arbitrary. Given a function ® € F, define the conditional ®-entropy of U given Y:

Ente|U[Y] 2 E[®(U)|Y] — ®(E[U|Y]). (2.4)

This is a random variable, since it depends on Y. Combining (2.4) with (2.1) gives the following
generalization of the law of total variance:

Ente[U] = E [Ente[U]Y]] + Ente [E[U|Y]] (2.5)
(see [23, pp. 351-352)).
Remark 2.1. We may think of
Jo(U]Y) £ E [Ente[U[Y]]

as a kind of “Fisher ®-information” about U contained in Y.* Indeed, let us consider the following
special case: let (Y,Y”) be an exchangeable pair on some space Y (i.e., Pyy/(y,y') = Pyy/(y',y) for

“We are grateful to P. Tetali for suggesting this interpretation.



all y,9/), and let U = f(Y) for some f:Y — RT. Let K be the stochastic transformation Pyjy.
Then E[U|Y'] = E[f(Y)|Y'] = K*f(Y’) has the same distribution as E[f(Y")|Y] = K*f(Y), and

Jo(U|Y) = Ente[U] — Ente [E[U|Y]]
= Entg[f(Y)] — Ente[K" f(Y)].
By convexity of @,
P(u+v) > &(u) + v (u).
If we write K* = id +L, where id is the identity operator on .Z(Y), then
Jo(UY) = Ente[f(Y)] — Ente[f(Y) + Lf(Y)]
< —E[@'(f(Y))Lf(Y)].

Moreover, if we have a continuous-time reversible Markov chain on Y with stationary distribution
Py and with infinitesimal generator L, then (Yp,Y;) is an exchangeable pair for each ¢, and

Jo(f(Y0)[Y:) = Enta[f(Y0)] — Enta[K7 f(Y0)]
= —tE[®'(f(Y0))Lf(Yo)] + o(t)

Dividing both sides by ¢ and taking the limit as ¢ — 0, we get

d . Ja(f(Y0)|Y;
Sty = im 2O ooy
t t=0 t—0 t
which coincides with the ®-Fisher information functional of Chafai [23, Eq. (1.14)]. o

We say that the ®-entropy is subadditive if the inequality

n
Entg [f(X")] <Y E [Entq, [f(X”)\X\i]] (2.6)
i=1
holds for any tuple X™ = (X1,...,X,) of independent random variables taking values in some

spaces Xi,...,X, and for any function f: X; x ... x X, — RT, such that Entg[f(X")] < +oo.
Here, X \* denotes the (n—1)-tuple (X1,...,X;—1, X;¢1,...,X,) obtained by deleting X; from X".
We are interested in the following question: what conditions on ® ensure that this subadditivity
property holds?

For example, if ®(u) = u?, then Entg[U] = Var[U], and in this case the subadditivity property
(2.6) is the well-known Efron—Stein—Steele inequality [37,38]

n
VarlU] < S E [Var[U\X\i]} . U= f(X™).
i=1
It is also not hard to show that the “ordinary” entropy Ent[U] [i.e., the ®-entropy with ®(u) =
ulogu] is subadditive. In general, an induction argument can be used to show that subadditivity
is equivalent to the following convexity property [39]: for any two probability spaces (Xi,v1) and
(X2,12) and any function f: X; x X — R*,

Entg |: f(Xl,xg)V2<d$2):| SL Entg [f(Xl,HIQ)]VQ(de), (27)

Xa

where X; ~ v1. The following criterion for subadditivity is useful [39,40]:



Proposition 2.2. Let C be the class of all convex functions ®: R* — R that are twice differentiable
on (0,00), and such that either ® is affine or ®” >0 and 1/®" is concave. Then the ®-entropy is
subadditive for all ® € C. Conversely, if ® is twice differentiable with ®" > 0 and the ®-entropy is
subadditive, then 1/®" is concave.

3 Strong data processing inequalities

We now turn to the main subject of the paper: strong data processing inequalities.

Definition 3.1. Given an admissible pair (u, K) € P.(X) x 4 (Y|X) and a function ® € F, we
say that K satisfies a ®-type strong data processing inequality (SDPI) at p with constant ¢ € [0, 1),
or SDPIg(u, c) for short, if

Da(vEK 1K) < cDa(v||p) (3.1)
for allv € P(X). We say that K satisfies SDPIg(c) if it satisfies SDPIg(u, ¢) for all p € P (X).
We are interested in the tightest constants in SDPIs; with that in mind, we define
D (vK||pK)
na (1, K) £ sup —————
VEN D@(VH:LL)

ne(K)= sup no(p, K).
HE P, (X)

For future reference, we record the following straightforward results:

Proposition 3.1 (Functional form of SDPI). Fiz an admissible pair (u, K) and let (X,Y) be a
random pair with probability law p ® K. Then ne(u, K) < ¢ if and only if the inequality

Enta[f(X)] < - E [Bnta[f(X) V] (32)
holds for all nonconstant f € F2(X) with E[f(X)] = 1. Consequently,
o (1, K) = sup {W .} € FOX), f # const, E[f(X)] = 1} (3.3)
o JEEnte[f(XOY] L o _
=1 f{ Fnte [ F(X)] : f e #.(X), f # const, E[f(X)]—l}. (3.4)
Proof. Fix a probability distribution v # p and let f = dv/du. Then f # const, E[f(X)] = 1, and
dvK) .,
aur) "
by Lemma A.1 in the Appendix. Therefore,
Do (v||u) = Ent {dV(X)} and  Do(vK|uK) = Ent [d(”K) (Y)}
o(V|p) = kEnte i ® pi) = Ente d(uK) :

Conversely, for any nonconstant f € .#2(X) with E[f(X)] = 1 there exists a probability distribution
v e P(X) such that v # p and f = dv/du. In that case, the above formulas for the ®-entropies
hold as well.

Now, if ¢ = 1, then (3.2) holds trivially, so assume ¢ < 1. In that case, the result follows from
Eq. (3.2) and the law of total ®-entropy, Eq. (2.5). O
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Definition 3.2. We say that the ®-entropy Entg[-] is homogeneous if there exists some function
k: (0,00) = (0,00), such that the equality

Entg[cU] = k(c) Entg[U] (3.5)

holds for any nonnegative random variable U such that Ente[U] < 400 and for any positive real
number c.

For example, ®(u) = ulogu satisfies (3.5) with x(c) = ¢, while ®(u) = =1, o > 1, satisfies (3.5)
with k(c) = .

Proposition 3.2. Suppose that (3.5) holds. Then

no (1, K) = sup {Em . fe FOX), f # const}

o (E[Emtelf(X)Y]
=1 f{ Entg [(X)

cfe ZUX), f # const} : (3.6)

Moreover, if k is an invertible function, then

{ Ente [K* f(Y)]

ne (i, K) = no(u, K, 1) 2 Ente[f(X)]

f € ZY(X),Entg[f(X)] < t}, vt > 0. (3.7)

Again, (X,Y) is a random pair with law p ® K.

Proof. Eq. (3.6) is obvious from homogeneity. To prove (3.7), pick an arbitrary nonconstant f €
Z9(X) and let

_ ¢
= (o)
Let g = ¢f. Then Ente[g(X)] = Ente[cf(X)] = k(c) Ente[f(X)] = t. Therefore,

Ente[K*g(Y)] < ne(p, K, t) Ente[g(X)].

Since Entg[K*g(Y)] = Ente[cK*g(Y)] = k(c) Ente[K*g(Y)], and since ¢ > 0 by the properties
of k, we conclude that Ente[K*f(Y)] < ne(p, K,t) Ente[f(X)], which implies that ne(u, K) <
ne(u, K, t). The reverse inequality, ne (1, K) > ne(p, K, t), is obvious. O

Proposition 3.3 (Convexity in the kernel). For a given choice of X, Y, and pp € P, (X), the SDPI
constants ne(u, K) and ne(K) are conver in K € 4 (Y|X).

Proof. For fixed v, € £ (X), the functional K +— % is convex because of the joint

convexity of Dg(-|-) [41, Lemma 4.1].> Now,

Do (VK| pK) Do (vK||pK)
ne(p, K) = sup —-———— and ne(K) = supsup ———-——
2 Do (v|) P Dy vln)
are pointwise suprema of convex functionals of K, and therefore are convex in K. O

®Joint convexity of Da(-||-) follows from the fact that, for any convex function ® : RT™ — R, the perspective function
(p,q) = q®(p/q) is jointly convex in (p,q) € RT x RT [42, Prop. 2.2.1].
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3.1 A universal upper bound via Markov contraction

A universal upper bound on 7n¢(K) was originally obtained by Cohen et al. [6] in the discrete case
and subsequently extended by Del Moral et al. [10] to the general case. We state this bound and
give a proof which is more information-theoretic in nature:

Theorem 3.1. Define the Dobrushin contraction coefficient [11,12] of a channel K € .4 (Y|X) by

D) £ mae | K () = K(J!) v (38)
Then for any ® € F we have
ne(K) < ¥(K). (3.9)

Moreover, nry(K) = 9(K).
Proof. By the integral representation (2.2), it suffices to show that (3.9) holds for the statistical

informations By(-[|-), 0 < A < 1. For that, we need the following strong Markov contraction

lemma [6, Lemma 3.2]: for any signed measure 7 on X and any Markov kernel K € .Z(Y|X),

1 —9Y(K)
2

Let 7 = A\v — Au. Then 7K = AWK — AuK and #(X) = 2\ — 1. Thus, using (3.10), we get

1 < 1—-9%K
VK — A ey < 90 2w~ Ay + 20

K |[rv < I(K)|[7]lrv + [7(X)]. (3.10)

|1 —2Xl.
Therefore,

1 - 1
BA(vK||pK) = 5“/\”{ — MK |rv = St - 2A|

sﬁ@@-(QMu—xmwv—;u—2M>
— 9(K) - B,

This establishes the bound (3.9). It remains to show that this bound is achieved for || - ||7v.

To that end, let us first assume that [X| > 2. Let xp,21 € X achieve the maximum in (3.8),
pick some £1,e9,e € (0,1) such that e # €9, 61 + & < 1, ea + ¢ < 1, and consider the following
probability distributions:

e v that puts the mass 1 —e7 —¢€ on zg, €1 on x1, and distributes the remaining mass of £ evenly
among the set X\{zg, x1};

e 1 that puts the mass 1 — ey — € on xg, €2 on x1, and distributes the remaining mass of ¢
evenly among the set X\{xzo, z;}.

Then a simple calculation gives

v — pllrv = le1 — 2|
VK — pK|lrv = [e1 — e2| - [|K(-[z0) — K(|z1)[[Tv
=9(K) - [lv— pllv.

For |X| = 2, the idea is the same, except that there is no need for the extra slack e. ]

12



Remark 3.1. Theorem 3.1 says that any channel K with ¥(K) < 1 satisfies an SDPI for any & € F
at any reference input distribution p € £2(X). However, the bounds it gives are generally loose.
For example, for K = BSC(¢e) with € € (0,1), we have ¥(K) = |1 — 2¢| < 1, so by Theorem 3.1

ne (Bern(p), BSC(e)) < |1 —2¢| < 1
for all ® € F and all p € [0, 1]. However, as we know from [1],
n (Bern(1/2),BSC(g)) = (1 —2¢)* < |1 — 2¢].
Later on, we will develop tighter bounds on SDPI constants for a broad class of ®-entropies. o

Remark 3.2. Suppose that the channel K € .#(Y|X) has the following property: There exist a
constant 0 < o < 1 and a probability distribution i € Z(Y), such that

K(ylz) > aji(y) (3.11)

for all z € X and y € Y (in Markov chain theory, this is known as a Doeblin minorization condition
[43, Sec. 4.3.3]). Then ng(K) < 1—a. This bound can be proved using a nice operational argument.
Indeed, if (3.11) holds, then

)2 K(ylz) — ap(y)

K
(y|z L

. (my) eXXY

defines a channel from X to Y. Let e be a special erasure symbol, and let E, € . (X U {e}|X)
denote the symmetric erasure channel on X with erasure probability a: any input symbol z € X

is erased with probability « and reproduced exactly with probability @. Then a simple calculation
shows that K =T o E,, where the channel T' € .Z (Y|X U {e}) is defined by

T(|lz) = K(|z), azeX
T(-le) = ().

In that case, for any u,v € Z(X),
Do(vK||pK) = Do((vEQ)T||(nEa)T)
< Do (vEq||nEa)
= Dg(av + adellap + ade)
< aDo(v|[p),

where the first inequality is by the usual data processing inequality, while the second inequality is
by convexity. It is not hard to show that if (3.11) holds, then J(K) <1 — a. o

3.2 Bounds via maximal correlation

For any pair (u, K) € 2(X) x #(Y|X), the mazimal correlation is defined as

S(p, K) = S}lg)E[f(X)g(Y)],

where (X,Y) ~ u® K, and the supremum is over all f € .Z(X), g € Z(Y) satisfying E[f(X)] =
E[g(Y)] = 0 and E[f?(X)] = E[¢?(Y)] = 1 (see [2] and the references therein). The square of
S(u, K) is the SDPI constant of the pair (u, K) for the y2-divergence:

13



Theorem 3.2. Consider the x*-divergence

) =B, [(j: - 1)2

Then, for any (p, K) € 2(X) x A4 (Y|X),

77)(2(”7 K) = 52(,[1,, K)

Remark 3.3. This result has appeared in the literature in different forms (see, e.g., [10]). We give
a short proof for completeness. o

Proof. For this proof, it is convenient to use operator-theoretic ideas, following Witsenhausen [2]
(see also [44]). If we equip the space .% (X) with the inner product

(f,9)u 2 E[f(X)g(X)], where X ~ p

then it becomes the Hilbert space L?(X, ut); the Hilbert space L?(Y, uK) is constructed in the same
way. Moreover, the channels K and K* become mutually adjoint linear operators K : L2(Y, uK) —
L2(X, ) and K* : L2(X, ) — L*(Y, uK), i.e.,

<f,Kg>u: <K*fag>,LLK7 Vf€L2(X,M),g€L2(Y,/,LK)

For f = dv/du, we have x%(v||u) = Var [f( )] and x*(vK||uK) = Var [K* Y] U
together with the fact that Var[U + ¢] = Var[U] for any ¢ € R and that E[K*f(Y)] = E[f
can write

sing this
(X)), we

DR — ey XK pK)
e ) = =
oy VarlEio)
fero(x) Var [f(X)] 7

where H(X) is the closed linear subspace of L*(X, 1) consisting of all f satisfying (f,1), =0, i.e.,
E[f(X)] = 0. For any f € Ho(X),

Var [f(X)] = I, Var[K*f(Y)] = [|K*flix

Since K and K* are adjoint operators, we have

HK*fHuK - <K*f7K*f>MK = <f7KK*f>,LL7
which gives

_ (f, KK*f)u
ot K) = fes?}tlolzX) (i o

Moreover, K* maps Ho(X) into Ho(Y), and K maps Ho(Y) into Ho(X). Thus, by the Courant—
Fischer-Weyl minimax principle [45], n,2(v, u) is the largest eigenvalue of the operator KK* :
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Ho(X) — Ho(X). The square root of this largest eigenvalue is the largest singular value of the
operator K* : Ho(X) — Ho(Y), so, by definition,

2 (v, 1) = S;1p<K*f,g>
7g

= S}le[E[f(X)IY]g(Y)]

= S}lp E[f(X)g(Y)],

where the supremum is over all f € Ho(X) and g € Ho(Y) with || f||, = ||g||.x = 1. This is precisely
the maximal correlation S(u, K). O

Remark 3.4 (Maximum correlation and the spectral gap). In the literature on Markov chains
(see, e.g., [25,46,47]), one often sees the following definition: given a pair (u, K) € P(X) x 4 (X|X)
such that p is invariant w.r.t. K, i.e., u = pkK, the (absolute) spectral gap of K is equal to

K*
W K) 21— sup LSl
rero) ISl

(here we are using the Hilbert space notation from the proof above). Thus, the spectral gap and
the maximal correlation are related by v (u, K) =1 — S(u, K) =1 — /n,2(u, K). o

The maximal correlation S?(u, K) also provides a lower bound on the SDPI constants ng (i, K)
for a certain subset of F:

Theorem 3.3. For any ® € F which is three times differentiable and has ®"(1) > 0, we have

na (1, K) > 5%(u, K), (3.12)
ne(K) > S*(K), (3.13)

where S?(K) £ SUP e 0 (x) 2 (1, K).

Remark 3.5. The second bound, Eq. (3.13), was proved by Cohen et al. [6], generalizing the results
of Ahlswede and Gécs [1] for ®(u) = ulogu. However, more or less the same proof technique also
gives the distribution-dependent bound (3.12). A recent paper of Polyanskiy and Wu [21] presents
an extension of Theorem 3.3 to abstract alphabets.

Proof. Without loss of generality, we assume that ®(1) = 0. Let us expand ® in a Taylor series
around v = 1:

1
®(u) = ®(1) + @'(1)(u — 1) + 50" (1)(u — 1)? +o((u—1)%)
1
=& (1)(u—1)+ 5@"(1)(u —1)2 4+ o((u—1)?),
where the second step uses the fact that ®(1) = 0. Therefore, for any bounded real-valued random

variable U and any € > 0 such that 1 4+ U > 0 a.s., we have

@//(1)

5 2 Var[U] + O(£3).

Entg[l + U] =

15



Now, fix an admissible pair (4, K). For any v # p, consider the mixture v. £ &u + ev. Let
f=dv/du —1. Then

Do (ve||p) = Entg[1 + e f(X)]

- (I)”2(1)52 Var[f(X)] + o(¢?)
B (I)//(l)

= S + ofe?)

and

Do(v-K||uK) = Entg[l + eK* f(Y)]

— (I)H(l)sz Var[K* f(Y)] + o(e?)

2
@ (1
= T2k ur) + of),

~—

where in the first step we have used Lemma A.1 in the Appendix and the linearity of K*. Using
the fact that ®”(1) > 0, for any £ > 0 we have

Do (veK||pnK)
ne(p, K) > sup ———————=
v Do (ve||pn)

o COEIE) + 0(e)
vFEL X2(l/||lu’) + 0(5)

Taking the limit as € \ 0, we get

2
X" (VK||pK)
ne (1, K) > sup =——5———= = n,2(u, K).
vin X(vlp) *
This proves (3.12), and (3.13) follows after taking the supremum over all x. O
For example, the function ®(u) = wlogwu that induces the usual relative entropy satisfies the

conditions of Theorem 3.3, as does the function ®(u) = (y/u — 1)? that gives rise to the squared
Hellinger distance.

Under additional regularity conditions on ®, we can obtain an upper bound on 7n¢ which is
proportional to the maximal correlation S2(yu, K):

Theorem 3.4. Suppose that ® € F is twice differentiable, strictly convexr, has a nonincreasing
second derivative, and the function

O(u) — P
U(y) 2 2(u) — 2(0) (3.14)
u
is concave. Then, for any admissible pair (u, K),
20'(1)
< ————— .
77<I>(M7K) = (I)//(l//,b*)s (:ua K)a (3 15)

where (. = mingex p(x) is the smallest mass of .
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Remark 3.6. It can be shown (see, e.g., [31, Lm. 14.5]) that if ® € FNC, where the function class
C is defined in Proposition 2.2, then the function ¥ defined in (3.14) is concave. For example, if
®(u) = ulogu, then ¥(u) = log u. o

Proof. Let (X,Y) be a random pair with law p ® K. Fix any probability distribution v # p and
let f =dv/du. Then we have the following chain of estimates:

Ente[K* f(Y)] < U'(1) Var[K* £(V)] (3.16)
< W'(1)S%(p, K) Var[f (X)) (3.17)
20/(1)

St e Y )1k .
< S oo e ) Ental (X)), (3.18)

where (3.16) is by Lemma A.2 in Appendix A, (3.17) is by Theorem 3.2, and (3.18) is by Lemma A.3
in Appendix A. Now, since

1

dv
X = ||— < =
150 = 5o = -

we have @ (|| f(X)]|co) = ®”(1/114). By the arbitrariness of v (and hence f), we obtain (3.15). O

For example, functions of the form ®,(u) = % for 1 < p < 2 satisfy the conditions of the
theorem with ¥, (u) = and ®)(u) = puP~2. This gives the bound

uP—1
p—1

2u2%
ne, (1, K) < TS (1, K). (3.19)

Note that ®2(u) = u? — 1 induces the x*-divergence, so 1, (1, K) = n,2(p, K) = 5*(pu, K), and in
that case the bound (3.19) holds with equality. Moreover, as p \, 1, we have Entg,[U] — Ent[U],
and in that limit (3.19) becomes

n(p, K) < 552(%—’()- (3.20)

Of course, the bound (3.19) is nontrivial only if S?(u, K) < ; similarly, the bound (3.20) is

P
2}]572 ’
nontrivial only if S?(u, K) < 4. As recently shown by Makur and Zheng [22], the constant 2 in
(3.20) can be reduced to 1, but it is not clear how to extend their techniques to ®(u) # ulogu.

3.3 Upper bounds for operator convex ¢

Theorem 3.4 gives an upper bound on the SDPI constant ng (¢, K) in terms of the squared maximal
correlation S?(yu, K), but this bound has a multiplicative constant that depends on p. Given the
lower bound of Theorem 3.3, it is natural to ask whether there is a matching upper bound without
such a multiplicative constant. A partial result in this direction was obtained by Choi et al. [7],
who showed that the equality 1o (K) = n,2(K) = S?(K) holds for all functions ® € F that are
operator convez (see below for definitions). In this section, we will derive a distribution-dependent
upper bound on 7g (i, K) that implies the result of Choi et al.

In preparation for this result, we first need some facts from matrix analysis [45]. Let H,, denote
the space of all n x n Hermitian matrices, and let H,,(I) denote the subset of H,, consisting of all
matrices whose eigenvalues lie in a given finite or infinite interval I of the real line. Any function
® : I — R can be extended to a matrix-valued function ¢ : H,(I) — H,, as follows:
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o if A€ H,(I) is diagonal, i.e., A = diag(ay,...,ay,) for some ay,...,a, € I, then we let

P(A) = diag (®(a1),...,P(an)).

o if A € Hy,(I) can be diagonalized as A = UAU*, where U is a unitary n X n matrix and
A € H,(I) is diagonal, then we let

O(A) 2 UP(NU*,

We introduce the following partial order on H,: given any two A, B € H,, we write A X Bif B— A
is positive semidefinite. We say that a function ® : I — R is n-convex if

DAA+ (1 — \)B) < A(A) + (1 — \)®(B)

forall A,B € H,(I) and all X € [0, 1]. If ® is n-convex for all n € N, then we say that it is operator
conver. By definition, any operator convex function is a fortiori convex in the ordinary sense, but
the converse is generally not true. We are particularly interested in functions ® : RT — R that are
operator convex; here are some examples and counterexamples [45, Ch. V]:

e ®(u) = ulogu is operator convex;
e &(u) = uP is operator convex if and only if p € [-1,0] U [1,2].
e O(u) = —uP is operator convex for 0 < p < 1.

In general, it is not easy to determine whether a given function is operator convex. However, there
is a deep result known as Loewner’s theorem [48], which shows that operator convex functions
possess very special integral representations:

Theorem 3.5. A function ® : R™ — R with ®(0) = 0 is operator convex if and only if there exist
some constants o € R, 3 > 0 and a positive measure v on RY satisfying fooo(l +t2)~lo(dt) < oo,
such that

O(u) = au + fu + /O <1i“t? - uit) v(dt). (3.21)

For example, the operator convex function ®(u) = wlogu can be represented in the form (3.21) with
a = =0 and with v given by the restriction of the Lebesgue measure to R [45, Example V.4.18];
the operator convex function ®(u) = uP, 1 < p < 2, can be represented in the form (3.21) with

« = cos %, 6=0, v(dt) = Mtpdt
T

[45, Example V.4.19].
We also recall the definition of the Le Cam divergence with parameter A € (0,1), cf. Eq. (2.3):

(du/du—nT _ 1_Eu[ dv/du ] |

LC = ME a _
AVl g [ My /dp + A Adv/dp + A
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which is a ®-divergence with

o u
Au+ N\

Note that LCqy(-||-) = LCy(-||-) = 0. For A € (0, 1), consider the SDPI constant

O(u)=1

LCA (WK 1K)
ey (1, K) = sup FAWEILE)
A K) = sup = )

Now we are in a position to state our result:

Theorem 3.6. Suppose that ® € F is operator conver. Then

S2(p, K) < na(p, K) < max (52(M,K), SUp NLCy (u,K)> : (3.22)

0<A<1
Remark 3.7. Since all explicit examples of functions in C seem to be operator convex, it is tempting
to think that all operator convex ® are elements of the function class C (cf. Proposition 2.2).
However, this is not the case. For example, the function ®(u) = (/u — 1)?, which generates the
Hellinger divergence, is operator convex. However, 1/®"(u) = 2u®/? is not concave, so ® ¢ C. o

Proof. By Loewner’s theorem (Theorem 3.5), ® admits the integral representation (3.21). Any

® that can be represented in this form is infinitely differentiable and strictly convex at u = 1.

Therefore, e (1, K) > S?(u, K) by Theorem 3.3. This establishes first inequality in Eq. (3.22).
Now we prove the second inequality in (3.22). First, let us rewrite (3.21) as

@(u):&ﬁ—/ooo i v(dt) + A(u),

u—+t

where A(u) is an affine function. A change of variables A = t% gives

1 u
B(u) = Bu? — /0 Auﬁ SX(AN) + Aw), (3.23)

where T is some positive measure on [0, 1]. Since any two elements of F that differ by an affine
function determine the same divergence, Eq. (3.23) allows us to express Dg(v||p) as

Dalvli) = 501 + [ ALCAw (@
The same holds for vK and uK, so
Dlv|juk) = N k) + [ LA KT
< 38 KpC ) + [ Mt (1K) L) T ()
< max (52(/% K), SulilnLC,\(/%K)) - Do (V|| ).

0<A
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We can now recover the result of Choi et al. [7] as a corollary:
Corollary 3.1. Suppose that ® € F is operator convex. Then
ne(K) = S*(K)
for any discrete channel K.

Remark 3.8. Since ®(u) = ulogu is operator convex, this is a broad generalization of a result of
Ahlswede and Gécs [1, Thm. 8]. It should be emphasized that Corollary 3.1 does not mean that
ne(p, K) = S%(u, K) for a given input distribution p € Z,(X); however, this may be the case for
specific choices of p and K, as we show in the example after the proof. o

Proof. 1t suffices to show that

sup 7L, (1, K) < S*(K).
o<1

To that end, we first note that the Le Cam divergence LCy(v||p) can be written as a convex
combination of two y2-divergences:

LCAwll) = AWM + A) + 2ol W + ).
From this, it follows that

LC)\(vK ||uK) = A2 (vK | WK 4+ AMK) + MW (0K | AWK + AuK)
< SHE) MWW+ ) + X (el A + )]
= S*(K) LCA(v||p)-

O]

Example 3.1. Let ;= Bern(1/2) and K = BSC(g). For any ¢ # 1/2 and v = Bern(q), we have
uK = Bern(1/2) and vK = Bern(q x¢). Moreover,

X*(v]li) = x*(Bern(q)[[Bern(1/2)) = (1 — 2¢)?
and
(VK| uK) = x*(Bern(g x €)[Bern(1/2)) = (1 - 2(g x€))* = (1 — 2¢)*(1 — 29)*.
Therefore,
e (s K) = 52, K) = (1 26)2 (3.2)
Moreover, for any A € (0,1),

LCA(v]|n) = LCA(Bern(q) | Bern(1/2))

o2 2
2\2X\¢+ A 2AG+ A

A1 —2¢)?

1 - A2(1 - 2¢)2
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and

LC)\(vK||pK) = LCx(Bern(g * €)||Bern(1/2))
A1 —2(g*e))?
1221 —2(gxe))?
(1 — 2¢)2(1 — 2¢)?
T 1o N2(1—20)2(1 —29)%

Both of these divergences are invariant with respect to the transformation ¢ — 1 — ¢, so

(1—2e)2(1 — A\2(1 —2¢)?)
K) =
o, (1, 5 ogsqgﬁ 1—(1—2¢)2)\%(1 — 29)?

= (1 -2¢)?, (3.25)

where the supremum is achieved at ¢ = 1/2 (but not at any ¢ # 1/2). (As an aside, it is not hard
to show that the expression under the supremum in (3.25) is a concave function of ¢.) Comparing
Egs. (3.24) and (3.25), we see that

me(p, K) = sup o, (p, K) = (1 —2¢)%.
0<A<1

Therefore, by Theorem 3.6,
ne(Bern(1/2), BSC(e)) = (1 — 2¢)?

for all operator convex ® € F.

3.4 Upper bounds via subgaussian concentration and information-transportation
inequalities

Fix an admissible pair (u, K) € Z.(X) x4 (Y|X), and let (X,Y’) be a random pair with probability
law u® K. We expect the SDPI constant n(u, K) to be small if the channel output Y of K is nearly
independent of the channel input X ~ . In this section, we present upper bounds on 7(u, K) that
capture this intuition in terms of the properties of the posterior likelihood ratio

s 4Px|y=y K (zly)

a(z,y) = W(m) = o) (3.26)

Theorems 3.7 and 3.8 quantify near-independence by looking at how tightly the random variable
a(X,y) concentrates around its expected value 1 for each fixed y. Moreover, Theorem 3.8 shows
a connection between SDPI for the relative entropy and information-transportation inequalities
introduced in the pioneering work of Marton [49, 50].

First, we collect some preliminaries. A real-valued random variable U is called subgaussian
with parameter v (or v-subgaussian) if E[e!UEV)] < ¢v*/2 for all ¢ € R [31, Sec. 2.3]. For any
v-subgaussian random variable U we have the tail estimate

P(U—EU| >t) <2 "/%  VteR.
To get the tightest such bound, we define the subgaussian constant
o?(U) £ inf {v >0: E[e!VEV)]) < 2t e R} .

With these definitions in place, we have the following theorem:
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Theorem 3.7. For each y €Y, let 0%(y) £ 0% (a(X,y)). Then
n(u, K) < 2E[0*(Y))]. (3.27)
Proof. Fix any v € Z(X) and let f = dv/du. Observe that E[a(X,y)] = E[f(X)] = 1. Then
DWK|uK) = Ent[K* f(Y)
< Var[K™ f(Y)]

= uK(y) (K* f(y) — 1)?

yeY
2
= Ky > ) )f () —1]
yey zeX
= uK(y)[Cov (a(X,y), F(X))?, (3.28)
yeY

where the inequality is by Lemma A.2 in Appendix A. Next, we make use of the fact that
Ent[U] > E[UZ] — E[U]log E[¢Z] (3.29)

for any random variable Z jointly distributed with U and satisfying E[e?] < oo (see, e.g., [31,
Thm. 4.13]; in fact, this bound holds with equality for Z = logU). If we fix an arbitrary y € Y and
then use (3.29) with U = f(X) and Z = £t (a(X,y) — 1) for some t > 0, we get

|Cov (a(X,y), f(X))

IN

(y)t | Ent[f(X)]
< + .

2 t
Since this holds for an arbitrary ¢, we have

2 n
Cov (a(X, y), f(X ))y<mf{ (Qy)t+Et[f } /202 (y) Ent[F(X)].

t>0

Using this estimate in (3.28), we get (3.27). O

In order to apply Theorem 3.7, we need to compute or upper-bound the subgaussian constant
o?(a(X,y)) for each y € Y. In some situtations, it is possible to derive exact expressions for
subgaussian constants (as we show in the examples below); when the function z — a(x,y) is
Lipschitz for each y € Y, one can derive upper bounds using information-transportation inequalities
introduced in the pioneering work of Marton [49,50] (see, e.g., the text of Villani [51]). If we endow
the input alphabet X with a metric d, then we can define the L' Wasserstein distance (or optimal
transportation distance) on P (X) by

Wi(p,v) = inf {E[d(X,X)]: Pyx € (X x X),Px = u, Pgx = v}
For example, for the trivial metric d(z,2’) = 1{x # 2’} we recover the total variation distance:

Wi(p,v) = || — v||ry. Given a function f: X — R, denote by

5(f) L ISIIE)X ’f(d)(x x() )’
wta!

the oscillation (or the Lipschitz norm) of f w.r.t. the metric d.
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Theorem 3.8. Fizx an admissible pair (u, K) € P.(X) x A (Y|X). Suppose that p satisfies an
information-transportation inequality with constant ¢ > 0, i.e.,

Wi(v, 1) < \/2cD(v||p), Vv # p. (3.30)
Then
n(p, K) < 2cE [52 (a(-,Y))]. (3.31)

Proof. By a result of Bobkov and Gétze [52], a probability measure p € P(X) satisfies (3.30) if and
only if

ct2

E, [et(f(X)—Ef(X))] <eFT,  teR (3.32)

for every f € Z(X) with 6(f) < 1. In particular, if (3.30) holds, then, by rescaling (3.32), we get

20,1 2
E, [et(a(X,y)*l)} < oxp <05 (a(2, y))t )

This implies that o2 (a(X,y)) < ¢6? (a(-,y)). Substituting this into (3.27), we get (3.31). O

Example 3.2 (Binary symmetric channels with asymmetric inputs). Let X =Y = {0,1}, p =
Bern(p), K = BSC(e). We take the trivial metric d(x,2’) = 1{x # 2’}. In this case, Theorems 3.7
and 3.8 give the same bound. Indeed, by a result of Ordentlich and Weinberger [53], i = Bern(p)
satisfies an information-transportation inequality

N p—D

_ < v/2¢(p) D ~ 2(logp — logp)
v — pllrv < v/2¢(p) D(v||w), c(p) 2(logp — logp)’

(3.33)

and the constant in front of the relative entropy is optimal, i.e.,

D 1
o DO 1
v ||V_#||TV 2¢(p)

[The inequality (3.33) is a distribution-dependent refinement of Pinsker’s inequality, where we fix
w and vary only v.] A simple calculation gives

1—2¢
1l—exp

1-—2¢
ExD

;o 0(a( 1) = :

3a(,0) =

where € x p = €p + ép. Therefore, applying Theorem 3.8, we get the bound

L 2(p)(1—2)"

Bern(p), BSC(¢)) < , 3.34
n(Bem(p), BSC(e)) < 22 L (3:34)
This bound is, unfortunately, loose. Indeed, if we take the limit p N\, 1/2, then we get

n (Bern(1/2),BSC(e)) < 2(1 — 2¢)2. (3.35)

which is off by a factor of 2, but still tighter than the Dobrushin contraction bound |1 — 2¢|
(Theorem 3.1) in the range 1/4 < € < 3/4. Figure 1 shows a plot of the maximum value of the
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Figure 1: Maximum value of the right-hand side of (3.34) over p € [0, 1] for each fixed €.

right-hand side of (3.34) over p for each fixed value of the crossover probability ¢; from this, we see
that the bound is nontrivial (i.e., takes values strictly smaller than 1) for € 2 0.156.

In order to apply Theorem 3.7, we need to know the subgaussian constants of a(X,y), y € {0,1}.
By a result of Bobkov et al. [54], for any function f : {0,1} — R and for X ~ Bern(p) we have

20” (£(X)) = 2¢(p) | £(0) = F(1). (3.36)
Applying (3.36) to f = a(-,0) and a(-,1), we get

2

1—2¢?
L 20%(1) = 2¢(p) | ——

Exp

1—2¢
1—cexp

)

20%(0) = 24()|

and indeed Theorem 3.7 gives the same bound (3.34).

Example 3.3 (Binary input channels). Let X = {0, 1} with x = Bern(p), and consider an arbitrary
channel K € . (Y|X) with a finite (not necessarily binary) output alphabet Y. Then

K*(zly) _ K(ylr)
() nK(y)’

where pK(y) = pK(y|0) + pK(y|1). If we again take d to be the trivial metric, then the same
analysis as in the previous example can be used to show that

|K (y|0) — K (y[1)[?
nK (y)? ’

a(x’y) =

20° (y) = 2¢(p)

and Theorem 3.7 gives the bound

|K (y]0) — K (y|1)]?
n (Bern(p) ZpK l0) + K (y]1)"

Example 3.4 (Random walk on a graph). Consider a connected undirected graph G = (V,E)
without self-loops or multiple edges, and let X =Y = V. If the vertices x and y are connected by
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an edge, we shall write = <+ y; the degree of a vertex x is defined as deg(z) = [{y € V:x < y}|.
Define a probability measure u = ug € P(V) by

pe(@) A degg(z)

eV.
E

Fix a parameter € € (0,1), and consider a channel K g ) with

g, ife=y
KOGla) =4~ e o
o ylx) = degg(z)’ y . (3.37)
0, otherwise

Again, let d be the trivial metric, d(z,2’) = 1{z # z'}. Then Wi (v, u) = ||v — pl/Tv, and we can
take ¢ = 1/4 in (3.30), which is then just Pinsker’s inequality. It is not hard to show that K g ) is
reversible w.r.t. ug, i.e.,

na(@)K§ (ylr) = pe(w)KS (2ly), Vg eV.

Therefore, ug K, g ) — ua, so the posterior likelihood ratio is given by

K& wle) _ 20
pa(y)  dega(y)
Now, from the definition (3.37) of K, g ) it follows that

a(z,y) = KS (ylx).

E- e He <y}, ifz=y
g_ml{l‘ﬁy}, ifa/ =y
K o) - K§ ule')| = | T o0y oty
deg (@) ifx sy 2’ <y
€ degé(:ﬁ) - deg;(g;/) ) ifr oy o<y
0, if oy o 4y
where = ¢ y means that = and y are not connected by an edge and that x # y. Therefore,

4|E[”

2 (q(-. ) = (o) GG
P (02)) = oy 7 2 | K6 wle) = K6 (e
_4EP
= W<AO(%E) vV Ai(y,e) Vv AQ(%@);
where
- 2
Ao(y,€) & max <> 1{de <|V|-1 3.38a
0.2 2 max (=) deao(w) < V- 1} (3.350)
2
Ai(y,€) & max ERL ¥ PN 3.38b
1(y,€) L degG(x){ y} (3.38b)
1 I
As(y,e) 2 max &2 — 1z <y, 2’ <y} 3.38¢c
2097 I dera)  degley| BT V) (3:35%)
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Theorem 3.8 then gives the bound

(&) Ao(y,e) V Ai(y,e) V Aa(y, €)
0 (e KS) < [ENS 3.39
( “ ) s degg(y) (3.39)
yeVv
(note that degq(y) > 0 for each y, since G is connected).
For example, if G is a complete graph, then Ag(y,e) = As(y,e) = 0 for all y, while
V)
A =(1- \
1(2/,5) < ’V‘—le ) Yy e
so we get the bound
v|? VY
k&) < ME( 3.40
1 (e K8) < 5 (1 =) (3.40)

which is nontrivial (i.e., strictly smaller than unity) in the range

(M=) (VI=v2) ___(VI=D(VI+v2)
VP VP

For the complete graph on the two-point set V = {0, 1}, the channel K(GE) is just BSC(e), and the
bound (3.40) reduces to (3.35).
As another example, let G be the path graph on the ternary vertex set V = {0,1,2}, i.e

E={{0,1},{1,2}}. Then ug(0) = pe(2) = 1/4 and pe(1) = 1/2. From (3.38), we get

2, € 10,2
AO(yag):{O z:{l }

Aq(y, )—{( ) - vel02

Ao(y,e) =0, y€ {0, 1,2},

Substituting this into (3.39), we get

1362 - 166 +5, 0<e<04
KE)) < == 3.41
77(’“; ) {85 4e41, 04<e<1 (341)

This bound, plotted in Figure 2, is nontrivial only in the range & 2\[ <e< 2

Example 3.5 (General discrete channel). Consider arbitrary finite alphabets X and Y, together
with an admissible pair (u, K) € Z.(X) x . (Y|X). If we endow X with the trivial metric d(z, z") =
1{x # 2'}, then p will satisfy the information-transportation inequality (3.30) for Wi (v, ,u) =
|lv — pl|rv with optimal (p-dependent) constant ¢(5,), where the function ¢(-) is defined in (3.33),
and

B = min {pu(A) 1 A C X, u(A) >1/2}
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Figure 2: The bound of Eq. (3.41) as a function of the noise parameter .

is a measure of “imbalance” of ;1 — in particular, when g is the uniform distribution on X and [X] is
even, (3, = 1/2. Again, this is just the distribution-dependent refinement of Pinsker’s inequality [53].
Then

52 (al-,y)) = max -

_ 1 2 )
e ().
so Theorem 3.8 gives the bound
6% (K (yl))
(i, K) < 2c(Bu) Y WK () (3.42)

In general, the bounds of Theorems 3.7 and 3.8 are nontrivial only for channels that are “suffi-
ciently noisy,” in the sense that the posterior likelihood ratio (3.26) is nearly constant as a function
of the input symbol z for any fixed output symbol y. In particular, the function z — a(zx,y) is con-
stant for each y € Y if and only if the output of K is independent of the input, i.e., if n(u, K) = 0.
However, these bounds may be useful for capturing the scaling of the SDPI constant n(u, K) with
various parameters of the problem. To the best of our knowledge, the first bound on n(u, K) in
terms of a certain concentration property of the posterior likelihood ratio is due to Weitz [55] (see
also [56]), and can be stated in our notation as follows:

2
D K) < <w<>> E[r(Y)], (3.43)

where ¢ > 0 is some numerical constant, (@K ), = mingey pK (y), and

7(y) £ inf {t >0:P(la(X,y)—1|>t) < 6—2/75} '
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Since the function t — e~2/* is increasing, converges to 1 as t — co, and to 0 as ¢ N\, 0, the quantity
7(y) should be very close to zero for the bound (3.43) to be nontrivial. In contrast to the bounds
of Theorems 3.7 and 3.8, which involve quantities pertaining to large deviations of a(X,y) from its
mean, Weitz’s bound is in terms of a quantity that has to do with small deviations of a(X,y) from
its mean.

3.5 Tensorization

So far, we have considered the case of a single channel. However, many problems in information
theory involve multiple uses of the same channel (or, more generally, transmission of correlated
data over a memoryless channel with time-varying transition probabilities). In this context, it is of
interest to determine whether the resulting “super-channel” inherits any SDPI-type behavior from
the constituent channels.

In precise terms, let (u1, K1), ..., (tn, Ky) be n admissible pairs, where, for each i, p; € Z.(X;)
and K; € . (Y;|X;) for some alphabets X;,Y;. Fix some ® € F, a product distribution y = i1 ®...®
tn € P(X1 %X ... xXy,), and a product channel K = K1®...®QK, € A4 (Y1 X...xYp|X1X...xXp).
We say that the SDPI constant ne(u, K) tensorizes if

K) = LK)
TI‘I)(N’ ) fg%xnn@(ﬂu z)

For instance, Witsenhausen [2] showed that ny2(p, K) tensorizes, while a recent paper by Anan-
tharam et al. [15] presents two different proofs of the tensorization property of n(u, K). In each
case, the proof relies on specific properties of the underlying ® — Witsenhausen exploits the con-
nection between 7,2(u, K) and the eigenvalues of the linear operator K K* : L2(X, ) — L?(X, p),
whereas Anantharam et al. use the chain rule for the relative entropy. The question is, can one
give a unified proof of tensorization for a broader class of functions ® € F that contains both
®(u) = (u—1)? and ®(u) = ulogu? As we show next, the answer is ‘yes’ for all functions ® whose
®-entropies are subadditive and homogeneous in the sense of Definition 3.2.

Theorem 3.9 (Tensorization). Suppose that ® € F induces a subadditive and homogeneous ®-
entropy. Consider any n admissible pairs (u;, K;) € P(X;) x A (Y;|X;). Then

e ® ... @ pn, K1 ® ... ® Ky) = max ne(us, Ky).

Proof. For the sake of brevity, let n = ne(p1 ®@ ... @ pp, K1 @ ... @ Ky), 0 = ne(ui, K;), p =
Q... hp, and K = K1 ® ... K.

To show that n > n; for all i, take v € P (X1 X ... x X,,) of the form p; ® ... ® pi—1 Qv; ®
Wit1 & ... ® py, for some v; € Z(X;)\{pi}. Then

Do (v|1) = Do (vil| ps),
Taking the supremum of % over all such v, we conclude that n > n;.

For the reverse inequality 7 < maxj<;<y 7, it suffices to consider the case n = 2; the general case
will follow by induction. Thus, let us fix two admissible pairs (v;, K;) € P,(X;) x4 (Y;|X;), 1 = 1,2,
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and an arbitrary nonconstant function f € .#2(X; x Xa). Let (X1, X2, Y1,Y2) € X1 x Xo x Y1 x Y3
be a random tuple, such that

Px,x, = 1 ® g, PY1Y2|X1X2 = K ® K.
Then, from (2.5),
Entq) [K*f<Y1, Yé)] =E [Entq> [K*f(Yl,YQ)‘YiH + Entq, [E[K*f(Yi,YQ)’YiH

Define the functions f; € .#2(Y1 x X3) and fo € #2(X; x Y3) by

flyn,ma) = D Py (walyn) f(a, )

r1€Xq

fo(m1,42) = Y Pxgy, (walyn) f(w1, 22),

T2EXg

which can be written more succinctly as f; = (K ®idz2) f and fo = (id; ®K3) f, where id; and ids
are the identity mappings on .%#(X;) and % (X3). Since Y7 and Y3 are independent, we can write

Ente [K* f(V1, Y2)|Vi = 1] = E[®(K3 f1(y1, Y2))] — D(E[KS f1 (11, Ya)])
= Ente [K3 f1(y1,Y2)]
< no Entg [ f1(y1, X2)]

< Z P, vy (z1|y1) Ente [f (21, X2)],

T1€Xy

where the first inequality uses (3.6), while the second inequality follows from the definition of f;
and from the convexity property (2.7), which is equivalent to the assumed subadditivity of Entg|[-].
Therefore,

E [Ente [K*f(V1,Y2)|V1]] = Y Py (y1) Entg [K*f(¥1,Y2)[V1 = 1]
y1€Y1

<nme Y Pri(y) Y. Pxyy(aily) Ente [f(z1, X3)]
Y1€Y1 x1€X1

=12 Z Px, (z1) Entg [ f(z1, X2)]

r1€X1

=2 E [Ente [f(X1, X2)| X1]] -
Next, let go(x1) = E[f2(21,Y2)] = E[f2(X1,Y2)| X1 = 21]. Then

Entg [E[K™ f(Y1,Y2)|Y1]] = Ente [K7 g2(Y1)]

< n1 Entg [g2(X1)]
= m Ente [E[f (X1, X2)| X1]],

where the first line follows from the fact that (Xi,Y7) and (X3,Y3) are independent and from
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definitions, whereas in the last line we have used the fact that

g92(z1) = E[fa(21, Y2)]
= > Pr(y2)foz1,92)

Yy2€Y2

D Pr(y2) Y Pxyw(@alye) f(a,22)

Y2€Y2 29EXo

— Z Px,(z2) f (21, 22)

x9EXo

= E[f (X1, X3)[ X1 = a4].

Combining everything, we can write

Ente [K*f(Y1,Y2)] <n2-E [Ente [f(X1, X2)| X1]] +m - Ente [E[f (X1, X2)|X1]]
< max); - {E [Ente [f(X1, X2)| X1]] + Ente [E[f(X1, X2)| X1]] }

= max7; - Ente [f(X1,X2)],

where in the last step we have used the law of total entropy (2.5). Since f was arbitrary, we obtain
the bound n < max(ny,n2). O
3.6 Mixtures of local channels

Another situation that often arises in stochastic simulation and machine learning is as follows:
Fix n channels K; € .#(X;|X;), 1 < i < n, and a probability distribution p = (p;)7_; on the
set {1,...,n}. Given an input block z" = (z1,...,2,) € X1 X ... X X,, a random output block
Y"=(Y1,...,Y,) € Xy x ... x X, is generated as follows:

1. a random index J € {1,...,n} is drawn according to p;
2. Y; is drawn according to Kj(-|zy);
3. YV =g\,
The overall stochastic transformation is described by the Markov kernel
n
K2 pi(idi®...0idi1 9K ®idip1 ©... ®idy),
i=1

where, for each i, id; is the idenitity mapping on .% (X;). Now let us also fix n probability distribu-
tions p; € Z(X;), 1 <i < n. The question is: how does the SDPI constant ne (11 ® ... ®, ty, K)
for some ® € F depend on p and on the individual SDPI constants ne (i, K;)?

Theorem 3.10. Under the same conditions as in Theorem 3.9,

1—ne(1 ®...Q, ln, K) > lgliignpi (1 — na (pi, K3)) - (3.44)
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Proof. Once again, it suffices to consider the case n = 2. Thus, we fix two admissible pairs
(i, Ki) € P(X;) x A (Xi|X;), 1 € {1,2} and a parameter p € [0,1], and consider the channel

K = p(K1 &® idz) + ﬁ(idl ®K2).

Let pt = 1 ® po denote the reference input distribution. We need to show that

1= o 1) = min (p(1 = no (1, K1), 51 = 1o (2, K2)) ). (3.45)
As in the proof of Theorem 3.9, we adopt the shorthand notation n; = ne(u;, K;) and

n=na(p, K) =ne (11 @ p2, K).

Let (X1,Y1, X2,Y2) be a random tuple with (X1, X2) ~ p and Py, y,x, x, = K. Also, define the
Radon—Nikodym derivatives

s (K1 ® p2) _ 1K (y1) pa (y2)
g1(un,32) = d(uK) w1,32) = pra K1 (y1)p2(y2) + ppa(y1) pa ko (y2) (3.46)
and
s d(m ® p2k) _ p1 (y1) 2 Ko (o)
92{vn, 1) = d(uK) .92) = pra ()2 K2 (y2) + pra () pa Ka(v2) (3.47)

A simple calculation shows that

Px, xavi,va Gyt y2) = K™ (|y1, y2)
= pg1(y1, y2) (K7 @1d2)(|y1, y2) + Pg2(y1, y2) (idi ©K3)(-|y1, y2)-
Now consider an arbitrary nonconstant function f € .#9(X; x X3). Then

Entg [f(X1, X2)] — Ente [K* (Y1, Y2)]
= E [Ente [f(X1,X2)‘Y1,Y2H

= Z Z Py, v, (y1,2) Z Z Px, x,vi,v, (@1, 2|y, y2) @ (f (21, 22))

Yy1€Y1 Y2€Y2 21 EX1 T2E€X2

_(I)< Z Z PX17X2|Y1,Y2(~%'1,$2|y1,y2)f(.7}1,x2))]

21E€X1 22€X2

= > MK(y17y2)[p91(y1,y2) > Y Ki @ida(ar, walyr, 42)®(f (21, 72))

Yy1€Y1 y2€Y2 x1EX1 22€X2

+pg2(y1,y2) > Y idy ®K§k($1a$2|yl,yz)q)(f(iﬂl,@))]

21EX1 2€X2

-> > uK(yl,m)@(pgl(yl,yQ) > Y Ki @ida(wr, walyr, ya) f (1, 2)

Y1€Y1 y2€Y2 x1E€X1 x2EX2

+pga(yi ) Y, Y idy ®K§(»’U1,£C2|yl,y2)f($17x2)>-

x1EX] x2€X2

31



From this, using the fact that ® is convex and that pg; + pge = 1, we get

Ento [f(X1,X2)] — Ente [K*f(Y1,Y2)]

Z Z (K7 @ida) (1, m2|y1, y2) @ (f (21, 22))

21 EX1 22€X2

—<I>< Z Z (Kf®idz)(fvh332|y1,y2)f(3317372)>]

11 EX] x2EX2

>p Y Y pK(yy2)a1 (v, )
Y1EY1 Y2€Y2

Z Z (idy @ K3) (1, 22ly1, y2) @ (f (21, 22))

x1EX] x2EX2

+p Y > nK(y1,y2)92(y1,v2)
Yy1€Y1 y2€Y2

—<I>< Z Z (idy ®K§)(9€1,$2\y1,y2)f(9017902))]

x1EX] x9EX2

=p > p2(y) Y, mKin [ Y Ki(@ily)®(f(z1,92)) < > Ki(oly)f $1,y2))]

y2€Y2 y1€Y1 z1EX1 z1E€X1

+p Z pa(y1) Z 2K (y2 [ Z K5 (w2]y2)® (f (1, 22)) ( Z K3 (x2|y2) f y1,$2)>],

Y1€Y1 Y2€Y2 x2EX2 r2€X2
(3.48)

where in the last step we have used the definitions (3.46) and (3.47) of g; and g2. Now consider a
random tuple (X1, Xo,U, V), such that

1. U — Xi1 — X9 — V is a Markov chain;

2. Pxyx, = pb = 11 @ p12;

3. Pyjx, = Ki;

4. Pyix, = Ka.

Using these definitions in (3.48) gives

Entg [f(X1, X2)] — Ente [K*f(Y1,Y2)]
>p Y Px, (22)E [Ente [f(X1,22)|U]] + 5 Y Px, (1) E [Ente [f(z1, X2)|V]]
>p(l—m) Y Px,(z2)Ente (f(X1,22)) +p(1—nm2) Y Px, (x1) Ente [f(21, X2)]

ToEX2 r1EX1
> min (p(l —m),p(1 — ?72)> {E [Ente [f(X1,X2)|X2]] +E [Ente [f(X1, X2)|X1]] } (3.49)
> min (p(1 = ), p(1 — m2) ) Bnta [£(X1, X)), (3.50)

where (3.49) is by the independence of X; and X5, while (3.50) is by the assumed subadditivity of
Entg[-]. Since f was arbitrary, we see that the inequality (3.45) indeed holds. O
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Example 3.6. Let X; = ... =X, = {0,1}, y1 = ... = pp, = Bern(1/2), and K; = ... = K,, =
BSC(g). Take p to be the uniform distribution on {1,...,n}. Then K acts as follows: Given an
n-bit input string 2™ = (x1,...,x,), we pick one of the bits uniformly at random and flip it with
probability e; the remaining bits stay the same. Then

—(1— 2 =
n (Bern(1/2)*", K) <1 — 1= =2) 488.

In particular, when € = 1/2, we get the upper bound of 1 — 1/n.

We can also consider flipping bits in blocks: Let B = {Bm}ﬁp1 be a disjoint partition of the set
{1,...,n} into k blocks. We pick a block uniformly at random, and then independently flip each
bit in that block with probability . Denoting the resulting channel by Kp, we have

n (Bern(1/2)%" Kg) < 1 — %. (3.51)

To prove this, let (™ = Ricp,, wi and KM — Ricp,, Ki- Then p= 11®...Qu, = M. ou),
and by Theorem 3.10 we have

n 1 : m m
n (Bern(1/2)%", Kg) <1 — 7 Din (1 - n(,u( ), K¢ ))) . (3.52)
Since each p(™ is a product measure and each K™ is a tensor product of BSCs, Theorem 3.9
gives

(™, K = masc (s, 1) = 1 (Bern(1/2), BSC(e)) = (1~ 2¢)°.
Substituting this into (3.52), we get (3.51). For k = 1, Kz = BSC(¢)®", which has n = (1 — 2¢)?
by Theorem 3.9. The bound of Eq. (3.51) is then achieved with equality.

3.7 Comparison of SDPI constants

The following theorem shows that an upper bound on an SDPI constant for one source-channel pair
can be converted into an upper bound for another such pair via a change-of-measure argument:

Theorem 3.11. Let (u, K), (i, K) € P(X) x A (Y|X) be two admissible pairs. Then, for any
® € F that satisfies the homogeneity condition (3.5),

a R
77<I>(,U7K) < 1—2(1—77<I>(M7K))7 (353)
where
A%E max M and a £ min ilz)
(z)exxy n @ K(z,y) zex p(z)’

Remark 3.9. It is easy to see that 0 < a < A. Indeed, the first inequality holds since u, i € Z,(X).
For the second, by definition of a and A, for every x € X we have

ap(z) < i) =Y @ K(r,y) <AY p@ K(r,y) = Au(z).

yeyY yeY
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Proof. Consider random pairs (X,Y) and (X,Y) with respective probability laws p® K and i® K.
Using Eq. (3.6) and the law of total entropy Eq. (2.5),

Buta (B OOV o 72 cons
sup{ Fntg /(X)) feFZz (X)) f# t} (3.54)

“ Ente[f(X)] — E [Ente [f(X
P Entg[f(X)]

g E [Ento [f(X)|Y]]
Ente[f(X)]

Using Lemma A.4 in Appendix A, we can write

E [Ente [f(X)[Y]] = _inf E[®(f(X)) - 2(£(V)) — (F(X) - &Y

£e72(Y)

ne (1, K) =

)}Y]] cf e FUX), f ;éconst}

cfe FIUX), f # Const} . (3.55)

~—
~—
iS4
—~
7%
—~
b.<
~—
=

Ee79(Y)

(s
— EF$®K%x?ﬂwﬂxn—ﬂaﬂwwﬂX%fW»@mYm
E[®(f

> 1
A eglo(Y

= S [Enta [/(X)[7]]

where the inequality follows from the definition of A and from the convexity of ®. An analogous
argument gives the inequality

Bnte [£(X)] <~ Enta [£(X)].

a
Using these estimates in (3.55), we get
E [Ente [f(X)|Y
ne(p, K) <1 - Zinf{ [ ]éln;?@[[?((X))% ) feFAX), f# Const}

O]

Corollary 3.2. If two channels K, K € .# (Y|X) are such that K (y|z) < AK (y|z) for all (z,y) €
X xY, then

n@(:U’JK) <1- % (1 _n@(M7K))

for any ® € F satisfying (3.5) and any p € P (X).
3.8 Extremal functions

In this section, we will characterize the extremal functions f € .#2(X) that attain the infimum in
(3.3). In particular, we will prove that, for any sufficiently smooth ®, these functions are solutions
of the variational equation

E [0/ (BIA(D)Y]) |X] - @'(1) = 5 (¢ (F(X)) - ®'(1)), (3.56)
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with 7 = ne(u, K) under the constraint f € FI(X) and E[f(X)] = 1. Here, the random triple
(X, X,Y) is such that X — Y — X is a Markov chain, and both (X,Y) and (X,Y) have law
1 ® K. Written more compactly, (3.56) takes the form

K@ oK*f)—®'(1)=n(® o f—2'(1)). (3.57)
Theorem 3.12. Suppose ® € F has the following properties:
(a) It is three times differentiable with ®"(1) > 0.
(b) The ®-entropy functional is homogeneous in the sense of Definition 3.2.
(c) There exists a constant ¢ > 0, such that
Ente[U] = cE [U (' (U) — @'(1))] (3.58)
for any nonnegative-valued random variable U with EU = 1.

Then either ne(u, K) = S?(u, K), or there exists a nonconstant function f € F(X), such that
(3.57) holds with n = ne(u, K). Moreover, ne(u, K) is the smallest constant n > 0, for which
(3.57) has a solution among nonconstant functions in F2(X).

Remark 3.10. The functions ®(u) = ulogu and ®(u) = 1?;:11, 1 < p < 2, satisfy the condition
(3.58) (details are provided in the examples after the proof). On the other hand, the function ®(u) =
—logu cannot satisfy (3.58) for any choice of ¢, since Ente[U] = —ElogU, while E[U(®'(U) —
®'(1))] = EU — 1 = 0 for any nonnegative-valued U with EU = 1. o

Remark 3.11. We emphasize that the variational equation (3.57) may have multiple solutions,
not all of which are actually extremal. In general, it is not easy to obtain explicit closed-form
expressions for the extremal solutions of (3.57). o

Proof. Suppose that ne(u, K) > S?(u, K), for otherwise there is nothing to prove. We seek to

minimize the functional

» Entaf(X)] — Enta[K*/(¥)]  E[Ente[f(X)[Y]
W)= Ental/(X)] = Entelf(X)]

over all f € .#2(X). By homogeneity, W(cf) = W(f) for all ¢ > 0, so without loss of generality we
can restrict the minimization to f € M £ {f € Z(X) : E[f(X)] = 1}. For ¢ > 0, define the set

M2 {f € Z)(X):E[f(X)] =1 and [|f -1 < e},

so M = M. From the Taylor expansion
d"(1
O(1+u)=o(1) +d'(1)u+ 2()u2 +0 (v?),

we have, for every f € M.,

_ @//(1)

Ento[f(X)] 9

Var[f(X)] + O(£®)
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and

E [Ente[f(X)|Y]] = (Var[f(X)] = Var[E[f(X)[Y]]) + O (¢°) .

Therefore,

_ Var(f(X)] — Var[E[f(X)|Y ] + O(e?)
BE W) = nf Var[f(X)] + O(<3) :

which implies that, for any § € (0,1) there exists some g = ¢(d), such that
wt W) > dar YAI)] = VarElg X))V
feMe, gEM Var[g(X)]
=1 _SQ(IUvK) +9
>1—ne(u, K)+0.

+9

On the other hand, since inf e oy W(f) =1 —ne(p, K), any f that minimizes W, if it exists, must
lie in M\ My, i.e., it must be nonconstant. It remains to show the existence of such a minimizing
f. Since any f € M satisfies || f|loc < 1/p«, where p, is the smallest (positive) mass of y, the
set M\Mg, is a closed and bounded subset of a finite-dimensional linear space, hence compact.
The denominator of W(f) is positive for all f € M\M,,, so W is a continuous functional on the
compact set M\ M, and thus attains its infimum on some nonconstant f € M.

Now, let f be such a minimizing function. We use a variational argument following Bobkov and
Tetali [26, Sec. 6]. Given an arbitrary g € % (X), the perturbed function f + g is nonnegative for
all sufficiently small € > 0. Consequently, by definition of ng,

(1 =) Ente [f(X) + £9(X)] < E [Ente[f(X) + eg(X)[Y]]. (3.59)
Applying the Taylor expansion

Entg[U + V] = E[®(U 4 V)] — ®(EU + EV)
= Ente[U] + cE [(®'(U) — ¢'(EU))V] + O(e?)

toU = f(X), V =g(X) first for X ~ g and then for X ~ K*(:|y), y € Y, and then using the fact
that (1 —ne) Ente[f(X)] = E [Ents[f(X)|Y]] by the extremality of f, we have

(1 — o) Ente[f(X) + £g(X)] - E [Ente[f(X) +g(X)[Y]]
= e[ (1 - 1) (¥/(/(X)) — @/(1))g(X) — E[(¥'(£(X)) — @' (ELF(X)|Y])g(X)[¥]| +ofe)
= e B[/ (B[f(X)|Y)E[g(X)|Y] - na (®'(£(X)) — @'(1))g(X)] + o(e)
= e B[ (E[@/ (B[ (X)[Y])|X] - na®(f(X) = (1 - 10)@(1))g(X) )| + (), (3.60)

where in the last line X is an independent and identically distributed copy of X given Y, and we
have used the fact that E[¢(Y)E[y(X)|Y]] = E[E[((Y)|X]v(X)] for any pair v € .Z#(X),{ € F(Y).
Now, by (3.59), the leftmost quantity in (3.60) is nonpositive, whereas the rightmost quantity will
be nonpositive for all sufficiently small € > 0 if and only if

E[(E[Q"(ELf (X)YDIX] =10 (2'(f(X)) — (1 - ne)®'(1))9(X))] = 0.
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Since g is arbitrary and pu € 2,(X), the minimizing function f € Z9(X) with E[f(X)] = 1 must
satisfy

E[®"(E[f(X)|[Y])|X] - ®'(1) = ne (2 (f(X)) — ¥'(1)),

which is precisely (3.57).
It remains to show minimality. To that end, let 7 > 0 be another constant such that there
exists some function f € F2(X) with E[f(X)] = 1 satisfying

E[®' (BLF(X)[Y])|X] — @/(1) = (&' (F(X)) - &/(1)) (3.61)
Multiplying both sides of (3.61) by f(X), taking expectations, and using (3.58), we get
Ento [ELf(X)[Y]) = 7 Ento (X))
By definition of ng (i, K), we must have i < ne(u, K). O

The proof of the theorem shows that if ne (i, K) > S?(u, K), then Eq. (3.57) admits a nontrivial
(i.e., nonconstant) solution. The contrapositive of this statement gives:

Corollary 3.3. If the infimum in (3.3) is not achieved, i.e., if the SDPI (3.1) is strict unless
f =1, then 77@(/“”7 K) = 52(/’67 K)

Remark 3.12. Equivalently, ne (1, K) = S?(u, K) if for an arbitrary v > 0 the only solution to
Eq. (3.57) among f € .#(X) with E[f(X)] = 1 is the trivial solution f = 1. o

Here are a couple of specific examples:

e For ®(u) = ulogu, we have ®(u) = logu + 1, and ® satisfies the conditions (a)—(c) of
Theorem 3.12. In particular, Eq. (3.58) holds with ¢ = 1. The variational equation (3.57)
becomes

K(log K*f) =nlog f,  n=n(u K).

e For ®(u) = 1;;’:11, 1 <p <2, we have ®'(u) = p;fil, and ® satisfies the conditions (a)—(c).

In this case, (3.58) holds with ¢ = p. The variational equation takes the form

K((K* )P ) =mpfft+1-mp,  np=ne,uK).

4 Connections with $-Sobolev inequalities

4.1 General framework

Strong data processing inequalities for a pair (i, K) can be interpreted in terms of the effect of the
adjoint channel K* on the ®-entropies of suitably normalized nonnegative functions of the input,
see Proposition 3.1. In this section, we show that there is a close relationship between SDPIs and
another class of functional inequalities — the so-called ®-Sobolev inequalities [23,31] that relate the
$-entropy Entg[f(X)] of an arbitrary function of the input X ~ u to some measure of correlation
between f(X) and the output Y ~ pK.
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We will measure correlation in the following way. For any triple (U, V, Z) of jointly distributed
random variables, where U, V are real-valued, we define

EWU,V|Z) £E[(U - E[U|2))(V — EV|Z])] . (4.1)

This quantity has an estimation-theoretic interpretation: since e(U|Z) & U — E[U|Z] is the error
of a minimum mean-square error (MMSE) estimator of U given Z, and E[e(U|Z)] =0, E(U,V|Z)
is the covariance of e(U|Z) and e(V|Z):

E(U,V|Z) = Cov [e(U|Z), e(V|Z)] .
In particular,
EU,U|Z) = E[(U - IE[U]Z})Q] = MMSE(U|Z2),

the MMSE achievable in estimating U from Z. We pause to record a few key properties of £ (see
Appendix B for the proof):
Proposition 4.1. The functional € defined in (4.1) has the following properties:

1. Symmetry - E(U,V|Y) =E(V,U[Y).

2. Linearity — E(aU +bU", V|Y) =aE(U,V|Y)+bEU', V|Y) for any constants a,b € R.

3. Degeneracy — If U is constant a.s., then E(U,V|Y) = 0.

4. Representation in terms of an exchangeable pair — Let (X,Y) € X XY be a random pair with
Px = p e P(X) and Py|x = K € A (Y|X), where (u, K) is an admissible pair. Then for
any two functions f,g € F(X),

E((X), 9(X)IV) = 5B [(7(X) — F(X) (9(X) — 9(X"))] (12)
=B [(f(X) = /(X)) (9(X) — 9(x"))], (4.3)

where (u)y = uw V0, and (X, X') is a pair of X-valued random variables with Px = p and
Pyyy = K*K.

Remark 4.1. The terminology in Item 4 merits some discussion. It is not hard to show (and,
in fact, we do show it in the proof of the proposition) that the joint distribution Py x/ has the
following symmetry property:

PXX/(a;,a:’) = PXX/(.Z‘/,x), Vx,x’ e X. (4.4)
In other words, the random variables X and X’ form an exchangeable pair-. o
Generalizing the definition due to Chafai [23], we now introduce ®-Sobolev inequalities:

Definition 4.1. Consider an admissible pair (u, K) and a random pair (X,Y) with probability
distribution p® K. Fix a function ® € F. We say that (u, K) satisfies a ®-Sobolev inequality with
constant o > 0 if there exists some function ¥ : RT — R, such that the inequality

Bta[f(X)] < a £(F(X), o f(X)]V) (45)
holds for all f € FO(X).
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Now we are ready to state our main result that relates SDPIs to ®-Sobolev inequalities:

Theorem 4.1. Suppose that ® € F is such that ®(0) < oo, the function U defined in (3.14) is
concave, and the corresponding ®-entropy is homogeneous. Then ne(u, K) < ¢ implies that the pair
(u, K) satisfies the ®-Sobolev inequality of the form (4.5) with constant o = (1 —¢)~ .

Proof. For any u > 0 we can write ®(u) = u¥(u)+ ®(0). Thus, for any real-valued random variable
U which is a.s. strictly positive and a jointly distributed random variable Y, we have

Ents[U]Y] = E[U(U)]Y] - E[U]Y]¥(E[U]Y))
< E[UW(U)|Y] - E[UY|E[(U)]Y], (4.6)

where the second line is by the concavity of ¥. Now let U = f(X) for some f € %,(X). Using
(4.6) and Proposition 3.1, we get

1
1—c¢
1

= T E(X), To f(X)Y),

Ente [f(X)] < E[f(X)¥(f(X)) = E[f (X)V]E[W(f(X)[Y]]

where the second line follows from the easily verified identity E(U,V|Z) = E[UV —E[U|Z|E[V|Z]] =
E[U(V —E[V|Z])]. O

Theorem 4.1 provides a route to ®-Sobolev inequalities via SDPIs — any good upper bound
on ne(u, K) would automatically translate into a bound on the constant in the corresponding
®-Sobolev inequality. Such functional inequalities are a powerful tool in applied probability (for
example, in the context of quantifying the convergence of Markov chains to equilibrium); in the
next section, we will illustrate this on the particular case of Poincaré inequalities (corresponding
to ®(u) = u? — 1 and log-Sobolev inequalities (corresponding to ®(u) = ulogu).

It is often useful to estimate the ®-entropy of a composite function F o f (we will see examples
of this later on). The following result contains Theorem 5 of [40] as a special case:

Theorem 4.2. Suppose that the assumptions of Theorem 4.1 hold, and that the function ¥ is
differentiable. Let F : R — R be a convex, differentiable, nondecreasing function, such that Vo F
is convex. Then, for any f € F(X),

1

—C

Ento[F o f(X)] £ ——E[F?(f(X))¥(F o £(20) (F(X) = £(X)? .

where (X, X') is an exchangeable pair of random variables with Px = p and Pxnx = K*K, and
U’ denotes the right derivative of W. Similarly, if F is nonincreasing, then

Ento[F o f(X)] < ——E|[F2(f(X))¥'(F o /(X)) (F(X) = f(X)) ],

1—c¢

Proof. We only consider the case when F'is nondecreasing, since the other case is handled similarly.
Suppose that v > v. Then, by monotonicity and convexity of F',

0< F(u)— F) < F'(u)(u—v).
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Moreover, because f is convex, the function ¥ defined in (3.14) is nondecreasing. Using this
together with the assumed convexity of W o F', we have

0 < W(F(u) — W(F(v)) < ¥(F(u))F'(u)(u - v).
Thus, when u > v,
(F(u) = F(v)) ((F(u)) = ¥(F(v))) < F? @)V (F(u))(u — v)*. (4.7)

Therefore, using Theorem 4.1, we can write

Butg[F o f(X)] < T——E(F o f(X), W0 F o f(X)|Y)
= B[ (FU00) - FUK) - (9(F0) - (FGX)) ]
< B[P (OO (F0) () - (X)) ],
where the second step is by (4.3), while the last step is by (4.7). N

4.2 Logarithmic Sobolev and Poincaré inequalities

We now particularize the above general results to two specific types of functional inequalities:
e logarithmic Sobolev inequalities, with ®(u) = ulogu;
e Poincaré inequalities, with ®(u) = u? — 1.

These inequalities are well-known in functional analysis and probability theory (see, e.g., [8,24-27]).
We will first introduce our definitions of these inequalities following the ideas laid down in the
preceding section, and then show how these definitions are related to the “standard” ones.

We start with Poincaré inequalities:

Definition 4.2. We say that an admissible pair (u, K) € P(X) x A4 (Y|X) satisfies a Poincaré
inequality with constant o > 0 if

Var [£(X)] < a&(F(X), /(X)[Y)

for all f € F(X), where (X,Y) is a random pair with probability law p® K. The Poincaré constant
of (1, K) is given by

oSG0 X))
A, K) = fe%:(x) Var [f(X)]

where we adopt the convention that % = +00.

According to the above definition, a* = A(ul B is the smallest value of a for which the pair

(u, K) will satisfy a Poincaré inequality. Moreover, we have the following:
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Proposition 4.2. For any admissible pair (u, K),
A(/JHK) =1- SQ(M7K)
That is, (u, K) satisfies a Poincaré inequality with constant o if and only if n,2(u, K) <1 —1/a.

Proof. The function ®(u) = u? — 1 satisfies the conditions of Theorem 4.1 with ¥(u) = u, and
Ente[U] = Var[U]. Therefore, if n,2(u, K) < ¢, then for any f € Z2(X) we have

Var [f(X)] <

- CS(f(X), o f(X)|Y)
= L E(F0), F(X)Y),

which implies that the pair (u, K) satisfies Poincaré with constant o = ﬁ Therefore,

A, K) = sup {1 = c: e, K) < c}
=1-ne(u K)
=1 _82(M7K)7

where the last step is by Theorem 3.2.
Conversely, suppose that (u, K) satisfies Poincaré with constant a.. A simple computation shows

E(f(X), f(X)|Y) = Var [f(X)] — Var [K*f(Y)].

Therefore,

1
Var [K*f(Y)] < (1 — oz) Var [f(X)]
for any f € .Z9(X). This, in turn, implies that

§2(u, K) = sup

Now let us consider log-Sobolev inequalities:

Definition 4.3. We say that an admissible pair (u, K) € P2 (X) x A4 (Y|X) satisfies a logarithmic
Sobolev inequality with constant a > 0 if

Ent [f(X)] < a&(f(X),log f(X)]Y)

for all f € F.(X), where (X,Y) is a random pair with probability law p ® K. The log-Sobolev
constant of (u, K) is given by

(00, log fO[Y)
rez.¢  Ent[f(X)]

pr(p, K) = (4.8)
again with the convention that % = +o00.
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The following is an extension of Prop. 5.1 in [10] to the case X # Y, and with explicit constants:

Proposition 4.3. For any admissible pair (u, K),
(1 —log2)log2 1
5 0w, K) < 1= zon(p, K). (4.9)

That is, if n(p, K) < ¢, then (u,K) satisfies a log-Sobolev inequality with constant « = —.
Conversely, if (1, K) satisfies log-Sobolev with constant «, then

2 1 1
K) < 1—-—)<10(1—-—).
UCERE (1—10g2)10g2< a) - O( a)

Proof. The first inequality in (4.9) follows from Theorem 4.1 with ®(u) = wlogu and ¥ (u) = log u.
To prove the second inequality, we borrow (and slightly streamline) an ingenious idea from [10].
Let us fix an arbitrary f € .#.(X). Then

1—=n(p, K) < pr(p, K) <1 -

E [Ent [f(X)[V]] =) uK(y) > K*(xly)f(z)log ngex()y)
yeyY zeX
=" uK(y) Ent [f(X)[Y = y]. (4.10)
yeY

By [10, Lm. 5.2], the entropy Ent[U] of any nonnegative real-valued random variable U with
E[Ulog U] < co admits the integral representation

e tU+1—et

— | dt 4.11
e tU+1—e¢t ’ ( )

Ent[U] = ;/000 e 'R [(U —U)log
where U is an independent copy of U. Applying (4.11) to each term in (4.10), we obtain
Entlf(X)|Y =] = > KK el [ | @) = e o fio) ~ tog fl2) dt] ,
z,z€
where fi(z) = e ! f(z) + 1 — e~!. Averaging this w.r.t. Y ~ uK gives
E [Ent [f(X)|Y]]

=330 5 WKGK @K el | [ (o) - £i(0)) Qo fio) ~ o )

yeY x,zeX

:% > ulx) Y K(ylo)K*(ly) [ /0 " () - £1(2)) (108 fula) - logft@))dt}

z,zeX yeyY

B ;/OOE [(fe(X) = £1(X") (log £:(X) — log f1(X"))] dt
0
_ /O E(f(X),log f(X)|V)dt, (4.12)

where (X, X') is an exchangeable pair with joint law Pyys = p ® K*K, and in the last step we
have used Eq. (4.2). From (4.12) and the definition of the log-Sobolev constant, it follows that

B [Bat [fCOY]] 2 pi(u ) [ Bne [R00]dr (4.13)
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Now consider the function &(u) £ (u + 1)log(u + 1) — u, u > —1. This function is nonnegative,

nonincreasing on [—1, 0], nondecreasing on RT, and

£(u/2)  1—log2
o ey T

By monotonicity, {(cu) > &(u/2) > #g(u) for all u > —1 and for any 1/2 < ¢ < 1. Therefore,
/OO Ent [f;(X)]dt = /OOIE [f1(X)log fi(X) — fi(X) + 1] dt
0 0

- [ Bl - )ar

:/OOOE [E(e7 (f(X)—1))]dt
log 2

> [ Bl (00~ 1)]
0

1 —log2 [loe2
> 22 [ B U0 - D

_ = 1°g22) 1082 bt [F(X)]. (4.14)

Using (4.14) in (4.12), we obtain

1_ 10g22) longI(M’K) Ent [f(X)].

Since f was arbitrary, this implies the second inequality in (4.9). O

E [Ent [f(X)]Y]] >

Now let us see how these results are related to the standard formulation of log-Sobolev in-
equalities in a discrete setting (see, e.g., [25-27]). Given a finite set X, we fix an admissible pair
(1, M) € 2(X) x A (X|X), such that the Markov kernel M is reversible w.r.t. u:

()M (2'|x) = p(a") M (z)z"), Vz,z' € X (4.15)

(nonreversible kernels can be handled as well, but we will not need this generalization here). From
(4.15), it follows that M leaves p invariant: puM = p. Define the Dirichlet form &£, @ F(X) x
F(X) — R by

Ent(f,0) 25 S0 (F(2) = S&) (9(0) — o(a')) () M2 Jo)
z,x’'eX
= JE[(f00) = X)) (o) — g(X)]. (416)

where (X, X’) € X x X is a random pair with probability law g ® M. Our “overloading” of the
notation £(-,-) [compare with Eq. (4.1)] is not accidental. To see this, we first need a definition:

Definition 4.4. Fiz some alphabet Y and a channel K € . (Y|X). We say that the pair (u, M)
factors through K if M = K}, o K, i.e., if

M(a'|z) =) Ki(2'|y)K(ylr),  V(z,2') € Xx X
yeY
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In other words, (u, M) factors through K if we can generate a copy of (X, X’) according to the
following two-stage procedure, starting with a draw X ~ p:

1. Pass X through the channel K to get Y.
2. Pass Y through the adjoint channel K} to get X'.
This is nothing but the well-known two-stage (or two-component) Gibbs sampler [28,30].

Proposition 4.4. The random variables X and X' form an exchangeable pair. Moreover, if (pu, M)
factors through some channel K € .#(Y|X), then

Eam(fr9) =€ (f(X),g(X)[Y),  VfgeF(X) (4.17)
where (X,Y) € X XY is a random pair with law @ K.

Proof. Exchangeability of (X, X”) follows from the reversibility condition (4.15). The identity (4.17)
is a consequence of (4.16) and Prop. 4.1, Part 4). O

With these definitions out of the way, we can introduce the hierarchy of log-Sobolev inequalities
following Mossel et al. [27]:

Definition 4.5. The pair (u, M) satisfies log-Sobolev inequality of order p € R*\{0,1} with
constant ¢, or LSI,(c), if
2

Bt /(X)) £ g5 (1774 0) 5 9 € F2X);

LSI; (¢) if
Ent[f(X)] < (Euu(flog f), Vf € Zu(X)
and LSIy(c) if
Varllog f(X)] < ~5Euu(F /D), Vf € Zu(X).
Another important functional inequality relates the variance to the Dirichlet form &, rs:

Definition 4.6. (u, M) satisfies a Poincaré inequality with constant ¢ > 0, or PI(c), if
Var[f(X)] < c&uu(f, f),  VfeFUX).

We are interested in the tightest constants in log-Sobolev inequalities for p € [0,2]. With that in
mind, we define

p? o S (P S)

Pp(p, M) = A(p—1) fer(x) Ent[fP(X)]

for p ¢ {0,1}, with the convention % = o0o. The constants pg, p1 are defined analogously. The
Poincaré constant is

< N £ ,M(fv f)
Mo M) 2 im0
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Mossel et al. [27] proved that the function p — pp(u, M) is nonincreasing:
ﬁO(M7M) Zﬁp(M’M) Zﬁq(ﬂvM)7 0<p<g<2 (4'18)

and moreover po(u, M) = %S\(p, M). Log-Sobolev and Poincaré inequalities arise naturally in the
study of the continuous-time random walk on X with infinitesimal generator L = M — I. This is
a pure-jump Markov process with state space X that jumps from state x to another state 2’ with
probability M (z'|x), and the times between successive jumps are i.i.d. Exp(1) random variables.
Let {X;}+>0 denote this process with X ~ p, where X; ~ p for all ¢ by stationarity. For each
t >0, define the mapping P; : #(X) — % (X) by

Pif(x) £ E[f(X¢)| Xo = 2.
Then one can prove the following (see, e.g., [46, Prop. 1.7]):

1. Var[P,f(Xo)] < e7¥/¢Var[f(Xo)] for all f € .#(X) and all ¢t > 0 if and only if the pair (u, M)
satisfies PI(c).

2. Ent[P,f(Xo)] < e ¥¢Ent[f(Xo)] for all f € .£9(X) and all t > 0 if and only if the pair (u, M)
satisfies LSI; (4c).

In other words, the Poincare inequality and the log-Sobolev inequality for p = 1 completely char-
acterize the exponential rate of decay of variance and entropy, respectively, along the trajectory of
{X:} with Xo ~ p. In particular, if for each ¢ > 0 we consider the channel M; € .#(X|X) with
transition probabilities M;(2'|z) = P (X = 2'|Xo = z), then

My, My) < e MMDE T and g, My) < e 0,

The main utility of the log-Sobolev inequality for p = 2 is that the Dirichlet form &£, a(f, f) is
much easier to deal with than &£, 3/(f,log f); by monotonicity property of the log-Sobolev constants
[cf. (4.18)], we end up with the handy estimate

N, My) < e 421

Thus, it is important to obtain tight upper and lower bounds on the Poincaré and the log-Sobolev
constants of the pair (u, M). We now show that such bounds can be given in terms of the SDPI
constant n(u, K) of any channel K that the pair (u, M) factors through; conversely, we can obtain
bounds on 7(u, K) in terms of log-Sobolev and Poincaré constants of the pair (u, K0 K). We start
with the Poincaré constant, in which case we have the following exact characterization:

Theorem 4.3. The functional K — S%(u, K) is constant on the collection

M(pu, M) 2 {K : (u, M) factors through K},

and its value there is equal to 1 — A(u, M). Equivalently, if K € 4 (u, M), then

77)(2(“7[() =1- A(/,L,M)
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Proof. We need to show the following: if (u, M) factors through K, then
Eum(f, f) = Var [f(X)] = Var [KLf(Y)], (4.19)
where (X,Y) € X x Y is a random pair with law g ® K. Assuming this is true, we then have

~ . 5M,M(f7 f)
A M) = 0l S F X))
Var [f(X)] — Var [K}:f(Y)]

" jer Var [f (X))
=1- U (1, K)
=1- 5%, K).

Noting that 5\(#, M) is independent of the choice of K, we obtain the statement of the theorem.
It remains to prove (4.19). Fixing K, we have

Var [f(X)] = Var [Kf(Y)] = E[f*(X)] - E [(E[f(X)[Y])?],

where
E [(E[f(X = > Y uK@)K;(«ly) K@ y) f (@) f(2')
z,z’'eXyeY
= 3 Y @K ) K y) () ()
z,x'eXyeY
= > @M (@2 f(@)f ()
z,x'€X
= E[f(X)f(X")].
Therefore,
Eum(f, f) %E [(f(X) - f(X/))2]
— E[/2(X)] — E[f(X)/(X")
= E[f*(X)] - E [(E[f(X)[Y])?]

O]

Example 4.1 (Doubly symmetric binary source). Consider the case X = {0,1}, u = Bern(1/2),
M = BSC(e) with € < 1/2. The resulting exchangeable pair (X, X') is the doubly symmetric binary
source (DSBS) with parameter ¢ [3]. It is a matter of simple computation to show that the pair
(, M) factors through K = BSC(d(g)) with

1++1-—2¢

i) = 5

(4.20)
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We know that
S2 (Bern(1/2), BSC((¢))) = (1 — 26(e))* = 1 — 2¢,

which therefore gives

A (Bern(1/2),BSC(¢g)) = 2e.

For any f € .#(X), we can compute the Dirichlet form

g,u,M(fvf):

which gives us the Poincaré inequality

Var[f(X)] < z(f(o) - f(l))2

(see, e.g., [26, Ex. 3.9]). Note that this inequality is independent of the crossover probability e.

Next, we consider the case of the log-Sobolev constant pi(u, M), for which we can only give
upper and lower bounds:

Theorem 4.4. The functional K — p1(u, K) is constant on the collection of all channels K such
that M = K}, o K, where it takes the value 4p1(p, M). Moreover, if (u, M) factors through K, the
log-Sobolev constant p1(p, M) satisfies

(1 —log2)log2

1—n(p, K) < 4p1(p, M) <1— 5 n(p, K). (4.21)
Proof. Choose any channel K, such that M = K}, o K. Then, with (X,Y) ~ p® K,
1 —n(p K) < p1(p, K) (4.22)
E(f(X),1 X)|Y

_ o SV e FOY) (4.23)

FeFu(X) Ent [f(X)]
= inf “Re—l2oC 4.24
fez.(x) Ent[f(X)] (4.24)

where (4.22) is by Proposition 4.3; (4.23) is by (4.8); (4.24) is by Proposition 4.4; (4.25) is by
definition of py(u, M).

This proves the first inequality in (4.9). The second inequality follows from the upper bound on
p1(p, K) in Proposition 4.3, as well as from the just established fact that py (i, K) = 4p1(u, M). O

Example 4.2 (Doubly symmetric binary source, continued). Consider again the case of the DSBS
with parameter ¢ < 1/2. From the previous example, we know that (u, M) factors through K =
BSC(d(¢e)) with crossover probability d(¢) given by (4.20). For this channel, we have

n(Bern(1/2),BSC(d(¢))) = 1 — 2.
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Applying this and Theorem 4.4, we get the following upper and lower bounds on the log-Sobolev

constant pp:

(1 —log2)log?2
2

< p1(Bern(1/2),BSC(e)) < % 1- (1-2¢)].

| ™

Unfortunately, neither of the bounds is tight, since the log-Sobolev constant in this case is known
exactly: py(Bern(1/2),BSC(e)) =€ [26, Ex. 3.9]. A sharp bound can be obtained from the mono-
tonicity property (4.18) of the log-Sobolev constants:

p1(Bern(1/2),BSC(e)) < po(Bern(1/2),BSC(e))
= %S\(Bern(l/Q),BSC(e))
=e.
Finally, we consider the log-Sobolev constant pa(u, M):
Theorem 4.5. For any channel K € # (Y|X) such that M = K, o K,

n(p, K) <1 — pa(p, M). (4.26)
Proof. We use the following delicate convexity bound for the function ®(u) = ulogu [8]:
®(u) > D(v) + (1 +logv)(u—v) + (Va—0)*,  Yu,v>0. (4.27)

Let (X,Y) be a random pair with law x4 ® K. Fix any function f € .#2(X) with E[f(X)] =1 and
use the bound (4.27) to get
(f(2) = @(Kpf(y) + (1+log Kif () (F(@) = Kpf) + (VF@) = Kz f ) (4.28)

Taking conditional expectation E[-|Y] of both sides of (4.28), we obtain
E[a(f(X)[v] > @ @O + B (VT - VEFEW)|v]
> & € OIV]) +E[ (VI - E[VITIY]) [v].

where we have used the fact that

E[({U - E[U|Y])?|Y] = fei;{Y)E[(U FY)?|Y].

for any real-valued random variable U jointly distributed with Y. Next we take the expectation
w.r.t. Y to get

Ent[f(X)] = Ent [E[f(X)|Y]] + & (VFX), VFX)|Y)
= Ent [E[f (X)|Y]] + Euar (VI VT

where we have used the fact that Ent[U] = E[®(U)] for all nonnegative random variables U with
EU = 1, as well as Proposition 4.4. Using this and the definition of pa(u, M), we get

Ent [E[f(X)[Y]] < (1 — pa(p, M)) Ent [f(X)].
Since f was arbitrary, we get the bound (4.26). O
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4.3 The gap between SDPI and $-Sobolev

As evident from the proof of Theorem 4.1, we need to invoke Jensen’s inequality in order to pass
from a ®-entropy SDPI to a ®-Sobolev inequality. This observation prompts us to investigate the
gap between these two inequalities:

Theorem 4.6. If ® satisfies the conditions of Theorem 4.1, then for any f € .F2(X)
E(f(X), Vo f(X)|Y) =E [Ente[f(X)[Y]] + E [f(X) Ent_w[f(X)[Y]] (4.29)

Therefore, if ne(Px, Py|x) < ¢ for some 0 < ¢ < 1, and if the function u — —V(u) is strictly
conver at u = 1, then the ®-Sobolev inequality

1
1—c

Entg[f(X)] < E(f(X), o f(X)]Y) (4.30)

is strict for any nonconstant f. If U is affine, then E(f(X), Yo f(X)|Y) = E [Ente[f(X)|Y]], and
in that case ne(Px, Py x) < ¢ is equivalent to (4.30).

Remark 4.2. When VU is affine, ® is of the form ®(u) = au?® + bu + ¢ for some a > 0, b,c € R.
Thus, the SDPI for x2-divergence is equivalent to the corresponding ®-Sobolev inequality (which
in this case is precisely the Poincaré inequality). o

Proof. By definition of &£,
E(f(X), ¥o f(X)[Y)
= E[/(X)¥(£(X)) ~ B (OIY[EL(F(X)]Y]
|

=E[f ( )Y (f(X))] - E[E[f(X)
ER[f(X)YTUEf(X)Y])] = EE[f(X)YEW(f(X)]Y]]
)

= E [Ento[f(X)[Y]] + E|[fO{E[-U(f(X)Y] - (CREFXIY) . (431)

=

Since —W is convex, we recognize the quantity in the curly braces in (4.31) as the conditional
entropy Ent_g[f(X)|Y]. This proves (4.29).

From (4.29) we see that E(f(X), Yo f(X)|Y) = E [Ente[f(X)|Y]] for a given nonconstant f €
Z9(X) if and only if Ent_g[f(X)|Y] = 0 a.s. If —W is strictly convex at 1, then Ent_y[U] = 0 if and
only if U is a.s. constant; thus, in this case, the inequality (4.30) is strict for any nonconstant f. If ¥
is affine, then Ent_y[U] = 0 for all U, so in that case E(f(X), Yo f(X)|Y) = E [Ente[f(X)|Y]]. O

As a corollary, we obtain the following useful formula that expresses the covariance between
f(X) and ¥o f(X) in terms of entropies:

Corollary 4.1.
Cov[f(X), Vo f(X)] = Ente[f(X)] + E[f(X)] Ent_g[f(X)]. (4.32)

Proof. Consider any pair (X,Y’), where Y is independent of X. In that case, E(f(X),g(X)|Y) =
Cov[f(X),g(X)] for any pair f,g € .#(X), whereas Entg[f(X)|Y] = Ente[f(X)] for any ® € F.
The formula (4.32) follows from these observations. O
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5 Some applications

5.1 Concentration inequalities

One of the main uses of logarithmic Sobolev inequalities is in the context of concentration inequal-
ities: Given a probability space (X, u) and a function f € % (X), the objective is to obtain tight
upper bounds on the deviation probabilities P[f(X) — Ef(X) > t] for t > 0, where X ~ u. A
general procedure that allows one to pass from a suitable log-Sobolev inequality to a Gaussian tail
bound of the form

Pf(X)—Ef(X)>t]<e ™, t>0 (5.1)

for some k > 0 and for all f in a suitable subset of .%(X) is called the Herbst argument [31,57,58],
and can be summarized as follows (see, e.g., [58, Chap. 3]):
We start with a pair (A, T"), where:

1. AC Z(X) is a class of real-valued functions on X, such that af +b € A for all f € A and all
a>0,beR.

2. T': A — Z2(X) is an operator with the property that I'(af + b) = al'f for all f € A and all
a>0,beR.

We then say that p satisfies a modified log-Sobolev inequality with constant ¢ > 0 on (A, T") if
Ent[e/®)] < %E [ef(X) DAX)2], Ve (5.2)

Here is how we pass from (5.2) to a Gaussian tail bound of the form (5.1). Without loss of generality,
we may assume that E[f(X)] = 0. For any A > 0, Af € A and T'(A\f) = A'f. Therefore, replacing
f with Af in (5.2), we arrive at

Ent [eWX)} < CQAQE [eAf(X) I f(X)]Q]

2 2
< CHF.];HOOA E |:e>\f(X):| , (53)

where |Tf||oo 2 sup,ex [Tf(z)|. If we define the tilted distribution du®) 2 eMdu/E[eM(X)], then

Ent [e)‘f(X)]

D(\) £ D(u™||n) = E[]

Therefore, from (5.3) we get

PRIIVIERS

p() < L

VA > 0.

On the other hand, if we define the logarithmic moment-generating function A(\) £ log E[e (X)],
then it is a matter of simple calculus to show that

D(\) = AQO% (A(;)) : (5.4)
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Combining (5.3) and (5.4), we get the differential inequality

4 (AN _ sl
dA A - 2 7

which can be integrated to give A(\) < w This shows that f is v-subgaussian with v =
/[T £||%,, and therefore it satisfies (5.1) with x = 1/2v = 1/(2¢||[Tf||2,) (cf. Section 3.4). Effectively,
I f]loo is & measure of the “variability” of f.

We now show that we can use any reversible Markov kernel M on X that leaves p invariant as
a yardstick for measuring the variability of functions in .% (X), and that the constant ¢ in the log-
Sobolev inequality (5.2) can be expressed in terms of the relative-entropy SDPI constants n(u, K),
where K runs over all factorizations M = K};K. Following Houdré and Tetali [59], let us define
the /5 positive discrete gradient operator V3 : #(X) — Z9(X) via

1/2
Vi (x) (ZM ') ( <'>>i) -

z’eX

It is easy to see that the pair (A,T) = (F(X), V) satisfies the requirements 1 and 2 listed in the
preceding paragraph.

Theorem 5.1. Consider a pair (u, M) € P (X) x # (Y|X), where M is reversible w.r.t. p. Then
the following modified log-Sobolev inequality holds for all f € F(X):

Ent [ef(X)} < gE [ef(X) ‘V;f(X)‘Q] ,
where X ~ u, and

c=inf{——— M=K K. (5.5)
{ 1—n(p, K) ! }

Proof. Suppose that M factors through some channel K € . (Y|X). As before, let (X, X’) be an
exchangeable pair with law 4 ® K*K = p® M. Applying Theorem 4.2 to ®(u) = ulogu and
F(u) = e*, we conclude that any f € % (X) satisfies

F(X) f(X) _ n)?
Ent [e X} < n( " [e X (F(X) - f(X ))J
_ 1 f(a:) * / _ N2
=T B me};u ZXK K(a'2) (f(z) = f(2))}
]' x / /
e zze;(u Je!! >£M<x o) (f(2) = ()},
_ 1 Vel @ [V f ()]
1= n(p. K) ;@:{“ vz )
1
_ )
= o E 0P
Optimizing over the choice of K, we see that (5.2) holds with ¢ given by (5.5). O
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5.2 Contraction of mutual information in a Markov chain

Consider a Markov chain U — X — Y, where the joint law Pxy is fixed, while the alphabet U
of U and the conditional distribution Py are allowed to vary arbitrarily. By the data processing
inequality for the mutual information, I(U;Y’) < I(U; X) for any choice of Pyx. The question is:
1(U;Y)
I(U;X)
following claim was made by Erkip and Cover [60]:

what is the maximum value of the ratio

that can be achieved by any choice of Py x? The

I(U;Y) 2
sup ———~ = S2%(Py, Py|x), 5.6

where S? is the squared maximal correlation (see Section 3.2). However, Anantharam et al. in a
recent preprint [15] pointed out a flaw in the proof of (5.6), and showed instead that
I(U;Y)

sup -~ = n(Px, Py|x), (5.7)
Py 1T X) i

where 7 is the relative-entropy SDPI constant. Moreover, they provided an explicit example of a
source-channel pair (Px, Py|x), for which the mutual-information ratio on the left-hand sides of
Eqgs. (5.6) and (5.7) is strictly larger than S?(Px, Py|x).

We will now present a generalization of the result of Anantharam et al., and show, as a conse-
quence, that S?(Px, Py x) can indeed be expressed as a supremum of the ratio of two information-
like quantities pertaining to the Markov chain U — X — Y with an arbitrary choice of Pyx. Fix
a function ® € F. Given a random pair (U, V), we define the mutual ®-information [9]° as

Is(U; V) £ Do (Pyv ||Py ® Py)
APy
- /PU(du)/PV(dv)CI) ((Sjv—(v))

= /PU(du)Dq> (Pyi—u||Pv). (5-8)

If U and V are related via a Markov kernel K (i.e., Pyy = Py ® K), we may also use the notation
Is(Py, K) to indicate the fact that the ®-information is a functional of the source distribution and
the kernel that generates the random output given the input.

Theorem 5.2. If ® € F is differentiable, and its derivative is uniformly bounded in some neigh-
borhood of 1, then

Ip(U:; Y)) = na(Px, Py|x)-

P (U X

Py x
Proof. Define a probability measure Q € & (U) by
Py (u) Do (Px|y—u|Px)
>ueu Pu(w) Do (Pxjy=u| Px)”

SPalomar and Verdd [61] define ®-information between U and V as Da(Py ® Py||Pyv). Their definition is
equivalent to Eq. (5.8) if we replace ® with its Csiszdr conjugate ®*(u) £ u®(1/u) [5].

Q(u) =
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This measure is supported on the set U £ {u € U : Do (Px =yl Px) > 0}. From data processing,

we have the inclusion {u € U : Dg(Py|y=y|FPy) > 0} C U. Taking all of this into account, we can
write

Lo(UsY) _ Yueo Pu()Da(Priv=ul| Py)
Io(U: X) — 3,c0 Po(w)Da (Pxjr—u|| Px)
_ D (Pyjp= u||Py)
=> Qu)
D@ (Pxjv=ul | Px)
o DePrivmal)
ueU Do (Py|r—u||Px)
Dy (Px|v=uPy|x | Px Py|x)
ax
uel Dg (Px|u—ul|| Px)
<ne(Px, Py|x)-

uel

To prove the reverse inequality, we adopt the construction from [15]. Fix an arbitrary Qx € Z2(X).
For any ¢ € (0,1) small enough so that v = Py —eQ is a nonnegative measure, let P[(JE) = Bern(e)

and define P)((‘)U by
(e) _v
X\U 0 = @x; PX|U:1 -
With these choices, PZ(J)P)((|)U = 5P(€‘U ot 5P)((|)U | = eQx + Px —ePx = Px. For any n > 0,

define the function
Lo(e) 2 I ( P, Pyix o P)((')U) . (P(a) P)((')U)
A simple calculation gives

lo (P Py o P, ) = <D (PP [P) + EDo(PE) Py )
= eDg (Qx Py (x| Py) +€Dq (%Q)(PHXHPY)

Py — 5QXPYXHP)
— Y |
g

=D (Qx Py x||Py) + 5Dq>(

where in the last line we have used the fact that any Markov kernel extends to a linear map on
signed measures. Similarly,

Iy (P(E) P)(q)U) = 2D (P o ||Px) + EDa (P, | Px)

= eDg (Qx||Px) +&Ds (PX%_'SQXHPX)

Let f = i%x and ¢(®) = ;f. Then, by virtue of our choice of ¢, g¢®) € .#9(X), and E[¢)(X)] = 1.

With these deﬁmtlons, we can rewrite the above expressions as

Iy (P, Prix 0 Py ) = e Bnta | Py x f(V)| + 2 Bnte [Py g€ (V)]
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and
Io (P[(f), P)(fo) = e Ente [f(X)] + ZEnte [g@ (X)] .

Consequently,

%Ln(s) = Ente [p;|X f(Y)} — nEnte [f(X)] + % {g- <Entq> [P;‘Xg(s)(Y)} — nEnte [g@ (X)} )}
= Enta | Pfx f(Y)] = nEnta [f(X)] + nEnte |g9(X)| ~ Bnte | P19 (V)]
+ édig {Entq> {P;‘Xg(g)(Y)} — nEntg {g(g) (X)} } .

Ds(Qy || Py)

Now let us choose () x so that Da(Ox]Px)

> 1¢(Px, Py|x) — 0 for some small § > 0. Then, for any
n < ne(Px, Py|x) — ¢ we have

d

d*ELn(g)

L= Ento | Pyx f(Y)] = nEnte [f(2)] >0,

e=

where we have used Lemma A.5 in Appendix A, and where the strict inequality holds due to our
choice of 1. Thus, the function € — L, (e) is strictly increasing in some neighborhood of 0. Since
L,(0) = 0, there exists some value g > 0, such that L,(g¢) > 0, i.e.,

Io (PSY), Pyix o P

1o (PS0, PEY)

Is(U;Y)
I@(U;X)

sup >

Py x

> 7.

Since this holds for all 0 < < n¢(Px, Py|x) — ¢, and 6 > 0 was arbitrary, we conclude, upon
taking 0 \, 0, that

I Y
o(l;Y) > ne(Px, Py|x)-

oo To(U; X)

Py x
Since we already established the reverse inequality, the theorem is proved. ]

Thus, if ®(u) = ulogu, we recover the result of Anantharam et al. [15]; on the other hand,
choosing ®(u) = (u — 1), we can express the squared maximal correlation S?(Px, Py|x) as

L2(U;Y)

2
Px, P = —
S( X5 Y|X) Sup IXQ(U;X)a

Py x

where the x2-information L,2(U;V) is the variance of the Radon-Nikodym derivative %
w.r.t. the product distribution Py ® Py. We also have the following result:

Corollary 5.1. Let (X,Y) be a random pair taking values in a finite product space X X Y, such
that Py € Z.(X) and Py € 2.(Y). Then for any ® € F satisfying the conditions of Theorem 5.2,

Ip(X; X' Is(Y; Y’
ne(Px, Pyx)ne(Py, Px|y) > ( ) v ( )

7 To(X:X)  Tp(YiY) (5:9)
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where (X, X') is an exchangeable pair generated according to the Markov chain

Py x Px |y

X—Y —X (5.10)

and (Y,Y") is an exchangeable pair generated according to the Markov chain

Px |y Py x|

Y X Y’

Proof. Applying Theorem 5.2 to the Markov chain (5.10) gives

I (X;X)

ne(Py, Px)y) > To(X:Y)

On the other hand,

= Px(z)Do(Py|x—s| Py)

zeX

=Y Px(z)De (0 Py x| PxPy|x)
zeX

< ne(Px, Py|x) Z Px () Dg (02| Px)

zeX
= ne(Px, Pyx)1s(X; X),

where 9, denotes the Dirac measure located at x. Combining these estimates gives (5.9). Inter-
changing the roles of X and Y, we obtain an analogous bound involving I3(Y;Y’) and I3(Y;Y). O

For example, if ®(u) = ulogu, the bound (5.9) becomes

I(X; X)) I(Y:Y)

n(Px, Pyix)n(Py, Px)y) > H(X) Vv HY)

where H(X) is the usual Shannon entropy of X. If ®(u) = (u — 1)?, then we have

L2(X: X)) (YY)
S*(Px, Py|x)S*(Py, Pxpy) > X_— X
( X Y\X) ( Y, X|Y)— \X\—l ‘Y‘—l

Corollary 5.1 may be useful for obtaining lower bounds on the mixing time of Gibbs samplers. It
also shows that the modified log-Sobolev constant ¢ defined in (5.5) is bounded from below as

¢ > 2H(X)H(X|X),

where (X, X’) is an exchangeable pair with Py = pu and Px/x = M.

5.3 Fastest mixing Markov chain on a graph

Let G = (V,E) be a connected undirected graph with vertex set V and edge set E C V x V. Since G
is undirected, (z,2') € E = (2/,z) € E. We assume that each vertex has a self-loop, i.e., (z,x) € E
for all x € V. Consider a (discrete-time) Markov chain { X}~ 1,.. with states in V, whose one-step
transition probability matrix K has the following properties:
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1. It is symmetric, i.e., K(2'|z) = K(x|z’) for all z, 2’ € V.

2. Tt respects the graph structure, i.e., K(z'|z) # 0 only if (z,2’) € E.

Let p be the uniform distribution on V. The first property of K implies that it is reversible with
respect to u, so that u = puK. Let v be the distribution of the initial state Xy, and let v; denote
the distribution of Xy, the state at time ¢, so that v, = vK*. If the Markov chain is irreducible and
aperiodic (which will be the case if K (z|x) > 0 for all z € V), then v, will converge to pu. There are

multiple ways of quantifying the rate of convergence; we introduce the following definition:

Definition 5.1. Given a convex function ® € F, the ®-mixing time of K is the function 7o (K, ") :

RT — N, defined by

To(K,e) £min<t € N: sup Do(vK'|p) <e
veZ (V)

Unsurprisingly, the mixing time is controlled by the SDPI constant 7 (u, K):

Proposition 5.1. Suppose ®(0) < oo, and let n = |V|. Then

log (D3 ,,/¢)
ro(K.e) < log (1/ne (11, K))’

where Dg, ,, 4 2 4 (1-1)(0).

n n

Proof. For any t > 0 and any v € Z(V),

Da(vE" ) = Da(vE' K" < (mi(p. K)) Do (v|n).

(5.11)

where we have used the fact that p is K-invariant. Since ®-divergences are convex, and since a
convex function on a compact convex set attains its maximum on an extreme point, we have

Do(v||p) < max Do (dz 1),
zeV

where J, is the Dirac measure located at x. Moreover, for any x € V,

Da(billu) = - 3 @ (535?)

z’'eVv
)] 1
SE (1 g
n n
= Dan.

Since v was arbitrary, we have

t
sup  Do(vK'|n) < Dy, (m(, K)) -
veZ (V)

Solving for the smallest ¢ that would make the right-hand side smaller than ¢, we obtain (5.11). [
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It is customary to fix some value of ¢ (for discrete-time chains, a common choice is 1/2), and to
speak about the scaling of the mixing times in terms of the parameters of the graph and the Markov

chain. For example, if ®(u) = J|u — 1|, then the chain with one-step transition kernel K mixes
in O (W) steps (TV), where ¥(K) is the Dobrushin coefficient of K; for ®(u) = (u — 1),

logn

W) steps (x?), where S?(u, K) is the maximal correlation; and

the chain mixes in O (

loglogn
log 1(p,K)~1
is small, the corresponding Markov chain will mix faster in the sense that it will take fewer steps

for the ®-divergence between the current state distribution and the uniform distribution on V to
fall below a given value. This motivates the following

for ®(u) = ulogu, the chain mixes in O ) steps (relative entropy). Thus, if ne(u, K)

Fastest mixing Markov chain (FMMC) problem: Let .Z(G) C .#(V|V) be the
set of all Markov kernels K € .# (V|V) satisfying the conditions listed in the beginning
of this section. For a fixed convex function ® € F,

minimize  7g(u, K)
subject to K € . (G)

Proposition 5.2. For any ® € F, the FMMC problem is a convex program.

Proof. The constraint set .#(G) is convex. To see this, consider any two Ki, Ko € M(G), and let
K = AK; 4+ AK> for some A € (0,1). Since both K; and Ky are symmetric, for any pair z,2’ € X
we have

K(2'|z) = MK (2 |2) + MK (2 |z) = AK1(z]2)) + MK (2|2’ = K (z]2).

Similarly, suppose that (z,2) € E. Then K;(2'|z) = Ka(2'|z) = 0, so K(2'|z) = 0 as well. Thus,
K € M(G). The objective function K +— ng (i, K) is likewise convex, by Proposition 3.3. O

For ®(u) = (u—1)2, the FMMC problem was studied by Boyd et al. [62], who showed that it can be
equivalently represented by a semidefinite program (SDP), for which efficient solvers are available.
For a general ®, there is not much one can say without exploiting specific properties of that &
or any symmetries of the graph G; however, we can provide bounds on the values of the FMMC
problems for different choices of ®. With that in mind, let n3(G) denote the minimum value of the
FMMC objective a given choice of ® and G:

*(G)2 inf K).
ne(G) Kelf/[(G)%(Ma )

Then we observe the following:

e 13(G) <infre 4 ) 9(K) for any @ € F. This follows from the fact that e (11, K) < ne(K) <
Y(K), by Theorem 3.1.

e If ® is three times differentiable and ®”(1) > 0, then n}(G) > My2(G). This follows from the
fact that, for such ®, ne(u, K) > ny2(p, K) [cf. Theorem 3.3]. The quantity n;‘CQ(G) and the
corresponding convex program were studied extensively by Boyd et al. [62].
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The above definition of mixing time can be generalized to any other invariant distribution ¢ on V:
Let #,(G) C .#(V|V) be the set of all Markov kernels K, such that:

1. p(x)K(2'|z) = p(2')K(x|z’) for all z, 2’ € V.
2. K(2'|z) # 0 only if (x,2') € E.

Then the same definition of the mixing time applies, and we have the bound

log (Dau/e)
ro(He) < log (1/n0 (1, K))’

where

1
D}, = o — 1-— (0) ¢ .
b 2 e (@)@ () + (1= ()20}
We can then consider the appropriate modification of the FMMC problem, and the same arguments
as before can be used to show that it is given by a convex program.

5.4 Mixing times of Swendsen-Wang and heat-bath dynamics

Let G = (V,E) be an undirected graph without self-loops. In this case, we can identify the edge
set of G with a subset of (\2/), the set of all two-element subsets of V. If two vertices u,v € V
are connected by an edge, we will write u <> v. Fix an integer ¢ > 2, and consider the set
X=X, ={1,...,q}V of tuples z = (z, : v € V) with coordinates in {1,...,q}. The elements of
X are called g-colorings of G, and we say that x € X is a proper g-coloring if x, # x, whenever
U > 0.

The problem of computing the number Pg(q) of proper g-colorings of an arbitrary G (or even
deciding whether it is nonzero) is intractable, although it is known that Pg(¢) is polynomial in q.
A related problem of drawing a g-coloring of G uniformly at random (assuming Pg(q) > 0) is also
intractable [63]. However, it turns out that the problem of computing (or approximating) Pg(q) is
closely related to the problem of sampling from the so-called q-state Potts model, described by the
Gibbs distribution

Psq(z) £ Z(;,q) exp <B Z 1{z, = ﬂj‘v}>, (5.12)

w,vEV
where the parameter 8 > 0 is called the inverse temperature, and Z(f,q) is the normalization
constant known as the partition function. In particular, Pg(¢) = limg_, Z(3, ¢). Direct sampling
from Pg, is also intractable, so one resorts to Markov Chain Monte Carlo (MCMC) methods:
Pick a Markov kernel K € .#(X|X) that leaves the Gibbs distribution (5.12) invariant, pick an
arbitrary initial configuration x¢g € X, and for each ¢t = 0,1, ... generate a random configuration
X1 according to K (+|X;). With a good choice of K, the distribution of X; will rapidly converge to
P54. Two popular choices of K are the heat-bath (or Glauber) dynamics and the Swendsen- Wang
dynamics [64,65]. They are defined as follows:
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Heat-bath dynamics. At each time step ¢, given the current configuration x; = (zyt)vev, we
pick a vertex v € V uniformly at random, assign it a new random color X, ;11 € {1,..., ¢} according
to the conditional distribution ]P’qu(Xv,t\Xt\U = x}v), and set Xt\:l = x}v. Here, x}v = (Tut)uev\{v}
is the time-t configuration of all the vertices except v. Thus, the transition probabilities of the
heat-bath Markov chain are given by the Markov kernel

|
Kjg(a'l) = W D B gl a\)1{(2)\ = 2\}. (5.13)
veV

Swendsen-Wang dynamics. This construction is based on a coupling of the ¢-Potts model
and the so-called random-cluster (or Fortuin-Kasteleyn) model on G. The latter is defined as
follows [65]. Let Y = 2E = {A: A C E} and fix a parameter p € (0,1). Then the random-cluster
model is described by the following probability measure on Y:

Al
Qpq(A) = Z(;q) (i) W, vAeY (5.14)

where Z (+,-) is the partition function, p = 1 —p, and C(A) is the number of connected components
of the induced graph (V,A). It can be shown that

Z(p,q) = Z (log(1/p),q) ,

where Z(-,-) is the partition function for the g-Potts model. Now let p = 1 — e~ ?, and consider the
following probability measure on the Cartesian product X x Y:

A
M(z, A) = = <1‘3> LA C B (5.15)

Z(p, p
= (qQ) s_1)"1ace 5.16
= Z5q (1) HACE@) (5.16)

where E(x) £ {{u,v} €E : z, = x,} is the set of edges on which z violates the proper g-coloring
constraint. It can be shown that M is a coupling of Pg, and Q4 with p =1 — e B e, if (X,Y)
is a random pair with law M, then Px = Pg, and Py = Qlie—ﬂ,q.

With these definitions at hand, we can describe the Swendsen-Wang algorithm:

e Start with an arbitrary initial configuration z¢ € X
e Foreacht=0,1,2,...

— Draw a random set A; € Y according to the conditional distribution M(Y = | X = ;).
— Draw X1 from the conditional distribution M(X = -|Y = A;).

In words, given z;, we draw A; by deleting each edge of E(x;) independently with probability
p=1—e"P; given A;, we draw X, by assigning a random color independently to each connected
component of (V, A;) and coloring all vertices in the same component with the same color. Thus, the
Swendsen-Wang dynamics is a two-stage Gibbs sampler that generates a trajectory {(Xt, Y;)}i>0
according to

My x Mx |y

.—>Xt

Y;f Xt+1—>~--
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The discrete-time process {X;}+>0 is a Markov chain with one-step transition kernel
SW
Kz, (¢'|z) = My )y o My x(a'|2)

- Z My (2|A)My | x (Al2).
AeY

By construction, the Markov kernel K5W is reversible w.r.t. the Gibbs measure Pgq-

With each of these two algorithms: the hope is that the corresponding Markov chain mixes
rapidly, i.e., the distribution of the state X; converges quickly to Pg, as t — co. Just as in the
previous section, for a given divergence-generating function ® € F, the rate at which Dg (PXt Hpﬁ,q)
converges to zero is controlled by the SDPI constant ng (IP)@q, KZ; q), where e is either HB or SW.
The heat-bath algorithm is widely used because it is easy to implement. On the other hand,
the popularity of the Swendsen-Wang algorithm is due to the fact that, empirically, it tends to
mix rapidly for a wide variety of graphs and small values of ¢ (however, see [66] for examples of
slow mixing of Swendsen-Wang). In a recent paper, Ullrich [67] showed that the spectral gap of
Swendsen-Wang is lower-bounded by a constant multiple of the spectral gap of the heat-bath kernel,
where the constant depends on the number of colors ¢, the inverse temperature 5, and the maximum
degree A of G. Now, the spectral gap can be related to the SDPI constant for the y2-divergence (see
Remark 3.4), so Ullrich’s result can immediately be converted into a statement about the y? SDPI
constants of Swendsen-Wang and heat-bath kernels. The theorem below sharpens and extends the
bound of Ullrich to other ®-divergences; just like in [67], the theorem allows us to convert any
available upper bound for the heat-bath kernel into an upper bound for the Swendsen-Wang kernel
(or, conversely, any lower bound for Swendsen-Wang into a lower bound for heat-bath).

Theorem 5.3. For any ® € F that satisfies the generalized homogeneity condition (3.5),

P2AHLA8A _q

9
@?Atlethn — [% (Pﬁ,q, K E?)}

e (Poq, Ky ) < (5.17)

where A = max,cy deg(v) is the mazimum degree of G.

Remark 5.1. In the notation of this paper, the main result of [67] can be written as

A A
e A —1—|-\/77X2 (P, K12)
The <P5’q’Kﬂ7q) = 24182884 : (5.18)

Particularizing our bound (5.17) to the case ®(u) = (u — 1)?, we see that it is tighter than (5.18).
A plot of the two bounds as a function of the x> SDPI constant of the heat-bath dynamics is shown
in Figure 5.4 for ¢ =2, A =3, and 8 = 0.001. (Admittedly, both bounds are fairly crude even for
small values of ¢ and A, due to the presence of O(¢”) terms.) o

Proof. We borrow a clever trick of Ullrich [67] and compare the Swendsen-Wang kernel KS‘;V to
K= Kg]‘;’ o Kg\y o Kg};. Since the Gibbs distribution Pg 4 is invariant under both the SW and the
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Figure 3: Upper bounds of Ullrich and Theorem 5.3 as a function of the xy? SDPI constant of the
heat-bath dynamics, for ¢ =2, A =3, 8 = 0.001.
HB kernels, it is also the invariant distribution of K. Moreover, for any v # Pg 4, we have
Do (vE|[Psq) = Da (VK |[Ps4K)
HB SW HB HB SW HB
= Do (V(KB,q © Kﬁ,q © Kﬂ,q ) Hpﬁ,q (Kﬁ,q © K,B,q © Kﬁ,q ))
2
< [77@ (Pﬁ,ang,E)] W‘P(Pﬂ,quE,\év)DﬂVHPB,q)a

where we have repeatedly exploited the invariance of Pg , w.r.t. the SW and the HB kernels. Since
v was arbitrary, we conclude that

2
ne(Pgq, K) < [77@ (Pﬁ,qug,]qg)] 77<1>(IPB,QvKS,Y;V)- (5.19)
On the other hand, Ullrich also proved that

K /
max # < AR, (5.20)
z,x’e€X Kﬁq (.’Bl|$)

From Eq. (5.20) and Corollary 3.2, we get the estimate

1
no(Ps,q, KS,Y;V) <1- PATIIBA (1 —n0(Psq, K))- (5.21)

Finally, using (5.19) in (5.21) and rearranging, we obtain (5.17). O
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5.5 Reconstruction in graphical models

The Potts model described in the preceding section is an example of a probabilistic graphical model
(or a pairwise Markov random field) [68]. Any such model is specified by a pair (G,U), where
G = (V,E) is an undirected graph and U = {U.}.cg is a collection of symmetric edge potentials
U, : 2 x Q — RT. Here, € is a finite set often referred to as state or spin space. The configuration
space of the graphical model is the set X = QV of all tuples x = (2, )yev, where each z, takes values
in 2. Once G and U are fixed, we consider the following probability measure on X:

1
172 tsY H U{u,v}(xuywv)v
Z(G’ U) {u,v}€E

]P’G’U(x) =

where Z is the normalization constant. For example, the ¢-state Potts model on G [cf. Eq. (5.12)]
is of this form with Q = {1,..., ¢} and Uyy(zy, ) = exp (B1{xy = x4y }).

The reconstruction problem (see, e.g., [69,70]) for the graphical model (G,U) can be stated
informally as follows: Given two disjoint sets of vertices A and B, how much can we infer about
the configuration Xa = (X4)vea on A by observing Xg? For a precise definition, let dg denote the
graph distance on G, i.e., dg(u,v) is the number of edges on the shortest path between u and v.

Definition 5.2. Given a function ® € F, we say that the probabilistic graphical model (G,U) is
not ®-reconstructible if for any set of vertices A there exist some constants Ca,ca > 0, such that

Io(Xa; Xg) < CAe—CAdG(AB)

for all sets B disjoint from A, where dg(A,B) £ min,ea vep di(u,v). Here, the ®-information is
computed w.r.t. the marginal distribution of (Xa, Xg) induced by Pq u.

Alternatively, we may examine correlations between functions of Xa and Xg:

Definition 5.3. The graphical model (G,U) has exponential decay of correlations if for any A C V
there exist positive constants Ca,ca, such that, for any set of vertices B disjoint from A and for
any two functions f € F(Xa) and g € F(Xp),

Cov [£(Xa), 9(Xe)] < Cae™ U0 AE) /Var  f(Xa)] Varlg(Xp)].
We can now establish the following result:

Theorem 5.4. Suppose that ® € F is twice differentiable and strictly convez, its second deriva-
tive is nonincreasing, and the function U defined in (3.14) is concave. Then (G,U) is not ®-
reconstructible if and only if it has exponential decay of correlations.

Proof. We first show that exponential decay of correlations is equivalent to (G,U) not being x2-
reconstructible. With a slight abuse of notation, we will denote by Pa the marginal distribution of
Xa, etc. By definition of maximal correlation, (G, U) has exponential decay of correlation if and
only if for any A C V there exist some Ca, ca > 0, such that

S%(Pa, Pgja) < Cpe~adc(AB) (5.22)
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for all sets of vertices B with BNA = &. Now let Xa denote the support of Pa. Using the definition
of y%-information and Theorem 3.2, we can write

IXQ(XA§XB) = Z PA(wA)X2 (PXB|XA=IAHPB)

xAG)zA
= Z Pa(za)X* (624 Paja|| PaPaia)
Z‘AEXA

< S*(Pa, Pgia) Y Pa(za)x* (0zs|| Pa)

zA
= S%(Pa, Paja) 1,2 (Xa; Xa)
= 5%(Pa, Pgja) (IXa| = 1).
From this and from (5.22), we see that exponential decay of correlations implies that (G, U) is not
x2-reconstructible. The converse statement follows from the inequality S?(Pa, Pgia) < L2(Xa; XB)

[18, Prop. 12].
To complete the proof, let (Xa, Xg) be a random pair with probability law Py ® Pg. Then

Io(Xa; Xg) = Ento [ f(Xa, X8)],
where we have defined

s Pap(aalzs)
Pa(za)

In particular, I,2(Xa; Xg) = Var [f()_(A,XB)]. Therefore, applying Lemmas A.2 and A.3 in Ap-

pendix A and using the fact that || f(Xa, Xg)|leo < 1/p2, where p2 £ min Pa(za) is the minimum
TpAEXA

f(xA7 ‘TB)

nonzero probability of any configuration in A, we get

"(1/pl)

5L (Xa; Xe) < In(Xa; Xa) < W/(1)],2(Xa; Xe).

Since @ is strictly convex, ®” is everywhere positive. This inequality shows that the graphical
model (G,U) is not ®-reconstructible if and only if it is not y?-reconstructible, which in turn is
equivalent to exponential decay of correlations. ]

A related notion of correlation decay has to do with the diminishing influence of “far away”
spins. A key property of Gibbs measures is the following conditional independence relation: for
any A C V, the outer boundary of A, denoted by OA, is the set of all v € A¢, such that {u,v} € E
for some u € A. Then under Pq v,

Xa — Xga — Xac

is a Markov chain. That is, the configuration of spins in a given set A of vertices is conditionally
independent of all other spins given the configuration of the neighbors of A. The following definition
formalizes the notion that the influence of the spins in the boundary of A on the spins in any subset
of A should decay with the distance from that subset to the boundary:
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Definition 5.4. The graphical model (G,U) has the spatial mixing property if there exist positive
constants C,c, such that, for any two sets of vertices B C A C V and for any two boundary
configurations Ton, T,

H IS EINQEZTY

"1l < ClAle e (BIA) 5.23
Pgjaa(|Ton) H A (5.23)

o

Remark 5.2. This mixing condition is slightly stronger than the condition proposed by Weitz [55],
which is in turn stronger (but more generally applicable) than the complete analyticity condition
of Dobrushin and Shlosman [71]. The latter is only applicable to the case when the underlying
graph G is the square lattice Z<. o

If (G,U) has spatial mixing, then one would expect the relative-entropy SDPI constant of the
channel Pgjpa at Ppa to decay exponentially with the distance dg (B, dA). This is indeed the case:

Theorem 5.5. Suppose that (G,U) has the spatial mizing property. Then

202 |A?
n(Pon, Pejoa) < pl|e—2ch(B,6A)' (5.24)
B

Proof. Using (3.42), we can upper-bound 1(Ppa, Pgjga) as follows:

1 1
Psya, P < =
1(FPon; Pajoa) < 5 % Po(zs)

2
max | Pjoa(zslzon) — Pejoa(eslzha)|” -
-'EBA:xaA

If we now pick an arbitrary boundary configuration Zga, then we can write

1 _ 2
1n(Pon, Pgjoa) < 22 Fo(ag) oo | Pjoa(28lz0a) — Pajoa(rBlZon)|

ZToA
< 22 Pgjoa(r8|Toa) Pgjoa(zslroa) 1 ?
Pg(rg)  won |PgpoalslZoa)
Using (5.23), we get (5.24). O

6 Summary of contributions and concluding remarks

In this paper, we have attempted to give a systematic and unified presentation of strong data
processing inequalities (SDPIs) for discrete channels. As a reminder, given a convex function
® : R™ — R, we say that a channel K € . (Y|X) satisfies an SDPI with constant ¢ € [0, 1) at input
distribution g if

Dy (vK||pK) < cDg(v| 1) (6.1)
for all v # pu. We denote the best constant in the above inequality by ne (i, K), and letng(K) =
sup,, ne(w, K). For the reader’s convenience, we summarize the key novel contributions:

e For all sufficiently smooth ®, 7 (u, K) is lower-bounded by the squared maximal correlation
S?(u, K), which is also the SDPI constant of K at u for the y?-divergence (Theorem 3.3).
This refines the inequality n(u, K) > S?(u, K) due to Ahlswede and Gécs [1], as well as the
inequality ne(K) > S*(K) = sup, 5?(p, K) due to Cohen et al. [6].
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e For all operator convex ® (see Section 3.3 for definitions and examples), we have proved the
upper bound

ne(p, K) < max (52(M,K), sup nLcA(M,K)>
o< <1

(Theorem 3.6), where LCy(-||-) denotes the Le Cam divergence with parameter A (see Sec-
tion 2). This refines the inequality ne(K) < S?(K) for all operator convex ®, due to Choi et
al. [7], and reduces to it upon taking the supremum of both sides w.r.t. p.

e For ®(u) = ulogu (which gives the usual relative entropy), the SDPI constant ne (1, K) can
be upper-bounded in terms of the subgaussian constant o2(y) of the posterior likelihood ra-
tio a(X,y) = % for each y € Y, where X ~ . Smaller value of o2(y) indicates that
a(X,y) ~ 1 with high probability, which means that the observation ¥ = y is nearly unin-
formative about the input X. Theorem 3.7 gives the inequaity n(u, K) < 2E[0%(Y)], which

can be weakened to the bound of Theorem 3.8 using information-transportation inequalities.

e Under mild regularity conditions on ®, the SDPI constants tensorize: given a product distri-
bution p; ® ... ® w, and a product channel K1 ® ... ® K,

No(p1 @ ... pn, K1 ® ... 0 K,) = lrg%%(ui,ffi)

(Theorem 3.9). This extends previous tensorization results for ®(u) = (u — 1)? due to Wit-
senhausen [2] and for ®(u) = ulogu due to Anantharam et al. [15]. Theorem 3.10 gives a
tensorization inequality for miztures of local channels, i.e., when an input block of length n is
transformed to an output block of length n by drawing a coordinate index I at random from
{1,...,n} and then passing the Ith symbol through the channel K.

e Section 4 is dedicated to an exposition of the deep links between SDPIs and ®-Sobolev
inequalities [23], which provide a powerful tool for nonasymptotic quantitative analysis of
convergence to equilibrium in Markov processes and other random dynamical systems. For
the specific case of ®(u) = ulogu, we have obtained a number of inequalities relating the
optimal constants in log-Sobolev inequalities for a reversible Markov chain M with invariant
distribution pu to relative-entropy SDPI constants n(u, K) for any channel K with the property
that M = KoK, where K, is the adjoint, or backward, channel associated to the pair (u, K)
[see Eq. (1.2) for the definition].

e Section 5 presents several applications of the results of preceding sections to information
theory, discrete probability, and statistical physics. In particular, we discuss a connection
between the strong data processing property and the concentration-of-measure phenomenon;
generalize a recent result of Anantharam et al. [15] on the strong contraction of mutual
information in discrete Markov chains’ to a more general notion of ®-information; relate
the problem of computing SDPI constants (which is a convex program) to the problem of
finding the fastest mixing Markov chain on a graph; sharpen a recent result of Ullrich [67]
on the mixing time of two popular MCMC schemes for a certain class of graphical models;
and outline an SDPI-based characterization of the decay of correlations in discrete graphical
models.

"See [21] for an extension of this result to abstract alphabets.
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After the original breakthrough work of Ahlswede and Gécs [1], strong data processing inequali-
ties have received a great deal of attention, with a recent surge of research activity motivated by
problems in information theory. Recent work by Polyanskiy and Wu [18] has uncovered certain lim-
itations of SDPIs. For example, in the setting of continuous alphabets and additive-noise channels,
they have shown that it is possible for a channel K to have ng(K) = 1 and still satisfy a weaker
“nonlinear” strong data processing inequality of the form

Do (vK||uK) < Fo(Da(v||u))

for some increasing function Fg : RY — RT with Fp(0) = 0, such that Fg(u) < u for all sufficiently
small v # 0. Nevertheless, SDPIs still remain a versatile tool for many problems of current
theoretical and practical interest.
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A Miscellaneous lemmas

Lemma A.1. Let (u, K) € Z(X) x A (Y|X) be an admissible pair, and consider any other v €
P(X). If f =dv/du, then

d(vK)

K= dury

where K* = K, € #(Y|X) is the backward channel induced by the pair (u, K), cf. Egs. (1.1), (1.2).

Proof. A direct calculation:

for any y € Y. O



Lemma A.2. Suppose ® € F is differentiable, and the function ¥(u) = w s concave. Then
for any nonnegative random variable U with EU = 1,

Ente[U] < ¥(1 + Var[U]) — ¥(1) < ¥'(1) Var[U]. (A1)

Proof. We can assume that Var[U] < oo, because otherwise there is nothing to prove. Let P denote
the law of U. Since U is nonnegative and has unit mean, Q(du) £ uP(du) is a probability measure.
Therefore,

Ente[U] = Ep[®(U)] — @(1)
= Eq[¥(U)] - ¥ (1)
< U(EQU) — (1)
= U(E[U?]) — ¥(1)
= U(1+ Var[U]) — ¥(1),

where the third step is by Jensen’s inequality, and the remaining steps follow from definitions. This
proves the first inequality in (A.1). Now, since W is concave, we have

W (1 + Var[U]) < ¥(1) + ¥'(1) Var[U].
Using this, we obtain the second inequality. O

Lemma A.3. Suppose ® € F is twice differentiable, and ®" is nonincreasing. Then for any
nonnegative random variable U with EU =1 and ||U||c < o0,

7([|U]loo)

Ente[U] > 5

Var[U]. (A.2)
Proof. By Taylor’s theorem, for any v > 0 we have

q)//(v)

P(u) — (1) =0'(1)(u—1) + 5

(u—1)°

for some v € [uAl,uV1]. Since ®” is nonincreasing, " (v) > ®"(uVv1) > ®"(||UV1]|~) = 2" (||U]|x),
where the equality is a consequence of the assumption that EU = 1. Taking expectations w.r.t. U,
we obtain (A.2). O

Lemma A.4. Let U and Z be two jointly distributed random variables, where U is real-valued and
nonnegative, and Z takes values in an arbitrary set Z. Then, for any ® € F, the expectation of the
conditional ®-entropy Entg[U|Z] admits the following variational representation:

E [Ente[U]Z]] = Eeglof(z)E [2(U) - 2(£(2)) — (U - £(2))2'(£(2))] ,

where ®' denotes the right derivative of ® (which exists due to convexity).

Proof. This lemma is a generalization of Lemma 14.4 in [31]. Fix an arbitrary ¢ € .#2(Z). Then,
by convexity of ®, for any z € Z we have

Q(E[U]Z = z]) = 2(§(2) + ' (§(2)(E[U]Z = 2] — £(2)).
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From this, we get

Entg [U|Z = 2] =E[®(U)|Z = 2] — ®(E[U|Z = 2]
<E[®(U)|Z = 2] — ®(£(2)) — ¥'(§(2))(E[U]Z = 2] - £(2)).

Taking expectations of both sides w.r.t. Z, we see that
E [Ento[U]2]] < E [8(U) — D(£(2)) — (U — £(2))(£(2))] (A.3)

for any ¢ € .Z9(Z). On the other hand, if we take £(z) = E[U|Z = 2], then the bound in (A.3) is
achieved with equality. O

Lemma A.5. Let ® € F be a differentiable function, such that ® (u) is uniformly bounded in some
neighborhood of w = 1. Then for any nonnegative real-valued random variable U with EU =1 and
|Ul|se < 00, we have

= 0. (A4)

Proof. Since EU = 1, for all sufficiently small € > 0 we have

o[22 (5]

By our assumptions on @, there exists a constant C' > 0, such that

1-— 1-— 1-—
i@ _Eu = |— LFY _eu < Clu—1|
de 5 g2 5

for all sufficiently small € > 0. Therefore, by the dominated convergence theorem, we can inter-
change expectation and derivative to get

d 1—-¢eU
— Ent
de Ilq>|: }
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B Proof of Proposition 4.1

Items 1)-3) are obvious. We prove 4). To that end, we first analyze the joint distribution of X and
X'. First of all, for any z, 2’ € X, using the definition of K*, we can write

Pyxi(a,2') = p(2) K"K («'])

— u(a)K* K (]2')
= PXX/(SU/, .T)

In other words, the distribution of Py x: is exzchangeable (or (X, X') is an exchangeable pair). This
implies, in particular, that the marginal distribution Px: is the same as Py, i.e., 4. Moreover, for
any function f € % (X) and any = € X,

E[f(X")|X =a] = Y  K*K( ()

z’eX

=3 Y K (@lyK(ylz)f(2)

r'eXyeY

=3 K(yle) > K*(a'|y)f(a)

yey z'eX

= K(yla)K™ f(y)

yeyY
— KK*f(z).
Using these facts, we can write
E [(f(X) = (X)) (9(X) — 9(X"))]
= E[£(X)g(X)] + E[f(X)g(x")] - (E[f (X)g(x")]  EIf(X")g(X)])

where

9(X)IY]



Accordingly, we have

E[(£(X) = F(X)) (9(X) = 9(X"))] = 2{ E[/(X) (9(X) — Elg(X)[Y])] }
= 28(/(X), g(X)IY),

where the second step follows from the identity £(U, V|Y) = E[U(V — E[V|Y])]. This proves (4.2).
To prove (4.3), write

E[(f(X) = F(X)) (9(X) = g(X)] = E [1{5x)5 0xy (F(X) = F(X) (9(X) = g(X"))]
+E [1en< sy (FX) = F(X1) (9(X) = 9(X")]
= 2E [Liix)> pexny (F(X) = F(X) (9(X) = 9(X))]

=2E[(f<x X)), (9(X) = g(X7)]

where the second step is by exchangeability of X and X’.
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