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1. Introduction

Throughout this paper, we use the following notations

R=(—00,0), Rg =][0,00), and R, = (0, 00).

DEFINITION 1.1

A function f : I € R — R is said to be convex if

SOx+ A =2y <Af(x)+ A =2)f()
holds forall x, y € I and A € [0, 1].

DEFINITION 1.2 [5]

A function f : I € R — Ry is said to be quasi-convex if

fOx + (1 =2)y) <sup{f(x), f(M)}
holds for all x, y € I and A € [0, 1].

If f: 1 C R — Risaconvex function on [a, b] and a, b € I witha < b, then

b
f(a—;b) - bia/a Fa)dx < f(a)-;f(b).

(1.1)

(1.2)

(1.3)

(1.4)
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The inequality (1.4) is the well known Hermite—Hadamard inequality and it has been
refined or generalized for convex, s-convex, and quasi-convex functions and other kinds
of functions by a number of mathematicians. Some of them can be reformulated as
follows.

Theorem 1.1 (Theorem 2.2 of [6]). Let f : I° € R — R be a differentiable mapping
anda,b € I° witha < b. If | f'(x)| is convex on [a, b), then

(1.5)

b _ 1 i
'f(a)+f(b) _ 1a/ f(x)dx‘ < (b a)(lf(681)|+|f(b)|)_

Theorem 1.2 (Theorems 1 and 2 of [13]). Ler f : I € R — R be differentiable on 1°
anda,b € I witha < b. If | f'(x)|4 is convex on [a, b] for g > 1, then

'f(a) +fb)
2

b—a (If/(a)lq + If/(b)l">”q
4

(1.6)

and

(If @I + | f’ (b)|q>”"
. .

() -5 /f(x)dx <

Theorem 1.3 (Theorem 2.3 of [11]). Let f : I € Ro — R be a differentiable mapping
on I° and a,b € I with a < b. If the mapping | f'(x)|P/P=V is convex on [a, b] for

p > 1, then
1t a+b\| _b—a/ 4\
m/a f(x)dx—f( > )’ < T (p+1) {llf (@)

+311/ @) POV 1 31 @) PP 4 f ) Ty
(1.8)

(1.7)

Theorem 1.4 (Theorems 1 and 2 of [9]). Assume that a,b € R with a < b and that
f :la, b] — R is a differentiable function on (a, b).

(1) If | f'| is quasi-convex on [a, b], then

1 b
b—a,/a fdx| <

Q) If | f'1P/P=V is quasi-convex on [a, b] for p > 1, then

‘f(a);rf(b) / F)dx

(b —a)sup{|f' (@), | f' )]}
1 :

‘f(a) + ) 19)

msup{lf(a)l Lf' @)1}

(1.10)
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Theorem 1.5 (Theorems 2.3 and 2.4 of [1]). Let f : I° € R — R be a differentiable
mapping on I° and a, b € I° witha < b.

(1) If | f'|? is quasi-convex on [a, b] for p > 1, then

fa)+ f(b) 1
‘ 2 _b—a/a Fdx

Sl

,If’(b)ID. (1.11)

b—a ,
=< W <SUP{|f (@)l,

o5

(2) If | f'9 is quasi-convex on [a, b] for ¢ > 1, then

b—a

b 1 b
If(a);rf( )_b—a/f(x)dx

=

sup{lf’(a)l,

roel 1 (737)

In recent years, some other kinds of Hermite—Hadamard type inequalities were gen-
erated, for example, [2—4, 10, 14-26]. For more systematic information, please refer to
monographs [7, 8, 12] and related references therein.

In this paper, we will introduce a new concept ‘geometrically quasi-convex function’
and establish some integral inequalities of Hermite—Hadamard type for functions whose
derivatives are of geometric quasi-convexity.

)

,If’(b)l}- (1.12)

2. Definition and lemmas

In this section, we introduce the notion ‘geometrically quasi-convex function’ and
establish an integral identity.

DEFINITION 2.1

A function f : I € Ry — Ry is said to be geometrically quasi-convex on [ if

FOPyI) < sup( £ (x), F()) (2.1)

holds for all x, y € I and A € [0, 1].

Remark 1. If f(x) is decreasing and geometrically quasi-convex on I < R, then it
is quasi-convex on [. If f(x) is increasing and quasi-convex on I < R,, then it is
geometrically quasi-convex on /.
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Lemma?2.1. Let f : I C Ry — R be a differentiable function on 1° and a, b € I° with
a <b. If f' € L([a, b)), then

(nb)f(b) —(na)f(a) 1 /bf(X)dx
Inb—1Inaj, x

Inb—1Ina
1
= / a'"7'p In(a" b £ (@' b dr. (2.2)
0
Proof. Letting x = a'~'b' for ¢t € [0, 1] and integrating by parts give
1
(Inb — lna)/ a'"7'p In(a" b £ (@' b dr
0

1
=/ ln(al—tbl‘)f/(al—l‘bt)d(al—tbt)
0

b
= / (Inx) f/(x)dx
a
b
= o seonzt - [P
e X
b
= (nb) f(b) — (Ina) f(a) — mdx.
a X
Lemma 2.1 is proved. O
Lemma 2.2. Forb > a > 0, we have
Ina +1Inb
—’ a Z 1’
2
1 2 2
M(a,b)zf |In(a'~"b")|dt = M 1 <b.
0 Inb—1Ina
1 Inb
_&, b<1 (2.3)
2
and
blnb—alna—(b—a)
, ax=l,
X Inb —1na
blnb+al 2—b—
N(a,b):/ a'" bl |In(a bty =] 2o tanat 4 a<i<b,
0 Inb —Ina
b—a—(blnb—alna)’ b<1. (2.4)
Inb—Ina
Proof. This follows from a straightforward computation of definite integrals. O

3. Some Hermite-Hadamard type inequalities

In this section, we will establish some integral inequalities of Hermite-Hadamard type
for functions whose derivatives are of geometric quasi-convexity.
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Theorem 3.1. Let f : I C Ry — R be differentiable on I° and f' € L([a, b)) for
a,belI®witha < b. If | f'(x)| is geometrically quasi-convex on [a, b], then

(Inb)f(b) — (na)f(@) 1 /bf(x) dx‘
Inb —1Ina Inb—1Ina), «x

< N(a.b)sup{|f' @l | f' @}, 3.1

where N (a, b) is defined by (2.4).

Proof. From Lemma 2.1, it follows that

(Inb)f(b) — (Ina)f(a) 1 /bf(X)dx‘
Inb—Inaj, x

Inb—1Ina

1
< / a' 7' | In(a' "o £/ (a' b |dr. (3.2)
0
Using the geometric quasi-convexity of | f'(x)| on [a, b] yields

If/ (@' 'b")| < sup{lf'@I, If' B}, 0<t<1L.

From this inequality and Lemma 2.2, it follows that
1
/ a' ' In(@"~'BY)|| f (@' b")|de
0

1
< sup{|f' @), |.f' B} / a''b'|In(a'~'b")|dr
0
= N(a,b) sup{|f' @I, |f'®)I}. (3.3)

Substituting (3.3) into inequality (3.2) and simplifying establishes the inequality (3.1).
Theorem 3.1 is thus proved. (]

COROLLARY 3.2

Letb > a > 0andr € R and let

|/ pby D
Iab) = {3 (a—a) , a#b, (3.4)
a, a=2>b,
b—a £
274 L,
L(a,b) = { Inb—Ina (3.5)
a, a=>b,
and
[ prl _ grel YT
NN 9 r # _1707
L ’b — (r+])(b_a)] 3.6
@O = Lab, r=-1, G0

I(a,b), r=0
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denote respectively the exponential, logarithmic, and generalized logarithmic means of
two positive numbers a and b.

(1) Ifa > landr > 0, then
r+ DHb"

nl@ Pty < —— " 1nli(a,b). 3.7
( 'S @nr ™ G-D
2) Ifb<landr < —1, then
[r + 1]|a”
Inl@* ™yt <——— """ Ini(a,b). (3.8)
[L,(a,b)]

Proof. Set f(x) =x"t!'forx e Ry andr € Rwithr # —1.Ify > x > 0,

r+1ly", r =0,

root 1=ty t 1—t\r
/Gy = 1+ Gy >s{|r+1|xr’ b

This shows that the function | f/(x)| = |r + 1|x" is geometrically quasi-convex on R for
r € R with r # —1. On the other hand,
1 br+l prtl
b 'nb—a'ina = | &
r—+1 (ar+1)a'Jrl
br—H _ ar+l
= — " (Inl r+l1 br+l 1
P (Inf(@ ™", )+ 1]
and
br+1 r+1
/.ﬂmdx / _
r+ o+l
Substituting these scalars into Theorem 3.1 yields the required results. (I

Theorem 3.3. Let f : I C Ry — R be differentiable on I° and f' € L([a, b)) for
a,b € I° witha < b. If | f'(x)| is geometrically quasi-convex on [a, b] for ¢ > 1,
then

dx| < [M(a, b)1'4

(Inb)f(h) —(na)f(@ 1 /”f(x)
Inb —1Ina

Inb —1Ina

g—1 1-1/q
x [—N(aq/@”, bq/@”)] sup{| ' (@), | f' B},
q
(3.9
where M (u, v) and N (u, v) are defined by (2.3) and (2.4).

Proof. By Lemma 2.1, Holder’s inequality, and the geometric quasi-convexity of | f/(x)[4
on [a, b], we have

(Inb)f(b) —(na)f(@ 1 /”f(x) "
Inb —1Ina Inb —1Ina

1
Sf al—lbl|ln(al—lbt)||f/(al—lbl)|dt
0
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1 /9
X [ / |1n(a‘—fb’>||f’<a‘—’b’)|qdr]
0

1 1-1/g
< [/ a9(=0/@=D pai/(g=D)| ln(al—tbt)ldtj|
0

1 1-1/q
< |:f a‘](l—l)/(q—l)bqf/(q—l)|ln(al—tbt)ldti|
0

1/q
1
X {/O Iln(al_’bt)ldt} sup{| f' (@), | f' (D)1},
where using Lemma 2.2 shows
' 1 1 1 ¢-1° 1 1
/ a90=0/G=Dpat =D 1n (a1~ b1 dr = = N(@9/ @D, pala=Dy
0
and
1
/ [In(a'~'p")|dt = M(a, b).
0

The proof of Theorem 3.3 is complete. (]

Theorem 3.4. Let f : I € Ry — R be differentiable on 1° and f' € L([a, b)) for
a,b e I°witha < b. If | f'(x)| is geometrically quasi-convex on [a, b] for ¢ > 1 and
q > >0, then

(Inb) f(b) — (Ina) f(a) 1 /bf(X)dx‘
Inb—1Inaj, x

Inb—1na
g—1\'"Y 11\ 4
< (—) (—) [N (@, 619N @70/ a=D,
qg—1 L
p =0/ I=1a s qup{| f'(a)l, | £/ (D)1} (3.10)

where N (u, v) is defined by (2.4).

Proof. From Lemma 2.1, Holder’s inequality, and the geometric quasi-convexity of
| f'(x)| on [a, b] and by Lemma 2.2 it follows that

(Inb)f(b) —(na)f@ 1 /bf(x) dx‘

Inb —1Ina Inb —Ina X

1
< / a'=b [In(a' 1B | /(a1 b dr
0

1-1/q
1
- [/ a(q—@)(l—z>/<q—1)b<q—6>/(q—1)t|1n(a1—rbz)|dt}

0

1/q
1
x U at=0pt| ln(al_’b’)l|f’(a1_’b’)|th]

0
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1 1-1/q
< |:/ a(q—@)(l—I)/(q—l)b(t]—f)l/(q—l)|1n(al—lbt)|dtj|
0

1 1/q
x [ / a‘“”be’lln(a”b’)ldt} sup{|.f'(@)]. | (B)1}
0
g1\ 1\ ¢ 1 ¢ Dyql—1
Y O S — [N(a(‘I* )/ (g— )’ pa—0/q— ))] —1/q
q—1 L
x[N(a", 61" sup{| f'(@)|, | £ (D)1}
The proof of Theorem 3.4 is complete. (]

Theorem 3.5. Let f : [a,b] C Ry — Rg be a geometrically quasi-convex function on
[a,b] and f € L([a, b]). Then

1
1/2
flab)'’7) < b —Tna

b fx)
/ v < suplf (@, SO} (3.11)
a
Proof. Since
(ab)/? = g 1=0/2p11241/2p(1=0)/2
for 0 <t < 1, by the geometric quasi-convexity of f(x) on [a, b], we have

f(@b)'?y < sup{f(a'~'b"), f(a'b'™)} < sup{f(a), f(D)}

and

1 1 b
/f(a"’b’)dt=/ f@bdr = —— /f(x)dx.
0 0 Inb —Ina a X

The proof of Theorem 3.5 is complete. (]

Theorem 3.6. Let f, g : [a, b] C Ry — Rg be geometrically quasi-convex functions on
[a,b] and fg € L([a, b]). Then

1
Inb—Ina

b
[ 2 e zsunis@sta). f@a o). Fbrg@. f0)z0).

Proof. Letting x = a'~'b’ for 0 < ¢ < 1 and using the geometric quasi-convexity of
f(x) and g(x) on [a, b] yields

1 P F)
Inb — lna/a X g(x)dx

1
= /O f@''b"g@ 'p")dr < sup{f(a), f(b)}supig(a), g(b)}.

The proof of Theorem 3.6 is complete. O
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