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Abstract. In this paper, we propose and analyze an accelerated linearized Bregman (ALB) method for solving the basis
pursuit and related sparse optimization problems. This accelerated algorithm is based on the fact that the linearized Bregman
(LB) algorithm is equivalent to a gradient descent method applied to a certain dual formulation. We show that the LB method
requires O(1/¢) iterations to obtain an e-optimal solution and the ALB algorithm reduces this iteration complexity to O(1/+/€)
while requiring almost the same computational effort on each iteration. Numerical results on compressed sensing and matrix

completion problems are presented that demonstrate that the ALB method can be significantly faster than the LB method.
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1. Introduction. In this paper, we are interested in the following optimization problem

1.1 i 1. Az =0
(L.1) min J(z) s z =",
where A € R™*" b € R™ and J(z) is a continuous convex function. An important instance of (1.1) is the

so-called basis pursuit problem when J(z) := [lz[ly = 227, |2;]:
1.2 i . Ax =0
(1.2) min [lzfly s x

Since the development of the new paradigm of compressed sensing [9, 11], the basis pursuit problem (1.2)
has become a topic of great interest. In compressed sensing, A is usually the product of a sensing matrix ®
and a transform basis matrix ¥ and b is a vector of the measurements of the signal s = Ux. The theory of
compressed sensing guarantees that the sparsest solution (i.e., representation of the signal s = Uz in terms
of the basis ¥) of Az = b can be obtained by solving (1.2) under certain conditions on the matrix ® and the

sparsity of . This means that (1.2) gives the optimal solution of the following NP-hard problem [21]:
1. i t. =
(1.3) min [zle st Az=b,

where ||z]|o counts the number of nonzero elements of z.

Matrix generalizations of (1.3) and (1.2), respectively, are the so-called matrix rank minimization prob-

lem

(1.4) min rank(X) st A(X)=d,
XGR‘VYIXTI,
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and its convex relaxation, the nuclear norm minimization problem:

1.5 i Xle st AX)=d,
(1.5) omin X[ st AX)
where A : R™*™ — RP is a linear operator, d € RP, and || X ||, (the nuclear norm of X) is defined as the sum

of singular values of matrix X. A special case of (1.4) is the matrix completion problem:

1.6 i k(X b Xy = M;;,V(i, ) € Q,
(1.6) L in rank(X) s i 35 V(0 7)

whose convex relaxation is given by:

(1.7) omin XL s Xy = My ¥(L,5) € Q.

The matrix completion problem has a lot of interesting applications in online recommendation systems,
collaborative filtering [35, 36], etc., including the famous Netflix problem [34]. It has been proved that under
certain conditions, the solutions of the NP-hard problems (1.4) and (1.6) are given respectively by solving
their convex relaxations (1.5) and (1.7), with high probability (see, e.g., [31, 8, 10, 30, 15]).

The linearized Bregman (LB) method was proposed in [42] to solve the basis pursuit problem (1.2). The
method was derived by linearizing the quadratic penalty term in the augmented Lagrangian function that is
minimized on each iteration of the so-called Bregman method introduced in [27] while adding a prox term
to it. The linearized Bregman method was further analyzed in [5, 7, 41] and applied to solve the matrix
completion problem (1.7) in [5].

Throughout of this paper, we will sometimes focus our analysis on the basis pursuit problem (1.2).
However, all of the analysis and results can be easily extended to (1.5) and (1.7). The linearized Bregman
method depends on a single parameter p > 0 and, as the analysis in [5, 7] shows, actually solves the problem

. 1 2
(1.8) min g,,() := [|lzf1 + E‘IxHQa s.t. Az =0,

rather than the problem (1.2). Recently it was shown in [41] that the solution to (1.8) is also a solution
to problem (1.2) as long as p is chosen large enough. Furthermore, it was shown in [41] that the linearized
Bregman method can be viewed as a gradient descent method applied to the Lagrangian dual of problem

(1.8). This dual problem is an unconstrained optimization problem of the form

(1.9) Join - Gu(y),

where the objective function G,,(y) is differentiable since g, (x) is strictly convex (see, e.g., [32]). Motivated
by this result, some techniques for speeding up the classical gradient descent method applied to this dual
problem such as taking Barzilai-Borwein (BB) steps [1], and incorporating it into a limited memory BFGS
(L-BFGS) method [18], were proposed in [41]. Numerical results on the basis pursuit problem (1.2) reported
in [41] show that the performance of the linearized Bregman method can be greatly improved by using these

techniques.

Our starting point is also motivated by the equivalence between applying the linearized Bregman method
to (1.2) and solving the Lagrangian dual problem (1.9) by the gradient descent method. Since the gradient of
G, (y) can be shown to be Lipschitz continuous, it is well-known that the classical gradient descent method
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with a properly chosen step size will obtain an e-optimal solution to (1.9) (i.e., an approximate solution y*
such that G, (y*) — G, (y*) < €) in O(1/¢) iterations. In [23], Nesterov proposed a technique for accelerating
the gradient descent method for solving problem of the form (1.9) (see, also, [24]), and proved that using this
accelerated method, the number of iterations needed to obtain an e-optimal solution is reduced to O(1/1/€)
with a negligible change in the work required at each iteration. Nesterov also proved that the O(1/+/¢)
complexity bound is the best bound that one can get if one uses only the first-order information. Based on
the above discussion, we propose an accelerated linearized Bregman (ALB) method for solving (1.8) which
is equivalent to an accelerated gradient descent method for solving the Lagrangian dual (1.9) of (1.8). As
a by-product, we show that the basic and the accelerated linearized Bregman methods require O(1/¢) and

O(1/+/€) iterations, respectively, to obtain an e-optimal solution with respect to the Lagrangian for (1.8).

The rest of this paper is organized as follows. In Section 2 we describe the original Bregman iterative
method, as well as the linearized Bregman method. We motivate the methods and state some previously
obtained theoretical results that establish the equivalence between the LB method and a gradient descent
method for the dual of problem (1.8). We present our accelerated linearized Bregman method in Section 3.
We also provide a theoretical foundation for the accelerated algorithm and prove complexity results for it
and the unaccelerated method. In Section 4, we describe how the LB and ALB methods can be extended
to basis pursuit problems that include additional convex constraints. In Section 5, we report preliminary
numerical results, on several compressed sensing basis pursuit and matrix completion problems. These
numerical results show that our accelerated linearized Bregman method significantly outperforms the basic

linearized Bregman method. We make some conclusions in Section 6.

2. Bregman and Linearized Bregman Methods. The Bregman method was introduced to the
image processing community by Osher et al. in [27] for solving the total-variation (TV) based image
restoration problems. The Bregman distance [4] with respect to convex function J(-) between points u and

v is defined as
(2.1) DY (u,v) := J(u) — J(v) — (p,u —v),

where p € 0J(v), the subdifferential of J at v. The Bregman method for solving (1.1) is given below as
Algorithm 1. Note that the updating formula for p* (Step 4 in Algorithm 1) is based on the optimality
conditions of Step 3 in Algorithm 1:

0€dJ(xF ) —pP + AT (AzFTT —p).
This leads to
pFtt = pk — AT(A:Uk+1 —b).

It was shown in [27, 42] that the Bregman method (Algorithm 1) converges to a solution of (1.1) in a finite

number of steps.

It is worth noting that for solving (1.1), the Bregman method is equivalent to the augmented Lagrangian
method [17, 29, 33| in the following sense.

THEOREM 2.1. The sequences {x*} generated by Algorithm 1 and by the augmented Lagrangian method,
3



Algorithm 1 Original Bregman Iterative Method

1: Input: 2% = p° = 0.

2: for k=0,1,--- do

3. ¢! = argmin, D?k (z,2%) + || Az — b]|%;
4 pk+1 _ pk _ AT(A(L‘kJ'_l _ b)

5: end for

)

which computes for k=0,1,---

(2.2) { Pl = argmin, J(z) — (A, Az — b) + 1| Az — b||?

AL = 0F (A p)

starting from A\’ = 0 are exactly the same.

Proof. From Step 4 of Algorithm 1 and the fact that p® = 0, it follows that p* = — Z§=1 AT(Az? —b).
From the second equation in (2.2) and using \° = 0, we get \¥ = — Z?Zl(Aa:j —b). Thus, p* = AT)* for
all k. Hence it is easy to see that Step 3 of Algorithm 1 is exactly the same as the first equation in (2.2)
and that the zFT! computed in Algorithm 1 and (2.2) are exactly the same. Therefore, the sequences {z*}
generated by both algorithms are exactly the same. O

Note that for J(z) := al|z||1, Step 3 of Algorithm 1 reduces to an ¢;-regularized problem:

1
(2.3) mxin allz|l, — (pk,x) + §||Aa: — b||2.

Although there are many algorithms for solving the subproblem (2.3) such as FPC [16], SPGL1 [39], FISTA
[2] etc., it often takes them many iterations to do so. The linearized Bregman method was proposed in [42],
and used in [28, 7, 6] to overcome this difficulty. The linearized Bregman method replaces the quadratic
term 3||Az — b||? in the objective function that is minimized in Step 3 of Algorithm 1 by its linearization
k||2

(AT(Az* — 1), x) plus a proximal term ﬁHx — z*||2. Consequently the updating formula for p* is changed

since the optimality conditions for this minimization step become:

1
0 € dJ(zh ) —pF + AT (Azk — b) + = (a*! — 2F).
I
In Algorithm 2 below we present a slightly generalized version of the original linearized Bregman method

that includes an additional parameter 7 that corresponds to the length of a gradient step in a dual problem.

Algorithm 2 Linearized Bregman Method
1: Input: 2° =p =0, x>0 and 7 > 0.
2: for k=0,1,--- do
3. ¢! = argmin, D?k (z,2%) + 7(AT (Azh = b),2) + 5 |lx — 2|
4
5

pk+1 _ pk _ TAT(Axk o b) _ i(karl _ xk);
: end for

In [41], it is shown that when u|A||*> < 2, where ||A| denotes the largest singular value of A, the
iterates of the linearized Bregman method (Algorithm 2 with 7 = 1) converge to the solution of the following

regularized version of problem (1.1):

1
(2.4) min J(z) + EHQ:W st. Axr =b.
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We prove in Theorem 2.3 below an analogous result for Algorithm 2 for a range of values of 7. However, we
first prove, as in [41], that the linearized Bregman method (Algorithm 2) is equivalent to a gradient descent
method

(2.5) Y=yt —7VGL()
applied to the Lagrangian dual
. 1 2
max min{J(w) + —||lw||* — (y, Aw — b)}
Yy w QILL

of (2.4), which we express as the following equivalent minimization problem:

(2.6 min - Gyly) == —{Iw) + 5ol = (o Aw” =B,

where
* : 1 2
w = argmin{J(w) + -l = (o Aw = 1),
To show that G, (y) is continuously differentiable, we rewrite G, (y) as
Guly) = —@u(uATy) + £ ATy|? —bTy,
where
. 1 2
Pulv) =mindJ (w) + 57w —v|7}

is strictly convex and continuously differentiable with gradient V&, (v) = “;“3, and @ = arg min,, {J(w) +

i”w — v||?} (e.g., see Proposition 4.1 in [3]). From this it follows that VG, (y) = Aw* — b. Hence the
gradient method (2.5) corresponds to Algorithm 3 below.

Algorithm 3 Linearized Bregman Method (Equivalent Form)
1: Input: g >0, 7 > 0 and 3° = 7b.
2: for k=0,1,--- do

3wkt = argmin, {J(w) + ﬁ”w”2 —(y*, Aw —b)};

4

5

Yyl = yF — 7 (Awkt —b)
: end for

Lemma 2.2 and Theorem 2.3 below generalize Theorem 2.1 in [41] by allowing a step length choice in
the gradient step (2.5) and show that Algorithms 2 and 3 are equivalent. Our proof closely follows the proof
of Theorem 2.1 in [41].

LEMMA 2.2. zF*1 computed by Algorithm 2 equals w*t! computed by Algorithm 3 if and only if

1
(2.7) ATyr = pF — 7 AT (AxF —b) + —aF.
U
Proof. By comparing Step 3 in Algorithms 2 and 3, it is obvious that w1 is equal to z**! if and only
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if (2.7) holds. O

THEOREM 2.3. The sequences {x*} and {w*} generated by Algorithms 2 and 3 are the same.

Proof. We prove by induction that equation (2.7) holds for all ¥ > 0. Note that (2.7) holds for k£ = 0
since p® = 2% = 0 and y° = 7b. Now let us assume that (2.7) holds for all 0 < k < n — 1; thus by Lemma 2.2
wktt = gkt for all 0 < k < n — 1. By iterating Step 4 in Algorithm 3 we get

n

(2.8) Yt =y = r(Aw™ —b) = — ZT(ij —b).
=0

By iterating Step 4 in Algorithm 2 we get

n—1
: 1
pr=—> TAT(A2) —b) — —a",
=0 a
which implies that
1 k ,
pr—TAT(Ax" —b)+ —a" = - TAT (A2l —b) = ATy",
i ,
7=0

where the last equality follows from (2.8); thus by induction (2.7) holds for all ¥ > 0, which implies by
Lemma 2.2 that F = w”* for all £ > 0. O

Before analyzing Algorithms 2 and 3, we note that by defining v* = ATy* and algebraically manipulating
the last two terms in the objective function in Step 3 in Algorithm 3, Steps 3 and 4 in that algorithm can
be replaced by

(2.9) { whktl = argmin,, J(w) + 2%Hw — k2

vRtL =k — 7 AT (Awk T —b)
if we set v = 7ATb. Because Algorithms 2 and 3 are equivalent, convergence results for the gradient descent
method can be applied to both of them. Thus we have the following convergence result.

THEOREM 2.4. Let J(w) = ||w|l1. Then G,(y) in the dual problem (2.6) is continuously differentiable
and its gradient is Lipschitz continuous with the Lipschitz constant L < u|A||?>. Consequently, if the step
length 7 < ﬁ, the sequences {z*} and {wk} generated by Algorithms 2 and 3 converge to the optimal
solution of (2.4).

Proof. When J(x) = ||z||1, w**! in (2.9) reduces to
wht = g1 - shrink(v”, 1),
where the ¢; shrinkage operator is defined as
(2.10) shrink(z, «) := sgn(z) o max{|z| — ,0},Vz € R", a > 0.

G, (y) is continuously differentiable since g, (z) is strictly convex. Since for any point y, VG, (y) = Aw — b,

where w = p - shrink(A Ty, 1), it follows from the fact that the shrinkage operator is non-expansive, i.e.,

|Ishrink(s, &) — shrink(¢, «)|| < ||s — t||, Vs, ¢, «
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that

IVG,(y") = VGo(y?)]l = - A - shrink(ATy', 1) — - A - shrink(ATy2, 1)
<AL 1A - )]
< ullAIPlly" =21l

for any two points y* and y?. Thus the Lipschitz constant L of VG ,(-) is bounded above by p A%

When 7 < ﬁ, we have 7L < 2 and thus |1 — 7L| < 1. It then follows that the gradient descent
method y**1 = y# — TVG#(yk) converges and therefore Algorithms 2 and 3 converge to z},, the optimal
solution of (2.4). O

Before developing an accelerated version of the LB algorithm in the next section. We would like to
comment on the similarities and differences between the LB method and Nesterov’s composite gradient
method [26] and the ISTA method [2] applied to problem (1.1) and related problems. The latter algorithms
iterate Step 3 in the LB method (Algorithm 2) with p* = 0, and never compute or update the subgradient

vector p*. More importantly, their methods solve the unconstrained problem

1
i — || Az — b|2.
min el + 5l A =2l
Hence, while these methods and the LB method both linearize the quadratic term || Az — b||? while handling
the nonsmooth term ||z||; directly, they are very different.

Similar remarks apply to the accelerated LB method presented in the next section and fast versions of

ISTA and Nesterov’s composite gradient method.

3. The Accelerated Linearized Bregman Algorithm. Based on Theorem 2.3, i.e., the equivalence
between the linearized Bregman method and the gradient descent method, we can accelerate the linearized
Bregman method by techniques used to accelerate the classical gradient descent method. In [41], Yin con-
sidered several techniques such as line search, BB step and L-BFGS, to accelerate the linearized Bregman
method. Here we consider the acceleration technique proposed by Nesterov in [23, 24]. This technique accel-
erates the classical gradient descent method in the sense that it reduces the iteration complexity significantly
without increasing the per-iteration computational effort. For the unconstrained minimization problem (1.9),
Nesterov’s accelerated gradient method replaces the gradient descent method (2.5) by the following iterative

scheme:

(3.1) {xk“ =y —TVGL(y")

Yyt i= ot 4 (1 — o) 2t

where the scalars oy are specially chosen weighting parameters. A typical choice for oy is a = %4-2 If 7
is chosen so that 7 < 1/L, where L is the Lipschitz constant for VG, (-), Nesterov’s accelerated gradient
method (3.1) obtains an e-optimal solution of (1.9) in O(1/1/€) iterations, while the classical gradient method
(2.5) takes O(1/e) iterations. Moreover, the per-iteration complexities of (2.5) and (3.1) are almost the same
since computing the gradient VG,,(-) usually dominates the computational cost in each iteration. Nesterov’s
acceleration technique has been studied and extended by many others for nonsmooth minimization problems
and variational inequalities, e.g., see [25, 26, 2, 38, 22, 12, 13, 14].

Our accelerated linearized Bregman method is given below as Algorithm 4. The main difference between
it and the basic linearized Bregman method (Algorithm 2) is that the latter uses the previous iterate z*
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and subgradient p¥ to compute the new iterate z**1!, while Algorithm 4 uses extrapolations #* and $* that
are computed as linear combinations of the two previous iterates and subgradients, respectively. Carefully

choosing the sequence of weighting parameters {«y} guarantees an improved rate of convergence.

Algorithm 4 Accelerated Linearized Bregman Method

1: Input: 2° =3 =52 =p° =0, >0, 7 > 0.

2: for k=0,1,--- do

3. okl = argminm (x, )+ (AT (AZF —b),z) + 5 ol — k%
P =p *TAT(Ax —b) = (@Mt —2b);

4:

5. 2 = agahtl 4 (1 — ag)2®;
6 P = aphtt + (1 — o )pb.
7: end for

In the following, we first establish the equivalence between the accelerated linearized Bregman method
and the corresponding accelerated gradient descent method (3.1), which we give explicitly as (3.2) below
applied to the dual problem (2.6). Based on this, we then present complexity results for both basic and
accelerated linearized Bregman methods. Not surprisingly, the accelerated linearized Bregman method
improves the iteration complexity from O(1/¢) to O(1/+/¢).

THEOREM 3.1. The accelerated linearized Bregman method (Algorithm 4) is equivalent to the accelerated
dual gradient descent method (3.2) starting from §° = y° = 7b:

whktl arg min J(w) + 2H||w||2 (g%, Aw — b)
(3.2) gl = gk — r(AwF T —b)
it aryP T 4 (1 — ag )yt

More specifically, the sequence {x*} generated by Algorithm 4 is exactly the same as the sequence {w"}
generated by (3.2).
Proof. Note that the Step 3 of Algorithm 4 is equivalent to

1
(3.3) 2F = argmin J(z) — (¥, x) + (AT (AZ* —b), x) + ﬂ”m — &%
Comparing (3.3) with the first equation in (3.2), it is easy to see that z¥T! = w**! if and only if
1
(3.4) ATk =pF 4 7AT (b — AZF) 4+ =3*.
U

We will prove (3.4) in the following by induction. Note that (3.4) holds for k& = 0 since §° = 7b and

70 = p% = 0. As a result, we have ! = w!. By defining w® = 0, we also have 2% = w?,

(3.5) AT = AT (aoy' + (1 — a)ATy%) = apAT 7% + apr AT (b — Aw') + (1 — o) ATy°.

On the other hand,

1 1
(36) pl =I30+TAT(b—A:EO)—;(x1—;%O):ATgO_;xl,

where for the second equality we used (3.4) for k = 0. Expressing p' and ' in terms of their affine
combinations of p!, p°, z! and z°, then substituting for p' using (3.6) and using the fact that 2° = p° =
8



and finally using §° = 7b and (3.5), we obtain,
1 1
P+ TAT(b— AFY) + ;:El = aop' + (1 — a)p’ + T AT (b — Az?) + (1 — ap)TAT (b — Az) + ;(aoxl + (1 — a)?)

=ao(ATg’ - lml) +apTAT(b— Az') + (1 — ag)TATb + laoxl
H H

= g ATP? + T AT (b — Azt) + (1 — ap)AT°
= AT " + apTAT(b— Aw') + (1 — ag)ATy°
— AT@I

Thus we proved that (3.4) holds for ¥ = 1. Now let us assume that (3.4) holds for 0 < k < n — 1, which
implies 2% = w* V0 < k < n since 2° = w®. We will prove that (3.4) holds for k = n.

First, note that

1 1
(3.7) pr=p"t+rAT(b— A = =@ - ) = AT - e,
H Iz
where the first equality is from Step 4 of Algorithm 4 and the second equality is from (3.4) for k = n — 1.

From Step 6 of Algorithm 4 and (3.7), we have

~n n—1

p an—1p" + (1 —ay—1)p
(3.8) = a1 (AT = Sa) + (- an) (AT — e

= AT (=) AT = a,
where the last equality uses Step 5 of Algorithm 4. On the other hand, from (3.2) we have

ATy = Al(onay™ + (1 —an_1)y™ )

A 1t AT+ 7(b— Aw™)) + (1 — 1) AT (T2 + 7(b — Aw™ 1))

1 AT 4 (1= )ATG 2+ 7AT D — Alap_12™ + (1 — 1)z )]
= ap AT (1= AT 2 TAT (b — A7),

(3.9)

where the third equality is from w” = 2™ and w™ ™! = 2”1, the last equality is from Step 5 of Algorithm 4.
Combining (3.8) and (3.9) we get that (3.4) holds for k =n. O

Like the linearized Bregman, we can also use a simpler implementation for accelerated linearized Bregman
method in which the main computation at each step is a proximal minimization. Specifically, (3.2) is

equivalent to the following three steps.

wht!l = argmin J(w) + in—uﬁkW
(3.10) Rt = R — 7 AT (AwM T —b)
PRl = Rt (1 — ap )

As before this follows from letting v* = ATy* and ¥ = AT§* and completing the square in the objective

function in the first equation of (3.2).

Next we prove iteration complexity bounds for both basic and accelerated linearized Bregman algorithms.
Since these algorithms are standard gradient descent methods applied to the Lagrangian dual function and
these results have been well established, our proofs will be quite brief.
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THEOREM 3.2. Let the sequence {x*} be generated by the linearized Bregman method (Algorithm 2)
and (z*,y*) be the pair of optimal primal and dual solutions for Problem (2.4). Let {y*} be the sequence
generated by Algorithm 8 and suppose the step length 7 < 7, where L is the Lipschitz constant for VG, (y).

Then for the Lagrangian function

1
(3.11) L) = I(@) + 5ol (v, Az = b,
we have
(3.12) L,(z",y") — Eu(zk“,yk) < o

Thus, if we further have T > B/L, where 0 < B < 1, then (z*+1 y*) is an e-optimal solution to Problem
* 2
(2.4) with respect to the Lagrangian function if k > [C/€], where C := w
Proof. From (2.6) we get

(3.13) Gu(y®) = =L (=", b

By using the convexity of function G, (-) and the Lipschitz continuity of the gradient VG, (-), we get for
any y,

Gu(h) = Guly) < Guly* ™) + (VELWH )" = )+ Byt — ' 1° — Gulw)
< Gut ) (VO sl —yt - Gutw)
(3.14) = <VGu<y’“‘1>’y >+<VGM< 1), yF — Rl 4 Llyk — yh 2
= (VG.(* )" — ) + 5 Iy* =P
= W =R ) k 2
< =y =P = lly — oF)1? >.

Setting y = y*~! in (3.14), we obtain G, (y*) < G,(y*~1) and thus the sequence {G,(y*)} is non-increasing.
Moreover, summing (3.14) over k = 1,2,...,n with y = y* yields

1 *
7”2/ - yO”Qa

P(Gu™) = Guly) < D2(Gulyh) = Guly)) < 5-(ly* ="l ~ ly* =" IP) < 5

k=1

and this implies (3.12). O

Before we analyze the iteration complexity of the accelerated linearized Bregman method, we introduce
a lemma from [38] that we will use in our analysis.

LEMMA 3.3 (Property 1 in [38]). For any proper lower semicontinuous function ¢ : R™ — (—o0, +00]
and any z € R™, if

. 1
2 = argmin{y(z) + 51z — 2P},
then

1 1 1 .
V(@) + gl =2l = 9(z4) + llag = 21+ Sle = 2], Vo eR™
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The following theorem gives an iteration-complexity result for the accelerated linearized Bregman method.

Our proof of this theorem closely follows the proof of Proposition 2 in [38].

THEOREM 3.4. Let the sequence {x*} be generated by accelerated linearized Bregman method (Algorithm
4) and (z*,y*) be the optimal primal and dual variable for Problem (2.4). Let {ay} be chosen as

(3.15) ak—1=1+0:(6; 1, — 1),
where
2
1 0_1:=1 d O, =-——Vk>0.
(3.16) 1 , and 0y, k+2,v >0

Let the sequence {y*} be defined as in (3.2) and the step length T < %, where L is the Lipschitz constant of
VG, (y) and G,(-) is defined by (3.13). We have

* _ .02
SQIIy yH.

(3.17) Gu(yk) - Gu(y*) )

Thus, if we further have T > B/L, where 0 < 3 < 1, then (z*+1 y*) is an e-optimal solution to Problem
(2.4) with respect to the Lagrangian function (3.11) if k > [\/C/€], where C := M

Proof. Let
(3.18) 2= gl oL (yF — Y
and denote the linearization of G, (y) as
(3.19) la, (2:y) = Gu(y) + (VGu(y),z —y) < Gu(®).
Therefore the second equality in (3.2) is equivalent to
P = argmin () + (VG — ) + 5y - 5P

. - 1 5
= argmin g, (y;5%) + ;Ily—y’“\|2~
Yy T
11



Define ¥ := (1 — 0)y* + Ory*, we have

(3.20)
. . . L .
Gu(y* ™) < GL(i") + (VGL(F"), y* ' = 7%) + glly“1 — "7

. 1 N
<lg, (" g% + ;Ily’“+1 — "7
T
. 1 . 1
<lg, @5 7%) + —=119" = 7"II” — 119" — " |17
2T 2T
*, o~ 1 * ~ 1 *
=g, (1= 0c)y" + Oy ;y’“)+§\\(1*9k)y’“+9ky *y’“IIQ*gH(l*@k)y’Wka —yFr?
*, ~ 0} * — ~ 0} * —
=g, (1= 60c)y" + Oy ;y’“)JrﬁHy +9k1(y’“fyk)*ykll2*ﬁlly + 0 (W =y — |
e, (1 0" + s 7) + 2y — 22 = Ty 2
" ’ 2 2
k. ~k *, ~k 01% * k2 012c * k+12
=1 =00)la, W 9") +0kle, (Y5 9%) + = lly" = 2°[1° — =lly" — 2"
2T 2T
< (1=0.)G k 0.G * % *_kQ_% * _ k+12
< (1= 0)CA(") + OCuly) + By — 17— Sy —

where the second inequality is from (3.19) and 7 < 1/L, the third inequality uses Lemma 3.3 with ¢(x) :=
7lg, (;§"), the third equality uses (3.18), (3.2) and (3.15) and the last inequality uses (3.19).

Therefore we get

1—6;

" N 1 1
@(Gu(yk“) —Guy")) < 7 (Gu(y®) = Guly ))+§I|y—zkll2 - ;lly—2k+1||2~
From (3.16), it is easy to show that 1;20’“ < 021 for all k > 0. Thus (3.20) implies that
k k—1
1— Opi1 s 1—6 L1 1
(321) LG ~ Guly)) < Tt (Culsh) — Gl ) + ool — 7 — 5l — R
k+1 k

Summing (3.21) over k =0,1,...,n — 1, we get

1-6, 1

(Guy™) = Guly?)) <

1
- * 02:7
i g =2

2T

ly* = °[I%,
which immediately implies (3.17). O
REMARK 3.5. The proof technique and the choice of 0y used here are suggested in [38] for accelerating

the basic algorithm. Other choices of 0y can be found in [23, 24, 2, 38]. They all work here and give the
same order of iteration complexity.

4. Extension to Problems with Additional Convex Constraints. We now consider extensions
of both the LB and ALB methods to problems of the form

(4.1) min  J(z) st Az =0b,

reX
12



where X is a nonempty closed convex set in R™. It is not clear how to extend the LB and ALB methods

(Algorithms 2 and 4) to problem (4.1) since we can no longer rely on the relationship

1
0€ (@) —pF + AT (Azk —b) + = (2P — 2F)
I
to compute a subgradient p**! € 9.J(x**1). Fortunately, the Lagrangian dual gradient versions of these
algorithms do not suffer from this difficulty. All that is required to extend them to problem (4.1) is to

include the constraint w € X in the minimization step in these algorithms. Note that the gradient of

(1) = min{J(w) + 51w = o]}
remains the same. Also it is clear that the iteration complexity results given in Theorems 3.2 and 3.4 apply
to these algorithms as well.

Being able to apply the LB and ALB methods to problems of the form of (4.1) greatly expands their
usefulness. One immediate extension is to compressed sensing problems in which the signal is required to
have nonnegative components. Also (4.1) directly includes all linear programs. Applying the LB and ALB
to such problems, with the goal of only obtaining approximated optimal solutions, will be the subject of a

future paper.

5. Numerical Experiments. In this section, we report some numerical results that demonstrate
the effectiveness of the accelerated linearized Bregman algorithm. All numerical experiments were run in
MATLAB 7.3.0 on a Dell Precision 670 workstation with an Intel Xeon(TM) 3.4GHZ CPU and 6GB of
RAM.

5.1. Numerical Results on Compressed Sensing Problems. In this subsection, we compare the
performance of the accelerated linearized Bregman method against the performance of the basic linearized
Bregman method on a variety of compressed sensing problems of the form (1.2).

We use three types of sensing matrices A € R™*". Type (i): A is a standard Gaussian matrix generated
by the randn(m,n) function in MATLAB. Type (ii): A is first generated as a standard Gaussian matrix and
then normalized to have unit-norm columns. Type (iii): The elements of A are sampled from a Bernoulli
distribution as either +1 or —1. We use two types of sparse solutions z* € R™ with sparsity s (i.e., the
number of nonzeros in z*). The positions of the nonzero entries of 2* are selected uniformly at random, and
each nonzero value is sampled either from (i) standard Gaussian (the randn function in MATLAB) or from
(ii) [~1,1] uniformly at random (2 % rand — 1 in MATLAB).

For compressed sensing problems, where J(z) = ||z||1, the linearized Bregman method reduces to the

two-line algorithm:

¢+t = - shrink(vF, 1)
R = Wk 7 AT (b — AxhtD),

where the ¢; shrinkage operator is defined in (2.10). Similarly, the accelerated linearized Bregman can be

written as:
zF1 = - shrink (o, 1)
vt = ok 4 7 AT (b — AzkTT)
TRl = agoR 4 (1 — a0t

13



Both algorithms are very simple to program and involve only one Az and one ATy matrix-vector multipli-
cation in each iteration.

We ran both LB and ALB with the seed used for generating random number in MATLAB setting as 0.

2

AT We terminated

Here we set n = 2000,m = 0.4 X n,s = 0.2 x m, u = 5 for all data sets. We set 7 =

the algorithms when the stopping criterion
(5.1) | Az® —bl|/[[bl] < 107°

was satisfied or the number of iterations exceeded 5000. Note that (5.1) was also used in [41]. We report
the results in Table 5.1.

TABLE 5.1
Compare linearized Bregman (LB) with accelerated linearized Bregman (ALB)

Standard Gaussian matrix A Number of Tterations | Relative error ||a — z*||/||=*|]
Type of * | n(m = 0.4n,s = 0.2m) LB ALB LB ALB
Gaussian 2000 5000+ 330 5.1715e-3 1.4646e-5
Uniform 2000 1681 214 2.2042e-5 1.5241e-5
Normalized Gaussian matrix A Number of Tterations | Relative error ||a — z*||/||*|]
Type of * | n(m = 0.4n,s = 0.2m) LB ALB LB ALB
Gaussian 2000 2625 234 3.2366e-5 1.2664e-5
Uniform 2000 5000+ 292 1.2621e-2 1.5629e-5
Bernoulli +1/-1 matrix A Number of Tterations | Relative error ||a — z*||/||«*|]
Type of z* | n(m = 0.4n,s = 0.2m) LB ALB LB ALB
Gaussian 2000 2314 222 4.2057e-5 1.0812e-5
Uniform 2000 5000+ 304 1.6141e-2 1.5732e-5

In Table 5.1, we see that for three out of six problems, LB did not achieve the desired convergence
criterion within 5000 iterations, while ALB satisfied this stopping criterion in less than 330 iterations on
all six problems. To further demonstrate the significant improvement the ALB achieved over LB, we plot
in Figures 5.1, 5.2 and 5.3 the Euclidean norms of the residuals and the relative errors as a function of the
iteration number that were obtained by LB and ALB applied to the same data sets. These figures also depict

the non-monotonic behavior of the ALB method.

5.2. Numerical Results on Matrix Completion Problems. There are fast implementations of
linearized Bregman [5] and other solvers [20, 37, 19, 40] for solving matrix completion problems. We do not
compare the linearized Bregman and our accelerated linearized Bregman algorithms with these fast solvers
here. Rather our tests are focused only on comparing ALB with LB and verifying that the acceleration
actually occurs in practice for matrix completion problems.

The nuclear norm matrix completion problem (1.7) can be rewritten as
(5.2) n}}n 1X[l« st Po(X)="Pa(lM),

where [Po(X)]i;; = Xi; if (4,5) € Q and [Po(X)];; = 0 otherwise. When the convex function J(-) is the
nuclear norm of matrix X, the Step 3 of Algorithm 2 with inputs X*, P* can be reduced to

, 1
(5-3) Xt = arg min_ pf| Xl + Z|X — (X" = p(rPa(PaX" — Pa(M)) — PY))|[f.
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It is known (see, e.g., [5, 20]) that (5.3) has the closed-form solution,
XFH = Shrink(X* — u(7Pq(Po X" — Po(M)) — P*), 1),
where the matrix shrinkage operator is defined as
Shrink(Y,v) := UDiag(max(c — ,0))V ",

and Y = UDiag(c)V' T is the singular value decomposition (SVD) of matrix Y. Thus, a typical iteration
of the linearized Bregman method (Algorithm 2), with initial inputs X° = P? = 0, for solving the matrix

completion problem (5.2) can be summarized as

(5.4) Xkt Shrink(X* — u(7Pq(PaX* — Po(M)) — PF), u)
’ PEFL = PP — 7(PoXF — PoM) — (XFH — X*) /.

Similarly, a typical iteration of the accelerated linearized Bregman method (Algorithm 4), with initial inputs

X0 = P0 = X0 = PO =0, for solving the matrix completion problem (5.2) can be summarized as

XL = Shrink(X* — p(7Pq(Po Xk — Po(M)) — P*), p)
(5.5> ]ik—&-l .— pk_ T(PQXk _ PQM) _ (Xk+1 _ Xk)/,u

XFH1 = XFH 4 (1 — ag) XF

Pkl = PR 4 (1 — ay) PF,

where the sequence oy is chosen according to Theorem 3.4.

We compare the performance of LB and ALB on a variety of matrix completion problems. We created
matrices M € R™*" with rank r by the following procedure. We first created standard Gaussian matrices
My, € R*"*" and Mp € R™*" and then we set M = MLM}; The locations of the p known entries in M were
sampled uniformly, and the values of these p known entries were drawn from an iid Gaussian distribution.
The ratio p/n? between the number of measurements and the number of entries in the matrix is denoted
by “SR” (sampling ratio). The ratio between the dimension of the set of n x n rank r matrices, r(2n — r),
and the number of samples p, is denoted by “FR”. In our tests, we fixed F'FR to 0.2 and 0.3 and r to 10.
We tested five matrices with dimension n = 100, 200, 300,400, 500 and set the number p to r(2n — r)/FR.
The random seed for generating random matrices in MATLAB was set to 0. p was set to 5n (a heuristic
argument for this choice can be found in [5]). We set the step length 7 to 1/u since for matrix completion
problems ||Pq| = 1. We terminated the code when the relative error between the residual and the true

matrix was less than 1074, i.e.,
(5.6) 1Pa(X*) = Pa(M)llp/|Pa(M)llr < 107

Note that this stopping criterion was used in [5]. We also set the maximum number of iteration to 2000.

We report the number of iterations needed by LB and ALB to reach (5.6) in Table 5.2. Note that
performing the shrinkage operation, i.e., computing an SVD, dominates the computational cost in each
iteration of LB and ALB. Thus, the per-iteration complexities of LB and ALB are almost the same and it
is reasonable to compare the number of iterations needed to reach the stopping criterion. We report the
relative error err := | X* — M| r/|M| r between the recovered matrix X* and the true matrix M in Table
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5.2. We see from Table 5.2 that ALB needed significantly fewer iterations to meet the stopping criterion

(5.6).

In Figures 5.4 and 5.5, we plot the Frobenius norms of the residuals and the relative errors obtained by
LB and ALB for iteration 1-500 for the tests involving matrices with dimension n = 200, 300,400 and 500.

Note that the non-monotonicity of ALB is far less pronounced on these problems.

TABLE 5.2

Comparison between LB and ALB on Matriz Completion Problems

FR = 0.2,rank = 10

FR =0.3,rank = 10

n SR | iter-LB | err-LB | iter-ALB | err-ALB SR | iter-LB | err-LB | iter-ALB | err-ALB
100 || 0.95 85 1.07e-4 63 1.11e-4 || 0.63 294 1.75e-4 163 1.65e-4
200 || 0.49 283 1.62e-4 171 1.58e-4 || 0.33 1224 3.76e-4 289 1.83e-4
300 || 0.33 466 1.64e-4 261 1.60e-4 || 0.22 | 2000+ | 3.59e-3 406 1.93e-4
400 || 0.25 667 1.79e-4 324 1.65e-4 || 0.17 | 2000+ | 1.12e-2 455 1.80e-4
500 || 0.20 831 1.76e-4 398 1.65e-4 || 0.13 | 2000+ | 3.14e-2 1016 7.49¢e-3
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6. Conclusions. In this paper, we analyzed for the first time the iteration complexity of the linearized
Bregman method. Specifically, we show that for a suitably chosen step length, the method achieves a value
of the Lagrangian of a quadratically regularized version of the basis pursuit problem that is within € of the
optimal value in O(1/¢) iterations. We also derive an accelerated version of the linearized Bregman method
whose iteration complexity is reduced to O(1/+/€) and present numerical results on basis pursuit and matrix

completion problems that illustrate this speed-up.

REFERENCES

[1] J. BARZILAI AND J. BORWEIN, Two point step size gradient methods, IMA Journal of Numerical Analysis, 8 (1988),
pp. 141-148.

[2] A. BECK AND M. TEBOULLE, A fast iterative shrinkage-thresholding algorithm for linear inverse problems, SIAM J.
Imaging Sciences, 2 (2009), pp. 183-202.

[3] D. P. BERTSEKAS AND J. N. TSITSIKLIS, Parallel and distributed computation: numerical methods, Prentice-Hall, Inc.,
Upper Saddle River, NJ, USA, 1989.

[4] L. BREGMAN, The relazation method of finding the common points of conver sets and its application to the solution of
problems in convex programmaing, USSR Computational Mathematics and Mathematical Physics, 7 (1967), pp. 200—
217.

[5] J. Ca1, E. J. CANDES, AND Z. SHEN, A singular value thresholding algorithm for matriz completion, STAM J. on Opti-

18



[6]

[7]
(8]

(]
[10]

[11]
(12]

[13]

(35]

mization, 20 (2010), pp. 1956-1982.

J.-F. CaA1, S. OSHER, AND Z. SHEN, Convergence of the linearized Bregman iteration for £1-norm minimization, Mathe-
matics of Computation, 78 (2009), pp. 2127-2136.

, Linearized Bregman iterations for compressed sensing, Mathematics of Computation, 78 (2009), pp. 1515-1536.

E. J. CANDES AND B. RECHT, Ezact matriz completion via convex optimization, Foundations of Computational Mathe-
matics, 9 (2009), pp. 717-772.

E. J. CaNDES, J. ROMBERG, AND T. TAO, Robust uncertainty principles: Ezact signal reconstruction from highly incom-
plete frequency information, IEEE Transactions on Information Theory, 52 (2006), pp. 489-509.

E. J. CANDES AND T. TAO, The power of convex relazation: near-optimal matriz completion, IEEE Trans. Inform. Theory,
56 (2009), pp. 2053-2080.

D. DoNoHO, Compressed sensing, IEEE Transactions on Information Theory, 52 (2006), pp. 1289-1306.

D. GOLDFARB AND S. MA, Fast multiple splitting algorithms for convex optimization, tech. report, Department of IEOR,
Columbia University. Preprint available at http://arxiv.org/abs/0912.4570, 2009.

D. GoOLDFARB, S. MA, AND K. SCHEINBERG, Fast alternating linearization methods for minimizing the sum
of two convexr functions, tech. report, Department of IEOR, Columbia University. Preprint available at
http://arxiv.org/abs/0912.4571, 2010.

D. GOLDFARB AND K. SCHEINBERG, Fast first-order methods for composite convexr optimization with line search, preprint,
(2011).

D. GRross, Recovering low-rank matrices from few coefficients in any basis, IEEE Transactions on Information Theory,
57 (2011), pp. 1548-1566.

E. T. HALE, W. YIN, AND Y. ZHANG, Fized-point continuation for £1-minimization: Methodology and convergence, STAM
Journal on Optimization, 19 (2008), pp. 1107-1130.

M. R. HESTENES, Multiplier and gradient methods, Journal of Optimization Theory and Applications, 4 (1969), pp. 303—
320.

D. C. Liu AND J. NOCEDAL, On the limited memory BFGS method for large scale optimization, Mathematical Program-
ming, Series B, 45 (1989), pp. 503-528.

Y. Liu, D. SuN, AND K.-C. ToH, An implementable proximal point algorithmic framework for nuclear norm minimization,
To appear in Mathematical Programming, (2009).

S. MA, D. GOLDFARB, AND L. CHEN, Fized point and Bregman iterative methods for matriz rank minimization, Mathe-
matical Programming Series A, 128 (2011), pp. 321-353.

B. K. NATARAJAN, Sparse approzimate solutions to linear systems, SIAM Journal on Computing, 24 (1995), pp. 227-234.

A. NEMIROVSKI, Proz-method with rate of convergence O(1/t) for variational inequalities with Lipschitz continuous mono-
tone operators and smooth convez-concave saddle point problems, SIAM Journal on Optimization, 15 (2005), pp. 229—
251.

Y. E. NESTEROV, A method for unconstrained convex minimization problem with the rate of convergence O(1/k?), Dokl.
Akad. Nauk SSSR, 269 (1983), pp. 543-547.

, Introductory lectures on convex optimization, 87 (2004), pp. xviii+236. A basic course.

———, Smooth minimization for non-smooth functions, Math. Program. Ser. A, 103 (2005), pp. 127-152.

———, Gradient methods for minimizing composite objective function, CORE Discussion Paper 2007/76, (2007).

S. OSHER, M. BURGER, D. GOLDFARB, J. XU, AND W. YIN, An iterative regularization method for total variation-based
image restoration, STAM Journal on Multiscale Modeling and Simulation, 4 (2005), pp. 460—489.

S. OSHER, Y. Mao, B. DonGg, AND W. YIN, Fast linearized Bregman iteration for compressive sensing and sparse
denoising, Communications in Mathematical Sciences, 8 (2010), pp. 93-111.

M. J. D. POWELL, A method for nonlinear constraints in minimization problems, in Optimization, R. Fletcher, ed.,
Academic Press, New York, 1972, pp. 283—298.

B. RECHT, A simpler approach to matriz completion, To appear in Journal of Machine Learning Research., (2009).

B. RECHT, M. FAZEL, AND P. PARRILO, Guaranteed minimum-rank solutions of linear matriz equations via nuclear norm
minimization, SIAM Review, 52 (2010), pp. 471-501.

R.T. ROCKAFELLAR, Conver Analysis, Princeton University Press, Princeton, 1970.

R. T. ROCKAFELLAR, Augmented Lagrangians and applications of the proximal point algorithm in conver programming,
Math. Oper. Res., 1 (1976), pp. 97-116.

ACM SIGKDD AND NETFLIX, Proceedings of kdd cup and workshop, Proceedings available online at
http://www.cs.uic.edu/ liub/KDD-cup-2007/proceedings.html.

N. SREBRO, Learning with Matriz Factorizations, PhD thesis, Massachusetts Institute of Technology, 2004.

19



[36] N. SREBRO AND T. JAAKKOLA, Weighted low-rank approzimations, in Proceedings of the Twentieth International Confer-
ence on Machine Learning (ICML-2003), 2003.

[37] K.-C. ToH AND S. YUN, An accelerated prozimal gradient algorithm for nuclear norm regularized least squares problems,
Pacific J. Optimization, 6 (2010), pp. 615-640.

[38] P. TSENG, On accelerated prozimal gradient methods for convez-concave optimization, submitted to SIAM J. Optim.,
(2008).

[39] E. VAN DEN BERG AND M. P. FRIEDLANDER, Probing the Pareto frontier for basis pursuit solutions, SIAM J. on Scientific
Computing, 31 (2008), pp. 890-912.

[40] Z. WEN, W. YIN, AND Y. ZHANG, Solving a low-rank factorization model for matriz completion by a nonlinear successive
over-relazation algorithm, preprint, (2010).

[41] W. YIN, Analysis and generalizations of the linearized Bregman method, SIAM Journal on Imaging Sciences, 3 (2010),
pp. 856-877.

[42] W. YIN, S. OSHER, D. GOLDFARB, AND J. DARBON, Bregman iterative algorithms for £1-minimization with applications
to compressed sensing, SIAM Journal on Imaging Sciences, 1 (2008), pp. 143-168.

20



