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Preface

This is a revised edition of a booklet originally published with the title
“On the geometry of grassmannians and the symplectic group: the Maslov
index and its applications”. The original text was used as a textbook for a
short course given by the authors at the XI School of Differential Geome-
try, held at the Universidade Federal Fluminense, Niteroi, Rio de Janeiro,
Brazil, in 2000. This new edition was written between November 2007 and
September 2008 at the University of Sdo Paulo.

Several changes and additions have been made to the original text. The
first two chapters have basically remained in their original form, while in
Chapter 3 a section on the Seifert—van Kampen theorem for the fundamen-
tal groupoid of a topological space has been added. Former Chapter 4
has been divided in two parts that have become Chapters 4 and 5 in the
present edition. This is where most of the changes appear. In Chapter 4 we
have added material on the notion of partial signatures at a singularity of a
smooth path of symmetric bilinear forms. The partial signatures are used
to compute the jump of the index for a path of real analytic forms in terms
of higher order derivatives. In Chapter 5, we have added a new and more
general definition of Maslov index for continuous curves with arbitrary end-
points in the Lagrangian Grassmannian of a finite dimensional symplectic
space. In the original edition, we discussed only the homological defini-
tion, which applies only to curves with “nondegenerate” endpoints. The
presentation of this new definition employs the Seifert—van Kampen the-
orem for the fundamental groupoid of a topological space that was added
to Chapter 3. We also discuss the notion of Maslov index for pairs of La-
grangian paths, and related topics, like the notion of Conley—Zehnder index
for symplectic paths.

Given an isotropic subspace of a symplectic space, there is a natural
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construction of a new symplectic space called an isotropic reduction of the
symplectic space (see Example 1.4.17). In this new edition of the book we
have also added a section in Chapter 5 containing some material concerning
the computation of the Maslov index of a continuous path of Lagrangians
that contain a fixed isotropic subspace. This is reduced to the computation
of the Maslov index in an isotropic reduction of the symplectic space.

Finally, two appendices have been added. Appendix A contains a de-
tailed proof of the celebrated Karo’s selection theorem, in the finite dimen-
sional case. Kato’s theorem gives the existence of a real analytic path of
orthonormal bases of eigenvectors for a given real analytic path of sym-
metric operators. The proof of Kato’s theorem presented in Appendix A
is accessible to students with some background in Differential Geometry,
including basic notions of covering spaces and analytic functions of one
complex variable. Kato’s theorem is needed for the proof of the formula
giving the Maslov index of a real analytic path of Lagrangians in terms of
partial signatures. Appendix B contains an algebraic theory of generalized
Jordan chains. Generalized Jordan chains are related to the notion of partial
signature discussed in Chapter 4.

Former Chapter 5, which contained material on some recent applica-
tions of the notion of Maslov index in the context of linear Hamiltonian
systems, has been removed from the present version.

Incidentally, this book will be published 150 years after the publica-
tion of C. R. Darwin’s On the origin of species, in 1859. Both authors are
convinced evolutionists, and they wish to give a tribute to this great sci-
entist with two quotations, one at the beginning and one at the end of the
book. The authors gratefully acknowledge the partial financial support pro-
vided by Conselho Nacional de Desenvolvimento Cientifico e Tecnologico
(CNPq), Brazil, and by Fundagdo de Amparo a Pesquisa do Estado de Sdo
Paulo (Fapesp), Sao Paulo, Brazil.

Dedication. This book is dedicated to Prof. Elon Lages Lima and to Prof.
Manfredo Perdigdo do Carmo on occasion of their 80th anniversary. Elon
and Manfredo are both authors of great math books from which the authors
have learned and still learn a lot.

Universidade de Sao Paulo
Sao Paulo, October 2008



Introduction

The goal of this book is to describe the algebraic, the topological and
the geometrical issues that are related to the notion of Maslov index. The
authors’ intention was to provide a self-contained text accessible to students
with a reasonable background in Linear Algebra, Topology and some basic
Calculus on differential manifolds. The new title of the book reflects this
objective.

The notion of symplectic forms appears naturally in the context of Ham-
iltonian mechanics (see [1]). Unlike inner products, symplectic forms are
anti-symmetric and may vanish when restricted to a subspace. The sub-
spaces on which the symplectic form vanishes are called isotropic and the
maximal isotropic subspaces are called Lagrangian. Hamiltonian systems
naturally give rise to curves of symplectomorphisms, i.e., linear isomor-
phisms that preserve a symplectic form. In such context, subspaces of the
space where the symplectic form is defined may be thought of as spaces
of initial conditions for the Hamiltonian system. Lagrangian initial condi-
tions appear in many situations such as the problem of conjugate points in
Riemannian and semi-Riemannian geometry. Lagrangian initial conditions
give rise, by the curve of symplectomorphisms, to curves of Lagrangian
subspaces. The Maslov index is a (semi-)integer invariant associated to
such curves. In many applications it has an interesting geometric mean-
ing; for instance, in Riemannian geometry the Maslov index of the curve of
Lagrangians associated to a geodesic is (up to an additive constant) equal
to the sum of the multiplicities of conjugate (or focal) points along the
geodesic (see [6, 12]). Applications of Malsov index (and other related
indexes) can be found, for instance, in [2, 3, 4, 5, 10, 14, 15, 16, 18].

Chapter 1 deals with the linear algebraic part of the theory. We intro-
duce the basic notion of symplectic space, the morphisms of such spaces
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and the notion of isotropic and Lagrangian subspaces of a symplectic space.
Symplectic structures are intimately related to inner products and complex
structures, which are also discussed in the chapter. The last part of the
chapter deals with the notion of index of a symmetric bilinear form and its
main properties.

Chapter 2 deals with the geometrical framework of the theory. We de-
scribe the differential structure of Grassmannians, that are compact mani-
folds whose elements are subspaces of a given vector space. These man-
ifolds are endowed with differentiable transitive actions of Lie groups of
isomorphisms of the vector space turning them into homogenous spaces.
A short account of the basics of the theory of Lie groups and their actions
on differential manifolds is given. The central interest is in the differential
structure of the Grassmannian of all Lagrangian subspaces of a symplec-
tic space. The local charts in a Grassmannian are obtained by looking at
subspaces of a vector space as graphs of linear maps. In the case of the
Lagrangian Grassmannian, such linear maps are symmetric.

Chapter 3 presents some topics in Algebraic Topology. We discuss the
notions of fundamental group and fundamental groupoid of a topological
space. We present a version of the Seifert—Van Kampen theorem for the
fundamental groupoid which allows us to give a simple definition of Maslov
index for arbitrary continuous curves in the Lagrangian Grassmannian. We
give a self-contained presentation of the homotopy long exact sequence of
a pair and of a fibration. This is used in the calculations of the fundamen-
tal group of Lie groups and homogeneous spaces. We then give a short
account of the definition and the basic properties of the groups of relative
and absolute singular homology, and we prove the long homology exact
sequence of a pair of topological spaces. We also present the Hurewicz
theorem that relates the fundamental group to the first singular homology
group of a topological space. The techniques developed in the chapter are
used to compute the first homology and the first relative homology groups
of the Lagrangian Grassmannian.

In Chapter 4 we study curves of symmetric bilinear forms, and the evo-
lution of their index. We give a first criterion for computing the jump of the
index at a nondegenerate singularity instant, and then we discuss a higher
order method that gives a formula for the jumps of the index of a real-
analytic path in terms of some invariants called the partial signatures.

In Chapter 5 we introduce the notion of Maslov index for curves in
the Lagrangian Grassmannian. We first discuss the classical definition of
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Ly-Maslov index, for paths whose endpoints are transverse to Ly, given
in terms of relative homology. We then give a more general definition
using the fundamental groupoid of the Lagrangian Grassmannian, which
produces a half-integer associated to curves with arbitrary endpoints. We
discuss the notion of Maslov index for a pair of curves in the Lagrangian
Grassmannian, and the notion of Conley—Zehnder index for curves in the
symplectic group.

Appendix A contains a detailed proof of the celebrated Kato’s selection
theorem in the finite dimensional case. The theorem gives the existence of
a real-analytic family of orthonormal eigenvectors for a real-analytic path
of symmetric operators on a vector space endowed with an inner product.
Kato’s theorem is employed in the computation of the Maslov index of
real-analytic paths using the partial signatures.

In Appendix B we discuss an algebraic theory of generalized Jordan
chains associated to a sequence of symmetric bilinear forms on a finite
dimensional vector space. Generalized Jordan chains are used to define
the notion of partial signatures at a degeneracy instant of a smooth path of
symmetric bilinear forms.

At the end of each chapter we have given a list of exercises whose so-
lution is based on the material presented in the chapter. These exercises
are meant either to fill the details of some argument used in the text, or to
give some extra information related to the topic discussed in the chapter.
The reader should be able to solve the problems as he/she goes along; the
solution, or a hint for the solution, of (almost) all the exercises is given in
Appendix C.






To kill an error is
as good a service as, and sometimes even
better than, the establishing of a new truth
or fact.

Charles Darwin






Chapter 1

Symplectic Spaces

1.1 A short review of Linear Algebra

In this section we will briefly review some well known facts concerning the
identification of bilinear forms with linear maps on vector spaces. These
identifications will be used repeatedly during the exposition of the material,
and, to avoid confusion, the reader is encouraged to take a few minutes to
go through the pain of reading this section.

The results presented are valid for vector spaces over an arbitrary field
K, however we will mainly be interested in the case that K = Ror K = C.
Moreover, we emphasize that even though a few results presented are also
valid in the case of infinite dimensional vector spaces, in this chapter we
will always assume that the vector spaces involved are finite dimensional.

Let V and W be vector spaces. We denote by Lin(V, W) and by B(V, W)

respectively the vector spaces of all the linear maps T' : V' — W and of
bilinear maps, called also bilinear forms, B : V x W — K; by V* we
mean the dual space Lin(V, K) of V. Shortly, we set Lin(V') = Lin(V, V)
and B(V) =B(V, V).

There is a natural isomorphism:

Lin(V, W*) — B(V, W), (1.1.1)

which is obtained by associating to each linear map 7' : V. — W* the
bilinear form By € B(V, W) given by By (v, w) = T'(v) (w).

1



2 [CAP. 1: SYMPLECTIC SPACES

1.1.1 Remark. Given vector spaces V, W, V;, Wy and a pair (L, M) of lin-
ear maps, with L € Lin(V;, V) and M € Lin(W, W1), one defines another
linear map:

Lin(L, M) : Lin(V, W) — Lin(Vy, Wy) (1.1.2)

by:
Lin(L,M) - T=MoToL. (1.1.3)

In this way, Lin(-, -) becomes a functor, contravariant in the first variable
and covariant in the second, from the category of pairs of vector spaces to
the category of vector spaces. Similarly, given linear maps L € Lin(V;, V)
and M € Lin(W7, W), we can define a linear map B(L, M) : B(V, W) —
B(V1, W) by setting B(L, M) - B = B(L-, M-). In this way, B(:, -) turns
into a functor, contravariant in both variables, from the category of pairs of
vector spaces to the category of vector spaces. This abstract formalism will
infact be useful later (see Section 2.3).

The naturality of the isomorphism (1.1.1) may be meant in the technical
sense of natural isomorphism between the functors Lin(-, ) and B(-, -) (see
Exercise 1.1).

To avoid confusion, in this Section we will distinguish between the
symbols of a bilinear form B and of the associated linear map 7’5, or be-
tween a linear map 7" and the associated bilinear form Br. However, in the
rest of the book we will implicitly assume the isomorphism (1.1.1), and we
will not continue with this distinction.

Given two vector spaces V; and W; and linear maps L, € Lin(V;,V),
Ly € Lin(W;, W), the bilinear forms Br(Li-,-) and Br(-, Ly-) corre-
spond via (1.1.1) to the linear maps 7" o L; and L3 o T respectively. Here,
L5 : W* — W{ denotes the transpose linear map of L given by:

Li(a) =ao Ly, Vae W™

We will identify every vector space V' with its bidual V** and every
linear map T with its bitranspose T**. Given T € Lin(V,W*) we will
therefore look at 7* as an element in Lin(W, V*); if By is the bilinear
form associated to 7', then the bilinear form B~ associated to 7™ is the
transpose bilinear form B}, € B(W, V) defined by B (w,v) = Br (v, w).

Given B € B(V), we say that B is symmetric if B(v,w) = B(w,v) for
all v,w € V; we say that B is anti-symmetric if B(v,w) = —B(w,v) for
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allv, w € V (see Exercise 1.3). The sets of symmetric bilinear forms and of
anti-symmetric bilinear forms are subspaces of B(V'), denoted respectively
by Beym (V') and B,_gym (V). It is easy to see that B is symmetric (resp.,
anti-symmetric) if and only if T5 = Ty (resp., T = —Tg), using the
standard identification between V' and the bidual V**.

The reader is warned that, unfortunately, the identification (1.1.1) does
not behave well in terms of matrices, with the usual convention for the
matrix representations of linear and bilinear maps.

If (v;)7—, and (w;)i2, are bases of V' and W respectively, we denote
by (vf)P_, and (w]), the corresponding dual bases of V* and W*. For
T € Lin(V, W*), the matrix representation (7;;) of 7T satisfies:

m

T(vj) =Y Tijw;.

i=1
On the other hand, if B € B(V, W), the matrix representation (B;;) of B
is defined by:
Bij = B(Ui, ’LUj);
hence, for all T' € Lin(V, W*) we have:
Tij = T(vj)(wi) = Br(vj, wi) = [Brlji.

Thus, the matrix of a linear map is the franspose of the matrix of the cor-
responding bilinear form; in some cases we will be considering symmetric
linear maps, and there will be no risk of confusion. However, when we deal
with symplectic forms (see Section 1.4) one must be careful not to make
sign errors.

1.1.2 Definition. Given T' € Lin(V, W), we define the pull-back associ-
ated to 7" to be map:
T# : B(W) — B(V)

given by T#(B) = B(T-,T-). When T is an isomorphism, we can also
define the push-forward associated to T, which is the map:

Ty : B(V) — B(W)

defined by T (B) = B(T~'., T~ 1.).
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1.1.3 Example. Using (1.1.1) to identify linear and bilinear maps, we have
the following formulas for the pull-back and the push-forward:

T#(B)=T*oTgoT, Tu(B)=(T"')*oTgoT . (l1.14)

The identities (1.1.4) can be interpreted as equalities involving the matrix
representations, in which case one must use the matrices that represent B,
T#(B) and Ty (B) as linear maps.

For B € B(V), the kernel of B is the subspace of V' defined by:
Ker(B) = {v €V :Bv,w) =0, Yw e V}. (1.1.5)

The kernel of B coincides with the kernel of the associated linear map
T : V — V*. The bilinear form B is said to be nondegenerate if Ker(B) =
{0}; this is equivalent to requiring that its associated linear map 7T is injec-
tive, or equivalently, an isomorphism.

1.1.4 Example. If B € B(V) is nondegenerate, then B defines an isomor-
phism T’z between V and V* and therefore we can define a bilinear form
[Ts]%#(B) in V* by taking the push-forward of B by T'’s. By (1.1.4), such
bilinear form is associated to the linear map (75 1)*; if B is symmetric,
then [T'5]4(B) is the bilinear form associated to the linear map T'5 .

1.1.5 Definition. Let B € By, (V') be a symmetric bilinear form in V.
We say that a linear map 7" : V' — V is B-symmetric (respectively, B-
anti-symmetric) if the bilinear form B(T,-) is symmetric (respectively,
anti-symmetric). We say that 7' is B-orthogonal if T#[B] = B, i.., if
B(T-,T-) = B.

1.1.6 Example. Given B € Bgy,, and T' € Lin(V'), the B-symmetry of T’
is equivalent to:
TgoT =(TpoT)"; (1.1.6)

clearly, the B-anti-symmetry is equivalentto Tg o T = —(Tg o T)*.

When B is nondegenerate, we can also define the transpose of T rel-
atively to B, which is the linear map 7' € Lin(V') such that B(Tv,w) =
B(v, Tw) for all v, w € V. Explicitly, we have

T=Tg'oT*oTg. (1.1.7)



[SEC. 1.1: A SHORT REVIEW OF LINEAR ALGEBRA 5

Then, T is B-symmetric (resp., B-anti-symmetric) iff T =T (resp., iff
T = —T), and it is B-orthogonal iff 7' = T, )
We also say that T"is B-normal if T commutes with T'.

Given a subspace S C V and abilinear form B € B(V), the orthogonal
complement S+ of S with respect to B is defined by:

st = {UEV:B(v,w):O, vwes}. (1.1.8)

In particular, Ker(B) = V. The annihilator S° of S (in V) is the sub-
space of V* defined by:

Soz{aeV*:a(w):O, VwGS}.

Observe that S+ = T5*(S°).

1.1.7 Example. Assume that B € Bgy, (V) is nondegenerate and let T' €
Lin(V); denote by T' the B-transpose of 7. If S C V is an invariant
subspace for T, i.e., if T(S) C S, then the B-orthogonal complement S €
of S is invariant for 7. This follows from (1.1.7) and from the identity
S+ = T5'(S°), observing that the annihilator S° of S is invariant for T

1.1.8 Proposition. If B € B(V) is nondegenerate and S C V is a sub-
space, then dim(V) = dim(S) + dim(S+).

Proof. Simply note that dim(V) = dim(S) + dim(S°) and dim(S+) =
dim(S°), and S+ = Tgl(S"), with T’z an isomorphism, because B is
nondegenerate. 0

If B is either symmetric or anti-symmetric, then it is easy to see that
S C (S*)*; the equality does not hold in general, but only if B is nonde-
generate.

1.1.9 Corollary. Suppose that B € B(V) is either symmetric or anti-
symmetric; if B is nondegenerate, then S = (S+)*.

Proof. tis S C (S*)*; by Proposition 1.1.8 dim(S) = dim((S+)*).
O

If B € B(V) is nondegenerate and S C V is a subspace, then the
restriction of B to S x S may be degenerate. We have the following:
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1.1.10 Proposition. The restriction B|sx s is nondegenerate if and only if
V=5ash

Proof. The kernel of the restriction B|gxgs is S N S L. hence, if V =
S @ S+, it follows that B is nondegenerate on S. Conversely, if B is non-
degenerate on S, then SN S+ = {0}. It remains to show that V = S+ S+.
For, observe that the map:

S>xz+— B(z,)|s €S* (1.1.9)

is an isomorphism. Hence, given v € V, there exists x € S such that
B(z,-) and B(v,-) coincide in S, thus 2 — v € S*. This concludes the
proof. O

1.1.11 Corollary. Suppose that B € B(V) is either symmetric or anti-
symmetric; if B is nondegenerate, then the following are equivalent:

e B is nondegenerate on S;
e B is nondegenerate on S*.

Proof. Assume that B is nondegenerate on S. By Proposition 1.1.10 it is
V = S@®S+; by Corollary 1.1.9 we have V = S+ @ (S1)+, from which it
follows that B is nondegenerate on S~ by Proposition 1.1.10. The converse
is analogous, since (S1)+ = S. O

1.1.12 Example. Proposition 1.1.10 actually does not hold if V' is not finite
dimensional. For instance, if V' is the space of square summable sequences
r = (;)ien of real numbers, ie., >, r? < 400, B is the standard
Hilbert product in 'V given by B(x,y) = >, . 2:y; and S C V is the
subspace consisting of all almost null sequences, i.e., x; # 0 only for a
finite number of indices 7 € IN, then it is easy to see that S* = {0}. What

happens here is that the map (1.1.9) is injective, but not surjective.

1.1.13 Remark. Observe that Proposition 1.1.10 is indeed true if we as-
sume only that S is finite dimensional; for, in the proof presented, only
the finiteness of dim(.S) was used to conclude that the map (1.1.9) is an
isomorphism.

As an application of Proposition 1.1.10 we can now prove that every
symmetric bilinear form is diagonalizable. We say that a basis (v;)"_; of
V diagonalizes the bilinear form B if B(v;,v;) = 0 for all i # j, i.e., if B
is represented by a diagonal matrix in the basis (v;)?_;.
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1.1.14 Theorem. Suppose that K is a field of characteristic different from
2. Given B € Bgym(V'), there exists a basis (v;)}_; of V that diagonalizes
B.

Proof. We prove the result by induction on dim(V'). If dim(V) = 1 the
result is trivial; assume dim(V') = n and that the result holds true for every
vector space of dimension less than n. If B(v,v) = 0 forall v € V, then
B = 0. For,

0=Bv+w,v+w)=2B(v,w),

and the filed K has characteristic different from 2. Since the result in the
case that B = 0 is trivial, we can assume the existence of v; € V such that
B(vy,v1) # 0. It follows that B is nondegenerate on the one-dimensional
subspace K v; generated by vy ; by Proposition 1.1.10 we get:

V:K’l)]@(K’ljl)L.

By the induction hypothesis, there exists a basis (v;)"_; of (K v;)* that
diagonalizes the restriction of B; it is then easy to check that the basis
(vi)I, diagonalizes B. O

1.2 Complex structures

In this section we will study the procedure of changing the scalar field of a
real vector space, making it into a complex vector space. Of course, given
a complex vector space, one can always reduce the scalars to the real field:
such operation will be called reduction of the scalars.

Passing from the real to the complex field requires the introduction of
an additional structure, that will be called a complex structure. Many of the
proofs in this section are elementary, so they will be omitted and left as an
exercise for the reader.

For clarity, in this section we will refer to linear maps as R-linear or C-
linear, and similarly we will talk about R-bases or C-bases, real or complex
dimension, etc.

Let V be a complex vector space; we will denote by Vi the real vector
space obtained by restriction of the multiplication by scalars C x V — V
to R x ¥V — V. Observe that the underlying set of vectors, as well as the
operation of sum, coincides in V and V. We say that Vy is a realification
of V, or that VR is obtained by a reduction of scalars from V.
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The endomorphism v — v of V given by the multiplication by the
imaginary unit i = /—1 is C-linear, hence also R-linear. The square of
this endomorphism is given by minus the identity of V. This suggests the
following definition:

1.2.1 Definition. Let V' be a real vector space. A complex structure in V' is
alinear map J : V — V such that J?> = J o J = —Id.

Clearly, a complex structure .J is an isomorphism, since J 1 = —.J.

Given a complex structure J on V' it is easy to see that there exists a
unique way of extending the multiplication by scalars R x V' — V of V'
to a multiplication by scalar C x V' — V in such a way that J(v) = iv.
Explicitly, we define:

(a+bi)v=av+bJ(v), abeR,veV. (1.2.1)

Conversely, as we had already observed, every complex extension of mul-
tiplication by scalars for V' defines a complex structure on V by J(v) = iv.

We will henceforth identify every pair (V, J), where V is a real vector
space and J is a complex structure of V', with the complex vector space VV
obtained from (V,.J) by (1.2.1). Observe that V is the realification Vg of
V.

1.2.2 Example. For every n € I, the space R?" has a canonical complex
structure defined by J(x,y) = (—y,x), for z,y € R™. We can identify
(R2",J) with the complex vector space C" by (z,y) — z + iy. In terms
of matrix representations, we have:

0 I
J:(I 0), (1.2.2)

where 0 and I denote respectively the O and the identity n x n matrices.
We have the following simple Lemma:

1.2.3 Lemma. Let (V1,J1) and (Va, J3) be real vector spaces endowed
with complex structures. A R-linear map T : Vi — Vs is C-linear if and
only if T'oJ; = JooT. In particular, the C-linear endomorphisms of a vec-
tor space with complex structure (V, J) are the R-linear endomorphisms of
V' that commute with J.
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Proof. Left to the reader in Exercise 1.5. O

1.2.4 Remark. Observe that if J is a complex structure on V/, then also —J
is a complex structure, that will be called the conjugate complex structure.
For A € Cand v € V, the product of A and v in the complex space (V, —.J)
is given by the product of A and v in the complex space (V,.J), where A
is the complex conjugate of A. The set of complex bases of (V,J) and
(V,—J) coincide; observe however that the components of a vector in a
fixed basis are conjugated when replacing J by —J.

A C-linear map T between complex spaces is still C-linear when re-
placing the complex structures by their conjugates in both the domain and
the counterdomain. The representations of 1" with respect to fixed bases in
the complex structures and the same bases in the conjugate complex struc-
tures are given by conjugate matrices.

1.2.5 Definition. A map 7' between complex vector spaces is said to be
anti-linear, or conjugate linear, if it is additive and if T'(A\v) = AT'(v) for
all A € C and all v in the domain of T'.

An anti-linear map is always R-linear when we see it as a map between
the realifications of the domain and the counterdomain. Moreover, a map
is anti-linear if and only if it is C-linear when the complex structure of its
domain (or of its counter domain) is replaced by the complex conjugate. In
particular, the anti-linear endomorphisms of (V, .J) are the R-linear endo-
morphisms of V' that anti-commute with J.

We have the following relation between the bases of (V, J) and of V:

1.2.6 Proposition. Let V' be a (possibly infinite dimensional) real vector
space and J a complex structure on'V. If (b;) e is a C-basis of (V,J),
then the union of (b;)j € J and (J(bj)>jej is an R-basis of V.

Proof. Left to the reader in Exercise 1.6. O

1.2.7 Corollary. The real dimension of V' is twice the complex dimension of
(V, J); in particular, a (finite dimensional) vector space admits a complex
structure if and only if its dimension is an even number.

Proof. We only need to show that every real vector space of even dimen-
sion admits a complex structure. This is easily established by choosing an
isomorphism with IR?" and using the canonical complex structure given in
Example 1.2.2. O
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1.2.8 Example. If (V,.J) is a real vector space with complex structure,
then the dual complex space of (V, J) is given by the set of R-linear maps
oV — C such that:

aoJw)=ia(v), veW (1.2.3)

It is easy to see that (1.2.8) determines the imaginary part of « when it is
known its real part; hence we have an R-linear isomorphism:

(V,J)*2a+— Roa e V", (1.2.4)

where & : C — R denotes the real part map. The isomorphism (1.2.4)
therefore induces a unique complex structure of V* that makes (1.2.4) into
a C-linear isomorphism. Such complex structure is called the dual complex
structure, and it is easy to see that it is given simply by the transpose map
J*.

We conclude this section with a relation between the matrix representa-
tions of vectors and linear maps in real and complex bases. Let (V, J) be a
2n-dimensional vector space with complex structure; a basis of V' adapted
to J , shortly a J-basis, is a basis of the form

1y by, J(b1), -, T (b)) (1.2.5)

in this case, (b;)7_; is a complex basis of (V, /). For instance, the canon-
ical basis of R?", endowed with the canonical complex structure, is a J-
basis corresponding to the canonical basis of C™. In other words, the J-
bases of a vector space are precisely those with respect to which the matrix
representations of .J is that given by (1.2.2). The existence of .J-bases is
given by Proposition 1.2.6.

Let a J-basis of V' be fixed, corresponding to a complex basis B =
(bj)7—y of (V,J). Given v € V with coordinates (z1,...,2y,) in the basis
B, then its coordinates in the (real) J-basis of V are:

v~ (331’--~733n»y1a--~7yn)7

where z; = x; + 1y;, x;,y; € R. If T is a C-linear map represented in
the complex basis by the matrix Z = A + i B (A and B real), then its
representation in the corresponding .J-basis is:

A -B
TN(B 1 ) (1.2.6)
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1.2.9 Remark. Formula (1.2.6) tells us that the map

Z:A+Bib—><g AB)

is an injective homomorphism of the algebra of complex n x n matrices
into the algebra of real 2n x 2n matrices.

1.3 Complexification and real forms

In this section we show that any real vector space can be “extended” in a
canonical way to a complex vector space, by mimicking the relation be-
tween R™ and C™; such an extension will be called a complexification of
the space. We also show that, given a complex space, it can be seen as
the complexification of several of its real subspaces, that will be called the
real forms of the complex space. We will only consider the case of finite
dimensional spaces, even though many of the results presented will hold in
the case of infinite dimensional spaces, up to minor modifications. Some of
the proofs are elementary, and they will be omitted and left to the reader as
Exercises.

1.3.1 Definition. Let V be a complex vector space; a real form in V is a
real subspace V) of V (or, more precisely, a subspace of the realification
Vr of V) such that:

Vr = Vo D i V.

In other words, a real form V) in V is a real subspace such that every
v € V can be written uniquely in the form v = v; + 1 v2, with vy, v € V.
To a real form ), we associate maps:

R:V—Vy, S:V—7YVy, ¢:V—YV, (1.3.1)

given by R(vy +iv9) = vy, S(v1 +iv2) = vy and c(v) +ive) = v1 —iva,
for all v1, v € V. We call R, & and ¢ respectively the real part, imaginary
part, and conjugation maps associated to the real form V. All these maps
are R-linear; the map c is also anti-linear. For v € V, we also say that ¢(v)
is the conjugate of v relatively to the real form 1)y, and we also write:

c(v) = 0.
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1.3.2 Definition. Let V' be a real vector space. A complexification of V' is
a pair (V' 1), where V¢ is a complex vector space and ¢ : V — V is an
injective R-linear map such that ¢(V') is a real form in V.

The result of the following Proposition is usually known as the univer-
sal property of the complexification:

1.3.3 Proposition. Let V be a real vector space, (VC, 1) a complexification
of V and W a complex vector space. Then, given an R-linear map f :
V' — W, there exists a unique C-linear map f : V€ — W such that the
following diagram commutes:

Ve (1.3.2)
N
Ve
Proof. Left to the reader in Exercise 1.7. O

As corollary, we obtain the uniqueness of a complexification, up to iso-
morphisms:

1.3.4 Corollary. Suppose that (V\C, 1) and (VyC, 13) are complexifications
of V. Then, there exists a unique C-linear isomorphism ¢ : V¥ — V¥
such that the following diagram commutes:

% V2
Proof. Left to the reader in Exercise 1.8. O

If V is a real vector space, we can make the direct sum V & V into a
complex space by taking the complex structure J(v, w) = (—w, v). Setting
1(v) = (v,0), it is easy to see that (V @& V) is a complexification of V/,
that will be called the canonical complexification of the real vector space
V.

By Corollary 1.3.4, we do not need to distinguish between complex-
ifications of a vector space; so, from now on, we will denote by VC the
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canonical complexification of V/, or, depending on the context, we may
use the symbol V® to denote some other complexification of V', which is
necessarily isomorphic to the canonical one.

The original space V' will then be identified with ¢(V'), so that we will
always think of an inclusion V' C V'¢; since ¢(V') is a real form in VC, then
VCis a direct sum of V and i V:

Vel=vaiV.

1.3.5 Example. The subspace R® C C" is a real form in C", hence C" is
a complexification of R™.

1.3.6 Example. The space M, (R) of real n x n matrices is a real form in
the space M,,(C) of complex n X n matrices.

A less trivial example of a real form in M, (C) is given by u(n), which
is the space of anti-Hermitian matrices, i.e., matrices A such that A* =
— A, where A* denotes the conjugate transpose matrix of A. In this exam-
ple, i u(n) is the space of Hermitian matrices, i.e., the space of those ma-
trices A such that A* = A. It is easy to see that M,,(C) = u(n) ®iu(n),
and so u(n) is a real form in M,,(C) and M,,(C) is a complexification of
u(n).

1.3.7 Example. If V is a complex vector space and if (bj)?zl is a complex
basis of V, then the real subspace V) of VR given by:

Vo:{znjijj:AjeJR, vi}

Jj=1

is a real form in V.

Actually, every real form of V can be obtained in this way; for, if Vy C
V is a real form, then an R-basis (b;)}_; of Vo is also a C-basis of V. It
follows in particular that the real dimension of a real form V) is equal to
the complex dimension of V.

Example 1.3.7 tells us that every complex space admits infinitely many
real forms; in the following proposition we give a characterization of the
real forms in a complex space. We recall that a bijection ¢ of a set is said
to be an involution if $*> = ¢ o ¢ = Id.
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1.3.8 Proposition. Let )V be a complex space. Then there exists a bijection
between the set of real forms in V and the set of the anti-linear involutive
automorphisms of V. Such bijection is obtained by:

e associating to each real form Vo C V its conjugation map c (see

(1.3.1));

e associating to each anti-linear involutive automorphism ¢ of V the
set of its fixed points Vo = {v € V : ¢(v) = v}. O

The above result suggests an interesting comparison between the op-
eration of realification of a complex space and the operation of complex-
ification of a real space. In Section 1.2 we saw that, roughly speaking,
the operations of realification and of addition of a complex structure are
mutually inverse; the realification is a canonical procedure, while the ad-
dition of a complex structure employs an additional information, which is
an automorphism J with J? = —Id. In this section we have the opposite
situation. The complexification is a canonical operation, while its “inverse”
operation, which is the passage to a real form, involves an additional infor-
mation, which is an anti-linear involutive automorphism.

Let us look now at the complexification as a functorial construction.
Let V; and V5 be real spaces; from the universal property of the complex-
ification (Proposition 1.3.3) it follows that each linear map 7" : V; — Vj
admits a unique C-linear extension 7'¢ : V;¥ — V.. We have the following
commutative diagram:

¢ _T° ¢
Vii——=1,

Vi1

The linear map T°C is called the complexification of T'; more concretely, we
have that 7' is given by:

T +iw) =T(w) +iT(w), v,we V.
It is immediate that:

(Ty o T5) ¢ =TC oTf, 1d° =1d, (1.3.3)
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and, when 7' is invertible
(T°)~! = (T~ HC. (1.3.4)

The identities (1.3.3) imply that the complexification V' — VC, T s TC
is a functor from the category of real vector spaces with morphisms the R-
linear maps to the category of complex vector spaces with morphisms the
C-linear maps.

Given a linear map T : V} — V5, it is easy to see that:

Ker(T%) = (Ker(T))®, Im(T%) = Im(T)°; (1.3.5)

in the context of categories, the identities (1.3.5) say that the complexifica-
tion is an exact functor, i.e., it takes short exact sequences into short exact
sequences.

If U C V is a subspace, it is easy to see that the complexification i® of
the inclusion i : U — V is injective, and it therefore gives an identification
of U® with a subspace of V€. More concretely, the subspace U® of V€ is
the direct sum of the two real subspaces U and i U of V' C; equivalently, U®
is the complex subspace of VC generated by the set U C VC. However,
not every subspace of V' is the complexification of some subspace of V.
We have the following characterization:

1.3.9 Lemma. Let V be a real vector space and let Z C V'€ be a complex
subspace of its complexification. Then, there exists a real subspace U C V'
with Z = U if and only if Z is invariant by conjugation, i.e.,

«(2)cCZ,

where ¢ is the conjugation relative to the real form V. C V. If Z = UC,
then such U is uniquely determined, and it is given explicitly by U = ZNV.

Proof. Left to the reader in Exercise 1.9. U
Given real vector spaces V7 and V5, observe that the map:
Lin(Vi,V3) 3 T +— T € Lin(VC, ViY) (1.3.6)
is R-linear; we actually have the following:

1.3.10 Lemma. The map (1.3.6) takes Lin(V7, V3) isomorphically onto a
real form in Lin(V,C, V1), i.e., the pair formed by the space Lin(V\®, Vi)
and the map (1.3.6) is a complexification of Lin(Vy, V).
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Proof. Since (V¥)r = Vo @i Va, it is easy to see that:
Lin(Vl, (VQC)R) = Lin(Vy, Vo) @ iLin(V7, Va). (1.3.7)

From the universal property of the complexification, it follows that the re-
striction map

Lin(VE,VE) 58 =5 Sy, € Lin(Vl, (VQ‘D)R) (13.8)
is an isomorphism. From (1.3.7) and (1.3.8) it follows:
Lin(V°,Vy’) = Lin(V4, V») @ Lin(V4, Va), (1.3.9)

where the two summands on the right of (1.3.9) are identified respectively
with the image of (1.3.6) and with the same image multiplied by 1. O

From Lemma 1.3.8 it follows in particular that the dual space V* =
Lin(V,R) can be identified with a real form of the dual of the complexifi-
cation (V€)* = Lin(V®, C) (compare with Example 1.2.8).

Along the same lines of Lemma 1.3.9, in the next lemma we character-
ize the image of (1.3.6):

1.3.11 Lemma. Let V1, V; be real vector spaces. Given a C-linear map
S : V€ — VL, the following statements are equivalent:

o there exists an R-linear map T : Vi — V5 such that § = TC,
e S preserves real forms, i.e., S(V1) C Vo,

e S commutes with conjugation, i.e., co S = S o ¢, where ¢ denotes
the conjugation maps in V€ and V© with respect to the real forms
Vi and V5 respectively.

When one (hence all) of the above conditions is satisfied, there exists a
unique T € Lin(Vy, Va) such that S = T, which is given by the restric-
tion of S. O

1.3.12 Example. Let V7, V5 be real vector spaces; choosing bases for V3
and V5, the same will be bases for the complexifications Vl‘D and V2C (see
Example 1.3.7). With respect to these bases, the matrix representation of a
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linear map T : Vi — V4 is equal to the matrix representation of its com-
plexification 7¢ : V,¢ — V€ (compare with the result of Section 1.2, and
more in particular with formula (1.2.6)). In terms of matrix representations,
the map (1.3.6) is simply the inclusion of the real matrices into the complex
matrices.

1.3.13 Example. The real form in Lin(V,®, V,¥) defined in the statement
of Lemma 1.3.10 corresponds to a conjugation map in Lin(V,€, Vi¥); given
S € Lin(V,%, V), we denote by S its conjugate linear map. Explicitly, S
is given by:

S=coSoc.

For, using Proposition 1.3.8 and Lemma 1.3.11, it suffices to observe that
the map & — ¢ o S o ¢ defines an anti-linear involutive automorphism of
Lin(V,C, V¥) whose fixed point set is the image of (1.3.6). Observe that
we have the identity:

S() =8(@), veVE.

In terms of bases, the matrix representation of S is the complex conjugate
of the matrix representation of S.

The theory presented in this section can be easily generalized to the
case of multi-linear maps, anti-linear maps and maps with “mixed” multi-
linearity, like sesquilinear maps. The latter case has special importance:

1.3.14 Definition. Given complex vector spaces V1, V5 and V, we say that
amap B : V; x Vo — V is sesquilinear if for all v; € V; the map B(vy, -)
is anti-linear and for all vy € Vs, the map B(-, v2) is C-linear.

If V1 = Vs and if a real form is fixed in )V, we say that a sesquilinear
map B is Hermitian (respectively, anti-Hermitian) if B(v1,v2) = B(va,v1)
(respectively, B(v1,v2) = —B(va, v1)) for all vy, ve € V.

A Hermitian form in a complex space V is a sesquilinear Hermitian map
B :V xV — C; if B is positive definite, i.e., B(v,v) > 0 for all v # 0,
we also say that B is a positive Hermitian product, or simply an Hermitian
product, in V.

In the same way that we define the complexification 7°C for an R-linear
map, we can define the complexification B of an R-multilinear map B :
Vi x -+ x V, — V as its unique extension to a C-multi-linear map BC .
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VE x - x VpC — VC. Similarly, we can associate to an R-linear map
its unique extension 7€ : V,¢ — V€ to an anti-linear map, and to an R-
bilinear map B : V; x Vo — V its unique sesquilinear extension B® :
VExVE - VE,

In Exercise 1.10 the reader is asked to generalize the results of this
section, in particular Proposition 1.3.3, Lemma 1.3.10 and Lemma 1.3.11,
to the case of multi-linear, conjugate linear or sesquilinear maps.

1.3.15 Example. If V is a real vector space and B € Bgy, (V) is a sym-
metric bilinear form on V, then the bilinear extension B€ of B to VC is
symmetric; on the other hand, the sesquilinear extension B of Bis a Her-
mitian form on V. Similarly, the bilinear extension of an anti-symmetric
bilinear form is anti-symmetric, while the sesquilinear extension of an anti-
symmetric form is anti-Hermitian.

The notions of kernel (see (1.1.5)), nondegeneracy and orthogonal com-
plement (see (1.1.8)) for symmetric and anti-symmetric bilinear forms gen-
eralize in an obvious way to sesquilinear Hermitian and anti-Hermitian
forms. If B is symmetric (or anti-symmetric), it is easy to see that the condi-
tion of nondegeneracy of B is equivalent to the nondegeneracy of either B€
or B®. Moreover, if B € Bgy (V) is positive definite, i.e., B(v,v) > 0
for all v # 0, then its sesquilinear extension B® is also positive definite.
Observe that the C-bilinear extension B will be nondegenerate, but it is
not positive definite (see Exercise 1.11).

For instance, the canonical inner product of R™ is given by:

n
(z,y) = Zﬂﬂjyj-
j=1

Its sesquilinear extension defines the canonical Hermitian product in C™,
given by

(z,w)% =" zw;, (1.3.10)
j=1

while its C-bilinear extension is given by:

n
(z,w)® = Z ZjW;.
j=1
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1.3.16 Remark. In the spirit of Definition 1.1.5, given a complex space V
and a Hermitian form B in V, we say that a C-linear map 7 € Lin(V)
is B-Hermitian (respectively, B-anti-Hermitian) if B(7 -, -) is a Hermitian
(respectively, anti-Hermitian) form. We also say that 7 is B-unitary if
B(T-,T-)=B.

Given a real vector space V, B € By (V) and if T € Lin(V) is a
B-symmetric (respectively, B-anti-symmetric) map, then its complexifica-
tion 7'C in Lin(V'®) is a B®-Hermitian (respectively, B -anti-Hermitian)
map.

If T is B-orthogonal, then T'C is B®--unitary.

1.3.1 Complex structures and complexifications

The aim of this subsection is to show that there exists a natural correspon-
dence between the complex structures of a real space V' and certain direct
sum decompositions of its complexification V'C.

Let V be a real vector space and let J : V' — V' be a complex structure
in V; we have that J€ is a C-linear automorphism of the complexification
VC that satisfies (J¢)2 = —Id. It is then easy to see that V¢ decomposes
as the direct sum of the two eigenspaces of J® corresponding to the eigen-
values 7 and —¢ respectively; more explicitly, we define:

Vi={ve Ve %) = v},
Ve={veV®:J%) = —i}.

Then, VY and V' are complex subspaces of Ve, and V€ = VY @ V9, the
projections onto the subspaces V7 and V¢ are given by:

_ i jC . 7C
7r"(v):%t](v)7 W“(v):%!](v), veVC (1311

We call the spaces V" and V*® respectively the holomorphic and the anti-
holomorphic subspaces of V€. Next proposition justifies the names of these
spaces (see also Example 1.3.18 below):

1.3.17 Proposition. Let V be a real vector space and J a complex structure
in V. Then, the projections 7" and ©° given in (1.3.11) restricted to V
define respectively a C-linear isomorphism of (V,J) onto V" and a C-
anti-linear isomorphism of (V, J) onto V°. O
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Proposition 1.3.17 tells us that, if we complexify a space V' that already
possesses a complex structure .J, we obtain a complex space V'C that con-
tains a copy of the original space (V,.J) (the holomorphic subspace) and
a copy of (V, —J) (the anti-holomorphic subspace). Observe also that the
holomorphic and the anti-holomorphic subspaces of V' are mutually con-
jugate:

Ve =c(Vh), VI=c(V),
where ¢ denotes the conjugation of V'° relative to the real form V.

In our next example we make a short digression to show how the theory
of this subsection appears naturally in the context of calculus with functions
of several complex variables.

1.3.18 Example. The construction of the holomorphic and the anti-holo-
morphic subspaces appears naturally when one studies calculus of several
complex variables, or, more generally, when one studies the geometry of
complex manifolds.

In this example we consider the space C™, that will be thought as the
real space R?" endowed with the canonical complex structure. The real
canonical basis of C" ~ (R?",.J) will be denoted by:

0 o 0 Y
(8x1""’3x”’8y17”"8y”)’

this is a basis of R?" adapted to .J, and the corresponding complex basis of
C™ is given by:
0 0
(@’ . 8?>

We now consider another complex space, given by the complexification
(R?™)€ ~ (2". We denote by J the multiplication by the scalar i in C,
while in C?" such multiplication will be denoted in the usual way v + i v.
Let JC : €C?" — C?" be the complexification of .J, which defines the
holomorphic and the anti-holomorphic subspaces of C2".

By Proposition 1.3.17, the projections 7" and 7® defined in (1.3.11)
map the canonical complex basis of C™ respectively into a basis of the
holomorphic subspace and a basis of the anti-holomorphic subspace of C?".
These bases are usually denoted by (%)?:1 and (%)?:1; using (1.3.11)
we compute explicitly:

9 _1/0 9N 9 1790 .9
92 2\aw  'oyi ) 8z 2\aw oy )
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Observe that the vector % is conjugate to the vector %.

The notation %, % for the canonical basis of R2" is justified by the
identification of vectors in R?" with the partial derivative maps on differ-
entiable functions f : R?>" — R. The complexification of R?" is therefore
identified with the space of partial derivative maps acting on complex dif-
ferentiable functions f : RR2" — (C; in this notation, the Cauchy—Riemann
equations, that characterize the holomorphic functions, are given by setting
equal to O the derivatives in the directions of the anti-holomorphic sub-
space:
0

0zd
Observe that f satisfies (1.3.12) if and only if its differential at each point
is a C-linear map from C" ~ (R?", J) to C.

f=0, j=1,...,n. (1.3.12)

We now show that the decomposition into holomorphic and anti-holo-
morphic subspace determines the complex structure:

1.3.19 Proposition. Let V' be a real vector space and consider a direct
sum of the complexification VC = Z, @ 2y, where Z, and 25 are mutually
conjugate subspaces of V€. Then, there exists a unique complex structure
Jon'V such that Z, = VY ; moreover, for such J, itis also Zo = V.

Proof. The uniqueness follows from the fact that VY is the graph of —.J
when we use the isomorphism V'€ ~ V@V . For the existence, consider the
unique C-linear map in V'C that has Z; and 2, as eigenspaces correspond-
ing to the eigenvalues ¢ and —: respectively. Clearly, such map commutes
with the conjugation and its square equals —Id. From Lemma 1.3.11 it fol-
lows that it is of the form J© for some complex structure J : V — V. [

Let now T be a C-linear endomorphism of (V, J), i.e., an R-linear en-
domorphism of V such that T'o.J = JoT; let T be its complexification. It
is easy to see that the the holomorphic and the anti-holomorphic subspaces
of V€ are invariant by TC: moreover, we have the following commutative
diagrams:

V—sv 1% v (1.3.13)

thlu ulﬂhv w“vla Elﬂ’ﬂlv

Vo — Ve Ve —ve

TC
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It follows from Proposition 1.3.17 that the vertical arrows in the diagram
on the left are C-linear isomorphisms of (V,.J) with V" and the vertical
arrows in the diagram on the right are C-linear isomorphisms of (V, —J) in
Ve,

Let now (b;)’'_; be a complex basis of (V,.J) and let (b;, J(b;))7_; be
the corresponding real basis of V' adapted to J. The latter is also a complex
basis for V' (see Example 1.3.7). By Proposition 1.3.17, the vectors Uj,
1, defined by:

by —iJ(by)
- 2

_ b +iJ(by)

evh, wy
Uy D)

eV j=1,...,n
(1.3.14)
form a complex basis of (V,J). If T is represented by the matrix Z =
A+ Bi, with A, B real matrices, in the basis (b;)}_; of VC (hence it is
represented by the matrix (1.2.6) with respect to the real basis of V'), then
it follows from (1.3.13) that the matrix representation of 7'C with respect to

the basis (uj, i;)}_; of V€ is given by:

c Z 0
T ~< N Z). (1.3.15)

On the other hand, the matrix representation of 7'C with respect to the
basis (b, J(bj))7_; is again (1.2.6) (see Example 1.3.12). This shows in
particular that the matrices in (1.2.6) and in (1.3.15) are equivalent (or con-
jugate, i.e., representing the same linear map in different bases).

We summarize the above observations into the following:

Uj

1.3.20 Proposition. Let V be a real vector space and J a complex structure
in V. If T is a C-linear endomorphism of (V, J), then:

e the trace of T as a linear map on 'V is twice the real part of the trace
of T as a linear map on (V, J);

e the determinant of T' as a linear map on V' is equal to the square of
the absolute value of the determinant of T as a linear map on (V, J).

More explicitly, if A, B and real n X n matrices, Z = A+ Bi and C is the
matrix given in (1.2.6), then we have the following identities:

tr(C) = 2R(tr(2)), det(C) = |det(Z)|?,
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where tr(U), det(U) denote respectively the trace and the determinant of
the matrix U, and R()\),
lute value of the complex number \. O

1.3.21 Remark. Suppose that V' is endowed with an inner product g, i.e., a
symmetric, positive definite bilinear form, and that J : V' — V is a com-
plex structure which is g-anti-symmetric. Then, we have J # g=g,ie.,J
is g-orthogonal. The map J€ on V¢ will then be anti-Hermitian (and uni-
tary) with respect to the Hermitian product ¢® in V' (see Remark 1.3.16).
It is easy to see that the holomorphic and the anti-holomorphic subspaces
of J are orthogonal with respect to g©+:

¢ o,w)=0, veV' weVe.
Using g and J, we can also define a Hermitian product g5 in V' by setting:
gs(v,w) = g(v,w) +ig(v, Jw), v,weV.

Actually, this is the unique Hermitian form in (V, J) that has g as its real
part.
We have the following relations:

g% (7" (v), 7" (w)) = 795(”2’10)7 g% (7% (v), 7% (w)) = gs(v,w)’

v, w € V; they imply, in particular, that if (b;)’_; is an orthonormal com-
plex basis of (V,J) with respect to gs, then the vectors V2 Uj, V21 2u,
j=1,.. n (see (1.3.14)) form an orthonormal real basis of V€ with
respect to g%. Also the vectors b; and J(b;), j = 1,...,n, form an or-
thonormal real basis of V' with respect to g, and therefore they form a com-
plex orthonormal basis of VC with respect to g. We conclude then that
if Z = A+ Bi (A, B real matrices), then the matrices in formulas (1.2.6)
and (1.3.15) are unitarily equivalent, i.e., they represent the same complex
linear map in different orthonormal bases.

1.4 Symplectic forms

In this section we will study the symplectic vector spaces. We define the
notion of symplectomorphism, which is the equivalence in the category of
symplectic vector spaces, and we show that symplectic vector spaces of the
same dimension are equivalent.
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1.4.1 Definition. Let V' be a real vector space; a symplectic form on V is
an anti-symmetric nondegenerate bilinear form w : V x V' — R. We say
that (V,w) is a symplectic vector space.

1.4.2 Remark. If w € B,_sym (V) is a possibly degenerate anti-symmetric
bilinear form on V, then w defines an anti-symmetric bilinear form w on
the quotient V/Ker(w); it is easy to see that @ is nondegenerate, hence
(V/Ker(w),w) is a symplectic space.

We start by giving a canonical form for the anti-symmetric bilinear
forms; the proof is similar to the proof of Theorem 1.1.14.

1.4.3 Theorem. Let V be a p-dimensional vector space and let w be an
anti-symmetric bilinear form on V. Then, there exists a basis of V with
respect to which the matrix of w (as a bilinear form) is given by:

077. ITL OTLX'I"
wr~ | =L, 0n Opxr | (1.4.1)
OTXTI OTX’I’L 07‘

where r = dim(Ker(w)), p = 2n+1, and Oqx g, 0o and 1, denote respec-
tively the zero o X [3 matrix, the zero square matrix « X « and the identity
a X o matrix.

Proof. In first place, it is clear that, if a basis as in the thesis is found, then
the last r vectors of this basis will be a basis for Ker(w), from which we
getr = dim(Ker(w)) and p = 2n + r.

For the proof, we need to exhibit a basis (b;)}_; of V such that:

w(bi,bnﬂ') = —w(bnﬂ»,bi) = 1, 1= 1, ey, (142)

and w(b;, b;) = 0 otherwise. We use induction on p; if p < 1 then neces-
sarily w = 0 and the result is trivial.

Let’s assume p > 1 and that the result is true for all vector spaces of
dimension less than p. If w = 0 the result is trivial; let’s assume then
that v,w € V are chosen in such a way that w(v,w) # 0, for instance
w(v,w) = 1. Then, it is easy to see that w is nondegenerate when re-
stricted to the two-dimensional plane generated by v and w; from Proposi-
tion 1.1.10 it follows that:

V = (Rv + Rw) @ (Rv + Rw)*.
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We now use the induction hypothesis to the restriction of w to the (p — 2)-
dimensional vector space (Rv + Rw)*, and we obtain a basis

(b2, .., by, bpta,...,bp)

of (Rv + Rw)! in which w takes the canonical form. This means that
equality (1.4.2) holds for i = 2,...,n, and w(b;,b;) = 0 otherwise. The
desired basis for V' is then obtained by setting by = v and b, = w. [

1.4.4 Corollary. If (V,w) is a symplectic space, then V is even dimen-
sional, and there exists a basis (b;)?", of V with respect to which the matrix
of w as a bilinear form is given by:

W ~ (_(I) (I) ) (1.4.3)

where 0 and 1 denote respectively the zero and the identity n X n matrices.

1.4.5 Definition. We say that (b;)?", is a symplectic basis of (V,w) if the
matrix of w as a bilinear form in this basis is given by (1.4.3).

Observe that the matrix of the linear map w : V' — V™ is given by the
transpose of (1.4.3), i.e., it coincides with the matrix given in (1.2.2).

Corollary 1.4.4 tells us that every symplectic space admits a symplectic
basis. We now define sub-objects and morphisms in the category of sym-
plectic spaces.

1.4.6 Definition. Let (V,w) be a symplectic space; We say that S is a
symplectic subspace if S C V is a subspace and the restriction w|gx s is
nondegenerate. Hence, (S, w|sxs) is a symplectic space.

Let (V1,wy) and (Va,ws) be symplectic spaces; a linear map 7" : V; —
Vs is a symplectic map if T# (ws) = wy, i.e., if

wo(T(v), T(w)) = wi(v,w), Vov,weV.

We say that T is a symplectomorphism if T is an isomorphism and a sym-
plectic map.

A symplectomorphism takes symplectic bases in symplectic bases; con-
versely, if T': V3 — V5 is a linear map that takes some symplectic basis of
V1 into some symplectic basis of V5, then T' is a symplectomorphism.
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In terms of the linear maps w; € Lin(Vy, Vi*) and wy € Lin(Va, V5'), a
map T € Lin(Vy, Va) is symplectic if and only if:

T ows 0T = ws. (1.4.4)

1.4.7 Remark. Observe that the right hand side of equality (1.4.4) is an
isomorphism, from which it follows that every symplectomorphism T is
an injective map. In particular, the image T'(V}) is always a symplectic
subspace of V5.

1.4.8 Example. We define a symplectic form in R?" by setting:
w((v1,wr), (v2, w2)) = (v1, we) — (w1, va), (1.4.5)

for vy, ve, w1, wy € R™, where (-,-) denotes the canonical inner product
of R™. We say that (1.4.5) is the canonical symplectic form of R?"™; the
canonical basis of R?" is a symplectic basis for w, hence the matrix of w
(as a bilinear map) with respect to the canonical basis of R?" is (1.4.3).

The existence of a symplectic basis for a symplectic space (Corollary 1.4.4)
implies that every symplectic space admits a symplectomorphism with the
space (R?",w), hence the proof of every theorem concerning symplectic
spaces can be reduced to the case of (R*",w).

We can also define a canonical symplectic form in R* ®R™* by setting:

W((Ul, 061), (UQ, 042)) = 012(1]1) - 011(’1}2)7
where v1,v2 € R™ and a1, aa € R™™. Again, the canonical basis of R™ @
R™™ is a symplectic basis for the canonical symplectic form of R™ & R™*.

1.4.9 Remark. Denoting by (dqi, . .., dgy, dp1, - .., dp,) the canonical ba-
sis of R?™”" (dual of the canonical basis of R>™), the canonical symplectic
form of R2" is given by:

w = id%‘ A dp;.

i=1
It follows easily:

n(n—1)

W'=wA...Aw=(-1)"7 dg A...ANdgu Adp1 A ... Adp,.
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Hence, w” is a volume form in R?"; for all symplectomorphism 7' of
(R2",w) we therefore have:

T#(W") = w" = det(T) ",

from which it follows det(7) = 1. In general, not every linear map T
with det(T) = 1 is a symplectomorphism of (R*",w); when n = 1 the
symplectic form w is a volume form, hence 7" is a symplectomorphism if
and only if det(T") = 1.

The symplectomorphisms of a symplectic space (V, w) form a group by
composition.

1.4.10 Definition. Let (V,w) be a symplectic space; the symplectic group
of (V,w) is the group of all symplectomorphisms of (V,w), denoted by
Sp(V,w). We denote by Sp(2n, R) the symplectic group of R?" endowed
with the canonical symplectic form.

Using a symplectic basis of (V,w), a map T' € Lin(V) is a symplec-
tomorphism if and only if the matrix M that represents 7" in such basis
satisfies:

M*wM = w, (1.4.6)
where w is the matrix given in (1.4.3). Writing
A B
TN(C D)’ 1.4.7)
then (1.4.6) is equivalent to the following relations:
D*A—B*C =1, A*C and B*D are symmetric, (1.4.8)

where A, B, C, D are n X n matrices, I is the n x n identity matrix, and *
means transpose (see Exercise 1.16). A matrix of the form (1.4.7) satisfying
(1.4.8) will be called a symplectic matrix.

We define direct sum of symplectic spaces.

1.4.11 Definition. Given symplectic spaces (V1,w1) and (Va, w2), we de-
fine a symplectic form w = wy @ ws on Vi & Vs by setting:
w((v1,v2), (wi,w2)) = w1 (v, w1) + wa(v2, w2),
vy, wy € Vi, vg,wa € Va.

The space (Vi @ Va,w1 @ we) is called the direct sum of the symplectic
spaces (Vi,w1), (Vo,ws).
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If (V,w) is a symplectic space, two subspaces S1, 52 C V are said to
be w-orthogonal if w(v1,ve) = 0forallv; € S;, i =1,2.1fV =51 @ 5,
with S7 and S5 w-orthogonal, then it is easy to see that both S; and S5 are
symplectic subspaces of (V,w); in this case we say that V' is the symplectic
direct sum of the subspaces 57 and Ss.

Observe that the notion of direct sum for symplectic spaces is not meant
as a sum in a categorical sense, i.e., it is not true that a symplectic map on
a direct sum V; @ V5 is determined by its restriction to V; and V5 (see
Exercise 1.21).

1.4.12 Example. If T; : V; — V/, i = 1,2, are symplectic maps, then the
mapT =T Ty : Vi & Vo — V] @ VJ defined by:

T(vy,v2) = (T1(v1), Ta(v2)), wvi €V i=1,2,

is also symplectic. If both 7 and 75 are symplectomorphisms, then also T’
is a symplectomorphism.

One needs to be careful with the notion of direct sum of symplectic
spaces when working with symplectic bases; more explicitly, the concate-
nation of a symplectic basis (b;)7"; of Vi and a symplectic basis (b})3™
of V4 is not a symplectic basis of V; @ Va. In order to obtain a symplectic
basis of V; & V5 we need to rearrange the vectors as follows:

/ / / /
(bly' .- abnabla" '7b7n7bn+17"' ab2’n7 m—+1sc 27n)'

Similar problems are encountered when dealing with symplectic matrices:
the simple juxtaposition of along the diagonal of an element of Sp(2n, R)
and an element of Sp(2m, R) does not produce an element of Sp(2(n +
m), R); in order to obtain a symplectic matrix it is necessary to perform a
suitable permutation of the rows and the columns of such juxtaposition.

1.4.1 Isotropic and Lagrangian subspaces.

In this subsection we will consider a fixed symplectic space (V,w), with
dim(V') = 2n.

1.4.13 Definition. A subspace S C V is said to be isotropic if w|sxs = 0.
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Observe that .S is isotropic if and only if it is contained in its orthogonal
S+ with respect to w; from Proposition 1.1.8 we have:

dim(S) + dim(S+) = 2n, (1.4.9)

from which it follows that the dimension of an isotropic subspace is at
most n. Observe that the notion of isotropic subspace is, roughly speaking,
opposite to the notion of symplectic subspace; for, by Proposition 1.1.10,
S is a symplectic subspace iff S N S+ = {0}.

We have the following:

1.4.14 Lemma. Let L C V be a subspace; the following statements are
equivalent:

e [ is maximal isotropic, i.e., L is isotropic and it is not properly con-
tained in any other isotropic subspace of V;

o [ = LJ‘,'
e L is isotropic and dim(L) = n.

Proof. If L is maximal isotropic, then L C L* and for v € L= the sub-
space L + R is isotropic and it contains L. It follows that L = L + R v,
hencev € Land L = L+. If L = L+, then L is isotropic, and from (1.4.9)
it follows that dim(L) = n. Finally, if L is isotropic and dim(L) = n, then
L is maximal isotropic, because the dimension of an isotropic subspace is
at most n. O

1.4.15 Definition. A subspace L C V is said to be Lagrangian subspace if
it satisfies one (hence all) of the statements in Lemma 1.4.14.

1.4.16 Example. The subspaces {0} @ R" and R™ @ {0} are Lagrangian
subspaces of R?"” endowed with the canonical symplectic structure. Given
a linear map 7' € Lin(R™), then its graph Graph(T) = {v+T(v) : v €
R™} is a Lagrangian subspace of R?" endowed with the canonical sym-
plectic structure if and only if 7" is symmetric with respect to the canonical
inner product of R™.

1.4.17 Example. If S C V is an isotropic subspace, then the kernel of
the restriction of w to S= is the subspace (S+)+ N S+ = S (see Corol-
lary 1.1.9). It follows that w defines by passing to the quotient a symplectic
form @ in S+ /S (Remark 1.4.2).
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In the following definition we relate symplectic forms and complex
structures on V:

1.4.18 Definition. A complex structure J : V' — V is said to be compatible
with the symplectic form w if w(-, J-) is an inner product. More explicitly,
J is compatible with w if:

—w(Jv,w) =w(v, Jw), Yov,weV,
and if w(v, Jv) > 0 for all v # 0.

1.4.19 Example. The canonical complex structure of R?"” (Example 1.2.2)
is compatible with the canonical symplectic structure of R?”. The inner
product w(-, J-) is simply the canonical inner product of R?™. It follows
that every symplectic space admits a complex structure compatible with the
symplectic form: it is enough to define J by the matrix (1.2.2) with respect
to any fixed symplectic basis. Such basis will then be an orthonormal basis
with respect to the inner product w(-, J-).

Let’s assume that J is a given complex structure on V' which is com-
patible with w, and let’s denote by g the inner product w(-, J-); J is a sym-
plectomorphism of (V,w) (see Exercise 1.22) and the following identity
holds:

g(J ) = w.
A compatible complex structure .JJ can be used to construct a Lagrangian

which is complementary to a given Lagrangian:

1.4.20 Lemma. If L C V is a Lagrangian subspace and J is a complex
structure compatible with w, then V.= L @& J(L).

Proof. Tt suffices to observe that L and J (L) are orthogonal subspaces with
respect to the inner product g. O

1.4.21 Corollary. Every Lagrangian subspace admits a complementary
Lagrangian subspace.

Proof. Tt follows from Lemma 1.4.20, observing that J(L) is Lagrangian,
since J is a symplectomorphism (Exercise 1.22). O



[SEC. 1.4: SYMPLECTIC FORMS 31

We can define a complex valued sesquilinear form g4 (see Definition 1.3.14)
in the complex space (V, J) by setting:

gs(v,w) = g(v,w) —iw(v,w). (1.4.10)

It is easy to see that g is a positive Hermitian product in (V, J).

Recall from Remark 1.3.16 that a C-linear endomorphism is gs-unitary
when gs(T,T-) = gs; in this situation we also say that T preserves gs. We
have the following:

1.4.22 Proposition. Ler T' € Lin(V') be an R-linear map; the following
statements are equivalent:

e T is C-linearin (V,J) and gs-unitary;
o T is orthogonal with respect to g and T € Sp(V, w).

Proof. If T is C-linear and gs-unitary, then 7" preserves gs, hence it pre-
serves separately its real part, which is g, and its imaginary part, which is
—w. Hence T is an orthogonal symplectomorphism.

Conversely, if T is an orthogonal symplectomorphism, then the follow-
ing identities hold:

T ogoT =g, TFrowoT=w, w=gold,

considering ¢ and w as linear maps in Lin(V, V*) (see Example 1.1.3)). Tt
follows easily that JoT' = T o J, i.e., T is C-linear. Since T preserves both
the real and the imaginary part of g5, we conclude that 7" is gs-unitary. [

1.4.23 Example. The canonical complex structure .J of R?" (see Exam-
ple 1.4.8) is compatible with its canonical symplectic structure (Exam-
ple 1.2.2), and the inner product g corresponds to the canonical inner prod-
uct of R?™. If we identify (R*", J) with C" (Example 1.2.2), the Hermitian
product g coincides with the canonical Hermitian product of C™ given in
(1.3.10).

1.4.24 Remark. Observe that if (V, J) is a complex space endowed with a
Hermitian product gs, then the real part of g5 is a positive inner product g
on V and the imaginary part of g, is a symplectic form on V'; moreover,
defining w as minus the imaginary part of gs, it follows that .J is compatible
withw and g = w(-, J-).
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1.4.25 Remark. If V is a real vector space, g is a positive inner product on
V and J is a complex structure which is g-anti-symmetric (or, equivalently,
g-orthogonal), then we get a symplectic form on V' by setting w = g(J-, -).
The complex structure J will then be compatible with w, and g = w(-, J-).
Again, we also get a Hermitian product g in (V, J) defined by (1.4.10).

We have the following relation between Lagrangian subspaces and the
Hermitian product gs:

1.4.26 Lemma. A subspace L C V is Lagrangian if and only if it is a real
Sform which is preserved by g, i.e., V =L & J(L) and gs(L x L) C R.

Proof. 1t follows from Lemma 1.4.20 and the observation that the imagi-
nary part of g5 equals —w. O

As a corollary, we now prove that the group of gs-unitary isomorphisms
of (V, J) acts transitively on the set of Lagrangian subspaces of (V,w):

1.4.27 Corollary. Given any pair of Lagrangian subspaces L1, Lo of V,
there exists a C-linear isomorphism T of (V,J) which is gs-unitary and
such that T(L1) = Lo.

Proof. Let (bj);?zl be an orthonormal basis of L; with respect to the inner
product g; since L is a real form of (V,J), it follows that (b;)’}_; is a
complex basis of (V, J) (see Example 1.3.7). Moreover, since gs is real on
Ly, it follows that (b;)"_, is an orthonormal basis of (V, .J) with respect to
gs- Similarly, we consider a basis (b7)"_; of L which is orthonormal with
respect to g, and we obtain that (b})}_; is a gs-orthonormal basis of (V, J).
It follows that the C-linear isomorphism 7" defined by 7'(b;) = b’ for all
j =1,...,n,is unitary and satisfies T'(L1) = Lo. O

It follows that also the symplectic group acts transitively on the set of
Lagrangian subspaces:

1.4.28 Corollary. Given any pair L1, Lo of Lagrangian subspaces of the
symplectic space (V,w), there exists a symplectomorphism T € Sp(V,w)
such that T(Ly) = Lo.

Proof. 1t follows from Corollary 1.4.27, observing that every gs-unitary
map is a symplectomorphism (Proposition 1.4.22). O
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1.4.29 Remark. For later use, we will mention a mild refinement of the
result of Corollary 1.4.27. Given Lagrangian subspaces L1, Ly C V and
chosen orientations Oy and Q- respectively on the spaces L; and Lo, it is
possible to find a C-linear and gs-unitary endomorphism 7" of (V, J) such
that T(Ly) = Lo and such that T'|;, : L1 — Lo is positively oriented.
To see this, it suffices to choose in the proof of Corollary 1.4.27 the g-
orthonormal bases (b;)’_; and (b)7_, of L, and Ly respectively in such a
way that they are positively oriented.

1.4.30 Remark. Given a Lagrangian subspace Ly C V, then it is always
possible to find a basis (bj)?il of V' which is at the same time symplec-
tic, adapted to .J, and such that (b;)7_; is a basis of Lg. For, if (b;)7_; is
a g-orthonormal basis of L, then the basis defined in (1.2.5) satisfies the
required properties; moreover, such basis is g-orthonormal and the com-
plex basis (b;)7_; of (V,J) is gs-orthonormal. We therefore obtain a basis
that puts simultaneously all the objects (V, w, J, g, gs, Lo) in their canonical

forms.

In the spirit of Remark 1.4.24 and Remark 1.4.25, one can ask himself
whether given a real space V' endowed with a symplectic form w and a
positive inner product g, it is possible to construct a complex structure J
and a Hermitian product g which are naturally associated to g and w. If
one requires the condition w = ¢(J-,-), then this is clearly impossible in
general, because there exists a unique map H € Lin(V') such that w =
g(H-,-), and such H does not in general satisfy H? = —Id.

We conclude the subsection with a result in this direction:

1.4.31 Proposition. Let (V,w) be a symplectic space and g a positive inner
product in V. Then there exists a unique complex structure J in V which is
g-anti-symmetric (or, equivalently, g-orthogonal) and compatible with w.

Proof. The uniqueness is the hard part of the thesis, which we now prove.
Suppose that J is a given g-anti-symmetric complex structure in V' which
is compatible with w, and let H € Lin(V') be the unique linear map such
that w = g(H-,-). Then, H is a g-anti-symmetric isomorphism of V.

The compatibility of J with w is equivalent to the condition that g(H J-, )
be a symmetric bilinear form on V' which is negative definite. By the usual
identification of linear and bilinear maps, we see that the g-anti-symmetry
property of I and J, together with the g-symmetry of I .J are expressed
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by the following relations:
goJ=-J%0g, goH=-H"og, goHoJ=J"0oH"oy,

from which it follows easily that H o J = J o H.

We now consider the complexifications J¢, H® € Lin(V®) and the
unique sesquilinear extension g% of g to V'C; clearly, ¢ is a positive Her-
mitian product in V'©, with respect to which H® and .J© are anti-Hermitian
maps (see Example 1.3.15 and Remark 1.3.16); moreover, HC 0 JC =
JC0o H® and (J®)? = —1d.

Since HC is ¢g®s-anti-Hermitian, then HC can be diagonalized in a g:-
orthonormal basis of V' (see Exercise 1.24); its eigenvalues are pure imag-
inary (non zero, because H Cis invertible), and since H C commutes with
the conjugation, it follows that eigenspaces of H® corresponding to two
conjugate eigenvalues are mutually conjugate (see Lemma 1.3.11). We can
then write a g+ -orthogonal decomposition:

where \; > 0 for all j, Z; the eigenspace of H € corresponding to the
eigenvalue i\; also, Z_;, is the conjugate of Z; .

Since J€ commutes with HC, it follows that the eigenspaces of H® are
invariant by JC. The restriction of J® to each Z;y, is an anti-Hermitian
map whose square is —Id, from which it follows that such restriction is
diagonalizable, and its possible eigenvalues are ¢ and —:¢. The restric-
tion of g% (J% o H®-,-) to Z;,, that coincides with the restriction of
i\; g% (JC-,-)) must be Hermitian and negative definite, from which it
follows that the unique eigenvalue of the restriction of J¢ to Z; », must be
equal to 7.

We conclude that the restriction of J€ to Z; A, is the map of multiplica-
tion by ¢, and the restriction of J Ctoz_; A; is the map of multiplication by
—i; such conditions determine JC, which shows the uniqueness of .J.

For the existence, simply consider the unique complex structure .J on V'

whose holomorphic space coincides with € ; Z;x, (see Proposition 1.3.19).
O
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1.4.2 Lagrangian decompositions of a symplectic space

In this subsection we study the properties of Lagrangian decompositions of
a symplectic space, that will be fundamental in the study of the Lagrangian
Grassmannian in Section 2.5. Throughout this subsection we will fix a
symplectic space (V,w), with dim(V) = 2n. We start with a definition:

1.4.32 Definition. A Lagrangian decomposition of (V,w) is a pair (Lo, L1)
of Lagrangian subspaces of V with V' = Ly & L;.

1.4.33 Example. The pair (R" & {0}, {0} & R") is a Lagrangian decom-
position of R?" endowed with the canonical symplectic structure. More
generally, if L C V is a Lagrangian subspace and J is a complex structure
on V' compatible with w, then (L, J(L)) is a Lagrangian decomposition of
(V,w) (see Lemma 1.4.20 and the proof of Corollary 1.4.21).

Given a Lagrangian decomposition (Lo, L1) of (V,w), we define a a
map:
PLo.L, : L1 — Ly
by setting
PLo,Ly (V) = w(v,")|L, (1.4.11)

for all v € Ly; it is easy to see that pr 1, is an isomorphism (see Exer-
cise 1.25).

1.4.34 Remark. The isomorphism pr,, 1, gives us an identification of L,
with the dual space Lg, but the reader should be careful when using this
identification for the following reason. The isomorphism py, 1, induces
an isomorphism (pr,.r,)* : L§* ~ Lo — L7; however, (pr,,r,)* does not
coincide with pr,, 1, but with its opposite:

(PLo,L1)" = —PLy,Lo- (1.4.12)
If L C V is a Lagrangian subspace, we also define an isomorphism:
pr:V/L — L*,

by setting pr, (v + L) = w(v,-)|L.
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Given a Lagrangian decomposition (Lo, L1 ) of (V,w), we have the fol-
lowing commutative diagram of isomorphisms:

Ly (1.4.13)
W;Ll
q Lj
PLg
V/Lo

where ¢ is the restriction to L; of the quotient map V' — V/Ly.
An application of the isomorphism py,, 1, is given in the following:

1.4.35 Lemma. If Ly C V is a Lagrangian subspace, then every basis
(b)), of Lo extends to a symplectic basis (b;)?", of V; moreover, given
any Lagrangian L1 which is complementary to Lg, one can choose the
basis (b;)?", in such a way that (b;)?", . is a basis of L.

Proof. Observe first that the Lagrangian L, admits a complementary La-
grangian L (see Corollary 1.4.21); given one such Lagrangian L;, we de-
fine:

bn/-‘:-i:*pzt)l?[,l(bf)v 1= 1,...,’[1,

where (b)), is the basis of L§ which is dual to (b;)?_;. O

1.4.36 Corollary. Given any two Lagrangian decompositions (Lg, L1) and
(Lo, LY) of (V,w) and (V', W), respectively, then every isomorphism from
Ly to L, extends to a symplectomorphism T: V' — V' such that T (L) =
L.

Proof. Let (b;)}'_; be a basis of Ly and let (b})7_; be the basis of L{, which
corresponds to (b;)?_; by the given isomorphism. Using Lemma 1.4.35
we can find symplectic bases (b;)7%; and (b})?"; of V and V" in such a
way that (b;)?2, ., and (b})?" ., are bases of Ly and L} respectlvely,
to conclude the proof one simply chooses T such that T(b ) = b,

1,...,2n. D

1.4.37 Corollary. If Ly C V is a Lagrangian subspace, then every isomor-
phism of Lg extends to a symplectomorphism of V.
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Proof. Choose a Lagrangian L; complementary to L (Corollary 1.4.21)
and apply Corollary 1.4.36. O

1.4.38 Lemma. Let S be an isotropic subspace of V and consider the quo-
tient map q : S+ — S+ /S onto the symplectic space (S*/S,©) (see
Example 1.4.17).

(a) If L is a Lagrangian subspace of V then q(L N S*) is a Lagrangian
subspace of S*/S. In particular, if L is a Lagrangian subspace of
V containing S then L/S is a Lagrangian subspace of S*/S.

(b) If (Lo, L1) is a Lagrangian decomposition of V' then the following
two conditions are equivalent:

e LiNS ={0}and (¢(LoNS*),q(L1 NSt)) is a Lagrangian
decomposition of S+ /S;

° ((L() n SJ‘) —+ (Ll n SJ‘)) NS =1LyNS.

Proof. For part (a) it is immediate that ¢(L N S+) is isotropic. To compute
the dimension of ¢(L N S+), observe that g(L N S*) is the image of the
restriction of ¢ to L N S~ and that the kernel of such restriction is L NS+ N
S =LnNS. Thus:

dim(L N S*) = dim(L N S) + dim(g(L N S*)). (1.4.14)
But LN S+ = (L + )~ and therefore:
dim(L N S*) = 2n — dim(L + 9). (1.4.15)

Combining (1.4.14) and (1.4.15) and using that dim(L+S5)+dim(LNS) =
n+dim(S) we getdim(¢(LNS*)) = n—dim(S) = 5 dim(S*/S). This
proves part (a). Part (b) follows from the result of Exercise 1.4 by setting
W=58+2=LonS*+, Zy =L NS O

1.4.39 Lemma. If Ly C V is a Lagrangian subspace and S C V is an
isotropic subspace then there exists a Lagrangian subspace L C V con-
taining S with Lo N L = Ly N S.

Proof. 1t suffices to show that if S is not Lagrangian then there exists an
isotropic subspace Sof V containing properly S with Ly N S = Lons.
If we can find v € S+ with v & Lo + S, then the isotropic subspace S can
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be obtained by setting S = S+ Ru. Thus, we have to show that S is not
contained in Ly + S. But S+ C Lo+ S implies (Lo + S)* C (S+)* = S,
ie., LgNS+t = LyNSt C S. Then LyNS* C LoNS. This is impossible,
since part (a) of Lemma 1.4.38 says that the quotient map ¢ : S+ — S+ /S
sends Lo NS~ to a Lagrangian subspace of the (non zero) symplectic space
S+/S, while g(Lo N S*) C g(Lo N S) = {0}. O

1.4.40 Corollary. If R, S are isotropic subspaces of V then there exists a
Lagrangian L containing S with RN L= RN S.

Proof. Let Ly be an arbitrary Lagrangian containing R. Choose L as in
Lemma 1.4.39. Clearly:

RNL=RNLyNL=RNLyNS=RNS. O

The technique of extending bases of Lagrangians to symplectic bases
of the symplectic space may be used to give an alternative proof of Corol-
lary 1.4.28. Roughly speaking, Corollary 1.4.28 tells us that Lagrangian
subspaces are “indistinguishable” from the viewpoint of the symplectic
structure; our next Proposition tells us that the only invariant of a pair
(Lo, L) of Lagrangian subspaces is the dimension of their intersection
LoNLy:

1.4.41 Proposition. Given three Lagrangian subspaces Ly, L, L' C V
with dim(Lo N L) = dim(Lo N L), there exists a symplectomorphism
T of (V,w) such that T(Lo) = Lo and T(L) = L'.

Proof. By Corollary 1.4.37, there exists a symplectomorphism of (V,w)
that takes L into itself and Ly N L onto Ly N L’; we can therefore assume
without loss of generality that Lo N L = Lo N L'.

Set S = LoN L = LoN L'; clearly S is isotropic and Lo, L, L' C S*.
We have a symplectic form @ in S+ /S obtained from w by passing to the
quotient (see Example 1.4.17).

Denote by ¢ : S* — S+ /S the quotient map; ¢(Lo), ¢(L) and g(L’)
are Lagrangian subspaces of (S+/S,), by part (a) of Lemma 1.4.38.
Moreover, (q(Lo),q(L)) and (g(Lo),q(L")) are both Lagrangian decom-
positions of S+ /S and hence there exists a symplectomorphism 7" of the
space (S /S, ) such that (see Corollary 1.4.28):

T(q(Lo)) = a(Lo), T(q(L)) = q(L").
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The required symplectomorphism 7 € Sp(V, w) is obtained from the fol-
lowing Lemma. O

1.4.42 Lemma. Let Loy C V be a Lagrangian subspace and let S C Ly
be any subspace. Consider the quotient symplectic form @ on S+ /S; then,
given any symplectomorphism T of (S*/S,w) with T(q(Lo)) = q(Lo),
there exists a symplectomorphism T of (V,w) such that T'(S) = S (hence
also T(S+) = S+), T(Ly) = Lo, and such that the following diagram
commutes

T|gL
gL —— gt (1.4.16)

§4/S —> 54/

where q : S+ — S+ /S denotes the quotient map.

Proof. Write Ly = S @ R; hence L = S° & R°, where S° and R° are
the annihilators of S and R respectively. Let L; be any complementary
Lagrangian to Lg in V' (Corollary 1.4.21). We have:

Ly =ppy1,(8%) @ pr, 1, (R°).

We obtain a direct sum decomposition V' = V; @& V5 into w-orthogonal
subspaces given by:
Vi=S@pp, ., (R), Va=Re&pp (S,
from which it follows that V' is direct sum of the symplectic spaces V; and
Va.
Observe that S+ = 1, @ S, hence the quotient map ¢ restricts to a

symplectomorphism of V5 into S /.S; therefore, we have a unique sym-
plectomorphism 7" of V5 such that the diagram:

’

Va Va
Q|V2\L J/QVQ
§4/S —> 54/

commutes. Since T preserves q(Ly) it follows that 7" preserves R; we then
define T by setting T'|y, = Id and T'|y, = T (see Example 1.4.12). O
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1.4.43 Remark. We claim that one can actually choose the symplectomor-
phism 7' in the thesis of Proposition 1.4.41 in such a way that 7 restricts to a
positively oriented isomorphism of Lg; namely, if dim(LoNL) = dim(LyN
L") = 0 then this claim follows directly from Corollary 1.4.36. For the gen-
eral case, we observe that in the last part of the proof of Lemma 1.4.42 one
can define T'|y, to be any symplectomorphism of V; which preserves S
(while T'|y, = T" is kept unchanged); since S is Lagrangian in V3, using
Corollary 1.4.37, we get that T'| s can be choosen to be any isomorphism A
of S given a priori (and T'|r does not depend on A). Since dim(.S) > 1,
this freedom in the choice of A can be used to adjust the orientation of
TL,-

1.5 Index of a symmetric bilinear form

In this section we will define the index and the co-index of a symmetric bi-
linear form; in finite dimension, these numbers are respectively the number
of negative and of positive entries of a symmetric matrix when it is diag-
onalized as in the Sylvester Inertia Theorem (Theorem 1.5.10). We will
show some properties of these numbers.

In this Section, V' will always denote a real vector space, not necessarily
finite dimensional. Recall that Bgy,, (V') denotes the space of symmetric
bilinear forms B : V' x V' — R. We start with a definition:

1.5.1 Definition. Let B € B, (V); we say that B is:
e positive definite if B(v,v) > 0forallv € V,v # 0;
e positive semi-definite if B(v,v) > 0forallv € V;
e negative definite if B(v,v) < Oforallv € V,v # 0;
e negative semi-definite if B(v,v) < Oforallv € V.

We say that a subspace W C V is positive with respect to B, or B-positive,
if Blwxw is positive definite; similarly, we say that W is negative with
respect to B, or B-negative, if By «w is negative definite.

The index of B, denoted by n_(B), is defined by:

n_(B) = sup {dim(W) : W is a B-negative subspace of V'}. (1.5.1)
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The index of B can be a non negative integer, or +o00. The co-index of B,
denoted by n (B), is defined as the index of —B:

n4(B) =n_(—DB).

Obviously, the co-index of B can be defined as the supremum of the dimen-
sions of all B-positive subspaces of V. When at least one of the numbers
n_(B) and n (B) is finite, we define the signature of B by:

sgn(B) = ny(B) — n_(B).
If Be Bsym(V) and W C V is a subspace, then clearly:
n—(Blwxw) <n—(B), ny(Blwxw) < ny(B). (1.5.2)

The reader should now recall the definitions of kernel of a symmetric bi-
linear form B, denoted by Ker(B), and of orthogonal complement of a
subspace S C V with respect to B, denoted by S=. Recall also that B is
said to be nondegenerate if Ker(B) = {0}.

Observe that in Section 1.1 we have considered only finite dimensional
vector spaces, but obviously the definitions of kernel, orthogonal comple-
ment and nondegeneracy make sense for symmetric bilinear forms defined
on an arbitrary vector space V. However, many results proven in Sec-
tion 1.1 make an essential use of the finiteness of the vector space (see
Example 1.1.12). For instance, observe that a bilinear form is nondegener-
ate if and only if its associated linear map

Vovr— B(v,-) e V* (1.5.3)

is injective; if dim(V') = +o0, this does not imply that (1.5.3) is an iso-
morphism.

1.5.2 Definition. Given B € By, (V), the degeneracy of B, denoted by
dgn(B) is the possibly infinite dimension of Ker(B). We say that a sub-
space W C V is nondegenerate with respect to B, or also that W is B-
nondegenerate, if By «w is nondegenerate.

1.5.3 Example. Unlike the case of the index and the co-index (see (1.5.2)),
the degeneracy of a symmetric bilinear form B is not monotonic with re-
spect to the inclusion of subspaces. For instance, if V' = R? and B is the
symmetric bilinear form:

B((xlvyl)a (1’27y2)) =T122 — Y1Y2 (1.54)
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then dgn(B) = 0; however, if W is the subspace generated by the vector
(1,1), we have:

dgn(Blwxw) =1> 0= dgn(B).
On the other hand, if B is defined by

B((x1,91), (x2,92)) = 122
and if W is the subspaces generated by (1, 0), then
dgn(Blwxw) =0 < 1 = dgn(B).

1.5.4 Example. If T : V; — V5 is an isomorphism and if B € Bgym(V1),
then we can consider the push-forward of B, T%(B) € Bgym(V2). Clearly,
T maps B-positive subspaces of V7 into T (B)-positive subspaces of V5,
and B-negative subspaces of V; into T (B)-negative subspaces of V5;
moreover, Ker(T(B)) = T(Ker(B)). Hence we have:

ni (Ty(B) =ny(B),  n_(Ty(B)) =n_(B),
dgn(Ty(B)) = dgn(B).

1.5.5 Remark. 1t follows from Proposition 1.1.10 and from remark 1.1.13
that if W C V is a finite dimensional B-nondegenerate subspace, then
V =W @ W+, even in the case that dim(V') = +o0.

Recall that if W C V is a subspace, then the codimension of W in V is
defined by:
codimy (W) = dim(V/W);

this number may be finite even when dim(W) = dim(V) = 4oc0. The
codimension of W in V' coincides with the dimension of any complemen-
tary subspace of W in V.

The following Lemma and its Corollary are the basic tool for the com-
putation of indices of bilinear forms:

1.5.6 Lemma. Let B € Boyn(V); if Z C V is a subspace of V on which
B is positive semi-definite, then:

n_(B) < codimy (Z).
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Proof. If B is negative definite on a subspace W, then W N Z = {0}, and
so the quotient map ¢ : V' — V/Z takes W isomorphically onto a subspace
of V/Z. Hence, dim(W) < codimy (Z). O

1.5.7 Corollary. Suppose that V.= Z & W with B positive semi-definite
on Z and negative definite on W then n_(B) = dim(W).

Proof. Clearly, n_(B) > dim(W).
From Lemma 1.5.6 it follows that n_(B) < codimy (Z) = dim(W).
O

1.5.8 Remark. Note that every result concerning the index of symmetric
bilinear forms, like for instance Lemma 1.5.6 and Corollary 1.5.7, admits
a corresponding version for the co-index of forms. For shortness, we will
only state these results in the version for the index, and we will under-
stand the version for the co-index. Similarly, results concerning negative
(semi-)definite symmetric bilinear forms B can be translated into results
for positive (semi-)definite symmetric forms by replacing B with —B.

1.5.9 Proposition. If B € By (V) and V. = Z & W with B positive
definite in Z and negative definite in W, then B is nondegenerate.

Proof. Letv € Ker(B); write v = vy +v_ withvy € Zandv_ € W.
Then:

B(v,vy) = B(vy,vy) + B(v—,v4) =0, (1.5.5)
B(v,v_) = B(vy,v_) + B(v_,v_) = 0; (1.5.6)

from (1.5.5) we get that B(vy,v_) < 0, and from (1.5.6) we get the op-
posite inequality B(vy,v_) > 0, from which it follows B(vy,v_) = 0.
Then, (1.5.5) implies v = 0 and (1.5.6) implies v_ = 0. O

1.5.10 Theorem (Sylvester’s Inertia Theorem). Suppose dim(V) = n <
+o0 and let B € Bsym(V); then, there exists a basis of V' with respect to
which the matrix form of B is given by:

IP Op><q OPXT
B~ Ogxp —Ig Ogxr |, (1.5.7)
07“><p Or><q Or
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where Oqx 3, 0o and 1, denote respectively the zero oo X 3 matrix, the zero
a X « matrix and the o X « identity matrix.

The numbers p, q and r are uniquely determined by the bilinear form
B; we have:

ny(B)=p, n_(B)=gq, dgn(B)=r. (1.5.8)

Proof. The existence of a basis (b;)!_; with respect to which B has the
canonical form (1.5.7) follows from Theorem 1.1.14, after suitable rescal-
ing of the vectors of the basis. To prove that p, ¢ and r are uniquely deter-
mined by B, i.e., that they do not depend on the choice of the basis, it is
actually enough to prove (1.5.8). To this aim, let Z be the subspace gener-
ated by the vectors {b; };_,U{b;}7_,, .., and W the subspace generated by
{bi}f;‘f sthen V = Z@ W, B is positive semi-definite in Z and negative
definite in . It follows from Corollary 1.5.7 that n_(B) = dim(W) = q.
Similarly, we get ny (B) = p. It is easy to see that Ker(B) is generated by
the vectors {b;};_,, ., and we conclude that dgn(B) = r. O

1.5.11 Corollary. Let B € By (V), with dim(V) < 4o0. If g is an
inner product in V and if T € Lin(V) is such that B = g(T-,-), then the
index (resp., the co-index) of B is equal to the sum of the multiplicities of
the negative (resp., the positive) eigenvalues of T'; the degeneracy of B is
equal to the multiplicity of the zero eigenvalue of T'.

Proof. Since T is g-symmetric, there exists a g-orthonormal basis that di-
agonalizes 7', and this diagonal matrix has in its diagonal entries the eigen-
values of T repeated with multiplicity. In such basis, the bilinear form B
is represented by the same matrix. After suitable rescaling of the vectors
of the basis, B will be given in the canonical form (1.5.7); this operation
does not change the signs of the elements in the diagonal of the matrix that
represents B. The conclusion now follows from Theorem 1.5.10 O

1.5.12 Example. The conclusion of Corollary 1.5.11 holds in the more
general case of a matrix 7' that represents B in any basis; indeed, observe
that any basis is orthonormal with respect to some inner product of V. Re-
call that the deferminant and the trace of a matrix are equal respectively to
the product and the sum of its eigenvalues (repeated with multiplicity); in
the case dim(V') = 2 it follows that the determinant and the trace of a ma-
trix that represents B in any basis determine uniquely the numbers n_ (B),
ny(B) and dgn(B).
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1.5.13 Lemma. Suppose that B € Bgym (V') is positive semi-definite; then
Ker(B) ={v eV : B(v,v) = 0}.

Proof. Letv € V with B(v,v) = 0 and let w € V be arbitrary; we need to
show that B(v,w) = 0. If v and w are linearly dependent, the conclusion
is trivial; otherwise, v and w form the basis of a two-dimensional subspace
of V' in which the restriction of B is represented by the matrix:

( g((;}gf)) g((i?u)) ) (1.5.9)

It follows from Corollary 1.5.11 (see Example 1.5.12) that the determinant
of (1.5.9) is non negative, that is:

B(v,w)? < B(v,v)B(w,w) = 0,
which concludes the proof. U

1.5.14 Corollary. If B € Byym (V) is positive semi-definite and nondegen-
erate, then B is positive definite. O

We now prove a generalized version of the Cauchy—Schwarz inequality
for symmetric bilinear forms:

1.5.15 Proposition. Let B € By, (V) and vectors v,w € V be given. We
have:

e if v, w are linearly dependent or if v, w generate a B-degenerate
two-dimensional subspace, then

B(v,w)* = B(v,v)B(w,w);

e if v, w generate a B-positive or B-negative two-dimensional sub-
space, then

B(v,w)* < B(v,v)B(w,w);

e if v, w generate a two-dimensional subspace where B has index
equal to 1, then

B(v,w)? > B(v,v)B(w,w);
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the above possibilities are exhaustive and mutually exclusive.

Proof. The case that v and w are linearly dependent is trivial; all the others
follow directly from Corollary 1.5.11 (see also Example 1.5.12), keeping
in mind that the matrix that represents the restriction of B to the subspace
generated by v and w is given by (1.5.9). O

1.5.16 Definition. Given B € By, (V'), we say that two subspaces V7 and
Vo of V' are orthogonal with respect to B, or B-orthogonal, if B(vy,vs) =
0 for all v; € V7 and all vy € Vj; a direct sum V = V; @ V5 with V; and
V5 B-orthogonal will be called a B-orthogonal decomposition of V.

1.5.17 Lemma. Let B € By, (V); if V = Vi & Vs is a B-orthogonal de-
composition of V and if B is negative definite (resp., negative semi-definite)
in V1 and in Vs, then B is negative definite (resp., negative semi-definite)
inV.

Proof. 1t is obtained from the following simple computation:
B(v1 + v, v1 +v2) = B(vy,v1) + B(v2,v2), v1 € Vi, vg € Vo, [

1.5.18 Definition. Given B € Bgym (V'), we say that a subspace W C V/
is maximal negative with respect to B if W is B-negative and if it is not
properly contained in any other B-negative subspace of V. Similarly, we
say that W C V' is maximal positive with respect to B if W is B-positive
and if it is not properly contained in any other B-positive subspace of V.

1.5.19 Corollary. Let B € By, (V) and W C V be a maximal negative
subspace with respect to B. Then, if Z C V is a subspace which is B-
orthogonal to W, it follows that B is positive semi-definite in Z.

Proof. By Lemma 1.5.17, the sum of any non zero B-negative subspace of
Z with W would be a B-negative subspace of V' that contains properly .
The conclusion follows. O

Observe that Corollary 1.5.19 can be applied when n_(B) < +oo and
W is a B-negative subspace with dim(W) = n_(B).

1.5.20 Corollary. Given B € By, (V), then

dim(V) = ny(B) +n_(B) + dgn(B).
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Proof. If either one of the numbers n4 (B) or n_(B) is infinite, the result
is trivial. Suppose then that both numbers are finite; let W C V be a B-
negative subspace with dim(W) = n_(B) and let Z C V be a B-positive
subspace with dim(Z) = n4 (B). By Proposition 1.5.9 we have that B is
nondegenerate in Z @ W, and it follows from Remark 1.5.5 that

V=ZoWea (ZoWw)t

By Corollary 1.5.19, we have that B is positive semi-definite and also nega-
tive semi-definite in (Z ® W)=, hence B vanishes in (Z ® W)=L. It follows
now that Ker(B) = (Z @ W)L, which concludes the proof. O

1.5.21 Corollary. If W C V is a maximal negative subspace with respect
to B € Byym (V), then n_(B) = dim(W).

Proof. If dim(W) = +oo the result is trivial; for the general case, it fol-
lows from Remark 1.5.5 that V. = W & W+. By Corollary 1.5.19, B is
positive semi-definite in W+, and then the conclusion follows from Corol-
lary 1.5.7. U

1.5.22 Remark. We can now conclude that the “supremum” that appears
in the definition of index in (1.5.1) is in facts a maximum, i.e., there al-
ways exists a B-negative subspace W C V with n_(B) = dim(W). If
n_(DB) is finite, this statement is trivial. If n_(B) = 400, it follows from
Corollary 1.5.21 that no finite-dimensional subspace of V' is maximal B-
negative. If there were no infinite-dimensional B-negative subspace of V,
we could construct a strictly increasing sequence W7 C Wy C --- of B-
negative subspaces; then W = ., W, would be an infinite-dimensional
B-negative subspace, in contradiction with the hypothesis.

As a matter of facts, it follows from Zorn’s Lemma that every symmet-
ric bilinear form admits a maximal negative subspace (see Exercise 1.27).

1.5.23 Proposition. Let B € By, (V); if V = Vi & V4 is a B-orthogonal
decomposition, then:

n+(B):n+(B|V1Xv1)+n+(B|V2Xv2)7 (1.5.10)
n_(B) =n_(Blv,xv,) + n—(Blwxva), (1.5.11)
dgn(B) = dgn(Blv, xv;) + dgn(Blv,xvs)- (1.5.12)
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Proof. The identity (1.5.12) follows from
Ker(B) = Ker(B|V1Xv1) @ Ker(B|V2Xv2).

Let us prove (1.5.11). If B has infinite index in V7 or in V5 the result is triv-
ial; suppose then that these indices are finite. Let W; C V; be a B-negative
subspace with n_ (Blv,xv;) = dim(W;), i = 1,2. By Remark 1.5.5 we
can find a B-orthogonal decomposition V; = Z; & W;; it follows from
Corollary 1.5.19 that B must be positive semi-definite in Z;. Then:

V = (W1 (&) Wg) D (Zl (&) ZQ),

where, by Lemma 1.5.17, B is negative definite in W7 & W5 and positive
semi-definite in Z; @ Z>. The identity (1.5.11) now follows from Corol-
lary 1.5.7; the identity (1.5.10) follows by replacing B with —B. O

1.5.24 Corollary. Let B € Bgyi, (V) and let N C Ker(B); if W C V is
any complementary subspace to N then the following identities hold:

n4(B) :n+(B|W><W)7 n_(B) :n*(B|W><W)’

. (15.13)
dgn(B) = dgn(Blwxw) + dim(N);

if N = Ker(B) then B is nondegenerate in W.

Proof. The identities (1.5.13) follow immediately from Proposition 1.5.23,
because V =W & N is a B-orthogonal decomposition. If N = Ker(B),
the nondegeneracy of B in W is obvious. O

1.5.25 Corollary. Let B € By, (V). If V4, Va are B-orthogonal sub-
spaces of V. with' V- = Vi + Vs then (1.5.10) and (1.5.11) hold.

Proof. Write Vo = (Vi NV2) @ VY, sothat V =V, & V5 and Vy, Vi are
B-orthogonal. Observe that V; N V5 is contained in the kernel of B (and
hence in the kernel of B|y, x,), so that, by Corollary 1.5.24:

ny (Blvyxw) = n+(B|V2’><V2’)a n—(Blv,xv,) = n—(B|V2’><V2/)-

The conclusion follows by applying Proposition 1.5.23 to the B-orthogonal
direct sum decomposition V = V; ¢ V3. O
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1.5.26 Remark. 1f N is a subspace of Ker(B) then we can define by passing
to the quotient a symmetric bilinear form B € By, (V/N):

B(vy + N,va + N) = B(vy,v2), wv1,v3 €V.

If W C V is any subspace complementary to /N, we have an isomorphism
q : W — V/N obtained by restriction of the quotient map; moreover, B
is the push-forward of B|y xw by ¢. It follows from Corollary 1.5.24 (see
also Example 1.5.4) that

ny(B) =ny(B), n_(B)=n_(B), dgn(B)=dgn(B)+dim(N);
if N = Ker(B) then it follows also that B is nondegenerate.

1.5.27 Example. Lemma 1.5.17 does not hold if the subspaces V; and
V5 are not B-orthogonal. For instance, if V = R? and if we consider the
symmetric bilinear form B given in (1.5.4), thenn_ (B) = ny(B) = 1, but
we can write R? as the direct sum of the subspaces generated respectively
by v1 = (0, 1) and vo = (1, 2), that are both B-negative.

1.5.28 Remark. If T : V; — V5 is a surjective linear map and B €
Bgym (V2) then:

ny (T#(B)) = ny(B), n_(T#(B)) =n_(B).

Namely, the map 7" induces an isomorphism T : V; /Ker(T') — V5, and, by
Example 1.5.4, setting B = T#(B):

n+(B) = n.(B), n_(B)=n_(B).

Setting N = Ker(T) then B is obtained from 7% (B) by passing to the
quotient, as in Remark 1.5.26; thus:

ny(T#(B)) =ny(B), n_(T*(B)) =n_(B).

In the next proposition we generalize the result of Lemma 1.5.17 by
showing that if V' = V; & Vs, where V; and V5 are B-negative subspaces
such that the product of elements of V; with elements of V5 is “relatively
small with respect to their lengths”, then V' is B-negative.
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1.5.29 Proposition. Let B € Boym (V') and assume that V' is written as the
direct sum of B-negative subspaces V.=V, @ Vs; if for all vy € Vi and
vo € Vo, with vy, v9 # 0, itis

B(v1,v)? < B(v1,v1)B(v2, v9) (1.5.14)
then B is negative definite in V.

Proof. Letv € V be non zero and write v = v1 49, Withv; € Vj and vy €
Va. We need to show that B(v, v) < 0, and clearly it suffices to consider the
case that both v, and v9 are non zero. In this case, the hypothesis (1.5.14)
together with Proposition 1.5.15 imply that the two-dimensional subspace
generated by vy and v, is B-negative, which concludes the proof. O

1.5.30 Remark. It can also be shown a version of Proposition 1.5.29 as-
suming only that B is negative semi-definite in V; and in V5, and that

B(’Ul,vg)z SB(Ul,’Ul)B(’Ug,Ug), (1515)

for all v; € Vi, vg € V5. In this case, the conclusion is that B is negative
semi-definite in V' (see Exercise 1.28).

Exercises for Chapter 1

Exercise 1.1. Show that the isomorphism between the spaces Lin(V, W*)
and B(V, W) given in (1.1.1) is natural in the sense that it gives a natural
isomorphism of the functors Lin(-, -) and B(+, -) from the category of pairs
of vector spaces to the category of vector spaces.

Exercise 1.2. Let V, W be vector spaces and T : V' — W be a linear map.
Show that:
Ker(T*) =Im(T)° c W*, Im(T*) =Ker(T)° C V*.

Exercise 1.3. Prove that B(V') = Bgym (V) @ Ba—sym (V).

Exercise 1.4. Let W be a vector space, S, Z; and Z, be subspaces of W
with Z; N Zy = {0} and Z2 N S = {0}. Denote by q : W — W/S the
quotient map. Show that ¢(Z1) N ¢(Z2) = {0} if and only if:

(Z1+Z)NS=21N8.
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Exercise 1.5. Prove Lemma 1.2.3.
Exercise 1.6. Prove Proposition 1.2.6.
Exercise 1.7. Prove Proposition 1.3.3.
Exercise 1.8. Prove Corollary 1.3.4.
Exercise 1.9. Prove Lemma 1.3.9.

Exercise 1.10. Generalize the results of Section 1.3, in particular Propo-
sition 1.3.3, Lemma 1.3.10 and Lemma 1.3.11, to the case of anti-linear,
multi-linear and sesquilinear maps.

Exercise 1.11. Prove that if V is a non trivial complex vector space, then
there exists no C-bilinear form on V which is positive definite.

Exercise 1.12. Let (Vi,w1), (Va,wy) be symplectic spaces and set V' =
V1 & V5. Show that the bilinear form w = w1 @ wy on V defined by:

w((vl, v2), (wl,wg)) = w1 (v1,w1) + wa(ve, wa),

is a symplectic form on V. We call (V, w) the direct sum of the symplectic
spaces (V1,w;) and (V2,ws). Show that if L, is Lagrangian subspaces of
V1 and Lo is a Lagrangian subspaces of V, then L; & Lo is a Lagrangian
subspace of V.

Exercise 1.13. Let (V,w) be a symplectic spaces and V; be a subspace of
V such that w; = w|y; xv; is nondegenerate. We call (V1, wq) a symplectic
subspace of (V,w). Set Vo = Vit and wy = wly, xv,. Show that (Va,ws)
is a symplectic subspace of (V,w) and that (V,w) is symplectomorphic to
the direct sum of (V3, wy) with (Va, wq).

Exercise 1.14. Let (V,w) be a symplectic space. Two isotropic subspaces
S and R of V are called complementary if V =S @& R*.

(a) Given isotropic subspaces R, S of V, show that V' =5 @ R+ if and
onlyif V=R® S+

(b) Given complementary isotropic subspaces R, S of V, show that:

dim(R) = dim(S).

(c) Given complementary isotropic subspaces R, S of V, show that R &
S (and also (R @ S)* = R+ N S1) is a symplectic subspace of V.
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(d) Given complementary isotropic subspaces R, S of V complementary
isotropic subspaces R/, S” of a symplectic space V' with dim(V') =
dim(V”’), dim(R) = dim(R’), show that there exists a symplecto-
morphism T : V — V' with T(R) = R’ and T(S) = 5.

Exercise 1.15. Let (V,w), (V' ,w') be symplectic spaces, L C V, L' C V'
be Lagrangian subspaces and S C V, .S” C V”’ be isotropic subspaces with
dim(V) = dim(V’), dim(S) = dim(S") and dim(LNS) = dim(L' N S’).
Show that there exists a symplectomorphim 7" : V' — V' with T(L) = L’
and T(S) = 95"

Exercise 1.16. Prove that T € Lin(V) is a symplectomorphism of (V,w)
if and only if its matrix representation with respect to a symplectic basis of
(V, w) satisfies the relations (1.4.8).

Exercise 1.17. Consider the symplectic space R™ & R™* endowed with its
canonical symplectic structure. Prove that to each Lagrangian subspace L
there corresponds a unique pair (P, S), where P C R" is a subspace and
S : P x P — Ris asymmetric bilinear form on P, such that:

L={(v.0) ER"®R" :v € P, alp+5(v,) =0}.

More generally, if (Lo, L1) is a Lagrangian decomposition of the sym-
plectic space (V,w), there exists a bijection between the Lagrangian sub-
spaces L C V and the pairs (P, S), where P C L, is any subspace and
S € Bgym(P) is a symmetric bilinear form on P, so that (recall for-
mula (1.4.11)):

L={v+w:veP we Ly, pr, r,(w)|p+S(v,:)=0}. (1.5.16)

Exercise 1.18. Let T =

formula (1.4.8)) and let L
statements are equivalent:

A B .
c D be an element in Sp(2n,R) (recall
= {0} ® R™". Prove that the following two
(a) T'(Lo) is transverse to Lo;

(b) B is invertible.

Prove also that, in this case, the n x n matrices DB~!, B~1A and C —
DB 'A — B~ are symmetric.
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Exercise 1.19. Prove that the transpose of a symplectic matrix in Sp(2n, R)
is again symplectic.

Exercise 1.20. Every invertible matrix M can be written in polar form:
M =PO, P=(MM®"?, O=P'M,

where P is symmetric and positive definite and O is orthogonal. Such
decomposition is unique and it depends continuously on M. Prove that
M € Sp(2n,R) if and only if both P and O are in Sp(2n, R).

Exercise 1.21. Prove that the direct sum of symplectic spaces is not cate-
gorical, i.e., it is not true in general that if alinearmap 7" : V1 & Vo — Wis
such that its restrictions 7’|y, and T'|y, are symplectic, then T is symplectic.

Exercise 1.22. Prove that a complex structure on a symplectic space which
is compatible with the symplectic form is a symplectomorphism.

Exercise 1.23. Let V be a real vector space and g a positive inner prod-
uct. Prove that a complex structure J in V' is g-anti-symmetric iff it is
g-orthogonal.

Exercise 1.24. Let V be a complex space, gs a positive Hermitian product in
Vand 7 € Lin(V) a gs-normal linear map. Show that 7 is diagonalizable
in a gg-orthonormal basis of V.

Exercise 1.25. Given a Lagrangian decomposition (Lg, L1 ) of a symplectic
space (V,w), prove that the map pr,. 1, : L1 — L{ definedin (1.4.11) page
35 is an isomorphism.

Exercise 1.26. Let (V,w) be a symplectic space, S C V an isotropic sub-
space, and consider the quotient symplectic space (S+/S,@) defined in
Example 1.4.17. Prove that if L C V is a Lagrangian subspace of (V,w),
then 7(L) is Lagrangian in (S*/S,©), where 7 : St — S+/S is the
projection.

Exercise 1.27. Prove that every symmetric bilinear form B € Bgym (V)
admits a maximal negative subspace.

Exercise 1.28. Suppose that B € Bgyr, (V), with V' = V3 & V; and B is
negative semi-definite in 1/ and in V5. If the inequality (1.5.15) holds for
all vy € V4 and vy € V5, then B is negative semi-definite in V.

Exercise 1.29. Let V be an n-dimensional real vector space, B € Bgym (V)
a symmetric bilinear form and assume that the matrix representation of B
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in some basis {v1,...,v,} of V is given by:

X Z
ZrY)’

where X is a k x k symmetric matrix and Y is a (n—k) x (n— k) symmetric
matrix. Prove that, if X is invertible, then:
n_(B)=n_(X)+n_(Y - Z*X"'2),
dgn(B) = dgn(Y — Z2*X712),
and ny(B)=n,(X)+n (Y -Z*X"'2).

Exercise 1.30. Let V be a finite dimensional vector space, W C V a sub-
space and B € By, (V') a nondegenerate symmetric bilinear form. Denote
by W+ the B-orthogonal complement of W. Prove the following equali-
ties:

n_(B) =n_(Blw) +n_(Blw+) + dim(W N W+)(1.5.17)
ny(B) = ny (Blw) + ng (Blws) + dim(W N W+)(1.5.18)
Exercise 1.31. Let V be a finite dimensional real vector space and let
U,Z € Bgym(V) be nondegenerate symmetric bilinear forms on V' such

that U — Z is also nondegenerate. Prove that U ~* — Z~! is nondegenerate
and that:

n(Z)—n_(U)=n_(Z'-UYH-n_(U-2).



Chapter 2

The Geometry of
Grassmannians

2.1 Differentiable manifolds and Lie groups

In this section we give the basic definitions and we fix some notations con-
cerning calculus on manifolds. In this text, the term “manifold” will always
mean a real, finite dimensional differentiable manifold whose topology sat-
isfies the Hausdorff property and the second countability axiom, i.e., it ad-
mits a countable basis of open sets. The term “differentiable” will always
mean “of class C'™°”; we will describe below the terminology used in the
construction of a differentiable manifold structure.

Let M be a set; a chart in M 1is a bijection:
¢:U— U ,

where U C M is any subset and U is an open set in some Euclidean space
R"; in some situation, with a slight abuse of terminology, we will allow
that U be an open subset of some arbitrary real finite dimensional vector
space. B _

We say that two charts ¢ : U — U and ) : V' — V in M are compatible
ifUNV =0orif (UNV) and (U NV) are both open sets and the
transition function:

Yodp i pUNV) —p(UNV)

55
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is a differentiable diffeomorphism. A differentiable atlas A in M is a set of
charts in M that are pairwise compatible and whose domains form a cov-
ering of M. A chart is said to be compatible with a differentiable atlas if it
is compatible with all the charts of the atlas; it is easy to see that two charts
that are compatible with an atlas are compatible with each other. Hence,
every differentiable atlas A is contained in a unique maximal differentiable
atlas which is obtained as the collection of all the charts in M that are
compatible with A.

A differentiable atlas A induces on M a unique topology 7 such that
each chart of A is a homeomorphism defined in an open subset of (M, 7);
such topology 7 is defined as the set of parts A C M such that p(ANT) is
an open subset of U for every chart ¢ : U — Uin A.

A (differentiable) manifold is then defined as a pair (M, A), where M
is a set and A is a maximal differentiable atlas in M whose corresponding
topology 7 is Hausdorff and second countable; a chart, or a coordinate
system, in a differentiable manifold (M, A) is a chart that belongs to .A.

2.1.1 Remark. Observe that some authors replace the assumption of second
countability for a differentiable manifold with the assumption of paracom-
pactness. In Exercise 2.1 the reader is asked to show that such assumption
is “weaker”, but indeed “not so much weaker”.

Let M be a manifold and N C M be a subset; we say that a chart
¢ : U — U C R™ is a submanifold chart for N if (U N N) is equal to the

intersection of U with a vector subspace S of R™. We then say that:
dlunny :UNN —TUNS

is the chart in N induced by ¢. The subset N is said to be an embedded
submanifold of M if for all x € N there exists a submanifold chart for
N whose domain contains . The inclusion i : N — M will then be an
embedding of N in M, i.e., a differentiable immersion which is a homeo-
morphism onto its image endowed with the relative topology.

An immersed submanifold N in M is a manifold /N such that N is a
subset of M and such that the inclusion i : N — M is a differentiable im-
mersion. Observe that a subset N C M may admit several differentiable
structures that make it into an immersed submanifold; however, if we fix a
topology in IV, then there exists at most one differentiable structure in NV
compatible with such topology and for which /V is an immersed submani-
fold of M (see Exercise 2.3).
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In general, if N and M are any two manifolds, and if f : N — M is an
injective differentiable immersion, then there exists a unique differentiable
structure on f(N) that makes f into a differentiable diffeomorphism onto
f(IN); hence, f(N) is an immersed submanifold of M. If f is an embed-
ding, then it follows from the local form of immersions that f(N) is an
embedded submanifold of M.

From now on, unless otherwise stated, by “submanifold” we will al-
ways mean “embedded submanifold”.

2.1.2 Remark. If P and M are two manifolds, N C M is an embedded
submanifold and f : P — M is a differentiable map such that f(P) C N,
then there exists a unique map fy : P — N such that the following diagram
commutes:

M 2.1.1)

4

P——N
fo

where i denotes the inclusion. We say that f is obtained from f by change
of counterdomain, and we will often use the same symbol f for fy; the map
fo is differentiable. The same results does not hold in general if NV is only
an immersed submanifold; it holds under the assumption of continuity for
fo (see Exercise 2.2).

Immersed submanifolds N C M for which the differentiability of f
in (2.1.1) implies the differentiability of f, are known as almost embedded
submanifolds of M; examples of such submanifolds are integral subman-
ifolds of involutive distributions, or immersed submanifolds that are sub-
groups of Lie groups.

2.1.3 Remark. If f : M — N is a differentiable submersion, then it follows
from the local form of the submersions that for all y € Im(f) and for all
x € f~1(y) C M there exists a local differentiable section of f that takes y
into z, i.e., there exists a differentiable map s : U — M defined in an open
neighborhood U of y in N such that s(y) = « and such that f(s(z)) = z
forallz € U.

The existence of local differentiable sections allows to prove that dif-
ferentiable submersions that are surjective have the quotient property; this
means that if f : M — N is a surjective submersion and g : M — P is
a differentiable map, and if there exists a map g : N — P such that the



58 [CAP. 2: GRASSMANNIANS

following diagram commutes:

M

~

X

N T> P
then also g is differentiable.

In particular, if M is a manifold and f : M — N is a surjective map,
then there exists at most one differentiable structure on IV that makes f into
a differentiable submersion; such structure is called a quotient differentiable
structure induced by f.

2.1.1 Classical Lie groups and Lie algebras

In this subsection we give a short description and we introduce the notations
for the classical Lie groups and Lie algebras that will be used in the text.

A Lie group is a group G endowed with a differentiable structure such
that the map G x G > (z,y) — zy~! € G is differentiable; the unit of G
will be denoted by 1 € G.

A Lie group homomorphism will always means a group homomorphism
which is also continuous; then, it will be automatically differentiable (see
for instance [19, Theorem 2.11.2] and [20, Theorem 3.39]).

For g € G, we denote by [, and r, respectively the diffeomorphisms
of G given by the left-translation l,(z) = gz and by the right-translation
rg(x) = xg; by I, = l, o' we denote the inner automorphism of G

g
associated to g. If g € G and v € TG is a tangent vector to G, we write:

gv=dlg(z)-v, wvg=dry(z)-v;
for all X € T1G we define vector fields X~ and X in G by setting:
XH(g)=gX, X"(g)= Xy, (2.12)

for all ¢ € G. We say that X (respectively, X ?) is the left-invariant
(respectively, the right-invariant ) vector field in X associated to X € T1G.

The Lie algebra corresponding to GG, denoted by g, is defined as the
tangent space at 1 of the manifold G: g = T1 G the Lie bracket, or commu-
tator, in g is obtained as the restriction of the Lie brackets of vector fields
in G where we identify each X € g with the left-invariant vector field X ~.
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We denote by exp : g — G the exponential map of G, defined in such
a way that, for each X € g, the map:

Rotr—exp(tX)e G (2.1.3)

is a Lie group homomorphism whose derivative at ¢ = 0 is equal to X.
Then, the curve (2.1.3) is an integral curve of the vector fields X Land XE,
that is:

%exp(tX) = XL(eXp(tX)) = XR(exp(tX)), (2.1.4)
for all ¢t € R (see [20, Theorem 3.31]).

A Lie subgroup of G is an immersed submanifold which is also a sub-
group of G; then, H is also a Lie group with the group and the differentiable
structure inherited from those of G (see Remark 2.1.2). A Lie subgroup
H C G will be an embedded submanifold if and only if H is closed in G
(see [19, Theorem 2.5.4] and [20, Theorem 3.21]); moreover, every closed
subgroup of a Lie group is a Lie subgroup of G (see [19, Theorem 2.12.6]
and [20, Theorem 3.42]).

If H C G is a Lie subgroup, then the differential of the inclusion map
allows to identify the Lie algebra h of H with a Lie subalgebra of g (see
[20, Proposition 3.33]); explicitly, we have:

h={X e€g:exp(tX) € H, Vt € R}. (2.1.5)

Observe that every discrete subgroup H C G is an embedded (and closed)
Lie subgroup of G with dim(H ) = 0; in this case h = {0}.

If G° denotes the connected component of G containing the identity
(which is also an arc-connected component), then it is easy to see that G°
is a normal subgroup of G which is closed and open. Actually, every open
subgroup of G is also closed, as its complementary is union of cosets of
this subgroup, that are open. It follows that every open subgroup of G is
the union of some connected components of (G, and the Lie algebra of an
open subgroup of G is identified with the Lie algebra of G.

2.1.4 Remark. 1f GG is a Lie group and b is a subspace of g, then there exists
a unique left-invariant distribution D* and a unique right-invariant distri-
bution D in G such that DL (1) = DE(1) = h. We have that DZ, or
DF, is involutive if and only if b is a Lie subalgebra of g. In this case, the
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maximal connected integral submanifold of D, or of D¥, passing through
1 € G is a (connected) Lie subgroup of G whose Lie algebra is b; more-
over, if H C G is any Lie subgroup whose Lie algebra is b, then H? is the
maximal connected integral submanifold of D, or of D passing through
1 € G. The other maximal connected integral submanifolds of D (respec-
tively, of D) are the left cosets gH (respectively, the right cosets H g) of
H. A proof of these facts can be found in [19, Theorem 2.5.2] and [20,
Corollary (b), Theorem 3.19]; for the basic notions of involutive distribu-
tions, integral submanifolds and the Frobenius Theorem the reader may use,
for instance, [19, Section 1.3] or [20, pages 41-49].

From the above observations we obtain that a curve ¢t — ~(t) € G of
class C'! has image contained in some left coset of H if and only if

()T (t) € b,

for all ¢; similarly, it has image in some right coset of H if and only if:

Y ()t €,
for all ¢.

We will now present a short list of the classical Lie groups that will
be encountered in this text, and we will describe their Lie algebras. All
these groups and algebras are formed by real or complex matrices, or by
linear maps on real or complex vector spaces. The group multiplication
will always be the multiplication of matrices, or the map composition, and
the Lie bracket will always be given by:

[X,Y] = XY - YX;

finally, the exponential map will always be:

exp(X) = Z Xn.

nl
= nl
Typically, we will use capital letters to denote Lie groups and the corre-
sponding small letters to denote their Lie algebras; all the vector spaces
below will be meant to be finite dimensional.

o The general linear group. Let V be a real or a complex vector space;
we denote by GL(V) the group of all linear automorphisms of V;
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its Lie algebra gl(V') coincides with the space of all linear endomor-
phisms Lin(V') of V. We call GL(V') the general linear group of V.

We write GL(R™) = GL(n,R), gl(R™) = gl(n,R), GL(C™) =
GL(n,C) and gl(C") = gl(n,C); obviously, we can identify the
group GL(n,R) (respectively, GL(n, C)) with the group of invert-
ible real (respectively, complex) n X n matrices, and gl(n, R) (resp.,
gl(n, C)) with the algebra of all real (resp., complex) n X n matrices.

Observe that if V' is a real space and .J is a complex structure on V, so
that (V, J) is identified with a complex space, then GL(V, J) (resp.,
gl(V, J)) can be seen as the subgroup (resp., the subalgebra) of GL(V)
(resp., of gl(V')) consisting of those maps that commute with J (see
Lemma 1.2.3).

In this way we obtain an inclusion of GL(n, C) into GL(2n,R) and
of gl(n, C) into gl(2n, R) (see Example 1.2.2 and Remark 1.2.9).

The special linear group.

If V is a real or complex vector space, we denote by SL(V') the spe-
cial linear group of V, given by the closed subgroup of GL(V') con-
sisting of those endomorphisms with determinant equal to 1. Its Lie
algebra sl(V') is given by the set of endomorphisms of V' with null
trace. We also write SL(R") = SL(n,R), SL(C") = SL(n,C),
sl(R™) = sl(n,R) and sl(C") = sl(n,C). We identify SL(n,R)
(resp., SL(n, C)) with the group of real (resp., complex) n X n matri-
ces with determinant equal to 1, and sl(n, R) (resp., sl(n, C)) with the
algebra of real (resp., complex) n X n matrices with null trace.

As in the case of the general linear group, we have inclusions:

SL(n,C) C SL(2n,R), and sl(n,C) C sl(2n,R).

The orthogonal and the special orthogonal groups.

If V is a real vector space endowed with a positive inner product g, we
denote by O(V, g) the orthogonal group of (V, g), which is the closed
subgroup of GL(V') consisting of the g-orthogonal linear maps. The
special orthogonal group of (V, g) is defined by:

SO(V,g) = O(V,g) N SL(V).

61
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The Lie algebras of O(V,g) and of SO(V, g) coincide, and they are
both denoted by so(V, g); this is the subalgebra of gl(V') consisting of
g-anti-symmetric linear maps.

If V = R" and g is the canonical inner product, then we write
O(R",g) = O(n), SO(R",g) = SO(n) and so(R",g) = so(n);
O(n) is identified with the group of n x n orthogonal matrices (a
matrix is orthogonal if its transpose coincides with its inverse), SO(n)
is the subgroup of O(n) consisting of those matrices with determinant
equal to 1, and so(n) is the Lie algebra of real n X n anti-symmetric
matrices.

o The unitary and the special unitary groups. Let V be a complex vec-
tor space endowed with a positive Hermitian product gs. The uni-
tary group of (V, gs), denoted by U(V, gs), is the closed subgroup of
GL(V) consisting of the gs-unitary linear maps on V; the special uni-
tary group of (V, gs) is defined by:

SU(Vags) = U(Vags) N SL(V)

The Lie algebra u(V, gs) of U(V, gs) is the subalgebra of gl(V) con-
sisting of the gs-anti-Hermitian linear endomorphisms of V, and the
Lie algebra su(V, g) of SU(V, gs) is the subalgebra of u(V, gs) con-
sisting of linear maps with null trace.

If V is areal space and J is a complex structure in V' in such a way
that (V, J) is identified with a complex vector space V, then given a
Hermitian product gs in (V, J) we also write U(V, gs) = U(V, J, gs5),
SUWV,gs) = SU(V, J,gs), u(V,gs) = u(V,J,gs) and su(V, gs) =
su(V, J, gs).

If V = C™ and g is the canonical Hermitian product in C”, then we
write U(C", g.) = U(n), SU(C", g,) = SU(n), u(C",g,) = u(n)
and su(C™, gs) = su(n); then U(n) is the group of complex n X n
unitary matrices (a matrix is unitary if its conjugate transpose is equal
to its inverse), SU(n) is the subgroup of U(n) consisting of matrices
with determinant equal to 1, u(n) is the Lie algebra of all complex n x
n anti-Hermitian matrices (a matrix is anti-Hermitian if its conjugate
transpose equals its opposite), and su(n) is the subalgebra of u(n)
consisting of matrices with null trace.
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e The symplectic group.

Let (V,w) be a symplectic space; in Definition 1.4.10 we have in-
troduced the symplectic group Sp(V,w). We have that Sp(V,w) is a
closed subgroup of GL(V); its Lie algebra consists of those linear en-
domorphisms X of V such that w(X-, -) is a symmetric bilinear form,
that is:

w(XW),w) =w(X(w),v), v,weVW. (2.1.6)

In terms of the linear map w: V' — V*, formula (2.1.6) is equivalent
to the identity:
woX =—-X"ow. 2.1.7)

If w is the canonical symplectic form of R?", then we write
Sp(R?",w) = Sp(2n,R), and sp(R*",w) = sp(2n, R).

The matrix representations of elements of Sp(V, w) with respect to a
symplectic basis are described in formulas (1.4.7) and (1.4.8). Using
(2.1.7) it is easy to see that the matrix representation of elements of
sp(V,w) in a symplectic basis is of the form:

A B .
< O _A* ), B, C symmetric,

where A* denotes the transpose of A.

2.1.2 Actions of Lie groups and homogeneous manifolds

In this subsection we state some results concerning actions of Lie groups
on manifolds and we study the homogeneous manifolds, that are manifolds
obtained as quotients of Lie groups.

If G is a group and M is a set, a (left) action of G on M is a map:

GxM>(g,m)—g-meM (2.1.8)

such that g1 - (g2 - m) = (g192) -mand 1 -m = m for all g1, g2 € G and
for all m € M, where 1 is the unit of G. Given an action of G on M, we
get a map

Bm :G— M (2.1.9)
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given by 5,,(g9) = g - m, and for all g € G we get a bijection:
Yg: M — M

of M given by v4(m) = g - m; the map g — ~, is a group homomorphism
from G to the group of bijections of M.
For all m € M, we define the orbit of m relative to the action of G by:

G(m):{g~m:g€G};

the orbits of the action of G form a partition of M; we also define the
isotropy group of the element m € M by:

sz{geG:g~m:m}.

It is easy to see that GG, is a subgroup of G.

We say that the action of G on M is transitive if G(m) = M for some,
hence for all, m € M; we say that the action is free, or without fixed points,
if G,,, = {1} for all m € M. The action is effective if the homomorphism
g+ g is injective, i.e., if (), c s G = {1}.

If H is a subgroup of G, we will denote by G/H the set of left cosets
of H in G:

G/H = {gH : g € G},
where gH = {gh : h € H} is the left coset of g € G. We have a natural
action of G on G/H given by:

G x G/H > (g1,92H) — (g1g2)H € G/H; (2.1.10)

this action is called action by left translation of G in the left cosets of H.
The action (2.1.10) is always transitive.

If G acts on M and G, is the isotropy group of the element m € M,
then the map (,, of (2.1.9) passes to the quotient and defines a bijection:

Bm : G/Gm — G(m) 2.1.11)

given by 3,,(9G) = g -m. We therefore have the following commutative

diagram:
N
q

G/Gm —

m

where ¢: G — G/G,, denotes the quotient map.
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2.1.5 Definition. Given actions of the group G on sets M and N, we say
that a map ¢ : M — N is G-equivariant if the following identity holds:

¢(g-m) =g-p(m),

forall g € G and all m € M. If ¢ is an equivariant bijection, we say
that ¢ is an equivariant isomorphism; in this case ¢! is automatically
equivariant.

The bijection (2.1.11) is an equivariant isomorphism when we consider
the action of G on G/G,, by left translation and the action of G on G(m)
obtained by the restriction of the action of G on M.

2.1.6 Remark. 1t is possible to define also a right action of a group G on a
set M as a map:

MxG53 (m,g)—m-geM 2.1.12)

that satisfies (m-g1) g2 = m-(g1g2) and m-1 = mforall g1, g2 € G and
all m € M. A theory totally analogous to the theory of left actions can be
developed for right actions; as a matter of facts, every right action (2.1.12)
defines a left action by (g, m) — m-g~!. Observe that in the theory of right
actions, in order to define properly the bijection 3, in formula (2.1.11), the
symbol G/ H has to be meant as the set of right cosets of H.

Let’s assume now that GG is a Lie group and that M is a manifold; in
this context we will always assume that the map (2.1.8) is differentiable,
and we will say that G acts differentiably on M. If H is a closed subgroup
of G, then there exists a unique differentiable structure in the set G/ H such
that the quotient map:

q:G— G/H

is a differentiable submersion (see Remark 2.1.3). The kernel of the differ-
ential dg(1) is precisely the Lie algebra h of H, so that the tangent space
to G/H at the point 1H may be identified with the quotient space g/b.
Observe that, since ¢ is open and surjective, it follows that G/H has the
quotient topology induced by ¢ from the topology of G.

By continuity, for all m € M, the isotropy group G, is a closed sub-
group of G, hence we get a differentiable structure on G/G,y; it can be
shown that the map ¢gG,, — ¢ - m is a differentiable immersion, from
which we obtain the following:
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2.1.7 Proposition. If G is a Lie group that acts differentiably on the mani-
fold M, then for all m € M the orbit G(m) has a unique differentiable
structure that makes (2.1.11) into a differentiable diffeomorphism; with
such structure G(m) is an immersed submanifold of M, and the tangent
space T, G(m) coincides with the image of the map:

dBn (1) : g — T, M,
where (3, is the map defined in (2.1.9). O]

2.1.8 Remark. If we choose a different point m’ € G(m), so that G(m') =
G(m), then it is easy to see that the differentiable structure induced on
G(m) by B, coincides with that induced by [,,,.

We also have the following:

2.1.9 Corollary. If G acts transitively on M, then for all m € M the map
(2.1.11) is a differentiable diffeomorphism of G /G.,, onto M in particular,
the map (,, of (2.1.9) is a surjective submersion. [

In the case of transitive actions, when we identify G/G,,, with M by
the diffeomorphism (2.1.11), we will say that m is the base point for such
identification; we then say that M (or G/G,,) is a homogeneous manifold.

2.1.10 Corollary. Let M, N be manifolds and let G be a Lie group that
acts differentiably on both M and N. If the action of G on M is transitive,
then every equivariant map ¢ : M — N is differentiable.

Proof. Choose m € M the equivariance property of ¢ gives us the follow-
ing commutative diagram:

G

B
mi y{‘ )

M 7> N
and the conclusion follows from Corollary 2.1.9 and Remark 2.1.3. O

In some situations we will need to know if a given orbit of the action
of a Lie group is an embedded submanifold. Let us give the following
definition:
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2.1.11 Definition. Let X be a topological space; a subset S C X is said to
be locally closed if S is given by the intersection of an open and a closed
subset of X . Equivalently, S is locally closed when it is open in the relative
topology of its closure S.

Exercise 2.4 is dedicated to the notion of locally closed subsets.
We have the following:

2.1.12 Theorem. Let G be a Lie group acting differentiably on the manifold
M. Given m € M, the orbit G(m) is an embedded submanifold of M if
and only if G(m) is locally closed in M.

Proof. See [19, Theorem 2.9.7]. O

We conclude the subsection with a result that relates the notions of fi-
bration and homogeneous manifold.

2.1.13 Definition. Given manifolds F', E' and B and a differentiable map
p: E — B, we say that p is a differentiable fibration with typical fiber F' if
for all b € B there exists a diffeomorphism:

a:p '(U)—UxF

such that 7y o o = pl,,-1(7y, where U C B is an open neighborhood of b in
Bandm : U x F — U is the projection onto the first factor. In this case,
we say that « is a local trivialization of p around b.

2.1.14 Theorem. Let G be a Lie group and H, K closed subgroups of G
with K C H; then the map:

p:G/K — G/H

defined by p(gK) = gH is a differentiable fibration with typical fiber
H/K.

Proof. 1t follows from Remark 2.1.3 that p is differentiable. Given gH €
G/H,lets : U — G be alocal section of the submersion ¢ : G — G/H
defined in an open neighborhood U C G/H of gH; it follows that g o s is
the inclusion of U in G/H. We define a local trivialization of p:

a:p N (U) —Ux H/K

by setting a(rK) = (zH, s(xH) ! 2K). The conclusion follows. O
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2.1.15 Corollary. Under the assumptions of Corollary 2.1.9, the map By,
given in (2.1.9) is a differentiable fibration with typical fiber G p,. O

2.1.16 Corollary. Let f: G — G’ be a Lie group homomorphism and let
H C G, H' C G be closed subgroups such that f(H) C H'; consider the
map:

f:G/H — G'/H'
induced from f by passage to the quotient, i.e., f(gH) = f(g)H' for all
g € G. If f is surjective, then f is a differentiable fibration with typical
fiber f~Y(H')/H.

Proof. Consider the action of G on G’ /H'’ given by
GxG/H' > (9,9 H")— (f(9)g)H € G'/H".

The orbit of the element 1H’ € G’/H’ is the image of f, and its isotropy
group is f~1(H'); since f is surjective, it follows from Corollary 2.1.9
that the map f: G/f~'(H') — G’/H’ induced from f by passage to the
quotient is a diffeomorphism. We have the following commutative diagram:

P

G/f~H(H') F G'/H

where p is induced from the identity of GG by passage to the quotient; it
follows from Theorem 2.1.14 that p is a differentiable fibration with typical
fiber f~1(H’)/H. This concludes the proof. O

A differentiable covering is a differentiable fibering whose fiber is a
discrete manifold (i.e., zero dimensional). We have the following:

2.1.17 Corollary. Under the assumptions of Corollary 2.1.16, if H and
f~Y(H') have the same dimension, then f is a differentiable covering. [

2.1.18 Remark. Given a differentiable fibration p : £ — B with typical
fiber I, then every curve v : [a,b] — B of class C¥, 0 < k < 400, admits
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alift¥ : [a,b] — E (i.e., po7¥ = ) which is of class C*:

E

- T
5 o

a,b] —— B

The proof of this fact is left to the reader in Exercise 2.13.

2.1.3 Linearization of the action of a Lie group
on a manifold

In this subsection we will consider a Lie group G with a differentiable
(left) action on the manifold M ; we show that such action defines a anti-
homomorphism of the Lie algebra g of G to the Lie algebra of the differen-
tiable vector fields on M.
Given X € g, we define a differentiable vector field X* on M by
setting:
X*(m)=dB,(1)-X, meM,

where (3, is the map defined in (2.1.9).
Recall that if f : N; — N3 is a differentiable map, the vector fields Y3
and Y5 on N7 and N, respectively are said to be f-related if:

Ya(f(n)) =dfu(Yi(n)), Vne Ny

2.1.19 Remark. If Yy, Z; are differentiable vector fields on the manifold
N that are f-related respectively with the fields Y5, Z> on the manifold
N, then the Lie bracket [Y7, Z1] is f-related to the Lie bracket [Ya, Zs].

Observe that, for all g € G and all m € M, we have
ﬁgm = ﬂm OTg,

hence
dBygm (1) = dBm(g) o dry(1). 2.1.13)

If X denotes the right invariant vector field on G corresponding to the
element X € g, then, using (2.1.13), we have:

X*(g-m)=dfn(g)- X™(g), Vme M. (2.1.14)
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The identity (2.1.14) tells us that, for all m € M, the field X* in M is
B -related with the field X ® in G.

2.1.20 Remark. Let us denote by X the left invariant vector field on G
corresponding to X € g; if G acts on the left on M, then in general it is
not possible to construct a vector field in M which is (3,,,-related to X .
Observe also that, in general, the field X* is not invariant by the action of
G in M; actually, it is not possible in general to construct a vector field on
M which is invariant by the action of G’ and whose value at a given point
is given.

As a corollary of (2.1.14) we get the following:

2.1.21 Proposition. Given X,Y € g, then we have:
(X, Y]" = —[X", Y7,

where the bracket on the left of the equality is the Lie product in g and the
bracket on the right denotes the Lie bracket of vector fields in M.

Proof. Choose m € M since the vector fields X* and Y are (3,,,-related
respectively to the right invariant vector fields X and Y %, it follows from
Remark 2.1.19 that [X*,Y*] is 3,,-related to [ X, YF]. To conclude the
proof, we will show that:

(XR VR = —[X, V], (2.1.15)

observe now that from (2.1.15) it will follow that both brackets [X*, Y™
and —[X,Y]* are 3,,-related to [X ¥ Y], hence they must coincide on
Im(B,,) = G(m). Since m is arbitrary, the proof of Proposition 2.1.21
will follow.

In order to show (2.1.15), consider the inversion map inv : G — G
given by inv(g) = g¢g~!; we have that d(inv)(1) = —Id. Then, it is
easy to see that X R is inv-related to the left invariant field — X, and,
by Remark 2.1.19, [X T Y] is inv-related to [X L, Y] = [X, Y]E; also,
—[X,Y]® is inv-related to [X, Y]¥. The conclusion now follows from the
fact that inv is surjective. O

The map X — X* is called the linearization of the action of G in M,
Proposition 2.1.21 tells us that this map is a anti-homomorphism of the Lie
algebra g into the Lie algebra of differentiable vector fields on M.
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2.1.22 Remark. From (2.1.14) it follows easily that, for all m € M, the
map t — exp(tX) - m is an integral curve of X *.
More generally, given any map I 5 t — X (t) € g defined in an interval
I C R, we obtain a time-dependent right invariant vector field in G given
by:
IxG3(tg)— X1)"(9) = X(t)g € T,G; (2.1.16)

we also have a time-dependent vector field in M by setting:
IxM>3(t,m)— X()"(m) € T,,M. (2.1.17)

From (2.1.14) it follows also that, for any m € M, the map (G, takes
integral curves of (2.1.16) into integral curves of (2.1.17); more explicitly,
ift — (t) € G satisfies

for all ¢ then: d
(V) -m) = X(@)"(+(t) - m).

2.2 Grassmannians and their differentiable
structure

In this section we will study the geometry of the set of all k-dimensional
subspaces of a Euclidean space.

Let n, k be fixed integers, with n > 0 and 0 < k£ < n; we will denote
by Gi(n) the set of all k-dimensional vector subspaces of R™; Gi(n) is
called the Grassmannian of k-dimensional subspaces of R™.

Our goal is to describe a differentiable atlas for G (n), and the main
idea is to view the points of G (n) as graphs of linear maps defined on
a fixed k-dimensional subspace of R™ and taking values in another fixed
(n — k)-dimensional subspace of R"™, where these two fixed subspaces are
transversal.

To this aim, we consider a direct sum decomposition R” = Wy ¢ Wh,
where dim(Wy) = k (and obviously dim(W;) = n — k). For every linear
map T : Wy — W1, the graph of T given by:

Gr(T)={v+TW):ve Wy}
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is an element in G (n). Moreover, an element W € Gg(n) is of the form
Gr(T) if and only if it is transversal to W7, i.e., iff it belongs to the set:

Gh(n,Wy) = {W € Gi(n) : WN Wy = {0} } C Gy(n).

In this situation, the linear map 7T is uniquely determined by W. We can
therefore define a bijection:

dwo.w, : Go(n, W) — Lin(Wy, W), (2.2.1)

by setting ¢w, w, (W) =T when W = Gr(T).

More concretely, if 7y and 71 denote respectively the projections onto
Wy and W7 in the decomposition R" = W,y & W, then the linear map
T = ¢w,w, (W) is given by:

T = (milw) o (molw) ™"
Observe that the condition that ¥ be transversal to W is equivalent to the
condition that the restriction 7|y be an isomorphism onto Wy,
We will now show that the collection of the charts ¢y, w,, when (W, W)
run over the set of all direct sum decomposition of R™ with dim(W) =

k, is a differentiable atlas for Gj(n). To this aim, we need to study the
transition functions between these charts. Let us give the following:

2.2.1 Definition. Given subspaces Wy, W/, C R™ and given a common
complementary subspace W; C R" of theirs, i.e.,, R" = Wy & W; =
W @ Wi, then we have an isomorphism:

%6
n= UW;’W(; Wy — W(;a
obtained by the restriction to Wy of the projection onto W relative to the
decomposition R™ = W @ W;. We say that nvvgé w 18 the isomorphism of
»Wo
Wo and W/, determined by the common complementary subspace W1.

. W1 1 3 Wl . 1
The inverse of My, wy 18 simply i w,s We have the following com-
mutative diagram of isomorphisms:

R" /W,

yw

/
nWO s Wé
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where ¢ : R — R"™ /W is the quotient map.

Letus consider charts ¢w, w, and ¢y, w, in the Grassmannian G (n),
with & = dim (W) = dim(W); observe that they have the same domain.
In this case it is easy to obtain the following formula for the transition
function:

dwgw, © (dwows) N (T) = (hlwo + D) omitt s (222)

where 7| denotes the projection onto W; relative to the decomposition
R" =Wy Wi.

Let us now consider decompositions R" = Wy & Wy = Wy & W,
with dim(Wy) = k, and let us look at the transition function ¢y, w; o
(éw,.w, ) L. First, we observe that its domain consists of those linear maps
T € Lin(Wy, W) such that Gr(T) € G(n, W{); itis easy to see that this
condition is equivalent to the invertibility of the map:

Id + (molw, ) o T,

where 7, denotes the projection onto Wy relative to the decomposition
R"™ = Wy & W/ and 1d is the identity map on W,. We have the following
formula for ¢y, w: © (pwyw,) "

- -1
bwo w0 (Swowy) H(T) = nl‘jVVS,Wl’ oTo (Id+ (mylw,)oT) . (22.3)
We have therefore proven the following:

2.2.2 Proposition. The set of all charts ¢w, w, in Gi(n), where the pair
(Wo, W1) run over the set of all direct sum decompositions of R™ with
dim(Wy) = k, is a differentiable atlas for G (n).

Proof. Since every subspace of R™ admits one complementary subspace, it
follows that the domains of the charts ¢y, w, cover Gi(n). The transition
functions (2.2.2) and (2.2.3) are differentiable maps defined in open sub-
sets of the vector space Lin(Wy, Wy). The general case of compatibility
between charts ¢w, w, and ¢y, w; follows from transitivity. O

2.2.3 Remark. As to the argument of transitivity mentioned in the proof of
Proposition 2.2.2, we observe that in general the property of the compati-
bility of charts is not transitive. However, the following weaker transitivity
property holds, and that applies to the case of Proposition 2.2.2: if g, 1,
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and 1), are charts on a set such that ¢ is compatible with /1, 1/ is compat-
ible with 15 and the domain of g coincides with the domain of 1)1, then
g is compatible with 5.

2.2.4 Remark. Formulas (2.2.2) and (2.2.3) show indeed that the charts
dw,.w, form a real analytic atlas for Gi(n).

2.2.5 Remark. Given a finite collection V1, ..., V, of k-dimensional sub-
spaces of R", it is possible to find a subspace W which is complementary
to all of the V;’s. For, if & < n, we can choose a vector v; € R™\ J,_, V;.
Let us now consider the subspaces V/ = V; @ Rv; of dimension k + 1;
by repeating the construction to the V;’s, we determine inductively vectors
V1,...,Un—j that form a basis for a common complementary to the V;’s.
This argument shows that every finite subset of Gy (n) belongs to the do-
main of some chart ¢y, w,. In Exercise 2.8 the reader is asked to show
that the same holds for countable subsets of G(n).

We finally prove that G (n) is a manifold:

2.2.6 Theorem. The differentiable atlas in Proposition 2.2.2 makes Gy.(n)
into a differentiable manifold of dimension k(n — k).

Proof. If dim(Wy) = k and dim(W;) = n—k, then dim(Lin(Wy, W1)) =
k(n — k). It remains to prove that the topology defined by the atlas is
Hausdorff and second countable. The Hausdorff property follows from the
fact that every pair of points of G(n) belongs to the domain of a chart.
The second countability property follows from the fact that, if we consider
the finite set of chart ¢y, w,, where both Wy and W, are generated by
elements of the canonical basis of R", we obtain a finite differentiable atlas
for Gi(n). O

2.2.7 Remark. It follows immediately from the definition of topology in-
duced by a differentiable atlas that the subsets G (n, W1) C Gi(n) are
open; moreover, since the charts ¢y, w, are surjective, it follows that
G (n, W) is homeomorphic (and diffeomorphic) to Lin(Wy, W1).

2.2.8 Example. The Grassmannian G1(n) of all the lines through the ori-
gin in R™ is also known as the real projective space RP"~!. By taking
Wo = {0}"' @ R and W; = R"~! @ {0}, the chart ¢w, w, gives us
what is usually known in projective geometry as the homogeneous coordi-
nates. The space RP™~! can also be described as the quotient of the sphere
S™~1 obtained by identifying the antipodal points.
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The real projective line RP Lis diffeomorphic to the circle S L. in fact,
considering S C C, the map z ~ 22 is a two-fold covering of S! over
itself that identifies antipodal points.

2.2.9 Remark. The theory of this section can be repeated verbatim to define
a manifold structure in the Grassmannian of all k-dimensional complex
subspaces of C". Formulas (2.2.2) and (2.2.3) are holomorphic, which says
that such Grassmannian is a complex manifold, whose complex dimension
is k(n — k).

2.3 The tangent space to a Grassmannian

In this section we give a concrete description of the tangent space Ty G (n)
for W € Gj(n), by showing that it can be naturally identified with the
space Lin(W, R™/W). This identification will allow to compute in a sim-
ple way the derivative of a curve in G (n).

We start with an informal approach. Suppose that we are given a dif-
ferentiable curve ¢ — W (t) in Gi(n), i.e., for all instants ¢ we have k-
dimensional subspace W (t) of R™. How can we think of the derivative
W'(to) in an intuitive way? Consider a curve of vectors ¢t — w(t) € R™,
with v(t) € W (t) for all ¢; in some sense, the derivative v’ () must encode
part of the information contained in the derivative W'(ty). We now try to
formalize these ideas.

For all ¢, write W (t) = Ker(A(t)), where A(t) € Lin(R™, R"~*);
differentiating the identity A(t)w(t) = 0int =ty we get:

Al(to)w(to) + A(to)w/(to) =0.

This identity shows that the value of w’(t) is totally determined by w(tg)
up to elements of W (ty). More precisely, to all wy € W (tp), we can
associate a class w(, + W (tg) € R™/W (to) by setting wj, = w’(to), where
t — w(t) is any differentiable curve in R™ with w(¢) € W (¢) for all ¢ and
w(0) = wy. Using the above identity it is easy to see that such map is well
defined, i.e., it does not depend on the choice of the curve w(t). The map
wp — w)y + W(to) is a linear map from W () to R™ /W (¢y), and we can
look at it as the derivative of the curve of subspaces W (t) int = tq.

We can now prove the existence of a canonical isomorphism of the tan-
gent space Ty Gy (n) with Lin(WW,R™/W); in the following proposition
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we will use the abstract formalism concerning the functor Lin(+, -) intro-
duced in Remark 1.1.1.

2.3.1 Proposition. Let W € Gy (n) and Wy be a complementary subspace
of W in R™. Denote by q1 : W1 — R™/W the restriction of the quotient
map onto R™/W. We have an isomorphism:

Lin(Id, 1) o déw,w, (W) : Tw G (n) — Lin(W,R"/W), (2.3.1)

where

Lin(Id, ¢;): Lin(W, W;) — Lin(W,R"/W) (2.3.2)

is the map of composition on the left T' — q1 o T (recall formulas (1.1.2)
and (1.1.3)).

The isomorphism (2.3.1) does not depend on the choice of the comple-
mentary subspace W7.

Proof. Since ¢ is an isomorphism and ¢y, is a chart around W, obvi-
ously (2.3.1) is an isomorphism. The only non trivial fact in the statement is
the independence of (2.3.1) from the choice of the subspace W;. To prove
this fact, consider a different complementary subspace W7 of W in R"; ob-
serve that ¢y, w, (W) = ¢w,w; (W) = 0. By differentiating the transition
function (2.2.3) in T' = 0 we see that the following diagram commutes:

d¢W (MKW{(W)
Lin(W, W7) Lin(W, W1).
Lin(Id7 "XVVI wi

The conclusion now follows easily from the observation that also the dia-
gram

w
Ty, wi ,

Wh Wi (2.3.3)
R" /W

is commutative, where ¢} denotes the restriction to W7 of the quotient map
onto R™/W. O
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2.3.2 Remark. Observe that, from a functorial point of view, the conclu-
sion of Proposition 2.3.1 follows by applying the functor Lin(W, -) to the
diagram (2.3.3).

Keeping in mind Proposition 2.3.1, we will henceforth identify the
spaces Ty Gg(n) and Lin(W, R™/W). Our next proposition will provide
a justification for the informal reasons of such identification given at the
beginning of the section:

2.3.3 Proposition. Let W : I — Gy(n)andw : I — R™ be curves defined
in an interval I containing to, both differentiable at t = to. Suppose that
w(t) € W(t) for all t € I. Then, the following identity holds:

W’(to) . w(to) = w/(to) + W(to) S Rn/W(to),

where we identify W' (to) with an element in Lin(W,R™ /W (to)) using the
isomorphism (2.3.1).

Proof. Set Wy = W (t() and choose a complementary subspace W of Wy
in R". Set T = ¢w, w, o W, so that, for all ¢ € I sufficiently close to
to, we have W(t) = Gr(7T'(¢)). Denoting by 7 the projection onto W)
relative to the decomposition R" = Wy @ Wy, we set u = 7 o w.

Since w(t) € W (t), we have:

w(t) =u(t) +T(t) -u(t), tel. (2.34)

Using the isomorphism (2.3.1) we see that W' (tg) € Tw,Gr(n) is identi-
fied with:

Lin(Id, ql) o d¢W07W1 (Wo) . W/(to) =q1° T/(to) S Lin(Wo, Rn/Wo),

where ¢; and Lin(Id, ¢;) are defined as in Proposition 2.3.1.
Hence, it remains to show that:

q1oT' (tg) - w(ty) = w'(ty) + Wo € R"™/W.

Differentiating (2.3.4) in t = t, and observing that T'(¢y) = 0, u(ty) =
w(tp), we obtain:

w/(to) = ’U,/(t()) + T/(to) . ’LU(tQ),

where u/(to) € Wy. The conclusion follows. O
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2.3.4 Remark. Given acurve W : I — Gg(n), to € I and a vector wg €
Wo = W (to), we can always find a curve ¢ — w(t) € R”™ defined in a
neighborhood of ¢ in I, with w(t) € W (¢) for all ¢, with w(tp) = wg and
such that w has the same regularity as W . Indeed, for ¢ near ¢y, we write
W in the form W (t) = Gr(7'(t)) using a local chart ¢y, v, ; then we can
define w(t) = wo + T'(t) - wo.

This implies that Proposition 2.3.3 can always be used to compute dif-
ferentials of functions defined on, or taking values in, Grassmannian man-
ifolds. Indeed, the computation of differentials may always be reduced to
the computation of tangent vectors to curves, and to this aim we can al-
ways use Proposition 2.3.3 (see for instance the proofs of Lemma 2.3.5,
Proposition 2.4.11 and Proposition 2.4.12).

We now compute the differential of a chart ¢y, w, ata point W of its
domain using the identification Ty G (n) ~ Lin(W,R"/W):

2.3.5 Lemma. Consider a direct sum decomposition R™ = Wy & W1, with
dim(Wo) = k, and let W € G9(n, W), then the differential of the chart
ow,,w, at W is the map:

Lin(ny? o a5 ")« Lin(W,R"/W) — Lin(Wo, W),
that is:
dpwo,w, (W)-Z = q; o Zonyy! v, Z € Lin(W,R"/W) = Ty Gi(n),

where q1 denotes the restriction to W1 of the quotient map onto R™ /W
and UXVV;,W is the isomorphism of Wy onto W determined by the common
complementary W (cf. Definition 2.2.1).

Proof. 1tis adirect application of the technique described in Remark 2.3.4.
Let t — 20(¢) be a differentiable curve in Gy (n) with 20(0) = W,
W' (0) = Z; write T(t) = pw,.w, (2(t)), so that W(t) = Gr(T(t)) for
all t; observe that 77(0) = déw, w, (W) - Z.
Let w € W; since W = Gr(T(0)), we can write w = wg + T(0) - wy
with wy € Wy. Then, t — w(t) = wo + T(t) - wo is a curve in R™ with
w(t) € W(t) for all ¢ and w(0) = w. By Proposition 2.3.3 we have:

W) w=Z w=w'(0)+W=T(0) -wy+W e R"/W.
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Observing that wg = 7IVM[;,1W0 (w), we conclude that
Z =q1oT'(0) o iy,

The conclusion follows. O

2.4 The Grassmannian as a homogeneous space

In this section we will show that the natural action of the general linear
group of R™ on Gy (n) is differentiable. This action is transitive, even when
restricted to the special orthogonal group; it will follow that the Grassman-
nian is a quotient of this group, and therefore it is a compact and connected
manifold.

Each linear isomorphism A € GL(n,R) defines a bijection of G (n)
that associates to each W € Gy (n) its image A(W); with a slight abuse of
notation, this bijection will be denoted by the same symbol A. We therefore
have a (left) action of GL(n,R) on Gx(n), that will be called the natural
action of GL(n,R) on Gi(n) .

We start by proving the differentiability of this action:

2.4.1 Proposition. The natural action GL(n,R) x Gi(n) — Gg(n) is
differentiable.

Proof. We simply compute the representation of this action in local charts.

Let A € GL(n,R) and W € G (n) be fixed. Let W; be a common
complementary for Wy and A(Wy); hence, ¢w, w, is a chart whose do-
main contains both Wy and A(W;). We compute ¢w, w, (B(W)) for B
in a neighborhood of A and W in a neighborhood of Wy; writing T' =
dw,.w, (W) we have:

dwo,w, (BW)) = (Bio + Bi1oT) o (Boo + Bo1 o T)™', (241

where B;; denotes the component 7;0(B|w, ) of B and 7, i = 0, 1, denotes
the projection onto W; relative to the decomposition R" = Wy & Wi.
Obviously, (2.4.1) is a differentiable function of the pair (B, T). O

The action of GL(n,R) on G(n) is transitive; actually, we have the
following stronger result:
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2.4.2 Proposition. The natural action of SO(n) in Gy(n), obtained by
restriction of the natural action of GL(n, R), is transitive.

Proof. Let W,W' € Gj(n) be fixed; we can find two orthonormal bases
(b;)7—, and (b})7_; of R™ such that (b;)¥_, is a basis of W and (b})%_,
is a basis of W'. By possibly replacing b; with —b;, we can assume that
the two bases define the same orientation of R". We can therefore find
A € SO(n) such that A(b;) = b’; forall j = 1,...,n, hence in particular
AW) =W'. O

2.4.3 Corollary. The Grassmannian Gy(n) is diffeomorphic to the quo-
tients:

om 50(n)
(k) % O(n — k) S{0(k) x O(n — 1))
where S(O(k) x O(n — k)) denotes the intersection:
SO(n) N (O(k) x O(n —k)).

It follows in particular that Gy (n) is a compact and connected manifold.

Proof. The isotropy of the point R¥ @ {0}"~* by the action of O(n) is
given by the group of orthogonal linear maps that leave the subspaces R* &
{0}"=* and {0}* @ R™~* invariant; this group is clearly isomorphic to
O(k) x O(n — k). A similar argument applies to the case of the action of
SO(n). The conclusion follows from Corollary 2.1.9 and Proposition 2.4.2.

O

2.4.4 Remark. Obviously, we could have added to the statement of Corol-
lary 2.4.3 a representation of G(n) as a quotient of GL(n,R). Observe
that in this case the isotropy of R* & {0}"~* is not GL(k) x GL(n — k)
(see Exercise 2.9).

2.4.5 Remark. As a matter of facts, formula (2.4.1) shows that the natural
action of GL(n,R) on Gg(n) is real analytic. In the case of a complex
Grassmannian, the natural action of the linear group GL(n, C) on C™ is
holomorphic. An obvious generalization of Proposition 2.4.2 shows that
the action of the special unitary group SU(n) on the complex Grassmannian
is transitive. Analogously to the result of Corollary 2.4.3, we conclude that
the complex Grassmannian is compact, connected and isomorphic to the
quotients U(n)/(U(k) x U(n—k)) and SU(n)/S(U(k) x U(n—k)), where
S(U(k) x U(n—k)) denotes the intersection SU(n) N (U(k) x U(n—k)).
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We have two more interesting corollaries of the representation of G (n)
as the quotient of a Lie group.

2.4.6 Proposition. In an open neighborhood U of any point of G (n) we
can define a differentiable map A : U — GL(n, R) such that

AW)(RF @ {0} %) =W
forall W e U.

Proof. Tt follows from Propositions 2.4.1, 2.4.2 and from Corollary 2.1.9
that the map:

GL(n,R) > B +— B(R* @ {0}"7%) € Gi(n)

is a submersion; the required map is simply a local differentiable section of
this submersion (see Remark 2.1.3). O

2.4.7 Corollary. In an open neighborhood U of any point of Gy (n) there
exist differentiable maps:

Zer: U — Lin(R", R" %) and Z: U — Lin(R*, R")
such that W = Ker(Zker(W)) = Im(Zim(W))for allW e U.

Proof. Define A as in Proposition 2.4.6 and take Zy,, = mo A(W)™!
and Zi,, = A(W) o4, where i : R¥ — R" is the inclusion in the first
k-coordinates and 7 : R™ — R"* is the projection onto the last n — k
coordinates. O

2.4.8 Corollary. Let S C R"™ be any subspace and let v € 7. be a non
negative integer; then, the set of subspaces W € G.(n) such that dim(W N
S) < ris open in Gi(n).

Proof. Let Wy € Gj(n) be fixed and let Zy, be a map as in the statement
of Corollary 2.4.7 defined in an open neighborhood U of Wy in G, (n). For
all W € U we have:

wns = Ker(Zker(W)|s),

from which we get that dim(WW N S) < r if and only if the linear map
Zyer(W)|s € Lin(S, R"~*) has rank greater or equal to dim(S) — r; this
condition defines an open subset of Lin(S, R"~*), and the conclusion fol-
lows. 0
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We now consider the action of the product of Lie groups GL(n,R) X
GL(m, R) on the vector space Lin(R™, R™) given by:

(A,B,T)— BoT oA, (2.4.2)

for A € GL(n,R), B € GL(m,R)and T € Lin(R"™, R™). An elementary
linear algebra argument shows that the orbits of the action (2.3.4) are the
sets:

Lin"(R",R™) = {T € Lin(R",R™) : T is a matrix of rank r},
where r = 1,...,min{n, m}. Itis also easy to see that the sets:
JLin*(R",R™) and [ JLin'(R",R™)
i>r i<r

are respectively an open and a closed subset of Lin(R™, R™); it follows
that each Lin" (R™, R™) is locally closed in Lin(R"™, R™).
Thus, we have the following:

2.4.9 Lemma. For eachr = 1,...,min{n, m}, the ser Lin" (R™,R™) is
an embedded submanifold of Lin(R™, R™).

Proof. 1t follows from Theorem 2.1.12. O
We also obtain directly the following:

2.4.10 Proposition. Given non negative integers m,n and r, with r <
min{n,m}, then the maps:

Lin"(R",R™) 5T — Im(T) € G,(m) (2.4.3)
Lin"(R™",R™) 5T +— Ker(T) € Gp,—.(n) (2.4.4)

are differentiable.

Proof. The group product GL(n,R) x GL(m, R) acts transitively on the
orbit Lin" (R™, R™), and it also acts transitively on G,-(m), by considering
the action for which GL(n, R) acts trivially and GL(m, R) acts on G,.(m)
with its natural action. The map (2.4.3) is equivariant, hence its differentia-
bility follows from Corollary 2.1.10 and Proposition 2.4.1.

The differentiability of (2.4.4) follows similarly. O
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In the next two propositions we compute the differential of the natural
action of GL(n, R) on Gi(n).

2.4.11 Proposition. For A € GL(n, R), let us consider the diffeomorphism
of Gi(n), also denoted by A, given by W +— A(W). For W € Gy(n), the
differential AA(W) of A at the point W is the linear map:
Lin((Alw)~", A): Lin(W,R"/W) — Lin(A(W),R" /A(W))
givenby Z +— Ao Z o (Alw) ™!, where
A:R"/W — R"/A(W)
is induced from A by passing to the quotient.

Proof. Itis a direct application of the technique described in Remark 2.3.4.

Let ¢ — W (t) a differentiable curve in G (n) with W(0) = W and
W’'(0) = Z; lett — w(t) be a differentiable curve in R™ with w(t) €
W (t) for all ¢. It follows that ¢ — A(w(t)) is a differentiable curve in R™
with A(w(t)) € A(W (t)) for all ¢; by Proposition 2.3.3 we have:

(Ao W) (0) - A(w(0)) = A(w'(0)) + A(W) e R"JA(W). (2.4.5)
Using again Proposition 2.3.3, we get:

W' (0) - w(0) =w'(0) + W € R"/W. (2.4.6)
The conclusion follows from (2.4.5) and (2.4.6). O
2.4.12 Proposition. For W € Gy (n), the differential of the map:
Ow: GL(n,R) — Gg(n)
given by Bw (A) = A(W) is:
dBw(A) - X =qo X o A7 4w,

forall A € GL(n,R), X € Lin(R"), where qg: R™ — R"/A(W) is the
quotient map.
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Proof. We use again the technique described in Remark 2.3.4.

Lett — A(t) be a differentiable curve in GL(n, R) with A(0) = A and
A'(0) = X; fix wg € W. It follows that t — A(t)(wyp) is a differentiable
curve in R™ with A(¢t)(wq) € Bw (A(t)) for all t. Using Proposition 2.3.3
we get:

(Bw 0 A)'(0) - A(wo) = X (wo) + A(W) € R"/A(W).

The conclusion follows.

2.5 The Lagrangian Grassmannian

In this section we will show that the set A of all Lagrangian subspaces of a
2n-dimensional symplectic space (V, w) is a submanifold of the Grassman-
nian of all n-dimensional subspaces of V. We will call A the Lagrangian
Grassmannian of (V,w). We will study in detail the charts of A, its tan-
gent space and the action of the symplectic group Sp(V,w) on A; we will
show that, like the total Grassmannian, the Lagrangian Grassmannian is a
homogeneous manifold.

We will make systematic use of the results concerning the Grassman-
nian manifolds presented in Sections 2.2, 2.3 and 2.4, as well as the results
concerning the symplectic spaces presented in Section 1.4, and especially
in Subsection 1.4.2.

We start with the observation that the theory of Grassmannians of sub-
spaces of R developed in Sections 2.2, 2.3 and 2.4 can be generalized in
an obvious way if we replace R™ with any other arbitrary finite dimensional
real vector space V; let us briefly mention the changes in the notation that
will be used in order to consider Grassmannians of subspaces of an arbi-
trary space V.

We will denote by G (V') the set of all k-dimensional subspaces of V,
with 0 < k < dim(V); this set has a differentiable structure of dimension
k(dim(V) — k), with charts described in Section 2.2. If W3 C Vis a
subspace of codimension k, we will denote by G (V, W) (or more simply
by G (W71) when the space V will be clear from the context) the subset of
G (V) consisting of those subspaces that are transversal to W:

GOV, W) = GAU(W,) = {W cCi(V):V=Wa Wl}.
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If Wy € G(W1), then G (W) is the domain of the chart ¢y, w, -
For W € G (V'), we will always consider the following identification
of the tangent space Ty G (V):

TwGr(V) = Lin(W, V/W),

that is constructed precisely as in Section 2.3. In Section 2.4 we must re-
place the general linear group GL(n, R) of R™ by the general linear group
GL(V) of V; in Proposition 2.4.2 and in Corollary 2.4.3 the orthogonal and
the special orthogonal group O(n) and SO(n) of R™ must be replaced by
the corresponding group O(V, g) and SO(V, g) associated to an arbitrary
choice of an inner product g in V.

Let now be fixed for the rest of this section a symplectic space (V,w)
with dim(V') = 2n. We denote by A(V,w), or more simply by A, the set
of all Lagrangian subspaces of (V,w):

AV,w)=A = {L € Gp(V): Lis Lagrangian}.

We say that A is the Lagrangian Grassmannian of the symplectic space
(V,w).
We start with a description of submanifold charts for A:

2.5.1 Lemma. Let (Lg, L1) be a Lagrangian decomposition of V; then a
subspace L € G° (L) is Lagrangian if and only if the bilinear form:

PLo.Ly © PLo.L, (L) € Lin(Lo, Lj) ~ B(Lo) (2.5.1)
is symmetric.

Proof. Since dim(L) = n, then L is Lagrangian if and only if it is isotropic.
LetT = ¢r,.1,(L), sothat T € Lin(Lg, L1) and L = Gr(T); we have:

w(v+T),w+T(w)) =w(T(),w) —wT(w),v).

The conclusion follows by observing that the bilinear form (2.5.1) coincides
Withw(T',')‘LngO. O

If Ly C V is a Lagrangian subspace, we denote by A°(L;) the set of
all Lagrangian subspaces of V' that are transversal to L:

A°(Ly) = ANGY(Ly). (25.2)
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It follows from Lemma 2.5.1 that, associated to each Lagrangian decompo-
sition (Lo, L1) of V' we have a bijection:

@ro,, : A°(L1) — Baym(Lo) (2.5.3)

given by ¢r,.,(L) = pro.L, © ¢ro.L, (L). We therefore have the follow-
ing:

2.5.2 Corollary. The Grassmannian Lagrangian A is an embedded sub-
manifold of G, (V') with dimension dim(A\) = In(n+1); the charts o, 1.,
defined in (2.5.3) form a differentiable atlas for A as (Lo, L1) runs over the
set of all Lagrangian decompositions of V.

Proof. Given a Lagrangian decomposition (Lg, L1) of V, it follows from
Lemma 2.5.1 that the chart:

GO(L1) > W — pry.r, © bro,, (W) € Lin(Lo, L) ~ B(Lg) (2.5.4)

of G,,(V) is a submanifold chart for A, that induces the chart (2.5.3) of A.
Moreover, dim(Bgym(Lo)) = 3n(n + 1). The conclusion follows from
the fact that, since every Lagrangian admits a complementary Lagrangian
(Corollary 1.4.21), the domains of the charts (2.4.5) cover A as (Lo, L1)
runs over the set of all Lagrangian decompositions of V. O

2.5.3 Remark. 1t follows from formula (2.5.2) and Remark 2.2.7 that the
subset A° (L1) is open in A; moreover, since the chart (2.5.3) is surjec-
tive, we have that A°(L;) is homeomorphic (and diffeomorphic) to the Eu-
clidean space Bgym (Lo).

It is sometimes useful to have an explicit formula for the transition func-

tions between the charts (2.5.3) of the Lagrangian Grassmannian; we have
the following:

2.5.4 Lemma. Given Lagrangian decompositions (Lg, L1) and (L{, L1)
of V then:

_ #
$Ly,Ly © ((pLo,lq) 1(3) = PL,,L, (L0> + (nfg,Lo) (B) € Bsym(L6)7
(2.5.5)
forevery B € Bgym(Ly), where nf} Lo denotes the isomorphism of L, onto
0’
Ly determined by the common complementary L (recall Definitions 1.1.2
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and2.2.1); if (Lo, L)) is also a Lagrangian decomposition of V' then the
following identity holds:

- _ —1
Pro.L; © (PLo.L,) " (B) = Bo (Id+ (wg|n,) o pp 1, o B) ", (25.6)
forall B € or, 1,(A°(L})) C Bsym(Lo), where ), denotes the projection

onto Ly relative to the decomposition V = Ly © L.
Observe that the following identity holds:

(7T(,) |L1) o PZOI,LI = (meLl )# (@Ll,Lo (L/l)) . (2.5.7)
Proof. Using (2.2.2) it is easy to see that:
0ry.L,0(0L0.0,) " (B) = pry,, o (T Lo+ P, 1, OB)Onfé,Lo’ (2.5.8)

where 7] denotes the projection onto L relative to the decomposition V' =
Ljy @ Ly; it is also easy to prove that:

_ I * * *
PLy,Ly OPL(,l,Ll = (TIL;),LO) 1Ly — Lo
and substituting in (2.5.8) we obtain (see also (1.1.4)):

— #
oLy, © (PLo,) N (B) = pry,n, © (milLe) ot o+ (nfh )7 (B):
(2.5.9)
Setting B = 0 in (2.5.9) we conclude that

¢y, (Lo) = pry.1, © (T1]L,) © nfg,LO,

which completes the proof of (2.5.5).
Now, using (2.2.3) it is easy to see that:

©YLy,L, © (¢ro,L,) ' (B) =
PLo,Lq © nff,L; °© PZS,LI oBo (Id + (mo|z,) 0 PZO{LI ° B)il;
and it is also easy to prove that:
PLo,Ly O LY 1 © pry py = 1d: Ly — L,

and this concludes the proof. O
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In our next Lemma we show an interesting formula that involves the
charts (2.5.3).

2.5.5 Lemma. Let Lo, Ly and L be Lagrangian subspaces of V that are
pairwise complementary, the following identities hold:

®rLo.1, (L) = —¢ro,n(L1), (2.5.10)
@ro.0 (L) = —(pry,00)* (0L1,00(L) 1) 2.5.11)

Proof. Let T = ¢, .1,(L); then T € Lin(Lg, L;) and L = Gr(T). Ob-
serve that Ker(7T') = Lo N L = {0} and so T is invertible; hence:

Li={v+(-v—=T()):v € Ly}
and therefore:
Oro,0.(L1): Lo dv+— —v—T(v) € L.
For all v, w € Ly, we now compute, :
pro.L(L1) - (v, w) = w(=v = T(v), w) = —w(T(v),w)
= =¥, (L) - (v, w),

which completes the proof of (2.5.10).
To show (2.5.11) observe that ¢, 1,(L) = T~!; then:

¥L1,Lo (L) = PLy,Lo © Tﬁla ¥Lo,Ly (L) = pPLo,L, © T,
from which we get:
PLo,L1 (L) = PLo,L1 © PL1,Lo (L)_l ©PL1,Lo-
The conclusion follows from (1.4.12) and (1.1.4). O]

We will now study the tangent space T, A of the Lagrangian Grassman-
nian.

2.5.6 Proposition. Let L € A be fixed; then the isomorphism:
Lin(1d, pr,) : Lin(L,V/L) — Lin(L, L*) ~ B(L) (2.5.12)

given by Z — pr, o Z takes Ty A C TrG, (V) ~ Lin(L,V/L) onto the
subspace Beym (L) C B(L).
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Proof. Let L be a Lagrangian complementary to L. As in the proof of
Corollary 2.5.2, the chart:

GO(L1) 3 W — prp, 0 ¢r.,(W) e B(L) (2.5.13)

of G,,(V) is a submanifold chart for A that induces the chart ¢, 1,, of A;
hence, the differential of (2.5.13) at the point L is an isomorphism that takes
Tp, A onto Bgyr, (L). By Lemma 2.3.5, the differential of ¢y, 1, at the point
L is Lin(Id, ¢; 1), where ¢; denotes the restriction to L, of the quotient
map onto V/L; it follows from the diagram (1.4.13) that the differential of
(2.5.13) at L coincides with the isomorphism (2.5.12). O

Using the result of Proposition 2.5.6, we will henceforth identify the tan-
gent space Ty A with Bgym (L). We will now prove versions of Lemma 2.3.5
and Propositions 2.4.11 and 2.4.12 for the Lagrangian Grassmannian; in
these proofs we must keep in mind the isomorphism (2.5.12) that identifies
Ty A and By, (L).

2.5.7 Lemma. Consider a Lagrangian decomposition (Lg, L1) of V and
let L € A°(Ly) be fixed; then, the differential of the chart ¢, 1, at the
point L is the push-forward map:

(WE}LO)# : BSym(L) - Bsym(LO)a

where nf 'L, denotes the isomorphism of L onto Lo determined by the com-
mon complementary Ly (see Definition 2.2.1).

Proof. By differentiating the equality:
YLo, L1 = Lin(Id, pLo,Ll) °PrLy,L,
at the point L and keeping in mind the identification Tr, A =~ Bgym(L), we
obtain:
ALy L, (L) = Lin(n 1, prez, 0 a0 pr') Bym@) :
Bsym (L) — Bsym(L0)7

where ¢; denotes the restriction to L of the quotient map onto V/L. On
the other hand, it is easy to see that:

1 -1 (L1 \*
PLo, L1 © 41 ©Pp, _(nLO,L) :

This concludes the proof. O
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Clearly, the natural action of GL(V') on the Grassmannian G, (V) re-
stricts to an action of the symplectic group Sp(V,w) on the Lagrangian
Grassmannian A; we have the following:

2.5.8 Proposition. The natural action of Sp(V,w) on A is differentiable.
Proof. Tt follows directly from Proposition 2.4.1. O
Let us now compute the differential of the action of Sp(V, w) on A:

2.5.9 Proposition. For A € Sp(V,w), consider the diffeomorphism, also
denoted by A, of A given by L — A(L). For L € A, the differential dA(L)
is the push-forward map:

(AlL)# : Bsym(L) — Bsym(A(L)).

Proof. Using Proposition 2.4.11 and keeping in mind the identifications of
the tangent spaces T A ~ By (L) and T)y(r)A ~ Bsym(A(L)), we see
that the differential dA(L) is obtained by the restriction to Bgym (L) of the
map ® defined by the following commutative diagram:

B(L) - B(A(L))
Lin(Id,pL)T TLin(Id,pA(L))
Lin(L,V/L) —— Lin(A(L), V/A(L))

Lin((Al£) ", A)

where A : V/L — V/A(L) is induced from A by passing to the quotient,
hence:

P = Lin((A|L)_1, PA(L) © Ao pzl).
It is easy to see that:
pay o Aoppt = (AlL) "
This concludes the proof. O

2.5.10 Proposition. For L € A, the differential of the map:

Or: Sp(V,w) — A
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given by B, (A) = A(L) is:
dBL(A) - X = w(X 0 A7, )| awyxaw),
forall A € Sp(V,w), X € T4Sp(V,w) = sp(V,w) - A.

Proof. 1t follows easily from Proposition 2.4.11, keeping in mind the iden-
tification Ty (zyA ~ Bgym(A(L)) obtained by the restriction of the isomor-
phism Lin(Id, pa(z))- O

We will now show that the Lagrangian Grassmannian can be obtained
as a quotient of the unitary group. Let J be a complex structure in V' which
is compatible with the symplectic form w; consider the corresponding inner
product ¢ = w(-,J-) on V and the Hermitian product gs in (V, J) defined
in (1.4.10). Using the notation introduced in Subsection 2.1.1, Proposi-
tion 1.4.22 tells us that

UV, J,gs) = O(V,g9) N Sp(V,w).

Let us now fix a Lagrangian Ly C V; by Lemma 1.4.26, Ly is a real
form in (V, J) where gs is real. It follows that gs is the unique sesquilinear
extension of the inner product ¢|r,xr, in Lo. Since Lo is a real form
in (V,J), we have that (V,J) is a complexification of Ly, from which it
follows that every R-linear endomorphism 7' € Lin(Lg) extends uniquely
to a C-linear endomorphism of (V, J). From Remark 1.3.16 it follows that
T € Lin(Ly) is g-orthogonal if and only if T is g,-unitary; we therefore
have an injective homomorphism of Lie groups:

0(Lo, gloxre) 2T — T € U(V, J, g5) (2.5.14)

whose image consists precisely of the elements in U(V, J, g5) that leave L
invariant (see Lemma 1.3.11). Corollary 1.4.27 tells us that the subgroup
U(V, J,gs) of Sp(V,w) acts transitively on A; from Corollary 2.1.9 we
therefore obtain the following:

2.5.11 Proposition. Fix Ly € A and a complex structure J on 'V which is
compatible with w; the map:

UV, J,g5) 2 A— A(Lg) € A
induces a diffeomorphism

U(‘/, J7 gs)/O(L()vg‘LoXLO) = A’
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where O(Lo, 9|L0><L0) is identified with a closed subgroup of U(V, J, gs)
through (2.5.14). O]

Obviously, the choice of a symplectic basis in V' induces an isomor-
phism between the Lagrangian Grassmannian of (V, w) and the Lagrangian
Grassmannian of R?" endowed with the canonical symplectic structure.
Hence we have the following:

2.5.12 Corollary. The Lagrangian Grassmannian A is isomorphic to the
quotient U(n)/O(n); in particular, A is a compact and connect manifold.

2.5.1 The submanifolds A*(L,)

In this subsection we will consider a fixed symplectic space (V,w), with
dim(V') = 2n, and a Lagrangian subspace Ly C V. Fork = 0,...,n we
define the following subsets of A:

A¥(Lo) = {L € A : dim(L N Lo) = k}.

Observe that, for £ = 0, the above definition is compatible with the defini-
tion of A°(Ly) given in (2.5.2). Our goal is to show that each A¥(Lg) is a
submanifold of A and to compute its tangent space; we will also show that
A'(Ly) has codimension 1 in A, and that it admits a canonical transverse
orientation in A.

Let us denote by Sp(V, w, L) the closed subgroup of Sp(V, w) consist-
ing of those symplectomorphisms that preserve Lg:

Sp(V,w, Ly) = {A € Sp(V,w) : A(Lo) = Lo} (2.5.15)

It is easy to see that the Lie algebra sp(V,w, Lg) of Sp(V,w, Lg) is given
by (see formula (2.1.5)):

Sp(Vawa LO) = {X € Sp(‘/? UJ) : X(LO) - LO}
In the next Lemma we compute more explicitly this algebra:

2.5.13 Lemma. The Lie algebra sp(V,w, Lg) consists of those linear en-
domorphisms X € Lin(V') such that w(X -, -) is a symmetric bilinear form
that vanishes on L.
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Proof. Tt follows from the characterization of the algebra sp(V, w) given in
Subsection 2.1.1, observing that w(X-, )|, x1, = 0 if and only if X (Lg)
is contained in the w-orthogonal complement LOl of Ly. But Ly is La-
grangian, hence L = L. O

It is clear that the action of Sp(V, w) on A leaves each subset A*(Lg) in-
variant; moreover, by Proposition 1.4.41, it follows that A* (L) is an orbit
of the action of Sp(V,w, Lg). The strategy then is to use Theorem 2.1.12
to conclude that A* (Lp) is an embedded submanifold of A; to this aim, we
need to show that A¥ (L) is locally closed in A.

Foreach k = 0,...,n we define:

n

AZR(Lo) = | A'(Lo), AF(Lo) = UN Lo).
i=k

We have the following:

2.5.14 Lemma. Forallk = 0,...,n, the subset ASF(Lg) is open and the
subset A=F(Lg) is closed in A.

Proof. Tt follows from Corollary 2.4.8 that the set of spaces W € G, (V)
such that dim(WW N Ly) < k is open in G, (V); since A has the topology
induced by that of G,,(V'), it follows that AS¥(L) is open in A. Since
A=k (Ly) is the complementary of ASF¥~1(Ly), the conclusion follows. [

2.5.15 Corollary. Forallk = 0,...,n, the subset A¥(Ly) is locally closed
in A.

Proof. Simply observe that A*(Lg) = AZ*(Lo) N ASF(Ly). O
As a corollary, we obtain the main result of the subsection:

2.5.16 Theorem. Foreachk =0, ...,n, A*(Ly) is an embedded subman-
ifold of A\ with codimension % sk(k —|— 1) its tangent space is given by:

TpA"(Lo) = {B € Byym (L) : Bl(£onr)x(Lonr) =0}, (2.5.16)

forall L € A*(Ly).
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Proof. Tt follows from Proposition 1.4.41 that A¥(Lg) is an orbit of the
action of Sp(V,w, Lg) on A. From Theorem 2.1.12 and Corollary 2.5.15 it
follows that A¥ (L) is an embedded submanifold of A. It remains to prove
the identity in (2.5.16), because then it will follow that

TrA = Bsym(L) > Br— B|(L00L)><(L00L) € BSym(LO N L) (2.5.17)

is a surjective linear map whose kernel is 77, A¥(Lg), which implies the
claim on the codimension of A*(Lg).
Using Propositions 2.1.7, 2.5.10 and Lemma 2.5.13, we have that:

Ty A*(Lo) = {B|rxr : B € Baym(V), Blryxr, =0},

for all L € A*(Lg). It remains to prove that every symmetric bilinear form
B € Bgym(L) that vanishes on vectors in L N Ly can be extended to a
symmetric bilinear form on V' that vanishes on Ly. This fact is left to the
reader in Exercise 2.12. O

2.5.17 Remark. One can actually prove that the manifolds A* (L) are con-
nected; namely, Remark 1.4.43 implies that the group Sp, (V,w, Lg) of
symplectomorphisms of V' which restrict to a positive isomorphism of Lg
acts transitively on A¥(Lg). The connectedness of A¥(Lg) then follows
from the conectedness of Sp_ (V,w, Lo) (see Example 3.2.39).

2.5.18 Remark. Tt follows from Theorem 2.5.16 that A°(Ly) is a dense open
subset of A; indeed, its complement AZ!(Lg) is a finite union of positive
codimension submanifolds, all of which have therefore null measure. It
follows that given any sequence (L;);en of Lagrangian subspaces of V,
then the set

(1 A%(L:) ={LeA:LNL;={0}, foralli € N}
i€IN

is dense in A, because its complement is a countable union of sets of null
measure. The same conclusion can be obtained by using Baire’s Lemma
instead of the “null measure argument”.

We are now able to define a transverse orientation for A'(Lg) in A.
Recall that if IV is a submanifold of M, then a transverse orientation for
N in M is an orientation for the normal bundle i*(TM)/T N, where i :
N — M denotes the inclusion; more explicitly, a transverse orientation
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for N in M is a choice of an orientation for the quotient space T, M /T,, N
that depends continuously on n € IN. The continuous dependence of the
choice of an orientation has to be meant in the following sense: given any
no € N there exists an open neighborhood U C N of ng and there exist
continuous functions X; : U — TM, i = 1,...,r, such that (X;(n) +
T,N)I_, is a positively oriented basis of T,,M/T,,N for alln € U. It
follows that, if such continuous maps X; exist, then we can replace them
with differentiable maps X; that satisfy the same condition.

Observe that, for each L € AF(Lg), the map (2.5.17) passes to the
quotient and defines an isomorphism:

TrA /T A"(Lo) —— Bgym(Lo N L). (2.5.18)

2.5.19 Definition. For each L € A!(Ly) we define an orientation in the
quotient Tr, A /T A'(Ly) in the following way:

e we give an orientation to the unidimensional space Bgym (Lo N L) by
requiring that an element B € Bgym (Lo N L) is a positively oriented
basis if B(v,v) > 0 for some (hence for all) v € Lo N L with v # 0;

e we consider the unique orientation in 7, A /T, A' (L) that makes the
isomorphism (2.5.18) positively oriented.

2.5.20 Proposition. The orientation chosen in Definition 2.5.19 for the
space Tr,A/T A (Lg) makes A(Lo) into a transversally oriented sub-
manifold of A; this transverse orientation is invariant by the action of
Sp(V,w, Lo), i.e., for all A € Sp(V,w, Lo) and for all L € A'(Lg) the
isomorphism:

TeA/TLA' (Lo) — TacryN/TawyA (Lo)
induced from dA(L) by passage to the quotient is positively oriented.

Proof. 1t follows from Proposition 2.5.9 that the differential dA(L) coin-
cides with the push-forward A ; hence we have the following commutative
diagram:

dA(L
TrA @ Ta)A (2.5.19)

| |

Bsym(L N Ly) ————— Bgym (A(L) N Ly)
(AlLnrg)#
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where the vertical arrows are the maps of restriction of bilinear forms.

Then, the orientation given in Definition 2.5.19 is Sp(V, w, Lo )-invariant.
The continuous dependence on L of such orientation now follows from

the fact that the action of Sp(V, w, L) on A'(Lg) is transitive.! O

2.5.21 Remark. If A : (V,w) — (V' ,u') is a symplectomorphism with
A(Lg) = Lj, then, as in the proof of Proposition 2.5.20, it follows that the
isomorphism:

TA(V,w) /T A (Lo) — Tar)yA(V', ') /Tacr) A (L)

induced by the differential dA(L) by passage to the quotient is positively
oriented for all L € A'(Lg). To see this, simply replace diagram (2.5.19)
with:

TLA(V,w) O Tay AV, W) (2.5.20)

| |

Bsym(L N LO) BsyIIl(A(L) n L6)

(AlLnrg)#

Exercises for Chapter 2

Exercise 2.1. Let X be a locally compact Hausdorff topological space.
Show that if X is second countable then X is paracompact; conversely,
show that if X is paracompact, connected and locally second countable
then X is second countable.

Exercise 2.2. Suppose that P, M are manifolds, N C M is an immersed
submanifold and f : P — M is a differentiable map. Suppose that f(P) C
N; prove that if fy : P — N is continuous (fy is defined by the diagram
(2.1.1)) when N is endowed with the topology induced by its differentiable
atlas, then fy : P — N is differentiable.

I The required transverse orientation can be seen as a section O of the (Zz-principal) fiber
bundle over A (L¢) whose fiber at the point L € A'(Lg) is the set consisting of the two pos-
sible orientations of T, A/T, A (Lo). Under this viewpoint, the Sp(V, w, Lo)-invariance of
this transverse orientation means that the map O is Sp(V, w, Lo)-equivariant, and the differ-
entiability of O follows then from Corollary 2.1.10.
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Exercise 2.3. Let M be a manifold, N C M a subset and 7 a topology for
N. Prove that there exists at most one differentiable structure on N that
induces the topology 7 and that makes N an immersed submanifold of M.

Exercise 2.4. Prove that every locally compact subspace of a Hausdorff
space is locally closed and, conversely, that in a locally compact Hausdorff
space every locally closed subset is locally compact in the induced topol-
ogy.

Exercise 2.5. Let M, N be differentiable manifolds and f : M — N be
a differentiable immersion. Assuming that the map f : M — f(M) is
open (i.e., it takes open subsets of M to subsets of f(A) that are open
with respect to the topology induced by N) then f(M) is an embedded
submanifold of N and the map f : M — f(M) is a local diffeomorphism.
Exercise 2.6. Let M, N be differentiable manifolds and f : M — N be a
map. Assume that for all y € f(M) there exists a local charts ¢ : U — U
in M and a local chart ¢y : V — V in N such thaty € V, U = f~1(V)
and o fop !t U — V is a differentiable embedding. Show that f is a
differentiable embedding.

Exercise 2.7. Let G be a Lie group acting differentiably on the manifold
M;let X € gandlet X* be the vector field given by (2.1.14). Prove that
X* is complete in M, i.e., its maximal integral lines are defined over the
whole real line.

Exercise 2.8. Show that, given any countable family {V;}5°, of k-dimen-
sional subspaces of R, with k < n, then there exist a (n — k)-dimensional
subspace W C R™ which is complementary to all the V;’s.

Exercise 2.9. Determine the isotropy of the element R*@© {0} % € Gy (n)
with respect to the natural action of GL(n, R) on G (n).

Exercise 2.10. Let V be an n-dimensional vector space and k be an integer
with 0 < k < n. Consider the set:

Ey (V)= {(W, v) €Gr(V)xV:ve W}

(a) Let dwyw, © GLUW1) — Lin(Wy, Wh) be a local chart of G (V)
and denote by 7y : V. — W) the projection corresponding to the
decomposition V = Wy & W;. Show that the map:

GL(W1) x V 2 (W,0) — (W, v = dwy,w, (W) - mo(v))
cGYWy) xV (25.21)
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is a diffeomorphism that carries the space Ei(V) N (Gp(W1) x V)
to Gg(Wl) x Wo.

(b) Show that E (V) is a closed subset of G (V) x V.
(c) Given v € V, show that the set:
{WeGrV):veW} (2.5.22)
is closed in G, (V).

Part (a) shows that E; (V) is a vector subbundle (over G (V)) of the trivial
vector bundle G (V') x V. This is called the raurological vector bundle of
G(V).

Exercise 2.11. Let (Vi,w1), (Va,w2) be symplectic spaces and (V,w) be
their direct sum (see Exercise 1.12). Show that the map:

5 A(‘/l) X A(VYQ) =) (Ll,Lg) — L1 ® Ly € A(V)

is a differentiable embedding.

Exercise 2.12. Let (V,w) be a (finite dimensional) symplectic space and
L, Ly be Lagrangian subspaces of V. Suppose that B € Beym(L) is a
symmetric bilinear form on L that vanishes in LN Ly. Prove that B extends
to a symmetric bilinear form on V' that vanishes in Vj.

Exercise 2.13. Prove that if P : £ — B is a differentiable fibration, then
every curve of class C*, v : [a,b] — B, admits a lift 7 : [a,b] — B of
class C*, 0 < k < 400 (see Remark 2.1.18).

Exercise 2.14. Show that the map
Lin(R",R™) > T +— Gr(T) € G,(n + m)

is a diffeomorphism onto an open set and compute its differential.

Exercise 2.15. Prove that a map D : [a,b] — Gy (n) is of class C? if and
only if there exist maps Y7,...,Ys : [a,b] — R™ of class C? such that
(Yi(t))E_, is a basis of D(t) for all ¢.

Exercise 2.16. The Grassmannian of oriented k-dimensional subspaces of
R™ is the set G} (n) of all pairs (W, ©) where W C R" is a k-dimensional
subspace and O is an orientation in W. Define an action of GL(n, R)
in G} (n) and show that its restriction to SO(n) is transitive if k& < n.
Conclude that, if £ < n, GZ(n) has a natural structure of homogeneous
manifold which is compact and connected.
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Exercise 2.17. Given a Lagrangian L, of a symplectic space (V,w), de-
note by Fixy,, the subgroup of Sp(V, w) consisting of those symplectomor-
phisms T such that T'|;, = Id, i.e., such that T'(v) = v for all v € L.
Prove that Fixy,, is a Lie subgroup of Sp(V,w), and that it acts freely and
transitively on A%(Lg). Conclude that Fixy,, is diffeomorphic to A°(Lg).

Exercise2.18. In the notations of Exercise 2.17, prove that Fixy,, is isomor-
phic as a Lie group to the additive group of n x n real symmetric matrices.

Exercise 2.19. Given Lo, L € A with L N Ly = {0} and B € Bgym(Lo)
a nondegenerate symmetric bilinear form on Lj, prove that there exists
Ly e AwithLiNLg= {0} and such that PLo,L1 (L) = B.

Exercise 2.20. Let A : (V,w) — (V',w’) be a symplectomorphism and
(Lo, L) be a Lagrangian decomposition of V. Identifying A with a map
from A(V,w) to A(V',w’) and setting L, = A(Lg), L} = A(Ly), show
that:

A(A(Ly)) = A°(LS)

and that:
SDL67L/1 (A(L)) = A# (SOL(),LI (L))’
forall L € A°(L,).

Exercise 2.21. Let (V,w) be a symplectic space and consider the symplec-
tic form @ in V @ V defined by:

@ ((v1,v2), (w1, w2)) = w(vy, wr) — w(va, wa),

for all vy, v, w1, we € V. Given symplectomorphisms 77,75 € Sp(V,w),
show that the map:

TieT, : VeV (’01,1)2) — (Tl(Ul),TQ(U2)> cVeoV

is a symplectomorphism.






Chapter 3

Topics of Algebraic
Topology

3.1 The fundamental groupoid and the
fundamental group

In this section we will give a short summary of the definition and of the
main properties of the fundamental groupoid and group of a topological
space X . We will denote by [ the unit closed interval [0, 1] and by C°(Y, Z)
the set of continuous maps f : Y — Z between any two topological spaces
Y and Z.

Let us begin with a general definition:

3.1.1 Definition. If Y and Z are topological spaces, we say that two maps
f,g € C°(Y, Z) are homotopic when there exists a continuous function:

H:IxY—Z7

such that H(0,y) = f(y) and H(1,y) = g(y) for every y € Y. We then
say that H is a homotopy between f and g and we write H: f = g. For
s € I, wedenote by Hs : Y — Z the map H,(y) = H(s,y).

Intuitively, a homotopy H : f 2 g is a one-parameter family (Hg)scr
in C°(Y, Z) that deforms continuously Hy = f into H; = g.
In our context, the following notion of homotopy is more interesting:

101
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3.1.2 Definition. Let v, : [a,b] — X be continuous curves in a topo-
logical space X; we say that v is homotopic to p with fixed endpoints if
there exists a homotopy H : v = u such that H(s,a) = v(a) = p(a) and
H(s,b) = v(b) = u(b) for every s € I. In this case, we say that H is a
homotopy with fixed endpoints between y and .

Clearly, two curves v, : [a,b] — X can only be homotopic with
fixed endpoints if they have the same endpoints, i.e., if y(a) = u(a) and
~(b) = u(b); given a homotopy with fixed endpoints H the stages H are
curves with the same endpoints as y and .

It is easy to see that the “homotopy” and the “homotopy with fixed
endpoints” are equivalence relations in C°(Y, Z) and in C([a, b], X) re-
spectively.

For this section we will fix a topological space X and we will denote
by Q(X) the set of all continuous curves v : I — X:

QX)) =C"I, X).
For v € Q(X), we denote by [7] the equivalence class of all curves

homotopic to v with fixed endpoints; we call it the homotopy class of .
We also denote by Q(X) the set of such classes:

2x) = {pl:y e 2x)}.

If v, € Q(X) are such that (1) = p(0), we define the concatenation of
v and 1 to be the curve vy - p in (X ) defined by:

(2, te]|
m»mw—{mﬁn,tﬂ

= O

3
1]

In this way, the map (y, ) — -~ - u defines a partial binary operation in
the set Q(X). For v € Q(X), we define v~ € Q(X) by setting:

)

v =~ 1), tel.

For each point € X we denote by 0, € 2(X) the constant curve equal
to x:
0.(t) ==z, tel.
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It is not hard to prove that, if v(1) = p(0), [vy] = [y1] and [p] = [p1], then:

oul=l-ml, [y =[]

These identities show that the operations (7, p1) — - pand vy — v~ pass
fo the quotient and they define operations in the set {2(X); we then define:

P =bul, DT =0
The homotopy class [y] of a curve + is invariant by reparameterizations:

3.1.3 Lemma. Let vy € Q(X) be a continuous curve and consider a repa-
rameterization yoo of 7y, where o : I — I is a continuous map. If o(0) = 0
and o(1) =1, then [y] = [y o o], if 0(0) = o(1), then ~ o o is homotopic
with fixed endpoints to a constant curve, i.e., [y 0 0] = [0((0))]-

Proof. Define H(s,t) = v((1 — s)t + sc(t)) to prove the first statement
and H(s,t) = v((1 — s)o(t) + so(0)) to prove the second statement. []

3.1.4 Remark. In some cases we may need to consider homotopy classes of
curves 7 : [a,b] — X defined on an arbitrary closed interval [a, b]; in this
case we will denote by [] the homotopy class with fixed endpoints of the
affine reparameterization of v on I defined by:

Ist—y((b—a)t+a)cX; (3.1.1)

it follows from Lemma 3.1.3 that (3.1.1) is homotopic with fixed endpoints
to every reparameterization y o o of +, where o : I — [a, b] is a continu-
ous map with o(0) = a and o(1) = b. More generally, in some situations
we will identify a continuous curve 7 : [a,b] — X with its affine repa-
rameterization (3.1.1). In particular, the concatenation of curves defined on
arbitrary closed intervals should be understood as the concatenation of their
affine reparameterizations on the interval .

3.1.5 Corollary. Given v, u,x € Q(X) with v(1) = p(0) and p(1) =
k(0), then:
(0] - 1) - (6] = 1] - (] - [8]) (3.12)

Moreover, for v € Q(X) we have:
- loywl =0 loy] - [V =1l (3.1.3)

and also:
M -0 =loyo), D1 = loy)- (3.1.4)
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Proof. The identity (3.1.2) follows from the observation that (7 - ) - & is
a reparameterization of «y - (i - k) by a continuous map o : I — [ with
0(0) = 0 and (1) = 1. Similarly, the identities in (3.1.3) are obtained by
observing that v - 0(1) and 0,y - 7y are reparameterizations of -y by a map
o with ¢(0) = 0 and o(1) = 1. The first identity in (3.1.4) follows from
the fact that v - y~! = v o o where o : I — [ satisfies o(0) = (1) = 0;
the second identity in (3.1.4) is obtained similarly. O

The identity (3.1.2) tells us that the concatenation is associative in
Q(X) when all the products involved are defined; the identities in (3.1.3),
roughly speaking, say that the classes [0,], x € X, act like neutral ele-
ments for the operation of concatenation, and the identities in (3.1.4) tell us
that the class [y~!] acts like the inverse of the class [y] with respect to the
concatenation.

If we fix a point g € X, we denote by Q,,(X) the set of loops in X
with basepoint xg:

Qo (X) = {7 € AX) : 7(0) = (1) = o}

We also consider the image of ,,(X) in the quotient (X)), that will be
denoted by:

m1(X, 20) = {[7] 1 7 € Qe (X) }-

The (partially defined) binary operation of concatenation in (X)) restricts
to a (totally defined) binary operation in 71 (X, z¢); from Corollary 3.1.5
we obtain the following:

3.1.6 Theorem. The set m1(X,xo) endowed with the concatenation oper-
ation is a group. O

This is the main definition of the section:

3.1.7 Definition. The set Q(X) endowed with the (partially defined) opera-
tion of concatenation is called the fundamental groupoid of the topological
space X. For all zp € X, the group 71 (X, o) (with respect to the con-
catenation operation) is called the fundamental group of X with basepoint
Zg.

3.1.8 Remark. A groupoid is usually defined as a small category, i.e., a cat-
egory whose objects form a set, whose morphisms are all isomorphisms. In



[SEC. 3.1: THE FUNDAMENTAL GROUPOID AND THE FUNDAMENTAL GROUP 105

this context it will not be important to study this abstract notion of groupoid,
nevertheless it is important to observe that Corollary 3.1.5 shows that the
fundamental groupoid of a topological space is indeed a groupoid in this
abstract sense.

3.1.9 Remark. If Xy C X is the arc-connected component of x( in X, then
m1(X, 29) = m(Xo,x0), since every loop in X with basepoint in z has
image contained in X, as well as every homotopy between such loops has
image in Xg.

In the following lemma we describe the functoriality properties of the
fundamental groupoid and group:

3.1.10 Lemma. Let f : X — Y be a continuous map; for v € Q(X), the
homotopy class [ f o ~] depends only on the homotopy class [y] of y; hence,
we have a well defined map

£ QX)) — Q(Y)

given by f.(17]) = [ 0 7). For v, € Q(X) with (1) = u(0) and for
every xg € X the following identities hold:
01 1e) = fulDD) - felil), £(DI7Y) = £l
f*([ol'o]) = [Uf(il/’o)]

In particular, if f(xo) = yo then f. restricts to a map
fermi(X,20) — m(Y, y0)

which is a group homomorphism. U

Clearly, given f € C°(X,Y) and g € C°(Y, Z) then:

(gof)e=gsofs,

and that, if Id denotes the identity of X, then Id., is the identity of Q(X); it
follows that, if f : X — Y is a homeomorphism, then f, is a bijection, and
it induces an isomorphism of 71 (X, z) onto w1 (Y, f(x0)). The map f, is
said to be induced by f in the fundamental groupoid or in the fundamental
group.

The following proposition relates the fundamental groups relative to
different basepoints:
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3.1.11 Proposition. Given xg,x1 € X and a continuous curve \ : [ — X
with A(0) = x¢ and A\(1) = 1, we have an isomorphism:

Mg (X, o) — m (X, 21)

defined by Ay ([7]) = [\ 71 - [7] - [N, for every y € Qu (X). =

3.1.12 Corollary. If xo and x1 belong to the same arc-connected compo-
nent of X, then the groups 71 (X, xo) and 71(X, x1) are isomorphic. [

The following commutative diagram relates the homomorphisms f, and
)\#Z

fx
m1(X, x0) ——m1(Y, y0)

A#l \L(fO/\)#

71 (X, 1) T>771(Y7y1)

where f € C°(X,Y), 20,71 € X, yo = f(x0), y1 = f(x1) and \ €
Q(X) is a curve from zg to z1.

3.1.13 Remark. In spite of the fact that m1 (X, 29) and 7 (X, 1) are iso-
morphic if xg and z; are in the same arc-connected component of X, such
isomorphism is not canonical; more explicitly, if A\g, Ay € Q(X) are curves
from xq to x1, then:

A1)z o (Mo)g = T,

where A = Ay -y Land T;y denotes the map of conjugation by the element
[A] in 71 (X, zo). If m1(X, z0) is abelian it follows that (Ag)x = (A1),
and therefore the fundamental groups with basepoints in the same arc-
connected components can be canonically identified (compare with Re-
mark 3.3.34).

3.1.14 Definition. We say that a topological space X is simply connected
if it is arc-connected and if 71 (X, ) is the trivial group {04, } for some
(hence for all) g € X.

Observe that, if X is simply connected, then [y] = [g] for all continuous
curves v, p : I — X such that v(0) = p(0) and (1) = w(1); for, in this
case, [7] - [u] ™" = [05].
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3.1.15 Example. A subset X C R™ is said to be star-shaped around the
point zy € X if for every z € X the segment:

[zo,x] = {(1 = t)zo +tx: t € I}

is contained in X; we say that X is convex if it is star-shaped at each one
of its points. If X is star-shaped at ¢, then X is simply connected; indeed,
X is clearly arc-connected, and, given a loop v € 2, (X)), we can define a
homotopy:

IxI>(s,t)—(1—s)y(Et)+sxg€X

between v and 0, .

3.1.16 Remark. Two loops v € Q,,(X) and p € Q,, (X) are said to be
freely homotopic if there exists a homotopy H : v = u such that, for every
s € I, the curve H, is aloop in X, i.e., H(s,0) = H(s, 1) for every s. In
this situation, if we set A(s) = H (s, 0), we have the following identity:

Az ([V]) = [u]. (3.1.5)

The identity (3.1.5) follows from the fact that, since the square I x [ is
convex, the homotopy class in (I x I) of the loop that is obtained by
considering the boundary of I x I run counterclockwise is trivial, hence so
is its image by H... Such image is precisely the difference of the terms on
the two sides of the equality in (3.1.5). In Exercise 3.3 the reader is asked to
show that, conversely, any loop 7 is always freely homotopic to A™1 - - A,
for any curve A with A(0) = ~(0).

In particular, if v, u € Q,,(X) are freely homotopic, then the classes
[v] and [p] are conjugate in w1 (X, x0); it follows that v € Q,,(X) is such
that [y] = [04,] if and only if ~y is freely homotopic to a constant loop. With
this argument we have shown that an arc-connected topological space X
is simply connected if and only if every loop in X is freely homotopic to a
constant loop.

3.1.17 Example. A topological space X is said to be contractible if the
identity map of X is homotopic to a constant map, i.e., if there exists a
continuous map H : I x X — X and 29 € X such that H(0,z) = =
and H(1,2) = xq for every x € X. For instance, if X C R" is star-
shaped at zg, then X is contractible: the required homotopy H is given by
H(s,z) = (1 — s)x + sxp. It is easy to see that every contractible space
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is arc-connected (see Exercise 3.1). Moreover, if X is contractible then X
is simply connected; indeed, if H: Id = x( is a homotopy and v € Q(X)
is a loop, then the map (s,t) — H(s,~(t)) is a free homotopy between ~
and the constant loop 0,,, (see Remark 3.1.16).

3.1.1 The Seifert-van Kampen theorem for the
fundamental groupoid

The classical Seifert—van Kampen theorem relates the fundamental group
of a topological space covered by a family of open sets to the fundamental
group of each open set of the cover'. The full statement and proof of the
classical Seifert—van Kampen theorem can be found for instance in [11]. In
this subsection we will give a version of the Seifert—van Kampen theorem
for fundamental groupoids that will allow us to give a simple construction
for the Maslov index (see Section 5.2).

3.1.18 Definition. If G is a set, a map ¢ : Q(X) — G is said to be
homotopy invariant if 1 (y) = 1(u) whenever 7, u € Q(X) are homotopic
with fixed endpoints.

Clearly, amap v : 2(X) — G is homotopy invariant if and only if there
exists amap ¢ : Q(X) — G such that /(7)) = ¢([1]), for all y € Q(X).

3.1.19 Definition. If G is a group, a map ¥ : 2(X) — G is said to be
compatible with concatenations if:

V(v p) =Y (w), (3.1.6)

for all v, € Q(X) with (1) = u(0). If ¢ is compatible with concatena-
tions and homotopy invariant we say that v is a groupoid homomorphism.

We observe that if ¢ is compatible with concatenations then:

1/1(%) = 17

for all x € X, where 1 € G denotes the neutral element; namely, this
follows by applying v to both sides of equality 0, = 0, - 0,. If ¢ is a
groupoid homomorphism then:

() =)

IThe family of open sets should be closed under finite intersections and all open sets must
be arc-connected.
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for all v € Q(X). Namely, v - v~ ! is homotopic with fixed endpoints to
04(0)-

3.1.20 Example. Given a group G and amap g : X — G we define a map
g+ Q(X) — G by setting:

Ue(v) = g(7(0))  g(v(1)),

for all v € Q(X). Clearly ¢ is a groupoid homomorphism. In Exer-
cise 3.12 we ask the reader to prove a result that characterizes which G-
valued groupoid homomorphisms on Q(X) arise from G-valued maps on
X.

-1

3.1.21 Theorem. Let G be a group and let X = |, 4 Ua be an open
cover of X. Assume that for each o € A we are given a groupoid ho-
momorphism ¥, : QUy) — G and that for every o, 3 € A and every
v € QU NUg) we have:

Yal(7) = Ys(7). (3.1.7)

Then there exists a unique groupoid homomorphism ¢ : Q(X) — G such
that () = Y (), for every o € A and every v € Q(Uy,).

Proof. We regard the sets (U, ) as subsets of Q(X). Our hypothesis
(3.1.7) says that, for o, 3 € A, 9, and g agree on Q(U,) N QUp) =
QUqa NUp). Therefore, setting Q4 = J,c 4 2(Ua), we get a unique map
¥ : Q4 — G that agrees with ¢, in Q(U,,), for all a € A (the set {2 4 may
be thought of as the set of curves that are “small”, in the sense that their
image is contained in some open set U,,).

Given a partition P = {tg,t1,...,tx}, 0=1tg <t; <--- <t =1of
I, we set:

Q.A,P = {’Y € Q(X) : ’Y‘[tmmur]] S Q.A7 T = 0717"'7]67 1}7

where, as explained in Remark 3.1.4, we are identifying curves defined on
arbitrary intervals with their affine reparameterizations on I. We define
Yp : Q4 p — G by setting:

wP('Y) = w(’y‘[to,h]) U ,(/)(’Y|[tk,—1,tk])7

for all v € Q4 p. Obviously, if P = {0,1} is the trivial partition of I
then Q4 p = 24 and Yp = 1. We claim that if P and @ are arbitrary
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partitions of I then ¥ p and ¢ agree on Q4 p N Q4. Namely, when @
is finer than P (i.e., Q@ D P), this is a simple exercise and is left to the
reader (Exercise 3.15). The general case follows from the observation that
any two partitions P, () admit a simultaneous refinement (namely, P U Q).

By the result of Exercise 3.14, Q(X) = |Jp Qa4 p (the union being
taken over all partitions P of I), so that all the maps ¥ p extend to a G-
valued map on Q(X) that will be denoted by . The map 1 is compatible
with concatenations; namely, given v, u € Q(X) with v(1) = u(0), it is
easy to check (3.1.6) by choosing a partition P of I with y, t € €24 p and
% € P. It remains to show that ¢ is homotopy invariant. This is left to the
reader in Exercise 3.16. O

3.1.22 Corollary. Let G be a group and let X = |J,c 4 Ua be an open
cover of X. Assume that for each o € A we are given amap g, : U, — G
and that for every o, 3 € A, the map U, NUpg 2 z +— go(z)gs(x) "t € G
is constant in each arc-connected component of U, N Ug. Then there exists
a unique groupoid homomorphism ¢ : Q(X) — G such that ¥(y) =
Vg, (7), for every o € A and every v € Q(U,,) (see Example 3.1.20).

Proof. Given o, 3 € Aandy € Q(U, NUg) then v(0), y(1) are in the
same arc-connected component of U, N Ug and thus:
—1 —1
9a(7(0))g5(1(0)) = ga(v(1)) g5 (7(1))
It follows that 1), (v) = g,(7). The conclusion follows from Theo-
rem 3.1.21. O

We give a simple application of Corollary 3.1.22 that relates the funda-
mental group and the first de Rham-cohomology space of a differentiable
manifold.

3.1.23 Example. Let M be a simply connected differentiable manifold
and let 6 be a differentiable closed 1-form on M. We will show that 6 is
exact. We assume the result that differentiable closed 1-forms on convex
open subsets of R™ are exact (and, therefore, a differentiable closed 1-
form on a differentiable manifold which is diffeomorphic to a convex open
subset of R" is exact). Let M = |J,c 4 Ua be an open covering of M,
where each U, is diffeomorphic to a convex open subset of R". For each
a € A, the restriction of 8 to U, is exact, i.e., it is the differential of a
differentiable map g, : U, — R. Set G = R (as an additive group). For
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each a, 8 € A, themap Uy, NUs > = — go(x) — gs(x) € R has null
differential and thus it is constant on each arc-connected component of U, N
Upg. Corollary 3.1.22 gives us a groupoid homomorphism ¢ : Q(M) — R
such that ¢ () = 9, (7), for every o € A and every v € Q(U,,). Since M
is simply-connected, we have 9 (y) = ¢ (u), whenever v(0) = p(0) and
(1) = (1) (notice that two curves with the same endpoints are always
homotopic). By the result of Exercise 3.12, there existsamap g : M — R
such that ¢ = 1. Given o € A, since 1), and ¢, agree on Q(U,) and
U, is arc-connected, it follows that g|y;, and g, differ by a constant (see
Exercise 3.11). Hence g is differentiable and its differential is equal to 6.

3.1.2 Stability of the homotopy class of a curve

In this subsection we show that, under reasonable assumptions on the topol-
ogy of the space X, two continuous curves in X that are sufficiently close
belong to the same homotopy class. We begin with a definition of “prox-
imity” for continuous maps:

3.1.24 Definition. Let Y, Z be topological spaces; for K C Y compact and
U C Z open, we define:

V(K;U)={feC’Y,2): f(K)CU}.

The compact-open topology in C°(Y, Z) is the topology generated by the
sets V(K;U) with K C Y compact and U C Z open; more explicitly,
an open set in the compact-open topology is union of intersections of the
form:

V(Ky;;Up)N...NV(K,; Up)
with each K; C Y compact and each U; C Z open, i =1,...,n.

3.1.25 Remark. When the topology of the counterdomain Z is metrizable,
i.e., it is induced by a metric d, the compact-open topology in C°(Y, Z)
is also called the topology of the uniform convergence on compact sets; in
this case it is not too hard to prove that, for f € CO(Y7 Z), a fundamental
systems of open neighborhood of f is obtained by considering the sets:

V(fiK.e) = {g € C'Y. 2) : sup d(f(y). 9(y)) < =},

yeK
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where K C Y is an arbitrary compact set and € > 0. In this topology, a
sequence (or a net) f,, converges to f if and only if f,, converges uniformly
to f on each compact subset of Y.

In the context of differential topology, if Y and Z are manifolds (possi-
bly with boundary), the compact-open topology in C°(Y, Z) is also known
as the C%-topology or as the C°-weak Whitney topology.

3.1.26 Remark. To eachmap f : X X Y — Z which is continuous in the
second variable there corresponds a map:

f: X — C%Y, 2).

An interesting property of the compact-open topology in C°(Y, Z) is that,
if Y is Hausdorff, the continuity of fis equivalent to the continuity of
flx =k for every compact K C Y (see [8, Proposi¢do 21, §8, Capitulo 9]).
In particular, if Y is Hausdorff and locally compact, the continuity of f and
the continuity of f are equivalent.

We will now introduce suitable conditions on the topological space X
that will allow to prove the stability of the homotopy class of curves.

3.1.27 Definition. We say that the topological space X is locally arc-con-
nected if every point of X has a fundamental system of open neighborhoods
consisting of arc-connected subsets, i.e., if for every x € X and every
neighborhood V' of x in X there exists an open arc-connected subset U C
XwithzeUcCV.

We say that X is semi-locally simply connected if every x € X has a
neighborhood V' such that every loop on V is contractible in X, i.e., given
v € Q(X) with v(0) = (1) and Im(+) C V, then ~ is homotopic (in X)
with fixed endpoints to a constant curve.

3.1.28 Example. If every point of X has a simply connected neighborhood,
then X is semi-locally simply connected; in particular, every differentiable
(or even topological) manifold is locally arc-connected and semi-locally
simply connected.

This is the main result of the subsection:

3.1.29 Theorem. Let X be a locally arc-connected and semi-locally sim-
ply connected topological space; given a curve v € Q(X), there exists a
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neighborhood U of v in the space C°(I, X) endowed with the compact-
open topology such that for every p € U, if u(0) = ~v(0) and (1) = (1)
then [p] = [7].

Proof. Write X = Ua6 4 Ua, where each U, C X is open and such that
every lace in U, is contractible in X. By the result of Exercise 3.14, there
exists a partition 0 = tp < t; < --- < tp = 1 of I such that for all
r=0,...,k— 1, there exists o, € A with y([t,t;41]) C U,,. For each

T, the pomt (tr) € Uy, _, NU,, has an open arc-connected neighborhood
V contained in the intersection U,, , N Uy, ; define the neighborhood U/
of vin C°(I, X) by:

k—1

U= ) V(tr,trs1l; ﬂV{t}V

r=0

Clearly, v € U. Let now p € U be such that 1(0) = ~(0) and (1) = v(1);
we need to show that [y] = [u].

For eachr = 1,...,k — 1 choose a curve A\, € Q(V,) with A,.(0)
v(tr) and A\.(1) = pu(t,); set Ao = 0400y and A\ = 04(1). Forr =
0,...,k — 1, we have (see Remark 3.1.4):

[M|[tr,tr+1]] = P\r]_l ) [’Y|[tr,tr+1]} ) [)‘TJrl]a (3.1.8)

because the curve on the right hand side of (3.1.8) concatenated with the
inverse of the curve on the left hand side of (3.1.8) is the homotopy class
of a loop in U, , hence trivial in {2(X). Moreover, by the result of Exer-
cise 3.13:

[/u‘] = [.u‘[to,h]] """ [u|[tk717tk]]’

3.1.9)
7] = ['7|[tu,t1]] """ [7|[tk,1,tk]}-

The conclusion now follows from (3.1.9) by concatenating the curves on
both sides of the identities (3.1.8) forr =0,...,k — 1. O

3.1.30 Example. Let S™ C R™*! be the unit n-dimensional sphere. From
the proof of Theorem 3.1.29 it follows that every curve v : I — S™ is ho-
motopic with fixed endpoints to a curve which is piecewise C!. If n > 2,
such curve cannot be surjective onto the sphere, because its image must
have null measure in S™. Hence, if n > 2 and v : I — S™ is a piecewise



114 [CAP. 3: ALGEBRAIC TOPOLOGY

C loop, there exists z € S™ such that Im(y) C S™\ {x}. Using the stereo-
graphic projection, we see that S™ \ {«} is homeomorphic to R", therefore
it is simply connected. From this argument it follows that the sphere S™
is simply connected for n > 2; the circle S! is not simply connected (see
Example 3.2.27).

We will need also a version of Theorem 3.1.29 for the case of homo-
topies with free endpoints in a given set.

3.1.31 Definition. Let A C X be a subset and let v, 4 : [a,b] — X be
given curves with y(a), u(a),y(b), u(b) € A; we say that v and p are
homotopic with endpoints free in A if there exists a homotopy H: v = p
such that Hy(a), Hy(b) € A for every s € I; in this case we say that H is
a homotopy with free endpoints in A between -y and p.

The relation of “homotopy with free endpoints in A” is an equivalence
relation in the set of curves v € C([a,b], X) such that v(a),v(b) € A;
obviously, if two curves with endpoints in A are homotopic with fixed end-
points then they will be homotopic with free endpoints in A.

3.1.32 Remark. If v € Q(X) is a curve with endpoints in A and A € Q(A)
is such that v(1) = A(0), then the concatenation y - A is homotopic to 7y
with free endpoints in A. Indeed, for each s € I, denote by A\; € Q2(A) the
curve As(t) = A((1 — s)t). Then, Hy = 7 - A, defines a homotopy with
free endpoints in A between - A and 7y - 0(0); the conclusion follows from
the fact that v and v - 0, (¢) are homotopic with fixed endpoints.

Similarly, one shows that if A € €(A) is such that A(1) = ~(0), then
A - 7y is homotopic to - with free endpoints in A.

We have the following version of Theorem 3.1.29 for homotopies with
free endpoints in a set:

3.1.33 Theorem. Let X be a locally arc-connected and semi-locally sim-
ply connected topological space; let A C X be a locally arc-connected
subspace of X. Given a curve v : I — X with endpoints in A, then there
exists a neighborhood U of v in C° (1, X) endowed with the compact-open
topology such that, for every u € U with endpoints in A, the curves vy and
1 are homotopic with free endpoints in A.

Proof. We will only show how to adapt the proof of Theorem 3.1.29 to this
case. Once the open sets U, and V;. are constructed, we also choose open
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neighborhood Vj and Vi, of v(to) and ~y(¢x ) respectively in such a way that
VoN A and Vi, N A are arc-connected and contained respectively in U,,,, and
in Uy, _,. Then, we define U/ by setting:

k—1 k
U= [Vt tr1};Ua,) N [Vt V2).
r=0 r=0

Let i € U be a curve with endpoints in A; we must show that v and p are
homotopic with free endpoints in A. The curves Ay and A, are now chosen
in such a way that A.(0) = v(¢,), Ar(1) = p(t-) and Im(A,.) C V,.N A for
r = 0, k. The identity (3.1.8) still holds for » = 0,...,k — 1. Using the
same argument of that proof, we now obtain:

(1] = ol - ] - s

and the conclusion follows from Remark 3.1.32. O

3.2 The homotopy exact sequence of a fibration

In this section we will give a short exposition of the definition and the basic
properties of the (absolute and relative) homotopy groups of a topological
space; we will describe the exact sequence in homotopy of a pair (X, A),
and as a corollary we will obtain the homotopy exact sequence of a fibration
p: E— B.

As in Section 3.1, we will denote by I the closed unit interval [0, 1] and
by C°(Y, Z) the set of continuous maps from Y to Z. We will denote by
I™ the unit n-dimensional cube, and by 01" its boundary, that is:

or" = {te]”:ti € {0,1}f0rsomez':1,...,n}.

If n = 0, we define I° = {0} and 91° = ().
Let R denote the space of all sequences (¢;);>1 of real numbers; we
identify I"™ with the subset of R*°:

I" 2= {(t1,...,t,,0,0,...):0<t; <1,i=1,...,n} CR>®
in such a way that, for n > 1, the cube 7”~! will be identified with the face

of I"™:
mtelter t, =0 I
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we will call this face the initial face of I". We denote by J"~! the union
of the other faces of I™:

gl = {te]";tnzlorti 6{0,1}f0rsomei:1,...,n—1}.

We will henceforth fix a topological space X; for every ¢y € X we denote
by Q7 (X) the set:

Qn (X) = { ¢ € COU™, X) : (O1") C {wo} }.

If n = 0, we identify a map ¢ : I° — X with the point ¢(0) € X, so
that Q9 (X) is identified with the set X (observe that Q2 (X) does not
actually depend on x(). The set Qio (X) is the loop space with basepoint
g introduced in Section 3.1.

We say that (X, A) is a pair of topological spaces if X is a topological
space and A C X is a subspace. If (X, A) is a pair of topological spaces,
xo € Aandn > 1 we denote by Q3 (X, A) the set:

Qn (X, A) = { ¢ € COU™, X) : (I"™Y) € A, ¢(J"7) C {ao} }.
Observe that, for ¢ € Q7 (X, A), we have ¢(01") C A; also:
O (X) = Q3 (X, {z0}), n>1 (3.2.1)

If n = 1, the cube I™ is the interval I, the initial face I”~! is the point
{0} and J"~! = {1}; the set QL (X, A) therefore is simply the set of
continuous curves 7 : I — X with v(0) € A and (1) = zo.

3.2.1 Definition. If X is a topological space, xo € X and n > 0, we say
that ¢,7) € Q7 (X) are homotopic in ] (X) if there exists a homotopy
H: ¢ = ) such that H, € Q} (X) for every s € I; the “homotopy in
2, (X)” is an equivalence relation, and for every ¢ € Q7 (X) we denote
by [#] its equivalence class. The quotient set is denoted by:

(X, w0) = {[¢] : ¢ € Q3 (X) }.

We say that [¢] is the homotopy class defined by ¢ in 7, (X, xg).
Similarly, if (X, A) is a pair of topological spaces, g € A and n > 1,

we say that ¢,¢ € QF (X, A) are homotopic in 2 (X, A) when there

exists a homotopy H : ¢ = ¢ such that H, € Q7 (X, A) for every s € I;
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then we have an equivalence relation in §2}; (X, A) and we also denote the
equivalence classes by [¢]. The quotient set is denoted by:

(X, A, xg) = {[gb} 19 € Qp (X, A)}
We say that [¢] is the homotopy class defined by ¢ in 7, (X, A, xg).

Observe that the set 7o (X, z¢) does not depend on the point xg, and it is
identified with the set of arc-connected components of X ; for every x € X,
[«] will denote then the arc-connected component of X that contains x.

From (3.2.1) it follows that:

(X, {xo}, 20) = mn (X, ), n>1. (3.2.2)

Given ¢, ¢ € Q} (X) with n > 1, or given ¢, € Q} (X, A) with
n > 2, we define the concatenation of ¢ withy asthemap ¢-¢ : I" — X
given by:

¢(2t17t27" '7tn)7 tl S [O, ]7
V(2 — 1, te,.. ., ty), t1€[3,1],

for every t = (t1,...,t,) € I". Observe that the definition (3.2.3) does
not make sense in general for ¢, € QY (X) or for ¢, € QL (X, A).

The concatenation is a binary operation in Q7 (X) for n > 1 and in
O (X, A) for n > 2; it is easy to see that this binary operation passes to
the quotient and it defines operations in the sets 7, (X, 2¢) and 7, (X,A,z¢)
of the homotopy classes, given by:

[0] - [¥] = [¢- ¢].

We generalize Theorem 3.1.6 as follows:

(3.2.3)

— ol

(¢-¥)(t) {

3.2.2 Theorem. For n > 1, the set 7, (X, x0) is a group (with respect to
the concatenation operation) and for n > 2 also the set m, (X, A, xo) is a
group; in both cases, the neutral element is the class o, of the constant
map o0z, 1 I" — X:

040 (t) =20, te€I, (3.2.4)

and the inverse of [§] is the homotopy class [¢p~1] of the map ¢~* : I — X
given by:
¢71(t):(rb(]-*tlat%"'atn)a tel”.
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3.2.3 Definition. A pointed set is a pair (C, ¢o) where C'is an arbitrary set
and ¢y € C'is an element of C. We say that ¢ is the distinguished element
of (C, cp). Amap of pointed sets f : (C,cq) — (C’, ¢}) is an arbitrary map
f:C — C"suchthat f(co) = cf; in this case we define the kernel of f by:

Ker(f) = f~(cp), (3.2.5)

If Ker(f) = C we say that f is the null map of (C,co) in (C’,¢f). A
pointed set (C, ¢p) with C' = {co} will be called the null pointed set. Both
the null pointed set and the null map of pointed sets will be denoted by 0
when there is no danger of confusion.

Given a group G, we will always think of G as the pointed set (G, 1),
where 1 is the identity of G; with this convention, the group homomor-
phisms are maps of pointed sets, and the definition of kernel (3.2.5) coin-
cides with the usual definition of kernel of a homomorphism.

3.2.4 Definition. For n > 1, the group 7, (X, x¢) is called the n-th (ab-
solute) homotopy group of the space X with basepoint x(; for n > 2, the
group 7, (X, A, z¢) is called the n-th relative homotopy group of the pair
(X, A) with basepoint o € A. We call mo(X,x) and m1(X, A, z¢) re-
spectively the zero-th set of homotopy of X with basepoint xy € X and the
first set of homotopy of the pair (X, A) with basepoint xg € A; all the sets
and groups of homotopy (absolute or relative) will be seen as pointed sets,
being the class [04,] their distinguished element.

3.2.5 Remark. Arguing as in Example 3.1.9, one concludes that if X
is the arc-connected component of X containing xo, then 7, (X, z9) =
mn(Xo, o) for every n > 1;if zg € A C X, then also 7, (X, A, x9) =
mn(Xo, A, x0) for every n > 1. If g € A C X and if Ay denotes
the arc-connected component of A containing xg, then 7, (X, A, z¢) =
(X0, Ao, xo) for every n > 2.

3.2.6 Example. If X C R is star-shaped around the point 2y € X, then
(X, w0) = 0 for every n > 0; for, given ¢ € QF (X) we define a
homotopy H: ¢ = o,, by setting:

H(s,t)=(1—s)p(t) +sxo, sel, tel™
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3.2.7 Example. Forn > 1,if ¢ € Q} (X, A) is such that Im(¢) C A, then
[#] = [04,] in 7, (X, A, z0); for, a homotopy H: ¢ = 0., in QF (X, A)
can be defined by:

H(s,t)=¢(t1,... . tho1,1— (1 —5)(1 —t,)), tel", sel
In particular, we have 7, (X, X, z) = 0.

3.2.8 Definition. Let X, Y be topological spaces and let xg € X, yg € Y
be given. If f : X — Y is a continuous map such that f(xg) = yo, we say
that f preserves basepoints, and we write

[+ (X, z0) — (Y, 90)-
Then, for n > 0, f induces a map of pointed sets:
for ma(X, -730) - 71'77,(1/7 yO) (3.2.6)

defined by f.([¢]) = [f © ¢].

Given pairs (X, A) and (Y, B) of topological spaces, then a map of
pairs
f+(X,A) — (Y, B)

is a continuous map f : X — Y such that f(A) C B. If a choice of
basepoints xg € A and yy € B is done, we say that f preserves basepoints
if f(z0) = yo, in which case we write:

[+ (X, A x0) — (Y, B, o).
For n > 1, such a map induces a map f of pointed sets:
for (X, A, o) — m (Y, B, yo) (3.2.7)
defined by £.([¢]) = [f o ¢].

It is easy to see that the maps f, are well defined, i.e., they do not
depend on the choice of representatives in the homotopy classes. Given
maps:

f:(XvAa‘TO)*)(KvaO)a g:(KBayO)*)(ZchZO)

then (g o f)« = g« o f.; if Id denotes the identity of (X, A, ), then Id, is
the identity of 7, (X, A, ). It follows that if f : (X, A, z¢) — (Y, B, yo)
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is a homeomorphism of triples, ie., f : X — Y is a homeomorphism,
f(A) = Band f(zo) = yo, then f, is a bijection. Similar observations can
be made for the absolute homotopy groups 7, (X, zo). We also have the
following:

3.2.9 Proposition. Given f : (X, xo) — (Y, yo), then, forn > 1, the map
[+« given in (3.2.6) is a group homomorphism, moreover, if

f1 (X, A, x0) — (Y, B,yo),
then for n > 2 the map f, given in (3.2.7) is a group homomorphism. [

3.2.10 Example. If X = X; x Xo,andpr; : X — X, pry : X — X
denote the projections, then a continuous map ¢ : I — X is completely
determined by its coordinates:

prpog=¢1: I" — X' pryo¢=y: [" — X2,

from which it is easy to see that, given © = (z1,22) € X and n > 0, we
have a bijection:

((PH)*v(Prz)*)

=~

Wn(X,m) Wn(Xl,fL‘l) ><7Tn(X2,.’)32)

which is also a group homomorphism if n > 1. More generally, given
A C X1, Ay C X9,z € A = Ay x Ao, then for n > 1 we have a
bijection:

(Pr1)«(Pra)«
TrTL(XaA?J") % 7T7L(X1,A1,$1) X 7.r’rl()(27"4275€2)

which is also a group homomorphism if n > 2. Similar observations can be
made for products of an arbitrary number (possibly infinite) of topological
spaces.

Give a pair (X, A) and zy € A, we have the following maps:
i: (Ayzo) — (X, 20), q: (X, {zo},20) — (X, A4, x0),

induced respectively by the inclusion of A into X and by the identity of X.
Keeping in mind (3.2.2) and Definition 3.2.8, we therefore obtain maps of
pointed sets:

e (A, 20) — T (X, 20),  qu: mn(X,mo) — mo(X, A, x0);
(3.2.8)
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explicitly, we have i.([¢]) = [¢] and q.([¢]) = [¢]. For n > 1 we define
the connection map relative to the triple (X, A, z¢):

Ox: T (X, Ay o) — mp_1(4, z0) (3.2.9)

by setting 0. ([¢]) = [@|;n—1]; it is easy to see that O, is well defined,
i.e., it does not depend on the choice of a representative of the homotopy
class. Moreover, 0, is always a map of pointed sets, and it is a group
homomorphism if n > 2.

3.2.11 Definition. A sequence of pointed sets and maps of pointed sets of
the form:

fit1 fi

fui (Cig1,cip1) —— (Ci,¢i)) —— (Ci—1,¢i-1)

fi—1
T,

is said to be exact at (C;, ¢;) if Ker(f;) = Im(f;41); the sequence is said
to be exact if it is exact at each (C;, ¢;) for every i.

We can now prove one of the main results of this section:
3.2.12 Theorem. If (X, A) is a pair of topological spaces and xo € A,
then the sequence:

s (A, m0) = (X, o) = 7 (X, A, m) 2
1 (A, o) 5 - 35 1y (X, A, o) —2 w0 (A, 20) —— 7o (X, 20)
(3.2.10)

is exact, where for each n the pointed set maps i, q. and O, are given in
formulas (3.2.8) and (3.2.9)

Proof. The proof is done by considering several cases in which the homo-
topies are explicitly exhibited.

e Exactness at 7,(X,xzp). The fact that Im(i,) C Ker(q,) follows
from Example 3.2.7. Let ¢ € QF (X) be such that there exists a
homotopy H: ¢ = 0., in 2 (X, A). Define K: I x I" — X by
setting:

K K HQtV,L(tla- .. ;tn7170)7 0 S Qtn S S,
st = S;t = _
®) (5%) Hs<t1,...,tn_1,2;185>, s<2t, <2

It is easy to see that ¢» = K; € Qf (A) and that K: ¢ = ¢ is a
homotopy in Q7 (X). It follows [¢] = i.([¢/]).
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e Exactness at 7, (X, A, xg).

The inclusion Im(q,.) C Ker(d,) is trivial. Let ¢ € Q71(X, A) be
such that there exists a homotopy H : ¢|n-1 = 04, in Q7 (A). Define
K : I x I" — X by the following formula:

¢<t1a"'atn—1>2én_gs)a s§2tn§27

Hs—Qtn (tlv s 7tn—1)a 0 < Qtn < S,

K (t) = K(s,t) = {

It is easy to see that p = K; € QF (X) and that K: ¢ = ¢ is a
homotopy in Q7 (X, A). It follows that [¢] = q..([¢)]).

e Exactness at ,(A, xo).

We first show that Im(0,.) C Ker(i,). To this aim, let ¢ be an element
of QF1(X, A). Define H: I x I" — X by setting:

Hy(t) = H(s,t) = ¢(t,s), sel, tel
It is easy to see that H : ¢|;» = 04, is a homotopy in 2} (X), so that

(i 0 0:)([¢]) = [0z]-

Let now ¢ € Q7 (A) be such that there exists a homotopy K': ¢ =
04, in Q2 (X). Then, define:

o(t) = Ky, (t1,. . tn), te ™
it follows that ¢ € Q7 F1(X, A) and 9. ([¢]) = [¢/].
This concludes the proof. O
The exact sequence (3.2.10) is known as the the long exact homotopy

sequence of the pair (X, A) relative to the basepoint xg. The exactness
property of (3.2.10) at 1 (X, A, x() can be refined a bit as follows:

3.2.13 Proposition. The map

m1(X, A, zo)xm (X, 20) 3 ([v], [1]) — [v-p] € mi(X, A, m0) (3.2.11)



[SEC. 3.2: THE HOMOTOPY EXACT SEQUENCE OF A FIBRATION 123

defines a right action of the group m (X, xo) on the set w1 (X, A, x¢); the
orbit of the distinguished element [04,] € m1(X, A, xo) is the kernel of the
connection map

Os: m (X, A, x9) — mo(A, x0),
and the isotropy group of [0,,] is the image of the homomorphism.:
e m (A4, 20) — m (X, 20);
in particular, the map
ge: m (X, 20) — (X, A, z0) (3.2.12)

induces, by passage to the quotient, a bijection between the set of right
cosets w1 (X, xg) /Im(i.) and the set Ker(0y).

Proof. 1t is easy to see that (3.2.11) does indeed define a right action (see
Corollary 3.1.5). The other statements follow from the long exact sequence
of the pair (X, A) and from the elementary theory of actions of groups on
sets, by observing that the map of “action on the element o,

ﬂ[amo] LT (Xa IE()) — 71 (X7 A7 1'0)
given by By, 1([u]) = [0, - p] coincides with (3.2.12). O
We now proceed with the study of fibrations.

3.2.14 Definition. Let I, E', B be topological spaces; a continuous map
p : E — B is said to be a locally trivial fibration with typical fiber F
if for every b € B there exists an open neighborhood U of b in B and a
homeomorphism:

a:p ' (U)—UxF (3.2.13)

such that pry o o = pl,-1(¢), where pr; denotes the first projection of the
product U x F'; we then say that « is a local trivialization of p around b,
and we also say that the fibration p is trivial on the open set U C B. We
call E the total space and B the base of the fibration p; for every b € B the
subset B}, = p~1(b) C E will be called the fiber over b.

Clearly, any local trivialization of p around b induces a homeomorphism
of the fiber F}, onto the typical fiber F'.
We have the following:
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3.2.15 Lemma. Letp : E — B alocally trivial fibration, with typical fiber
F'; then, given ey € E, by € B with p(eg) = by, the map:

Dt Tn(E, By, e0) — mn(B,{bo}, bo) = mn (B, bo) (3.2.14)
is a bijection for every n > 1.
The proof of Lemma 3.2.15 is based on the following technical Lemma:

3.2.16 Lemma. Letp : E — B be a locally trivial fibration with typical
fiber F; then, for n > 1, given continuous maps ¢ : I" — B and 1) :
J" Y — Ewithpot) = ¢| yn-1, there exists a continuous map ¢: I" — E
such that QNS\ gn—1 = 1 and such that the following diagram commutes:

E

6.7 i
P

"——B

Proof. The proof is split into several steps.
(1) There exists a retraction r : I — J"~1 ie., r is continuous and
T| Jn—1 = Id.

Fix t = (%7...,%,—1) € R™; for each t € I™ define r(t) as the

unique point of J"~ that belongs to the straight line through # and .

(2) The Lemma holds if there exists a trivialization (3.2.13) of p with
Im(¢) C U.

Letg: J"~* — F be such that

a(¥(t)) = (¢(t), %o(t), teJ"
then, we consider:
O(t) = a= (6(t), Yo(r(1)), tel™

(3) The Lemma holds if n = 1.

Let0 = up < u3 < ... < up = 1 be a partition of I such that,
fori =0,...,k — 1, ¢([us, ui+1]) is contained in an open subset of
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B over which the fibration p is trivial (see the idea of the proof of
Theorem 3.1.29); using step (2), define ¢ on the interval [u;, u;11]
starting with ¢ = k — 1 and proceeding inductively up to ¢ = 0.

(4) The Lemma holds in general.

We prove the general case by induction on n; the base of induction is
step (3). Suppose then that the Lemma holds for cubes of dimensions
less than n. Consider a partition:

O=uy<ur <...<up=1 (3.2.15)
of the interval I; let a = (a1,...,a,_1) be such that for each i =
1,...,n — 1, the set a; is equal to one of the intervals [u;,u;i1],

7 =0,...,k — 1 of the partition (3.2.15), or else a; is equal to one of
the points {u;}, j = 1,...,k — 1; define:

Io=0a1 X+ Xa,_1 cI

If r € {0,...,n — 1} is the number of indices 7 such that a; is an
interval (containing more than one point), we will say that I, is a block
of dimension r. The partition (3.2.15) could have been chosen in such
a way that each qS(Ia X [uj,uj+1]) is contained in an open subset
of B over which the fibration is trivial (see the idea of the proof of
Theorem 3.1.29).

Using the induction hypotheses (or step (3)) we define the map gzNS on
the subsets I, x I where I, is a block of dimension one. We then
proceed inductively until when ¢ is defined on each I, x [ such that
I, is a block of dimension 7 < n — 2.

Fix now a in such a way that I, is a block of dimension n — 1; using
step (2) we define ¢ on I, x [, uj41] starting with j = k — 1 and
continuing inductively until j = 0. This concludes the proof.

O

The map (E in the statement of Lemma 3.2.16 is called a [ifting of ¢ rela-
tively to p.

Proof of Lemma 3.2.15. Given [¢] € m,(B,by), by Lemma 3.2.16 there
exists a lifting ¢ : I™ — FE of ¢ relatively to p, such that ¢ is constant equal
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to eg on J"~1; then [5] € m(E, Ey,, €0) and p*([ﬂ) = [¢]. This shows
that p, is surjective; we now show that p, is injective.

Let [t01], [t02] € mn(E, Eb,, €0) be such that p.([101]) = p«([h2]); then,
there exists a homotopy

H:IxI["=1"t" B

such that Hy = p o ¢y, Hy = poty and H, € Q. (B) for every s € I.
Observe that:

J' =T xJ")u {0} x I")U ({1} x I™);
we can therefore define a continuous map
v: J" — F
by setting t(0,t) = ¥1(t), ¥ (1,t) = a(t) for t € I™, and (s, t) = eg
fors € I,t € J* 1. It follows from Lemma 3.2.16 that there exists a
continuous map: ~
H:IxI"=I""" —FE
such thatpo H = H e E[|Jn = 1; it is then easy to see that H : 1 = 1)y

is a homotopy in Q7 (E, Ey, ) and therefore [t1] = [1h2] € 7, (E, Ep,, €o).
This concludes the proof. O

The idea now is to “replace” 7, (F, Ep,, o) by 7, (B, bg) in the long
exact homotopy sequence of the pair (F, Ej, ), obtaining a new exact se-
quence. Towards this goal, we consider a locally trivial fibrationp: £ — B
with typical fiber F'; choose by € B, fo € F, ahomeomorphism b: Ep, —
F and let eg € Ey, be such that h(ep) = fo. We then define maps ¢, € 6,
in such a way that the following diagrams commute:

Tn (Ebo - €0) (3.2.16)
F fO E 60)
Ou
Tn (E, Epy, €0) —— Tn—1(Ep,, €0) (3.2.17)

p*le alh*
.
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where i, is induced by inclusion, and 0, is the connection map correspond-
ing to the triple (E, Ey,, o).
We then obtain the following:

3.2.17 Corollary. Let p: E — B be a locally trivial fibration with typical
fiber F; choosing by € B, fo € F, a homeomorphism 4y: Ey, — F and
taking eq € Ey, such that h(ey) = fo we obtain an exact sequence
Sy L * O L
= ma(F, fo) = m(E, e0) = w0 (B, bo) = w1 (F, fo) =

* [ Ly *
L (B, bo) = mo(F, fo) = mo(E, e) —— mo(B, bo)

(3.2.18)

where L, e §, are defined respectively by the commutative diagrams (3.2.16)
and (3.2.17).

Proof. Everything except for the exactness at mo(E, eg) follows directly
from the long exact sequence of the pair (F, Ep,) and from the defini-
tions of ¢, and d.. The exactness at 7y(F,ep) is obtained easily from
Lemma 3.2.16 withn = 1. O

The exact sequence (3.2.18) is known as the long exact homotopy se-
quence of the fibration p.

3.2.18 Definition. A locally trivial fibration whose typical fiber is a discrete
topological space is said to be a covering map.

In Exercise 3.18 the reader is asked to show the equivalence between
Definition 3.2.18 and the more standard definition of covering map.
We have the following:

3.2.19 Corollary. If p : E — B is a covering, then, given eg € FE and
by € B with p(eg) = bo, the map:

Ds: Wn(Ev 60) — 7T7L(Ba bO)
is an isomorphism for every n > 2.

Proof. 1t follows directly from the long exact homotopy sequence of the
fibration p, observing that, since F' is discrete, it is 7, (F, fo) = 0 for every
n>1. O
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3.2.20 Lemma. Let p : E — B be a covering map, by € B, ey €
p~t(bo) C E. Then:

(a) ify : I — B is a continuous curve with ~(0) = bo, there exists a
unique continuous curve 5 : I — E with 3(0) = eg andpo 5 = ;

(b) if H : I x I — B is a continuous map with H(0,0) = bo, there
exists a unique continuous map H:IxI— Bwith H(O 0) = e
and p o H=H.

Proof. In both (a) and (b), the uniqueness follows directly from the result
of Exercise 3.19. To prove the existence in part (a), use Lemma 3.2.16
with n = 1 and the curve v~! (notice that J° = {1}). To prove the
existence in part (b), first use part (a) three times to construct a continuous
map ¢ : J' — E withpot = H| ;i and 9(0,0) = eg (notice that J* is
the union of three sides of the square 1 2). Now, use Lemma 3.2.16 with
n=2. O

The following is a classical result concerning liftings of continuous
maps with respect to covering maps.

3.2.21 Proposition. Let p : E — B be a covering map, X be an arc-
connected and locally arc-connected topological space, f : X — B a
continuous map, xo € X and ey € E with p(eg) = f(xo). Assume that:

fe(m1(X, 20)) C pu(m1(E, €0)). (3.2.19)

Then there exists a unique continuous map f : X — E with f(aco) = eg
andpo f = f.

Proof. The uniqueness follows directly from the result of Exercise 3.19. To
prove existence, we construct f as follows. Givenz € X,lety: [ — X be
a continuous curve with y(0) = zp and y(1) = z and let ¥ : I — E be the
lifting of f o~ : I — B such that 5(0) = eo (Lemma 3.2.20). Set f(z) =
5(1). Our hypothesis (3.2.19) implies that f(z) is well-defined, i.e., does
not depend on the choice of v (see Exercise 3.8). Clearly, f (z9) = e
(take y to be the constant curve equal to xg) and p o f = f. Let us prove
that f is continuous. Let x € X be fixed and U be an open neighborhood
of f (z) in E; we will show that there exists a neighborhood V' of z in
X with f (V) C U. Since p is a local homeomorphism, we may assume
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without loss of generality that p maps U homeomorphically onto an open
neighborhood p(U) of f(z) in B. Let V be an arc-connected neighborhood
of x contained in f~*(p(U)). Lety : I — X be a continuous curve with
~v(0) = xo and y(1) = z and 4 : I — E be a lifting of f o v with
7(0) = eq, so that (1) = f(z). Given y € V, choose a continuous
curve u ¢ I — X with u(0) = 2, u(1) = y and u(I) C V. Then
(fom() C pU). Set i = (ply)~ o (fon). Thenji: I — Eisa
lifting of f oy, i(0) = f(z) = 5(1) and i(I) C U. The curve 7 - ji
is a lifting of v - p starting at ey and therefore, by the construction of f ,
f(y) = (1) € U. Hence f(V') C U and we are done. O

3.2.22 Corollary. Let p : E — B be a covering map, X be an arc-
connected and locally arc-connected topological space, f : X — B a
continuous map, ro € X and ey € E with p(eg) = f(xo). If X is sim-
ply connected then there exists a unique continuous map f : X — E with
f(zo) =egandpo f = f. O

3.2.23 Remark. Letp : ' — B be a locally trivial fibration with typical
fiber F'; choose by € B and a homeomorphism § : Ey, — F'. Let us take a
closer look at the map J,. defined by diagram (3.2.17), in the case n = 1.

For each f € F, we denote by 67 the map defined by diagram (3.2.17)
taking n = 1 and replacing fo by f and eg by h~1(f) in this diagram. We
have the following explicit formula:

() = [6(3(0))] € mo(F. f), € Q4 (B), (3.2.20)

where 7 : I — E is any lifting of v (i.e., po 7 = ~) with 7(1) = h=1(f).
The existence of the lifting v follows from Lemma 3.2.16 with n = 1.
Using (3.2.20), it is easy to see that §f only depends on the arc-connected
component [f] of F containing f; for, if f;,fo € Fand A\ : I — Fisa
continuous curve with A(0) = f; and A(1) = fa, then, given a lifting ¥
of v with (1) = h~1(f1), it follows that i = 7 - (=1 o \) is a lifting of
@ =7 o op, with i(1) = h~1(f2), and so

ol (1) = [6(3(0)] = [b(7(0)] = 62 ([ul) = 622 (1)).

Denoting by 7o (F') the set of arc-connected components of F' (disregarding
the distinguished point) we obtain a map

7T1(B,b0) X ﬂ'o(F) — ﬂ'o(F) (3221)
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given by ([7], [f]) — 7 ([y]). It follows easily from (3.2.20) that (3.2.21)
defines a left action of the group 71 (B, by) on the set 7o (F').

Let us now fix fo € F and let us set eg = h~1(fo); using the long exact
sequence of the fibration p it follows that the sequence

. 5.=510 L
m(E, e) —— m1 (B, by) ———— 70 (F, fo) —— mo(E, eo)

is exact. This means that the orbit of the point [fy] € mo(F') relatively to
the action (3.2.21) is equal to the kernel of ¢, and that the isotropy group
of [fo] is equal to the image of p,; hence the map J, induces by passing
to the quotient a bijection between the set of left cosets 71 (B, by) /Im(p.)
and the set Ker(e,).

3.2.24 Example. Let p : E — B be a locally trivial fibration with discrete
typical fiber F, i.e., p is a covering. Choose by € B, ey € Ep, and a
homeomorphism § : Ey, — F (actually, in the case of discrete fiber, every
bijection b will be a homeomorphism); set fo = h(ep).

Since 71 (F, fo) = 0, it follows from the long exact sequence of the
fibration that the map

Dy T (E, e0) — w1 (B, bo)

is injective; we can therefore identify 71 (E, eg) with the image of p,. Ob-
serve that the set 7o (F, fo) may be identified with F.

Under the assumption that F is arc-connected, we have my(E, eg) = 0,
and it follows from Remark 3.2.23 that the map ¢, induces a bijection:

71(B,bo)/m1(E, eq) — F. (3.2.22)

However, since F' has no group structure, the bijection (3.2.22) does not
give any information about the group structures of 71 (E, eg) and 1 (B, by).

Let us now assume that the fiber F' has a group structure and that there
exists a continuous right action:

ExXF>(e,f)—cofEE (3.2.23)

of Fon FE (since F'is discrete, continuity of (3.2.23) in this context means
continuity in the second variable); let us also assume that the action (3.2.23)
is free, i.e., without fixed points, and that its orbits are the fibers of p. If
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fo = 1is the unit of F' and the homeomorphism ) : E}, — F is the inverse
of the bijection:
660: FBfI—)@OOfEEbO,

we will show that the map
5*2 7T1(B,b0) —>7T0(F, fo) = F (3224)

is a group homomorphism; it will then follow that Im(p,) ~ 71 (E, ep) is a
normal subgroup of 71 (B, by) and that the bijection (3.2.22) is an isomor-
phism of groups.

Let us show that (3.2.24) is a homomorphism. To this aim, let v, u €
Q, (B) and let 7, i : I — E be lifts of v and p respectively, with 5(1) =
(1) = eg; using (3.2.20) and identifying 7o (F,, fo) with F’ we obtain:

3.([1]) = 6(3(0)),  d.([w)) = b(f(0)).
Define 4: I — FE by setting:
A(t) =3(t) e h(7(0)), tel;

then & = 4 - fi is a lifting of kK = - p with #(1) = e and, using again
(3.2.20) we obtain:

0+([7] - [1]) = B(%(0)) = b(5(0)) = b(

which concludes the argument.
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3.2.25 Remark. The groups 1 (X, o) and w2 (X, A, z¢) may not be com-
mutative, in general; however, it can be shown that 7, (X, z¢) is always
abelian for > 2 and 7, (X, 4, () is always abelian for n > 3 (see for
instance [7, Proposition 2.1, Proposition 3.1, Chapter 4]).

3.2.26 Remark. Generalizing the result of Proposition 3.1.11, givenn > 1
it is possible to associate to each curve A : I — X with A(0) = x¢ and
A(1) = 1 an isomorphism:

)\#: 7Tn(X, .T()) — T‘—n(X7:I"1)J

in particular, if xy e x; belong to the same arc-connected component of
X then 7, (X, x¢) is isomorphic to 7, (X, z1). The isomorphism Ay is
defined by setting:
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where 1) is constructed using a homotopy H: ¢ = 1) such that Hy(t) =
A(t) forevery t € OI™ and all s € I (for the details, see [7, Theorem 14.1,
Chapter 4]). Then, as in Example 3.1.17, it is possible to show that if X is
contractible, then m, (X, z¢) = 0 for every n > 0.
If Im(\) C A C X then, given n > 1, we can also define a bijection of
pointed sets:
Mg (X, A, xg) — T (X, A, 21),

which is a group isomorphism for n > 2 (see [7, Exercises of Chapter 4]).

3.2.1 Applications to the theory of classical Lie groups

In this subsection we will use the long exact homotopy sequence of a fi-
bration to compute the fundamental group and the connected components
of the classical Lie groups introduced in Subsection 2.1.1. All the spaces
considered in this section are differentiable manifolds, hence the notions
of connectedness and of arc-connectedness will always be equivalent (see
Exercise 3.2).

We will assume familiarity with the concepts and the notions introduced
in Subsections 2.1.1 and 2.1.2; in particular, without explicit mention, we
will make systematic use of the results of Theorem 2.1.14 and of Corollar-
ies 2.1.9,2.1.15,2.1.16 and 2.1.17.

The relative homotopy groups will not be used in this Section; from
Section 3.2 the reader is required to keep in mind the Examples 3.2.6, 3.2.10
and 3.2.24, and, obviously, Corollary 3.2.17.

In order to simplify the notation, we will henceforth omit the speci-
fication of the basepoint xo when we refer to a homotopy group, or set,
mn (X, xg), provided that the choice of such basepoint is not relevant in the
context (see Corollary 3.1.12 and Remark 3.2.26); therefore, we will write
T (X).

We start with an easy example:

3.2.27 Example. Denote by S L < (C the unit circle; then, the map p :
R — S given by p(t) = 2™ is a surjective group homomorphism whose
kernel is Ker(p) = Z. It follows that p is a covering map. Moreover, the
action of Z on R by translation is free, and its orbits are the fibers of p; it
follows from Example 3.2.24 that we have an isomorphism:

62 m (ST, 1) — Z
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given by 0.([y]) = #(0), where ¥ : I — R is a lifting of  such that
4(1) = 0. In particular, the homotopy class of the loop v : I — S* given
by:

y(t) =™, tel, (3.2.25)

is a generator of 7 (S1,1) ~ Z.

3.2.28 Example. Let us show that the special unitary group SU(n) is (con-
nected and) simply connected. First, observe that the canonical action of
the group SU(n + 1) on C"*! restricts to an action of SU(n + 1) on the
unit sphere S2"*1; it is easy to see that this action is transitive, and that the
isotropy group of the point e, 11 = (0,...,0,1) € C" is identified with
SU(n). It follows that the quotient SU(n + 1) /SU(n) is diffeomorphic to
the sphere S2"*1; we therefore have a fibration:

p:SU(n +1) — 2

with typical fiber SU(n). Since the sphere S?"*! is simply connected (see
Example 3.1.30), the long exact homotopy sequence of the fibration p gives
us:

m(SU(n)) — mo(SUMNn +1)) — 0 (3.2.26)
m1(SU(n)) — m1(SU(n+1)) — 0. (3.2.27)
Since SU(1) = {1} is clearly simply connected, from the exactness of

(3.2.26) it follows by induction on n that SU(n) is connected. Moreover,
from the exactness of (3.2.27) it follows by induction on n that SU(n) is
simply connected.

3.2.29 Example. Let us show now that the unitary group U(n) is con-
nected, and that 71 (U(n)) ~ Z for every n > 1. Consider the determinant
map:

det: U(n) — S*;

we have that det is a surjective homomorphism of Lie groups, and therefore
it is a fibration with typical fiber Ker(det) = SU(n). Keeping in mind that
SU(n) is simply connected (see Example 3.2.28), from the fibration det we
obtain the following exact sequence:

0 — m(U(n)) — 0 (3.2.28)

det,

0 — m(U(n), 1) (S 1) — 0 (3.2.29)
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From (3.2.28) we conclude that U(n) is connected, and from (3.2.29) we
obtain that the map

det,: 71 (U(n),1) — m(S*,1) = Z (3.2.30)
is an isomorphism.

3.2.30 Example. We will now show that the special orthogonal group
SO(n) is connected for n > 1. The canonical action of SO(n + 1) on
R™*! restricts to an action of SO(n + 1) on the unit sphere S™; it is easy
to see that this action is transitive, and that the isotropy group of the point
ent1 = (0,...,0,1) € R™*! is identified with SO(n). It follows that
the quotient SO(n + 1)/S0(n) is diffeomorphic to the sphere S™, and we
obtain a fibration:

p: SO(n+1) — 5", (3.2.31)

with typical fiber SO(n); then, we have an exact sequence:
m0(SO(n)) — m(SO(n+1)) — 0

from which it follows, by induction on n, that SO(n) is connected for
every n (clearly, SO(1) = {1} is connected). The determinant map in-
duces an isomorphism between the quotient O(n)/SO(n) and the group
{1,—1} =~ Zs, from which it follows that O(n) has precisely two con-
nected components: SO(n) and its complementary.

3.2.31 Example. We now show that the group GL (n, R) is connected. If
we choose any basis (b;)"_; of R™, itis easy to see that there exists a unique
orthonormal basis (u;)?_; of R™ such that, for every k = 1,...,n, the
vectors (b;)%_; and (u;)¥_, are a basis of the same k-dimensional subspace
of R™ and define the same orientation of this subspace. The vectors (u;)?_;
can be written explicitly in terms of the (b;)7_;; such formula is known as
the Gram—Schmidt orthogonalization process.

Given any invertible matrix A € GL(n,R), we denote by r(A) the
matrix obtained from A by an application of the Gram-Schmidt orthogo-
nalization process on its columns; the map r from GL(n, R) onto O(n) is
differentiable (but it is not a homomorphism). Observe that if A € O(n),
then 7(A) = A; for this we say that r is a retraction. Denote by T the
subgroup of GL(n, R) consisting of upper triangular matrices with positive
entries on the diagonal, i.e.,

T_,_:{(aq;j)nxn S GL(TL,R) DA = 0ife> g, a;; >0, 4,5 = 1,...,71}.
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Then, it is easy to see that we obtain a diffeomorphism:
GL(n,R) 3 A+ (r(A4),7(A)"'4) € O(n) x T4. (3.2.32)

We have that (3.2.32) restricts to a diffeomorphism of GL(n,R) onto
SO(n) x T4.. It follows from Example 3.2.30 that GL (n, R) is connected,
and that the general linear group GL(n, R) has two connected components:
GL4 (n,R) and its complementary.

3.2.32 Remark. Actually, it is possible to show that GL (n,R) is con-
nected by an elementary argument, using the fact that every invertible ma-
trix can be written as the product of matrices corresponding to elementary
row operations. Then, the map r : GL(n, R) — O(n) defined as in Exam-
ple 3.2.31 gives us an alternative proof of the connectedness of SO(n).

3.2.33 Example. We will now show that the group GL(n, C) is connected
and that:
m1(GL(n,C)) = Z.

We use the same idea as in Example 3.2.31; observe that it is possible to
define a Gram-Schmidt orthonormalization process also for bases of C™.
Then, we obtain a diffeomorphism:

GL(n,C) 2 Ar— (r(A4),r(A)"'A) € U(n) x T4(C),

where 7' (C) denotes the subgroup of GL(n, C) consisting of those upper
triangular matrices having positive real entries on the diagonal:

T+(C) = {(aij)an EGL(n, @) Qi = 0ifz > j7
a;; € Rand a;; >0, i,j=1,...,n}.

It follows from Example 3.2.29 that GL(n, C) is connected and that the
group 71 (GL(n, C)) is isomorphic to Z for n > 1; more explicitly, we
have that the inclusion i: U(n) — GL(n, C) induces an isomorphism:

i.: m(U(n),1) == 7 (GL(n, ©), 1).

3.2.34 Remark. Also the connectedness of GL(n, C) can be proven by a
simpler method, using elementary row reduction of matrices. Then, the
Gram-Schmidt orthonormalization process gives us an alternative proof of
the connectedness of U(n) (see Remark 3.2.32).
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3.2.35 Example. We will now consider the groups SL(n, R) and SL(n, C).
We have a Lie group isomorphism:

SL(n,R) x RT > (T,c) — ¢T € GL4(n,R),

where RT = ]0,+o0 is seen as a multiplicative group; it follows from
Example 3.2.31 that SL(n, R) is connected, and that the inclusion

i: SL(n,R) — GLi(n,R)
induces an isomorphism:
i,: 7 (SL(n,R),1) — m1(GL4 (n,R), 1).

The group 71 (GL (n,R)) will be computed in Example 3.2.38 ahead.
Let us look now at the complex case: for z € C \ {0} we define the
diagonal matrix:

o(z) = . € GL(n, C);
. 1
we then obtain a diffeomorphism (which is not an isomorphism):
SL(n,C) x R* x S* 3 (T, ¢, 2) — o(cz)T € GL(n, C).
Then, it follows from Example 3.2.33 that SL(n, C) is connected and that:
71 (GL(n,C)) € Z = Z x 71 (SL(n, C)),
from which we get that SL(n, C) is simply connected.

In order to compute the fundamental group of the special orthogonal
group SO(n) we need the following result:

3.2.36 Lemma. If S® C R""! denotes the unit sphere, then, for every
o € S™, we have 7, (S™, x9) = 0 for 0 < k < n.

Proof. Let ¢ € Q’;O(S”). If ¢ is not surjective, then there exists z € S™
with Im(¢) C S™ \ {z}; but S™ \ {x} is homeomorphic to R™ by the
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stereographic projection, hence [¢] = [04,]. It remains to show that any
¢ € QF_(5™) is homotopic in Q% (S™) to a map which is not surjective.

Let ¢ > 0 be fixed; it is known that there exists a differentiable? map
Y: I¥ — R™1 such that ||¢(t) — ¥(t)|| < e for every t € I* (see
[9, Teorema 10, §5, Capitulo 7]). Let £: R — [0, 1] be a differentiable
map such that {(s) = 0 for |s| < ¢ and &(s) = 1 for |s| > 2. Define
p: Rt — R by setting

p(x) = &l = aoll) (v = wo) + 20, @ € R

then, p is differentiable in R"*!, p(z) = x for ||z — || < € and ||p(x) —
z| < 2¢ for every x € R™L. It follows that p o ¢: I¥ — R"!isa
differentiable map (p 0 1) (OI*) C {xo} and ||(p o ¥)(t) — #(t)|| < 3e for
every t € I*. Choosing ¢ > 0 with 3¢ < 1, then we can define a homotopy
H:$=0inQF (S™) by setting:

_ (A =5)0() +s(poy)(t)
B0 =[50 + s(oo )0
where 0(t) = (po)(t)/||(po)(t)|, t € I*, is a differentiable map; since

k < n, it follows that € cannot be surjective, because its image has null
measure in S™ (see [9, §2, Capitulo 6]). This concludes the proof. O

telk sel,

3.2.37 Example. The group SO(1) is trivial, therefore it is simply con-
nected; the group SO(2) is isomorphic to the unit circle S! (see Exam-
ple 3.2.30, hence:

m1(SO(2)) = Z.

For n > 3, Lemma 3.2.36 tells us that 7m5(S™) = 0, and so the long exact
homotopy sequence of the fibration (3.2.31) becomes:

0 — m1(SO(n), 1) —— m(SO(n +1),1) — 0

where i, is induced by the inclusion i: SO(n) — SO(n + 1); it follows
that 71 (SO(n)) is isomorphic to 71 (SO(n + 1)). We will show next that
71(SO(3)) = Zs, from which it will then follow that

m1(SO(n)) 2 Z2, n>3.

2The differentiability of a map 1) defined in a non necessarily open subset of R* means
that the map 1 admits a differentiable extension to some open subset containing its domain.
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Consider the inner product g in the Lie algebra su(2) defined by
g(X,Y) =tr(XY™), X,Y €su(2),

where Y* denotes here the conjugate transpose of the matrix Y and tr(U)
denotes the trace of the matrix U; consider the adjoint representation of
SU(2):

Ad: SU(2) — SO(su(2),9) (3.2.33)
givenby Ad(A)-X = AXA~ ! for A € SU(2), X € su(2);itis easy to see
that the linear endomorphism Ad(A) of su(2) is actually g-orthogonal for
every A € SU(2) and that (3.2.33) is a Lie group homomorphism. Clearly,
SO(su(2), g) is isomorphic to SO(3).

An explicit calculation shows that Ker(Ad) = {Id, —Id}, and since the
domain and the counterdomain of (3.2.33) have the same dimension, it fol-
lows that the image of (3.2.33) is an open subgroup of SO(su(2), g); since
SO(su(2), g) is connected (Example 3.2.30), we conclude that (3.2.33) is
surjective, and so it is a covering map. Since SU(2) is simply connected
(Example 3.2.28), it follows from Example 3.2.24 that 7 (SO(3)) & Zo,
keeping in mind the action of Zs = {Id,—Id} on SU(2) by translation.
The non trivial element of 7 (SO(3), 1) coincides with the homotopy class
of any loop of the form Ad o -y, where v: I — SU(2) is a curve joining Id
and —Id.

3.2.38 Example. The diffeomorphism (3.2.32) shows that the inclusion i
of SO(n) into GL4 (n, R) induces an isomorphism:

i,: m(SO(n), 1) — 7 (GL4 (n,R), 1). (3.2.34)

It follows from Example 3.2.37 that 71 (GL4 (n, R)) is trivial for n = 1, it
is isomorphic to Z for n = 2, and it is isomorphic to Zy for n > 3.

3.2.39 Example. We will now look at the symplectic group Sp(2n, R) and
we will show that it is connected for every n > 1. Let w be the canoni-
cal symplectic form of R?" and let A be the Grassmannian of oriented
Lagrangians of the symplectic space (R?",w), that is:

A = {(L, O) : L € R®" is Lagrangian, and O is an orientation of L}.

We have an action of the symplectic group Sp(2n, R) on the set A given
by T o (L,0) = (T(L),0"), where O’ is the unique orientation of T'(L)
that makes 7’|, : L — T'(L) positively oriented.



[SEC. 3.2: THE HOMOTOPY EXACT SEQUENCE OF A FIBRATION 139

By Remark 1.4.29, we have that the restriction of this action to the
unitary group U(n) is transitive. Consider the Lagrangian Ly = R™ ¢ {0}
and let O be the orientation of Ly corresponding to the canonical basis of
R™; then, the isotropy group of (Lo, O) relative to the action of U(n) is
SO(n). The isotropy group of (Lg, O) relative to the action of Sp(2n, R)
will be denoted by Sp_ (27, R, Lg). In formulas (1.4.7) and (1.4.8) we have
given an explicit description of the matrix representations of the elements
of Sp(2n,R); using these formulas it is easy to see that Sp, (2n, R, Lo)
consists of matrices of the form:

T = ( A A8 ) , A€ GL,i(n,R), Sn x nsymmetric matrix,

0 At
(3.2.35)
where A* denotes the transpose of A. It follows that we have a diffeomor-
phism:

Sp, (2n,R, Lo) T+ (A,S) € GLy(n,R) x Bgym(R™) (3.2.36)

where A and S are defined by (3.2.35). We have the following commutative
diagrams of bijections:

U(n)/SO(n) ————— Sp(2n, R)/Sp,, (2n, R, L)

Ay

where the maps 31 and 32 are induced respectively by the actions of U(n)
and of Sp(2n,R) on A and i is induced by the inclusion i: U(n) —
Sp(2n, R) by passage to the quotient; we have that i is a diffeomorphism.
Hence, we have a fibration:

p: Sp(2n,R) — Sp(2n,R)/Sp, (2n, R, Ly) = U(n)/SO(n) (3.2.37)

whose typical fiber is Sp, (2n, R, Ly) = GL4(n,R) X Bgym(R™). By
Example 3.2.31 this typical fiber is connected, and by Example 3.2.29 the
base manifold U(n)/SO(n) is connected. It follows now easily from the
long exact homotopy sequence of the fibration (3.2.37) that the symplectic
group Sp(2n, R) is connected.



140 [CAP. 3: ALGEBRAIC TOPOLOGY

3.2.40 Example. We will now show that the fundamental group of the sym-
plectic group Sp(2n, R) is isomorphic to Z. Using the exact sequence of
the fibration (3.2.37) and the diffeomorphism (3.2.36), we obtain an exact
sequence:

71 (GLy (1, R)) —= 7, (Sp(2n, R)) —2 7, (U(n) /SO(n)) — 0
(3.2.38)
where ¢, is induced by the map ¢: GL4 (n, R) — Sp(2n,R) given by:

A 0
= (5 4l ) AccLm)
We will show first that the map ¢, is the null map; we have the following
commutative diagram (see (3.2.30) and (3.2.34)):

det,

m(SO(n)) ———— m (U(n)) ——— m1(S1) (3.2.39)

| |

m1(GL4(n,R)) . m1(Sp(2n, R))

where the unlabeled arrows are induced by inclusion.> A simple analysis
of the diagram (3.2.39) shows that ¢, = 0.

Now, the exactness of the sequence (3.2.38) implies that p, is an iso-
morphism of 71 (Sp(2n, R)) onto the group 71 (U(n)/SO(n)); let us com-
pute this group. Consider the quotient map:

¢: U(n) — U(n)/SO(n);
we have that ¢ is a fibration. We obtain a commutative diagram:

g

m1(S0(n)) ——m(U(n)) —— m1(U(n)/SO(n)) —0

\ Nldet*
0

1 (Sl)
(3.2.40)

3The inclusion of U(n) into Sp(2n, R) depends on the identification of 7 x n complex
matrices with 2n x 2n real matrices; see Remark 1.2.9.
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The upper horizontal line in (3.2.40) is a portion of the homotopy exact
sequence of the fibration ¢; it follows that g, is an isomorphism. Finally,
denoting by i the inclusion of U(n) in Sp(2n, R) we obtain a commutative
diagram:

m1(Sp(2n, R))

/ P

™ (U(n)) >

1 (U(n)/SO(n))

qx

from which it follows that i, is an isomorphism:

Z =~ 7, (U(n),1) T m(Sp(2n, R), 1).

3.3 Singular homology groups

In this section we will give a brief exposition of the definition and the basic
properties of the group of (relative and absolute) singular homology of a
topological space X; we will describe the homology exact sequence of a
pair of topological spaces.

For all p > 0, we will denote by (e;)Y_; the canonical basis of R? and
by eg the zero vector of RP; by RY we will mean the trivial space {0}.
Observe that, with this notations, we will have a small ambiguity due to
the fact that, if ¢ > p > 4, the symbol e; will denote at the same time a
vector of R? and also a vector of IR?; however, this ambiguity will be of
a harmless sort and, if necessary, the reader may consider identifications
R°CR'CcR*C--- C R™.

Given p > 0, the p-th standard simplex is defined as the convex hull A,,
of the set {e;}}_, in R”; more explicitly:

Ay = {Z;Otieizzz;otizl, t; >0, izo,...,p},

Observe that Ag is simply the point {0} and A; is the unit interval I =
[0, 1]. Let us fix some terminology concerning the concepts related to free
abelian groups:
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3.3.1 Definition. If G is an abelian group, then a basis* of G is a fam-
ily (ba)ac.a such that every g € G is written uniquely in the form g =
Za cA Naba, Where each n,, is in Z and n,, = 0 except for a finite number
of indices o € A. If G’ is another abelian group, then a homomorphism
f : G — G’ is uniquely determined when we specify its values on the el-
ements of some basis of G. An abelian group that admits a basis is said to
be free.

If A is any set, the free abelian group G 4 generated by A is the group
of all “almost zero” maps N : A — Z, i.e., N(a) = 0 except for a finite
number of indices o € A; the sum in G 4 is defined in the obvious way:
(N1 4+ N3)(a) = Ni(a) + No(«). We then identify each o € A with
the function N, € G 4 defined by N, (o) = 1 and N, () = 0 for every
08 # «. Then, G, is indeed a free abelian group, and A C G 4 is a basis of
G 4.

3.3.2 Definition. For p > 0, a singular p-simplex is an arbitrary continuous
map:
T: Ay — X.

We denote by G,(X) the free abelian group generated by the set of all
singular p-simplexes in X; the elements in &, (X) are called singular p-
chains.

If p = 0, we identify the singular p-simplexes in X with the points of
X, and Gy (X) is the free abelian group generated by X. If p < 0, our
convention will be that 5,,(X) = {0}.

Each singular p-chain can be written as:

c= Z np - T,

T singular
p-simplex
where n € Z and np = 0 except for a finite number of singular p-
simplexes; the coefficients n are uniquely determined by c.
Given a finite dimensional vector space V' and given vg,...,v, € V,
we will denote by £(v, . .., v,) the singular p-simplex in V' defined by:

g(UQ,...,Up)(itiei) = itﬂ)i, (331)
1=0 =0

4 An abelian group is a Z-module, and our definition of basis for an abelian group coincides
with the usual definition of basis for a module over a ring.
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where each ¢; > 0 and .7 t; = 1; observe that £(vg,...,vp) is the
unique affine function that takes e; into v; for every i = 0,...,p.
For each p € Z, we will now define a homomorphism:

Op: 6,(X) — 6,_1(X).

If p < 0wesetd, = 0. For p > 0, since GP(X) is free, it suffices to
define ), on a basis of &,(X); we then define 9,(T") when T is a singular
p-simplex in X by setting:

P
0p(T) = (~1)'Tol(eq,...,E...,ep),
i=0
where €; means that the term e; is omitted in the sequence. For each i =
0,...,p, the image of the singular (p — 1)-simplex {(eg,. .., &, ..., €p)
can be visualized as the face of the standard simplex A, which is opposite
to the vertex e;.

If c € 6,(X) is a singular p-chain, we say that d,(c) is its boundary;
observe that if T : [0,1] — X is a singular 1-simplex, then 0;(T) =
T(1) — T(0).

We have thus obtained a sequence of abelian groups and homomor-
phisms

O e ,(X) 2, (X)) 2 (3.3.2)

The sequence (3.3.2) has the property that the composition of two consec-
utive arrows vanishes:

3.3.3 Lemma. Forall p € Z, we have 0,1 0 9, = 0.

Proof. If p < 1 the result is trivial; for the case p > 2 it suffices to show
that 9,_1(9,(T")) = 0 for every singular p-simplex T'. Observing that

L(vg, ..., vg)0l(eg, ..., €. .. eq) =L(Vo,-.., Uiy ., 0q)
we compute as follows:
Op-1(0p(T)) =D (=1) T olleq,....E,... 6. .. ep)
j<i

+ 3 (-1 T o len, . Gy 6 ey) = 0. O

J>i
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Let us give the following general definition:

3.3.4 Definition. A chain complex is a family € = (&, d,) ez Where each
¢, is an abelian group, and each 6, : €, — €,_; is a homomorphism such
that §,_1 o 6, = 0 for every p € Z. For each p € Z we define:

Zp(€) = Ker(dp),  Bp(€) = Im(dp41),

and we say that Z,(€), B,(€) are respectively the group of p-cycles and
the group of p-boundaries of the complex €. Clearly, B,(¢) C Z,(€), and
we can therefore define:

Hy,(€) = Z,(€)/By(2);

we say that H,(€) is the p-th homology group of the complex €.

If c € Z,(€) is a p-cycle, we denote by ¢ + B,(€) its equivalence
class in H,(¢); we say that ¢ + B, (€) is the homology class determined
by c¢. If ¢1,¢2 € Z,(€) determine the same homology class (that is, if
¢1 — 2 € B,(€)) we say that ¢; and ¢y are homologous cycles.

Lemma 3.3.3 tells us that §(X) = (&,(X), 0p)pez is a chain com-
plex; we say that S(X) is the singular complex of the topological space X.
We write:

Zp(6(X)) = Zp(X),  Bp(6(X)) = By(X), Hy(6(X)) = Hp(X);

and we call Z,,(X), B,(X) and H,(X) respectively the group of singular
p-cycles, the group of singular p-boundaries and the p-th singular homol-
ogy group of the topological space X.

Clearly, H,(X) = 0 for p < 0 and Ho(X) = &¢(X)/Bo(X).

We define a homomorphism

e G(X) — Z (3.3.3)

by setting e(x) = 1 for every singular O-simplex x € X. It is easy to see
that € o 9; = 0; for, it suffices to see that £(0;(T")) = 0 for every singular
1-simplex 7" in X . We therefore obtain a chain complex:

Opt1 Op Op—1
———6,(X) — 6,1(X) ——
" @) - 8, (X) a3
-—1>60(X)L>Z—>O—>--~
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3.3.5 Definition. The homomorphism (3.3.3) is called the augmentation
map of the singular complex &(X); the chain complex in (3.3.4), denoted
by (6(X),e) is called the augmented singular complex of the space X.
The groups of p-cycles, of p-boundaries and the p-th homology group of
(6(X), ¢) are denoted by Z,(X), B,(X) and H,(X) respectively; we say
that H,(X) is the p-th reduced singular homology group of X .

Clearly, for p > 1 we have:

ZP(X) = Zp(X)v BP(X) = Bp(X)a ﬁp(X) = Hp(X)-

From now on we will no longer specify the index p in the map J,, and we
will write more concisely:

Op=0, peq.

3.3.6 Example. If X = () is the empty set, then obviously &,(X) = 0 for
every p € Z, hence H,(X) = 0 for every p, and H,(X) = 0 for every
p # —1; on the other hand, we have fI_l(X) =7.

If X is non empty, then any singular O-simplex x¢p € X is such that
e(z0) = 1, and so ¢ is surjective; it follows that H_;(X) = 0. Concern-
ing the relation between Ho(X) and Hy(X), it is easy to see that we can
identify Hy(X) with a subgroup of Hy(X), and that

Hy(X) = Ho(X)® Z- (w0 + Bo(X)) = Hy(X) & Z,

where Z - (xg + Bo(X)) is the subgroup (infinite cyclic) generated by the
homology class of ¢y in Hyp(X).

3.3.7 Example. If X is arc-connected and not empty , then any two sin-
gular O-simplexes o, 27 € X are homologous; indeed, if T : [0,1] — X
is a continuous curve from x( to x1, then 7T is a singular 1-simplex and
0T = xz1 —x¢ € Bo(X). It follows that the homology class of any zo € X
generates Hy(X), and since () = 1, it follows that no non zero multiple
of x( is a boundary; therefore:

Ho(X)=7, HyX)=0.

3.3.8 Example. If X is not arc-connected, we can write X = Ua cA Xa,

where each X, is an arc-connected component of X. Then, every singular
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simplex in X has image contained in some X, and therefore:
&,(X) = P 6,(Xa),
acA
from which it follows that:
Hy(X) = €D Hy(Xa).
acA
In particular, it follows from Example 3.3.7 that:
Hy(X)=Pz
acA

The reader should compare this fact with Remark 3.2.5.

3.3.9 Example. Suppose that X C RR" is a star-shaped subset around the
point w € X. For each singular p-simplex T in X we define a singular (p+
1)-simplex [T, w] in X in such a way that the following diagram commutes:

IxA,

Apt

[Tw]
where o and 7 are defined by:
o(s,t) = (1—s)t+sepy1, 7(s,t)=1—=8)T(t)+sw, te€A, sel,

geometrically, the singular (p + 1)-simplex [T, w] coincides with T" on the
face A, C A4, it takes the vertex e, on w and it is affine on the
segment that joins ¢ with e, forevery t € A,,.

The map T — [T, w] extends to a homomorphism:

Gp(X) 3 e [e,w] € Gpiq(X).

It is easy to see that for each singular p-chain ¢ € &,(X) we have:

_ 1
dlc, w] = {[ac,w]+( e, p21 (3.3.5)
e(c)w — ¢, p=0;
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for, it suffices to consider the case that ¢ = T is a singular p-simplex, in
which case (3.3.5) follows from an elementary analysis of the definition of
[T, w] and of the definition of the boundary map. In particular, we have
dc,w] = (—1)P*'c for every ¢ € Z,(X) and therefore ¢ € B,(X); we
conclude that, if X is star shaped, then

H,(X)=0, peZ.

3.3.10 Definition. Let € = (€}, 0,), ¢’ = (&, d,) be chain complexes;
a chain map ¢: € — ¢ is a sequence of homomorphisms ¢,,: €, — QZ;,
p € Z, such that for every p the diagram

commutes; in general, we will write ¢ rather than ¢,. It is easy to see that
if ¢ is a chain map, then ¢(Z,(€)) C Z,(¢’) and ¢(B,(€)) C B,y(T'), so
that ¢ induces by passage to quotients a homomorphism

G Hp(€) — Hp(C');
we say that ¢, is the map induced in homology by the chain map ¢.

Clearly, if ¢: € — €" and ¢: € — €” are chain maps, then also their
composition 1 o ¢ is a chain map; moreover, (1) 0 ). = ¥, o P, and if
Id is the identity of the complex €, i.e., Id,, is the identity of €, for every
p, then Id, is the identity of H,(¢) for every p. It follows that if ¢ is a
chain isomorphism, i.e., ¢, is an isomorphism for every p, then ¢, is an
isomorphism between the homology groups, and (¢~ 1), = (¢.)7 L.

If X,Y are topological spaces and f : X — Y is a continuous map,
then for each p we define a homomorphism:

fy 1 6,(X) — 6,(Y)

by setting fx(T') = f o T for every singular p-simplex 7" in X. It is easy
to see that fy is a chain map; we say that f, is the chain map induced by
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f. Tt is clear that, given continuous maps f: X — Y, g: Y — Z then
(9o f)x = gu o fu, and that if Id is the identity map of X, then Id is
the identity of &(X); in particular, if f is a homeomorphism, then fy is a
chain isomorphism, and (f~!)x = (f4)~'. We have that the chain map
f# induces a homomorphism

fe: Hp(X) — Hy(Y)

between the groups of singular homology of X and Y, that will be denoted
simply by f..
3.3.11 Remark. 1f A is a subspace of X, then we can identify the set of sin-
gular p-simplexes in A with a subset of the set of singular p-simplexes in
X; then 6, (A) is identified with a subgroup of &,(X). Ifi: A — X de-
notes the inclusion, then iy is simply the inclusion of G,(A) into &, (X).
However, observe that the induced map in homology i, is in general not
injective, and there exists no identification of Hy,(A) with a subgroup of
H,(X).

Recall that (X, A) is called a pair of topological spaces when X is
a topological space and A C X is a subspace. We define the singular
complex (X, A) of the pair (X, A) by setting:

6,p(X, 4) = 6,(X)/6,(A);

the boundary map of &(X, A) is defined using the boundary map of &(X)
by passage to the quotient. Clearly, &(X, A) is a chain complex; we write

H,(6(X,A)) = H,(X,A).

We call H, (X, A) the p-th group of relative homology of the pair (X, A).
If f: (X,A) — (Y,B) is a map of pairs (Definition 3.2.8) then the
chain map f passes to the quotient and it defines a chain map

fu: 6(X,A) — &(Y,B)

that will also be denoted by f; then fx induces a homomorphism between
the groups of relative homology, that will be denoted by f.. Clearly, if
f:(X,A) — (Y,B) and g: (Y,B) — (Z,C) are maps of pairs, then
(9o f)u = g# o fx and that if Id is the identity map of X, then Id. is the
identity of &(X, A); also, if f: (X, A) — (Y, B) is a homeomorphism of
pairs, i.e., f is a homeomorphism of X onto Y with f(A) = B, then f4 is
a chain isomorphism.
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3.3.12 Remark. An intuitive way of thinking of the groups of relative ho-
mology H,(X,A) is to consider them as the reduced homology groups
H,(X/A) of the space X/A which is obtained from X by collapsing all
the points of A to a single point. This idea is indeed a theorem that holds
in the case that A C X is closed and it is a deformation retract of some
open subset of X. The proof of this theorem requires further development
of the theory, and it will be omitted in these notes (see [13, Exercise 2, §39,
Chapter 4]).

3.3.13 Example. If A is the empty set, then &(X, A) = &(X), and there-
fore H,(X,A) = Hp(X) for every p € Z; for this reason, we will not
distinguish between the space X and the pair (X, 0).

3.3.14 Example. The identity map of X induces a map of pairs:
q: (X,0) — (X, A); (3.3.6)
then q4: 6(X) — &(X, A) is simply the quotient map. We define
Z,(X,A) = 431 (Z,(8(X, 1)), B,(X, 4) = a3} (B,(6(X, 4))):

we call Z,(X, A) and B, (X, A) respectively the group of relative p-cycles
and the group of relative p-boundaries of the pair (X, A). More explicitly,
we have

Zy(X,A) ={c€6,(X):0ce G,_1(A)} =07 (6,-1(4)),
By(X,A)={0c+d:c€&,1(X), d€ G,(A)} = By(X) + 6,(A);

Observe that

Zy(S(X, A)) = Z,(X, A)/S,(A), B,(&(X, A)) = B, (X, A)/6,(A);

it follows from elementary theory of quotient of groups that:
H,(X,A)=Hy,(6(X,A)) = Z,(X,A)/B,(X,A). (3.3.7)

Given ¢ € Z,(X, A), the equivalence class ¢ + B,(X,A) € H,(X,A)
is called the homology class determined by c in H,(X,A); if ¢1,co €
Zp(X, A) determine the same homology class in H,(X, A), i.e., if ¢; —
co € By(X, A), we say that ¢; and ¢, are homologous in (X, A).
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3.3.15 Example. If X is arc-connected and A # (), then arguing as in
Example 3.3.7 we conclude that any two 0-simplexes in X are homologous
in (X, A); however, in this case every point of A is a singular 0-simplex
which is homologous to 0 in &(X, A), hence:

HO(Xa A) =

If X is not arc-connected, then we write X = UaE 4 Xa, Where each X,
is an arc-connected component of X; writing A, = AN X, as in Exam-
ple 3.3.8 we obtain:

= P 6,(Xa, Ad)

acA
and it follows directly that:

A) = @ Hy(Xa, Aa).

acA

In the case p = 0, we obtain in particular that:
-z
ac A’

where A’ is the subset of indices o € A such that A, = 0.

Our goal now is to build an exact sequence that relates the homology
groups H,(X) and H,(A) with the relative homology groups H, (X, A).

3.3.16 Definition. Given chain complexes &, D, £, we say that

0—eun e (3.3.8)

is a short exact sequence of chain complexes if ¢ and ¢/ are chain maps and
if for every p € Z the sequence of abelian groups and homomorphisms

¢

0—>€p—>9pi>5p—>0
is exact.

We have the following result of Homological Algebra:
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3.3.17 Lemma (The Zig-Zag Lemma). Given a short exact sequence of
chain complexes (3.3.8), there exists an exact sequence of abelian groups
and homomorphisms:

C el (@) s 1 (@) L Hy(€) 2 (@) 2 ...

P P P p—1
(3.3.9

where ¢, and V. are induced by ¢ and 1) respectively, and the homomor-
phism 0, is defined by:

S.(e+ By(€)) = ¢+ B,_1(€), e € Z,(E), (3.3.10)

where ¢ € €,_1 is chosen in such a way that ¢(c) = éd and d € D, is
chosen in such a way that 1(d) = e; the definition (3.3.10) does not depend
on the arbitrary choices involved.

Proof. The proof, based on an exhaustive analysis of all the cases, is el-
ementary and it will be omitted. The details can be found in [13, §24,
Chapter 3]. O

The exact sequence (3.3.9) is the long exact homology sequence corre-
sponding to the short exact sequence of chain complexes (3.3.8)

Coming back to the topological considerations, if (X, A) is a pair of
topological spaces, we have a short exact sequence of chain complexes:

0— 6(4) - &(X) - 5(X, 4) — 0 (3.3.11)

where i is induced by the inclusion i: A — X and g4 is induced by
(3.3.6).
Then, it follows directly from the Zig-Zag Lemma the following:

3.3.18 Proposition. Given a pair of topological spaces (X, A) then there
exists an exact sequence

2 Hy(A) 2 Hy(X) 2 Hy(X, A) 25 H, 1 (A) = -
(3.3.12)
where i, is induced by the inclusion i: A — X, q. is induced by (3.3.6)
and the homomorphism O, is defined by:

0.(c+ By(X,A)) = dc+ B,_1(A), c€ Zy(X,A);
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such definition does not depend on the choices involved. If A # () we also
have an exact sequence
O (A) s (X)) M Hy(X,A) 2 L (A) S
(3.3.13)
whose arrows are obtained by restriction of the corresponding arrows in
the sequence (3.3.12).

Proof. The sequence (3.3.12) is obtained by applying the Zig-Zag Lemma
to the short exact sequence (3.3.11). If A # (), we replace S(A) and &(X)
by the corresponding augmented complexes; we then apply the Zig-Zag
Lemma and we obtain the sequence (3.3.13). O

The exact sequence (3.3.12) is known as the long exact homology se-
quence of the pair (X, A); the sequence (3.3.13) is called the long exact
reduced homology sequence of the pair (X, A).

3.3.19 Example. If A # () is homeomorphic to a star-shaped subset of R™,
then H,(A) = 0 for every p € Z (see Example 3.3.9); hence, the long
exact reduced homology sequence of the pair (X, A) implies that the map:

Q. Hy(X) — Hy(X, A)
is an isomorphism for every p € Z.

Now, we want to show the homotopical invariance of the singular ho-
mology; more precisely, we want to show that two homotopic continuous
maps induce the same homomorphisms of the homology groups. We begin
with an algebraic definition.

3.3.20 Definition. Let ¢ = (&,,d,) and € = (&, ;) be chain complexes.
Given a chain map ¢, 1: € — €’ then a chain homotopy between ¢ and 1)
is a sequence (D, ),ez of homomorphisms D,,: €, — &, such that

¢p — by = 81410 Dy + Dy 06y, (3.3.14)

for every p € Z; in this case we write D: ¢ = 1) and we say that ¢ and 1)
are chain-homotopic.

The following Lemma is a trivial consequence of formula (3.3.14)
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3.3.21 Lemma. If two chain maps ¢ and v are chain-homotopic, then ¢
and v induce the same homomorphisms in homology, i.e., . = 1),. O

Our next goal is to prove that if f and g are two homotopic continuous
maps, then the chain maps f, and g4 are chain-homotopic. To this aim,
we consider the maps:

ix: X = IxX, jx: X —=IxX (3.3.15)

defined by ix(z) = (0,2) and jx(x) = (1,x) for every z € X, where
I = [0,1]. We will show first that the chain maps (ix )4 and (jx)x are
chain-homotopic:

3.3.22 Lemma. For all topological space X there exists a chain homotopy
Dx: (ix)# = (jx)u where ix and jx are given in (3.3.15); moreover,
the association X — Dx may be chosen in a natural way, i.e., in such a
way that, given a continuous map f: X — Y, then the diagram

(DX)P

S,(X) S,1(I x X) (3.3.16)
(f#)pi J/((Idxf)#)p
GP(Y) (Dy), 6p+1(I X Y)

commutes for every p € Z, where Id x f is given by (t,x) — (¢, f(z)).

Proof. For each topological space X and each p € Z we must define a
homomorphism

(DX)p: GP(X) B 6p+1(I x X);

for p < 0 we obviously set (Dx), = 0. For p > 0 we denote by Id,, the
identity map of the space A,; then Id,, is a singular p-simplex in A, and
therefore Id, € &,(A,). The construction of Dx must be such that the
diagram (3.3.16) commutes, and this suggests the following definition:

(DX)p(T) = ((Id x T)#)P ° (DAp>p<Idp)a (3.3.17)

for every singular p-simplex T': A, — X (observe that T%(Id,,) = T);
hence, we need to find the correct definition of

(Da,)p(1dy) = ap € Sp1 (I x Ap), (3.3.18)
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for each p > 0. Keeping in mind the definition of chain homotopy (see
(3.3.14)), our definition of a,, will have to be given in such a way that the
identity

Oap = (in,)#(dp) — (4a,)#(1dp) = (Da,)p-100(1dy)  (3.3.19)

be satisfied for every p > 0 (we will omit some index to simplify the nota-
tion); observe that (3.3.19) is equivalent to:

da, = in, — ja, — (Da,)p—1 0 I(1dy). (3.3.20)

Let us begin by finding ag € &1 (I x Ag) that satisfies (3.3.20), that is,
ao must satisfy dag = in, — ja,; we compute as follows:

E(iAO - jAo) =0.
Since lEIO(I x Ag) = 0 (see Example 3.3.9) we see that it is indeed possible
to determine ay with the required property.
We now argue by induction; fix » > 1. Suppose that a,, € &,11(I X
A,) has been found for p = 0,...,r — 1 in such a way that condition
(3.3.20) be satisfied, where (Dx ), is defined in (3.3.17) for every topolog-

ical space X it is then easy to see that the diagram (3.3.16) commutes. An
easy computation that uses (3.3.16), (3.3.18) and (3.3.20) shows that:

((ix)%), = ((x)%), = 0o (Dx)p+ (Dx)p-100,  (3.321)

forp=0,...,r—1.
Now, we need to determine a, that satisfies (3.3.20) (with p = r). It
follows from (3.3.21), where we set X = A, and p = r — 1, that:
9o (Da,)r—10d(1d,)
= (ia,)# 0 9(Id;) = (ja, )% 2 9(1d;) = (Da, )r—2 000 9(1d;)

=0(ia, —Jja.);
(3.3.22)
using (3.3.22) we see directly that
in, —jn, — (Da,)r—100(d,) € Z.(I x A,). (3.3.23)

Since H,.(I x A,) = 0 (see Example 3.3.9) it follows that (3.3.23) is an r-
boundary; hence it is possible to choose a,- satisfying (3.3.20) (with p = r).
This concludes the proof. O
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It is now easy to prove the homotopical invariance of the singular ho-
mology.

3.3.23 Proposition. If two continuous maps f, g : X — Y are homotopic,
then the chain maps f4 and g4 are homotopic.

Proof. Let H: f = g be a homotopy between f e g; by Lemma 3.3.22
there exists a chain homotopy Dx : ix = jx. Then, it is easy to see that
we obtain a chain homotopy between fx and g by considering, for each
p € Z, the homomorphism

(Hyg)p+1 0 (Dx)p: 6p(X) — Gppa(Y). O
3.3.24 Corollary. If f,g: X — Y are homotopic, then f, = g..

Proof. Tt follows from Proposition 3.3.23 and from Lemma 3.3.21. O

3.3.1 The Hurewicz’s homomorphism

In this subsection we will show that the first singular homology group
H;(X) of a topological space X can be computed from its fundamental
group; more precisely, if X is arc-connected, we will show that H;(X) is
the abelianized group of w1 (X).

In the entire subsection we will assume familiarity with the notations
and the concepts introduced in Section 3.1; we will consider a fixed topo-
logical space X.

Observing that the unit interval I = [0, 1] coincides with the first stan-
dard simplex A;, we see that every curve v € §2(X) is a singular 1-
simplex in X; then, v € &1(X). We will say that two singular 1-chains
¢, d € 61(X) are homologous when ¢ — d € B;(X); this terminology will
be used also in the case that c and d are not necessarily cycles.?

We begin with some Lemmas:

3.3.25 Lemma. Lety € Q(X) and let o : I — I be a continuous map. If
(0) = 0 and (1) = 1, then v o o is homologous to v, if c(0) = 1 and
o(1) =0, then ~y o o is homologous to —.

S>Observe that a singular 1-chain c defines a homology class in H1(X) only if ¢ € Z1 (X).
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Proof. We suppose first that o(0) = 0 and (1) = 1. Consider the singular
1-simplexes o and £(0, 1) in I (recall the definition of ¢ in (3.3.1)). Clearly,
d(c — £0,1)) = 0, ie., o —£0,1) € Z(I); since Hi(I) = 0 (see
Example 3.3.9) it follows that o — ¢(0,1) € By(I). Consider the chain
map

it S(1) — S(X);

we have that v« (o — £(0,1)) € B1(X). But
7#(0 — (0, 1)) =vo0—7v€ Bi(X),

from which it follows that y is homologous to y o 0. The case ¢(0) = 1,
o(1) = 0 is proven analogously, observing that o + £(0,1) € Z;(I). O

3.3.26 Remark. In some situations we will consider singular 1-chains given
by curves «: [a,b] — X that are defined on an arbitrary closed interval
[a, b] (rather than on the unit interval I); in this case, with a slight abuse,
we will denote by v € &;(X) the singular 1-simplex v o ¢(a,b): I —
X; it follows from Lemma 3.3.25 that v o £(a,b) is homologous to any
reparameterization 7y o o of ~, where o: I — [a,b] is a continuous map
such that 0(0) = @ and o (1) = b (see also Remark 3.1.4).

3.3.27 Lemma. If v, p € Q(X) are such that v(1) = p(0), then v - p is
homologous to v + yi; moreover, for every v € Q(X) we have that v~ is
homologous to —v and for every xo € X, 04, is homologous to zero.

Proof. We will basically use the same idea that was used in the proof of
Lemma 3.3.25. We have that £(0, 1) +£(3,1) —£(0,1) € Z1(I) = B:(I);
considering the chain map (7 - ;) we obtain:

(v )2 (€00, 3) +£(3,1) — £(0,1)) =y + p— v+ p € By(X),

from which it follows that v -  is homologous to v + p. The fact that v~
is homologous to —+ follows from Lemma 3.3.25; finally, if T: Ay — X
denotes the constant map with value x, we obtain 0T = 0,, € By (X).

O

1

3.3.28 Lemma. Let K : I x I — X be a continuous map; considering the
curves:

1=K 0£((0,0),(1,0)), 72 =K o£((1,0),(1,1)),
VBZKOE((]-v]-)v(O»]-))v 74:KO€((071)a(0’0))7
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we have that the singular 1-chain ~1 + v2 + 7y3 + 74 is homologous to zero.

Proof. We have that Hy (I x I) = 0 (see Example 3.3.9); moreover

ﬁ((()’ 0)7 (17 0)) + g((l, 0)7 (17 1)) + g((l, 1)7 (07 1))

(3.3.24)
+£((0,1),(0,0)) € Z1(I x I) = By (I x I).

The conclusion follows by applying K to (3.3.24). O

We now relate the homotopy class and the homology class of a curve
v € QX).

3.3.29 Corollary. If~, u € Q(X) are homotopic with fixed endpoints, then
~ is homologous to .

Proof. 1t suffices to apply Lemma 3.3.28 to a homotopy with fixed end-
points K : v = pu, keeping in mind Lemma 3.3.27. O

3.3.30 Remark. Let A C X be asubset;if v : I — X is a continuous curve
with endpoints in A4, i.e., 7(0),~v(1) € A, then 9y € Gy(A), and therefore
v € Z1(X, A) defines a homology class v + By (X, A) in Hy (X, A). It
follows from Lemma 3.3.28 (keeping in mind also Lemma 3.3.27) that if
~ and p are homotopic with free endpoints in A (recall Definition 3.1.31)
then « and p define the same homology class in H; (X, A).

3.3.31 Remark. If -y, i are freely homotopic loops in X (Remark 3.1.16)
then it follows easily from Lemma 3.3.28 (keep in mind Lemma 3.3.27)
that  is homologous to .

We define a map:
0: QX) — 61(X)/B1(X) (3.3.25)

by setting O([v]) = v+ B1(X) for every v € Q(X); it follows from Corol-
lary 3.3.29 that © is well defined, i.e., it does not depend on the choice of
the representative of the homotopy class [y] € Q(X). Then, Lemma 3.3.27
tells us that:

O] - [u) = o) +o(ul), e(™) =-6(h), ©(os]) =0,
(3.3.26)
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for every v, € Q(X) with y(1) = p(0) and for every g € X. If
v € Q(X) is a loop, then v € Z1(X); if we fix zp € X, we see that ©
restricts to a map (also denoted by O):

O: 7T1(X,$0) —>H1(X) (3327)

It follows from (3.3.26) that (3.3.27) is a group homomorphism; this homo-
morphism is known as the Hurewicz’s homomorphism. The Hurewicz’s ho-
momorphism is natural in the sense that, given a continuous map f: X —
Y with f(zg) = yo, the following diagram commutes:

(X, z0) —=——> Hy(X)

| |

m1(Y, yo) o Hy(Y)

If A\: I — X is a continuous curve joining xz and x1, then the Hurewicz’s
homomorphism fits well together with the isomorphism A between the
fundamental groups 71 (X, x¢) and 71 (X, 21) (Proposition 3.1.11); more
precisely, it follows from (3.3.26) that we have a commutative diagram:

™ (X, 20) (3.3.28)

2

At Hi(X)

<

7Tl<X,l‘1).

We are now ready to prove the main result of this subsection. We will
first recall some definitions in group theory.

3.3.32 Definition. If G is a group, the commutator subgroup of G, de-
noted by G, is the subgroup of G generated by all the elements of the form
ghg~th=!, with g, h € G. The commutator subgroup G is always a nor-
mal subgroup® of (i, and therefore the quotient G /G’ is always a group.
We say that G /G’ is the abelianized group of G.

Sactually, the commutator subgroup G’ of G is invariant by every automorphism of G.
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The group G/G’ is always abelian; as a matter of facts, if H is a normal
subgroup of G, then the quotient group G/ H is abelian if and only if H D
G

3.3.33 Theorem. Let X be an arc-connected topological space. Then, for
every xg € X, the Hurewicz’s homomorphism (3.3.27) is surjective, and
its kernel is the commutator subgroup of w1 (X, xo); in particular, the first
singular homology group H1(X) is isomorphic to the abelianized group of
1 (X, {,E()).

Proof. Since the quotient 1 (X, 2g)/Ker(0) = Im(©) is abelian, it fol-
lows that Ker(©) contains the commutator subgroup 71 (X, 2)’, and there-
fore © defines a homomorphism by passage to the quotient:

0: m (X, m0)/m (X, 20) — Hy(X);

our strategy will be to show that © is an isomorphism.
For each © € X, choose a curve 7, € Q(X) such that 1, (0) = z and
7z (1) = x; we are now going to define a homomorphism

U: 6(X) — m (X, 20)/m1 (X, 20);

since 71 (X, xo)/m1(X, zo)" is abelian and the singular 1-simplexes of X
form a basis of &1 (X) as a free abelian group, W is well defined if we set

() = q(lny] -0 ] ™), 7€ QX),
where g denotes the quotient map
q: m (X, x0) — w1 (X, 20)/m1(X, 20)".

We are now going to show that By (X) is contained in the kernel of ¥; to
this aim, it suffices to show that ¢)(0T') is the neutral element of the quotient
m1(X, o) /m1 (X, z)’ for every singular 2-simplex 7" in X. We write:

T = vy — 71 + e, (3.3.29)

where 79 = T o l(e1,e3), 1 = T o L(eg,e2) and v2 = T o £(eg, e1).
Applying W to both sides of (3.3.29) we obtain:

U(OT) = W(y0)¥(71) " ¥(y2)

3.3.30
= q([nr(en) - o] - ] ™" - [yl - ey ™)- ( )
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Writing [p] = [((e1,e2)] - [£(e2,e0)] - [£(en,e1)] € Q(Az) then (3.3.30)
implies that:

U(OT) = q([nren)] - Te([p)) - [17(en)) ™)

since [p] € m1(Ag, e1), we have that [p] = [0, ] (see Example 3.1.15), from
which it follows (9T = ¢([04,])-

Then, we conclude that By (X) C Ker(¥), from which we deduce that
W passes to the quotient and defines a homomorphism

U: Gy (X)/B1(X) — 7 (X, z0)/m1 (X, 70)

The strategy will now be to show that the restriction ¥|g, (x) is an inverse
for ©. Let us compute © o ¥; for v € (X)) we have:

(©0)(y) = O([ny)]) +O(]) — O[nyw))

(3.3.31)
=1y0) + 7 — Ny1) + B1(X).

Define a homomorphism ¢: Go(X) — &1(X) by setting ¢(z) = n, for
every singular O-simplex x € X; then (3.3.31) implies that:

oV =po(Id—¢od), (3.3.32)
where p: 61(X) — &1(X)/B1(X) denotes the quotient map and Id de-
notes the identity map of &;1(X). If we restricts both sides of (3.3.32) to
Z1(X) and passing to the quotient we obtain:

00T, (x) = Id.
Let us now compute ¥ o ©; for every loop v € 2, (X) we have:
(T00)(a([r]) = T() = a([nwo (W) a([nz0]) " = a([]),
observing that 71 (X, zg)/m1 (X, o)’ is abelian. It follows that:
(U], (x)) ©© =1d,

which concludes the proof. O
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3.3.34 Remark. If X is arc-connected and 71 (X) is abelian, it follows
from Theorem 3.3.33 that the Hurewicz’s homomorphism is an isomor-
phism of 71 (X, 2;9) onto H; (X); this fact “explains” why the fundamental
groups with different basepoints 71 (X, zo) and 71 (X, 1) can be canoni-
cally identified when the fundamental group of the space is abelian. The
reader should compare this observation with Remark 3.1.13 and with the
diagram (3.3.28).

Exercises for Chapter 3

Exercise 3.1. Prove that every contractible space is arc-connected.

Exercise 3.2. Prove that a topological space X which is connected and
locally arc-connected is arc-connected. Deduce that a connected (topolog-
ical) manifold is arc-connected.

Exercise 3.3. Let v € Q(X) be a loop and let A\ € Q(X) be such that
A(0) = v(0); show that the loops v and A=! -+ - \ are freely homotopic.

Exercise 3.4. Let f,g : X — Y be homotopic maps and let H : f = g be
a homotopy from f to g; fix zo € X and set A\(s) = H;(zo), s € I. Show
that the following diagram commutes:

m1(Y, f(20))

S

m (Y, 9(z0))

Exercise 3.5. A continuous map f: X — Y is said to be a homotopy
equivalence if there exists a continuous map ¢g: Y — X such that g o f is
homotopic to the identity map of X and f o g is homotopic to the identity
map of Y; in this case we say that g is a homotopy inverse for f. Show that
if f is a homotopy equivalence then f, : m (X, z0) — m1 (Y, f(z0)) is an
isomorphism for every zop € X.

Exercise 3.6. Show that X is contractible if and only if the map f : X —
{z(} is a homotopy equivalence.
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Exercise 3.7. Letp : E — B be a covering map, eg € F, by = p(ep) and
v € Q, (B). Show that the homotopy class [] is in p, (71 (E, €o)) if and
only if the lifting 4 : I — E of v with (0) = ey satisfies ¥(1) = eo.
Exercise 3.8. Letp : E — B be a covering map, X be a topological space,
f: X — B be acontinuous map, ey € F, xg € X with f(xo) = p(eo).
Assume (3.2.19). Given continuous curves y; : I — X, v : I — X with
71(0) = v2(0) = @, 71(1) = 12(1), if % : I — E denotes the lifting of
f oy with 3;(0) = eg, i = 1,2, show that 41 (1) = 42(1).

Exercise 3.9. Prove that a homotopy equivalence induces an isomorphism
in singular homology. Conclude that, if X is contractible, then Hy(X) = Z
and H,(X) = 0 for every p > 1.

Exercise 3.10. If Y C X, a continuous map r : X — Y is said to be a
retraction if r restricts to the identity map of Y'; in this case we say that
Y is a retract of X. Show that if r is a retraction then 7, : 71 (X, x¢) —
m1 (Y, 20) is surjective for every 2o € Y. Show also that if Y is a retract of
X then the inclusion map i : Y — X induces an injective homomorphism
s m (Y, 20) — w1 (X, x0) forevery xg € Y.

Exercise 3.11. Let X be a topological space, Gbeagroupand g : X — G,
h: X — G be maps. If ¢, = 1y, (see Example 3.1.20), show that the map
X > 2+ g(z)h(z)~! € G is constant on each arc-connected component
of X.

Exercise 3.12. Let X be a topological space, G be a group and ¢ : Q(X) —
G be a map that is compatible with concatenations and such that ¢ (vy) =
¥ (p) whenever v(0) = p(0) and (1) = pu(1). Prove that there exists a
map g : X — G such that ) = 1), (see Example 3.1.20).

Exercise 3.13. Let X be a topological space, v : [a,b] — X be a continu-
ous curve and ¢ € |a, b[. Show that (see Remark 3.1.4):

V] = Via,q] - Yje,n]-

Conclude that if a =ty < t; < --- < t; = b is an arbitrary partition of
[a, b] then:

= Wlitoeat] =+ DVt -
Exercise 3.14. Let X be a topological space, K be a compact metric space,
X = Uqyeca Ua be an open cover of X and f : K — X be a continuous
map. Show that there exists & > 0 such that for every subset S of K with
diameter less then d, the set f(.5) is contained in some U,
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Exercise 3.15. In the proof of Theorem 3.1.21, check that if P, @) are par-
titions of I and @ is finer than P then Q4 p C Q4.0 and Yp(y) = Yo (7).
forall v € Q4 p.

Exercise 3.16. Let X be a topological space, X = [J, 4 U be an open
cover of X. Call ahomotopy H : I x I — X small if its image is contained
in some U,. Let G be a group and ¢ : Q(X) — G be a map that is
compatible with concatenations and invariant by small homotopies, i.e.,
¥(v) = ¥(p) whenever ~, u € Q(X) are homotopic by a small homotopy
with fixed endpoints. Prove that 1) is homotopy invariant.

Exercise 3.17. Let G1, G4 be groups and f : G; — G5 a homomorphism.

Prove that the sequence 0 — G, S, G2 — 0 is exact if and only if f
is an isomorphism.

Exercise 3.18. Let E/, B be topological spaces and p : £ — B be a continu-
ous map. Assume that the sets p~1 (b), b € B, have all the same cardinality
and let F' be a discrete topological space having such cardinality. Show that
the following conditions are equivalent:

(i) pis alocally trivial fibration with typical fiber F' (i.e., p is a covering
map in the sense of Definition 3.2.18);

(i1) every b € B has an open neighborhood U which is fundamental for
p,ie., p~!(U) is a disjoint union | J;.; V; of open subsets V; of E
such that p|y, : V; — U is a homeomorphism, for all i € I.

Exercise 3.19. Letp : E — B be alocally injective continuous map with £
Hausdorff and let f : X — B be a continuous map defined in a connected
topological space X. Given zp € X, eg € E, show that there exists at most
one map f:X > Ewithpo f = fand f(xo) = ep. Show that if p is a
covering map then the hypothesis that F is Hausdorff can be dropped.

Exercise 3.20. Let E, B be topological spaces with &2 Hausdorff. Let p :
E — B be a local homeomorphism (i.e., every point of E has an open
neighborhood which p maps homeomorphically onto an open subset of B).
Assume that p is closed (i.e., takes closed subsets of F' to closed subsets of
B) and that there exists a natural number 7 such that p~!(b) has exactly n
elements, for all b € B. Show that p is a covering map.

Exercise 3.21. Let X C R2 be defined by:

X = {(z,sin(1/2)) : 2 > 0} U ({0} x [-1, 1}).
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Show that X is connected but not arc-connected; compute the singular ho-
mology groups of X.

Exercise 3.22. Prove the Zig-Zag Lemma (Lemma 3.3.17).

Exercise 3.23. Let G be a group and let G act on a topological space X by
homeomorphisms. We say that such action is properly discontinuous if for
every x € X there exists a neighborhood U of z such that gU NU = ()
for every g # 1, where gU = {g -y : y € U}. Let be given a properly
discontinuous action of G in X and denote by X /G the set of orbits of G
endowed with the quotient topology.

e Show that the quotient map p : X — X/G is a covering map with
typical fiber G.

e Show that, if X is arc-connected, there exists an exact sequence of
groups and group homomorphisms:

0— m(X) 2= m(X/G) — G — 0.

e If X is simply connected conclude that 71 (X/G) is isomorphic to G.

Exercise 3.24. Let X = IR? be the Euclidean plane; for each m,n € Z let
9m,n be the homeomorphism of X given by:

gm.n(@,y) = ((=1)"x +m,y +n).
Set G = {gmn : m,n € Z}. Show that:
e (5 is a subgroup of the group of all homeomorphisms of X;
e show that X/G is homeomorphic to the Klein bottle;

e show that the natural action of G in X is properly discontinuous;
conclude that the fundamental group of the Klein bottle is isomorphic
to G

e show that G is the semi-direct product’ of two copies of Z;

7Recall that a group G is the (inner) semi-direct product of two subgroups H and K if
G = HK with H N K = {1} and K normal in G.
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e compute the commutator subgroup of G and conclude that the first
singular homology group of the Klein bottle is isomorphic to Z &
(7,)27).

Exercise 3.25. Prove thatif X and Y are arc-connected, then H; (X xY") &
Hy(X) @ Hi(Y).

Exercise 3.26. Compute the relative homology group Ho(D,dD), where
D is the unit disk {(x,y) € R? : 22 + y? < 1} and 9D is its boundary.






Chapter 4

Curves of Symmetric
Bilinear Forms

We make the convention that, in this chapter, V' will always denote a
finite dimensional real vector space:

dim(V) < +o0.

We choose an arbitrary norm in V' denoted by || - ||; we then define the norm
of a bilinear form B € B(V) by setting:

Observe that, since V' and B(V) are finite dimensional, then all the norms
in these spaces induce the same topology.

4.1 A few preliminary results

We will first show that the condition n_(B) > k (for some fixed k) is an
open condition in Bgym (V).

4.1.1 Lemma. Let k > 0 be fixed. The set of symmetric bilinear forms
B € Boym (V) such that ny (B) > k is open in Bgym, (V).

167
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Proof. Let B € By (V) with ny (B) > k; then, there exists a k-dimen-
sional B-positive subspace W C V. Since the unit sphere of W is compact,
we have:
inf B(v,v) =¢ > 0;

veW

flvll=1
it now follows directly that if A € Bgy, (V') and |4 — B|| < |¢|/2 then A
is positive definite in W, and therefore ny (A) > k. O

Obviously, since n_(B) = n4.(—B), it follows from Lemma 4.1.1 that
also the set of symmetric bilinear forms B € By, (V) with n_(B) > k is
open in By, (V).

4.1.2 Corollary. Let k > 0, 7 > 0 be fixed. The set of symmetric bilinear
forms B € By, (V') such that ny (B) = k and dgn(B) = r is open in the
set:

{B € Byym (V) : dgn(B) > r}. 4.1.1)
Proof. Observe that:
{B € Bym(V) :ny(B) =k, dgn(B) =r}
is equal to the intersection of (4.1.1) with:

{B €Bym(V):ny(B) >k} N{BeBym(V):n_(B)>n—r—k},
(4.1.2)

where n = dim(V). By Lemma 4.1.1, the set (4.1.2) is open in Bgym (V).
O

4.1.3 Corollary. Let k > 0 be fixed. The set of nondegenerate symmetric
bilinear forms B € Bgyy, (V') such that ny (B) = k is open in Bgyn, (V).

Proof. Follows from Corollary 4.1.2 with » = 0. O

4.2 Evolution of the index: a simple case

In this section we will study the following problem: given a continuous
one parameter family ¢ — B(t) of symmetric bilinear forms in a finite di-
mensional vector space, how do the numbers n. (B(t)), n_ (B(t)) change
with ¢t? We will show that changes can occur only when ¢ passes through an
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instant ¢( at which B(t() is degenerate. We will consider first a benign case
of degeneracy where the derivative B’(¢() is nondegenerate on the kernel
of B(tp). A more general case will be studied in Section 4.3.

4.2.1 Lemma. Let B : I — Bgym (V) be a continuous curve defined in
some interval I C R. If the degeneracy of B(t) is independent of t € I
then n_(B(t)) and n (B(t)) are also independent of t.

Proof. By Corollary 4.1.2, given k > 0, the set:

{tel:n (B(t)) =k}

is open in . It follows from the connectedness of I that, for some k£ > 0,
this set is equal to I. O

4.2.2 Corollary. Let B : I — Beym (V') be a continuous curve defined in
some interval I C R. If B(t) is nondegenerate for allt € I, then n_(B(t))
and ny (B(t)) are independent of t. O

Corollary 4.2.2 tells us that the index n_ (B(t)) and the co-index n (B(t))
can only change when B(t) becomes degenerate; in the next Theorem we
show how to compute this change when ¢ — B(t) is of class C'':

4.2.3 Theorem. Let B: [to,t1] — Bsym (V) be a curve of class C*; write
N = Ker(B(ty)). Suppose that the bilinear form B'(to)|nxn is nonde-
generate; then there exists € > 0 such that for t € |tg, to + €[ the bilinear
Sform B(t) is nondegenerate, and the following identities hold:

n+(B(t)) = ns(Blto)) + s (B (to) wxw),
n_(B(t)) = n_(B(to)) +n—(B'(to)|n xn).

The proof of Theorem 4.2.3 will follow easily from the following:

4.2.4 Lemma. Let B: [to,t1] — Bsym(V) be a curve of class C*; write
N = Ker(B(tp)). If B(to) is positive semi-definite and B’ (to)|nx N IS
positive definite, then there exists € > 0 such that B(t) is positive definite
fort € ]to,to + E[.

Proof. Let W C V be a subspace complementary to N; it follows from
Corollary 1.5.24 that B(tp) is nondegenerate in W, and we get from Corol-
lary 1.5.14 that B(tg) is positive definite in WW. Choose any norm in V;
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since the unit sphere of W is compact, we have:

”wl%‘ff’l B(to)(w,w) = ¢o > 0; 4.2.1)

similarly, since B’(t) is positive definite in N we have:

inf B'(to)(n,n) = e1 > 0. 4.2.2)
lInf=1

Since B is continuous, there exists € > 0 such that
c
|B(t) = B(to)| < 5, t € [to, o +e],
and it follows from (4.2.1) that:

inf  B(t)(w, w) > %" >0, t€l[to,to+el. 4.2.3)

Since B is differentiable at ¢ty we can write:

B(t) = B(tg) + (t — to)B'(to) + r(t), with lim tr(tz =0, (4.2.4)

t—to T — 0

and then, by possibly choosing a smaller € > 0, we get:

C
Ir@®)|| < El(t —to), tE€ [to,to+el; 4.2.5)
from (4.2.2), (4.2.4) and (4.2.5) it follows:
inf B(t)(n,n) > %(t —ty), tE€ ]t to+el. (4.2.6)
In=1

From (4.2.3) and (4.2.6) it follows that B(t) is positive definite in W and
in N fort € Jto, to + €[; taking c3 = || B'(to)|| + & we obtain from (4.2.4)
and (4.2.5) that:

|B(t)(w,n)| < (t —to)es, tE [to,to+el, 4.2.7)

provided that w € W, n € N and |Jw|| = ||n|| = 1. By possibly taking a
smaller € > 0, putting together (4.2.3), (4.2.6) and (4.2.7) we obtain:
B(t)(w,n)? < (t — to)22 < L% ¢
()(w,n)” < (t —t0)°c5 < =~ (t — o) 428)
< B(t)(w,w) B(t)(v,v), tE€ Jto,to+ €],
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forallw € W, n € N with ||w|| = ||n|| = 1; but (4.2.8) implies:
B(t)(w,n)* < B(t)(w,w) B(t)(n,n), t € Jto,to + ¢l

for all w € W, n € N non zero. The conclusion follows now from Propo-
sition 1.5.29. O

Proof of Theorem 4.2.3. By Theorem 1.5.10 there exists a decomposition
V =V, ®V_® N where V. and V_ are respectively a B(t)-positive and
a B(tp)-negative subspace; similarly, we can write N = N, & N_ where
N, is a B'(to)-positive and N_ is a B’(ty)-negative subspace. Obviously:

ny(B(to)) = dim(V,), n_(B(t)) = dim(V_),
ny (B (to)|nxn) = dim(Ny), n_(B'(to)|nxn) = dim(N_);

applying Lemma 4.2.4 to the restriction of B to V @ N, and to the re-
striction of —B to V_ & N_ we conclude that there exists € > 0 such that
B(t) is positive definite in V; & N, and negative definite in V_ & N_ for
t € Jto, to + € [;the conclusion now follows from Corollary 1.5.7 and from
Proposition 1.5.9. O

4.2.5 Corollary. Ift — B(t) € Bsym(V) is a curve of class C* defined in
a neighborhood of the instant ty € R and if B’ (to)|nx n is nondegenerate,
where N = Ker(B(to)), then for € > 0 sufficiently small we have:

Tl+(B(t0 + 6)) - Tl+(B(t0 — 6)) = sgn(B’(t0)|NxN).

Proof. 1t follows from Theorem 4.2.3 that for £ > 0 sufficiently small we
have:

ny(B(to +€)) = ny(B(t)) + ny (B (to) | nxn); 4.2.9)
applying Theorem 4.2.3 to the curve ¢t — B(—t) we obtain:

ny(B(to —€)) = ny(B(to)) + n— (B'(to)|nxn)- (4.2.10)
The conclusion follows by taking the difference of (4.2.9) and (4.2.10). [

We will need a uniform version of Theorem 4.2.3 for technical reasons:
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4.2.6 Proposition. Ler X be a topological space and let be given a contin-
uous map

X x [toﬂfl[ > ()\,t) — B)\(t) = B()\ﬂf) S Bsym(V)
differentiable in t, such that 92 is also continuous in X x [to, t1].

Write Ny = Ker (B)\(to)g ; assume that dim(Ny) does not depend on
A € X and that B (to) = %—Jf(/\o, to) is nondegenerate in Ny, for some
Ao € X. Then, there exists € > 0 and a neighborhood Y of A\ in X such
that B! (t) is nondegenerate on Ny and such that B (t) is nondegenerate
on'V for every \ € M and for every t € |tg, to + €l.

Proof. We will show first that the general case can be reduced to the case
that N, does not depend on A € X. To this aim, let £ = dim(N) ), that by
hypothesis does not depend on A. Since the kernel of a bilinear form coin-
cides with the kernel of its associated linear map, it follows from Proposi-
tion 2.4.10 that the map A — N € G, (V) is continuous in X’; now, using
Proposition 2.4.6 we find a continuous map A: & — GL(V') defined in a
neighborhood 4 of \g in X such that for all A € 4, the isomorphism A(\)
takes V), onto N,. Define:

Ba(t) = AN*(Ba(1)) = Ba(t) (AN, AR -),

forall A € Yland all ¢t € [to,t1]. Then, Ker(EA(tO)) = N, forall A € &;
moreover, the map B defined in 4 x [to, t1] satisfies the hypotheses of the
Proposition, and the validity of the thesis for B will imply the validity of
the thesis also for B.
The above argument shows that there is no loss of generality in assum-
ing that:
KGI'(B)\(to)) = N,

for all A € X'. We split the remaining of the proof into two steps.

(1) Suppose that By, (to) is positive semi-definite and that B (to) is
positive definite in N.

Let W be a subspace complementary to N in V; then B, (to) is pos-
itive definite in W. It follows that B) (o) is positive definite in W
and that B (¢o) is positive definite in NV for all A in a neighborhood
i of A\ in X. Observe that, by hypothesis, Ker(By(tg)) = N for
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all A € 4. Then, for all A € 4, Lemma 4.2.4 gives us the existence
of a positive number £(A) such that B)(t) is positive definite for all
t € ]to, to + €(A)[; we only need to look more closely at the estimates
done in the proof of Lemma 4.2.4 to see that it is possible to choose
€ > 0 independently of A\, when A runs in a sufficiently small neigh-
borhood of g in X.

The only estimate that is delicate appears in (4.2.5). Formula (4.2.4)
defines now a function r (t); for each A € &I, we apply the mean value
inequality to the function ¢ — o(t) = B\ (t) —tB} (to) and we obtain:

llo(t) = o(to)ll = lra (D) < (= to) Sup, lo’ ()]l

= (t—to) sup [B\(s) — Bj(to)ll-

Se[to,t]

With the above estimate it is now easy to get the desired conclusion.

(2) Let us prove the general case.

Keeping in mind that Ker(B)y(ty)) = N does not depend on A €
X, we repeat the proof of Theorem 4.2.3 replacing B(ty) by B (to),
B'(to) by B\ (to) and B(t) by By (t); we use step (1) above instead
of Lemma 4.2.4 and the proof is completed.

O

4.2.7 Example. Theorem 4.2.3 and its Corollary 4.2.5 do not hold without
the hypothesis that B’(¢) be nondegenerate in N = Ker(B(ty)); coun-
terexamples are easy to produce by considering diagonal matrices B(t) €
Bsym(R™). A naive analysis of the case in which the bilinear forms B(t)
are simultaneously diagonalizable would suggest the conjecture that when
B'(tp) is degenerate in Ker(B(tg)) then it would be possible to determine
the variation of the co-index of B(t) when ¢ passes through ¢y by using
higher order terms on the Taylor expansion of B(t)|nyxn around ¢ = tg.
The following example show that this is not possible.
Consider the curves By, By: R — Bgym(R?) given by:

mo=(y 5) mo=-(p )
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we have B;(0) = B3(0) and N = Ker(B;(0)) = Ker(B2(0)) = {0}®R.
Observe that By (t)|yxn = Ba(t)|nxn for all ¢ € R, so that the Taylor
expansion of Bj coincides with that of By in N; on the other hand, for
€ > 0 sufficiently small, we have:

ni(Bi(e) = ny (Bi(—2) =1—1=0,
n(Ba(e)) —ny(Ba(—€) =2~ 1= 1.

4.3 Partial signatures and another “evolution of
the index” theorem

As in Section 4.2, our goal is to study the evolution of n (B(t)) and
n_(B(t)), where t — B(t) is a differentiable one parameter family of
symmetric bilinear forms on a finite dimensional vector space.

Throughout the section, V' will always denote an n-dimensional real
vector space and B : I — Bgym (V') will denote a differentiable map de-
fined in an interval .

Recall that if f is a differentiable function defined in an interval [ taking
values in some real finite dimensional vector space and if ¢y € I is a zero of
f (ie., f(to) = 0) then the order of such zero is the smallest positive integer
k such that the k-th derivative f(*)(y) is not zero; if all the derivatives of
f at to vanish, we say that ¢; is a zero of infinite order. In some cases, it
may be convenient to say that ¢ is a zero of order zero when f(¢y) # 0.

4.3.1 Definition. A root function for B at ty € I is a differentiable map
u : I — V such that u(to) is in Ker(B(to)). The order (at to) of a root
function u of B, denoted by ord(B, u, ty), is the (possibly infinite) order of
the zero of the map I > t — B(t)(u(t)) € V* att = t,.

In some cases, it may be convenient to say that a differentiable map
u : I — V is aroot function of order zero of B at ty when w is actually not
a root function of B at t5. When B and ¢ are given from the context, we
write ord(u) instead of ord(B, u, tg).

Given a nonnegative integer k, the set of all differentiable maps u : I —
V' which are root functions of B at t( or order greater than or equal to k
is clearly a subspace of the space of all V' -valued differentiable maps on I;
thus:

Wi (B, to) = {u(to) : uis a root function of B at to with ord(u) > k},
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is a subspace of V. We call Wy (B, ty) the k-th degeneracy space of B at
to.

Again, when B and t are given from the context, we write W}, instead
of Wi (B, to). Clearly:

Wk+1 CWk, k:0,1,2,..., WOZ‘/, leKer(B(to)).
4.3.2 Remark. If an interval J is a neighborhood of ¢ in I then:
Wk(Bv tO) = Wk(B|J7 tO)

Namely, if v : J — V is a root function of B|; : J — Bgym (V) with
ord(u) > k,let@ : I — V be any differentiable map that agrees with u
in a neighborhood of ¢y in .J; then @ is a root function of B with ord(a) =
OI‘d(U) and u(to) = a(to) S Wk(B, to).

4.3.3 Lemma. Let k be a nonnegative integer. If u : I — V,v: 1 -V
are root functions of B at tg with ord(u) > k, ord(v) > k then:

d* d
= 5 B(t) (ulto), (1))

dtk

B(t) (u(t), v(to))|

t=to ’t:tO'

Proof. Setting a(t) = B(t)(u(t)) € V* and using the result of Exer-
cise 4.2, we get:

C%i B(t) (u(t),v(t)) = s—; B(t) (u(t),v(to)) . (4.3.1)
similarly:
d* dk
G BO@O.u0)| = 2 BOEO.u)| .
The conclusion follows from the symmetry of B(t). O

4.3.4 Corollary. Let k be a nonnegative integer and vg € Wy. If uy :
I - V,ug : I — V are root functions of B at ty with ord(uy) > k,
ord(ug) > k and uq(to) = us(to) then:

dk
t=to - @

dk

@ B(t) (u1 (t), Uo)

B(t) (UQ (t) s ’Uo)

t=to



176 [CAP. 4: CURVES OF BILINEAR FORMS

Proof. Since vg € Wy, there exists a root function v : I — V of B
with ord(v) > k and v(tp) = vo. The conclusion follows by applying
Lemma 4.3.3 with u = uy and with u = us. O]

4.3.5 Definition. Given a nonnegative integer k, the k-th degeneracy form
of B at tg is the map By, (o) : Wi x Wi — R defined by:

By (to)(uo,vo) = % B(t) (U(t)vv(to))‘ ; (4.3.2)

t=to

for all ug,vg € Wy, where v : I — V is any root function of B with
ord(u) > k and u(tg) = uo.

Notice that Corollary 4.3.4 says that By (o) is indeed well-defined, i.e.,
the righthand side of (4.3.2) does not depend on the choice of u. It is
immediate that By (to) is bilinear and it follows from Lemma 4.3.3 that

By, (to) is symmetric. When ¢y is clear from the context, we write simply
By, instead of By (to).

4.3.6 Remark. In (4.3.2) one can take u to be a root function of a restriction
B|;, where J is a neighborhood of ¢, in I; this can be seen by using an
argument analogous to the one appearing in Remark 4.3.2.

4.3.7 Remark. By (4.3.1), we have:

dk
B , =—B(t t),v(t ‘ ,
o) = S BO @),
where u, v are root functions for B having order greater than or equal to k
and u(tp) = ug, v(to) = vo.

The signatures of the degeneracy forms B, are collectively called the
partial signatures of the curve B at t.

4.3.8 Remark. If B* denotes the k-th coefficient in the Taylor series of B
atty € I,ie., B¥ = £ B®(ty), then it is possible to define the degeneracy
spaces W, and the degeneracy forms By, by purely algebraic methods using
the sequence of symmetric bilinear forms (*);>0. This is done using the
theory of generalized Jordan chains which is explained in Appendix B (see
also Exercise B.3).

4.3.9 Proposition. Let (-,-) be an inner product in V and, for each t € I,
let T(t) : V. — V denote the symmetric linear map such that (T'(t)-,-) =
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B(t). Let ty € I be fixed and assume that there exists an interval J C I,
which is a neighborhood of ty in I, and differentiable maps e, : J — 'V,
o = 1,...,n, such that (ea(ﬁ)):;1 is an orthonormal basis of V' con-
sisting of eigenvectors of T(t), forallt € J. Fora = 1,...,n, t € J,
let A (t) denote the eigenvalue of T (t) corresponding to the eigenvector

eq(t), so that A, : J — R is a differentiable map. Then:

(a) for each nonnegative integer k, the set:

{ea (to) : Ao has a zero at ty of order greater than or equal to k}
4.3.3)
is a basis of the space Wi,

(b) for each nonnegative integer k, the matrix that represents By, with
respect to the basis (4.3.3) is diagonal and By (ea(to), ea(to)) =

AE (1), for ea(to) in (4.3.3).

Moreover, if every nonconstant A, has a zero of finite order (possibly zero)
att = tg, then:

(c) ifto is an interior point of I and € > 0 is sufficiently small then:

’I’L+(B(t0+€)) —n+ Zn+ Bk
k>1
ny(B(to)) = ny (Blto —€)) = = Y _ (n—(Bax—1) + n4(Bar)),
k>1
ny(B(to+¢)) — ny (B(to —€)) ngn Bak-1)
E>1

Proof. First we show that the set (4.3.3) is contained in Wj. If A, has
a zero at tg of order greater than or equal to k then e, is a root function
of B|; with ord(eq) > k (see Remark 4.3.2). Namely', T'(¢)(eq(t)) =
Ao (t)eq(t), for all ¢ € J; it follows from the result of Exercise 4.4 that
A, and the map t — A, (t)e,(t) have the same order of zero at ¢, by
considering the injective linear map P(t) : R — V given by multiplication

IClearly, if u : I — V is a differentiable map, then ord(B, u, to) is equal to the order of
zero of the map ¢ — T'(t) (u(t)) at to.
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by e (t). Now let u : I — V be aroot function of B at t( with ord(u) > k
and let us show that u(¢¢) is in the space spanned by (4.3.3). Write:

u(t) =Y aalt)ealt),
forall t € J, so that:
T(t)(u(t)) = > aa(t)Aa()ealt).
a=1

The order of zero of ¢ — T'(t)(u(t)) at to is equal to the order of zero of
t i (aa(t)Aa(t))._, € R™ at to; namely, this follows from the result of
Exercise 4.4 by letting P(t) : V' — R™ be the isomorphism that associates
to each vector its coordinates in the basis (ea(t))zzl. Since ord(u) > k,
the map t — a,(t)Ao(t) € R has a zero at ¢y of order greater than or
equal to k, for all &« = 1,...,n. If « is such that the order of zero of A,
at t( is less than k, this easily implies that a,, (to) = 0. Thus u(¢¢) is in the
span of (4.3.3). This concludes the proof of part (a). To prove part (b), let
a, B € {1,...,n} be such that A, and Ag have zeros of order greater than
or equal to k at to; then e, is a root function of B|; (see Remark 4.3.6)
with ord(e,) > k and therefore:

k

a7 B (ea(t),ep(to))
dk
‘t=to - @Aa(tﬂea(t)’eﬁ(to» t

= AP (to){ealto)s es(to)),
where the last equality depends on the fact that A, has a zero of order at

least k at to. This proves part (b). Part (c) follows easily from the observa-
tions below:

Bi(ea(to), es(to)) =

dk
= 2% (TO(ea(®)) es(t0))

t=to

=to

e n (B(t)) is equal to the number of indexes c such that A, (t) > 0;
o if A, (to) # 0 then A, (t) has the same sign as A, (to) for ¢ near to;

e if A, has a zero of order k > 1 at to then A, (¢) has the same sign as
AR (ty), for t > tg near to;
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e if A, has a zero of order k > 1 at ¢, then A, (t) has the same sign as
(=1)* AR (tg), for t < tg near to;

e n(By) (resp., n_(By)) is equal to the number of indexes « such

that A, has a zero of order at least k at ¢y and A((lk)(to) is positive
(resp., negative).

Notice that the last observation above follows from parts (a) and (b). O

The hypotheses of Proposition 4.3.9 are in general hard to check. For-
tunately, there is one special case when they always hold:

4.3.10 Corollary. If the map B : I — Bgym (V) is real analytic then
statements (a), (b) and (c) in Proposition 4.3.9 hold.

Proof. This follows at once from Proposition 4.3.9 and from the so called
Kato selection theorem that gives the existence of a real analytic one pa-
rameter family of orthonormal bases of eigenvectors for a real analytic one
parameter family of symmetric linear maps. The hypothesis that the non-
constant maps A, have a zero of finite order at ¢y follows from the obser-
vation that each A, is real analytic. O

Kato selection theorem is not easy. In Appendix A (see Theorem A.1)
we give a detailed proof which involves theory of (vector space valued, one
variable) holomorphic functions and of covering maps.

4.3.11 Remark. It follows from Corollary 4.3.10 that, for all & > 0, the
kernel of the symmetric bilinear form By : W, x W, — R is equal
to Wiy1. Namely, if B is real analytic then (a) and (b) in the thesis of
Proposition 4.3.9 hold and the equality Ker(By) = Wy is immediate.
In the general case, we can replace B by its Taylor polynomial B (t) =
Sk ABWO(to)(t — to)? of order k centered at to, which is obviously real
analytic (see Exercise 4.5). The proof of the equality Ker(By) = W41 can
also be done directly by purely algebraic considerations (see Appendix B).

4.3.12 Definition. The ground degeneracy of the curve B is defined by:

gdg(B) = rtn€1}1 dgn(B(t)).

Aninstant t € I with dgn(B(t)) > gdg(B) will be called exceptional.
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Definition 4.3.12 is interesting only in the case in which B is real ana-
Iytic.

4.3.13 Lemma. If B is real analytic then, for all ty € I:

gdg(B) = mindim (Wi(B, to)).

Proof. Let J, A,, e, be as in the statement of Proposition 4.3.9. Clearly
gdg(B| ) is the number of indexes « such that A,, is identically zero and,
by (a) of Proposition 4.3.9, this coincides with ming>q dim(Wk(B , to)).
To conclusion follows from the equality gdg(B) = gdg(B|s) (see Exer-
cise 4.6). O]

4.3.14 Proposition. If B : I — Bgym (V) is real analytic then the excep-
tional instants of B are isolated. Moreover, tg € I is not exceptional if and
only if B(to) =0, forall k > 1.

Proof. Let A, be as in the statement of Proposition 4.3.9 (by the result of
Exercise 4.6 we can consider a restriction of B so that the maps A, are
globally defined). Then gdg(B) is equal to the number of indexes « such
that A, is identically zero; thus, an instant ¢, is exceptional if and only if
there exists a non zero A, with A, (tp) = 0. Since the maps A, are real
analytic, it follows that the exceptional instants are isolated. The second
part of the statement of the proposition follows directly from item (b) in
Proposition 4.3.9. ]

4.3.15 Proposition. If B is real analytic then, for all a,b € I with a < b:

2sgn(B(b)) — 3 sgn(B(a)) = 3 ngn(Bk(a))

k>1

+ Z ngn Boj_1(t))

t€]a,b[ k>1

+3 Z sgn (Ba—1(b)) — sgn(Bax(b))].

k>1
(4.3.4)

Notice that, by Proposition 4.3.14, the second sum on the righthand side
of (4.3.4) has only a finite number of nonzero terms.
To prove Proposition 4.3.15 we need the following:
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4.3.16 Lemma. If B is real analytic then, for all ty € I:

dgn(B(to)) = gdg(B) + Y _ (ny(Bk) +n_(Bx)).
k>1

Proof. The sum n (By)+n_(By,) is equal to the codimension of Ker(By,)
in W, i.e., dim(Wy) — dim(Wjy41) (see Remark 4.3.11). Thus:

> (n4(Bk) + n_(By)) = dim(W7) — min dim(Wy).
k>1 =

The conclusion follows from Lemma 4.3.13 and from the fact that the ker-
nel of B(tp) is W1. O

Proof of Proposition 4.3.15. We have:
sgn(B(t)) = ny (B(t)) — n—(B(t))
= 2n4 (B(t)) — dim(V) + dgn(B(1)),
and therefore:
1sgn(B(b)) — L sgn(B(a)) = ny (B(b)) — ny(B(a))
% [dgn(B(b)) — dgn(B(a))].
It follows easily from (c) of Proposition 4.3.9 that:

ny(B®) —ny(B(a)) =Y ny(Bila)) + > > sgn(Bak—i(

E>1 t€]a,b[ k>1

—Z ~(Bak-1(b)) + n (Bak(b))].

k>1
By Lemma 4.3.16 we have:

dgn(B(b)) — dgn(B(a) = Y [n4(Bu(b)) + n—(Bx(0))]

k>1

- Z [n4(Bi(a)) + n—(Bx(a))].

E>1

The conclusion follows by elementary arithmetical considerations. O
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We now prove some invariance results for the degeneracy spaces and
degeneracy forms.

4.3.17 Lemma. Let T : I — Lin(V, V) bea differentiable curve such that
T(t) : V — V is a linear isomorphism, forall t € I let B : T — Bgym(V)
be defined by B(t) = T(t)#( (t)), forallt € I. If Wy, denotes the k-th

degeneracy space of Bat to € I and By, denotes the k-th degeneracy form
of B at tg then:

T(to)(Wi) = Wi, By, = T(to)#(Bs).

Proof. Let @ : I — V be a differentiable map and set u(t) = T(t) (a(t)),

for all t € I. We claim that 4 is a root function of B of order k if and only
if u is a root function of B of order k; namely:

B(t)(a(t)) = (T()* o B(t) o T(t)) (a(t)) = T(¢)* [B(t)(u(t))],
for all t € I. By the result of Exercise 4.4 and equalities above, the maps
t — B(t)(u(t)) and t — B(t)(a(t)) have the same order of zero at to.
This proves the claim. It follows immediately that T'(¢) (Wk) = W, for

all k. To prove the relation between By, and Ek, let g, v9 € Wy be given.
Choose a root functions u, v for B of order greater than or equal to k£ with
a(to) = tg, 0(to) = vo and set u(t) = T(¢)(a(t)), v(t) = T(t)(0(t)),
t €1, uy = T(to) (@), vo = T(to)(0g). Then ug,vg € Wy, u, v are
root functions for B of order greater than or equal to k and u(tg) = wuo,
v(tp) = wp; therefore (see Remark 4.3.7):

dt d*
Bi(uo, v0) = dtk B(t) (“(t)’v(t>)‘ T dtk Bt )(a(0), 6(t))‘t:to

= By(iig, ). O

t=to

4.3.18 Lemma. Let T : I — GL(V) be a differentiable curve and B :
I — B(V) = Lin(V, V*) be defined by B(t) = B(t) o T'(t), forall t € I.
Assume that B(t) is symmetric, for all t € 1. If W), denotes the k-th

degeneracy space of B at to € I and Bk denotes the k-th degeneracy form
of B at tg then:

Wk: = Wk: = T(to)(Wk), Ek: = B]C o T(t0)|Wk
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Proof. From B(t) = B(t) o T(t) it follows immediately that @ : I — V is
a root function of order k for B if and only if u : I 5 ¢t — T'(t)(a(t)) € V
is a root function of order k for B; thus:

T(to)(Wi) = Wi.
Since E(t) is symmetric, we have also:
B(t) = T(t)" o B(t),

for all t € I. We claim that a differentiable map v : I — V is a root
function for B of order k if and only if it is a root function of order & for
B. Namely, by the result of Exercise 4.4, the maps:

I>t—T)*[B@)(u(t)] €V, I3t B(t)(u(t)) €V,

have a zero of the same order at ¢y. Thus Wk = W Finally, let tg,vg €
Wi, be given, choose a root function @ : I — V for B of order greater than
or equal to k and @(to) = @o; then u(t) = T'(t)(a(t)) is a root function for
B of order greater than or equal to k. Hence:

db ~ dk

=% B (1), vo) tho = < B(1)(u(t),vo)

= Bk (T(to)(’l]o), ’Uo). D

By (g, v0) =

Exercises for Chapter 4

Exercise 4.1. Let V be areal finite dimensional vector space and let k, r >
0 be fixed. Show that the set:

{B € Byym(V) : ny(B) =k, dgn(B) =r}
is arc-connected.

Exercise 4.2. Let V be areal finite dimensional vector space, o : [ — V'*,
v : I — V be differentiable maps, k be a positive integer and assume that
« has a zero of order greater than or equal to k at some point ty € I. Show
that:

TEa® v, =a®t) - vite) = T

where a(*) denotes the k-th derivative of the map a.
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Exercise 4.3. Let V be a real finite dimensional vector space, v : [ — V
be a differentiable map and k be a nonnegative integer. Show that v has a
zero or order k at tg € I if and only if the limit:

t
im0

t—to (t —tg)F
exists (in V') and is nonzero.

Exercise 4.4. Let V, W be real finite dimensional vector spaces, P : I —
Lin(V,W), v : I — V be differentiable maps and assume that P(¢) is
injective, for all ¢ € I. Show thatvand I > ¢ — P(t)(v(t)) € W have the
same order of zero at a point ¢y € 1.

Exercise 4.5. Let V' be a real finite dimensional vector space, B : I —
Bsym(V), B : I — Bgym (V) be differentiable maps having the same
derivatives up to order k at a point t, € I. Prove that W;(B,ty) =
Wi(B,to) fori=0,...,k+ 1and B;(to) = B;(to), fori =0,..., k.

Exercise 4.6. Show that, if B : I — Bgyy, (V) is real analytic then:

gdg(B) = gdg(Bl,),

for every interval J C I.



Chapter 5

The Maslov Index

5.1 A definition of Maslov index using relative
homology

In this section we will introduce the Maslov index (relative to a fixed La-
grangian subspace Lg) of a curve in the Lagrangian Grassmannian of a
symplectic space (V,w); this index is an integer number that corresponds
to a sort of algebraic count of the intersections of this curve with the subset
A=L(Ly).

The definition of Maslov index will be given in terms of relative ho-
mology, and we will therefore assume familiarity with the machinery in-
troduced in Section 3.3. We will use several properties of the Lagrangian
Grassmannian A that were discussed in Section 2.5 (especially from Sub-
section 2.5.1). It will be needed to compute the fundamental group of A,
and to this aim we will use the homotopy long exact sequence of a fibra-
tion, studied in Section 3.2. This computation follows the same line of the
examples that appear in Subsection 3.2.1; following the notations of that
subsection, we will omit for simplicity the specification of the basepoint of
the fundamental groups studied. As a matter of facts, all the fundamental
groups that will appear are abelian, so that the fundamental groups corre-
sponding to different choices of basepoint can be canonically identified (see
Corollary 3.1.12 and Remarks 3.1.13 and 3.3.34). Finally, in order to relate
the fundamental group of A with its first singular homology group we will

185
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use the Hurewicz’s homomorphism, presented in Subsection 3.3.1.

Throughout this section we will consider a fixed symplectic space (V,w),
with dim(V') = 2n; we will denote by A the Lagrangian Grassmannian of
this symplectic space. All the curves considered will be tacitly meant to be
“continuous curves”; moreover, we will often use the fact that any two La-
grangian subspaces admit a common complementary Lagrangian subspace
(see Remark 2.5.18).

We know that the Lagrangian Grassmannian A is diffeomorphic to the
quotient U(n)/O(n) (see Corollary 2.5.12). Consider the homomorphism:

d=det*: U(n) — St,

where S! C € denotes the unit circle; if A € O(n) then clearly det(A) =
+1, hence O(n) C Ker(d). It follows that d induces, by passing to the
quotient, a map: -

d: U(n)/O(n) — S*, (5.1.1)
given by d(A - O(n)) = det?(A). We have the following:

5.1.1 Proposition. The fundamental group of the Lagrangian Grassman-
nian A = U(n)/O(n) is infinite cyclic; more explicitly, the map (5.1.1)
induces an isomorphism:

d.: m(U(n)/0O(n)) —— m(S') ¥ Z.

Proof. It follows from Corollary 2.1.16 that d is a fibration with typical
fiber Ker(d)/O(n). Itis easy to see that the action of SU(n) on the quotient
Ker(d)/O(n) by left translation is transitive, and that the isotropy group of
the class 1 - O(n) of the neutral element is SU(n) N O(n) = SO(n); it
follows from Corollary 2.1.9 that we have a diffeomorphism

SU(n)/SO(n) = Ker(d)/O(n)

induced by the inclusion of SU(n) in Ker(d). Since SU(n) is simply con-
nected and SO(n) is connected, using the homotopy long exact sequence
of the fibration SU(n) — SU(n)/SO(n) one sees that SU(n)/SO(n) is
simply connected. Then, Ker(d)/O(n) is also simply connected, and the
homotopy exact sequence of the fibration d becomes:

0 — 71 (U(n)/0(n) ~2 71 (8) — 0

This concludes the proof. O
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5.1.2 Corollary. The first singular homology group H1(A\) of A is infinite
cyclic.

Proof. Since A is arc-connected and 71 (A) is abelian, it follows from The-
orem 3.3.33 that the Hurewicz’s homomorphism is an isomorphism:

©: m(A) —— Hy(A) (5.1.2)
O

5.1.3 Corollary. For a fixed Lagrangian Lg € A, the inclusion
q: (A,0) — (A, A%(Lo))
induces an isomorphism:
9. Hy(A) — Hi(A, A%(Lo)); (5.1.3)
in particular, Hy (A, A°(Ly)) is infinite cyclic.
Proof. 1t follows from Remark 2.5.3 and from Example 3.3.19. O

Let /¢ : [a,b] — A be a curve with endpoints in A°(Lg), i.e., £(a), £(b) €
A°(Ly); then, ¢ defines a relative homology class in Hy(A, A°(Lg)) (see
Remarks 3.3.30 and 3.3.26). Our goal is now to show that the transverse
orientation of A'(Lg) given in Definition 2.5.19 induces a canonical choice
of a generator of the infinite cyclic group Hy (A, A°(Lg)). Once this choice
is made, we will be able to associate an integer number to each curve in A
with endpoints in A°(Lg).

5.1.4 Example. If we analyze the steps that lead us to the conclusion that
Hi(A,A%(Lg)) is isomorphic to Z we can compute explicitly a generator
for this group. In first place, the curve

eit

[Z,28] 5 t— A(t) = € U(n)
1
projects onto a closed curve A(t) = A(t) - O(n) in U(n)/O(n); moreover,

[2,30] 5 t — det? (A(t)) = (—1)"1e? (5.1.4)

2
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is a generator of the fundamental group of the unit circle S*. It follows
from Proposition 5.1.1 that A defines a generator of the fundamental group
of U(n)/0(n).

Denoting by A(IR?") the Lagrangian Grassmannian of the symplectic
space R?" endowed with the canonical symplectic form, it follows from
Proposition 2.5.11 that a diffeomorphism U(n)/O(n) = A(R?") is given
explicitly by:

U(n)/0(n) 3 A-O(n) — A(R" & {0}") € A(R*™).
The Lagrangian A(t)(R™ & {0}") is generated by the vectors'

{e1 cos(t) + ent1 sin(t), enta,. .., €an},

where (e;)2", denotes the canonical basis of R?".

J:
2n

The choice of a symplectic basis (b;) of V induces a diffeomor-

j=1
phism of A onto A(IR?") in an obvious way. Consider the Lagrangian £(t)

given by:

2n
((t) = R(by cos(t) + by sin(t)) + > Rby; (5.1.5)
Jj=n-+2

then, the curve
[Z,3%] 5t L(t) €A (5.1.6)

2772
is a generator of 1 (A). By the definition of the Hurewicz’s homomorphism
(see (3.3.25)) we have that the same curve (5.1.6) defines a generator of
H;(A); since the isomorphism (5.1.3) is induced by inclusion, we have
that the curve (5.1.6) is also a generator of Hy (A, A°(Ly)).

5.1.5 Lemma. Let A € Sp(V,w) be a symplectomorphism of (V,w) and
consider the diffeomorphism (also denoted by A) of A induced by the action
of A; then the induced homomorphism in homology:

At Hy(A) — Hy(A)

is the identity map for all p € Z.

The complex matrix A(t) must be seen as a linear endomorphism of R2™; therefore,
we need the identification of n X n complex matrices with 2n X 2n real matrices (see Re-
mark 1.2.9).
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Proof. Since Sp(V,w) is arc-connected, there exists a curve
[0,1] 5 s — A(s) € Sp(V,w)
such that A(0) = A and A(1) = Id. Define
[0,1] x A> (s,L) — H (L) = A(s) - L € A;

then H: A = Id is a homotopy. The conclusion follows from Corol-
lary 3.3.24. O

5.1.6 Corollary. Let Lo € A be a Lagrangian subspace of (V,w) and let
A € Sp(V,w, Lg) (recall (2.5.15)); then the homomorphism

Ay Hi(A,A°(Lg)) — Hi(A,A°(Lg))
is the identity map.

Proof. Tt follows from Lemma 5.1.5 and from the following commutative
diagram:

Hi(A) — 2T )

H1 (A, AO(L())) T*> H1 (A, AO(L()))
where g, is given in (5.1.3). O

5.1.7 Example. Consider a Lagrangian decomposition (Lg, L1) of V' and
let L be an element in the domain of the chart ¢y, 1.,,i.e., L € A°(Ly). It
follows directly from the definition of ¢r,, 1, (see (2.5.3)) that the kernel
of the symmetric bilinear form ¢y, 1, (L) € Bgym(Lo) is Lo N L, that is:

Ker(goLO)Ll (L)) = LO N L. (517)

Then, we obtain that for each £k = 0,...,n the Lagrangian L belongs to
A¥(Ly) if and only if the kernel of o1, 1, (L) has dimension k, that is:

@11, (A°(L1) N AF(Lo)) = {B € Boym(Lo) : dgn(B) = k}.

In particular, we have L € A°(Lg) if and only if ¢, 1., (L) is nondegener-
ate.
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5.1.8 Example. Let ¢ — £(t) be a curve in A differentiable at ¢ = ¢y and
let (Lo, L1) be a Lagrangian decomposition of V with £(ty) € A°(L,).
Then, for ¢ in a neighborhood of o we also have ¢(t) € A°(L;) and we can
therefore define 5(t) = ¢r, .1, ({(t)) € Bsym(Lo). Let us determine the
relation between (3’ (o) and ¢'(t); by Lemma 2.5.7 we have:

B'(to) = dprg,z, ((to)) - €' (to) = (WL&O),LO)* -l (to).

Since WL(:sO) 1, fixes the points of Lo N £(t), we obtain in particular that
the symmetric bilinear forms ' (¢9) € Bsym(Lo) and ¢/ (t9) € Bsym (£(t0))
coincide on Lo N £(tg).

5.1.9 Lemma. Let Ly € A be a fixed Lagrangian; assume given two curves
él,fgl [a,b] — A

with endpoints in A°(Lg). Suppose that there exists a Lagrangian subspace
Ly € A complementary to Lo such that A°(Ly) contains the images of both
curves {1, Us; if we have

M (01,2, (1 (1)) = 1y (00,1, (L2(1))), (5.1.8)
fort =aandt = b, then {1 and {5 are homologous in Hy(A, A°(Ly)).

Proof. 1t follows from (5.1.8) and from the result of Exercise 4.1 that one
can find curves:
o1,02: [0,1] — Bgym(Lo)

such that oy (¢) and o2 (t) are nondegenerate for all ¢ € [0, 1] and also:

01(0) = @ro,1, (1 (a)), o1(1) = @11, (£2(a)),
02(0) = L1, (€1(b)), 02(1) = ¢r,,1, (£2(D)).

Define m; = @ZS)LI 00,1 = 1, 2; it follows from Example 5.1.7 that m,
and mo have image in the set A°(Lg) and therefore they are homologous to
zeroin Hy (A, A°(Lg)). Consider the concatenation £ = m] ' -1 -my; it fol-
lows from Lemma 3.3.27 that ¢; and ¢ are homologous in Hy (A, A°(Lg)).
We have that ¢ and /5 are curves in A°(L;) with the same endpoints, and
since A°(L1) is homeomorphic to the vector space Bgsym (Lo) it follows that
¢ and /5 are homotopic with fixed endpoints. By Corollary 3.3.29 we have
that ¢ and ¢, are homologous, which concludes the proof. O
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5.1.10 Definition. Let ¢ : [a,b] — A be a curve of class C1. We say
that ¢ intercepts transversally the set A=1(Lg) at the instant t = tq if
U(tg) € A'(Lo) and ¢'(tg) & Tyto)A'(Lo); we say that such transverse
intersection is positive (resp., negative) if the class of ¢'(tg) in the quo-
tient Ty(zo)A/Ty(,)A' (Lo) defines a positively oriented (resp., a negatively
oriented) basis (recall Definition 2.5.19).

From Theorem 2.5.16 it follows that £ intercepts A= (Lg) transversally
at the instant ¢ = ¢, if and only if £(ty) € A'(Lo) and the symmetric
bilinear form ¢'(t() is non zero in the space Lo N £((); such intersection
will be positive (resp., negative) if ¢/ (to) is positive definite (resp., negative
definite) in Lo N £(tg).

5.1.11 Lemma. Let Ly € A be a Lagrangian subspace and let
l1,05: [a, b)) — A

be curves of class C' with endpoints in A°(Lg) that intercept A=1(Lg)
only once; suppose that such intersection is transverse and positive. Then,
we have that {1 and {5 are homologous in H1(A, A°(Ly)), and either one
of these curves defines a generator of Hy (A, A°(Lg)) = Z.

Proof. Thanks to Lemma 3.3.25, we can assume that the curves ¢;, /5
intercept A'(Lg) at the same instant ¢ty € ]a,b[. By Proposition 1.4.41
there exists a symplectomorphism A € Sp(V,w, L) such that A(¢(tg)) =
£5(tp). It follows from Corollary 5.1.6 that A o ¢; and ¢; are homologous
in Hy(A,A%(Lg)); note that also A o ¢; intercepts AZ!(Lg) only at the
instant ¢o and that such intersection is transverse and positive (see Proposi-
tion 2.5.20).

The above argument shows that there is no loss of generality in as-
suming ¢1(tg) = ¢2(to). By Lemma 3.3.27, it is enough to show that the
restriction £1[(;)_c ¢+ is homologous to fo|[, ¢ ¢+ for some e > 0.
Let L; € A be a common complementary Lagrangian to 1 (¢g) and Lg; for
¢ in a neighborhood of ¢y we can write 3;(t) = ¢r,,z, © li(t), i = 1,2.
By Example 5.1.8 we have that /3](to) and ¢} (o) coincide in Lo N ¢;(tg) =
Ker (ﬂi(to)) (see (5.1.7)); since by hypothesis ¢ (to) is positive definite in
the unidimensional space Lo N ¢;(to), it follows from Theorem 4.2.3 (see
also (4.2.10)) that for € > 0 sufficiently small we have

ny(Bi(to +¢)) =ny(Bi(to)) + 1,  ny(Bilto —€)) = ny (Bilto))-
(5.1.9)
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Since 1 (to) = Ba(to), it follows from (5.1.9) that

ny(Bi(to+e)) =ny(Ba(to+e)), ng(Bilto—e)) =ng(B2(to —¢)),

for ¢ > 0 sufficiently small. Now, it follows from Lemma 5.1.9 that the
curve {1 ¢, —c -+ is homologous to £z |z, ¢ 1,-+<) in Hy (A, A%(Lg)). This
concludes the proof of the first statement of the thesis.

To prove the second statement it suffices to exhibit a curve ¢ that has a
unique intersection with A=1(Ly), being such intersection transverse and
positive, so that ¢ defines a generator of Hy (A, A%(Lg)). Let (bj)?il be a
symplectic basis of V' such that (b; )?:1 is a basis of L (see Lemma 1.4.35);
consider the generator £ of Hy(A, A°(Lg)) described in (5.1.5) and (5.1.6).
It is easy to see that ¢ intercepts A=*(Lg) only at the instant ¢ = 7 and
Lo N £(m) is the unidimensional space generated by b;; moreover, an easy
calculation shows that:

() (by,by) = w(bpsr, b)) = —1; (5.1.10)

it follows that =1 has a unique intersection with A=1(L¢) and that this
intersection is transverse and positive. By Lemma 3.3.27, the curve £~ ! is
also a generator of Hy (A, A°(Lg)), which concludes the proof. O

5.1.12 Definition. Let Ly € A be a fixed Lagrangian and let £ : [a,b] — A
be a curve of class C with endpoints in A°(Ly) that intercept A=1(Lg)
only once; suppose that such intersection is transverse and positive. We
call (the homology class of) ¢ a positive generator of Hy (A, A°(Ly)) (see
Lemma 5.1.11). We define an isomorphism

pire: Hi(A A% (Lg)) — Z (5.1.11)

by requiring that any positive generator of Hy (A, A°(Ly)) is taken to 1 €
Z.

Suppose now that ¢ : [a,b] — A is an arbitrary curve with endpoints
in A°(Ly), then we denote by p1,(¢) € Z the integer number that corre-
sponds to the homology class of £ by the isomorphism (5.1.11); the number
1L, (£) is called the Maslov index of the curve £ relative to the Lagrangian
Lyg.

In the following Lemma we list some of the properties of the Maslov
index:
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5.1.13 Lemma. Let (: [a,b] — A be a curve with endpoints in A°(Lg);
then we have:

1. ifo: [a,b] — [a,b] is a continuous map with o(a’) = a, o(b') = b
then pr (Lo o) = ur,(€);

2. ifm: [a, V'] — A is a curve with endpoints in A°(Lg) such that
t(b) = m(d), then pry(€-m) = pry(€) + pry(m);

3. ML (6_1) = —MKL, (6)’
4. ifIm(¢) C AY(Lg) then ur,(¢) = 0;

5. ifm: [a,b] — A is homotopic to { with free endpoints in A°(Ly) (see
Definition 3.1.31) then ur,,(¢) = pr,(m);

6. there exists a neighborhood U of ¢ in C°([a,b], A) endowed with the
compact-open topology such that, if m € U has endpoints in A°(Lg),
then pup,(€) = pr,(m);

7. ifA: (V,w) — (V',w') is a symplectomorphism, Ly € A(V,w) and
Ly = A(Lo) then pur,(£) = pur; (A o £), where we identify A with a
map from A(V,w) to A(V',w'").

Proof. Property (1) follows from Lemma 3.3.25; Properties (2) and (3) fol-
low from Lemma 3.3.27. Property (4) follows immediately from the defi-
nition of the group Hi (A, A°(Lyg)) (see (3.3.7)). Property (5) follows from
Remark 3.3.30 and Property (6) follows from Theorem 3.1.33 and from
Property (5).

Property (7) follows from the fact that A, takes a positive generator
of Hy (A(V,w), A°(Ly)) to a positive generator of Hy (A(V’,w’), A°(Ly))
(see Remark 2.5.21). O

5.1.14 Example. The Maslov index (1, (¢) can be seen as the intersection
number of the curve ¢ with the subset AZ*(Lg) C A; indeed, it follows
from Lemma 5.1.13 (more specifically, from Properties (2), (3) and (4)) that
if £: [a,b] — A is a curve of class C' with endpoints in A°(Lg) that has
only transverse intersections with A=1(Lg) then the Maslov index puz,, (¢) is
the number of positive intersections of ¢ with A=!(Lg) minus the number
of negative intersections of £ with AZ!(Lg). As a matter of facts, these
numbers are finite (see Example 5.1.17 below). In Corollary 5.1.18 we will
give a generalization of this result.
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We will now establish an explicit formula for the Maslov index p,, in
terms of a chart ¢y r, of A:

5.1.15 Theorem. Let Ly € A be a Lagrangian subspace and let { : [a, b] —
A be a given curve with endpoints in A°(Ly). If there exists a Lagrangian
L1 € A complementary to Ly such that the image of { is contained in
A°(Ly), then the Maslov index ji1,,(€) of £ is given by:

pLo(£) = g (10,1, (D)) — - (P10, (£(a)).

Proof. By Lemma 5.1.9, it suffices to determine for each 7,7 =0,1,...,n
acurve §; ;: [0, 1] — Bgym(Lo) such that:
ny(8:;(0)) =1, dgn(3;,;(0)) =0, (5.1.12)
ny (ﬂm(l)) =7, dgn(ﬁi,j(l)) =0 (5.1.13)

and such that the curve ¢; ; = 90201,L1 o 0B; ; satisfies pr,(¢; ;) = j — 1.
If i = j, we simply take 3; ; to be any constant curve such that 3; ;(0) is
nondegenerate and such that n, (;,;(0)) = 4.

Property (3) in the statement of Lemma 5.1.13 implies that there is no
loss of generality in assuming ¢ < j. Let us start with the case j = 7 + 1;
choose any basis of Ly and define (3; ;11 (t) as the bilinear form whose
matrix representation in this basis is given by:

Bii+1(t) ~diag(1,1,...,1,t — 4, -1,-1,...,-1), t€0,1],
—— —
% times n—i—1 times
and diag(a;, . . ., o, ) denotes the diagonal matrix with entries a1, . . . , au,.
Then, we have:
ny (Bii+1(0)) =14, dgn(Bi,i+1(0)) =0,
ny (Biiv1(1)) =i +1, dgn(Bii11(1)) = 0;

moreover (3 ;+1(t) is degenerate only at t = % and the derivative 3], ; (%)

is positive definite in the unidimensional space Ker (6“-“ (%)) It follows
from Examples 5.1.7 and 5.1.8 that /; ;;, intercepts A=*(Lg) only at t =
%, and that such intersection is transverse and positive. By definition of
Maslov index, we have:

pro(liiv1) =1
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and this completes the construction of the curve 3; ; in the case j = ¢ + 1.

Let us look now at the case j > ¢+ 1. Foreachi =0,...,n,let B; €
Bgym(Lo) be a nondegenerate symmetric bilinear form with n (B;) = i;
choose any curve §;;41: [0,1] — Bgym(Lo) with §;,41(0) = B; and
BZ-,Z-H(l) = Bjyq fori = 0,...,n — 1. It follows from Lemma 5.1.9
and from the first part of the proof that lz,iﬂ = <p£01’ L, ° Bi,iﬂ satisfies

KLo (27;,1‘.1,_1) = 1;forj > i + 1 define:

Bij =Bt Bisriva Bi14-
Then, the curve 3; ; satisfies (5.1.12), (5.1.13) and from Property (2) in the

statement of Lemma 5.1.13 it follows that iy, (¢; ;) = j — ¢.
This concludes the proof. O

In Exercise 5.7 we ask the reader to prove that the property in the state-
ment of Theorem 5.1.15, additivity by concatenations and homotopy invari-
ance (i.e., (2) and (5) in the statement of Lemma 5.1.13) characterize the
Maslov index.

5.1.16 Definition. Given a curve t — £(t) € A of class C'! we say that
¢ has a nondegenerate intersection with A=*(L) at the instant ¢ = tq if
{(to) € A=1(Lg) and ¢ (to) is nondegenerate in Lo M £(t).

5.1.17 Example. If a curve ¢ in A has a nondegenerate intersection with
A=1(Lo) at the instant t = ¢, then this intersection is isolated, i.e., {(t) €
A°(Ly) for t # tq sufficiently close to to. To see this, choose a com-
mon complementary Lagrangian Ly € A to Lo and £(to) and apply Theo-
rem 4.2.3 to the curve 3 = ¢, 1, £, keeping in mind Examples 5.1.7 and
5.1.8.

Since AZ1(Lg) is closed in A, it follows that if a curve £ : [a,b] — A
has only nondegenerate intersections with A=1(Ly), then £(t) € A=1(Lo)
only at a finite number of instants ¢t € [a, ).

We have the following corollary to Theorem 5.1.15:

5.1.18 Corollary. Let Ly € A be a Lagrangian subspace and let be given
a curve (: [a,b] — A of class C* with endpoints in A°(Lg) that has only
nondegenerate intersections with A='(Lg). Then, {(t) € AZ'(Ly) only at
a finite number of instants t € [a, b] and the following identity holds:

Py (£) = Z sgn (¢ ()] (Lonec)) x (Lone(t))) -
t€la,b]
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Proof. It follows from Example 5.1.17 that £(t) € A=1(Ly) only at a finite
number of instants ¢ € [a, b]. Let t € ]a, b[ be such that £(tg) € A=1(Ly);
keeping in mind Property (2) and (4) in the statement of Lemma 5.1.13, it
suffices to prove that:

1L (O fto—e to+2]) = 80 (C' (t0)|(Lone(te)) x (Lort(to)))

for ¢ > 0 sufficiently small. Choose a common complementary L; € A
of both Ly and £(ty); for ¢ in a neighborhood of ¢ty we can write 5(t) =
©Lo,L, (£(t)). The conclusion now follows from Theorem 5.1.15 and from
Corollary 4.2.5, keeping in mind Examples 5.1.7 and 5.1.8. O

In Example 5.1.17 we have seen that a nondegenerate intersection of
a curve ¢ of class C' with Azl(Lo) at an instant tq is isolated, i.e., there
exists ¢ > 0 such that £(t) & A=1(Lg) fort € [tg — €,to[U]to, to + €]. We
will prove next that the choice of such € > 0 can be made uniformly with
respect to a parameter.

5.1.19 Lemma. Let X be a topological space and suppose that it is given
a continuous map:

X x [t(),tl[ =) ()\ﬂf) — E)\(t) = g()\,t) eA

which is differentiable in the variable t and such that 3¢ : X x [to, t1[— TA
is also continuous. Fix a Lagrangian Ly € A; suppose that dim(¢(\, tp) N
Ly) is independent of A € X and that the curve {y, = {(\o,-) has a
nondegenerate intersection with A=*(Lo) at t = to for some \g € X.
Then, there exists € > 0 and a neighborhood A of Ag in X such that, for all
A € M, Uy has a nondegenerate intersection with AZl(Lo) at to and such
that {(\,t) € A°(Lo) for all X € Y and all t €]tg,to + €.

Proof. Choose a common complementary Lagrangian L, of both Lj and
£(Xo, to) and define B(\, t) = L., (£(A, t)) for ¢ in a neighborhood of ¢
and A in a neighborhood of Ay in X'. Then, (3 is continuous, it is differen-
tiable in ¢, and the derivative % is continuous. The conclusion follows now
applying Proposition 4.2.6 to the map (3, keeping in mind Examples 5.1.7
and 5.1.8. O

5.1.20 Remark. A more careful analysis of the definition of the transverse
orientation of A'(Lg) in A (Definition 2.5.19) shows that the choice of the



[SEC. 5.1: A DEFINITION OF MASLOV INDEX USING RELATIVE HOMOLOGY 197

sign made for the isomorphism fir,, is actually determined by the choice of
a sign in the symplectic form w. More explicitly, if we replace w by —w,
which does not affect the definition of the set A, then we obtain a change of
sign for the isomorphisms pr,, 1., and py, (defined in formulas (1.4.11) and
(1.4.13)). Consequently, this change of sign induces a change of sign in the
charts ¢y, 1, (defined in formula (2.5.3)) and in the isomorphism (2.5.12)
that identifies 77, A with Beym (L).

The conclusion is that changing the sign of w causes an inversion of
the transverse orientation of A'(Lg) in A, which inverts the sign of the
isomorphism fif,,.

5.1.21 Remark. The choice of a Lagrangian subspace Ly € A defines an
isomorphism:
Lo ©qu: Hi(A) — Z, (5.1.14)

where ¢, is given in (5.1.3). We claim that this isomorphism does not in-
deed depend on the choice of Lg; for, let L, € A be another Lagrangian
subspace. By Corollary 1.4.28, there exists a symplectomorphism A €
Sp(V,w) such that A(Ly) = L{; we have the following commutative dia-
gram (see Lemma 5.1.5):

H1 (A) A.=Id H1 (A)
Hl( 4>H1 A AO LI))

\/

where the commutativity of the lower triangle follows from Remark 2.5.21.
This proves the claim. Observe that if £: [a,b] — A is a loop, i.e., £(a) =
£(b), then, since ¢ defines a homology class in H; (A), we obtain the equal-
ity:

Lo (€) = pupy (£),

for any pair of Lagrangian subspaces Lo, Lj € A.

5.1.22 Remark. Let J be a complex structure in V' compatible with w
consider the inner product ¢ = w(+,J) and the Hermitian product gs in
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(V, J) defined in (1.4.10). Let £y € A be a Lagrangian subspace; Proposi-
tion 2.5.11 tells us that the map

UV, J,95)/0(Co, glegxes) 2 A-O(Co, glegxe,) — A(lo) € A (5.1.15)

is a diffeomorphism. As in (5.1.1), we can define a map
CZ: U(V, J»gs)/o(€07g|fo><fo) - Sl

obtained from
d=det*: UV, J,gs) — S*

by passage to the quotient; then the map d induces an isomorphism d, of
the fundamental groups. Indeed, by Remark 1.4.30 we can find a basis of V'
that puts all the objects (V, w, J, g, gs, £o) simultaneously in their canonical
forms, and then everything works as in Proposition 5.1.1. The isomorphism
d, together with the diffeomorphism (5.1.15) and the choice of (3.2.25) (or,
equivalently, of (5.1.4)) as a generator of m;(S1) = H;(S') produce an
isomorphism (see also (5.1.2)):

u=uyy: Hi(N) — Z;

this isomorphism does not indeed depend on the choice of J and of ¢g.
To see this, choose another complex structure J’ in V' compatible with w
and another Lagrangian subspace ¢, € A; we then obtain an isomorphism
Wo=u ¢, From Remark 1.4.30 it follows that there exists a symplec-
tomorphism A € Sp(V,w) that takes ¢y onto £{ and that is C-linear from
(V,J) into (V, J'); then, it is easy to see that the following diagram com-
mutes:
Hi(A)

A, VA

Hy(A)

By Lemma 5.1.5 we have that A, = Id and the conclusion follows.

As a matter of facts, formula (5.1.10) shows that the isomorphism u
has the opposite sign of the isomorphism (5.1.14) obtained by using the
transverse orientation of A'(Lg) in A.
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5.2 A definition of Maslov index using the fun-
damental groupoid

In this section we present a definition of Maslov index for arbitrary con-
tinuous curves in the Lagrangian Grassmannian using the theory developed
in Subsection 3.1.1. As far as we know, the first time that this notion of
Maslov index appeared was in [17]. The technique used in [17] is very
different from ours.

Throughout this section we will consider a fixed symplectic space (V,w),
with dim(V') = 2n and a Lagrangian subspace Lq of V'; we denote by A
the Lagrangian Grassmannian of (V,w).

5.2.1 Lemma. Let Z be a real finite-dimensional vector space and let B €
Bsym(Z) = Lin(Z,Z*), C € Bgym(Z*) = Lin(Z*, Z) be symmetric
bilinear forms. If the linear map 1d + C o B € Lin(Z) is an isomorphism
then:

ny(B) —ni(B+BoCoB)=ny(C+CoBoC)—ny(C).

Proof. Consider the symmetric bilinear form R on the space Z®Z* defined
by:
’ R((v,a),(w,ﬂ)) :B(U7w)+0(aaﬂ)7
forallv,w € Z, a, 8 € Z*. Consider the injective linear maps:
T:Z>3v+ (v,B(v)) € Z® Z*,
S:Z"3ar— (-Cla),0) e Z® Z".
Clearly:

R(T(v),S(a)) = —=B(v,C(a)) + C(B(v), a)
= —(CoB)(v,a)+ (CoB)(v,a) =0,
forallv € Z, a € Z*, so that T'(Z) and S(Z*) are R-orthogonal. We

claim that:
Z®Z =T(Z)® S(Z).

Namely, given (v, o) € Z @ Z*, we have to check that there exists a unique
w € Z and a unique $ € Z* such that:

(v, @) =T(w) + S(8); (6.2.1)
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a simple computation shows that equality (5.2.1) is equivalent to:
B=a—-B(w), (Id+CoB)(w)=uv+C(a).

The proof of the claim is completed by observing that Id + C' o B is an
isomorphism of Z.

In order to complete the proof of the lemma, we compute n (R) in two
different manners. Clearly, since the direct summands Z and Z* in Z ¢ Z*
are R-orthogonal, we have (see Proposition 1.5.23):

ny(R) =ny(B) +ni(C).

Similarly, since T'(Z) & S(Z*) is an R-orthogonal direct sum decomposi-
tion, we have:

ny(R) = ny (Rlr(z)xr(2)) + 1+ (Clsz-)xsz))-

But T is an isomorphism onto 7'(Z) and S is an isomorphism onto S(Z*)
and therefore:

ny (Rlrz)x1(z)) = nr (T#(R)), ny (Clszyxs(z) = nt (57 (R)).
Let us compute 7% (R) and S (R):
(T#(R))(v,w) = R(T(v), T(w)) = B(v,w) + C(B(v), B(w))
= (B+ BoCo B)(v,w),

(S*(R))(a, B) = R(S(a), S(B)) = B(C(a),C(B)) + C(a, B)
=(C+CoBoC)(a,p).

forallv,w € Z, a, 3 € Z*. Hence:
ny(R)=ny(B+BoCoB)+n (C+CoBo(). O

5.2.2 Lemma. Given Lagrangian subspaces L1, L} € A°(Lg), then the
map:

AY(L1) NAY(LY) 3 L ny (pro,r, (L) = ns (9,2, (L) € Z
(5.2.2)
is constant on each arc-connected component of A°(L1) N A°(L}).
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Proof. Set:

C= (pLoyLl)#(‘le,Lo(Lll)) € BSym(LS)'

Given L € A°(Ly) N A°(L}), we write B = @1, 1, (L) € Bsym(Lo) and
then, by (2.5.6) and (2.5.7):

¢ro(L) = Bo(ld+CoB)~.
To prove the lemma, we will show that the map:
Br—ny(B)—ni(Bo(Id+CoB)™ ') eZ (5.2.3)

is constant on each arc-connected component of the open subset of the
space Bgym (Lo) consisting of those symmetric bilinear forms B in L¢ such
that Id+C'o B is an isomorphism of Lg. The pull-back of Bo(Id+CoB)~!
by the isomorphism Id 4+ C' o B is equal to (Id + B o C) o B and therefore:

ny(Bo(ld+CoB)™') =ny((Id+BoC)oB) =ny(B+BoCoBb).
Using Lemma 5.2.1 we get that the map (5.2.3) is equal to the map:
Br—n (C+CoBo(C)—ny(C).

To complete the proof, we show that if ¢ — B(t) € Bgym(Lo) is a contin-
uous curve defined in an interval [ and if Id + C o B(?) is an isomorphism
forall ¢t € I then ny (C + C o B(t) o C) is independent of ¢. This follows
from Lemma 4.2.1 and from the observation that:

Ker(C' + C o B(t) o C) = Ker[(Id + C o B(t)) o C] = Ker(C),
forallt € I. O

5.2.3 Corollary. Given Lagrangian subspaces Ly, L} € A°(Ly), then the
map:

AO(LI) N AO(L/I) 5L+— %Sgn(@Lo,Ll (L)) - % Sgn(@Lo,Lll (L)) € %Z
(5.2.4)
is constant on each arc-connected component of A°(Ly) N A°(L}).

Proof. Since dgn(ameLl (L)) = dgn(goLO’L/l (L)) = dim(Ly N L), it fol-
lows from the result of Exercise 5.8 that the map (5.2.4) is equal to the map
(5.2.2). O
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5.2.4 Corollary. There exists a unique groupoid homomorphism pr,, :
A — %Z such that:

pre(€) = $sgnfor, n, (£(1))] — 3 senfery,z, (€(0))], (5.2.5)
for every £ € Q(A°(Ly)) and every Ly € A°(Ly).

Proof. 1t follows directly from Corollary 5.2.3 and Corollary 3.1.22, setting
G = 3Z, A= A(Ly), U, = A°(L1) and gp,, (L) = gsgn(pr,,z,(L)),
forall L; € A, Ly € ULl- O

It follows directly from the results of Exercises 5.7 and 5.8 that the
groupoid homomorphism py, : A — %Z extends to arbitrary continuous
curves in A the map py,, that in Definition 5.1.12 was defined only for
curves with endpoints in A°(Lg).

5.2.5 Definition. Given an arbitrary continuous curve ¢ : [a,b] — A and a
Lagrangian Ly € A, we call the semi-integer 1, (¢) the Maslov index of ¢
with respect to L.

Let us now prove a few properties of this new notion of Maslov index.

5.2.6 Proposition. If A : (V,w) — (V',w’) is a symplectomorphism, Lo €
A(V,w), Ly = A(Lo) and £ : [a,b] — A(V,w) is a continuous curve then:

KLo (@) = KLy (A o ‘€)’
where we identify A with a map from A(V,w) to A(V', ).

Proof. We show that £ — 1, (Ao ¢) is a groupoid homomorphism having
the property that characterizes jiy,,, i.e.:

ppy(Aol) = gsgnlor, r, (0(1)] — 3senfer,.z, (£0))], (5.2.6)

for every ¢ € Q(A°(Ly)) and every Ly € A%(Lo). Setting L} = A(Ly),
we have, by the definition of pr,;

,uL&(Aoé) = %sgn[(pL67L/1 (A~€(1))] —%sgn[(p%’yl (A~f(0))]. (5.2.7)

It follows from the result of Exercise 2.20 that the righthand side of (5.2.6)
is equal to the righthand side of (5.2.7). The conclusion follows. O
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5.2.7 Remark. In the statement of Proposition 5.2.6, if we assume that A
is an anti-symplectomorphism, i.e., that A : (V,w) — (V', —w') is a sym-
plectomorphism, we obtain that:

fre(6) = —pry (Ao L)

This follows easily from Proposition 5.2.6 and from the result of Exer-
cise 5.9.

5.2.8 Proposition. If ¢ : [a,b] — A is a continuous curve with image
contained in some A (Lg) then pup,(¢) = 0.

Proof. Since pur,, is additive by concatenation, we can assume without loss
of generality that the image of ¢ is contained in the domain of a local chart
©¥Lo,L,- In this case, the Maslov index of £ is given by (5.2.5). The con-
dition that the image of ¢ is contained in Ay (L) means that the degen-
eracy dgn[pr,. 1, (€(t))] is equal to k, for all ¢ € [a,b]. It follows from
Lemma 4.2.1 that sgn [¢p,,, 1, (€(t))] is independent of ¢. O

5.2.9 Proposition. Given a continuous map H : [c,d] X [a,b] — A and
setting:

4y :la,b] >t — H(c,t), {o:la,b]>t— H(d,t)
l3:[e,d] > s+— H(s,b), £y:][c,d]>s+— H(s,a),
then KL, (gl) + pr, (€3) = HKL, (62) + L, (64)

Proof. Since [a, b] X [¢, d] is convex, it follows that ¢; - £3 is homotopic with
fixed endpoints to ¢4 -¢2. The conclusion follows from homotopy invariance
and concatenation additivity of pp,,. O

5.2.10 Corollary. Given continuous curves 1,05 : [a,b] — A, if there
exists a homotopy H : {1 = {5 such that the maps

[0,1] > s — dim(H(s,a) N Lo), [0,1] 2 s — dim(H(s,b) N Lg)
are constant then pir,,(¢1) = pr, (€2).

Proof. It follows from Proposition 5.2.9 keeping in mind that, by Proposi-
tion 5.2.8, KM, (£3) = UL, (84) =0. O
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5.3 Isotropic reduction and Maslov index

In this section we consider a fixed 2n-dimensional symplectic space (V, w)
and an isotropic subspace .S of V. Recall (see Example 1.4.17) that one has
a natural symplectic form @ on the quotient S+ /.

5.3.1 Lemma. If Ly is a Lagrangian subspace of V then there exists a
Lagrangian subspace Ly of V- with Lo N Ly = {0} and:

(LonSH) +(LinSH))NS=LynS. (5.3.1)

Proof. Observe that the righthand side of (5.3.1) is a subspace of the left-
hand side of (5.3.1), for any choice of L;. Let S’ be a subspace of .S with:

S=(LonS)® s

Since S’ is an isotropic subspace with Ly N S’ = {0}, by Lemma 1.4.39,
there exists a Lagrangian subspace L of V containing S’ with LoNL = {0}.
Let L € A°(Ly) be such that the symmetric bilinear form ¢y, 1., (L1) in
L is positive definite. To prove (5.3.1), let v € Lo N S+, w € Ly NS+
be fixed with v + w € S. Write v + w = w1 + us with uy € Lo N .S and
ug € S’. The proof will be concluded if we show that us = 0. Denote by
T = ¢r,.1,(L1) the linear map T" : L — Lo whose graphin L & Ly is L.
We have:
Ly > w=us+ (u; —v),

with ug € 8" C L and u; — v € Lo, so that u; — v = T'(uz). Thus:
@L,Lo(L1) (g, u2) = w(T(uz),uz) = w(uy —v,uz) =0,

up €8St veStanduy €S. But L. L, (L1) is positive definite and
therefore us = 0. O

5.3.2 Lemma. The set:
{LeA:LNnS={0}} (5.3.2)
is open in A and the map (recall part (b) of Lemma 1.4.38):
{LeA:LNS={0}}>Lr—q(LNST)eAS/S) (53.3)

is differentiable.
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Proof. The set (5.3.2) is open in A because, by Lemma 1.4.39, it is equal

to the union:
U A%).

Le
£D>8

Let G be the closed (Lie) subgroup of Sp(V,w) consisting of those sym-
plectomorphisms T : V' — V such that T'(S) = S. The canonical action of
Sp(V,w) on A restricts to a differentiable action of G on (5.3.2). We also
have a differentiable action of G on A(S+/S) given by:

G x A(S+/S) 5 (T, L) — T(L) € A(S*/S),

where T is the symplectomorphism induced by 7' on S+ /S (see (1.4.16)).
The map (5.3.3) is obviously equivariant. The conclusion will follow from
Corollary 2.1.10 once we show that the action of G on (5.3.2) is transitive.
To this aim, let L1, Lo be in (5.3.2). By Lemma 1.4.39 there exist La-
grangians L}, L, containing S such that L; L} = {0} and LoNL} = {0}.
Now choose an arbitrary isomorphism from L} to L} that preserves .S and
use Corollary 1.4.36 to obtain a symplectomorphism 7" of V' that extends
such isomorphism and such that T'(L1) = L. O

5.3.3 Corollary. Given Lagrangian subspaces Lo, £ of V with S C £ there
exists a Lagrangian subspace Ly of V with Lo N Ly = {0}, N Ly = {0}
and such that (5.3.1) holds.

Proof. By Lemma 5.3.2 the set:
{LeA:LNS={0}andq(LNST)Nqg(LonSt)={0}} (534

is open, being the inverse image by the continuous map (5.3.3) of the open
subset A%(q(Lo N S*)) of the Lagrangian Grassmannian of S+/S. By
part (b) of Lemma 1.4.38 the Lagrangian L; whose existence is granted
by Lemma 5.3.1 is in (5.3.4). Using the fact that the set of Lagrangians
transverse to a given Lagrangian is open and dense (see Remark 2.5.18), it
follows that the intersection of (5.3.4) with A°(Lg) N A°(¢) is nonempty.
The desired Lagrangian L; can be taken to be a member of such intersec-
tion. O

5.3.4 Lemma. The set:

{LeA(V):LDS) (5.3.5)
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is a closed submanifold of A(V') and the map:
{LeA(V):L>S}>L+—L/SeAS/S) (5.3.6)
is differentiable.

Proof. Let G be as in the proof of Lemma 5.3.2. Clearly the action of
G on A(V) preserves (5.3.5). We claim that the action of G on (5.3.5)
is transitive. Namely, given Lj, Lo in (5.3.5) then pick any isomorphism
from L; to Lo that preserves S and use Corollary 1.4.36 to extend it to a
symplectomorphism of V. Clearly, (1.4.36) is equal to the intersection:

({LeAV): L>3v}

veS

and therefore it is closed, by the result of part (c) of Exercise 2.10. By
Theorem 2.1.12, (5.3.5) is a submanifold of A(V). If we consider the action
of G on A(S+/S) defined in the proof of Lemma 5.3.2 then clearly the map
(5.3.6) is equivariant and therefore, by Corollary 2.1.10, it is differentiable.

O

5.3.5 Lemma. Let (Lo, L1) be a Lagrangian decomposition of V such that
(5.3.1) holds, so that L1 NS = {0} and (Lo, L) = (q(Lo NS+),q(Ly N
Sl)) is a Lagrangian decomposition of S* /S (Lemma 1.4.38 (b)). Given
a Lagrangian subspace L of V' containing S then:

(a) LN Ly = {0} ifand only if (L) N Ly = {0}.

Assuming that a given Lagrangian L containing S is transverse to L,
then:

(b) The pull-back by the map q|,~s+ : LoNS+ — Lo of o3, 1, (q(L))
is equal to the restriction of pr, 1, (L) to Ly N S+.

(c) If m: V. — Lg denotes the projection with respect to the decomposi-
tion V.= Lo @ Ly then Ly = 7(S) + (Lo N S*).

(d) If 7 is as in part (c) then the spaces 7(S), Lo N S+ are orthogonal
with respect to the symmetric bilinear form ¢r,, 1, (L).

(e) The restriction of the symmetric bilinear form ¢y, ., (L) to w(S) x
7(S) is independent of L.
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Proof. Since L contains S and Ly NS = {0} it follows that ¢(L) N L, =
q(L) N g(Ly NS*) = {0} if and only if L N (L; N S+) = {0}. Item (a)
then follows by observing that L is contained in S*. Let T = ¢r, 1, (L) :
Lo — L be the linear map whose graph in Lo @ L1 is equal to L and let
T = ¢z, L1( (L)) : Lo — L1 be the linear map whose graph in Lo & L,

is equal to ¢(L). Let v € Ly N S+ be fixed. We have v +T'(v) € L C S+
and thus T'(v) € Ly N S*. Therefore q(v) € Lo, q(T(v)) € Ly and
q(v) + q(T(v)) € q(L). This implies that ¢(T'(v)) = f(q(v)) Now,
given w € Ly N S+ we have:

rLo,L, (L)(v,0) = w(T(v),w) =w(q(T(v)),q(w))
=w(T(q(v)), q(w)) = ¢z, 7, (a(L)) (a(v), g(w)),
proving (b). To prove (c), we will show that dim (7 (S) + (Lo N S+)) = n
We have:
dim (7 (S) + (Lo N ST)) = dim(7(S)) + dim(Lo N S*)
— dim(7(S) N (Lo N S1)). (5.3.7)
Since S N Ly = {0}, we have:
dim(7(S)) = dim(S). (5.3.8)
Moreover:
dim(Lo N S*) = dim((Lo + S)*) = 2n — dim(Lo + ) (5.3.9)
=n—dim(S) + dim(Lo N 5).
Let us now prove that:

m(S)N(LoNS*t) =LyNS. (5.3.10)

Notice that combining (5.3.7), (5.3.8), (5.3.9) and (5.3.10) we will conclude
the proof of part (c). Clearly Lo NS = w(Lo N S) C 7(S5) and thus
LonS cm(S)N(LynS*). Now letv € S be such that w(v) € LoN S+
and let us show that w(v) € S. We have v — 7(v) € Ly, v € S C S+,
m(v) € S*, so that v — 7(v) € Ly N S+; then:

v=m(v)+ (v—m)) € (LyNSH) + (L1 NSH),
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and it follows from (5.3.1) that v € Lo N S. Thus w(v) = v € S. This
proves (5.3.10) and concludes the proof of part (c). To prove part (d), pick
v €S, w € LyN S+ and let us show that ¢, ., (L) (7(v), w) = 0. Since
v € L we can write v = u + T'(u), with u € Lg; then 7w(v) = u. Now:

@LU,Ll(L)(W(v),w) = w(T(u),w) = w(qu T(u),w) —w(u,w) =0,

since u+T(u) =v € S, w € S+ and u,w € Ly. To prove (e), let L, L' €
A be Lagrangians transverse to L containing S. SetT' = ¢, 1, (L), T’ =
®Lo,L, (L"). The proof will be concluded if we show that T" and T agree
on 7(S). Given v € S, write v = vy + vy, with vy = 7(v) € w(S) C Lo
and v1 € L;. Since v € L and v € L’ we have T(W(v)) = v; and
T’((v)) = vy. This concludes the proof. O

5.3.6 Proposition (isotropic reduction). Let S be an isotropic subspace of
V, Lo be a Lagrangian subspace of V and ¢ : [a,b] — A(V') be a contin-
uous curve with S C ((t), for all t € [a,b]. Define (:[a,b] — A(S+/S)
by setting ((t) = £(t)/S, for all t € [a,b]. Then, by Lemma 5.3.4, { is
continuous. Moreover:

fize (6) = pg, (0),
where Lo = q(Lo N SY) and q : S+ — S/ denotes the quotient map.

Proof. Since the Maslov index is additive by concatenation, it suffices to
show that every ¢¢ € [a, b] has a neighborhood V in [a, b] such that:

pino (Cliar p1) = 1z, (Cjar 1)

for every interval [a’, b'] contained in V. Now, let ty € [a, b] be fixed and
let L1 € A(V') be a Lagrangian such that Lo N Ly = {0}, £(tg) N L, = {0}
and such that (5.3.1) holds (Corollary 5.3.3). Set V' = ¢~*(A%(L;)) and
let [a’,b'] C V be fixed. Setting L, = q(Ly N S+) then, by Lemma 5.3.5,
(Lo, L) is a Lagrangian decomposition of S*/S and £([a’,¥']) is con-
tained in the domain of Clois We have:

[sen(@ro,z, (€(V))) —sgn(ery,z, (€(a')))],
[sen(es, 7, (L)) —sen(eg, 7, (€(a)))].

pro (Ljar ) =

1z, (o) =

N= N|=
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By parts (c) and (d) of Lemma 5.3.5 and by Corollary 1.5.25, we have:

Sgn(QOLo,Ll (é(t))) = Sgn(‘)DLo,Lq (g(t)) |7T(S)><7T(S))
+880(0r0,2, (U(1) [(Lons+)x (Lonst))
where 7 : V' — L denotes the projection with respect to the decomposi-
tion V = Ly @& L;. By part (b) of Lemma 5.3.5, recalling Remark 1.5.28,

we have:

S8 (PLo,L, (U(1)) l(Lonstyx (Lonst)) = senleg, 1, (€(1))),
so that:

sen (L., (0(1))) = sen(pro,z. (1)) In(s) xm(s)
+segn(pz, 7, (01)). (53.11)

Now, by part (e) of Lemma 5.3.5, the first term in the righthand side of
(5.3.11) does not depend on t. Setting ¢ = b’ and t = a’ in (5.3.11) and
subtracting such equalities the conclusion is obtained. U

5.4 Maslov index for pairs of Lagrangian
curves

Throughout this section we will consider a fixed symplectic space (V,w)
with dim (V') = 2n and we will denote by A the Lagrangian Grassmannian
of (V,w). We will introduce a notion of Maslov index for pairs (¢1, {2) :
[a,b] — A x A of continuous curves of Lagrangian subspaces of V. This
is a semi-integer number which “measures” the set of instants ¢ € [a, b] at
which ¢4 (t) N l(t) # {0}. When £5(t) = Ly for all ¢, the Maslov index of
(€1, £2) will coincide with the Maslov index i, (¢1).

Consider the direct sum V' @ V endowed with the symplectic form @
defined by:

@ ((v1,v2), (w1, w2)) = w(vr, w1) — w(va, wa), (5.4.1)

for all v1,ve, w1, ws € V. This is simply the direct sum of the symplectic
spaces (V,w) and (V, —w) (see Exercise 1.12). We set:

A=AV & Vo). (5.4.2)
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Given Lagrangian subspaces Ly, L; of V, then Lo & L; is a Lagrangian
subspace of V' @ V; moreover, the map:

s:AXAS (Lo, Ly)— Lo® Ly €A

is a differentiable embedding (see Exercise 2.11). We will use the map s to
identify A x A with a subset of A. Clearly, the diagonal:

A= {(v,v) NS V} (5.4.3)
is a Lagrangian subspace of V& V.

5.4.1 Definition. Given continuous curves {1, ¢ : [a,b] — A, the Maslov
index of the pair ({1, {3) is defined by:

(b, €2) = pa(ly, b).
We proof some simple properties of the Maslov index of pairs of curves.
5.4.2 Proposition.
(a) The map p is a groupoid homomorphism from Q(A x A) to %Z.
(b) Given continuous curves £1,0s : [a,b] — A, p(l1,€e) = —p(la, fy).

Proof. Ttem (a) is a trivial consequence of the fact that ;1A is a groupoid
homomorphism from (A) to %Z. Item (b) follows from Remark 5.2.7 by
observing that the map:

VeV s (v,v)r— (vo,v1) VOV
is an anti-symplectomorphism. O
Given maps @ : [a,b] — Sp(V,w), £ : [a,b] — A, we set:
(@ £)(t) = 2(1)(e(1)),
forall ¢ € [a, b].

5.4.3 Proposition. Let (¢1,05) : [a,b] = A x A, @ : [a,b] — Sp(V,w) be
continuous curves. Then:

(@ by, ® - L) = p(ly, o).
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Proof. Consider the homotopy H : [0,1] X [a,b] — A x A defined by:
H(s,t) = (®((1 = s)t+sa) - £1(t),®((1 — )t + sa) - (1)),
forall s € [0,1], ¢ € [a, b]. We have that H is a homotopy from (P - {1, P -

l3) to (®(a) ® ®(a)) - (£1,2). We will show that:
p(® - by, @ - ly) = p((®(a) ® B(a)) - (£1,42)) (5.4.4)

using Corollary 5.2.10. To this aim, we have to show that, for ¢ € {a, b},
the map:
0,1] 5 s — dim(A N H(s,t)) € N

is constant. But this follows from the equalities:

dim(A N H(s,t))
= dim[(®((1 = s)t + sa) - £1(t)) N (P((1 — s)t + sa) - La(t))]
= dim(@l (t) Ny (t))
The conclusion now follows from (5.4.4) and from Proposition 5.2.6, keep-

ing in mind that ®(a) ® ®(a) is a symplectomorphism of V' & V that pre-
serves A. O

5.4.4 Lemma. Let (Lo, L1) be a Lagrangian decomposition of V, { €
A°(Ly) and A : V — V be a symplectomorphism such that A(Lg) = L1,
A(L1) = Lo and pr,,1, © AL, : Lo — L§ is a (positive definite) inner
product in Lg. Then (A, Gr(A)) is a Lagrangian decomposition of V&V,
(& Ly € A°(Gr(A)) and:

sgn(pa,ar(a)(l @ Lo)) = sgn(pre,z, (£)) + 5 dim(V).

Proof. Let us first consider the case where V = R2" (endowed with the
canonical symplectic form (1.4.5)), Ly = {0} ® R", L; = R" @ {0}
and A = —J, where J is the canonical complex structure of R?" (see
Example 1.2.2). We have:

L= {(T(v),v),v € IR"},
where T': R™ — R™ is a symmetric linear map and:

¢10,L: (0)((0,v), (0,w)) = (T (v),w),
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for all v,w € R™. It is clear that both A and ¢ are complementary to
Gr(A). Moreover, it is easily checked that £ @ Ly is the graph of the linear
map:

A3 ((2,9). (2.9)) — ((a,—x), Ala, —)) € Cr(4),
where a = T'(y — x) — . Consider the linear isomorphism:
¢ :R* 3 (z,w) — ((z,2 + w), (2,2 + w)) € A;
a straightforward computation gives:
pacrtay(® Lo) (62, w), o(,w')) = (Tw).w') +2(z. 2),
for all (z,w), (2/,w’) € R?". Hence:
n4 (paar(a)(l ® Lo)) = 1y (¢ry,0, (0) +n,
n_(ea,cra)(l® Lo)) = n_(¢ry,z,(£)).

This completes the proof in the special case considered so far.

For the general case, choose a basis (b;)_; of Ly which is orthonormal

relatively to the inner product g = pr, 1, © A|r,. We claim that:
(A1), -+, A(bn), b1, -, by), (5.4.5)

is a symplectic basis of V. Namely, since Ly and L; are Lagrangian, we
have w(A(b;), A(b;)) = 0,w(b;, b;) = 0,foralli, j = 1,...,n; moreover:

w(A(bs),b;) = pre,r, (A(bs)) - bj = g(bi, b)),

so that w (A(b;), b;) is equal to zero for i # j and it is equal to 1 for i = j.
Let us also show that:

A%(b) = —b;, i=1,...,n. (5.4.6)

Forall j = 1,...,n, we have:
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which proves (5.4.6). Now let « : V — R2" be the symplectomorphism
that takes (5.4.5) to the canonical basis of R?". Then:

a(Lo) = {0} & R”, a(L) = R" @ {0}.

Moreover, o @ « is a symplectomorphism from V @ V to R>® @ R?™ that
sends the diagonal of V @ V to the diagonal of R?" @ R?" and the graph
of A:V — V tothe graph of ¢ o Aoa™! : R?® — R2". It follows easily
from (5.4.6) that « 0 Ao a~! = —J. Then:

sgn(©a,ar(a) (£ @ Lo)) = sgn(@a,cr(—n(a(l) ® a(Lo)))
= Sgn(‘pa(Lo),(x(Ll)(a(g))) +n= Sgn(ch07L1 (6)) + % lel(V)
This concludes the proof. O

5.4.5 Proposition. Given a continuous curve £ : [a,b] — A and a fixed
Lagrangian Ly € A then:

:U‘(E’ LO) = KL (6)7
where Ly is identified with a constant curve in A.

Proof. The map ¢ — (¢, Lo) is a groupoid homomorphism, so that we
just have to prove that, if L1 € A°(Lg) and ¢ takes values in A°(L;) then:

u(€7 LO) = % sgn [90L07L1 (é(b))] - % sgn [@LO,L1 (K(a))] .

Let A : V — V be a symplectomorphism as in Lemma 5.4.4. Such A
can be constructed as follows. Choose an inner product g : Ly — Lg in
Lo, and let Ay : Ly — L; be given by pZO{L1 o g. By Corollary 1.4.36,
Ap extends to a symplectomorphism A of V satisfying A(L1) = Lg. Now
(A,Gr(A)) is a Lagrangian decomposition of V @& V and (¢, Lo) takes
values in A%(Gr(A)); thus:

(€, Lo) = % sgn[oa ae(a) (0(b) ® Lo)| — 5 sgnfpa cra) (£(a) & Lo)].
The conclusion follows from Lemma 5.4.4. O

5.4.6 Corollary. Let ¢y : [a,b] — A, @ : [a,b] — Sp(V,w) be continuous
maps, Ly € A and set {5 = (1, o ©. Then:

p(l1,02) = o (@71 41),
where ®~1 is defined by ®~1(t) = ®(t)~1, forall t € |a,b).
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Proof. Follows directly from Propositions 5.4.3 and 5.4.5. O

5.4.7 Lemma. Let (1,05 : [a,b] — A be a pair of continuous curves. The
following equality holds:

ey (a) (€2) = bey (o) (€2) = oy vy (€1) — Bty (a) (£1)- (54.7)
Proof. Consider the continuous map:
H :[a,b] X [a,b] 3 (s,t) — {1(s) @ lo(t) € A.
By Proposition 5.2.9, we have:

pa(ti(a) @ ly) + pa(l & L2(b) = pa (€1(b) & €a) + pa(f1 @ la(a)).

The conclusion follows from Proposition 5.4.5 and part (b) of Proposi-
tion 5.4.2. O

5.4.8 Corollary. If ¢ : [a,b] — A is a continuous loop then the value of
1L, () does not depend on the choice of Lg in A.

Proof. Choose Lo, L; € A and a continuous curve {5 : [a,b] — A with
l5(a) = Lo and ¢2(b) = L;. Set 1 = ¢ and apply Lemma 5.4.7 observing
that, since ¢1(a) = ¢1(b), the left hand side of (5.4.7) vanishes. O

5.5 Computation of the Maslov index via
partial signatures

Throughout this section we will consider a fixed symplectic space (V,w),
with dim(V') = 2n, a Lagrangian subspace Ly of V and a differentiable
curve ¢ : I — A in the Lagrangian Grassmannian A of (V,w), where I C R
is an interval.

5.5.1 Definition. An Ly-root function for £ at an instant ¢ty € [ is a differ-
entiable map v : I — V such that v(t) € £(t), forallt € I and v(ty) € Lo.
The order of an Lg-root function v at to, denoted by ord(v, Lo, to), is the
smallest positive integer k such that the k-th derivative v(¥) (t5) is not in L.
If v*)(to) € Lg for every nonnegative integer k, we set ord(v, Lo, tg) =
+00.
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If v : I — V is a differentiable map such that v(¢) € ¢(t) forallt € I
and if ¢ : V — V/Ly denotes the quotient map, then ord(v, Lo, to) is
precisely the order of zero of the map g o v at ¢g.

Given a positive integer k, the set of all Ly-root functions v : [ — V
with ord(v, Lo, tg) > k is clearly a subspace of the space of all V-valued
differentiable maps on [; thus:

Wi (€, Lo, to) =
{w(to) : vis an Lo-root function of £ with ord(v, Lo, t9) > k},

is a subspace of Lo N £(tp). We call Wi (¢, Lo, to) the k-th degeneracy
space of { with respect to Ly at tg. When ¢, Ly and ¢, are given from the
context, we write Wy, instead of Wy, (¢, Lo, to).

5.5.2 Remark. If an interval J is a neighborhood of ¢ in I then:
Wi (€, Lo, to) = Wi(£| 5, Lo, to)-

Namely, if v : J — V is a root function for ¢| 5, there exists a root function
v : I — V for £ that coincides with v in a neighborhood of ¢ in J (see
Exercise 5.16). Clearly ord(v, Lo, to) = ord(d, Lo, to).

Clearly:
Wis1 CWg, k=1,2,..., W1 = Lo N L(to).

5.5.3 Lemma. Let k be a positive integer, v : I — V, w : I — V be
Lo-root functions for € with ord (v, Lo, to) > k, ord(w, Lo, tg) > k. Then:

w(U(k)(to)a w(to)) = w(w(k)(t‘))’ U(tO))'

Proof. Since v(t), w(t) € ¢(t), we have:

w(v(t),w(t)) =0,

for all t € I. Differentiating k times at ¢t = t(, we get:
k

Z “to), w (t)) = 0.

=0

If0 < i <k, v (t5) and w (to) are both in Lg and thus the i-th term
in the summation above vanishes; hence:

w(v(k)(t0)7 ’w(to)) + w(v(fo), w® (to)) =0. O
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5.5.4 Corollary. Let k be a positive integer, v1 : I — V,vg : I — V Ly-
root functions for £ with ord(v1, Lo, to) > k, ord(va, Lo, to) > k, v1(to) =
va(to) and wy € Wy. Then:

w(vgk) (to), wo) = w (vék) (to), wo).

Proof. Choose an Ly-root function w : I — V for ¢ with ord(w, Lo, tg) >
k; applying Lemma 5.5.3 we get:

w(vik)(to), wo) = w(w™(ty),v1(to))
(k

= W<U}(k)(t0),'l}2(t0)) = w(vy )(to),wo). O

5.5.5 Definition. Given a positive integer k, the k-th degeneracy form of ¢
with respect to L at to, £k (Lo, to) : Wi X Wi, — R, is defined by:

gk(Lo, to)(’l}o, U)o) = QJ(U(k) (to), ’wo),

for all vg, wy € Wy, where v : I — V is an arbitrary Lg-root function for
¢ with ord(v, Lo, to) > k and v(tg) = vo.

It follows from Corollary 5.5.4 that the map ¢ (Lo, t) is well-defined.
Clearly ¢y (Lo, to) is bilinear and it follows from Lemma 5.5.3 that the k-th
degeneracy form ¢y (Lo, to) is symmetric. Again, when tq and Lg are clear
from the context, we write simply £y, instead of ¢ (Lo, to).

5.5.6 Remark. The degeneracy forms at t( are not changed when one re-
stricts ¢ to an interval J which is a neighborhood of ¢y in I (see Re-
mark 5.5.2).

5.5.7 Proposition. Let tg € I be fixed and L, be a Lagrangian subspace
of V which is complementary to Lo. Assume that (1) is contained® in the
domain of the chart ¢, 1, : A°(L1) — Bsym(Lo). Set B = .1, 00 :
I — Bgym(Lo). For any positive integer k, the k-th degeneracy space
Wi (£, Lo, to) is equal to the k-th degeneracy space Wy (B, ty) and the k-
th degeneracy form £ (Lo, to) is equal to the k-th degeneracy form By(tg).

Notice that if L; is any Lagrangian subspace of V' complementary to Lo and to £(to)
then the condition £(J) C A9(L1) holds for a sufficiently small neighborhood J of ¢( in
1. Restricting £ to J does not change the degeneracy spaces and degeneracy forms at o (see
Remarks 5.5.2 and 5.5.6).
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Proof. SetT = ¢r,. 1,00 : 1 — Lin(Lo, L1),sothat£(t) CV = Lo® Ly
is the graph of the linear map T'(¢) : Lo — L1 and B(t) = pr,.1, © T'(t),
for all t € I. Every differentiable map v : I — V satisfying v(t) € £(¢),
forall t € I, is of the form:

o(t) = u(t) +T(t)(u(t), tel, (5.5.1)
?170/ (S

where u : I — L is a differentiable map.

Since B(t)(u(t)) = pro,, [T(¢)(u(t))] and pr, .z, is an isomorphism,

it follows that the order of zero at to of the maps ¢t — B(t)(u(t)) and

t+— T(t)(u(t)) coincide. Notice that v is an Lo-root function for ¢ at to if

and only if u is a root function for B at to; namely, by (5.5.1), v(tg) € Lo

if and only if T'(to) (u(to)) = 0. In what follows, we assume that v is an

Ly-root function for £ at t.

For each positive integer k, we differentiate (5.5.1) k times obtaining:

k

v ® (1) = u® (to) + % T(t) (u(t))‘

€Lo

)
t=to

<

therefore, the smallest positive integer k with v(F) (t) & Ly is equal to the
smallest positive integer k with 4 I B(t) (u(t)) |t:t0 #0,1e.

ord(v, Lo, to) = ord(u, tp).
Since T'(to) (u(to)) = 0, we have v(ty) = u(to) and thus:
Wi(¢, Lo, to) = Wi(B,to),

for every positive integer k. Now, if v : I — V is an Ly-root function
for ¢ at to with ord(v, Lo, to) > k, setting vg = v(to) and fixing wy €
Wi (¢, Lo, to) = Wi (B, o), we compute:

€k<’l)0,’w0> ( (k)(to),’w )
(to) + I T(t) (u(t))

( |t=t ' Lo )
—— 0~
€Lg €Lg

= (T @®)],_,y w0 ) = prasa (e TO (w®)],,,) - w0
= %B(t) (“(t)) ’t:tg “wop = By, (u(to),wo) = By (vg, wo)-
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This concludes the proof. O

The following definition is analogous to Definition 4.3.12:
5.5.8 Definition. The ground degeneracy of the curve ¢ with respect to L

is defined by:
gdgp, (£) = min dim (¢(t) N Lo).

Aninstantt € I with dim (¢(t)NLo) > gdgy,, (¢) will be called exceptional
with respect to L.

Obviously, gdg; (¢) > 0 if and only if the image of ¢ is contained in
A>1(Lo).

If 7 is real analytic, it follows easily from the result of Exercise 5.10,
Proposition 5.5.7, Lemma 4.3.13 and Proposition 4.3.14 that the excep-
tional instants of ¢ are isolated, that ¢y € I is not exceptional if and only if
Li(Lo,to) = 0 for all k > 1 and that for any tg € I:

gdgy, (0) = min dim (Wi (¢, Lo, t9)).
5.5.9 Theorem. If ¢ is real analytic then, for all a,b € I with a < b:
pro (L) = 5 sen(Ce(Lo, a))

E>1
+ Z Zbgn £2k 1(Lo, )) (5.5.2)
t€]a,b[ k>1
+ 3 Z sgn Egk,l(Lo,b)) — sgn(fzk(Lo,b))]
E>1

Notice that the second sum on the righthand side of (5.5.2) has only a
finite number of nonzero terms, namely, in that sum we can consider only
the instants ¢ € ]a, b| that are exceptional with respect to Ly.

Proof of Theorem 5.5.9. Denoting by R(a, b) the righthand side of equality
(5.5.2), it is easy to see that R(a,c) + R(c,b) = R(a,b), for ¢ € ]a,b[;
since (i, is additive by concatenation, it suffices to prove equality (5.5.2)
when £([a7 b]) is contained in the domain of a coordinate chart ¢z, r,. In
this case, such equality follows directly from Propositions 5.5.7 and 4.3.15
(recall (5.2.5)). O]

The theory of partial signatures can be used to compute the Maslov
index of a pair (¢1, {3) of real analytic curves. See Exercise 5.18 for details.
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5.6 The Conley-Zehnder index

In this section we define a notion of Maslov index for continuous curves
® : [a,b] — Sp(V,w) in the symplectic group of a given symplectic space
(V,w). The key observation is that the graph of a symplectomorphism of
V is a Lagrangian subspace of (V & V,®) (see (5.4.1)). Observe that the
dimension of the intersection of the graph of a symplectomorphism with A
(see (5.4.3)) is equal to the geometric multiplicity of the eigenvalue 1.

5.6.1 Definition. Let ® : [a,b] — Sp(V,w) be a continuous curve. The
Conley—Zehnder index of ® is defined by:

icz((I)) = UA (Gr(@)),
where Gr(®)(t) = Gr(®(t)) € A.

In what follows we want to establish a relation between the Conley—
Zehnder index of a curve ® and the Maslov index of a curve:

ﬂ[oo@:@'fo

in the Lagrangian Grassmannian. To this aim, we will introduce the Hor-
mander index of a four-tuple of Lagrangians, which is a map:

J:AXAXxAXxA— 17,
defined as follows. Given four Lagrangians Lo, L1, Ly, L} € A, we set:

q(L07L1;L()>LI1) :ML1(€) _MLO(£)7 (561)

where ¢ : [a,b] — A is a continuous curve with ¢(a) = L{, and ¢(b) = L.
We claim that the righthand side of (5.6.1) does not depend on the choice
of £. Namely, given continuous curves ¢1,¢5 : [a,b] — A with ¢1(a) =
lo(a) = L{ and ¢1(b) = l(b) = L} then the concatenation ¢; - £; ' is a
loop and therefore, by Corollary 5.4.8, we have:

pipo (1 - 03" = pr, (61 - 657);

hence:
KL (61) — KL, (62) = ML, (81) — KL, (82)7

proving the claim.
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5.6.2 Lemma. Let ® : [a,b] — Sp(V,w) be a continuous curve and let
Ly, L1, L} € A(V,w) be fixed. Then:

1Ly (B, © ®) — pur, (Bry © ®) = q(Ly, Ly; ®(a) ' (Lo), (b)) (Lo))-

Proof. Using Proposition 5.4.5, Proposition 5.4.3 and part (b) of Proposi-
tion 5.4.2 we compute as follows:

tire (Br, 0®) = pu(®- L1, Lo) = (L1, @7+ Lo) = —p(® "+ Lo, L)
= —pr, (P71 - Lo).

Similarly,
piry (Bry 0 ®) = —pp, (27" Lo).

The conclusion follows from the definition of q. [

5.6.3 Proposition. Let ® : [a,b] — Sp(V,w) be a continuous curve and
Lo,y € A(V,w) be fixed. Then:

icz(®) + pur, (Be, © @) = a(A, Lo @ bo; Gr(@(a) ™), Gr(2(0) 7))
In particular, if @ is a loop, then icz(®) = —pr, (Be, © P).
Proof. We have Gr(®(t)) = (Id @ ®(¢))(A) and therefore, using Propo-
sition 5.4.5, part (b) of Proposition 5.4.2 and Proposition 5.4.3:

icz(®) = pa (Gr(®)) (de®)-A)=p((Ide ®)-A,A)

= Ha
=p(A,Ide @ ") A) = —p(Gr(@),A) = —pa(Gr(@7),
(5.6.2)

where (Id ® ®)(t) = Id ® ®(¢). Moreover:

tro(Bey © @) = pu(Be, 0 @, Lo)
= —p(Lo, Be, 0 ®) = —pa((Id @ @) - (Lo ® £o))
=—p(Id® @) (Lo ® ), A) = —p(Lo & by, (Id® @) - A)
= pu(Gr(®™"), Lo ® lo) = preae, (Gr(®7)). (5.6.3)

The conclusion follows from the definition of q by adding (5.6.2) with
(5.6.3) and using Lemma 5.6.2. O
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Exercises for Chapter 5

Exercise 5.1. Consider the space R?" endowed with its canonical symplec-
tic form w; define an isomorphism O : R*" — R?" by O(z,y) = (x, —y),
for all 2,y € R™. Show that O# (w) = —w and conclude that O induces a
diffeomorphism of the Lagrangian Grassmannian A to itself. Show that the
homomorphism:

O, : Hi(A) — Hi(A)

is equal to minus the identity map (compare with Remark 5.1.20).

Exercise 5.2. Let Ly € A be a Lagrangian in the symplectic space (V,w)
and let A : [a,b] — Sp(V,w, Lg), £ : [a,b] — A be continuous curves such
that £(a), £(b) € A°(Lg). Prove that the curve £ = Ao/ : [a,b] — A is
homologous to £ in Hy (A, A°(Lg)).

Exercise 5.3. Let Ly be a Lagrangian subspace of (V,w) and let Lq,¢ :
[a, b] — A be curves such that:

e L;(t) is transverse to Lg and to £(¢) for all ¢ € [a, b];
e /(a) and £(b) are transverse to L.

Show that the Maslov index p,, (¢) of the curve £ is equal to:

1100 () = 1y (€10,2, 1) (U(D))) — 14 (010,11 (a) (£(a))).

Exercise 5.4. Let Ly, L1, Lo, Ls € A be four Lagrangian subspaces of the
symplectic space (V,w), with LoN Ly = LoNLy = LoNLy = LaoNL3 =
{0}. Recall the definition of the map pr,, 1, : L1 — L given in (1.4.11),
the definition of pull-back of a bilinear form given in Definition 1.1.2 and
the definition of the chart ¢, 1, of A given in (2.5.3). Prove that the
following identity holds:

¥Lo,L1 (L3) — ¥YLi,Lo (LQ) = (pLo,Ll )# (¢L07L3 (LQ)il)'
Exercise 5.5. As in Exercise 5.4, prove that the following identity holds:
14 (0,05 (L2)) = 14 (914,00 (L3) = ¢14,00(L2))-

Exercise 5.6. Let (Lo, L1) be a Lagrangian decomposition of the symplec-
tic space (V,w) and let £ : [a,b] — A be a continuous curve with end-
points in A°(Lg). Suppose that there exists a Lagrangian L, € A such
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that Im(¢) C A°(L,). Prove that the Maslov index pp,, (¢) is given by the
following formula:

KL (E) =
n— (SOLI,LU (E(b)) — $L1,Lo (L*)) —n- (Qle,Lo (f(a)) — $L1,Lo (L*))

Exercise 5.7. Let Ly € A be a Lagrangian subspace and p a map that
associates an integer number y(¢) to each continuous curve ¢ : [a,b] — A
with £(a), £(b) € A°(Lg). Assume that y satisfies the properties (2) and (5)
in the statement of Lemma 5.1.13 and such that:

M(é) =Ny (‘pLo,Ll (ﬂ(b))) — Ny (‘pLo,Ll (E(a)))v
for all L1 € A°(Lg) and every continuous curve ¢ : [a,b] — A°(L;) with
{(a), £(b) € A°(Lg). Show that y = jur,,.

Exercise 5.8. Let V be a real finite dimensional vector space and B, B’ €
Bgsym (V') be symmetric bilinear forms. Show that:

1sgn(B) — sgn(B’) = ny(B) — ny(B') + 5 dgn(B) —  dgn(B’).
Exercise 5.9. Show that the Maslov index defined in Section 5.2 changes

sign when the symplectic form changes sign.
Exercise 5.10. Show that, if £ : I — A is real analytic and Ly € A then:

gdgLo () = gdgLO (el),

for every interval J C I.

Exercise 5.11. Define the following symplectic form @ in R*":
w((vl,wl), (vg,wg)) = w(vy,v) — w(wy,ws), v1,wy, v, wy € R,

where w is the canonical symplectic form of R?".

Prove that A € Lin(IR*", R*") is a symplectomorphism of (R?", w) if
and only if its graph Gr(A) is a Lagrangian subspace of (R*",w). Show
that the map Sp(2n,R) > A — Gr(A) € A(R*",©) is a diffeomorphism
onto an open subset.

Exercise 5.12. Prove that the set {T" € Sp(2n, R) : T'(Lg) N Lo = {0} } is
an open dense subset of Sp(2n, R) with two connected components.
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Exercise 5.13. Define:
r, = {T € Sp(2n, R) : det(T — Id) > 0};

r_— {T € Sp(2n. R) : det(T — 1d) < o}.

Prove that Iy and I'_ are open and connected subsets of Sp(2n,R) (see
Exercise 5.15 for more properties of the sets 'y and I'_).

Exercise 5.14. Consider the set:
E = {T € Sp(2n, R) : det(T — Id) # 0, T(Lo) N Lo = {0}}.

Prove that E is a dense open subset of Sp(2n, R) having 2(n+1) connected
components. Prove that each connected component contains an element

A B\ . S
T = ( C D> with A = 0 and B in diagonal form.

Exercise 5.15. Recall from Exercise 5.13 the definition of the subsets I,
I'_ of Sp(2n,R). Prove that A € T'y U T'_ if and only if Gr(4) is a
Lagrangian in A°(A) C A(R*",©), where A is the diagonal of R*" =
R2" @ R?". Conclude that any loop in 'y UT _ is homotopic to a constant
in Sp(2n, R).

Exercise 5.16. Let (V,w) be a symplectic space, Lo be a Lagrangian sub-
space of V and ¢ : I — A be a differentiable curve defined in an interval
I C R.Ifty € I, an interval J is a neighborhood of tgin I andv : J — V
is an Ly-root function for /|7, show that there exists an Lg-root function
v : I — V for £ that coincides with v in a neighborhood of ¢g in J.

Exercise 5.17. Let (Vi,w1), (Va,ws) be symplectic spaces and let (V,w)
be their direct sum (see Exercise 1.12). Let

s: A(V7) x A(Vy) — A(V)
be the map defined in Exercise 2.11. Given Lagrangians L* € A(V;,w;),
L? € A(Va,ws) and continuous curves ¢1 : [a,b] — A(Vi,wi), lo :

[a,b] — A(Va,ws), show that:

KUIrigr2 (5 o (fhﬁg)) = Ur1 (fl) + ,uLz(fg).
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Exercise 5.18. Let (V,w) be a symplectic space and let ¢1,¢5 : [ — A
be differentiable curves; consider the corresponding curve v = (¢1,{2)
in A (recall (5.4.2)). Let ty € I be fixed. Given a differentiable map
(v1,v2) : I = V @V, show that:

(@) (v1,v2)is a A-root function for v if and only if vy (t) € 1 (¢), v2(t) €
Uy(t), forall t € I and vy (to) = va(to);

(b) the order of a A-root function (vy,v9) is the least positive integer &
such that vgk)(to) # vgk)(to);

(c) we have:
Wk(’%AvtO) = {(’U,U) ‘v E Wk(’%t@)}a
where:

Wk (’77 tO) =
{v1(to) : (v1,v2) a A-root function for y with ord(vy,v2) > k};
(d) the k-th degeneracy form -y (A, tp) of v with respect to A at ¢ is
given by:

(A, to) (v, vo), (wo, wo)) = w (Vi (t) — w5 (to), wo),

for all vg, wo € Wi(7,to), where (v, v2) is a A-root function of
at to with ord(v1,v2) > k and v1 (o) = v2(to) = vo.

Exercise 5.19. Prove the following identities for the Hormander index:
@ a(Lo, L1; L, Ly) = —a(L1, Lo; Lo, LY);
(b) a(Lo, L1; Ly, Ly) = —a(Lo, L1; LY, Lp);
(©) a(Lo, L1; Ly, L) + q(Lo, L1; L, L) = q(Lo, L1; Ly, L});
(d) q(Lo, L1; L, L) = —a(Lg, LY; Lo, Ly).
Exercise 5.20. Given a symplectic space (V,w), the Kashiwara index:
T:AXAXA— iZ

is defined by:
(Lo, L1, L2) = q(Log, L1; Lo, Ly),

for all Ly, L1, Ly € A. Show that:
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(@ q(Lo, L1; Ly, L) = q(Lo, L1, Ly) — q(Lo, L1, LY);
(b) qis antisymmetric;
(¢) q(L2, L3, Ls)—q(Ly, L3, Ls) +q(L1, Lo, Ly) —G(L1, Lo, L3) = 0.

The identity in (c) says that q is a 2-cocycle in A relatively to Alexander—
Spanier cohomology theory.






Appendix A

Kato selection theorem

The purpose of this appendix is to show an important result known as
Kato selection theorem which says that one can find a real analytic or-
thonormal basis of eigenvectors for a real analytic one parameter family
of symmetric linear maps. We recall that, given a real finite-dimensional
vector space V,amap f : I — V defined in an open interval I C R is said
to be real analytic if for each ¢y € I there exists a sequence (ay)p>0 in V/
such that:

“+o0
f(t) = Z an(t —to)",
n=0

for all ¢ in an open neighborhood of ¢ in I. The convergence of the power
series above is meant relatively to an arbitrarily chosen norm in V' (recall
that all norms in a finite-dimensional vector space are equivalent).

A.1 Theorem (Kato selection theorem). Let V' be a real n dimensional
vector space endowed with an inner product (-,-) and T : I — Lin(V') be
a real analytic map defined in an open interval I C R. Assume that the
linear map T (t) is symmetric, for all t € 1. Then, for each ty € I, there
exist real analytic maps e, : Jto —e,tg + e[ — V, Ay : Jto — &,t0 + e[ —
R, a = 1,...,n, defined in an open neighborhood of ty in I such that
(ea (t))zzl is an orthonormal basis of V and T(t)eq(t) = Ao (t)eq(t),
a=1,...,n forallt €ty —e,to + €].

For the proof of Kato selection theorem we need to consider a holomor-
phic extension of 7' to a neighborhood of £ in the complex plane and we

227
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will apply techniques of basic complex analysis and of covering maps.

In the remainder of the appendix, all vector spaces are assumed to be
finite-dimensional and complex unless a different assumption is explicitly
stated. When dealing with complex numbers, we will denote by i the imag-
inary unit (observe that the symbol “;”” will be used for other purposes, such
as indexing summations).

A.1 Algebraic preliminaries

Given a vector space V, the set F(V,C) of all complex-valued maps on
V is a complex algebra endowed with the operations of pointwise addition
and multiplication. The set Lin(V, C) of linear functionals on V is a vector
subspace of F(V, C), but not a subalgebra.

A.1.1 Definition. The subalgebra P(V) of F(V, C) spanned by Lin(V, C)
is called the algebra of polynomials on V. Amapp : V — Cis called a
polynomial if it belongs to P(V).

If we choose a basis and identify V with C™ then P (V) is identified
with the standard algebra of polynomials in n variables with complex coef-
ficients (see Exercise A.1).

A.1.2 Definition. Given vector spaces V, W, amap p : V — W is called
a polynomial if for every linear functional o : YW — C the map « o p
is a polynomial. The set of all polynomials from V to W is denoted by
PY,W).

If we choose a basis and identify VW with C™ thenamapp : V — W
is polynomial if and only if its m coordinate maps are polynomials (see
Exercise A.2).

Given a nonzero polynomial p € P(C) then, by the result of Exer-
cise A.1, there exists a natural number n and complex numbers cg, . .., ¢, €
C, with ¢,, # 0 and:

p(z) = Zcizi, (A.1.])
i=0

for all z € C. Such numbers (the coefficients of p) are uniquely determined
by p and the natural number n is called the degree of p and is denoted by
Op. We take as convention that the degree of the zero polynomial is —oo.
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The number c,, is called the leading coefficient of p; a polynomial whose
leading coefficient is equal to 1 is called monic. For any integer n, set:

Pn(C) ={p€P(C): 0p < n};

if n > —1, P,(C) is an (n + 1)-dimensional vector subspace of P(C).
Clearly 0(pq) = Op + 0q, for all p,q € P(C).

By the fundamental theorem of algebra, a polynomial p of degree n > 0
can be written as:

p(z) =clz—a1)™ -+ (z—ag)™, ze€C, (A.1.2)
where a4, ...,qx € C are pairwise distinct complex numbers, ¢ is a non
zero complex number and 71, ..., 7y are positive integers with r; + - - - +

ry = n. Clearly p~1(0) = {a1,...,ar}. The elements of p~1(0) are
called the roots of p; the positive integer r; is the multiplicity of the root ;.
We set #p = k, i.e., #p is the number of (distinct) roots of p.

We are interested in determining algebraic relations among the coeffi-
cients of a polynomial p € P(C) that enable the computation of #p. More
specifically, we will prove the following:

A.1.3 Proposition. Given natural numbers' n, k, there exists a polyno-
mial:

Q: Pu(C) — C(55)
with the property that, for every p € P(C) with Op = n, we have:

#p <k <= Q(p) =0.

To prove Proposition A.1.3 we need the notion of derivative of a com-
plex polynomial and of greatest common divisor (gcd) of two polynomials.
The derivative p’ of a polynomial p € P(C) is defined in such a way that
P(C) > p — p’ € P(C) is the unique linear map that sends the polyno-
mial 2z — 2" to the polynomial z — nz"~1, for every natural number n.
Clearly, if p is given by (A.1.1) then:

n

P = Y,

i=1

Y“Natural number” means “nonnegative integer number”. Binomial coefficients (Zl) are
understood to be zero when n > m or when n < 0.
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for all z € C. Given polynomials p, ¢ € P(C), the Leibniz rule:
(pg)" =p'q +pd',

holds. Using the Leibniz rule it is easily seen that if & € C is a root of a
nonzero polynomial p whose multiplicity is » > 1 then « is a root of p’
whose multiplicity if » — 1 (where it should be understood that “« is a root
of multiplicity zero” means that « is not a root).

Given p, g € P(C) we say that p divides q and write p | ¢ when there
exists r € P(C) such that ¢ = pr. The algebra P(C) is well-known to
be a unique factorization domain so that given p,q € P(C) there exists a
polynomial d such that d | p, d | ¢ and given any other f € P(C) with f | p
and f | g then f | d. If p # 0 or ¢ # 0 then there exists a unique monic
polynomial d with such property and we denote it by ged(p,q). When
ged(p, ) = 1 we say that p and q are relatively prime. If p = po ged(p, q)
and ¢ = qo ged(p, q) then pg and ¢ are relatively prime. Moreover, if p
divides g1 g2 and ged(p, ¢1) = 1 then p divides g.

A.1.4 Lemma. Ifp € P(C) is a nonzero polynomial then:
#p = dp — dged(p, p').
Proof. If p is given by (A.1.2) then p’ is given by:
P(2)=(z—a)" (=) g(2), z€C,
where q(a;) # 0,1 =1,...,k. Clearly:
ged(p,p')(2) = (z—a)" H (2 — )™ z€C,
and the conclusion follows. O

A.1.5 Lemma. Let p,q € P(C) be nonzero polynomials, | be an integer
number and set n = Op, m = 0q. Consider the linear map:

Tip,q) : Pnat(C) © Proi(C) 2 (p1,q1) — P1¢ — Pq1 € Prgm—1(C).

We have:
dgcd(p, q) > 1 <= T(p,q) is not injective.
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Proof. If 0 ged(p, q) > I, we write p = p1 ged(p, q), ¢ = ¢1 ged(p, ) with
Op1 < n—1land 9qg; < m —I. Then (p1,q1) is a nonzero element in
the kernel of T{, ;). Conversely, let (p1,q1) be a nonzero element in the
kernel of T{,, ;), so that p1q = pq; observe that p; # 0 and q1 # 0. Write
p = poged(p, q), ¢ = qo ged(p, q), so that pg and gq are relatively prime.
We have:

P10 ged(p; ) = poq1 ged(p, q)
and therefore p1qo = poq1. Then pg divides p1qo and thus it also divides
p1. This implies:
n —dged(p,q) = Opo < Ip1 <n—1L.

The conclusion follows. O

A.1.6 Lemma. Let V, W be vector spaces with dim(V) = m, dim(W) =
n. There exists a polynomial:

M : Lin(V, W) — €(n)
such that, for all T € Lin(V, W), M(T) # 0 if and only T is injective.

Proof. Choose bases for V and W and denote by [T] the n x m complex
matrix that represents a linear map 71" : V — W with respect to such bases.
Given a subsets of {1, ..., n} having m elements, denote by M (T') the de-
terminant of the m X m matrix obtained from [T'] by collecting the columns
whose number is in s. Clearly, M, : Lin(V, W) — C is a polynomial and
T is injective if and only if there exists s with M, (T") # 0. The map M is
obtained by putting together all the () maps M,. O
A.1.7 Corollary. Given natural numbers m, n and an integer number I,
there exists a polynomial:

n+m—1I+1

R : Pn(@) @ Pm(@) — C(n+mf2l+2)
such that for all p,q € P(C) with Op = n and dq = m, we have:

dged(p,q) > 1 <= R(p,q) = 0.
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Proof. SetV =P, _1(C) ® Quy_1(C), W = Ppim—_i(C) and consider the
polynomial:
n4+m—I+1 )

M . ]'_4111(]/7 W) _ C(nﬁ»’m—2[+2
given by Lemma A.1.6. The map:

T :Pn(C) ®© Pn(C) 3 (p,q) = T(p,q) € Lin(V, W)

defined in Lemma A.1.5 is linear. The desired polynomial R is given by
MoT. O

Proof of Proposition A.1.3. The case n = 0 is trivial, so assume n > 1.
Set m =n — 1,1 = n — k. Consider the polynomial R defined given by
Corollary A.1.7. Keeping in mind Lemma A.1.4, we see that the desired
polynomial () is given by the composition of R with the linear map:

Pn(C) 3 p+— (p,p') € Pa(C) ® Pn-1(C). O

A.2 Polynomials, roots and covering maps

It is convenient to introduce the following notation: let Z : € — C de-
note the identity map. Then, the polynomial given in (A.1.1) is equal to
ZZL:O C; Z i.

Let k, n be natural numbers and r = (r1,...,7:) be a k-tuple of posi-
tive integers with Zle r; = n. We consider the map:

2
by CF > (a1,...,qp) — H(Z—ozq;)” € P.(0),

i=1

where:
Ch = {(ar,...,ar) € C* : a; # o fori # j}

is the open subset of C* consist of k-tuples of pairwise distinct complex
numbers.

We introduce some basic terminology from the theory of holomorphic
functions of several variables. If V' is a complex vector space then a subset
S of Vis called a complex submanifold if it is an embedded submanifold (in
the sense defined in Section 2.1) of the realification of V (see Section 1.2)
and if T}, S is a complex subspace of V, for all z € S. If V, V' are complex
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vector spaces and S C V, S’ C V' are complex submanifolds then a map
f 8 — S’ is said to be holomorphic if it is differentiable (in the sense of
Section 2.1) and if the R-linear map d f,, : 7,,S — Tf(x)S’ is C-linear.

If A is an open subset of C and f : A — V is a holomorphic function
we set:

flz)=df(z)-1€V,

forall z € A and we call f/(z) the derivative of f at z. Clearly, df(z)-h =
f'(z)h, forall z € A, h € C.

The composition of holomorphic maps is holomorphic and the inverse
of a holomorphic diffeomorphism is also holomorphic. It is also easy to see
that if V, W are complex vector spaces then every polynomial p : V — W
is holomorphic.

Our goal is to prove the following:

A.2.1 Proposition. The subset ¢,.(C*) is a complex submanifold of P,,(C)
and ¢, : C*¥ — ¢,.(CF) is a holomorphic local diffeomorphism and a
covering map.

Towards this goal, we prove some lemmas.
A.2.2 Lemma. The map ¢, is a holomorphic immersion.

Proof. The map ¢, is the restriction to C* of a polynomial and it is there-
fore holomorphic. We will compute the differential of ¢,. using the follow-
ing trick: given z € C, the map eval, : P(C) > p — p(z) € C is linear
and therefore:

d(eval; o ¢,.)(a) = eval, o d¢,(«),
for all « € CF. The differential of eval, o ¢, is easily computed as:

k

d(eval. 0 6,)(a) - 5= Y (T2 = 0y) )ri(z = )8,

i=1 i
forall o« € C¥, B € C*. Thus:

k

aon(@) 8= (12 - ) 3 [ (112 - )]

i=1 i=1 VE)
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for all @ € (D’j, 8 € CF. In order to show that ¢, is an immersion, let
a € CF be fixed and assume that 3 € C¥ is in the kernel of d¢, («). Then
(since P(C) has no divisors of zero!):

S [ (T - )] =0

i=1 e
By evaluating the polynomial above at oy, ..., ap we get 51 = 0, ...,
B = 0. This concludes the proof. O

Define a norm on P, (C) by setting:

n

Ipl =" lail, (A2.1)

=0

where p(z) = Y1 a;2".

A23 Lemma. If ( € C is a root of a complex monic polynomial p €
Pn(C) of degree n then:
I<I < pll-

Proof. Write p(z) = 2" + 37" a;z". Let ¢ be root of p. Since [|p|| > 1,
we may assume that |[¢| > 1. We have:

n—1
=0

Thus:

\qz'“"—‘zcm

This concludes the proof. O

Given topological spaces X, Y and amap f : X — Y, we say that f
is proper if f is continuous and f~!(K) is a compact subspace of X, for
every compact subspace K of Y.

A.24 Corollary. The inverse image by ¢, of a bounded subset of P, (C)
is bounded. Moreover, the map ¢, : C* — ¢,.(C*) is proper.
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Proof. The first part of the statement follows directly from Lemma A.2.3
by observing that the image of ¢, contains only monic polynomials. Now
let K be a compact subspace of ¢,(C¥). Then ¢;-(K) is bounded. More-
over, ¢, 1 (K) is obviously closed in C¥, but to ensure compactness we need
to show that ¢.-}(K) is closed in C*. To this aim, let ®, : C*¥ — P, (C)
denote the extension of ¢, to C* which is given by the same expression
that defines ¢,.. Given o, 3 € C* with ®,.(a) = ®,(3) and a € C* then
clearly 3 is also in C¥. This implies that ¢ !(K) = ®!(K) and obvi-
ously ®-1(K) is closed in C¥. O

Under reasonable assumptions for the topological spaces X and Y, ev-
ery proper map f : X — Y is closed (i.e., carries closed subsets of X to
closed subsets of Y). See Exercise A.12 for details.

A.2.5 Corollary. The map ¢, : C* — ¢,.(CF) is closed. O

Let &y, denote the group of all bijections of {1,...,k}. Given o € &,
we consider the complex linear isomorphism o, : C¥ — C* defined by:

U*(O{l, . 'aak) = (a0(1)7 e '7aa(k))a

for all (ay,...,a;) € C*. Clearly o. maps C* onto C* and (0 o 7), =
T« 0 04, forall o, 7 € Gy, Let:

G= {O‘E S 1oy =i, 1 = 1,...,k:},
so that G is a subgroup? of G. The following result is very simple:

A.2.6 Lemma. Forall o € G, ¢, 0 0, = ¢,. Moreover; if o, o/ € C¥ and
or (@) = ¢ () then there exists o € G with o' = o.(a). O

A.2.7 Corollary. If U is a subset of C* then:

6: 4 (6r(0)) = | 0. (U). 0

ceG

A.2.8 Lemma. The map ¢, : C¥ — ¢,.(CY) is open, i.e., if U is open in
CF then ¢, (U) is open in ¢,.(CF).

2The map o — o« is an effective right (linear) action of the group &y, on the vector space
C* and G is the isotropy subgroup of 7.
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Proof. Let U be an open subset of C*. By Corollary A.2.5 and the result of
Exercise A.13, the set ¢, (U) is open in ¢, (C¥) if and only if ¢, (¢, (U))
is open in C*. But this follows directly from Corollary A.2.7. O

A.2.9 Corollary. The set ¢,.(C¥) is a complex submanifold of P,,(C) and
the map ¢, : C* — ¢,.(C¥) is a holomorphic local diffeomorphism.

Proof. Tt follows directly from Lemmas A.2.2 and A.2.8, and from the re-
sult of Exercise 2.5. 0

We are finally ready for:

Proof of Proposition A.2.1. Because of Corollary A.2.9, it only remains to
show that ¢,. is a covering map. Since, for all p € ¢,.(C*), the number of
elements of ¢, (p) is equal to the cardinality of the group G, this follows
from Corollary A.2.5 and from the result of Exercise 3.20. O

A.3 Multiplicity of roots as line integrals

We will need a version of Cauchy integral formula from elementary com-
plex analysis. In the following, if D denotes the closed disk of center a € C
and radius r > 0 then line integrals over dD should be understood as line
integrals over [0,27] 3 t — a + re't € C. We have the following:

A.3.1 Theorem (Cauchy integral formula). Let A be an open subset of C,
V be a complex vector space and f : A — V be a holomorphic function. If
D is a closed disk contained in A then the line integral:

(=) 4,
op 2 —a

is equal to 2mif(a) if a is in the interior of D and it is equal to zero if a is
not in D.

Proof. When V = C this is a classical theorem from elementary com-
plex analysis. The general case can be reduced to the case V = C by
choosing a basis for V and computing the line integral coordinatewise (see
Exercises A.14 and A.15 for details on line integration of vector valued
maps). O
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A.3.2 Corollary (Cauchy integral theorem). Let A be an open subset of C,
V be a complex vector space and f : A — V be a holomorphic function. If
D is a closed disk contained in A then j;BD f=0.

Proof. Let a be a point in the interior of D and apply Theorem A.3.1 to the
map z — f(z)(z — a). O

A.3.3 Corollary. Letp : C — C be a nonzero polynomial and let D be a
closed disk on the complex plane such that p has no roots on the boundary
of D. Then:
1 P’
2mi Jop P
is equal to the sum of the multiplicities of the roots of p that are in the
interior of D.

Proof. Write p(z) = ¢(z — )™ -+ - (z — ag)™, where rq, ...7T) are pos-
itive integers, o, ..., aj are distinct complex numbers and c is a nonzero
complex number. Then:
/
p'(2) o] T

p(z) z-—m z— g

By Theorem A.3.1 (with f = 1), the integral faD ﬁ dz is equal to 27i
if oy is in the interior of D and is equal to zero if «a; is not in D. This
concludes the proof. O

We denote by P, 1) the set of monic polynomials p € P(C) having
degree n and exactly k distinct roots:

Pink) = {p € P(C) : pis monic, Op = n and #p = k}.

Obviously:

Py = [ o (CH), (A3.1)
where r runs over the set of all k-tuples of positive integers 1, ..., 7 With
Zle ri =nand r; < .- < 7. The union above is clearly disjoint. Our

goal in this section is to prove the following:

A.3.4 Proposition. Ifr = (r1,...,7) is a k-tuple of positive integers with
Zle r; = n then ¢,.(C¥) is open in P, .
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In order to prove Proposition A.3.4, we need a couple of preparatory
lemmas. Let us recall that a finite-dimensional (real or complex) vector
space has a canonical topology which is induced by an arbitrary norm.
In what follows, the spaces P,,(C) are assumed to be endowed with such

topology.

A.3.5 Lemma. If a sequence (p;)i>1 in Pn(C) converges to p € P,(C)
then, for every compact subset K of C, the sequence of maps (pz| K)i>1
converges uniformly to p| k. -

Proof. Consider P, (C) endowed with the norm:

n
gl = lail,
i=0

where q(z) = Y. ja;z". If M > 1is such that |z| < M forall z € K
then it is easily seen that:

sup [q(2)| < M"|ql,
zeK

for all ¢ € P, (C) and, in particular, setting ¢ = p; — p, we get:
sup |p;(z) — p(2)| < M"|pi —pl|,
zeK

for all ©+ > 1. This concludes the proof. ]

A.3.6 Corollary. If a sequence (p;);>1 in Py, (C) converges to p € P,,(C)
and if K is a compact subset of C on which p has no roots then p; has no
root in K for i sufficiently large and:

p; uniformly p/
gi| _vwmyormy P
pi 'K P K
Proof. Tt follows from Lemma A.3.5 and the result of Exercise A.19, keep-

ing in mind that the linear map P, (C) > ¢ — ¢’ € P,,—1(C) is continu-
ous. O

Proof of Proposition A.3.4. Tt suffices to show that if a sequence (p;);>1 in
P(n k) converges to some p € ¢,.(C¥) then p; is in ¢,.(C¥), for i sufficiently
large. Write:

pz)=(z—-a)" - (z—ap)™, z€C,
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where o, ..., oy, are distinct complex numbers. Let Dy, ..., Dy, be disjoint
closed disks centered at oy, ..., ag, respectively. By Corollary A.3.6 and
the result of Exercise A.17, p; has no roots in 9D, for ¢ sufficiently large
and:

i P 7{ P’
lim — = = —.
im0 2mi Jop, Pi aD; P

It then follows from Corollary A.3.3 that, for ¢ sufficiently large:

1 P}
P — =Ty,
2mi Jop, Di
forall j = 1,...,k, i.e., the sum of the multiplicities of the roots of p;
in the interior of D; is equal to r;. In particular, since r; > 1, p; has at
least one root in D, forall j = 1, ..., k; but p; has exactly k distinct roots
and therefore, for each j = 1,..., k, p; has exactly one root in D; having
multiplicity r;. Hence p; € #,(CF), for i sufficiently large. O

A.4 Eigenprojections and line integrals

We start by recalling some terminology and some elementary result of lin-
ear algebra.
If Vis a vector space, T' : V — V is a linear map, we denote by:

spe(T) = {A € C:det(\ld—T) =0}
the spectrum of T. Given an eigenvalue A € spc(T) of T, we define the
generalized eigenspace of T with respect to A by setting:
KA(T) = | Ker(T — Md)".
i=1

The subspace K (7T') is invariant under 7" and its dimension is equal to the
algebraic multiplicity mul(\) of the eigenvalue A. The restriction of 7" to
K\ (T) is equal the sum of A\Id with a nilpotent linear map:

(A — T ey (7)) ™™™ = 0;
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therefore, A is the only eigenvalue of such restriction. Moreover, since C is
algebraically closed:
V= P K\
Aespe(T)

Given A € spc(T), we denote by Py(T) : V — V the projection onto
K\ (T) relative to the direct sum decomposition above. We call Py (T") the
eigenprojection of T' with respect to \.

Eigenprojections can be written in terms of complex line integrals and
shown in the following:

A.4.1 Proposition. Let T : V — V be a linear map on a vector space V
and X\ be an eigenvalue of T. If D is a closed disk in C containing \ in its
interior and containing no other eigenvalue of T' then:

1
= —]{ (21d — T) "' dz.
27 oD

A.4.2 Remark. If a linear map-valued curve A : [a,b] — Lin(V) is Rie-
mann integrable and if W is a subspace of V which is A(t)-invariant for all

P\(T)

t € [a, b] then W is also invariant by the linear map f: A. Moreover:

/:A(t)|wdt - (/:A(t) at)| | e Lin(w).

This follows from the result of Exercise A.14 (parts (iii) and (iv)) by ob-
serving that:

Liny (V) = {T € Lin(V) : T(W) C W}

is a subspace of Lin()) and that the map Linyy (V) 2 T +— T,y € Lin(W)
is linear. These observations carry over to the case of line integrals.

Proof of Proposition A.4.1. Set:

1
I=—¢ (2Ild-T)'dz
2mi aD
and let 1 € spc(T'). Since the generalized eigenspace K, (T') is invariant
under the map (2Id — T') 71, for all z € dD, it follows from Remark A.4.2
that K, (T") is also invariant under I and that:

Ik, (1) (21d — T;,) ' de, (A41)

- 2mi oD
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where T}, denotes the restriction of T" to K, (T"). A proof of the thesis is
obtained by showing that |k () = 0 if u # X and that I|g, (7) is the
identity. Since y is the only eigenvalue of T),, the map (see Exercise A.4):

C\{p} 32+ (2Id—T,) "' € Lin(K,(T))

is holomorphic. For pn # A, D is contained in C \ {¢} and therefore the in-
tegral on the righthand side of (A.4.1) vanishes by the Cauchy integral the-
orem (Corollary A.3.2). Now let us compute the righthand side of (A.4.1)
in the case n = A. Write T\ = Ald + N, where N € Lin(K,(T)) is
nilpotent, say N"* = 0. For any z # A, we have:

(Ad—T5) " = ((z = Ad - N) ' = B i ,\(Id_ Z]l[A)i1

3

m—1
= = (1a+ 2 =)

Then:
dz s dz
(zId—T,\)_ldz:Idf + Nif — .
7?9[) oD 2 = A ; ap (z—A)*t

Recalling that:

?{ dz ) 2m, ifi=0,

op (z— N1 o, ifi>1,

the thesis is obtained. U

As a consequence of Proposition A.4.1 we have an estimate on the norm
of the projection P that will be used later.

A.4.3 Corollary. LetV be an n-dimensional vector space. Choose a basis
forV and consider the norm on Lin(V) defined by:

1T = mnax |aij\,
3,j=1,....,n

forall T € Lin(V), where (a;j)nxn denotes the matrix that represents T
with respect to the chosen basis. Given T' € Lin(V) and an eigenvalue A
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of T, then:

(n—1)!

[PA(T)]| < TRro1

(Al + R+ [TH"

where:

R=1min{|p—Al:pespe(T)\ {A}}.
Proof. Let D denote the closed disk centered at A with radius R. Using
Proposition A.4.1 and the result of Exercises A.16 and A.20, we get:

|z1d — T||"~*
P(T)|| < R(n—1)! — .
IPACI = Rl =42 24, et a7

Observe that, for all z € 9D,

z| < |A| + R and thus:
|21d = T < [2] + 7]l < ]Al + R+ |1T].
To conclude the proof, it suffices to show that:
|det(2Id — T')| > R".
To this aim, note that:

det(zId —T) = H (z — )™l
uespe(T)

where mul(u) denotes the algebraic multiplicity of p. Now, if u is an
eigenvalue of 7', we have:

for all z € 0D. The conclusion follows. ]

A.5 One-parameter holomorphic families of
linear maps

Let V be an n-dimensional vector space and consider the map:

char : Lin(V) — P, (C)
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that associates to each linear map 7' € Lin()) its characteristic polynomial:
char(T)(z) = det(z1d — T).

It is easy to see that the map char is itself a polynomial and, in particular,
it is holomorphic.

Throughout the rest of the section, T : A — Lin()) will denote a
holomorphic map defined in an open subset A of C. Obviously, the map
charo T : A — P,(C) is holomorphic.

A.5.1 Lemma. Assume that A is non empty and connected; set:

k= r{neaj( #char(T(()). (A5

Then the set:
{¢ € A: #char(T(Q)) < k} (A5.2)

is discrete and closed in A (or, equivalently, it has no limit points in A).

Proof. By Proposition A.1.3, there exists a polynomial () such that:

#p<k—-1<= Q(p) =0,

for every p € P,,(C) with Op = n. The set (A.5.2) is therefore the set of
zeroes of the nonzero holomorphic function @ o char o T'. The conclusion
follows (see Exercise A.7). O

A.5.2 Lemma. If A is connected and #char (T(C)) = kforall( € Athen
there exists a k-tuple of positive integers v = (r1,. .., ) such that:

char(T'(A)) C ¢,(CF).

Proof. We have char (T(A)) C Pp,r and therefore we have a disjoint
union (recall (A.3.1)):

A= U (char o T)~*(¢,.(CF)),

where 7 runs in the set of all k-tuples of positive integers (r1, ..., r) with
Zle ri = nand ry < --- < r,. By Proposition A.3.4, each term in
the disjoint union above is open in A. The conclusion follows from the
connectedness of A. O
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A.5.3 Lemma. Assume that there exists a positive integer k and a holo-
morphic map X = (A1, ..., \p) : A — CF such that:

spe(T(0)) = {M (- MO} (A.5.3)
forall ( € A. Then, foralli =1,... k, the map:
Py A3 (r— Py (o(T(Q) € Lin(V)
is holomorphic.

Proof. Let {, € A be fixed and choose R > 0 such that the closed disk
D of center \;({p) and radius R intercepts spc(7T'((o)) only at A\;(¢o). By
continuity, for ¢ in a neighborhood of (p, we have that \; () is in the interior
of D and that:

spe(T(Q)) N D = {M(O)).
Thus, by Proposition A.4.1:

1 -1
P(()=— Id-T dz,
(=g §, (1 -T(Q) " d=
for all ¢ in a neighborhood of (y. The conclusion follows from the fact
that the integrand above is continuous in (z, ¢) and holomorphic in { (see
Exercise A.18). O

We will need the following elementary result from the theory of holo-
morphic functions of one variable:

A.5.4 Lemma (removable singularity). Let (o € Aand f : A\ {(o} —
V be a holomorphic function. If [ is bounded near (o then f admits a
holomorphic extension to A.

Proof. When V = C this is a classical theorem from elementary complex
analysis. The general case can be reduced to the case VV = C by choosing a
basis for V and applying the classical theorem to each coordinate of f. [

A.5.5 Lemma. Assume that there exists a positive integer k, a point (o €
A and a holomorphic map \ : A\ {(o} — CF such that (A.5.3) holds,
forall ¢ € A\ {Co}. Fori = 1,...,k, consider the holomorphic map
P;: A\ {¢o} — Lin(V) defined in Lemma A.5.3. Then:
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(a) the map X\ is bounded near (y (and, therefore, by Lemma A.5.4, it
admits a holomorphic Ck-valued extension to A);

(b) foralli = 1,... k, there exists a positive integer m such that the
map ¢ — P;(¢)(¢ — (o)™ is bounded® near (.

Proof. Lemma A.2.3 gives us the inequality:

INi(Q)] < [[char(T(C)) ||,

forall: = 1,...,k and all { € A\ {(o}, where the norm considered in
P, (C) is defined in (A.2.1). Part (a) follows. By Lemma A.5.4, the map A
admits a holomorphic extension to A which will still be denoted by .

To prove part (b), we use Corollary A.4.3. Let: = 1,...,k be fixed
and set:

R(Q) = gmin {|N(Q) = X (O] =1, K, j # i}
For ¢ € A\ {(o}, we have:

(n—1)!

n—1
it Q1+ RO + 1T

17O <
Obviously the map:

¢ — (MO + R + [T

is bounded near (y. For j # i, since the map A; — A; is holomorphic on A
and does not vanish on A \ {(y}, there exists (see Exercise A.5) a natural
number m; and a positive constant ¢; such that:

IAi(€) = A (O] = ¢4[¢ = Col™,

for ¢ near (p. Settingm = (n — 1)max{m; : j = 1,...,k, j # i}, we
get that the map:
(€ =)™

C — R<<)7l—1

is bounded near (. The conclusion follows. O

3Using the standard terminology from the elementary theory of singularities of holomor-
phic functions, this means that the singularity of P; at (o is either removable or a pole.
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A.5.6 Corollary. Under the hypothesis of Lemma A.5.5, fori = 1,...,k,
either P; is bounded near (o (and thus, by Lemma A.5.4, admits a holomor-
phic extension to A) or:

lim ||P; = +00.
dim [P

Proof. Use part (b) of Lemma A.5.5 and the result of Exercise A.6. O

A.6 Regular and singular points

In this section, V will denote an n-dimensional vector space and T : A —
Lin(V) will denote a holomorphic map defined in a connected open subset
A of C. Let k be the maximum of the number of (distinct) eigenvalues of
T(¢), ¢ € A (see (A.5.1)). A point ¢ € A such that T'({) has k (distinct)
eigenvalues will be called regular; the other points of A (where the number
of eigenvalues is less than k) will be called singular. By Lemma A.5.1, the
set of singular points is discrete and closed in A (i.e., it has no limit points
in A).

A.6.1 Proposition. If {y € A is a regular point then there exists an open
disk D C A centered at (o containing only regular points. Moreover, there
exists a holomorphic map X : D — C¥ and a k-tuple of positive integers r
such that:

k
char(T(¢)) = H (Z-X(0)", (A6.1)

forall ¢ € D. In particular, by Lemma A.5.3, the map:
P;: D> (— Py, (T(¢)) € Lin(V)
is holomorphic, fori =1,... k.

Proof. The existence of D follows from the fact that the set of singular
points in closed in A. Since D is connected, Lemma A.5.2 gives us a k-
tuple r of positive integers with char(T'(D)) C ¢,(C¥). Since ¢, : C¥ —
¢-(C¥) is a covering map (Proposition A.2.1) and D is simply connected
(Example 3.1.17), the holomorphic map

charo T|p : D — ¢,.(CF)
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admits a continuous lifting A : D — Cf, i.e., ¢, o A = char o T'|p (Corol-
lary 3.2.22). Since ¢, is a holomorphic local diffeomorphism, the map A is
holomorphic (see Exercise A.8). The conclusion follows. O

The existence of the holomorphic map A as in Proposition A.6.1 in a
neighborhood of a singular point is a much more involved matter. We have
the following:

A.6.2 Proposition. Let y € A be a singular point and D C A be an open
disk centered at (y containing no other singular points (the existence of D
follows from the discreteness of the set of singular points). Assume that
there exists a sequence ((;);>1 in A\ {Co} converging to (o such that the
eigenprojections of the maps T'((;), i > 1, are uniformly bounded, i.e.:

sup{HPN (T(Q))H D E spc(T(Ci)), 7> 1} < +o0. (A.6.2)
Then:

(a) there exists a holomorphic map X : D — C* and a k-tuple of positive
integers v such that \(D \ {(o}) C C¥ and (A.6.1) holds for all
(e D;

(b) setting P;(C) = Py, )(T(C)), for ¢ € D\ {¢o}, i = 1,...,k,
the maps P; : D\ {(o} — Lin(V) (are holomorphic and) admit
holomorphic extensions to D.

A.6.3 Remark. Notice that hypothesis (A.6.2) holds if there exists a Hermi-
tian product in V relatively to which all the maps T'((;) are normal. Namely,
the eigenprojections of a normal linear maps are orthogonal projections and
the operator norm* of a nonzero orthogonal projection is equal to 1.

Proof of Proposition A.6.2. Since D \ {(o} is connected, Lemma A.5.2
gives us a k-tuple 7 of positive integers with char(T'(D)) C ¢,(CF). Let
R > 0 denote the radius of D, r € ]0, R[ and ¢ : [0,1] — D denote the
circle of center (o and radius r (see (A.6.9)). Let v : [0,1] — C* denote
a continuous lifting of the curve char o T" o ¢ with respect to the covering

“Given a norm on V we define the operator norm in Lin(V) as usual by setting | L|| =
sup|y=1 IL(V)]l.
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map ¢, (Proposition A.2.1), i.e., ¢ o v = char o T o ¢ (Lemma 3.2.20):

vy @5

|+

[0,1] —— D\{Co} — 7 ¢»(CL)

Since ¢, (¥(0)) = ¢, (7(1)), Lemma A.2.6 gives us 0 € G with y(1) =
O« (fy(())). We are going to show that o must be the neutral element of G.
Let s > 1 denote the order of ¢ in G, i.e., the smallest positive integer such
that o® is the neutral element of G. Let D’ denote the open disk of radius
R'/* centered at the origin and consider the holomorphic map:

p:D' 3w+ (o +w’®eD.

If ¢ :[0,1] 5t — r/5e>™ € D’ denotes the circle centered at the origin
of radius 71/ then poc’ = ¢® is the s-th iterate of the circle ¢ (see (A.6.10))
and the continuous lifting of the curve char o T' o ¢® = charo T o po ¢
with respect to the covering ¢, starting at (0) is the map v* : [0, 1] — C¥
defined in (A.6.11) (with g = o,):

2 Cl,f

|+

0,1] == D'\ {0} —> D\ {¢o} ————> ,(Ch)

¢

We have:
7*(1) = (0°)« (7(0)) = 7(0) = *(0);

therefore, by the result of Exg:rcise A.22, there exists a continuous lifting A
of char o T" o p| pr\ o} With Ar'/*) = ~4(0) € C*:

- k
A C*

|+

D'\{0} —= D\ {Co} — 7 ¢n(CE)
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The map \is holomorphic by the result of Exercise A.8. Fori =1,...,k,
w € D"\ {0}, we set:

Pi(w) = P50 (T o p)(w)).

By Lemma A.5.3, the maps é‘j D'\ {0} — Lin(V) are holomorphic. Part
(a) of Lemma A.5.5 says that A has a (CF-valued) holomorphic extension
to D’. By Corollary A.5.6, either P; has a holomorphic extension to D’ or:

lim [|P(w)]] = +oc.

But the latter case is excluded by our hypothesis (A.6.2) and therefore P
has a holomorphic extension to D’. In what follows, X and P; will also be
used to denote their holomorphic extensions to D’.
We claim that:
e 5w) = o, (A\(w)), (A.6.3)

forallw € D'\ {0}. Our strategy to prove (A.6.3) is to show that the maps:
D'\ {0} 3w — A(*™/5w) e CF,
D'\ {0} 5w r— o, (S\(w)) € Ck
are both (continuous) liftings with respect to ¢,. of the same map and that

they are equal at the point w = /%, Equality (A.6.3) will then follow from
uniqueness of liftings (see Exercise 3.19). We have:

O (:\(ezm/sw)) = (charo T) (p(ezm/sw)) = (char o T') (p(w)),
and:
(6 07.) (M) = 6 (Aw)) = (char o T) (p(w)).

Now observe that Ao¢’ is a lifting with respect to ¢, of the curve charoT'oc®
starting at y(0) and therefore A o ¢/ = ~*. Thus:

Ao =3¢ (1)] =77 (2) = 0. (1(0) = o (30))

This proves the claim (A.6.3).
From (A.6.3) we get:

Py(e*™/*w) = Py (w), (A.6.4)
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foralli =1,...,k w € D"\ {0}; namely:
B™5w) = Py aniyeny (T 0 0)(€27/0)

= Py ezmiro) (T (@) "2V Py (T p)(@) = Pogiy ().

Now assume by contradiction that o is not the ngutral element of GG. Then,
for some i = 1,...,k, 0(i) # i and Pj(w) o Py(;)(w) = 0, forall w €
D’ \ {0}; by (A.6.4), we get:

Pi(w) o Py(e*™/*w) = 0,

for all w € D’ \ {0}. By continuity, the equality above also holds with
w=0: _ _
P;(0) o P;(0) = 0.

But P;(w) o P;(w) = P;(w) for w # 0 and, again by continuity:
P;(0) = 0.

But the operator norm of a nonzero projection operator is greater than or
equal to 1 and thus || P;(w)|| > 1, for w # 0, contradicting P;(0) = 0. This
contradiction proves that ¢ is the neutral element of G and that v(0) =
~(1). The result of Exercise A.22 now gives us the existence of a continu-
ous lifting A : D\ {0} — C¥ of the map char o T'| p\ {¢,} With respect to
¢,; the map X is holomorphic by the result of Exercise A.8 and it admits
a holomorphic extension to D, by part (a) of Lemma A.5.5. Since ¢, o A
equals char o T'in D \ {(p}, equality (A.6.1) holds for ¢ € D \ {(o};
by continuity, it also holds in { = (p. The maps P; are holomorphic (in
D\ {¢o}) by Lemma A.5.3 and using Corollary A.5.6 and our hypothesis
(A.6.2), we see that the maps P; admit holomorphic extensions to D. This
concludes the proof. O

In Proposition A.6.2 we have seen that (under the boundedness hypoth-
esis (A.6.2)) the eigenprojection maps P; are holomorphic in D \ {{y} and
admit holomorphic extensions to D; what are the maps P;({y)? Notice that
the fact that equality (A.6.1) holds for ( = (p implies that:

spe(T(G)) = {M(Co), -5 Mil(Co) } (A.6.5)

although the complex numbers \;((p), ¢ = 1,...,k cannot be distinct,
since (o is a singular point, i.e., #char(T'(¢y)) < k.
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A.6.4 Lemma. Under the assumptions of Proposition A.6.2, the linear
maps P;((o), i = 1,..., k are the projections with respect to a direct sum
decomposition of V in T ((o)-invariant subspaces. The image of P;((o) is
an ri-dimensional subspace of the generalized eigenspace Ky, ¢,) (T(Co)).

Proof. For  # (y, we have:

ZP,;(O:Id, Pi(¢) o Pj(¢) =0, i#j;

namely, this is the same as the statement that the maps P;(¢) are the pro-
jections relatively to a direct sum decomposition of V. By continuity, such
equalities also hold at ¢ = (.

Notice that the lower semi-continuity of the rank of a linear map implies
that the dimension of the image of P;((p) is at most ;; on the other hand,
the sum of such dimensions is equal to n and therefore the rank of P;((y)
must be ;.

The fact that the image of P;({) is T'(¢)-invariant is equivalent to:

T(C) o Pi(¢) = Pi(¢) o T(Q);

by continuity, such equality holds at { = (p. Finally, the fact that the
image of P;(C) is a subspace of the generalized eigenspace Ky, (¢ (T'(€))
is equivalent to:

(A1 = T())" o Pi(¢) = 0.
Again, by continuity, such equality also holds at { = (. O

In fact, it is not hard to show that the eigenprojections of T'({) are equal
to appropriate sums of the projection operators P;((y) (see Exercise A.24).

We can now use the holomorphy of the eigenprojections P; to construct
holomorphic basis of generalized eigenvectors:

A.6.5 Lemma. Let (o € A be fixed and assume that either (g is regular or
that (o is singular but there exists a sequence ((;);>1 in A\{(o} converging
to (o such that (A.6.2) holds. Then, there exists an open disk D C A
centered at g and holomorphic maps A : D — C", e : D — V, a =
1,...,n, such that:

(a) char(T(¢)) =TI._, (Z — Aa(Q)), forall ¢ € D;
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(b) (ea(g))zzl is a basis of V, for all { € D;

(¢c) ea(C) is in the generalized eigenspace Ky ¢)(T(()), for ¢ € D,
a=1,...,n

Proof. Let D C A be an open disk centered at (5, A : D — C* be a holo-
morphic map and r be a k-tuple of positive integers such that (A.6.1) holds,
for all { € D; those are obtained from Proposition A.6.1 (if (o is regu-
lar) or from Proposition A.6.2 (if ¢ is singular). Define ¢ : {1,...,n} —
{1,...,k} by setting:

71 times T times

Now define A : D — C" as:

Aa(C) = )‘i(a) (C)v

forall« = 1,...,n, ¢ € D. Clearly, the condition in part (a) of the
statement of the lemma holds. Set:

Pi(¢) = Pr0)(T(Q)), (A.6.6)

fori = 1,...,k, ¢ € D\ {C} If (o is regular, we also use formula
(A.6.6) to define P;(¢) at ¢ = (p; if (p is singular, we consider the holo-
morphic extension of P; to D. In any case, we get holomorphic maps
P, : D — Lin(V) that satisfy (A.6.6) for ( € D \ {{y} and such that
the maps P;((y) are projections with respect to a direct sum decomposi-
tion of V into T'((p)-invariant subspaces of the corresponding generalized
eigenspaces (see Propositions A.6.1 and A.6.2 and Lemma A.6.4). Let
(e2)2_, be a basis of V such that €, is in the image of P;4)(Co), for
a =1,...,n (the basis (e2)"_, is obtained by putting together arbitrary

bases of the images of the projections P;((p),% =1, ..., k). Set:

ea(C) = Pia)(€2),

fora =1,...,n,( € D. Clearly, the map e, : D — V is holomorphic
and the vector e, (() is in the generalized eigenspace K, _(¢)(T'(¢)), for
a=1,...,n,¢ € D. By continuity, (e4(¢))._, is a basis of V, for ¢ in
an open disk centered at (; contained in D. O
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A.6.6 Remark. Assume that in Lemma A.6.4 we are given a real form V' of
V, that T'((o) preserves the real form V' and that the eigenvalues of 7'({p)
are all real. In this case, the maps e, : D — )V can be chosen with the fol-
lowing property: if { € D is such that T'(¢) preserves the real form V' and
T'(¢) has only real eigenvalues, then e, (¢) € V,fora = 1,...,n. In order
to obtain the maps e, with such property, in the proof of Lemma A.6.4, one
chooses the basis (€2)”_; of V consisting only of vectors of V. Observe
that if 7'(¢) preserves V' and has only real eigenvalues then the correspond-
ing eigenprojections P;({) preserve V.

Proof of Theorem A.1. Let V = VC denote the complexification of V and
let V be endowed with the Hermitean product which is the unique sesquilin-
ear extension of (-,-) to V (see Example 1.3.15). Since Lin(V) is a com-
plexification of Lin(V') (see Lemma 1.3.10), by the result of Exercise A.25,
there exists a holomorphic map 7€ : D — Lin(V) defined in an open disk
D C C centered at t( such that T (t) = T'(t)C, forall t € DNI. Recalling
Remark 1.3.16, the linear map 7°¢ (t) is Hermitian, for all t € DN 1. In par-
ticular, if ({;);>1 is any sequence in (DNI)\{to} converging to to, (A.6.2)
holds (see Remark A.6.3). By possibly replacing D with a smaller disk, we
can find holomorphic maps A : D — C", e, : D — V,a =1,...,n,
such that (a), (b) and (c) in the statement of Lemma A.6.5 hold. Since, for
t € DN I, the linear map T°(t) preserves the real form V of V and has
only real eigenvalues, recalling Remark A.6.6, we can choose the maps e,
in such a way that (eq(t))"_, isabasis of V, forallt € DN 1.

Let B : ¥V xV — C denote the bilinear extension of (-,-) to V. By
the result of Exercise A.10, the basis (ea (to))Z:1 of V is nondegenerate
with respect to B; therefore, by the result of Exercise A.11, possibly reduc-
ing the size of the disk D, we can find holomorphic maps e/, : D — V),
a = 1,...,n, such that, for all { € D, the basis (e/,(¢))"_, is ob-
tained from the basis (eq (¢ ))ZZ1 by the bilinear Gram—Schmidt process
explained in Exercise A.9. For t € D N I, since the map T (¢) is Hermi-
tian, its generalized eigenspaces coincide with its (standard) eigenspaces,
so that e, (t) € V is an eigenvector of T'(¢) corresponding to the (real)
eigenvalue A,(t), « = 1,...,n. Since the eigenspaces of a symmetric
linear map are pairwise orthogonal, e/ (t) € V is also an eigenvector of
T(t) corresponding to the eigenvalue A, (t). Clearly, the restriction of the
holomorphic maps e/, : D — V to DN are (V-valued) real analytic maps.
This concludes the proof. O
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Exercises for Appendix A

Exercise A.1. Let V be a vector space and (v;)?_, be a basis of V. Show
that p : ¥V — C is a polynomial if and only if there exists a natural number

k and complex numbers ¢4, .. o, € C, a1,...,a, € {0,...,k} such that:
k
p(z) = Z Caqoan 21t oo 2™y (A.6.7)

aq,...,0n =0

forall z € V, where (z;)7_; denote the coordinates of z in the basis (v;)}_;.

Exercise A.2. Let V, W be vector spaces and let (c;)™; be a basis of the
dual space WW*. Show that amap p : V — W is a polynomial if and only if
«; o pis a polynomial, for all ¢ = 1, ..., m. Observe that this means that if
(w;) isabasisof W, p; : V — C,i=1,...,m are maps then:

V32— Zpl(z)wl ew
i=1
is a polynomial if and only if py, ..., p,, are polynomials.

Exercise A.3. Show that the sum and the composition of polynomials are
polynomials.

Exercise A.4. Let V be a complex vector space. Show that the map:
GL(V) 3T+ T € Lin(V)
is holomorphic. Conclude that, for any 7' € Lin(V), the resolvent map:
2+ (2Id = T)~' € Lin(V)

is a holomorphic map defined on the complement in C of the set of eigen-
values of 7.

Exercise A.5. Let V be a complex vector space and f : A — ) be an
holomorphic function defined in an open subset A of C. Assume that f
is not identically zero in some neighborhood of z; € A. Show that there
exists a natural number m and a holomorphic function g : A — V such
that g(z0) # 0 and f(z) = (2 — 20)™g(2), for all z € A. Conclude that
there exists a positive constant ¢ such that | f(z)| > ¢|z — z9|™, for z in a
neighborhood of 2.
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Exercise A.6. Let V be a complex vector space, A be an open subset of C,
z0 € Aand f : A\ {20} — V be a holomorphic map. Assume that there
exists a natural number m > 0 such that the map z — f(2)(z — z9)™ is
bounded near zy. Show that either f admits a holomorphic extension to A
or:

T | ()] = +oc,

where || - || is an arbitrarily fixed norm in V.

Exercise A.7. Let V be a complex vector space, A be a connected open
subset of C and let f : A — ) be a nonzero holomorphic function. Show
that f~1(0) is discrete and closed in A.

Exercise A.8. Let M, J\wa, N be complex manifolds, f : M — N be a
continuous map and ¢ : N — N be a holomorphic local diffeomorphism.
If g o f is holomorphic, show that f is holomorphic.

Exercise A.9 (bilinear Gram—Schmidt process). Let V be a complex n-
dimensional vector space endowed with a nondegenerate symmetric bilin-
ear form B : V x V — C. A basis (e;)_, of V is said to be nondegen-
erate (with respect to B) if for all ¢ = 1, ..., n, the restriction of B to the
subspace of V spanned by {ey,...,e;} is nondegenerate. If (e;)? , is a
nondegenerate basis of ), show that:

- B i7~’ ~
é1:61, éi:ei_zb,ée_ej)ejy i=2,...,n, (A68)

defines a basis (€;)7_; of V such that B(é;,€;) =0, foralli,j =1,...,n,
i # j, and B(&;,¢é;) # 0, fori = 1,...,n. Choosing a square root
B(é;, )2 of B(é;,&) foralli =1,...,n, and setting:

1

€, =—"-7¢€6;, 1=1,...,n,

B(éi, éi) 2
we get an orthonormal basis (e})?_; of V with respect to .

Exercise A.10. Let V be a real n-dimensional vector space endowed with
an inner product (-,-), let V = V' be a complexification of V' and let
B :V xV — C denote the bilinear extension of (-,-) to VV (see Exam-
ple 1.3.15). Show that every basis of V' (which is automatically a basis of
V) is nondegenerate with respect to B (see Exercise A.9).
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Exercise A.11 (holomorphic Gram—-Schmidt process). Let V be a complex
n-dimensional vector space endowed with a nondegenerate symmetric bi-
linear form B : V x V — C and let §2 be the subset of V" consisting of all
nondegenerate bases of V. Show that:

(a) Qisopenin V"
(b) the map Q > (eq,...,e,) — (€1,...,€n) € V" (see Exercise A.9)
is holomorphic;

(c) in a sufficiently small neighborhood of any point of €2, there exists a
holomorphic map (e, ...,e,) — (€f,...,el,) € V" such that €] is
parallel to é; and B(e},e;) =1,fori=1,...,n.

Exercise A.12. Let X, Y be topological spaces and f : X — Y be a proper
map. Show that f is closed under any one of the following assumptions:

(i) X and Y are metrizable;

(i1) Y is Hausdorff and it is first countable, i.e., every point of Y has a
countable fundamental system of neighborhoods;

(iii) Y is locally compact and Hausdorff.

Exercise A.13. Let X, Y be topological spaces and f : X — Y be a
continuous, closed and surjective map. Show that f is a quotient map, i.e.,
a subset A of Y is open if and only if f~!(A) is openin X.

Exercise A.14. Let V be a real (or complex) vector space and let f :
[a,b] — V be a map. We say that a vector v € V is a Riemann integral
of f if for every linear functional @ € V* the map « o f is Riemann inte-
grable and its integral is equal to «(v). Show that:

(i) if f : [a,b] — V has a Riemann integral (in this case we call f Rie-
mann integrable) then it is unique. We denote the Riemann integral

of fby [ .

(i) If (v;), is a basis for V and f = Y " | f;v; then f is Riemann
integrable if and only if each f; is Riemann integrable; moreover,

=Y () f)vi.
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(iii) If f : [a,b] — V has a Riemann integral and the image of f is
contained in a subspace WV of V then the Riemann integral of f is in
W (and it is equal to the Riemann integral of the map f : [a,b] —
W).

@iv) If V, W are vector spaces, L : V — W is a linear map and f :
[a,b] — V is Riemann integrable then L o f is Riemann integrable

and ["Lof=L([f).

Exercise A.15. Let V be a complex vector space, f : A — )V be a map
defined in a subset A of C and 7 : [a, b] — C be a curve of class C' whose
image is contained in A. We define the line integral fv f by setting:

L f= / o) e,

whenever the integral on the righthand side exists (this is the case, for in-
stance, if f is continuous). Generalize items (ii) and (iii) of Exercise A.14
to the context of line integrals.

Exercise A.16. Let V be a complex vector space endowed with anorm || -||.
Let f : A — V be a map defined in a subset A of C, 7 : [a,b] — C be a
curve of class C! with image contained in A. If the line integral f,y f exists,
prove that:

Ht/an sup || f(2)]| length(y).

z€Im(vy)

Exercise A.17. Let V be a complex vector space, A be a subset of C,
v : la,b] — C be a curve of class C' whose image is contained in A
and (f;);>1 be a sequence of continuous maps f; : A — C converging
uniformly to a (necessarily continuous) map f : A — C. Show that:

lim ﬁ:/f
1— 00 ’Y ,\/

Exercise A.18. Let )V be a complex vector space, A be an open subset of C
and f : [a,b] x A — V be a continuous map such that:

(i) forall ¢ € [a,b], the map f(¢,-) : A — V is holomorphic;
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(ii) if 02 f(t,z) € V denotes the derivative of f(t,-) at z then the map

Oaf : [a,b] x A — Vis continuous®.

Show that the map:

b
Aazr—>/ flt,z)dt eV

is holomorphic and that its derivative at z € A is equal to:

b
/ Buf(t,2)dt

Generalize the result you have proven to the context of line integrals.
Exercise A.19. Let X be a set.
@ If f: X — Cisamap with inf e x |f(z)| > 0 and if (f;);>1 isa

sequence of maps f; : X — C that converges uniformly to f, show
that f;1(0) = () for i sufficiently large and that (%)i>1 converges

uniformly to 3.
@i1) If (fi)i>1, (gi)i>1 are sequences of maps f; : X — C, g, : X — C

converging uniformly to bounded maps f : X — C,¢g: X — C,
respectively, shot that ( f;g;);>1 converges uniformly to fg.

Exercise A.20. Let V be a vector space and consider a norm on Lin())
defined as in the statement of Corollary A.4.3. If T € Lin(V) is invertible,
prove that:

1 ( ) n—1
711 < P ITI

Exercise A.21. Let {y € C, R > 0 and consider the open disk:
D:{CEC:\C7C0|<R}.

Given r € 0, R[, show that the fundamental group m; (D \ {(o}, Co + 1) is
infinite cyclic and that the homotopy class of the curve:

¢:[0,1] 3t (o +re®™ e D (A.6.9)

is a generator.

5 Actually, the continuity of f implies the continuity of 92 f. This can be seen by writing
Oz f as a line integral, using Cauchy integral formula.
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Exercise A.22. Let (o, R, D, r, ¢ be as in Exercise A.2l,letp : £ — B
be a covering map, f : D\ {(o} — B be a continuous map and ey € E
be such that p(eg) = f({o + 7). If v : [0,1] — E denotes the continuous
lifting of f o ¢ with 4(0) = eq, assume that y(1) = eo. Show that there
exists a unique continuous map f : D\ {(} — E withpo f = f and

f(C() -+ 7") = €.

Exercise A.23. Let (o, R, D,r,¢,p: E— B, f: D\ {(} — B, eg,ybe
as in Exercise A.22. Assume that there exists a continuous map g : £ — E
such that po g = p and g(7(0)) = ~(1). Let s > 1 be a positive integer
and consider the curve:

¢ :[0,1] 3t — (o +re’™ € D. (A.6.10)

Show that the continuous lifting v* : [0,1] — E of f o ¢® with v*(0) = ¢g
is given by:

V() =g (y(st — i), te[iHEL],i=0,1,...,s—1, (A6.1])

where ¢(9) : E — E denotes the i-th iterate of g (¢(*) is the identity map
of F).

Exercise A.24. Under the assumptions of Proposition A.6.2, show that:

P(T(G) = > Pilc),

Xi(Co)=p

for all 1 € spc(T'(¢o))-

Exercise A.25. Let V be a real vector space and (a,, ), >0 @ sequence in V'
such that the power series:

o0
> an(t —to)"
n=0

converges in V for all ¢ in an open interval |tg — r, to + 7| centered at g €
R. If (V1) is a complexification of V, show that the power series:

oo

Z tlan)(z —to)"

n=0
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converges in VC forall z € C with |z—t,| < . Conclude thatif f : [ — V
is a real analytic function defined in an open interval I C R then for every
to € I, there exists a holomorphic function f€ : D — V© defined in
an open disk D C C centered at ¢y such that f€(t) = ¢(f(t)), for all
teDnNI.



Appendix B

Generalized Jordan Chains

In what follows we consider fixed a finite-dimensional vector space V'
and a sequence (B"),,>o of symmetric bilinear forms B € Bgym (V). As
usual (see Section 1.1), a bilinear form in a vector space is identified with
a linear map from the vector space to its dual.

For each non negative integer k, we define a linear map Cj, : VF+1 — V*
by setting:

k
Cr(uo, ..., u) = ZBk*i(Ui)v

=0

for all ug, ..., ur € V. Observe that:

Ci+1(0,ug, ..., ug) = Cr(ug, - - ., uk), (B.1)
for all ug,...,ux € V.
B.1 Definition. Given a positive integer k, a sequence (uq, ..., ux—1) €

V* will be called a generalized Jordan chain (of length k) if:
Cp(ug, ..., up) =0,

forall p =0,...,k — 1. The set of all generalized Jordan chains of length
k will be denoted by J, C V*. We let .J, denote the null vector space.

Clearly, Jj, is a subspace of VE, for all k& > 0. Observe that we have a
linear injection:

Ji D (ugy -y up—1) — (0,up, ..., uk—1) € Jpt1 (B.2)

261



262 [CAP. B: GENERALIZED JORDAN CHAINS

whose image is J; 1 N ({0} @ V*) (see Exercise B.1).

B.2 Definition. For each positive integer k, we let W, denote the subspace
of V which is the image under the projection onto the first coordinate of the
subspace J of V*; more explicitly, 1}, is the set of those ug € V which
are the first coordinate of a generalized Jordan chain of length k. We also
set Wy = V.

Since an initial segment of a generalized Jordan chain is also a general-
ized Jordan chain, it follows that W}, ; is a subspace of Wy, for all k£ > 0.
Moreover:

Wy =J; = Ker(B% c V. (B.3)

B.3 Lemma. Given a positive integer k, (uq, ..., ug—1), (Vo,--.,Vk—1)
generalized Jordan chains of length k and setting u, = 0, vy, = 0, we
have:

Cr(ug, ..., ug—1,0) - vg = Z Bk_i_j(ui,vj). (B.4)
i+j<k

Proof. We have:

Z Bkiiij (uiv Uj)

i+j<k
k k—j k—j
= Z (ZBk_l_] (’U,Z)) “V; = ch,j(UQ, N ,uk,j) t V5. (BS)
j=0 " i=0 §=0
If j > 1, (uo, - .., uk—;) is a generalized Jordan chain and therefore:
Ck,j(uo, N ,uk,j) =0.
Hence the last sum in the equalities (B.5) is equal to C(ug, - . ., ug—1,0) -
V- ]
B.4 Corollary. Given a positive integer k and generalized Jordan chains
(ug,---,uk—1), (Vo,-..,vp_1) of length k then:
Cr(ug, - - -y uk—1,0) - vo = Cr(vo, - - -, Vk—1,0) - ug.

Proof. Simply observe that the righthand side of (B.4) is symmetric with
respect to (ug, ..., ur) and (v, ..., vk). O
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B.5 Corollary. Given a positive integer k, vog € Wy, and generalized Jor-

dan chains (ug, ..., up—1), (ug, ..., u),_y) with ug = g then:
Cr(ug, . ug—1,0) - vg = Cx(ug, ..., u)_1,0) - vg.
Proof. Follows directly from Corollary B.4. O

The corollary above allows us to give the following:

B.6 Definition. Given a positive integer k, we define a bilinear form By, in
W), by setting:

Bk(UO,’Uo) = Ck(uo, .. .,'I.kal,O) * Vo,

where (ug,...,uk—1) is an arbitrary generalized Jordan chain starting at
uy € Wy, and vy € W,. We also set By = 1B°.

It follows from Corollary B.4 that By, is symmetric.
We are interested in proving that Ker(By) = Wi.1, for all £ > 0. This
is obvious for k£ = 0 (see (B.3)). It is also easy to check that:

Wk+1 C Ker(Bk). (B.6)
Namely, given k > 1, ug € Wi, vog € Wy, choose a generalized Jordan
chain (uo, . . ., uy) of length k + 1 starting at uy and compute as follows:
Bk(u07v0) = Ck(u()a cee, Uk—1, 0) * Vo
= C(uo, - - -y up—1,ug) - vo — B (ug, v9) = 0,
because (ug, ..., uk—1,ur) € Jpgr1 C Ker(Cy) and vg € Wy, C Wy =
Ker(B).

Given a subspace W of V, we will denote by Ry : V* — W™ the
restriction map defined by Ry () = a|w, for all & € V*. The kernel of
Rw is the annihilator W° C V* of W in V. If Z is a subspace of V' that
contains W, we may also consider the annihilator of W in Z; we choose
the convention of denoting by W only the annihilator of W in V/, so that
the annihilator of W in Z is Rz (W°) C Z*.

We have the following:

B.7 Proposition. For every integer k > 0, we have:

Ker(By) = Wit1, R, (Ck(Jix @ {0})) = Rw, (W) C WT.
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Proof. We use induction on k. The result is trivial for £ = 0. Let £ > 1 be
fixed and assume that the result holds for nonnegative integers smaller than
k. From the definition of By, we have:

ka (Ck(Jk D {0})) = Bk(Wk) = ka (Ker(Bk)o); B.7)

the last equality follows from the result of Exercise 1.2, by observing that
the linear map By, : W), — W} is equal to its transpose (i.e., By, is sym-
metric). Also (recall (B.1) and (B.2)):

Rw, (WE) = Rw, (Cr—1(Ji—1 @ {0}))
=Rw, (Ck({0} & Ji—1 @ {0})) C Rw, (Ci(Jr @ {0})), (B.8)

where the first equality follows from the induction hypothesis. From (B.8)
we know that the subspace A = Ry, (Ci(J, @ {0})) of W contains the
annihilator of W, in W7 ; moreover, (B.7) implies that the image of A under
the restriction map W7 — W} is equal to the annihilator of Ker(By) in
Wy.. Thus, the result of Exercise B.2 (with Vo = Wy, Vi = Wy, Vo =
Ker(By,)) gives that A is the annihilator of Ker(By) in W1, i.e.:

RW1 (Ck(Jk D {0})) = RW1 (Ker(Bk)o).

To conclude the proof it suffices to show that Ker(By) C Wy (recall
(B.6)). Let ug € Ker(By) be fixed and choose a generalized Jordan chain
(ug, . .., ur—1) of length k starting at ug. Since ug € Ker(By,), we have:

Ck(uo, ... ,ux—1,0) € WZ. (B.9)
We claim that the affine space:
Cr((uo, - .., up—1,0) + {0} ® Jp—1 ® {0})
intercepts W;. Namely, to prove the claim, it suffices to check that:
0 € (Rw, ©Ck)((uo, -, up—1,0) + {0} & Je—1 & {0}).  (B.10)

The statement (B.10) is obtained from the following observations: the im-
age of {0} & Jr_1 @ {0} under Ry, o Cy, which is equal to

Rw, (Cr-1(Jk—1 @ {0})),
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is the annihilator of Wy, in Wy, by the induction hypothesis. Moreover,
(Rw, ©Cr)((uo, . .., ug—1,0)) is in the annihilator of W}, in W7, by (B.9).
This proves the claim. Therefore, there exists:

(ug,ul, ..., up_1,0) € (uo, ..., up—1,0)+{0} & Jp_1 &{0} C S & {0}

such that Cy(ug,u},...,u}_4,0) is in W¢. But WP = Ker(B%)° =
B°(V) and therefore there exists u}, € V such that:

O/, .7\ __ / /
B (uk)__Ck(u()vula"'vukflﬂo)'
Hence Cj11(ug, uf, ..., u}) =0, (ug, uf,...,u}) is a generalized Jordan

chain and ug € Wi ;. O

Exercises for Appendix B

Exercise B.1. Given a positive integer k and (ug, ..., ux_1) € V¥, show
that (0, ug, ..., ur—1) is a generalized Jordan chain if and only if the k-
tuple (ug, . .., ur—1) is a generalized Jordan chain.

Exercise B.2. Let Vj be a vector space, V5, V7 be subspaces of Vjy with
Vo C Vi;denote by R = Ry, @ Vi — V{* the restriction map defined by
R(a) = aly,, forall & € Vj;'. Let A be a subspace of V. Assume that A
contains the annihilator of V; in Vj and that R(A) is the annihilator of V5
in V7. Conclude that A is the annihilator of V5 in V.

Exercise B.3. Let V be a real finite dimensional vector space, B : I —
Bsym (V) be a differentiable curve in Bgyr, (V') defined in an interval 7 C R
and let to € I be fixed. Set B¥ = L B®)(t,), where B*) denotes the k-th
derivative of B. Show that:

(a) ifw : I — V is a differentiable map then w is a root function for B
of order greater than or equal to k at ¢ if and only if (ug, ..., ur—1)
is a generalized Jordan chain of length k, where u; = %u(i) (to);

(b) the space W, in Definition B.2 coincides with the k-th degeneracy
space of B at tg;

(c) the symmetric bilinear form Bj, in Definition B.6 is equal to % times
the k-th degeneracy form of B at .






Appendix C

Answers and Hints to the
exercises

C.1 From Chapter 1

Exercise 1.1. The naturality of the isomorfism (1.1.1) means that:

Lin(V, W*) . B(V, W)
Lin(L,M*)l lB(L,M)
Lin(Vy, Wy) = > B(V;, W)

where L € Lin(V;, V), M € Lin(W;, W) and the horizontal arrows in the
diagram are suitable versions of the isomorphism (1.1.1).

Exercise 1.3. Write B = B+ B,, with By(v,w) = % (B(v,w)+B(w,v))

and B,(v,w) = 3 (B(v,w) — B(w,v)).

Exercise 1.5. Use formula (1.2.1).

Exercise 1.6. Every v € V can be written uniquely as v = > jeg % bj,
where z; = x; +1y;, x;,y; € R; therefore v can be written uniquely as
a linear combination of the b;’s and of the J(b;)’s as v = > .y x;b; +

y;J (b))

267
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Exercise 1.7. The uniqueness follows from the fact that +(V) generates V¢
as a complex vector space. For the existence define

W)= For oR(w) +ifor ! 0 S(v),

where R and < are the real part and the imaginary part map relative to the
real form ¢(V') of V€.

Exercise 1.8. Use Proposition 1.3.3 to get maps ¢ : V,® — V.U and ¢ :
V¥ — V¥ such that ¢ o 1; = 15 and ) 0 13 = 11; the uniqueness of
Proposition 1.3.3 gives the uniqueness of the ¢. Using twice again the
uniqueness in Proposition 1.3.3, one concludes that 1) o ¢ = Id and ¢o) =
1d.

Exercise 1.9. If Z = UC, then obviously ¢(Z) C Z. Conversely, if
¢(Z) C Z then R(Z) and I(Z) are contained in U = Z N V. It follows
easily that Z = UC.

Exercise 1.10. In the case of multi-linear maps, diagram (1.3.2) becomes:

VE x - x VE

L1 X Xy

%x---xl/})*fiw

The identities (1.3.5) still hold when 7°® is replaced by T'C; observe that
the same conclusion does not hold for the identities (1.3.3) and (1.3.4).

Lemma 1.3.10 generalizes to the case of multi-linear maps; observe that
such generalization gives us as corollary natural isomorphisms between the
complexification of the tensor, exterior and symmetric powers of V' and the
corresponding powers of V°.

Lemma 1.3.11 can be directly generalized to the case that S is an anti-
linear, multi-linear or sesquilinear map; in the anti-linear (respectively,
sesquilinear) 7C must be replaced by T€ (respectively, by 7). For a
C-multilinear map S : V¥ x --- x V;)C — V€ (orifp = 2and S is
sesquilinear) the condition that S preserves real forms becomes:

SWVix---xV,)CV,
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while the condition of commuting with conjugation becomes:

S(cy...,c)=coS.

Exercise 1.11. If B € B(V), then B(v,v) = —B(iv, iv).

Exercise 1.14. We give the solution of item (d). Since S C S+ and RN
S+ = {0}, we have RN S = {0}. By Corollary 1.4.40, we can find a
Lagrangian L, containing S with RNL; = {0} and, using Corollary 1.4.40
again, we get a Lagrangian L containing R with LoNL; = {0}. Similarly,
we can find a Lagrangian decomposition (L, L) of V'’ with R’ C L{, and
S'C L).SinceV=RaSH V' =R & S/t it is easy to see that:

Lo=R®(STNLy), Ly=R &S NL)).

Now choose an isomorphism from Ly to Lj, that sends R to R’ and SN L,
to St n L{, and use Corollary 1.4.36 to extend it to a symplectomorphism
T:V — V' with T(Ly) = L}. Now, since T carries S N Ly to 8’ N L,
it also carries (S N Lo)* = S + Lo to (§'" N L)+ = &' + L) and
therefore:

T(S) = T((S =+ L()) n Ll) = 5/7
since (S+ Lo)N Ly =Sand (S"+Ly)NL, =5
Exercise 1.15. Write S = (LN S)@® Rand S’ = (L' NS") & R'. Since
RN L = {0}, Lemma 1.4.39 gives us a Lagrangian Ly C V with R C L,
and V = L @ L. Similarly, we have a Lagrangian L} C V' with R’ C L}
and V' = L' ® L}. We have:

dim(S*+ N L) = dim((S + L)*)
= dim(V) — dim(S) — dim(L) + dim(S N L)
= dim(V’) — dim(S’) — dim(L’) + dim(S" N L")
= dim(S'" N L).

Therefore there exists an isomorphism T : L — L’ with:

T(S*NL)=8"nL, T(SNL)=5NL;
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use Corollary 1.4.36 to extend 7' to a symplectomorphism 7" : V. — V'
with T'(Ly) = L}. Now:
T((S+L)Y) =T(S*NL)=85"NL = (5 +L')*,
and therefore:
T(S+L)=S+1L".

Notice that:
S+L=(LNS)+R+L=R+1L,

and, since R C Lq:

(S+L)NL;=(R+L)NL, =R.
Thus, keeping in mind that S = R+ (L N S):

S=(S+L)NL)+(LNS).

Similarly:

S =((8+L)nL)+(L'nS).
Hence T'(S) = §'.
Exercise 1.16. Use (1.4.4).

Exercise 1.17. Set 2n = dim(V) and let P C Ly be a subspace and
S € Bgym(P) be given. To see that the second term in (1.5.16) defines an
n-dimensional subspace of V' choose any complementary subspace W of
P in L; and observe that the map:

L3v+wr— (U,le’LO(’w)‘Q) € P@Q*7 v € Ly, w € Ly,

is an isomorphism. To show that L is isotropic, hence Lagrangian, one uses
the symmetry of S:

w(vr +wi,v2 +w2) = pr, 1, (w1) - v2 — pr,, L, (w2) - v1
= S(v1,v2) — S(vg,v1) =0, (C.1.1)

for all v1,vy € Ly, wy,ws € Lo with v; + wy,v2 +wo € L.
Conversely, let L be any Lagrangian; set P = 71 (L), where 11 : V —
L+ is the projection relative to the direct sum decomposition V' = Ly & L.
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Ifv € Pand wy,ws € Lo are such that v+wq, v+wo € L, then w; —wq €
LN Ly; since P C L+ Ly, it follows that the functionals pr, 1, (w1 ) and
PL,y,L, (w2) coincide in P. Conclude that if one chooses w € L such that
v+w € L, then the functional S(v) = pr, r,(w)|p € P* does not depend
on the choice of w. One obtains a linear map .S : P +— P*; using the fact
that L is isotropic the computation (C.1.1) shows that S is symmetric. The
uniqueness of the pair (P, S) is trivial.

Exercise 1.18. The equality 7'(0,a) = (0,0) holds iff Ba = 0 and
—A*a = (. If B is invertible, then clearly the only solution is & = 0;
conversely, if B is not invertible, then there exists a non zero solution « of
the equations.

Since B* D is symmetric, then sois B*~*(B*D)B~! = DB~'. More-
over, since DB~ ! is symmetric, then so is A*DB™1A; substituting A*D =
(Id + B*C)*, we get that the matrix

(Id+B*C)*B'A=(Id+C*B)B'A=B'A+C*A

is symmetric. Since C*A is symmetric, then B~ A is symmetric. Fi-
nally, substituting C' = B*~*(D* A — 1d) and using the fact that DB~! =
B*'D*,weget C—DB 'A-B'=B*"'D*A-B* ' - DB 'A—
B! = —B*~' — B~ which is clearly symmetric.

Exercise 1.19. T is symplectic iff, in the matrix representations with re-
spect to a symplectic basis, it is TwT™ = w; this is easily established using
the equalities 7*wT = w and w? = —Id.

Exercise 1.20. Clearly, if P,O € Sp(2n,R) then M = PO also belongs
to Sp(2n, R). Conversely, recall from (1.4.6) that M is symplectic if and
only if M = w='M*J; applying this formula to M = PO we get:

PO =w ' P O*w =w ' P - w1 O*w.

Since w is an orthogonal matrix, then w™!P*w is again symmetric and
positive definite, while w™!O*w is orthogonal. By the uniqueness of the
polar decomposition, we get P = w™'P*w and O = w~'O*w which, by
(1.4.6), implies that both P and O are symplectic.

Exercise 1.21. Use Remark 1.4.7: a symplectic map 7T : V; & Vo — V
must be injective. Use a dimension argument to find a counterexample to
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the construction of a symplectic map on a direct sum whose values on each
summand is prescribed.

Exercise 1.22 w(Jv, Jw) = w(J?w,v) = —w(w,v) = w(v,w).

Exercise 1.23. If J is g-anti-symmetric:

g(Jv, Jw) = —g(v, J*w) = g(v,w).

Exercise 1.24. Use induction on dim(V), observe that the gs-orthogonal
complement of an eigenspace of V is invariant by 7. Note that if 7 is Her-
mitian, the its eigenvalues are real; if 7 is anti-Hermitian, then its eigenval-
ues are pure imaginary.

Exercise 1.25. The linearity of the map pr,, 1, is obvious. As dim(L;) =
dim(Lg), it suffices to show that pr, 1, is surjective. To this aim, choose
a € L and extend « to the unique & € V* such that &(w) = 0 for all
w € Lp. Since w is nondegenerate on V, there exists v € V such that
& = w(v,-). Since Ly is maximal isotropic it must be v € Ly, and pp,, 1,
is surjective.

Exercise 1.26. Clearly, 7(L) is isotropic in (S+/S,©). Now, to compute
the dimension of 7(L) observe that:

dim(7(L N S*)) = dim(L N S*) — dim(L N S),
(LNS): =L+ +5+=1L+5+,

dim(L N S) + dim((L N S)*) = dim(V),

%dim(Sl /S) = %dim(V) — dim(S) = dim(L) — dim(S).

The conclusion follows easily.

Exercise 1.27. It follows from Zorn’s Lemma, observing that the union of
any increasing net of B-negative subspaces is B-negative.

Exercise 1.28. The proof is analogous to that of Proposition 1.5.29, ob-
serving that if v;, vo € V are linearly independent vectors such that

B(”i?”i)éoa i:1727
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and such that (1.5.5) holds, then B is negative semi-definite in the two-
dimensional subspace generated by v; and v (see Example 1.5.12).

Exercise 1.29. Let V] be the k-dimensional subspace of V' generated by the
vectors {v1, . .., v } and V3 be the (n — k)-dimensional subspace generated
by {Uk+1,-..,0n}; since X is invertible, then B|y, «v, is nondegenerate,
hence, by Propositions 1.1.10 and 1.5.23,

ne(B) = ne(Blvixvi) + na(Blyt syt ).

One computes:
X/lJ- = {(—X71Zw2,’(U2) w2 € VQ},

and B |V1L xv;- is represented by the matrix ¥ — Z* X -1Z.

Exercise 1.30. The subspace W + W has codimension dim (W N W)
in V, and clearly (see the proof of Proposition 1.5.23):

n_(Blwiws) =n-(Blw) +n-(Blw:).
This implies (see Lemma 1.5.6):
n_(B) <n_(Blw) +n_(Bly+) + dm(W nW). (C.1.2)
Similarly,
ny(B) < ng(Blw) +ny (Blwe) + dim(W 0 WH). (C.1.3)

The conclusion is obtained by adding both sides of the inequalities (C.1.2)
and (C.1.3).

Exercise 1.31. Set W = V @ V and define the nondegenerate symmet-
ric bilinear form B € Bgym, (W) by B((a1,b1), (a2,b2)) = Z(a1,a2) —
U(by,b2). Let A C W denote the diagonal A = {(v,v) : v € V}; iden-
tifying V' with A by v — (v,v), one computes easily Bln = Z — U,
which is nondegenerate. Moreover, identifing V with AL by V 5 V —
(v,U~1Zv) € A%, itis easily seen that B|o. = Z(Z~' —U~1')Z. The
conclusion follows.
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C.2 From Chapter 2

Exercise 2.1. Suppose that X is locally compact, Hausdorff and second
countable. Then, one can write X as a countable union of compact sets
K,,n € IN, such that K, is contained in the interior int(K, 1) of K, 11
for all n. Set Cy = K; and C,, = K,, \ int(K,,_1) forn > 2. Let
X=U y Ux be an open cover of X; for each n, cover C,, with a finite
number of open sets V}, such that

e cach V), is contained in some Uy;
e cach V), is contained in C},—1 U C), U Cpq1.

It is easily seen that X = | .. Vi 1s a locally finite open refinement of
{Ux}a-

Now, assume that X is locally compact, Hausdorff, paracompact, con-
nected and locally second countable. We can find a locally finite open cover
X = U, Uy such that each Uy has compact closure. Construct inductively
a sequence of compact sets K,,, n > 1, in the following way: K is any non
empty compact set, K, is the union (automatically finite) of all U, such
that U N K, is non empty. Since K,, C int(K, 1), it follows that | J,, K,
is open; since | J,, K, is the union of a locally finite family of closed sets,
then | J,, K, is closed. Since X is connected, X = (J,, K. Each K, can
be covered by a finite number of second countable open sets, hence X is
second countable.

Exercise 2.2. Letp € P be fixed; by the local form of immersions there ex-
istopensets U C M andV € N, with fy(p) € V C U, and a differentiable
map r : U — V such that r|yy = Id. Since f; is continuous, there exists a
neighborhood W of p in P with fo(W) C V. Then, folw =7 o flw.

Exercise 2.3. Let 4; and A, be differentiable atlases for N which in-
duce the topology 7 and such that the inclusions i; : (N,.A4;) — M and
iy : (N, A2) — M are differentiable immersions. Apply the result of Ex-
ercise 2.2 with f = i; and with f = iy; conclude that Id : (N, 4;) —
(N, Ay) is a diffeomorphism.

Exercise 2.4. The proof follows from the following characterization of lo-
cal closedness: S is locally closed in the topological space X if and only if
every point p € S has a neighborhood V' in X such that V' N S is closed in
V.
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Exercise 2.5. In order to show that f(M) is an embedded submanifold of
N, it suffices to show that every point in f (M) has an open neighborhood
in N whose intersection with f(M) is an embedded submanifold of N.
Given a point f(x) of f(M), we can find an open neighborhood U of x in
M such that f|y : U — N is an embedding; then f(U) is an embedded
submanifold of N and f|y : U — f(U) is a diffeomorphism. Since f :
M — f(M) is open, f(U) equals the intersection with f (/) of an open
subset of N. Hence f (M) is an embedded submanifold of N and f : M —
f(M) is a local diffeomorphism.

Exercise 2.7. From (2.1.14) it follows easily that the curve:
t— exp(tX) -m

is an integral line of X *.

Exercise 2.8. Repeat the argument in Remark 2.2.5, by observing that the
union of a countable family of proper subspaces of R™ is a proper subset
of R"™. To see this use the Baire’s Lemma.

Exercise 2.9. It is the subgroup of GL(n, R) consisting of matrices whose
lower left (n — k) x k block is zero.

Exercise 2.10. To see that (2.5.21) is a diffeomorphism, observe that its
inverse is given by:

GL(W1) XV 3 (W, 0) — (W, v+ dwy,wy (W) -mo(v)) € GR(Wr) x V.

Clearly, v — ¢w, .w, (W) - mo(v) is in Wy if and only if v is in the graph
of ¢w,.w, (W), i.e., if and only if v is in W. For part (b), observe that it
follows from part (a) that E (V)N (GL(W1) x V) is closed in G (W7) x V.
Moreover, observe that the sets of the form G (W) x V constitute an open
cover of G (V') x V. For part (c), observe that the set (2.5.22) is the inverse
image by the map:

Gr(V) o2 W r— (W,v) € Gp(V) x V

of Ek(V).

Exercise 2.11. Let (L}, L1), (L2, L?) be Lagrangian decompositions of
the symplectic spaces (V7,w1) and (V2,ws), respectively, and consider the
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Lagrangian decomposition (Lo, L1) of (V,w) defined by Lo = L} @ L3,
Ly = L} ® L3. We have a commutative diagram:

A(VR) x A(Va) DALY x A1) — == AU(L)C A(V)  (C21)
‘/’L(IJ,L%X‘PLE,L%\L l‘PLo‘Ll

Bsym(L(%) X Bsym(L(%) . Bsym (Lo)

where the & map is the direct sum of bilinear forms. This map is clearly a
differentiable embedding and therefore the conclusion follows by applying
the criterion given in Exercise 2.6.

Exercise 2.12. Set k = dim(L N Ly). Consider a (not necessarily sym-
plectic) basis (b;)7"; of V such that (b;)?_; is a basis of Ly and such
that (b;)?" %, is a basis of L. Define an extension of B by setting
B(b;,b;) = 0 if either ¢ or j does not belong to {n — k +1,...,2n — k}.

Exercise 2.13. The proof can be done in three steps:

e choose a partition a = tg < t; < --- < ty = b of the interval [a, D]
such that for all 4 = 1,...,k — 1 the portion 7|,_, ¢,,,] of v has
image contained in an open set U; C B on which the fibration is
trivial (an argument used in the proof of Theorem 3.1.29);

e observe that a trivialization «; of the fibration over the open set U;
induces a bijection between the lifts of || and the maps f :
[ti—1,tita] — I

ti1,tiq]

e construct 7y : [a,b] — E inductively: assuming that a lift 5; of v|[44,]
is given, define a lift 7; | of ¥|[4,,,) in such a way that 7, ; co-
incides with 7, on the interval [a, t;—1 + €] for some ¢ > 0 (use the
local trivialization «v; and a local chart in F’).

Exercise 2.14. The map is differentiable because it is the inverse of a chart.
Using the technique in Remark 2.3.4, one computes the differential of the
map T — Gr(T) as:

Lln(Rn7Rm) >Z+—qoZo 7T1|Gr(T) € TGr(T)Gn(n + m)a
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where 7 is the first projection of the decomposition R™ @& R™ and ¢ :
R™ — R"™™ /Gr(T) is given by:

q(z) = (0,z) + Gr(T).

Exercise 2.15. Use the result of Exercise 2.13 and the fact that the general
linear group GL(n, R) is the total space of a fibration over Gy (n).

Exercise 2.16. An isomorphism A € GL(n, R) acts on (W, 0) € G (n)
and produces the element (A(W), ©’) where O’ is the unique orientation
on A(W') which makes

Alw: (W,0) — (A(W),0")

a positively oriented isomorphism. The transitivity is proven using an ar-
gument similar to the one used in the proof of Proposition 2.4.2.

Exercise 2.17. Fixy, is a closed subgroup of Sp(V,w), hence it is a Lie
subgroup. Let L1, L} € A%(Lg) be given. Fix a basis B of Lo; this basis
extends in a unique way to a symplectic basis By in such a way that the
last n vectors of such basis are in L; (see the proof of Lemma 1.4.35).
Similarly, B extends in a unique way to a symplectic basis B} whose last n
vectors are in L. The unique symplectomorphism 7" of (V,w) which fixes
Lo and maps L onto L} is determined by the condition that 7" maps B; to
5.

Exercise 2.18. Use (1.4.7) and (1.4.8) on page 27.

Exercise 2.19. Use formulas (2.5.6) and (2.5.7) on page 87: choose L
A with Ly N Ly = {0} and set B = ¢, ; (L). Now, solve for L the
equation:

B =10, (97 1, (B) = (B = (pp, 1) (01, 1, (Ll)))il-

C.3 From Chapter 3

Exercise 3.1. A homotopy H between the identity of X and a constant
map f = xg drags any given point of X to z.
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Exercise 3.2. For each o € X, the set
{y € X : Ja continuous curve v : [0,1] — X withv(0) = zo, v(1) =y}

is open and closed, since X is locally arc-connected.

Exercise 3.3. Define \,(t) = A\((1—s)t) and Hy, = (A;1-7)-\s. Observe
that H; is a reparameterization of .

Exercise 3.4. If [y] € m1 (X, z0) then H induces a free homotopy between
the loops f o <y and g o «y in such a way that the base point travels through
the curve \; use Exercise 3.3.

Exercise 3.5. Using the result of Exercise 3.4, it is easily seen that g, o f.
and f, o g, are isomorphisms.

Exercise 3.6. The inclusion of {zo} in X is a homotopy inverse for f iff
X is contractible.

Exercise 3.9. If g is a homotopy inverse for f, then it follows from Corol-
lary 3.3.24 that g, o f. = Id and f. o g, = Id.

Exercise 3.10. It follows from r, o1, = Id.
Exercise 3.11. If z, y are in the same arc-connected component of X, there
exists v € Q(X) with v(0) = = and 7(1) = y. Then:
9(x)"1g(y) = vy (7) = ¥n(y) = h(z) " h(y),
and therefore g(z)h(x)~! = g(y)h(y)~ .

Exercise 3.12. Write X = Ua e Xa» where the X,, denote the arc-con-
nected components of X. For each « € A, choose an arbitrary point z, €
Xqo. Define g : X — G by setting g(x) = ¢(y), forall z € X, and
all @ € A, where v € Q(X) is such that 7(0) = z, and y(1) = z. It
is now easy to check (using that 1) is compatible with concatenations) that

Y= %‘
Exercise 3.14. Recall that a Lebesgue number of an open cover
M=V
acA

of a metric space M is a positive number § such that every subset of M
having diameter less than ¢ is contained in some V,,. It is well-known that
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every nonempty open cover of a compact metric space admits a Lebesgue
number (prove this!). For the exercise, take ¢ to be a Lebesgue number of
the open cover K = (J,c 4 /™ (Ua).

Exercise 3.15. Let P be the partition a = tg < t; < --- < t, = b.
Since one can add one point at a time to P, there is no loss of generality in
assuming @ = P U {s}, with s € Jt;,t;41[, forsome i = 0,1,...,k — 1.
If v € Qa,p, we can find o € A with y([t;, t+1]) C Ua. Then, using the
result of Exercise 3.13, we get:

¢(7|[ti,ti+1]) = 1/’04 (7|[ti,ti+1]) = d’a (7|[ti,s] : ’Y [S,ti+1])
= wa (’7|[ti,s])'¢)a (7|[S7t1,+1]) = 1/)(7|[ti,s])w(7|[s,ti+1])-

Exercise 3.17. Do you really need a hint for this Exercise?

Exercise 3.18. Assume (i). Given b € B, pick a local trivialization « :
p'(U) > Ux Fandset] = F,V; = a='(U x {i}), forall i € I.
Clearly p|y, : V; — U is a homeomorphism, for all ¢ € F' = I. Now
assume (ii). Given b € B, let U be a fundamental open neighborhood of
b. Clearly p~—1(b) intersects each V; at precisely one point, and thus the
index set I has the same cardinality as p~1(b) = F. Leto : [ — F bea
bijection and define a local trivialization a : p~1(U) — U x F by setting
a(z) = (p(z),0(i)), forallz € V; and all i € I.

Exercise 3.19. If f1 and f2 are such that p o f1 =po f2 = f then the
set {x : fi(x) = fa(z)} is open (because p is locally injective) and closed
(because E' is Hausdorff).

Exercise 3.20. Letb € B be fixed and write p~1(b) = {ey, ..., e, }. Since
FE is Hausdorff and p is a local homeomorphism, we can find disjoint open

sets Vi, ..., V,, such that e; € V; and p|y, is a homeomorphism onto an
open subset of B, foralli =1,...,n. Set:

o= (Ao sl )T

We have that U is an open neighborhood of b and p~*(U) C J_, Vi, so
thatp~*(U) = Ui, V/, where V/ = p~ 1 (U)NV;,i = 1,...,n. Itis easy
to see that p maps each V) homeomorphically onto U.
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Exercise 3.21. X is connected because it is the closure of the graph of
f(z) =sin(1/x), z > 0, which is connected. The two arc-connected com-
ponents of X are the graph of f and the segment {0} x [—1, 1]. Both con-
nected components are contractible, hence Hy(X) = Z@Z, and H,(X) =
0 forallp > 1.

Exercise 3.22. See [13, §24, Chapter 3].

Exercise 3.23. First, if U C X is open then p(U) is open in X/G since
p~ 1 (p(U)) = U, e gU; moreover, if U is such that gU N U = () for every
g # 1 then p is a trivial fibration over the open set p(U). This proves
that p is a covering map. The other statements follow from the long exact
homotopy sequence of p and more specifically from Example 3.2.24.

Exercise 3.24. The restriction of the quotient map p: X — X/G to the
unit square I? is still a quotient map since I? is compact and X/G is
Hausdorff; this gives the more familiar construction of the Klein bottle.
To see that the action of G on X is properly discontinuous take for every

x € X = RR? the open set U (see Exercise 3.23) as an open ball of radius
1

5 .
Exercise 3.25. Use Example 3.2.10 and Theorem 3.3.33.

Exercise 3.26. Use the exact sequence

C.4 From Chapter 4

Exercise 4.1. Use Sylvester’s Inertia Theorem (Theorem 1.5.10) to prove
that the action of GL (V) in the set of symmetric bilinear forms with a
fixed coindex and a fixed degeneracy is transitive. Conclude the proof using
the fact that GL (V) is arc-connected (see Example 3.2.31).

Exercise 4.6. Consider the set:
A = {t €1 : thas aneighborhood J; in I with gdg(B|;,) = gdg(B)}.

The set A is clearly open in I and nonempty. Prove that A is closed in
A using the existence of locally defined real analytic maps A, as in the
statement of Proposition 4.3.9.
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C.5 From Chapter 5

Exercise 5.1. Compute O, on a generator of Hy(A).

Exercise 5.2. The map [0, 1] x[a,b] > (s,t) — A((1—s)t+sa)-£(t) € Ais
ahomotopy with free endpoints between 7 and the curve A(a)ol. Using Re-
mark 3.3.30 one gets that £ and A(a) o/ are homologous in Hy (A, A°(Lg));
the conclusion follows from Corollary 5.1.6.

Exercise 5.3. Using the result of Exercise 2.17 we find a continuous curve
A: [a,b] — Sp(V,w) such that A(t)(La) = L4 (t) for all ¢ and for some
fixed Ly € A°(Ly); it is easily seen that

Lo,y (1) (1) = PLo,1. (A1) T (D))

The conclusion follows from Theorem 5.1.15 and Exercise 5.2.

Exercise 5.4. Using formula (2.5.11) one obtains:

OLsLo(L2) = =(pLo.Ls) ¥ (PLo.Ls(L2)71); (C5.1)
from (2.5.5) it follows that:
_ #
¥Ly,Lo © (QDL&LO) 1(3) = SDLLLO(LS) + (nf?’[@) (B) € B(L1)7

(C5.2)
for any symmetric bilinear form B € B(Ls). It is easy to see that:

PLo.Ls O N’ 1, = PLoiLy (C.5.3)

and the conclusion follows by setting B = ¢, 1,,(L2) in (C.5.2) and then
using (C.5.1) and (C.5.3).

Exercise 5.5. See Examples 1.5.4 and 1.1.4.
Exercise 5.6. By Theorem 5.1.15, it is

(1o (£) = ny (0ro.L. (€(b)) = 1y (@r,.L. (U(a)));

Conclude using the result of Exercise 5.5 where Ls = L,, setting Lo =
£(a) and then Ly = £(b).

Exercise 5.7. Leta =ty < t; < --- < t;, = b be a partition of [a, b] such
that ¢ ( [ti, ti+1}) is contained in the domain of a coordinate chart ¢, ;: , for
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alli =0,1,...,k—1. The result would follow easily from Theorem 5.1.15
and the additivity by concatenation of both ; and py,, if it were the case
that £(t;) € A°(Lo) for all i. In the general case, let y; : [0,1] — A°(L{)N
AO(Li™1) be a continuous curve with 14(0) = £(t;) and u(1) € A%(Ly),
fori =1,...,k— 1. Setfy = 6‘[to,t1] Sy, b = ui_l Aty o] * it 1s
i=1,....,k—2and {_1 = /L;_ll Lty tn)- Show that £o - £y -+ L1 is
homotopic with fixed end points to ¢ and conclude the proof by observing
that:

k—1 k—1
oo (0) = pry(l) =Y ulls) = p(o).
=0 1=0

Exercise 5.9. Observe that o, 1, (E(t)) changes sign when the symplectic
form changes sign.

Exercise 5.10. See the suggestion for the solution of Exercise 4.6 and
Proposition 5.5.7.

Exercise 5.11. Use Exercise 2.14.

Exercise 5.12. Observe that the map p: Sp(R"™ & R™",w) — A given by
p(T) = T({0} @ R™") is a fibration; the set in question is the inverse
image by p of the dense subset A°(Lg) of A (see Remark 2.5.18). The
reader can prove a general result that the inverse image by the projection of
a dense subset of the basis of a fibration is dense in the total space. For the
connectedness matter see the suggested solution of Exercise 5.13 below.

Exercise 5.13 and Exercise 5.14. These are the hardest problems on the
book. The basic idea is the following; write every symplectic matrix

(¢ »)

with B invertible as a product of the form:

0 B I 0
(e B (Y

with D = S o B and S, U symmetric n. X n matrices. Observe that the set
of symplectic matrices T' with B invertible is diffeomorphic to the set of
triples (S, U, B) in Bgym (R™) X Bgym (R™) x GL(n,R). Using also some
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density arguments (like the result of Exercise 5.12) the reader should be
able to complete the details.

Exercise 5.15. The map ® : Sp(2n,R) — A(R*") given by ®(¢) =
Gr(T') induces a map

®, :m (Sp(2n,R)) 2 Z — m (AR'™) 2 Z)

which is injective (it is the multiplication by 2, up to a sign). This is eas-
ily checked by computing @, on a generator of m; (Sp(?n7 IR)) (see Re-
marks 5.1.21 and 5.1.22). It follows that if a loop in Sp(2n, R) has image
by ® which is contractible in A(R*") then the original loop is contractible
in Sp(2n, R). Now, use that A°(A) is diffeomorphic to a Euclidean space.

Exercise 5.16. Let o : I — V be an arbitrary differentiable map that
coincides with v in a neighborhood of o in J and set 5(t) = Py (6(t)),
where Py : V' — V denotes the orthogonal projection onto £(t) defined
with respect to an arbitrarily chosen inner product in V.

Exercise 5.17. By additivity under concatenations of the Maslov index,
it suffices to consider the case where the image of the curves ¢; and /5
are contained respectively in the domains of charts @1 11, @2 12, where
Ly = L', L2 = L? and (L}, L}), (L3, L?) are Lagrangian decomposi-
tions of V7 and V5, respectively. In this case the conclusion follows from
the commutativity of diagram (C.2.1) and from the fact that signature of
symmetric bilinear forms is additive under direct sum.

Exercise 5.19. Item (a) is trivial. Items (b) and (c) follow directly from
the fact that Maslov index is a groupoid homomorphism. Finally, item (d)
follows from Lemma 5.4.7.

Exercise 5.20. Item (a) follows directly from item (c) of Exercise 5.19.
The antisymmetry of q in the last two variables follows by using (d) of Ex-
ercise 5.19, followed by (a) and (b) of Exercise 5.19. The antisymmetry of
q in the first two variables is obtained using the properties of the Hormander
index given in Exercise 5.19 as follows:

q(L1, Lo, Lo)
= q(L1, Lo; Lo, Ly) = q(L1, Lo; Lo, L1) 4+ q(L1, Lo; L1, Lo)
=q(L1, Lo; L2, Lo) = —q(Lo, L1; L2, Lo) = —q(Lo, L1, L2).
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The antisymmetry of § with respect to the first and last variables follows
from the antisymmetry with respect to consecutive variables. Finally, the
cocycle identity of item (c) is proven as follows:

(L2, L, Ly) —q(L1, L3, La) + q(L1, Lo, La) — q(L1, Lo, L3)
=q(L1, Lo; Ly, L1)—q(L1, Lo; Ls, L) +q(La, L3, Ly) — q(L1, L3, L4)
=q(L1, La; Ly, L1)+a(L1, Lo; L1, L3) +q(L2, L3, Ly) — q(L1, L3, Ls)
= q(L1, Lo; La, L3) +q(Lo, L3, Ly) — (L1, L3, Ly)

= q(L1, Lo; Ly, L3) — q(Ly, L3, La) — q(L1, L3, Ly)

= —q(L4, L3; L1, Ly) — q(La, L3; Lo, Ly) —q(L1, L3, Ly)

= —q(L4, L3; L1, Ly) — q(L1, L3, Ly)

= —q(La4, L3, L1) —q(L1, L, Ls) = 0.

C.6 From Appendix A

Exercise A.1. First observe that if p : 1V — C is of the form (A.6.7) then
p is a polynomial, since it is a linear combination of products of linear
functionals on V. On the other hand, it is easy to see that the set of all maps
p: ¥V — C of the form (A.1) constitute a subalgebra of (), C) containing
Lin(V, C) and hence it contains P(V).

Exercise A.2. If p : V — W is a polynomial then obviously a; o p is a

polynomial, for all 2 = 1, ..., m. Conversely, if c; o p is a polynomial for
all: =1,..., mthen, forall @ € W*, cvop s alinear combination of o;op,
i =1,...,m and therefore it is a polynomial. Hence p is a polynomial.

Exercise A.3. The fact that the sum of polynomials is a polynomial is very
simple. For the composition, it is easy to see that it suffices to consider the
case of a composition g o p, where g is a complex-valued polynomial in the
counter-domain of a polynomial p. The set of all complex-valued maps ¢
in the counter-domain of p such that ¢ o p is a polynomial is easily seen
to be an algebra that contains all linear functionals; hence, it contains all
polynomials.
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Exercise A.4. As in the case of real-vector spaces, the mapinv : T+ T~}
is differentiable and its differential is given by d(inv)(7) - H = —T~' o
H o T~!. Clearly, the map d(inv)(7') is C-linear.

Exercise A.5. We can write':

0o
E ci(z — 20)",
=0

for all z in an open ball centered at 2z contained in A, where

¢ = @ (2).

Let m be the smallest natural number such that ¢,,, # 0. Defineg: A — V
by setting g(2) = ;13w f(2), for 2 € A\ {20} and g(2) = ¢;,. The
map g is clearly holomorphic in A \ {2y} and it is holomorphic in an open
neighborhood of 2y because it is given by the power series:

= E ¢i(z — z0) i-m
1m

Since g(zp) # 0, observe that |g(z)| > ¢ for z in a neighborhood of z, for
some positive constant c.

Exercise A.6. Let m be a natural number such that the map:

9(2) = f(2)(z = 20)™

is bounded near zo. Then the limit lim,_, ., g(z) exists and we obtain an
holomorphic function g : A — )V by setting g(zo) to be equal to that limit?.
Using the result of Exercise A.5 we write g(z) = (z —29)"h(z), where n is
anatural number and h : A — V is a holomorphic function with h(z) # 0.
Then f(z) = (z — 20)" " ™h(z), forall z € A\ {z}. If n —m > 0 then f
is bounded near zg and if n —m < 0 then lim,_,., || f(2)| = +oo.

1You should be familiar with Taylor expansion for holomorphic functions of one complex
variable taking values in C. By choosing a basis in V, you can reduce the case of V-valued
functions to the case of C-valued functions.

2You should be familiar with the fact that a complex-valued holomorphic function of one
variable that is bounded near an isolated singularity admits a holomorphic extension that re-
moves the singularity. The case of V-valued functions is obtained from the complex-valued
case by considering a basis in V.
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Exercise A.7. Obviously f~1(0) is closed in A. Choose a basis of } and
let f; : A— C,i=1,...,dim(V), denote the coordinate maps of f. For
some ¢, the map f; is not identically zero and therefore f{l (0) is discrete.
Hence the set f~(0) C f;*(0) is also discrete.

Exercise A.8. Given z € M, let U be an open neighborhood of f(x) in
N that is mapped diffeomorphically by ¢ onto an open subset ¢(U) of N.
Since f is continuous, f~*(U) is an open neighborhood of x in M. The
restriction of f to f~1(U) is equal to the composition of the restriction
of g o f to f~1(U) with the inverse of the holomorphic diffeomorphism
qlu : U — ¢q(U) and therefore it is holomorphic.

Exercise A.9. Let ¢ = 2,...,n be fixed and assume that ¢, ..., €;_1
are well-defined by (A.6.8) and satisfy B(€é;,€x) = 0 for j # k, j,k =
1,...,i—1and B(é;,&;) # 0, for j = 1,...,7 — 1. Assume also that
the span of {é1,...,€;_1} is equal to the span of {ej,...,e;_1}. Then we
can define é; using (A.6.8) and it is easy to check that B(é;,é;) = 0 for
j =1,...,i— 1 and that the span of {é;,...,¢é;} is equal to the span of
{e1,...,e;} (in particular &; # 0). To conclude the proof, we only have to
check that B(é;, €;) # 0. Butif B(é;, &;) were zero then é; # 0 would be in
the kernel of the restriction of B to the span of {eq,...,e;}, contradicting
the assumption that the given basis is nondegenerate.

Exercise A.10. If (e;)7, is a basis of V' then the restriction of B to the
complex subspace of V spanned by {ey,...,e;} is equal to the C-bilinear
extension of the restriction of the inner product (-, -) to the real subspace of
V spanned by {es,...,e;}. The conclusion follows from the observation
that the C-bilinear extension of a nondegenerate R-bilinear form is nonde-
generate.

Exercise A.11. An n-tuple (e;)7; in V" is a nondegenerate basis of V
if and only if for all £ = 1,...,n, the determinant of the k£ x k matrix
(B(e;, ej))kxk is not zero. Thus, © is open in V", proving (a). If, for
some i = 2,...,n, the map (e1,...,e,) — (€1,...,€_1) is holomorphic
in Q then it follows from formula (A.6.8) that the map (e1,...,e,) —
(é1,...,€;)isalso homolorphic in . This proves item (b). Item (c) follows
from the observation that if f is a holomorphic function of one complex
variable taking values in C \ {0} then in an open neighborhood of every
point in the domain of f we can find a holomorphic function f% whose
square is equal to f.
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Exercise A.12. Let F' be a closed subset of X. If Y is first countable (for
instance, if Y is metrizable) then, in order to check that f(F) is closed in
Y, it suffices to consider a sequence (y)n>1 in F such that (f(z,)), -,
converges to some y € Y and to prove that y is in F. Clearly, the set:

{f(xn) :n>1}U{y} (C.6.1)

is compact, since any any open set that contains y also contains all but
finitely many f(z,). Thus, the inverse image of (C.6.1) by f is compact
and, in particular, the sequence (x,),>1 is in a compact subset of X. Thus,
the sequence has a limit point x € X, i.e., every neighborhood of x con-
tains x,, for infinitely many n. Clearly, € F', otherwise X \ F would be
a neighborhood of x that contains no x,,. We claim that y = f(z). Oth-
erwise, since Y is Hausdorff, there would be disjoint open sets U;, Us in
Y with y € Uy and f(z) € Us. Then, we would have z,, € f~1(U;) for
n sufficiently large and x,, € f~!(U,) for infinitely many n, contradicting
the fact that f~!(Uy) and f~1(Us) are disjoint. Hence y € f(F). This
proves (i) and (ii). Let us prove (iii). Again, let F' be a closed subset of X
and assume that y € Y is not in f(F"). We show that y has a neighborhood
that is disjoint from f(F’). Let K be a compact neighborhood of y. For all
r € f~Y(K)NF, we have f(x) # y and thus, Y being Hausdorff, there
are disjoint open sets U, V, in Y with f(z) € U, and y € V. Since
f71(K) N F is compact, there exists a finite subset S of f~(K) N F such
that:
FUENEC ).
res

We claim that the neighborhood K N (1, g V. of y is disjoint from f(F).
Namely, an element of f(F') N K N[, .g V2 would be of the form f(z),
with 2 € f~1(K) N F. Then z would be in f~!(U,) for some z € S and
therefore f(z) would be in U, NV, = .

Exercise A.13. If A is a subset of Y such that f~1(A) is open in X then
X\f7Y(A) = f1(Y\A)isclosedin X and thus Y\ A = f(f~1(Y'\ A))
is closed in Y. Hence A is openin Y.

Exercise A.16. By the Hahn—Banach theorem there exists a bounded linear
functional o : V — C such that ||a|| < 1 and:

o(L0)=1 /4]
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Moreover:

o([1)= [aoi=| [ alionroa

< sup |[|f(2)[ length(v),
z€Im(vy)

since |a(f(2)) < [[£(2)].
Exercise A.17. Use the result of Exercise A.16.
Exercise A.18. This is a standard result about derivation under the integral.

Exercise A.20. Recall that the entries of the matrix of 7! are given (up
to a sign) by ﬁ(T) times the determinant of an (n— 1) x (n— 1) submatrix

of the matrix of T'. Such determinant equals the sum of (n — 1)! terms that
are (up to a sign) equal to (n — 1)-fold products of entries of the matrix of
T.

Exercise A.21. Argue as in Example 3.2.27 considering the covering map
defined by:

p: {x+iy€@:x<ln(R)} Sz+—(o+e*eD
and observing that a lifting of ¢ with respect to p is given by:
[0,1] 5 ¢ — In(r) + 2mit.

Exercise A.22. Use Proposition 3.2.21 and the result of Exercise A.21.

Exercise A.23. The restriction of * to each interval [1 ”1] is continuous
and thus ~* is continuous. It is straightforward to check that poy® = foc®

Exercise A.24. By Lemma A.6.4, for all 11 € spc(T'(¢o)), the sum:

> PiG)

Xi(Co)=p

is a projection onto a subspace V,, of K, (T(¢o)). By (A.6.5) we have:

oo ) PG = Zi(@:m,

nespe(T(Co)) Xi(Co)=p



[SEC. C.7: FROM APPENDIX B 289

so that:

v D = @ K@)

nespe(T(Co)) nespe(T'(Co))
Thus V, = K,,(T (o)), for all p € spe(T(¢o))-

Exercise A.25. Pick an inner product in V' and consider its sesquilinear
extension to V. Using the corresponding norms, we have ||a, || = ||¢(a,)],
for all n and hence both power series have the same convergence radius.

C.7 From Appendix B

Exercise B.1. Use formula (B.1).

Exercise B.2. The annihilator of V; in V} is the kernel of R. Since A
contains the kernel of R, A = R~} (R(A)); but the inverse image under R
of the annihilator of V5 in V; (i.e., R(A)) is the annihilator of V3 in V;.

Exercise B.3. Use the Taylor polynomials of the maps B and u around ¢.
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The universe we observe has
precisely the properties we should expect if
there is, at bottom, no design, no purpose,
no evil, no good, nothing but blind, pitiless
indifference.

Charles Darwin





