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CHAPTER 8
I ntegration Techniques, L’Hopital’s Rule, and Improper Integrals

Section 8.1 Basic Integration Rules

1. @ %[Nm +C| = 2(%)(% + 1) 1/2(2x) 2. (3 %[mm +d = %(Xzzj_‘ 1) = xzi :
_ \/xfle (b % [(Xzixl)z N C] _ @+ 12 (:(;?gi(xz + ()
(b) %[m +d= %(xz + 1) 1220 = \/% _ 2(()(12 - 3;;?
© %Bm + c] = %(%)(xz + 1) ¥2(2x) © %[arctanx +C]= ﬁ
= e @ Sin6e + 1) + ¢l = 2
) %[In(xz +1)+C] = Xzzf 1 fxz)jr 1 dx matches (@)
j ﬁ dx matches (b).
3@ %['nm +c]= %(xf: 1) - xz)-(k 1
(b) % [(XZTZXJ.)Z N C] _(+1Dx2 (:(z(ix)l()Zj(Xz + (23 _ 2(()(12 :L i))(?
© %[arctanx +C]= ﬁ
(d) %[m(x2 +1)+C]= Xzzf 1

1
f 211 dx matches (c).

4. (a) %[ZX sin(x2 + 1) + C)] = 2x[cos(x2 + 1)(2x)] + 2sin(x® + 1) = 2[2x2 cos(x2 + 1) + sin(x2 + 1)]
(b) %[—%sin(xz T c] = L cosb + (20 = ~xcosh + 1
© %[%sin(xz + 1)+ c] - %cos(xZ +1)(2X) = xcosh@ + 1)
(@ S-2xsin0 + 1) + €] = —2eosix® + D(@0] — 2806 + 1) = ~22¢ cos + 1) + SnGE + 1]

fx cos(x? + 1) dx matches (c).
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5. f (3x — 2)*dx
Uu=3x—2,du=3dx,n=4

Use fu" du.

g —

2t—12+4
u=2t—1,du=2dt,a=2

Usej du

u? + a2’
jtsintzdt

u=t2du=2tdt

11.

Usefsjnudu.

1

J=

X2 — 4

14. dx

u=xdu=dx,a=2
o[
uJu? — a2

16. Letu =1t — 9, du = dt.

f(t_izg)zdtZZJ(t— 9)-2dt =

18. Letu =13 — 1, du = 3t2dt.

J 2YF — 1dt = % f (t3 — DV3(3t?) ot

_l(ts_ 1)4/3
=3 a3 '€
3 4/3
_{ 4” +C
3 3
20. J[X—m]dx—deX—EJ(ZX'F
_X¥_ 3@&x+3t
2 2 -1
X2 3

6 ftz—t+2

2 ax+3 T C

2t — 1 1
a § fde

=12 — = —
u=t2—t+2du=(2t— 1t U=1-2J%du= — = dx

du Vx
Use u du
Use | —.
u
3 T2
dt 10.
J1-12 VX —
u=tdu=da=1 u= —4,du=2xdx,n=—%
du
as—u Usefu“ du.
i jsec 3x tan 3x dx 13. j(cosx)es'"xdx

u = 3x,du = 3dx u = sinx, du = cos x dx

Usefsecutanudu. Usefe“du.

15. Letu = x — 4,du = dx.
— 6
f&x—@%ngﬁx—wa:6Q7§L+c

—(x—4°+C

17. Letu=z— 4,du = dz

f f(zf 4)~5dz = ( 4)4+C

ot C

9 ” T 1)3

fvdv + f(3v - 133 dv

1

2 +C

6(3V - l)2

3)72(2) dx 21. Letu=—-t3+ 9t + 1,du=(—3t2+ 9)dt =
—3(2 — 3) dt.

+C t2-3 _ 1 —312-3
f—ﬁ+m+1m’ 3f—t3+9t+1dt

—%In|—t3+ 9o+1 +C
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X2 1
22. Letu= x>+ 2x — 4,du = 2(x + 1) dx. 23. fxildx:f(x+l)dx+fxildx
X+1 1,5
——dx = + 2x — 4)7Y2 +
f\/mdx zf(x 2x = 47HAc + 1) oy =%x2+x+|n|x—1| +C
= /T X—4+C
2x 8
24. dx = |2dx + dx 25. Letu =1+ e, du = e<dx.
X—4 X—4
ex
= - = + &) +
2x+ 8lInjx — 4| + C fl+e><dx In1+e)+C
1 1 1 1 1 1
26. J(Sx—l_3x+ 1>dx_§f3x—1(3)dx_§f3x+ 19 &
1 1 1 |3x—1
—§In|3x— 1 —§In|3x+ 1] + C—éln = F 1‘ +C
27. J(l + 2x9)2dx = j(4x4+ 4x2 + 1) dx = gXS +gx3 + X + C:%S(12x4+ 20x2 4+ 15) + C
3
28. fx<1+1) =fx<1+§+§2+%>dx=J<x+3+§+%)dx=1x2+3x+3In|x| e
X X X X X X 2 X
29. Letu = 272, du = 4mx dx. 30. fsec 4x dx = %fsec(4x)(4) dx
1
2 = 2
JX(COSZ’]TX ) dx 47TJ(COSZ’7TX )(4rx) dx _ % Injsec 4x + tan4x| + C
1 .
=-—sdgn27x?+ C
47
31. Letu = wx,du = 7dx 32. Letu = cosx, du = —sinxdx.
1 sin X B .
Jcsc(wx) cot(mx) dx = = J csc(arx) cot(arx)ar dx dx = —f(cos X)~Y2(—sinx) dx
T Cos X
:71&(WX)+C = —2Jcosx + C
T
33. Letu = 5%, du = 5dx. 34. Letu = cotx, du = —csc? x dx.
fe‘Sde: %fes%) dx= ge + C fcs@xecothx - —je“’“‘(—csczx) dx = —eotx + C
5 1 e
— X — aX — >
35. Letu=1+ eXdu=e*dx 36.f3€x_2dx 5](3@—2)(e‘x>dx
2 1 ex
dx = 2f< >(—> dx e
—X —X X = —
fe +1 e+ 1/\e 5372efxdx
J S 5( 1
:2 X X R [ — — X
1+ e —2f3_2efx(2e ) dx

=2Inl+e9)+C 5
= Eln|3 —2eX +C
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2
3r. f'”—xd = 2J(Inx)%dx= 2@+ C=(nx2+C

+ s + s — s
39.J'1 smde:J'l snx 1 Snx
COS X COS X 1-—snx

_ 1—sin?x dx
cosx(1 — sinx)

_ Cos? X dx
cosx(1 — sinx)
—COS X
1-sinx

dx

—In|l —sinx] +C, (u=1-sinx

40. fwdQIJCSCada-F fcotada
SN o

= —Inlcsca + cot a| + Injsina| + C

a1 1 _ 1 ,cosf+1 cosh+1
' cosf—1 cosf—1 cosh+1 <costh—1
+1
:%:—csco-coto—cscze
—sin< 0

I S ~ g2
fcos@—lda_f( csc 6 cot O — csc? §) do
=csch+coth+ C

L e
sn® sinb

:1+c030

- +C
sin 0

43. Letu= 2t — 1,du = 2dt.

_71(:“ _ _Ej#dt
1— (2t —1)7? 2) J1— (2t — 1)2

= —;arcsin(ZI -1 +C

2
45, Letu = cos(%), du = %gz/t)dt.
tan(2/t) 1 1 2sin(2/t)
f e ZJ cos<2/t>[ 2 ]dt

co&(%)‘ + C

zlln
2

—sinx
COS X

38. Letu = In(cosx), du = dx = —tan x dx.

f(tanx)(ln cosx) dx = ff(ln cos X)(—tan x) dx

_ —[In(cosx) ]

+
5 Cc

Alternate Solution:

1+ sinx
—dx =
COoS X

= In|secx + tanx| + In|secx| + C

f(secx+ tan x) dx

= In|sec X(sec x + tanx)| + C

secx+ 1
42'J3(secx—1 fsecx—l secx+1>d
secx + 1
3 tan? x
2| secx 2
= — + = 2
3 tan2de 3fcotxdx

2| cosx 2
B §fsin2xdx+§

2 1 2 2
7§<—ﬁ) —§C0tX—§X+C

f(csczx— 1) dx

= —%[cscx+cotx+x]+ C

4. Letu = /3%, du = /3dx.

f;dx=if7dx
4+ 3% V3) 4+ (V/3x)?
1 J3x
=——arctan|—— | + C
2.3 ( )
46. Letu=%,du=_t—21dt
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3 - 1
ar j\/Gx - dex a 3f\/g —(x — 3?2

1

dx = 3arcsin<

x—3
3

)+c

2

48. f dx
(x —1)V/4x2 — 8x + 3
T Y [ S VO [ —
")+ 4ax+65 " ) [x+(1/2+ 16 4

50 J’;dx—f ! dx—J 1 d
VI —x )50+ ax+4 ) JS5—(x+272

ds
51. o

@

dy
52. dx

@

20— DIV2x —DF 1"

X = arcsec|2(x — 1)| + C

+ C = —arctan

dx = = arctan 2

4

i
11—t \7 2

1

S

-1

= tan?(2x), (0, 0)

(b) u=1t%du=2tdt

J ! dt—;fidt
VIt 2) 1P

1 .
= Zarcsint2 + C

2

1 1 1 . 1

— =) — === + 0 = =

<0, 2) 5 2arcsm0 C C 5
_1 P
s—zarcsmt 2

(b) J tan?(2x) dx = J (sec?(2x) — 1) dx

= %tan(Zx) -x+C
(0,0:0=C

y:%tan(ZX) - X

(b) y= J(secx + tan x)2 dx
= f(sec2x+ 2 sec xtan x + tan? x) dx
= f(seczx+ 2secxtanx + (sec?x — 1)) dx

= f(Zsecszr 2secxtanx — 1) dx

=2tanx + 2secx — x + C
At(0,1):1=0+2-0+COC=-1

y=2tanx + 2secx —x—1

1 [x + (1/2)] 1 (Zx +1

>+c

X = arc:s;'n(xJr 2) + C, (a

0.8

-0.8

1.2

-1.2

.

-12
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55.

[
S)

10

.
B

o
N

. UL RN
LN
R L
-

Lo

y = 3eP2x

_(a+ée?, [(1+2d+ e
58.r—J' p dt = " dt

=j(e‘t+2+e‘)dt=—e“+2t+e‘+C

60. Let u = 2x, du = 2dx.
fem= am=
y=|——F———mdx= | ————
X2 — 1 2XV/(2x)2 — 1

= arcsec|2x| + C

62. Letu = sint, du = cost dt.

. 1. .
f S|n2tcostdt=[fsm3t] =0
0 3 0

64. Letu=1—Inx, du=71dx.

1 1

= [—%(1 —1In x)z]i = %

(b)y=fﬁdx )
— 1 0
‘JW"X -~

1
| i

= arcsin(x ) +C

N1 _1
At<2,§>. 2—arcsm(0)+C O C—2

= arcsjn(x_ 2) + 1
y 2 2

56. 01 s 57.y= f(l + e9)2dx

Bk 1|

:f(e2X+2eX+1)dx

-2

EEE SN |
R |
R |
o *,
Bk Y
EE
B SRS LA |

e LY

2 :%ezx+2ex+x+c

dy  sec®x
9 &~ 2+ arx

Let u = tanx, du = sec? x dx.

sec? X 1 tan x
y= mdx—iam‘a”<?> +C

61. Letu = 2x,du = 2dx.

/4 1 /4
dx f cos2xdx = = j cos 2x(2) dx
0 ]

2
1. /4
—[ES'”ZX]O 2

63. Letu= —x2, du = —2xdx.

1 1
xeox = —% e ¥(—2x) dx = [—Ee‘xz]l
0 2 0 2 0

_ %(1 —e1)~ 0316

65. Letu=x2+ 9, du = 2xdx.

e e fox - ! 2 ~1/2
f 1_X|nXdX: _f (1—Inx)<_7l)dx Lﬁdx—ﬁ(x +9) /(2X)dX

= [2m]z =4




Section 8.1 Basic Integration Rules

101

2, 2
66.fx 2dx:f<1—g>dx
1 X 1 X

2
= [x— 2Inx] =1-1In4~= —-0.386
1

5/2
69. A= f (=2x + 5)¥2dx

1 5/2
- J (5 — 20¥2(—2) dx

1 5/2
- 2x)5/2]
5 0

=0+ %(5)5/2 — 53/2

= 5.5~ 11.1803

5
X+ 2
71.Aff0 X2+9dx

5 5
3X 2
_Lx2+9dx+j0x2+9dx

Y 2 X\
= [Zln|x + 9| + 3arctan(s)]O

3 2 5 3
= Eln(34) + é&fdélﬂ(g) - §|n9
= 3 In(g) + 2 arctan<§>

2 9 3 3
~ 2.6806

73. y2 = x3(1 — x3)
y =+ A=)

1
A= 4f X1 — x2 dx
0

—2J'1(1 — x?)V2(—2x) dx

= _ﬂ _ 3/2]1
3(1 X) .
4 4
=30-D=3

67. Letu = 3x,du = 3dx.

o L dx—1 2N§73 dx
o 4+9@ 3], 4+ (K2

1 3x\ %3
- |sael 3]
T
BT I 0.175
2
70. A=Jx\/8— 2x2 dx
0

1 2
= —*f (8 — 2x3)V/2(—4x) dx
4 (o]

1 2
-=(8 - 2X2)3/2]
6 0

1
— + = 3/2
0+1@

= ST\@ ~ 37712

3
72. A= zidx
X+ 1

3
3
_ZL @+ 1%

3
=6 arctan(x)}

0
= 6 arctan(3)
=~ 7.4943

/2
74. A:f sin 2x dx
0

1 /2
= —ZCOSZX]O
1
= —2(—1 -1)=1
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1 1 X+ 2
75. fmdx—garctan( 3 >+C 1
C=0
The antiderivatives are vertical translations of each other. . e
C=-02

-1

6
X—2 1, _ 4 X+ 2

76. fx2+4x+13dx—zln(x + 4x + 13) 3arctan< 3 )+C \

The antiderivatives are vertical trandations of each other.

1 -2 e+ e X\3 1. . _ _
. |———do = — _ . - = —[e>*+ — X — e ¥ +
77 fl+sm0d0 tanfd —sech + C (or1+t (9/2)) 78 J( > )dx 24[ 9ex — Qe e+ C
The antiderivatives are vertical trandations of each other. The antiderivatives are vertical trandations of each other.

5

=) 7|

NS

n+1

n+1

79. Power Rule: Ju”du= +C, n# -1 80. fsecutanudu:sequrC

u=x2+1n=3

81. Log Rule: f@ =Inu[ +C, u=x+1 82. Arctan Rule: f% = 1arctan<9> +C
u a+u a a
83. They are equivalent because 84. They differ by a constant.
ex+C1 = eX . eC:L = Cex’c = ecl' %CZXJF Cl — (tan2x+ 1) + CJ_ — tanzx + C

85. sinx + cosx = asin(x + b)
sinx + cosx = asinxcosb + acosxsinb
sinx + cosx = (acosb) sinx + (asinb) cosx
Equate coefficients of like terms to obtain the following.
l=acosb and 1=asnb

Thus, a = 1/cos b. Now, substitute for ain 1 = asinb.

1 .
1= (ﬁ)Sﬁ'\b

ar

1=tanb O b—z
Sinceb =2 a:;: V2. Thus, sinx + cosx = ﬁsin(x+£)
4’ cos(/4) ’ ' 4)

4

fsinx ixcosx = ﬁsin(f)jr (2/4) = %jcsc(x + %) dx = —%In csc(x + I) + cot(x + %)‘ +C
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1/a 1/a 1
1 a 1 _
o dy = | =2 — 3| = 87. f(x) = =(x® — 7x® + 10x)
86. fo (x — ax®) dx [ZX 3% ]0 62 5
5
Let 1_2 1222 =3 a = 1_ Jf(x) dx < 0 because more area is below the x-axis
6a2 3 ’ 2 0
than above.
y
5
2t (33
y=X
0 5
N
y=ax?
I I X -5
1 2
- 2 4x 2 4
88. No. When u = x2, it does not 89. o 1dx =3 90. mdx =4
follow that x = /u sincex is 0o X °
negative on [—1, 0). Matches (). Matches (d).
y y
/]
5 L
5]
2l
N
n
. e
91. (@ y=2mx3 0<x<?2 (byy=/2x, 0sx<2 ©y=x 0<x<2
y y
254 3T E
20+ T
14-
15+ L x
w0l 3 -'1_1“ 2 3
5+ -2+
—— ———>x 3T
-3 -2 -1 1 2 3
Q2 (@ x=my, O0<sy<4 by x=Vy, 0<sy<4

y=1x 0<x<4nm y=x% 0sx<2
o

y

N A O ®
N L I I
T

41
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93. (a) Shell Method: y
Letu= —x% du= —2xdx 1

1
V= 277f xe~ % dx
0

NI
|
t

Nl

1
- f e %(—2x) dx
0

!

=l - e1) =~ 1986

94, y = f(x) = In(sin x)

Fx) = cosX

sinXx

coszx SN X + cos? X
s= o dx = —
sm sin? x

77/2
= f —dx =
/4 SINX /4

/2
= —In|csc x + cot x|]
/4

= —In(1) + In(/2 + 1)
=1In(V/2 + 1) ~ 0.8814

9. A= 4de= [Sarcsinl]4 = 5arcsinﬂ
) 025 — X2 5]lo 5

1

:m( ZJ(ZS—XZ) 1/2( 2X)dX

1 2\1/2
= Sacsin(4/5) )[(25 - ]o
1 2
" T acs n(4/5) [3-5]= arcsin(4/5) = 2157

b
97. Averagevaue = F:l f f(x) dx

dx

- (=3 f—31 +x

1 3
== arctan(x)]
6 -3

= %[arctan(S) — arctan(—3)]

= %arctan(s) ~ 0.4163

(b) Shell Method:

b
V= 27-rJ' xe~ ¥ dx

0

X

—m-et) =1

3m— 4
37

_p2
e b

37
b= In<377_ u 4) ~ 0.743

95, y=2/x

X+ 1
X

9
SZZ#JZ\/;(,/)H_ldx ,
0 X

9
= Zarf 2Vx + 1dx ol
(0]

_ [47(3)@ ; 1)3/2]2

1
N2 = g
1+ (y) 1+X

= 8—5(1&/?0 -1)

~ 256.545

27 (2157,Y)

b
98. Averagevalue = bfla f f(x) dx

1 /.
= WJO sin(nx) dx

_ m/n
= E[—l cos(nx)]
! 0

~ ~[cos(r) ~ cos0)]

2
T

4
t
12
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99. y = tan(mx)
y’ = msec(mx)

1+ (y)2=1+ mw2secHmx)
1/4

s= J V1 + 72 sect(mx) dx
0

~ 1.0320

101. (a) Jco§xdx: f(l— sin? x) cos x dx

sind x
3

=snx — +C
(b) fcos‘sxdx = f(l — sin? x)2 cos x dx

= f(l — 2siM x + sin*x) cos x dx

sin®x

. 2.
=S|nx—§sm3x+ +C

102. (a) jtm3xdx:f(se&x— 1) tan x dx
:fseczxtmxdx—ftanxdx

2
:tanzxi ftanxdx

2
jtanSde = tanTx + Injcosx| + C
(b) ftan5xdx=J(seczx—1)tan3xdx

tan* x
= — ftan3xdx

4

100. y = x2/3
, 2
Y = 3arm
, 4
1+ (y)?=1+g57

8 4
S:J; 1+dex7.6337

©) Jcos7 xdx = J(l — sin? x)% cos x dx

= f(l — 3six + 3sin*x — sin® x) cos x dx

. . 3. 1.
=snx — sm3x+gsm5x—?sm7x+ C

(d) Jcosl-"xdx = f(l — cos? X)7 cos x dx

You would expand (1 — cos? x)”.

(0 jtanz‘(*lxdx = f(seczx — 1) tan®~1xdx

_ tan?x
2k

— ftanz‘“1 X dx

(d) You would use these formulas recursively.

1(x2 + 1) 1/2(2x)>>

103. Letf(x) = 1(x\/x2 +1+ In‘x + VX2 + 1‘) +C

£00 = (306 + D20 + VR T L+ (
2 +\/x2T
1 1 >
= U+ 1+ (1+
2( x2 l X+ VX2 + 1\ x2+1>
1x2+(x2+1) 1 /\/x2+1+x
2\ U/ +1 X+ V+1 U+l

(2x2+1+ 1 )Z;(Z(x2+l)>:\/)m

V+1 U+ 1 VX2 +1

Thus, f\/x2 +1dx = %(x\/x2 +1+ In‘x + m\) +C

—CONTINUED—
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103. —CONTINUED—

Let g(x) = 1(x\/x2 + 1+ arcsinh(x)).

g'x) = ;( Loe + pvaeg + @I+ fH)
1 ; 1
2( T T VL ¥+1>
1+ (x+1)+1
5( I+l )

_lf20¢+ 1) _ >
)

Thus, f\/xz +1dx = %(x\/x2 + 1 + arcsinh(x)) + C.

104, Letl=f4 vIn(9 = x)

2 VIN(9 — x) + VIn(x + 3)

| is defined and continuous on [2, 4]. Note the symmetry: as x goes from 2 to 4,
9 — xgoesfrom7to5and x + 3goesfrom5to 7. So, lety = 6 — x,dy = —dx.

| _f JInB +y) (—d _f‘l JInB +y)
= (— y) =
4 VIN@B+y) + /In(Q —y) 2 V/InB+y + VIn(B -y

dy

x=20 1=1

J“‘ JIn(9 = x) dX+J4 NEEEY) dx=f4

2 V/In(9 — x) + VIn(x + 3) 2 VIn(B+ x) + /In(9 — x) 2

You can easily check this result numerically.
Section 8.2 Integration by Parts

d, . . .
1 &[smx — XCosX] = cosX — (—xsinx + cosx) = xsinx

Matches (b)

d . . . .
2. &[x2snx+ 2XCosX — 2sinX] = X2 cosx + 2xsinx — 2xsinX + 2Cc0SX — 2 COSX = X2 COS X

Matches (d)
3. %[xzex—2xex+2e*] = X%+ 2xe* — 2xe< — 2e* + 2¢* 4, %[—er xInx] = —1+x<%> +Inx=1Inx
= X% Matches (a)
Matches (c)
5. fxe2X dx 6. szezx dx 7. J(In X)2 dx

u=x, dv=e*dx u = X2 dv = e*dx u = (Inx)2, dv = dx
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8. fln 3x dx 9. fchzxdx 10. fxzcosxdx
u = In3x,dv = dx u = X, dv = sec? xdx u = x3 dv = cosx dx
1. dv=eZdx 0 v=|eXdx= —%e‘zx 12.dv=e>dx O v= Je*xdx = —eX
u=x O du=dx u=x O du= dx
fxe*2X dx = f%xe*2X - ff%efzx dx 2f§ dx = foe*X dx
= —%xe*zx — %e*zx +C = 2{—xe‘x — J—e‘x dx]
- T@l(ZX +1+C =der-er]rC

—2xe* -2+ C

13. Useintegration by parts three times.
(1) dv=exdx O v=jexdx=e>< (2) dv = e<dx O v:Jexdx:ex (3) dv=e‘dx O V=Jexdx=eX
u=x3 [0 du=3xdx u=x> [0 du=2xdx u=x O du=dx
J X3 dx = X3 — 3 J x2e<dx = x3e¢ — 3x%e* + GJxex dx

=x3 — 3+ ox&¥ — 66+ C=e(x3—3x2+6x—6) +C

e1t -1 3 1 3 1.
14. t2 = — el/t(t—z> dt = —et+ C 15. | x2%eX dX:§ ex(3x2)dx:§ex + C

XS
16. dv = x4dx O VZE

u=Inx 0O du=%dx

x° X1
4 =2 R A e
fx In x dx 5Inx fS(X)dx

SR I
—5Inx 5dex

5 1
X—Inxfgx“r C

x5 |
= -1+
5 5Inx—1) +C

18. Letu = Inx, du—éd

fx(ln x)3 f(ln 72 dX - 2(In x)2

17. dv = tdt O V:ftdt:*

1
=Int+1 O du—mdt

ftln(tJr 1)dt = —In(t+ 1)—7J'—dt

t+1

t 1 1
—Eln(t—l-l)—EJ( —1+m>dt

=f|n(t+1)—1[f—t+|n(t+1)]+c
2 2| 2

- %[Z(IZ— Dinjt+ 1) — 2+ 20 + C

19. Letu = Inx, du—ldx

(Inx) _ (Inx?®
f " J(In 3 +C
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_1 B -1 _ 2
20. dv =5 dx [J v—fxzdx » 21.dv—(2X+1)2de v—f(2x+l) dx
1 1
u=Ilnx O dU—XdX ——m
I;Tde:_IHTX %dx=—|n—x—%+c u = xe? O du= (2xe* + e>)dx
=e*2x + 1) dx
xe” dx = — xex + gdx
(2x + 1)2 2(2x + 1) 2
— xe* e e
2+ a4 ST axintC
T, S — 2 -2 :_;
22. dv (x2+1)2dXD v f(x + 1)~2xdx 206 + 1)
u = x2e? O du= (2x8° + 2xe%) dx = 2xe°(x® + 1) dx
X o xe? > o xed e’ e
f(x2+1)2dx‘_2(x2+1)+fxexdx‘_z(x2+1)+7+C‘z(x2+1)+c
23. Useintegration by parts twice.
(1) dv=edx O v=jexdx=e>< (2) dv=e<dx O v=j€‘dx=ex
u=x> [ du= 2xdx u=x O du= dx

f(xz—l)exdx:f%ex dx—fexdx:xzex—2fxe><dx—ex

=xze><—2[xex—fexdx]—e>‘=x2e>‘—2xe><+e><+C=(x—1)2e><+C

1 1 1
24, dv=?de v=f?dx=—; 25. dv=x—1dx OJ v:f(x—l)l/zdx=§(x—1)3/2
u=xX 0 du= dx

u=In2x OO0 du= 1dx
X 2 2
fx\/x —1ldx= éx(x - 1)%2 — gf(x — 1)%2dx

fln(?() a2 +J%dx: _n@) 1,
X X X X X

2 4
— Ly — 1)3/2 _ — 1)5/2
_ @)1, CA R AT A

" C
— 3/2
=2(XT1)(3X+ 2)+C
26. dv=#de V=J'(2+3x)*1/2dx=g 2+ 3x
V2 + 3 3

u=x 0 du=dx
f X dx:zx 2+3X—gj\/2+3xdx

2 + 3x 3 3

X2+ 33X V2 + 3X V2 + 3X

_ X2+ X %(2+3x)3/2+c=2 [9x— 22+ 3]+ C =2

3 3x—4)+cC

27 27
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27.

29.

30.

31

33.

35.

dv = cosxdx [J v:fcosxdx:sinx
u=Xx 0 du=dx

chosxdx= Xsinx — fsinxdx= xsinx + cosx + C

Use integration by parts three times.

(1) u=x3du=3x2dx, dv=sinxdx,v= —cosx

fx3sin dx = —x3cosx + 3fxzcosxdx

(3) u=xdu=dx,dv=sinxdx v= —cosx

28. dv=sinxdx [0 v = —cosx

u=x O du=dx
fxsjndx = —XCOSX — f—cosxdx

= —Xcosx + sinx + C

(2) u=x?du= 2xdx,dv = cosxdx,v = sinx

fx3§nxdx: —x3cosX + 3[xzsinx — fosinxdx]

= —x3cosx + 3x2sinx — 6fxsinxdx

fxe'sinxdx = —x3cosx + 3x¢sinx — 6[—xcosx + fcosxdx}

= —x3cosx + 3x2sinx + 6xcosx — 6sinx + C

Use integration by parts twice.

(1) u=x%du = 2xdx,dv = cosxdx,v=snx

szcosxdx= x2sinx — fosjnxdx

u=t,du=dtdv=csctcotdt,v= —csct

ftcsctcottdt— —tcsct+fcsctdt

—tecsct — Injesct + cott| + C

dv = dx | v=fdx=x
u = arctanx [ du:mdx
X
arctan x dx = x arctan x — dx
1+ x2
1
= xarctanx — Eln(l +x3) +C
Use integration by parts twice.
(1) dv=e*dx O v=fe2><dx=%e2x

u=sinx [ du= cosxdx

—CONTINUED—

(2) u=xdu=dx, dv=sinxdx,v= —cosx
fxz cosxdx = x2sinx — 2[—xcosx + Jcosxdx}

= x2sinx + 2xcosx — 2sinx + C

32. dv=secHtan 6do ] v:fsecetanedezsecf)
u=20 O du=déo
Jewcetaned0:99ec0—fwc0d9

= f#sec — Injsec 6 + tan 6| + C

34. dv = dx O v:jdx:x

u=arccosx ] du= —#dx

J1-x2

X
4 [arccosx dx = 4| xarccosX + [ ————=dx
j [ J\/l — X2 }
= 4[xarccosx -JVi- x2] +C

(2) dv =e>dx [ v:fez"dx:%e2X

u=cosx [0 du= —sinxdx

Integration by Parts 109



110  Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

35. —CONTINUED—

1 _1 X of _1 =1 i _1 1 1 X o )
jezxsmxdx— 2e2 sinx 2Jez"cosxdx 2e2>‘smx 2<2e2><cosx+ zfez sinx dx
§ X :1 X _1 X
4Je2 sin x dx 2e2 sinx 4e2 Cos X

jezxsinxdx = %ezx(Zsinx — cosx) + C

36. Useintegration by parts twice.
(1) dv=exdx O VZJGXdXZGX (2) dv=exdx O v=fexdx=ex
u=cos2x [0 du= —2sin2xdx u=sn2x O du= 2cos2xdx

f@costdx = eXcos 2x + ZfexsinZde= e cos 2x + 2<e><sin2x— ZfeXCOSZde)
5JEXCOSZXdX = e¥Ccos2x + 2e*sin 2x

feXCOSZXdX: %(0032x+ 2sin2x) + C

37. y' = xe¥ 3. dv=dx O v=x
y=fx@2dx=%é2+c u=Inx 0O du=%dx
y’ = Inx

y = flnxdx= xInx — fx@) dx

=xlnx—=x+C=x(—-1+1Inx) +C

39. Useintegration by parts twice.

= # = —-1/2 — g
1) dv mdt O v j(z +3)V2dt= SV2F 3
u=t2 0 du=2tdt

2 dv=/2+3tdt O v= f(z + 3t)Y2dt = g(z + 3t)3/2

u=t 0 du=dt

t2 222 + 3t 4f
= dt = -~ [t/2 + 3tat
y J\/z + 3t 3 3
2t2/2 + 3t 4[2t

2o+ appz-2 f (2 + 3092 dt]

3 3

2t2/2 + 3t 8t 16
=== = _ Z(2+ 32 4 —(2 + 5/2 4
3 >7 (2 + 3t 205 (2 + 3t C

= %(ZHZ — 24t +32) + C



Section 8.2 Integration by Parts

111

40. Useintegration by parts twice.
N dv=Ux—1dx O v= j(x — 1)2dx = %(x — 1)3/2
u=x? O du= 2xdx
2 dv=(x—1%dx O v= f(x — 1)%2dx = g(x — 1)5/2
u=x O du=dx

y:sz\/x— 1dx

— g 2, — 3/2 _ ﬂ _ 3/2 — g 2, _ 3/2 _ é[g — 5/2 _ g _ 5/2 :|
= 3x(x 1) 3 X(x — 1)%2dx = 3x (x—1) 3 5x(x 1) 5 (x — 1)52dx

:gz _ 3/2_§ _ 1)5/2 E _ 1\7/2 :M 2
3x(x 1) 15x(x 1) +105(x 1772+ C 105 (15x2 + 12x + 8) + C

41. (cosy)y’ = 2x

fcosydy = f2xdx

siny=x2+C

42. dv = dx O v:fdx:x
X 1 1 2
u—arctanE O dU—m(E)dX—de
= |arctan 2 dx = xarctan> — idx=xarctan5—ln(4+x2)+C
y 2 2 Ja+x 2
43. (8 y
(b) %:x\fycosx, 0,4 6
& j /\/\
——= = [xcosxdx
jfy ot {1
fy*l/zdy=fxcosxdx (u=x,du=dx dv=cosxdx,v=sinx) .

2yt/2 = xdnx — fsinxdx

= Xxsinx + cosx + C
0,4): 24¥2=0+1+C0O C=3

2.y = xsinx + cosx + 3



112 Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

18

(b) % = e ¥3gn 2, (O, —§>

y = fe*x/?’ sin 2x dx

Use integration by parts twice.
(1) u=sn2x du= 2cos2x

dv = e *3dx,v=—3e %3
fe*x/3sin2xdx = —3e¥3sin2x + f6e’x/3 €Os 2x dx

(2) u=-cos2x, du= —2sn2x

dv=eX¥3dx,v= —3e %3

fe*xﬁsjn 2xdx = —3e *3sin2x + 6[—3e*x/3 COS2X — fBe*X/-?sin 2xdx] +C
37fefx/3sin 2xdx = —3e ¥3sin2x — 18e */3cos2x + C
y = fe*msin 2xdx = 3—17[—3efx/3sin2x — 18e7*/3 cost] +C
(o,%fg): B_lo-1g+coc=0

-1 .
y = E[Z-Be*x/3 sin 2x + 18e™*/3 cos 2]

45, d—y=5ex/8,y(o) =2 10 46. d%=§sinx,y(0) =4

dx RS d

L
L
e o ]
= e
e -, .
T
e e e e
_10femmr s et
e
L

-2

1
LI ]
LR NN

e o L
o M

LR A, RN AR Y

o

10

47. u=xdu=dx, dv=e*¥2dx,v=—2e%2

J'xefx/2 dx = —2xe™¥/2 + JZe*"/2 dx = —2xe™¥/2 — 4e7¥/2 + C

4 4
Thus, f xe ¥2dx = [—er‘x/z - 4e‘X/2]
0 0

—8e2-4e2+4
—12e72 + 4 = 2.376.
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48. See Exercise 3. 49, See Exercise 27.

/2

1 1 /2
foede: [xzex—2xe><+ 2ex} =e—2=0.718 f Xcosxdx = [xsinx+cosx]0 :g— 1
0 0 0

1 1
50. dv=sin2xdx 0 v = [sin2xdx = —=cos2x 51. u=arccosx, du = ———=——=dx, dv = dx,v = X
J 2 V1%
u=x 0 du= dx Jarccosxdx=xarccosx+f#dx
_ J1-—x
xsin2xdx=—1xc052x+1 €os 2x dx
2 2 = xarccosXx — V1 —x2+ C
-1 1 1/2 1/2
= 7xc052x+ Zsin2x+ C Thus,j arccos X = [xarccosx— Vi1- xz]
0 0
1 . 1 1 3
—4(sm2x—2x0052x)+C —Zarccos<2>\/4+1

Thus,f xsin2xdx = F(sian - 2x0052x)]v: -7 =
0 4 0 2

X2
52. dv = xdx O v=fxdx=§

u=arcsinx? [ du:idx

J1—x*

Kt

— | —F/—=0X

2 1— x4
X2

2

= %[x2 arcsinx® + /1 — x4] +C

2
. X .
fxarcsmxzdxz — arcsin X2

acsinx® + (1 - xYV7 + C

1 1
Thus, f xarcsin x2dx = %[xz arcsinx?2 + /1 — x4] = %(w - 2).
0 0

53. Useintegration by parts twice.

(1) dv=eXdx O v:fexdx:e" (2) dv=¢e‘dx O v=fe><dx=ex
u=sinx [0 du= cosxdx u=cosx [J du= —sinxdx
fexsinxdx=exsinx—J'excosxdx:exsinx—excosx—fexsinxdx

Zfexsinxdx = eX(sinx — cosX)

X
Jexsinxdx = %(s’nxf cosx) + C

1 . i — +
_ C(sn1 - cos1) + Lo &Snlzcos +1_ 500
o 2 2 2

1 X
Thus, f eXsinxdx = [%(sinx — cosx)]
(0]



114  Chapter 8

Integration Techniques, L'Hépital’s Rule, and Improper Integrals

54. Useintegration by parts twice.

(1) dv=e*v=—eXu=cosx du= —sinxdx

fe*x cosxdx = —e XcosXx — fe*xsinxdx

(2) dv=e>dx,v= —e X u=snx du = cosxdx
Je‘xcosxdx——e‘Xcosx—[—e‘xsinx+fe‘xcosxdx O ZJe‘Xcosxdx:e‘xsinx—e‘Xcosx
2 —X o —_ a—X 2 _ a2
ThuS,fe’xcosxdx= [e sSnx—¢e COSX] S [sin27c032]+1.
o 2 o 2 2
x3 1
55. dv:x2dx,v:§,u:lnx,du:;dx 56. dv = dx O v:fdx=x
x3 x3 (1 2X
2 A —_ |12 = — 2 - =
fx In x dx 3Inx fs(x)dx u=In1+x3 O du 1+x2dx
_X73 ,1 2 2 — 2\ _ AZ
—3Inx SJX dx fln(1+x)dx—xln(1+x) 1+X2dx
2 X3 1. ) 1
Hence,jlxlnde—[glnx—gx]1 —xln(l+x)—2f[l—m]dx
:§In2—§+1 =xIn(1+ x3) — 2x + 2arctanx + C
3 9 9
“8h2-To1on Thus,
3 9 1 1
J' In(1 + x3) dx = [xln(l + X3) — 2x + 2 arctan x]
0 0
T
—In2—2+§.
57 dv=xdxv=x—2u=arcsecx du=#dx 58. U= x du = dx, dv=sec?xdx, v = tanx
- Y 27 ] Xm . ] ] ]
X2 X2/2 Xsec?x dx = xtanx — | tan x dx
Xarcsec Xdx = —arcsec X — | ——=dx
2 XX —1
_x arcsec X 1 J o dx Her/‘CGI
- 4 - 5 /4 /4
2 4 V=1 f xseczxdx=[xtanx+ln|cosx|]
X2 1 0
_ N 2 _
2arwcx 2\/x 1+C - /2
=|—+In-—=]-0
4 2
Hence,
4 2 4 :E—1
Jxarcsecxdx=[%arcsecx—%\/x2—l] 4 2In2
2 2
_ V15 27 /3
—<8arcsec4 > 3 >
J15 /3 27
= -t — — —
8arcsec 4 > > 3

~ 7.380.
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50. fxzeZXdX _ X2<1e2x) _ (2X)<162X> + 2(162() +C Alternate | uandits v’ and its
2 4 8 signs derivatives | antiderivatives
2
= e~ Ly dexi * X e
2 2 4 1
- 2X =
= %eZX(sz -2x+1)+C + 2 i
— 0 %eZX
_ 1 1 1 1 ; , ;
60. |x3e 2dx = x3 —Se 2| — 3 Je 2| + 6x| —Ze %) — 6 e | + C Alternate | uandits | v’andits
2 4 8 16 signs derivatives | antiderivatives
= —%e*zx(4x3 +62+6x+3)+C + x® e
—_ 32 _%e—zx
+ 6x €
_ 6 _%e—Zx
+ 0 58 %
61. fx3sinxdx = x3(—cosX) — 3x3(—sinx) + 6xcosx — 6sinx + C Alternate | uendits | v’andits
signs derivatives | antiderivatives
= —x3cosx + 3x2sinx + 6xcosx — 6sinx + C -
+ x3 sin x
= (3x2 — 6)sinx — (x* — 6x) cosx + C
- 33 —COSX
+ 6X —sinx
- 6 COS X
+ 0 sin X
1. 1 1. 1
62. | x3cos2xdx = x3| = sin2x| — 3x?| —>cos2x| + 6x| —=sin2x| — 6| = cos2x| + C
2 4 8 16
1.,. 3 3. 3 Alternate | uand its v’ and its
— =3 2.2 _2 _ 9
X SIN2X A0S 2K = X SN2 — g eos2x + C sgns | derivatives | antiderivatives
1 . . + x3 oS 2X
= §[4x3sm2x + 6x2cos2x — 6xsin2x — 3cos2x] + C
- 3 3 sin2x
+ 6Xx —% COS 2X
- 6 —%sin2x
+ 0 % COs 2X
63. fxseczxdx = xtanx + In|cosx| + C Alternate | uandits | v’andits
signs derivatives | antiderivatives
+ X sec? X
- 1 tan x
+ 0 —In|cos x|
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64. sz(x — 2)%2dx = sz(x —2)5/2 — ﬁx(x —2)7/2 + ﬁ(x - 292+ C Alternate | uandits v’ and its
5 35 315 signs derivatives | antiderivatives
= 3—i5(x — 2)5/2(35x2 + 40x + 32) + C + x (x — 222
- 2x E(x — 2)5/2
+ 2 3 (x — 2)7/2
- 0 305 (x — 2)9/2
65. u= Vx 00 w=x O 2udu=dx 66. U = x2, du = 2x dx
fsin Jxdx = jsin u(2u du) = ZJu sinudu j2x3 cos(x?) dx = fxz cos(x?)(2x) dx = fu cosu du
Integration by parts: w = u, dw = du, dv = sin u du, Integration by parts: w = u, dw = du, dv = cosu du,
v = —cosu v=snu
qusjnudu = 2<—ucosu + fcosudu) fucosudu =usnu— jsinudu
=2(—ucosu + snu) + C =usinu + cosu + C
= 2(— /xcos J/x + sin VX) + C = x2sin(x?) + cos(x?) + C
67. Letu=4— x,du= —dx,x=4 — u. 68. Letu = /2%, U? = 2x, 2udu = 2 dx.
4 0 2 2
f X4 — xdx = f (4 — uuv2(—du) f ev2xdx = J e(u du)
0 4 0 0
4 2
= f (4u2 — U¥/2) du = [ue“ - eU] (Integration by parts)
0 0
=2-¢)-(0-1
- [Buse - 2| @-&-0-1
3 0 =e+1
8 2 128
“3® 5@
69. Letw = Inx, dw = %dx,x = e, dx = e¥dw.
fcos(ln X) dx = fcosw(é” dw)
Now use integration by parts twice.
fcoswe‘”dw = coswe" + fsjnwewdw [u = cosw, dv = e"dw]

= coswe" + [sinwe"v - fcoswewdw] [u=sinw, dv = e¥dw]
waswewdw = coswe” + sinwe"
1 .
cosweVdw = Ee‘"’[cosw + sinw] + C

fcos(ln X) dx = %x[cos(ln X) + sin(lnx)] + C
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70. Letw =1+ x2 dw = 2xdx,x2=w— 1, x= Jw— 1L
dw
In(x2 + 1) dx = [In(w)—F——
f ( ) f ( )2Jvﬁ
. 1 1
Integration by parts: u = Inw,du = —dw,dv = ——=dw,v= Jw—1
w 2Jw— 1
Jln(x2 + 1)dx = Inw)vw — 1 — JWT_l dw
Substitution: z= Vw — 1,22=w — 1,2zdz = dw
Jln(x2 + 1)dx = Inw)vw — 1 — fzz i 1(22 dz)
1
= In(w)\/w -1- 2J<1 - m) dz
= Inw)vw — 1 — 2z + 2arctan(z) + C
=In(1 + x3)x — 2x + 2 arctan(x) + C
71. Integration by partsis 72. Answers will vary. 73. No 74. Yes
based on the Product Substitution u=Inx dv = xdx
Rule.
75. Yes 76. No 77. Yes. Letu = xand 78. No
u=x?dv=e>dx Substitution 1 Substitution
du = dx.
X+ 1

(Substitution also works.

Letu= /X + 1.

— 4t

79. (3) ft3e‘4‘ dt = 7128 (323 + 242 + 12t + 3) + C

(b) 5

(c) The graphs are vertical translations of each other.

80. (a) Ja‘lsin('n'a) da = #[—(a'ﬁ)“ cos ma + Ham)?®sin ma + 12(am)? cos ma — 24(aw) Sin wa — 24 cos wa] + C

(b) 5

C=low
-4 o 4

(c) The graphs are vertical trandations of each other.
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— 2X
81. (a) je‘zxsinSde=el—3[—2$in3x—3cos3x]+C
/2 . 1
f e %dn3xdx = —=[2e " + 3] = 0.2374
o 13
(b) 7

(\_ Cc=5

(c) The graphs are vertical trandations of each other.

1,171,875 arcsin|x/5 2 + — x?)5/2 — x)3/2 NS
8. () f X4(25 — x2)%/2 dx — gal x/5]  x(2x 25;%25 X2 625x(2564 ¥ 46,875)(12825 2 e

5
f x4(25 — 22 dx = T80 14 381 0699
b 256

(b) 400

c_1ooj
o S fc=0 |,

I

-200

(c) The graphs are vertical trandations of each other.

83. (@ dv=V/2x—3dx O v= f(ZX — 3V2dx = %(ZX — 3)3/2
u=2x O du=2dx
J’ZX\/ZX —3dx = %X(ZX — 3)3/2 — %J(Zx — 3)%2dx

2 2
== — 3)3/2 - = _ 2)5/2
3x(2x 3) 15(2x 3)%2 + C

= (20— 9+ Y + C = Z(x— P+ ) + C

u+ 3
2

b)u=2x—-3 0 x= %
f 2x/2x — 3dx = f 2(%3)&/2(%)

anddx = - du
du = %f(uW2 + 3u?) du = %EUWZ + 2u3/2] +C

- %u3/2(u +5+C= %(2x _3¥(2x—3) + 5] + C = %(Zx _332(x+ 1) + C
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84. (@ dv= 4+ xdx O V:f(4+x)1/2dx:§(4+x)3/2

u=x O du= dx
2 2

X 4+xdx:§x(4+x)3/2—5 (4 + x)¥/2dx

= 2x(@+ 097 — T4+ X2+ C = 24+ XVAK— 8 + C
3 15 15
() u=4+x 0 x=u—4anddx=du
fx 4+ xdx = f(u—4)ul/2du: f(u3/2—4u1/2)du

2 8 2
— Zy5/2 - = 3/2 — = ,18/2 —
zu 3y +C = (3u—20) + C

= 24+ X973+ ) — 20] + C = =@+ VK-8 + C

85. (a) dv=%dx O v= f(4+ X3~V dx = /4 + X2
%

Ja+
u=x O du= 2xdx

X3
——dx = x? 4+x2—ij 4 + X2 dx
[ R

=x2J/4+ X2 - %(4 +x)3¥2+C= %\/4 +x(x2—-8 +C

) u=4+x2 0 x¥=u—4and2xdx = du [J xdxzédu

J X3 f X2 u—41
— = dx= | ———xdx= | ——=2du
NI NI Ju 2

= %f(ul/z — 4uY2)du = %(%uw - 8u1/2> +C

= %ul/Z(u - 12)+ C= %\/4 +xX[(4+x) —12]+ C= %‘/4 +x2(x®—-8)+C

86. (@) dv= V4 — xdx I v:J(4—x)1/2dx (b)yu=4—-x0 x=4—uanddx= —du
:72(47)()3/2 fx\/4—xdx=—f(4—u)ﬁdu
u=x O du= dx = —f(4u1/2 — u¥?3)du
2 2
Jx\/4 - xdx = —§X(4 — x)%2 + §J(4 — x)¥/2dx _ —gue’/z n %uS/Z ic
S NPT, ST S NP CEI 2
3 15 = *EUWZ(ZO —3u+C
_ _£ — \\3/2 _
= 15(4 X) [5X + 2(4 X)] + C _ _%(4_ X)3/2[20 _ 3(4 _ X)] +C

_ _é _ v)3/2
= 15(4 X)¥/2(3x + 8) + C _ _135(4 — X¥23x + 8) + C
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87. n=0: flnxdx=x(lnxf 1)+ C

=1 xInxdx——(ZInx— 1)+ C

3: x3lnxdx——(4lnx— 1)+ C

ZJXZInxdx— BlInx—1) +C

x5
= 4: 4 = — +
n=4 Jx In x dx 25(5Inx 1)+C

n+1

7(nx+ peln+ Dinx — 1] + C.

In general, fx”lnxdx =

88. n=0: f@dx=e"+C

1: xexdx:xe*fe*JrC:xefoexdx

2: fxzexdx:xzex—2xex+2eX+C:x2e><—2fxede
3 Jx3e><dx:x3e><—3x2ex+6xex—6@+C:x3€—3jx2exdx
n=4 fx“exdx:x“exf4x3ex+12x2exfz4xe>‘+24e>‘+c=x4e>‘f4jx3e>‘dx

In general, Jx"ex dx = x"ex — njx“*1e><dx.

89. dv=snxdx [0 v= —cosx 90. dv=cosxdx [ v=snx
u=xn" O du=nx""1dx u=x" O du= nx""1dx
fx”sinxdx = —x"cosx + njx”‘lcosxdx fx”cosxdxz x"sinx — an”*lsinxdx
Xn+1

9. dv=x"dx O v= 92. dv = e*dx [ v=§eﬁx

n+1
u=x" O du=nx""1dx

u=Ilnx 0O du=%dx
n
Jx”eﬁ‘xdxzX eax—Dfxf“le@‘dx
a a

Xn+1 XN
x"Inxdx = InXx = [——dx
n+1 n+1

:%[(n + 1Inx— 1]+ C
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93. Useintegration by parts twice.

(1) dv=e*dx O v:ieax (2) dv=e*dx O v=%eax
u=sinbx 0 du= bcosbxdx u=-coshx [0 du= —bsinbxdx
feﬂxsinbxdx:eaxs'Tm—gfeaxcosbxdx

axX gj ax aX g 2
- smbx_g[e COSbX+Pfea‘xsinbxdx]=7‘3 Slnbx—%eaxcosbx—Ezje"J‘xsinbxdx
a a a a & a

e*(asin bx — b cos bx)

2
Therefore, (1 + %)feax sinbx dx =

a2
j e*sinbxdx = eax(asinat;er—th) cos bx) + C.
94. Useintegration by parts twice.
(1) dv=e>dx O v=§eax (2) dv=exdx O v:ie@(
u=cosbx 0 du= —bsinbx u=sinbx 0 du= bcosbhx
feaxcosbxdx _ & cosbx + gféxgn bx dx = eaxC;)SbX + g[eaxin bx gjeaxcosbxdx]

_ e cos bx . be™sinbx

b2
a 2 2 €™ cos bx dx

e*(acosbx + bsinbx)
a2

2
Therefore, (1 + %) f e cosbx dx =

e*(acosbx + bsinbx)
a? + b?

J'eaxcosbxdx: + C.

95. n =3, (Useformulain Exercise91.)
3 X4
x3Inxdx = 1—6[4Inx— 1]+ C

96. n =2, (Useformulain Exercise 90.)

fxz cosxdx = x2sinx — fosinxdx, (Useformulain Exercise 83) (n=1)

= x2sinx — 2[—xcosx + fcosxdx] =x2sinX + 2xcosx — 2sinx + C

97. a=2,b =3, (Useformulain Exercise 94.)

€*(2 cos 3x + 3sin 3x) +c

fez cos3xdx = 13
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98. n=3,a=2, (Useformulain Exercise 92 three times.)

3
ijeZde=X§2x—gJ’xze2de, (n=3,a=2
_ X% 3[xe™ . _ -
= - 2[—2 X% dx], (n=2a=2
xX3e>  3x%e* x> 1.,
T2 T4 +2E37_§j§d4
_ X 3™ N 3xe*  3e* C. (n-
2 4 4 8 o

e
=§(4x376x2+6x73)+c

9. dv=e>*dx 0 v=—g¥* 100. dv=e*3dx O v=—3e*3
u=x O du=dx u=x O du=dx
4 (* 4 4 1
xe xdx = xe—x] + | eXdx=— — [e‘x] = xe*X/3 dx
o Jo et 0 9,
5 1 3 3
—1->~0908 ,[ mwﬂ+3 /3 dy
et 9 0 o
3 — ; 79 7X/3:| >
B 9( e [Qe 0 =
1
-1 L 7 =_-—=-—_—=-4+1
7 e -1
-1
—1-2- 0204 -01
e
1 T T
101. A= f e *sin(rx) dx 102. A = f xsinxdx = [—xcosx + sinx]
0 0 0
_ [e*x(—sjn X — T COS wx)]l = 7 (SeeExercise 89.)
1+ 72 0
3
1 T
1+ 772(6 + 77) :
T 1 -1 4
= +
1+ 772(8 1> -1
~ 0.395 (SeeExercise93.) °§ s
e e
103. (@) A= f Inxdx = [—x + xlnx] =1 (SeeExercise4.) y
1 1
(b) RX) = Inx,r(x) = 0 2T
e (&1
V= f(lnx)zdx T
1
e n |
= w[x(ln X)2 — 2xInx + 2x] (Useintegration by parts twice, see Exercise 7.) 12 3
1

m(e— 2) ~ 2.257

—CONTINUED—
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103. —CONTINUED—
_ JixInxdx _e+1

(€) p(x) = x, h(x) = Inx (d) X 1 VR 2.097
— ¢ _ X2 ¢ 1e 2
V—27rjlxlnde—2w[4( 1+2Inx)]1 yzzfl(lnlx) dX:egzzO.BSQ
_(e+ D7 . 3
=5 = 13.177 (See Exercise91.) ®y) = (621- 1' e - 2) ~ (2,097, 0.350)
104. y =xsinx, 0<sx<smw y

T m 3+
@ V=f m[xsinx?dx = wf X2 sin? x dx
0

0

p— q 1+
Letu= x2 du = 2xdx, dv = sin?xdx = ﬂdx,v = ;x — sm2x.
2 2 4 » - X
2
. 1 sin 2x 1 sin 2x it
2 2 — y2| Ty — — Zy —
Jx sin? x dx x[zx 1 ] f(zx 2 )(Zxdx)
1 X2 sin 2x X sin 2x
_ 13 _ 2 _
X 7 f(x > >dx
_ls_ xsin2x X3 N xsinZXdX
2 4 3 2
1 1. 1, . .
= 6x3 - sz sin2x + g(sm 2x — 2xcos2x) + C  (Integration by Parts)
T 1 1., . 1 . . 1
V=] x2sin?xdx = w[fx3 —=x29in2x + =(sin2x — 2xcost)] =gt — 72
o 6" 4 8 0 4
(b) V= f 2mrx(x sinx) dx = 277[2 COSX + 2xsinx — xzcosx] =2mm? — 4] =27° - 8n
0 0
(c) m= f X sin(x) dx = [sinx— xcosx} =
0 0
771 . )
M, = | Z(xsinx)?dx
0 2
111 1
= E[Ews - er] (Seepart (a).)
1 1
- — -3 _ =
2" 8"
M, = j X(xsinx)dx = 72 — 4 (Seepart (b).)
0
M 2 — M 3 _
x= T4 gegs g xo Wim — W87 _1 . 1_ o695
m T m T 2 8
105. In Example 6, we showed that the centroid of an equivalent region was (1, 7/8). By y
symmetry, the centroid of this region is (7/8, 1). You can also solve this problem directly.
Yo . T . 1 2]
A= f <§ — arcsmx)dx = [EX — xarcsinx — /1 — xz] (Example 3)
0 0
T w ‘ «
—<57570)7(71)—1 ’

oMy 1[3_ . ] o My 1(7r/2)+arcsinx[i-r_ : ] B
X = —J;xz arcsin x dX—S, y—A— ) > > acsinx|dx =1
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106. f(x) = X2, g(x) = 2 ,
f(2) =g(2 =4, (4 =g(4) =16 6l (4, 16)
N 1] 12+ m
m=f(x2—2x)dx=[§flnzzx] ) /
2 2 £
_ (% _ E) _ <§ _ i) @ m
3 In2 3 1In2 ey
1 2 3 4
56 12
=3 T n2" 1.3543
‘1 4
M, = f E(x2 + 29(x2 — 29 dx M, = f x[x2 — 2 dx
2 2
L[ s 56 12
=z — 229 ¢ __5 _
ZL (x ) dx in2 *(inae ~ 41855
_ipe 2 (MM,
B 2[ 5 2In 2}2 ®y = (;. H) ~ (3.0905, 9.3318)
(e (28]
2 5 In2 5 1In2
496 60
=5 "in2_ 12.6383

107. Averagevalue = 7—17 f e “(cos2t + 5sin 2t)dt
0

_ 1[6_4t<74c032t + 24din Zt) N 5e_4t<f4sm 2t - 20032t)] (From Exercises 93 and 94)
0

T 20 20
= (1-em =022
107 '

2 2
108. (a) Average = J (16tInt+ 1) dt = [O.St2 Int — 0.4t2 + t] =32(In2) — 0.2 = 2.018
1

1

4 4
(b) Average = f (L6tInt + 1) dt = [o.st2 Int — 0.4t2 + tL =128(n4) — 7.2(n3) — 1.8 ~ 8.035
3

109. c(t) = 100,000 + 4000t, r = 5%, t, = 10 110. c(t) = 30,000 + 500t,r = 7%,t, = 5
10 5 5
P= J (100,000 + 4000t)e*%* dt P f (30,000 + 500t)e 29" it = 500 f (60 + t)e 0o d
0 0 0
0 00 ) 100 _
= 4000 (25 + t)e 0%t dt Letu= 60+ t,dv=e0%dt du=dtv= - e oon,
0
5 5
Letu=25+t,dv= e %%dt du=dtv= —%e*o-oa. P= 500{[(60 + t)(—%oe—o-‘m)] + i;oj e 007t dt}
Y 0
100 10100 (% 100 _ 5 [10,000 _ 5
P = 40 (25 + t) — =005t + = e 005t gt = 5001 | (60 + t) ———g0ont — | == g-oott
5 0 5 Jo 7 0 49 0
10 10 ~
10 [(25 N t)(_ @eﬂ%ﬂ B [10,000670_0&.*] $131,528.68
5 0 25 0

~ $931,265
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H . X 1 . . ™ 2 2 2 ™
11 f, xsin = [*ﬁcosner?smnx]iﬂ 112. J x% cosnx dx = [Xﬁsinnx+n—)2(cosnx—¥sinnx]
aw aw
= —,cosmn — Fcos(—vrn) = %cosmr + %cos(—nw)
2w 4ar
= —=——cos 7n = — cosnmw
n n
_ {—(277/n), if niseven _ { (47/n?), if niseven
(2m/n), ifnisodd —(4m/n?), if nisodd
_(=D)4x
=

113. Letu =X dv = sin<n—77x) dx, du = dx, v = —icos<n—77x>_
2 nr 2

1 1
— | sn(™ ) dax = [ = o " [+ 2 nm
Il—foxsm( 2x)dx— [ o cos( 2x>]0+ nchos( 2x)dx
- Zeal) (2 )]
T onw 2 nm 2 0
) (2wl
T onmw 2 nm 2
Letu=(—x+2),dv= sin(n—wx) dx, du = —dx,v= fico{mx)
2 nw 2
2 2
=), e 2ol o= [0 el ) 2 | oo )
szfl( x+2)sm<2x>dx7[ - co! 2x T 1co 2x dx
2o (2) 5]
T nw 2 nm 2 1
2\2 . (n7
o{5) () 5

s+ 19 = by = | (2 sl ) + (2 )| - fes(5)

114. For any integrable function,  f(x) dx = C + [ f(x) dx, but this cannot be used to imply that C = 0.

115. Shell Method: y Disk Method:
b . m f(a) f (o)
V= 27-rf xf(x) dx V= j (b? — a?) dy + Wf [b2 — [f~X(y)]?]dy
a fa) + 0 f(a)
X2 f (b)
dv=xdx O v="7 :n{bz—az)f(a)—irwbz(f(b)—f(a))—qrf [f~Yy)Pdy
f (a)
u=f(x) O du=f’(x)dx a b

f (b)
w[(bzf (b) — a%(a)) — f " [ f*l(y)]zdy]

V- Zw[ng(x) - f X;f ) dx]: f
b

_ w[(be(b) — a%(a) — j 2t (x) dx]

Since x = fX(y), wehave f(x) = yand f’(x) dx = dy. Wheny = f(a), x = a. Wheny = f(b), x = b. Thus,
f (b) b

f [f’l(y)lzdy=fx2f’(X) dx

f

(a) a

and the volumes are the same.
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116. f/(x) = xe™

@ fx) = fxe*x dx=—-xe*—e*+C

(Parts: u = x, dv = e *dx)

f0O)=0=-1+C0O C=1

f(x) = —xe>*—e*+1

(¢) You obtain the points:

n|ox Ya
01O 0

1 005 |0

2 0.10 | 2.378 x 108
3 | 015 | 0.0069

4 | 020 | 0.0134

80 | 4.0 0.9064

0

(e) Theresultin part (c) is better because h is smaller.

117. f/(x) = 3xsin(2x), f(0) = 0

@ f(x) = ijsin 2xdx = —%(ZXCOSZX —sn2x) + C
(Parts: u = 3x, dv = sin 2x dx)

f(0)=o=—§(0)+cm c=0

f(x) = —%(2xcos2x — sin 2x)

(c) Using h = 0.05, you obtain the points:

n| X Yn 3 -
oo o | VAN
1| 0.05| 005 ‘\/.

2 | 010 | 74875x 104 | -5

3 | 015 | 0.0037

4 | 020 | 0.0104
80 | 40 1.3181

(b) 2

0

(d) You obtain the points:

n| X Yn
00 [0
1]01]0
2 | 0.2 | 0.0090484
3 | 03 | 0025423
4 | 04 | 0047648
40 | 40 | 0.9039
1
0 4

0

b) :

nl % | Y
olo [o

1o1]o0

2 | 02 | 0.0060
3 | 03| 00203
4 | 04 | 0.0801
40 | 40 | 1.0210
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118. f/(x) = cos /x, f(0) =1
(@ Letw = /% w2 = x, 2w dw = dx.
j cos /X dx = fcosw(dew)
Now use parts: u = 2w, dv = cosw dw.
fcos\ﬁ(dx:ZWSinw+Zcosw+C

=2J/xsin /x+ 2cos/x+ C
fO=1=2+C0O C=-1
f(x) = 2/xsin /X + 2cos /x — 1
(c) Using h = 0.05, you obtain the points:

nl % Ya
olo |1

1| 005 | 105

2 | 01 1.0988
3 | 015 | 1.1463
4] 02 | 11926
80 | 40 | 1.8404

(b) 2

-3

(d) Using h = 0.1, you obtain the points:

Nl % | Y
olo |1

1 01| 11

2 | 02 | 11950
3 | 0.3 | 12852
4 | 04 | 13706
80 | 4.0 | 18759

_ /2 /2
119. On O,g],sinxs 10 xsinx<x O f xsinxdxsf X dx.
L 0 0
120. (@) A= f xsinxdx = [sinx— xcosx] =1
0 0
2 20
(b) J xsinxdx=[sinx—xcosx] =27 — 7= —3m

A=3nw

37 37
(c)j xsinxdx=[sinxfxcosx] =37+ 27 =57
2m

27

A =57

The areabetweeny = xsinxandy = O on [nar, (n + 1)7r]is (2n + 1)7:

nm

(n+ 1) (n+ 1)
f xsinxdx:[sinx—xcosx] =+(n+ 1w £n
n

I

A=|xt2n+ 7| = (2n + V=

Tm=+(2n+ D7
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Section 8.3  Trigonometric Integrals

1. y=secx

y’ = secxtanx = sin x sec? x
jsinxseczxdx: secx + C

Matches (c)

2.y =COSX + SecX

y’ = —sinx + sec x tan x

—sinx + sin X sec? X
—sinx(1 — sec?x)

= sinxtan? x
fsinxtanhdx= cosx + secx + C

Matches (@)

4, y = 3x + 2sinxcos®x + 3sinx cosx

3. y:x—tanx+%tan3x

y’ =1 — sec?x + tan? x(sec? x)
= —tan? x + tan® x(1 + tan? x)

= tan* x
jtan“xdx: X — tanx+%tan3x+ C

Matches (d)

y' =3+ 2cos*x — 6sin?xcos® X + 3cos? X — 3s§n?X

=3+ 2c0s*x — 6co?x(1 — cos?x) + 3cos?>x — 3(1 — cos?X) = 8cos* x

f8cos4xdx= 3X + 2sinxcos® X + 3sinxcosx + C

Matches (b)
5. Letu = cosx, du = —sinx dx.
jcos?xsinxdx: —fcos3x(—sinx) dx

= —%cos“x-k C

7. Letu = sin2x, du = 2 cos 2x dx.

fsin5 2x cos 2x dx = %jsin5 2X(2 cos 2x) dx

1
= — gnb +
123m 2x+ C

9. Letu = cosx, du = —sinxdx.

fsin5xc032xdx = fsjn X(1 — cos? )2 cos? x dx

6. fcos3xsin4xdx = fcosx(l — sin?x) sin* x dx

= f(sin“x — sinf x) cos x dx

5 7

sin°x  sin’x
= +C

8. Letu = cosx, du = —sinxdx.
fsin3xdx = fsinx(l — cos? x) dx

= fco§x(—sinx) dx + fsinxdx

=%cos3x— cosx + C

3 5 7

= —f(co§x— 2costx + cosﬁx)(—sinx)dx:_—lcos?er gcos,5x—lcos7x+ C
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10. Letu = sing, du = %cosgdx. 11. fcos,3 0/sin 6do =fcos (1 — sin? )(sin #)~/2de
X X . X . )
fcos?gdx = f(cos§>(1 - sng) dx = f[(sm 0)Y/2 — (sin 6)>2] cos 6 dg
_ o zf)(l 5) — 20 a2 _ 2 a72
f(l sin?3 )\ 3 0083 dx 3(sm@) 7(sm 072+ C
_ x 13X
—3<S|n3 3sm 3> +C

— 'Z_'Sé_;,_
3sm3 sin 3 C

sin®t .
12. dt = [sint(1 — cos?t)3(cost)~Y/2 dt
f@ ( Fcost)

= fsint(l — 2cos?t + cos*t)(cost) Y2 dt

= J’[(cost)*l/2 — 2(cost)®¥2 + (cost)”/?]sintdt = —2(cost)/2 + g(cost)5/2 - g(cost)g/2 +C

1 + cos6x . - .
13. [cos? 3xdx = | ————dx 14. [sin®2xdx = ﬂdx=1(x—lsn4x) +C
2 2 2 4
1 1. 1 .
==(x+= + = “(4x —
Z(X 6s|n6x> C 8(4x sin4x) + C
= i(6x+ sin6x) + C
12
. — + . - -
15. |sin?a - cotade = |2 052« 1HCOS2a 16. |sini2dg = |1 0840, 1= cosd
2 2 2 2
1 1
= Zf(l — c0? 2a) da = Zj(l — 2cos460 + cos? 46) do
1 1 + cos4da 1 1 + cos 86
—‘J(l— > )da —4J(1—200540+ > )do
1 1(/3 1
= §J(1 — cos4a) da = ZJ(E — 2cos46 + 5 cos 80) dé
1 1. 1 3 1. 1 .
—g[a*zﬂn4a:|+c —Z[EO*ESH49+ESI’]86’]+C
1 . 3 1. 1 .
= —[4a — + ==0-= + = +
32[4a sin4a] + C 89 89n40 645|n819 C
17. Integration by parts:
. 1 — cos2x X sn2x 1 .
= gn? — - et 2 _ — Z(oy —
dv = sin?x dx 5 O v > 2 4(2x sin 2x)

u=x [ du=dx

fxsinzxdx= %X(ZX— sin 2x) —%f(ZX— sin 2x) dx

= %x(Zx —sin2x) — %(xz + %cost) +C= é(ZX2 — 2xsin2x — cos2x) + C
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18. Useintegration by parts twice.

dv=sin2xdx=1_+oszx O v=

_sSn2x_ 1(2x—sin2x)

N X
N
|

u=x2 0 du= 2xdx

. 1
dv=sin2xdx O V:—ECOSZX
u=x O du=dx

szsinzxdxz %XZ(ZX —sin2x) — %J(ZXZ — X sin 2x) dx

=1x3—1x25in2x—1x3+1J'xsin2xdx

2 4 3 2
1, 1., 1[ 1 1 }
=3¢ - 2+ -5 x+ =
gF — gXsn 5| ~3Xcos > €os 2x dx
1 1 1 1
=>x3 - >x2gn2x — - 2X + =9
g< X' sn 2% Cos +89n2x+C

= 2—14(4x3 — B6x2sin2x — 6xcos2x + 3sin2x) + C

19. J:/zcos3xdx = % (n=23) 20. £w/2CO§XdX = (%)(g) = 1% (n=5)

21. Jow/zcos7xdx = @)(g)(g) = ;—2 n=17 22. Lw/zsinzxdx = (%); = 7747 n=2

23. Lﬁ/zsinGde = (%)(g)(%)g = % (n=16) 24, fow/zsin7xdx = <§>(g)<g> = % (n=7

25. fsec(Sx) dx = %In|sec 3 +tan3x| + C 26. fsecz(Zx - 1dx= %tan(Zx -1)+C

27. fsec“Sxdx = f(l + tan? 5x) sec? 5x dx 28. JseCGSde = J(l + tan? 3x)? sec? 3x dx
:%(tan5x+tan35x>+c =f(1+2tan23x+tan43x)sec23xdx
:ta255X(3+tan25x)+C =%tan3x+gtan33x+1—15tan53x+c

29. dv = sec? mx dx O v=7—1_rtan7rx
U = Sec X 0 du = 7 sec wx tan 7 dx

1 1
f%éwxdx:;%cthmwx—J'seCﬂ-xtanzwxdx:;seCWXtanwx—fseCWX(seczwx—1)dx
ZJse(,wadx: %(se(:qrxtan ax + In|sec 7x + tan =x|) + C,

1
fsec%x dx = Z(wc X tan wx + In|sec wx + tan wx|) + C
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30. ftanzxdx: f(seczx— Ddx=tanx —x+ C

3 X XL,
32.ftan 2seczzdx 277_tan 2+C

34. Letu = sec2t, du = 2 sec 2t tan 2t.

ftan32t s secd2tdt = j(seczzt —1)sec®2t - tan2tdt = f(sec“Zt — sec? 2t)(sec 2t tan 2t) dt =

tan® x
3

35. ftanzxseczxdx: +C

37. fsec‘Mxtan4xdx = %fseé4x(4sec4xtan 4x) dx

_ sect4x
24

+C

39. Letu = secx, du = sec x tan x dx.

fseéxtanxdx: fseczx(secxtanx) dx

1 3
= Zsec®x + C
33X

2 —
a Jtan de:f(seczx 1)dx
SEC X SEC X
=f(secx—cosx)dx

= Injsecx + tanx| — sinx + C

5X 4 — ( z§_> 3 X
31. ftan 4dx J%c 2 1) tan 4dx
_ 3 X X o 3 X
ftan 4sec24dx tan 4dx

- 4§_< L) X
tan4 jse024 1tan4dx

= tad X 2 X X
tan4 2tan4 4Incos4 +C
33. u = tanx, du = sec? x dx
jSECZXtanXdX:%'[aan-FC
[or,u:secx,du:secxtanxdx,
2 _l 2
Sec xtanxdx—isec x+ C.
sec52t_sec32t+c
10 6
36. ftan52xse022xdx=l—12tan52x+c
X X X(1 X X
38. j%&itmidx—wac§<§$c§tm§>dx

=sec2§+C or

XX x(1 X — a2 X
fseczztanzdx—zftan2<zse022>dx—tan2+C

40. ftan33xdx= f(secz?,xf 1) tan 3x dx

_1 5 1[—3sin3x
= 3Jtan3x(39ec 3x) dx + 3j 053X

1 1
= étan2 33X + §In|c053x| +C

tan? x sin? x
42 seéx_fcoszx'COSstx

= fsinzx - cos® x dx

= jsin2 X(1 — sin?x) cos x dx

= f(s'nzx — sin® x) cos x dx

_sin®x  sin®x

3 5
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43. r = | sin¥(w0) d = 1 [1 — cos(270)]? do 44. s= |sin? S cog? S da
4 2 2
1- 1+ 1 — cos?
= 111~ 2co8270) + cos(270)] do = ( o0s “)( oos a) da= [~ %qq
4 2 2 4
_1 1—2cos(2w0)+w de -1 sinzozdozz1 (1 — cos2a) da
4 2 4 8
1 1 . 0 1 . l[ sinZa]
=-lg- = -4 =26- +
4[0 - sin(2m0) + > + 87Tsm(4770)} +C 8 > C
= L (12760 - 8sin2mH) + sn@me)] + C =L oa—sn2a)+C
327 16
45, yzjtan?’Sx%chdx 46. y=f\/tanxsec4xdx
:f(sec23x—l)sec3xtan3xdx =ftan1/2x(tan2x+ 1) sec? x dx
= %fse@Sx(SsechtanSx) dx — %szechtanSxdx = f(tan5/2x + tan/2 x) sec? x dx
1 1 2 2
_ = _ = + — £tan7/2 £ 1an3/2
gse(>°>3x 3s;ec3x C 7tan x+3tan x+ C
47. (a) y 48. (3 ,
4
-4
ﬂ — qn2 gl — 2 2 ( _1)
(b) o S (0,0) 4 (b) =€ xtan?x, {0, 2
yzfsinzxdx -6 6 y=jsec2xtan2xdx u = tanx, du = sec? x dx
_ s _ tan®x
:fl ZostdX y =3 +C
. 1, _1_ _Llie, 1
:%X_srlleJrC (0,—2). —4—CD y—stanx 2
o _ 1 snZ
(0,0).0—C,y—2x 2
dy 3sinx dy
49. -2 = ,y(0) =2 Y 2y y(0) =
i y y(0) 50. o 3Jytan?x, y(0) = 3
8
ety sbatveri
g S/t -1 1

-4 2



Section 8.3  Trigonometric Integrals 133

51. jsin3x0052xdx= %f(sin5x+ sinx) dx

1
=—|= + +
> (5 COoSs 5x cosx) C

-1
=— + +
10 (cosbx + 5cosx) + C

53. jsin 05in30d0:%f(00520— cos 46) do
1/1 . 1 .
—§<§sm20—zsm40) +C

=%(Zsin207 sin46) + C

55. f cot® 2x dx = j (csc? 2x — 1) cot 2x dx

—lfcotZX(—ZCSCZZX)dX—
sin 2x

2

1 oz o — Linls
2 o0t 2x 2In|sm 2x +C

= %(In|csc2 2x| — cot?2x) + C

57. Letu = cot §, du = —csc? 6 d6.
fcsc4 0do = fcch 0(1 + cot? 9) do
= Jcsc2 0do + fcsc2 6 cot? # do

1
= fcotefécot30+c

2 —
5. jcottdt: csc? t ldt
csct csct

= f(csct — sint) dt

= Injcsct — cott| + cost + C

— gn2
:fcgszxdxzfl SIPX
sinx sinx

:f(cmx—gnx)dx

o |
SeC X tan X

= Injcscx — cot x| + cosx + C

1 20032xdx
5|5

52. fcos 46 cos(—36) do = fcos 46 cos 360 d6

= %f(cos?ﬁ + cos 6) do

sn70 sné@
= +—+
14 2 ¢

54. fsin(—4x) cos3x dx = —fsin4xcossxdx

= —%f(sinx-ksin?x)dx

1 1
—E[—cosx - ;cos7x] +C

1
== + +
14[7cosx cos7x] + C
1

X J—— 2
56. Letu—tanzdu 2sec dx.

jtan4 sect = dx—ftan“2<tan2§+1>sec2 dx

_ 6 X &)(; 25)
2f<tan 2than > 2sec > dx

D S
—7tan2 5tan2+C

58. u = cot 3x, du = — 3 csc? 3x dx

jcsc2 3x cot 3xdx = —%fcot 3x(—3 csc? 3x) dx

—%cot2 3x+ C

_ 2
60. cot3 td _ cpsjtdt 1 smzt costdt
csct sin?t sin?t

= fgosz,t dt — fcostdt
sin?t

—_—l—smt+c——csct—smt+c
sint

i N2 _ — 2
62, fsmx cosZXdX:fl 2 c0os? X
COS X COS X

= J(secx — 2 cosx)dx

= In|secx + tanx| — 2sinx + C
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63. f(tan“t — sectt) dt = f(tanzt + sec? t)(tan’t — sec?t) dit, (tan’t — sec?t = —1)

= ff(tanthrwczt)dt: ff(ZSecztfl)dtsztant+t+C

dx

1—sect cost — 1 ™ 71 _ cos2x
64. cost — 1 T | lract — 1) ~rrct in2 — = Yo en
fcost -1 (cost — 1) cost t 65. fﬂsn x dx 2j0 5
=fsectdt=ln|sect+tant|+c :[X_%gnz)(]”:w
0

/3 /3
66. f tan? x dx = f (sec?x — 1) dx
0 0

1 /4
= [Etanzx + In|cosx|]

1

= E(l - In2)

68. Letu = tant, du = sec?t dt. 69. Letu= 1+ sint, du = cost dt.

/4 /2
2 w4 2 cost
sec?t/tantdt = [f tan3/2t] ==
0 3 0 3 0

/4 /4
67. J tan3xdx=J (sec?x — 1) tan x dx
0 0

/3 /4 /4 in
=[tanxfx] =V3-Z =f wczxtanxdx—f ANX g
0 3 0 0

X
COS X

,
0

/2
— dt = + si =
1+Sintdt [In|1 smt|]0 In2
70. f sin3ecosed6:%j (Sin46 + sin 26) do 71. Letu = sinx, du = cosx dx.
T - /2 /2
11 1 m co§xdx=2f (1 — sin?x) cos x dx
=5 Zcos49 + 500320 T 0 /2 0
_ ol g ey 4
—2[smx 3sm x]o =3
/2 /2
72.j (sin2x+1)dx:f (%Jrl)dx 73. Jcos“gdle—ls[ex+85inx+sin2x]+c
/2 —m/2
w2 (3 1 :1[-5 X aanX §+]+
_J (§_§C052X>dx 84sm2co§2 6sinzcoss + 3k +C
/2
—Fx—;sian]W/2 _ 37 i
(27 4 —m2 2 c=2
-9 9
C=0

74. fsinzxcos?xdx= 3—12[4x —sn4x] + C
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3 C=10
75. Jsecs mxdx = 4177{sec" X tan 7x + g[sec mxtan orx + In|sec 7x + tan 7TX|]} +C k l\
-3 {)w w(} 3
Cc=-12 -3
2, —
76. ftane'(l— X) dx = —W— Injcos(1 — x)| + C 77. fsec5 X tan wxdx=5—1wseo" X+ C
2 5
5 TRl
|RIAY LT
L1 |
sec*(1 — X /4 /4
78. jsec“(l—><)tan(1—X)dx:—7(4 Vi o 79.f sin20sin30d0=%[sina—%sinse] =31—?
0 0

2

ilalall

/2 3 ] 1. /2 /2 3 /2
80. (1—0059)2d0:[EO—ZSIn@-i-ZstG] 81 sin4xdx=1[—x—sin2x+lsin4x]
0 0 o 4] 2 8 0
L _ 37
4 16

w/2
. 1| bx . 3. 1. /2 B
. 5 === + = + =sn® ==
82 JO sin® x dx 8[2 2sn2x 8sm4x 6sm ZX]O 0

83. () Save one sine factor and convert the remaining sine 84. See guidelines on page 537.
factors to cosine. Then expand and integrate.

(b) Save one cosine factor and convert the remaining
cosine factors to sine. Then expand and integrate.

(c) Make repeated use of the power reducing formulato
convert the integrand to odd powers of the cosine.

85. (a) Letu = tan 3x, du = 3 sec? 3x dx.
f sec* 3x tan 3x dx = fwcz 3x tan® 3x sec? 3x dx = % j (tan? 3x + 1) tan® 3x(3 sec? 3x) dx

1 5 tan®3x | tan*3x
== + tan® = + +
3 j (tan® 3x + tan3 3x)(3 sec? 3x) dx 18 o C,

Or let u = sec 3x, du = 3 sec 3x tan 3x dx.
fsec4 3xtand 3x dx = f%(ﬁ 3x tan? 3x sec 3x tan 3x dx

sec®3x  sec? 3x
18 12

+C

= %Jse& 3x(sec? 3x — 1)(3 sec 3x tan 3x) dx =

—CONTINUED—
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and Improper Integrals

85. —CONTINUED—

(b) 0.05
-05 k_—/j; 0.5
-0.05
sec®3x  sec* 3x (1 +ta?3x)3 (1 + tan? 3x)?
© g 2 TC7 18 12 tC
1 1 1 1 1 1 1
I 6 = 4 = 2 - _ = 4 _ = 2 - = 4+
18tan 33X + 6tan 3X + 6tan 3X + 18 12tan 3x 6tan 3X D C
_ tan®3x tan43x+<i_i>+c
18 12 18 12
_ tan®3x  tan*3x ‘e
18 12 2
86. (@) Letu = tanx, du = sec?®x dx. (b) 8
fseczxtanxdx = %tanzx + C,

Or let u = sec x, du = sec x tan x dx.

fsecx(secxtanx) dx=%se(:2x+ C

(c) %sec2x+ C=%(tan2x+ 1) +C=%tan2x+<

/2
87. A:f (sinx — sindx) dx
0
/2 /2
f sinxdxff sin® x dx
0 0

(Wallis's Formula)

/4
89. A= f [cos? x — sin? x] dx
/4

/4
f €os 2x dx
—/4

_sin ZX]"/“

2 —m/4

2

e

-4

2

1
88. A=f
0

9. A

s
0

1
2

N

J‘ﬂ'/él
—/2
J‘ﬂ'/4
—/2

— cos(27X)

)= Lianex + G,

sin?(mx) dx

> dx
sin 277X]1

47 o

[cos? x — sinx cos x] dx

[1 + cos 2X
2

— sinxcosx] dx

sin2x  sin? x]”/“

4 2 —/2
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. /2 X X
91. Disks Y 9. V= wj [cos?(E) - sinz(i)] dx
0
R(x) = tanx, r(x) = 0 T w2
/4 3T = 7| cosxdx
V= 277f tan? x dx ‘ ‘ . 0
0 ‘ non /2
8 4 .
i -l = w[sm x] =
= 27rf (sec?x — 1) dx ol °
0

/4
= 27T[tanx - x}
0

277(1 - 3) ~ 1.348

4
93. () V= 7sin2xdx:7—T W(l—(:OSZX)dx:7—T[x—lsin2x]ﬁz12
’ o 2 2 2 o 2
(b) A=jsjnxdx=[fcosx] =1+1=2
0 0
Let u = x,dv = sinxdx, du = dx, v = —cosX.

Y=1 7xsinxdx=1[[—xcosx]w+ Wcosxdx]=1[—xcosx+sinx]w=z
A 2 o Jo 2 o 2

T

0
1 (7. (™ 1 1. T
v=— 2 == - =Zx—= =2
y ZALS”] X dx 8,[) (1 — cos 2x) dx 8|:X 2S|n2x]O 8

/2 o /2 - 1
% (a8 V= j coszxdx:—f (1+c052x)dx:—[x+fsin2x
o 2 Jo 2 2

/2 w2
]0 4

/2

/2
(b) A=f cosxdx = [Sinx] =1
0

0

Let u = X, dv = cosxdx, du = dx,v = sinx.

/2 w/2 /2 w/2
Y:f xcosxdx:[xsinx] —J sinxdx:[xsjnx+cosx] =
0 0 0 Y

/2 /2
1 1 1 1. .07 =
y—ZJO coszxdx—4J; (1+(:032x)dx—4[x+23|n2x}o =3

(x,y) = <7T;2%)

95. dv=snxdx [0 v= —cosx

u=sn""1x O du=(n— 1)sn"2xcosxdx

fsin”xdx = —sin""!xcosx + (n — 1)f§n"‘2xco§xdx = —sin""1xcosx + (n — 1)fsin”‘2x(l — sin?x) dx

= —dn""!xcosx + (n — 1)fsin“*2xdx —(n— 1)fsin“xdx
Therefore, nfsin”xdx = —sn"~1xcosx + (n — l)J’sin“*Zde

. —sin""1xcosx n—1/{.
fsm”xdx: + jsm”‘zxdx.

n n

[NEE o
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96. dv=cosxdx [1 v=snx

u=cos" 'x O du=—(n—1)cos" 2xsinxdx

fcos”xdx: cos" ixsinx + (n — 1)fco§*2xsjn2xdx
=cos" Ixsnx + (n — l)Jcos"*Zx(l — co? X) dx
=cos" Ixsinx + (n — 1)fco§*2xdx —(n— 1)Jco§xdx

Therefore, nJcos"xdx =cos" Ixsinx + (n — 1)jco§‘2xdx

fcos“xdx= cos’ nxsmx + n o jcos**?xdx.

97. Letu=sn""1x,du= (n— 1) sin"2xcosxdx,dv=cos"xsinxdx,v =

—sin"" 1 xcos™t1x N n—-1
m+1 m+1

fcosmxsin"xdx =

—sin"~1xcos™1ix n-1

fgn“‘zxcogn+2xdx

—cosmt1lx
m+ 1

= + fsjnnfzxcos‘"x(lf sin?x) dx

m+ 1 m+1

—sin""1xcos™lx n-—1

. n
= + fsm“*zxcosmxdx—

m+ 1 m+1

m+n —sn""1xcos™tlx n-—1

m+1

m+1 m+1

—coS“’flxsin“—lir n—-1
m+ n m+ n

fcosﬂxsin“xdx =

98. Letu = sec" 2x,du = (n — 2) sec" 2xtan x dx, dv = sec?x dx, v = tan x.

Jsec“xdx= sec" 2 xtanx — J(n — 2) sec" 2 x tan? x dx

sec" 2xtanx — (n — 2)fsec”*2x(sec2x — 1) dx

sec" Zxtanx — (n — 2)[fsec”xdx— fsec“*zxdx]
(n— 1)f$d‘xdx= sec" 2xtanx + (n — 2)f$0"‘2xdx

1 -2
sec" X dx = ——sec" " 2xtan X + n-e sec" 2 x dx
n—1 n—1

Tar]
99. fsin5xdx: —w+ﬂfsin3xdx

5 5
sin*xcosx 4 sin®xcosx 2 [ .
= — +7 — p—
5 5[ 3 + 3fsmxdx]

= —ésin“xcosx—isinzxcosx—ﬁcosx+ C
5 15 15
_ _cosx

15 [3sin*x + 4sin?x + 8] + C

Jcosmxsin“xdx= + Jsin“*ZXCOS“xdx

fcoS“xsin“*xdx

m+1

fsin"xco@xdx
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100. J‘cos4xdx=w+§fcoszxdx

S

+ +
2 2

_ cos®xsinx §[cosxsinx 1 dx]
4 4

1 . 3 . 3
—Zcos3xsmx+§cosxsmx+§x+ C

=%[2c:o§xsinx+ 3cosxsinx + 3x] + C

101 jsecAZ'n'X —fsec“' 27TX 277
_ 5 (1 of2mX) (27X 2 [ f2mx\2m
‘Zw[ssec( 5 )ta”< 5 >+3f%( 5 )5 dx]
_ 5[ e 27X <27rx> <27rx>]
677[36(:( 5)tan 5 + 2tan 5 + C

_ 5 27X o 27X
“erl 5| =) | e

in3
102. f§n4xco§xdx= —%:m“réjcoszxsinzxdx
cos®xsin®x 1] cos®xsinx 1

1 P § . 1| cosxsinx X

= 600§’xsm X 800§’xsmx+ 8[72 + 2] + C

= —4—18[8cos3xsm3x+6cos3x5|nx—3(:osxsmx—3x]+C
103. f(t) = a, + alcos 6 Ly b, sm%t

1(*® 1(* it 1(*? ot
3, = E f(t) dt, al_éJ; f(t)coszdt, bl—g | f(t)smgdt

1 (12-0
@ =15 3y

[33.5 + 4(35.4) + 2(44.7) + 4(55.6) + 2(67.4) + 4(76.2) + 2(80.4) + 4(79.0) + 2(72.0)

+ 4(61.0) + 2(49.3) + 4(38.6) + 33.5]

~ 57.72
a, =~ —23.36
b, = —275 (Answerswill vary.)

H(t) ~ 57.72 — 23.36 cos<7;t> - 275 sm(%)

(b) L(t) = 42.04 — 20.91 cos( 6) —4.33 sn(é) (©) w0

Temperature difference is greatest in the summer
(t = 4.9 or end of May).
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104. () nisoddand n >

/2 1 : /2 /2
cos""txsinx n—1
J cos™ x dx = [ ] + . f cos" 2 x dx
0 0

n 0
_ -3 1 /2 _ /2
_n 1[[005“ xsin x] .n-3 cos”*“xdx]
n n—2 0 n—2)J,
_ _ -5 1 /2 _ /2
_n-1n 3[[005“ xsmx] LN 5 cos”‘exdx]
n n-—2 n—4 0 n—4j,

-1 _ _ /2
=N A B cos”~ 6 x dx
n n-2 n—4}j

cos x dx

n—l.n—3_n—5___J"T/2

n n—-2 n—4 o

_[nfl n-3 n-5 (sinx)]ﬁ/z
n n—-2 n-4 0

_nh—-1 n-3 n-5
n n—-2 n—4

LECRES
-+

(b) nisevenandn = 2.

-1  (Reversethe order.)

/2 /2
n—1 n—-3 n—-5
Lcos“xdx . 'n—2'n—4mJ; cos?xdx  (From part (a))
1 /2
Zstx)]

(Reverse the order.)

[nfl n—3 n75_<
n n—2 n—4

I\)\><

n—l n—3 n—5__7r
n n-2 n-4

(5 2CE - (5)
-Gae) - (=)

105. f " cos(mx) cos(nx) dx = %[sin:]:n++nn)x + sinfrr]n:nn)x]’; =0, (m#n)

-

Jw sin(mx) sin(nx) d J [cos(m — n)x — cos(m + n)x] dx

-

_ ;[sn(m —nx sin(m+ n)x] ~0, m=n)
2 m-—n m+n |,

Jﬁ sin(mx) cos(nx) dx = % . [sin(fm + n)x + sin(m — n)x] dx

-

+ — o
_ _;[cos(m n)x N cos(m n)x] Cm#n)
2 m+n m-—n -7

_;[(cos(m + n)r N cos(m — n)w) B (cos(m + n)(—m) N cos(m — n)(— 77'))]

2 m+n m-—n m+n m-—n

= 0, sincecos(—6) = cos .

T _lsii(m) ™
J sin(mx) cos(mx) dx = T ]_7 =0

-
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106. f(x) = i a, sin(ix)

i=1

N
@ f(x) sin(nx) = [E , sin( IX)} sin(nx) (b) f(x) = x
i=1
(™ .
T w N _1 _
f f(x) sin(nx) dx = [E a sin(ix)} sin(nx) dx & Wﬁwxsmxdx 2
-7 —m|i=1
= f a,sin(nx) dx  (by Exercise 106) &= ;wasin xdx = —1
T 1—COS(2nX) a3:1f Xgn3XdX:g
= an# dx - 3

(30

=%(77+ m = a,m

™

Hence, a, = %f f(x) sin(nx) dx.

-

Section 8.4  Trigonometric Substitution

/2 + —
1 %[Mn‘w‘ + VX + 16 + C] = %[Mn‘ VX + 16 — 4’ —41In|x| + /%% + 16 + C}

{x/\/m} 4. x
U+ 16 X U+ 16
4x 4 X
B m(m —4) x Jer1o
4m(¢x2T 4) + (/¥ + 16 - 4)
2 + 16(/%¢ + 16 — 4)
— 4(x2 + 16) + 16/ + 16 + x2/X% + 16 — 42
%2 + 16( /%€ + 16 — 4)
_ 2+ 16(¢ + 16) — 40 + 16)
2 + 16(/%€ + 16 — 4)
_ 02 +16)(\/ + 16 — 4)

X2 + 16(

Indefinite integral : dx, matches (b).

J

1
V@ =16 + x 2\ /@ -16
8(x + /*2 — 16) N X2 +¢m
V@ —16(//¢—16+x) 2/ + 16 2
16+ x>+ x2— 16
2/ 16
X2

VX2 — 16

[8In’\/ — 16 +x‘+ =xJ/x2 — 16 +C]—8[X/ X~ 16 l]+ x<x>+;/x2—16

Indefinite integral: matches (d).

X2
f\/x2 — 16
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— y2 — w2\—1/2( _ — y2
3 d garcsn X — X 16 — x tcl-g 1/4 ~ X(1/2)(16 — x3)"Y2(—2x) + V16 — X
dx 4 2 /1 — (x/4)2 2
_ 8 n X2 V16— x
16 —x2 2J16 — x2 2
_ 16 N X2 (16 -x3) _ X2
2J/16 — X% 2J16 — x> 216 — X 16 — X2
Matches (a)
X — —3) /T T 6x— X2 _
4.£8arcsmX 3+(X 97 + & Xicl-8 ! . +1(x—3)#+1\/7+6x—x2
ax 4 2 J1-[(x—23)/47 4| 2 JT+6x—x 2
_ 8 _ (x —3)? n V16 — (x — 3)?
16 — (x — 32 216 — (x — 3)? 2
_ 16— (x2—6x+9) +16— (x*—6x+9)
2/16 — (x — 3)?
_ 216 - (x -3
2/16 — (x — 3)?
= /16 — (x — 3)?
= J7+6x—x2
Indefinite integral : f\/7 + 6x — x2 dx, matches (c).
5 Letx =5sin§,dx = 5cosHdo, /25 — X°> = 5 cos 6.
1 5 cos 0
f 25— o2 * = f 5 cos 0 %7 i
1 X
1 V25 -x2
== +
25tan49 C
X
=—F——+C
25./25 — x?
6. Same substitution asin Exercise 5
10 5 0do 2 2 —2J25 - x?
fidleo L=ffcsc29d9= ~feoto+c=—Y2 "X ¢
X225 — x? (25sin?)(5cos9 S 5 5X

7. Same substitution as in Exercise 5

f\/25—x2dxz 25c0820df fl—sinzo
X

5sne sin 6

d0=5f(csco—sin0)d0

_ — w2
‘57 YBX L B C

= HIn|csc 6 — cot 6] + cos ] + C = 5In
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8. Same substitution asin Exercise 5

25sin?
dx = 5cos 6 de—— 1 — cos26) do
| e [t nan=3 [ - o2
2;(0—%%20)+C——(6—smecos(9)+c
_ 25 Xy _ (X\(2B % _1 -(§>_ _2]
= 2{arcsm<5> <5>< 5 >]+C—2[25ar(‘5|n5 X256 — x4+ C
9. Letx=2sec g, dx =2sectan 0df, /x° — 4 = 2tan 6.
1 2 sec ftan 6 do _ p Se—a
J\/ﬁ f Y fsecede)—|n|sec9+tane)|+C1
N ’ 2
In2

:In‘x+‘/x2—4‘ —In2+C1=In‘x+‘/x2—4‘ +C

10. Same substitution asin Exercise 9

YN
f% ginCZ(Zwetano)da—ZJthGdG—ZJ(secze—l)da

=2(tan9—9)+c:2[‘/’?'—arcsec(2)}+c m—zarcsec(§>+c

11. Same substitution asin Exercise 9

ij\/mdx: f(sseéa)(ztana)(zsecetan ) do = 32ftanzasec40d0

3 5
- 32ftan20(l + tan? 6) sec? 0 do = 32(“’2 o, tar; 9)
) 32 (@ — 4¥ 2[ (- 4)]
—tan39[5 + 2 6] + +3 +
T tan®9[5 + 3tan? 9] + C = 1 8 5+ 3 1 C

— 208 = 42720 + 302 = 4)] + C = 102 — HAIE+ 8) + C

12. Same substitution as in Exercise 9

x3 8sec® 0
fﬁdx JZt (23ec6tan0)d0— fsec“@d@

+C:gtan0(3+tan20)+c

tan3 0)

:81(1+tan20)se020d0=8(tan6+ 3

2
3<VX2 4><3+ 44)+C:%m(12+x2—4)+C:%m(x2+8)+c

13. Letx =tan 6, dx = sec?2 0d, /1 + X2 = sec 6.

sec® 0 1 1o
jx\/1+x2dx=ftanﬂ(sec@)seczed(): 3 +C:§(1+x2)3/2+c X

pa
Note: Thisintegral could have been evaluated with the Power Rule. 1
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14. Same substitution as in Exercise 13

S tan® 6 [sec30 ]
=9|——sec?20df =9 (sec?29 — 1)secHtan fdh = 9] —— — sec 6| + C
J1+ X Tl sec 6 j( ) 3

=3sechsec?d—3)+C=3/1+x[1+x) -3]+C=3/1+x(x-2 +C

15. Same substitution as in Exercise 13

1 1 [sec?ode
@2 J(VTroer ) secto

= fcos?0d9= %f(lJr cos 26) do

1 sin 26
==10+
a0+ 5

=%[0+sin00059] +C

1+x2

A

ol (P el o

1 X
=z + +
> [arctan X+ XZ] C

16. Same substitution as in Exercise 13

X2 _ X2 _ [tan*@sec?6do _ [ .,
J(1+X2)2dX_J(m)4 dx—fiu9 —fsm 6de
Y _1[ . sin26
= 2f(l cos 26) do = 2[6 > ]

zl[arctanx—( X )( L >]+C:1[arctanx— X
2 J1I+xN\NJ/1+ % 2 1+ x2

%[9— sinfcosg] + C

] ‘c
17. Letu = 3x,a = 2, anddu = 3 dx.
j\/4 + 9x2dx = %f\/(zﬁ + (3x)2 3 dx
%(%)(3%/4 T2+ 4In|3x + VA + 9¢|) + C
= %x\/4 + 9% + %In‘3x + J4+ 9x2‘ +C

18. Letu=x,a= 1 anddu = dx.

f\/l +x2dx = %(x\/l +2 + In‘x +JV1+ xz‘) +C

19. f\/25—4x2dx:f2,/%—x2dx, a=
25 2X /25
2[4arcsn<5)+x n X:|+C

—%arcsm( > \/25 42 + C

N o

N
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20. f\/sz— ldx = J\/(\/ix)z— 1dx, u= /2% du= 2 dx
- L (3lvavae=1-m|vax+ a1+ c

=X = 1—§In‘ﬂx+ V2E—1|+¢C

2
21. de -1 ¥2 + 9)~1/2(2x) dx 2 [ = 1 (9 — x3)~1/2(—2x) dx
X+ 9 2 ( ) VA J9 — X2 2
=VX¥+9+C =—-(9-x¥2+C
(Power Rule) (Power Rule)
23 fil dx arcsin(x) +C 24 Jil d inX+c
. = 2 ' X = arcsin =
V16 — %2 4 /25 — x2 5

25. Letx =2sin 6§, dx = 2cosfdh, /4 — x2 = 2cos 6.

fmdx:zfmdx
= 2f2c030(20050d0) _A
=8]cosz(9d6
=4J(1+ cos 26) do

=4[9+%Sin26] +C

=460 + 4snfcosh + C

—4arcsm<> XJ4—x2+ C

26. Letu =16 — 4x2, du = —8x dx.

fx\/16 — & dx = _éj(lﬁ 4x?)/2(—8x) dx = [—1—12(16 - 4x2)3/2] + C=—§(4 - x)¥2+C

27. Letx = 3sec §, dx = 3 sec Htan 6dO, /X2 = 3tan 6.
szec()taned()

1
j/xz_ 3tan 0 . ‘
x2-9
:fseceda e

3
=In|seco+tan0|+c
e

In

3
= In‘x+ N 9‘ +C
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28. Letu=1—1t3 du= —2tdt.

1
_ +2)—3/2 - -
J(l—t2)3/2 J(l t2)=3/2(—2t) dt = Ve
29. Letx = sin 6, dx = cos 6d6, /1 — X2 = cos 6.
f\/l —x2 cos 6(cos 6 db)
Y X= [T gpe
X sin* 0
X
=fcot20csc20d0
1- 2
. P Ee ’
3
—(1- X2)3/2
B 33
31. Same substitution as in Exercise 30
_3 _ 3
= 2tane,dx— ch 0do
1 — [(3/2) sec? 0do
XVE + 9 (3/2)tan 93 sec 0
1
= 3fcsc 0do
1
= —§In|csc(9+ cot | + C
N _7| ‘\/XZTJrS‘ L
V4x2+9
2x
e

33. Letx = /5tan 6, dx = /5sec2 0do, x2 + 5 = 5sec? 6.

—5./5tan 6
(5 se? 0)°72

= —ffwde

—ﬁfsinede

J5cosh + C
/5

= + C

\[\/x2 +5

T

IXe +5

dx = J5sec? do

—5x
(x2 + 5)3/2

+C

30. Let2x = 3tan 6, dx =

J'\/zlx2 +9
T &=

T 2756

32. Let2x = 4tan 9, dx = 2sec? 9 df, /4x2 + 16 =

J‘x\/4x2 + 16

—§fc.osede

— (42 + 92

_lfsxe0y, 1

gsec2 0do, V4x2 + 9 = 3sech.

3sec 0[(3/2) sec? 6 db]
(3/2*tan* 0

9 Jsin* 0 /a2t9

-8
+C _A

8
——=cs3 6+
o7 0+C

27x3 +C

4 sec 6.

2sec? 9 do
2tan 6(4 sec 6)

4 )tan 6

fcscode

= —%In|m0+ cot 9| + C

2
‘%'“‘7“2“2‘ s
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34, Letx = /3tan 6, dx = /3sec20ds, X2 + 3 = 3sec? 6.

1 dx = V3sec? 6do
(X2 + 3)3/2 3/3 %0

1 1 X
=-]cosfdf==-snh+C=————+C
3f 3 3V/x2+ 3

35. Letu =1+ € du = 2e>dx.

f SVIT Fok =3 f (1+ 92082 dx = 21+ )92 + C

36. Letu=x2+ 2x+ 2,du = (2x + 2) dx.

j(x+ 1)\/de:%f(x2+ 2+ DVA2+ D ok = Z08 + 2+ 2992+ C

37. Lete*=sinh, e<dx = cosHdh, /1 — e* = cosh. 38. Let /X = sin 6, x = sin?6, dx = 2sin 6 cos 6 db,
V1 — X=cosé.
Jexyl—ezxdx=fco§6d9 ‘/1_de: cos 6(2 sin 6 cos 6 d6)
X sin 6

=%f(1+ cos 26) do

= 2fco§0d0
1 sin 20
_2[9+ 2 ]

= f(l + cos 26) do

1 .
=-(6+sinfcosh) + C
2 =(0+sinfcosh) + C
1 .
:E(arcsneXJreX\/l—eZX)JrC = acsinx + Vx/1—-x+C
1 o L N
‘ ‘

1- e

39. Letx = /2tan 6, dx = /2sec20df, X2 + 2 = 2sec? 6.

1 B 1 ~ [V2sec?9de
f4+4x2+x4dx_f(x2+2)2dx_ 4 sec* 6
=£f00326d9

4
_Q(E)
=25 (1 + cos26) do

7\@( 1. >
=g 0+25|n20 + C
=§(0+s’necosa)+c

J2 X X V2
= ~~| arctan—= + .

8 J2 Ut 2 SRTr2

=L x +iarctani +C
4/x2 + 2 ﬂ ﬁ
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40. Let x = tan 6, dx = sec? 6 d6, X2 + 1 = sec? 6.
X+x+1 x—l A + 4x dx + 1 dx
XA+ 2¢+1 4 x*+22+1 (@ + 1)2

1 sec? 6 do

==Inx*+ 2+ 1)+ | —F—
4In(x 22+ 1) oy

= %In(x2 +1) + %J(l + cos 26) do

=%In(x2+ 1) +%(0+sin9cose) +C

Y X
= 2[In(x + 1) + arctanx + N 1] +C
41. Useintegration by parts. Since x > %
1
u=acsec2X [ du=———=dx,dv=dx O v=x
XA — 1 x
1 Vax2-1
arcsec 2x dx = xarcsec 2x — | ———=dx
f f\/4x2—1 ) -
2x:sec0,dx:%sec(9tan0d0,\/4x2— =tan 6
sec ftan 0 dO

farcsechdx: X arcsec 2x — f(1/2)
tan 0

X arcsec 2x — %jsecedo

xarcsec2x—%ln|sec(9+tan0| +C

X arCSec 2X — %In‘Zx + Va4 — 1‘ + C.

. 1 X2
42. u=arcsinx [0 du= ———dx,dv=xdx O v=—
J1I-x 2
xarcsinxdx—X—Zarcsinxf1 Xizdx
2 2 /1 — X2

X=8ng, dx =cosfdg /1 — x2=cosf

. X2 . 1 [sin?6 X2 . 1
fxarcsmxdx— 5 acsinx = chosecosede— 5 acsinx 4f(l cos 260)do

X2 . 1 1. X2 1 .
—Earcsmx—z[e—ismze] + C—Earcsmx— Z[B_ sinfcosf] + C

2
:X—arcsinx—l[arcsjnx—x 1]+ C=%[(2x2— 1) arcsinx + x4/1 — 2| + C

2 4
1 1 L (X—2
43, | ———dx = 7dx:arcsm< >+C
J\/4x— x2 J\/4— (x—2)2 2



Section 8.4  Trigonometric Substitution

149

44, Letx —1=sinf,dx =cosdf, /1 — (x — 1) = /2x — X2 = cos 6.

|t |

(1 + sin H)2(cos 0 d6) .
cos 6 P
| i Vi--17
:f(1+29n9+s|n29)d9
3 . 1
= [l5+ _ =z
f(z 2sin6 2c0320)d9
3 1
_50—2c030—29n20+c
=§0—Zcos(9—ésin9cose+c
2 2
= Sarcsin(x — 1) - 2/~ ¢ — J(x— DV~ @+ C
3 s 1
=§arcsm(x—1)_§m(x+3)+c
45. Letx + 2 =2tan §,dx = 2sec?0.df, V/(x + 27 + 4 = 2 sec 6.
J’ X dx = (2tan 6 — 2)(2 SGCZH) de m .
\/m m Teoe b
x+2 P

:2f(tan0—l)(sec0)d0

=2[sec — In|sec 6 + tan 0]] + C;

2 2 2|+C1

= \/x2+4x+8—2[In‘\/x2+4x+8+(x+2)‘ —in2l+c,
= \/x2+4x+8—2ln‘\/x2+4x+8+(x+2)’+C

+ 2)? + + 2)? + +
:2[ x+2) 4_|n‘ xF2P+4  x+2|

46. Letx —3=2secH, dx=2secftan 0do, /(x — 3)2 — 4 = 2tan 0.

f%dxzjédx
/e —6x+5 Jx-3°-4

(2secH + 3)
f Y (2sec tan 6) do

=f(2w:20+3sec0)d0

=2tan @ + 3ln|sec 6 + tan 6| + C,

_ 2<\/(x ) 4) P e B —23)2 = 4‘

> > +C,

=\/x2—6x+5+3In‘(x—3)+\/x2—6x+5‘ +C
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47. Lett =dn@,dt = cos0dh, 1 — t?2 = cos? 6.

t2 _ [sn?6cos6db
@ f(l—tZ)s/zdt‘f 02 0

=ftm26d9=f(se020—l)d0

e
=tanf— 0+ C 1-t2
t .
= —arcsint + C
1-1
V3/2 2 JV3/2
t t . J3/2 . /3 T
Thus, dt = — arcsint ==L _ acsin—— = /3 — - = 0.685.
jo (1-13)%2 [\/1 — 12 L J1/4 2 3

(b) Whent =0, 6 = 0. Whent = /3/2, 6 = 7/3. Thus,
V3/2 t2 /3 T
L mdt—[tan@—@]o —\/§—§~0.685.

48. Same substitution as in Exercise 47

@ Jﬁ%mdt=chzg‘;9=fw0da=f(tan20+1)se020d0

1 1 t S t
=_-tan*f+tanh+ C= + +C
3ane an 0 3< 1—t2> Y

V3/2 1 3 t V3/2
Th = +
" f Ao sa-vr " Ao

_3/3/8 V32 _ 2 /3~
3(1/4)3/2+\/174 J3+ /3=2/3~ 3464

(b) Whent =10, 6 = 0. Whent = /3/2, 6 = 7/3. Thus,

J3/2 1 1 5 /3 1 f)3 f f
J;) mdt—[étan 0+tan0]0 _é( 3+ V/3=2 ~ 3.464.
49. () Letx = 3tan g, dx = 3sec?Hdh, V/*x° + 9 = 3sech.

x3 [ (27 tan® 0)(3 sec? 6 db)
—dx =
IX2+9 3sec

= 27J(se029— 1) sec ftan 6 do

=27Fsec30—sec9]+C=9[sec30—33ecf)]+c

3
= 9{(”‘2;9)3 - 3(”‘2“’)] +C= %(x2 +9¥2- 9+ 9+C

3
Thus, Loe + gz — QJM]
0

3 3 -
L N QdX - [3
= (é(Mﬂ) - 27ﬁ> -(9-27

=18-9/2=9(2 - /2) = 5272
(b) Whenx = 0,6 = 0.Whenx = 3, 0 = /4. Thus,
3 3 /4
foﬁdx: 9[5130"’9 — 3secf)]o =924/2-3/2) - 91 -3 =92~ /2) =~ 5272
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50. (a) Let5x = 3sinf, dx = gcosede, V9 — 25x% = 3cos 6.

f\/g — 25x2dx = f(S(:os 0)gcosed9

91+ cos20
,EJ 0520 gy

9 1.
—?0;9+§sm29]+c
=g[9+sin0cose]+c
10
of . 5x 5 J9—25¢
=10 arcsm3 + —= 3 3 ]+C
5x  5x/9 — 25x2 9= 9
— 2 _ = = it
Thusf V9 — 25x2 dx 1oarcsm3+ 9 L 10[] 20"
(b)Whenx—OO—OWhenx—gezg.

Th 8/5 5552 9 . /2 9 (m 97
us, ) V9 5x2 dx [10(0 sin 6 cos 0)]0 10<2) 0

51. (@) Letx = 3sech, dx = 3sec ftan Hdh, /x> — 9 = 3tan .
9sec? 0

X2
———dX = 3sec Htan 6 dO
f\/x2 -9 3tan 6 « . -
=9fsec30d0 A

3

I
(e}
1

1 Sec ftan 6 + %Jsec OdG] (8.3 Exercise 98 or Example 5, Section 8.2)

12
9
=§[secotan0+ln|sece+tan6|]
2 _
_9x 9 X Ve ’
23 3 3
Hence,
f 9 xv/% -9 x2—96
E D pnfE ¢ 2
VX 2 9 3

9 eﬁ
{( / \2+\) (+. 2. D]
—9/3- 27+ Z<|n<6+3\/ﬁ> - |n<4+3ﬁ>>
e
—9/3-2/7+ 2|n<(4 — V)2 + Jé)) ~ 12.644.

3

—CONTINUED—
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51. —CONTINUED—

(b) Whenx=4,6=arcsec(%).Whenx=6,0=arcsec(2)=g.
J‘G X2 g 9 | /3
———=0dx = _|secftan 6 + In|sec 6 + tan O
4~ X2 —9 2|: | |:|arcmc(4/3)
9 947 4 /7
_2[2 V3+1n2+ /3 2{3 3 +In‘3+ 3 ”

=9/3-2J/7+ 2In<6+3\@> ~ 12.644

4+ J7

52. (a) Letx = 3sec, dx = 3 sec ftan 6 d6,

VX2 —9 = 3tan 6.
V-9  [3tang
f 2 dx = gseCZGSSecetanedO
2 in2
_ [tan Gdezfsm 0 40
Sec cos 0
:J1—(20320m9
cos 6

=f(sec6—cose)d0

=Inlsec§ +tan 6] —sinf + C

X X2 —9 X2 —9
= In|= + - +
In3 3 ’ X C
Hence,
6/ -9 X X2 — 9| 2 -9l
Y Zdx = |In|5 + -
s X 3 3 | X,
=In‘2+\@’—§.

53. xg—i: IXR—-9 x=23 y3) =1

2 _
V:fong

Let x = 3sec §,dx = 3sec ftan 6 do, /x> — 9 = 3tan 6.

_ [3tan 6 _ 5
y—JSSeCe3secetan0d0—3ftan 0de

=3f(sec:20—1)d0=3[tan0—0]+c

X2 —9 X2 —9
= 3[3 - arctan<3>} +C

2 __
= x2—9—3arctan<X39>+C

y3)=1:1=0-30+COC=1

/N2 —
y=Jx%—-9- 3arctan<X39> +1

(b) Whenx=3,0=0;whmx=6,0=g. Hence,

6/2_9 /3
JXde= [In|sec0+tan0| —sino]
3 0

“infz + va| - L2

54, \/m%=1,xz—2, y(0) = 4

dy 1
dx J/x2+ 4

1
= |—=d
yfmx

Letx = 2tan 6, x2 + 4 = 4sec? 9, dx = 2 sec? 6 dé.

1
= |— 2 =
y f2 HZSEC 0dé fsecede

=Inlsecd + tan 6| + C

/y2

=Inv+4+x +C,
y0) =40 4=In2] +C, 0 C,=4—1In2
y:In‘\/x2+4+x’+4—In2

+C
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55 X = %‘/x2 T 10+ 9(x — 15) + 33In|(x + 5) + AE + 10x T 9| + C

J ==
' X2+ 10x + 9
56. f(x2 + 2x + 11)3/2dx = %(x + DX+ 2x + 26) /X2 + 2x + 11 + % In‘\/x2 +2x+ 11+ (x + 1)‘ +C

57 = %(x\/x2 -1+ In‘x + VX2 — 1‘) +C

=
.| ———dx
X2 —1

58. sz\/mdx=%x3 x2—4—%x x2—4—2ln’x+ m\ +C

59. (@) u=asn¥ 60. (a) Substitution: u = x> + 1, du = 2x dx
(b) u=atang (b) Trigonometric substitution: x = sec 6
(c) u=asecH

61. (@ u=x?+9,du= 2xdx

X _1fdu_1 — e
fx2+9dx_2 . —2In|u|+C—2In(x +9 +C

(b) Letx = 3tan 6, x2 + 9 = 9sec? 9, dx = 3 sec? 0 db.

X _ [ 3tan g > _
J’X2+9dx—J’9890203wc Ode—ftanede

= —In|cos 6] + C,

e
I+ 9 *
—-In3+InV/x®+9+C,;

= %In(x2 +9) + G,

The answers are equivalent.

X2 X¥+9-9 9 X
62. (8 fx2+9dx_f 249 dx—f(l—m>dx—x—3arctan<§>+c

(b) Letx = 3tan 6, x2 + 9 = 9sec? 9, dx = 3 sec? 0 db.

2 2
[ e (32 v

=3Jtan20d0= 3](56020— 1) do
=3tan6— 30 + C,;
X
=X- 3arctan(§) +C;
The answers are equivalent.

63. True 64. Fase

dx _ [cos@de _ 40 ‘/Xz_ldx= tan 6
/1 — 2 cos 6 X

(sec tan 9 do) = Jtanz()de
sec 6
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65. False
ﬁidx = 7 sec? 0do = w/acos 0de
o (< /1 + X2)3 o sec® o

66. True

1 1
f X2 /1 — x2dx = ZJ X2 /1 — x2dx = 2f
-1 0 0

/2

a
67.A=4f g\/az—xzdx
0
4p (®
= Ja2 — x2 dx
0

= [%(;)( 2arcsin§ + xﬂ)]

-2{fg) -

Note: See Theorem 8.2 for [/a? — X2 dx.

a
0

69. (@ ¥+ (y—k?=25 y
Radius of circle = 5
k2=52+5 =50
k=52
N7
vl

g

/2

(sin? 0)(cos )(cos O dh) = Zf sin? § cos? 6 d@

0

68. X2 + y? = a2

x=zxJ/a -y
Azzfpdy
h

a
= [az arcsi n(%) +yJva? — yz] (Theorem 8.2)
h

= <a27—27> - (a2 arcs'n(E) + hﬂ)
_alw

> - a2 arcsin<2> — hJa? - h?

(b) Area = square — %(circle)

_oe_ 1 2 — _T
= 25— m(5) —25(1 4)

1 T
—r2-=gr2=r2(1 - %
(c) Area=r 47rr r(l 4>

70. (a) Placethe center of thecircleat (0,1); x2 + (y — 1)2 = 1. The depth d satisfies0 < d < 2. Thevolumeis

d
V=3-2Lmdy=6-%[arcsin(y—1)+(y—1)m]

d

. (Theorem 8.2 (1))

= Jarcsin(d — 1) + (d — 1)+/1 — (d — 1)? — arcsin(—1)]

- 3—2” + 3arcsin(d — 1) + 3(d — 1)/2d — 2.

()

0

—CONTINUED—

(c) The full tank holds 37 = 9.4248 cubic meters. The hori-

zontal lines

37 _3m 97
Y= YT,

intersect the curve at d = 0.596, 1. 0, 1.404. The
dipstick would have these markings on it.
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70. —CONTINUED—

d
() v= GJ vi-(y—1>dy (e o3 The minimum occursat d = 1,
0 which is the widest part of the

v _adv dd tank.
v J1I-(d-12-
praairiini N (d—1)2-d'(t)

1 1 0 2
=0 dt)=——"—— 0
4 ® 24/1 — (d — 1)2
71. Letx — 3=dng,dx =cosfdh, /1 — (x — 3)? = cos 6. y
Shell Method: 2T

4
V= 471-] X/ 1 — (x — 3)%dx }
2

/2 14
:477f (3 + sin ) cos? 6 do i
—/2

3 /2 /2
A (1 + cos26) do + cos?9sin 6do
2 —m/2 —/2

3 1. /2
477[§<9 + Esm 20) — fcose’ 0] = 672

/2
72. Letx —h=rsing,dx=rcos0do /r? — (x — h)2=rcosé. y
Shell Method:

h+r
V= 477f X/r? — (x — h)? dx

h—r h—rwhd-r

/2 /2
= 47-rf (h + rsin §)r cos 6(r cos 6) do = 4wr2f (h + rsin 6) cos? 6 dé
—/2 —/2
h /2 /2
= 47-rr2[f (1 + cos26)do+r sin 9c0320d0]
2 —1/2 —/2 ;
-h
1. /2 co§0>]7’/2 *
— 2 = _ 3 — 2,2
27 h[a + 2sm 20]772 [4Trr ( 3 o 27%r?h _~
V2= (x =h)?
1 1 X2+ 1
= — N2 = = =
73. y=Inxy X,1+(y) 1+X2 2

Letx =tan 6, dx = sec26dh, VX2 + 1 = sec h.
2+ 5 2+
S_f L J'\/x 1

sec 6
= = - 2
t sec29d0 f (1+tan 6) do

b
=J'(csco+wcetan0)d9=[—In|csc0+cot9|+sec€]
a

[ g

- [—|n<Jf65H) + \/%] ~[-In(v2+1) + /2]

~ o s(v2 + 1) 5. J26 - 1 B
—In[\/%Jrl}Jrﬁ J2 4.367orln[5(ﬂ_1)}+\/27 J2
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74. y=%x2,y’= X1+ (y)P=1+x2
4 4
s= f V1+xdx = E(x\/x2 +1+ In|x + U+ 1] (Theorem 8.2)
0 0
= %[4\/17 +1In(4 + /17)] ~ 9.2936
75. Length of one arch of sinecurve: y = sinx, y’ = cosx
L, = J V1 + cos? xdx
0

Length of one arch of cosine curve: y = cosx,y’ = —sinx
/2
Lzzf V1 + sin?xdx
—/2
/2 T T
:f 1+c032(x——>dx, Uu=X— —,du=dx
2 2 2
0
= f V1 + cos?udu

= J 1+ cosPudu =L,
0

76. (a) Alongline: d, = Va2 + a*=aJ/1+ a2

Along parabola: y = X2, y’ = 2X

d, = J' V1 + 4 dx
0

a
= %1[2x\/4x2 F 1+ In2x+ VAEF 1|} (Theorem 8.2)
0

CES)

©,0)
= %[Za\/4a2 + 1+ In(2a+ V4 + 1)]
(b) Fora=1,d, = V2andd, = ? + %In(Z + /5) ~ 1.4789.
Fora = 10, d, = 10./101 ~ 100.4988, d, ~ 101.0473.
(c) Asaincreases, d, — d; - 0.
77. () 60 () y=x—0.005%x%y" =1-001x,1 + (y)? =1+ (1 — 0.01x)?
Letu=1-001x,du= —001dx,a=1.  (SeeTheorem8.2.)
200 200
s 250 s= f J1+ (1 - 0.01x)2 dx = —1oof V(1 =0.01x)2 + 1(—0.01) dx
0 ]

-10

(b) y=0forx =200 (range)

J2+1
J2-1

100/2 + 50 |n<

= —50[(1 ~ 001X /(T — 0.00Z + 1+ In|(1— 0.01x) + /(T 0.01% + 1\]
—50[(~v2 + In| -1+ V2|) = (V2 + In|1 + V2]

) ~ 229.559

200
0
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78. (a) 25

-10 80
b

-5

(b) y=0forx =72

— -~ — 72 — _L)Z
(© y=x ,y 1- 36,1+(y) 1+<1 %

s:j \/1+ 1—— dx——36f 1—— (—3—16>dx

-3(-%) <><> Y,

;

= —1g(-v2+ -1+ v2|) - (V2 + In|1 + v2|)] —36f+18|n<§+1>~82.641
79. Letx = 3tan 6, dx = 3sec20df, /X2 + 9 = 3sec . y
4 b
:6fb$00d0=[ﬁln|sec9+tan0|] [GI “/XTJFXL—Glm
a :
X =0 (by symmetry) o2 12 .

1\ [* 3\ 9 (* 1 3 1 x4 2 4
(A)J_4< /;X2+9> dX_12In3J_4x2+9d 4In3[ arctan 3]74_4|n38r°ta”3~0'422

arctan ‘31) (0, 0.422)

<
Il
NI

(X’y):( '2In3

80. First find where the curves intersect.

1
2 — — — 42 ==
y? =16 — (x — 42 = 7 x*

162 — 16(x — 4)2 = x4
162 — 16x2 + 128x — 162 = X

x*+ 16x2 — 128x =0
XXx—4)xe+4x+32) 0 x=0,4

1 16
L2 — *3 _ 10
f x2dx + = Tr (4)? lZX] + 47 3-i-477'
M 12d + 16 — (x — 4)2d
y = | X% x\/ (x — 4)2 dx
0

= %]:+ JB(X - 4)/16 — (x — 42 dx + J84m dx

=16 + [_—1(16 - (x- 4)2)3/2] + 2[16 arcsin >

- N )

= + = /2 — = + — + = — 4+
16 316 2[ 16( 2):| 16 3 167 = 3 167

—CONTINUED—



158  Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

80. —CONTINUED—

“1(1.,)2 °1 5
MX_LE(ZX) dX+L§(16*(X*4))dX

NETE R Car)

?;2+(64—%)—32=4—16

My 112/3+ 167 _ 112 + 487 _ 28 + 127
A 16/3+ 47w 16+ 127 4+ 37

M, 416/15 104
Y="A " 16/3 + 4n 5@+3m %

(X, y) = (4.89, 1.55)

~ 4.89

I
Il

8L y=x2y =2x 1+ (y) =1+ 4x2
2x:tan0,dx:%se(:29d0, V1+ 42 =sech
(For fsec® 6 df and fsec® 6 df, see Exercise 98 in Section 8.3.)

S=2wJ;fx2mdx—2wf (tang)( 0)( sec20>d6

=3J sec® ftan? 9 do = — Jsecﬁode—fseéede
4 a 4 a a

1 b
= Z{i[serﬁotane + g(sec 6tan 6 + In|sec 6 + tan 0|)] - E(secotane + In|sec 6 + tan 6|)H
a

4[ [(1 + 4%2(2x)] — 7[(1 + 4V + In[ VT F BE + 2] }
%[ ———%In(SJr zﬁ)]
Z<51f In(3 +82f)> 51022 — In(3 + 2./2)] ~ 13989

82. Letr =Ltan§,dr = Lsec?20do, r2 + L2 = L2sec?6.
1(f omL g = 20k °Lsec?6df
RJ, (r2 + LY32 R J. L3sec®6

m
=Rl cos 6 do

2m b
[ﬁ sin 0]

&=l
RL /rZ+ 2],
2m

LVR? + L?
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83. (a) Areaof representative rectangle: 2./1 — y2 Ay
Force: 2(62.4)(3 —y)v/1 —yZAy  mmmmeepeoooo--

1
F= 124.8f 3 -yJv1—-y?dy
-1

1 1 | |
= 124.8{3] JI—yidy— f yJ/I—y? dy] N W ’
-1 -1

1
= 124.8[g(arcsiny +yJ/I—y?) + %(g)(l - yz)”]

-1

= (62.4)3[arcsin 1 — arcsin(—1)] = 187.2x |b
1 1 1
(b) F= 124.8f d—-yJv1-y?dy= 124.8df J1-y?dy — 124.8f y/1 —y?dy
-1 -1 -1

1
-1

= 124.8<g>[arcsiny +yJ1— yz] — 124.8(0) = 62.47dIb

0.8
84. (8 Fingce = 48j (08 —y)(2)v1—y*dy
-1
0.8 0.8
= QG[O.SJ V1 - ydy — j yV/1 —y? dy}
-1 -1
08, . 1 08
= 9% 7(arcsmy +yJ/1—y?) + 3@ - y?¥2| =~ 96(1.263) ~ 121.3Ibs

0.4
(0) Fouside = 64f (0.4 - y)(2/1 — y?2 dy
-1

0.4 0.4 0.4
= 128[0.4f JI—yZdy — J y1—y2? dy} = 128[0;(arcsiny +yJI—y2) + %(1 —~ y2)3/2] ~ 92.98
-1 1 -1

85. Letu=asing, du= acoshdf, /a2 — u? = acosoé.

J'\/azf uw?du = jazcoszed(a: azf%de

2 2
= %<o+ %sinZG) +C="(6+sngcoso) + C
2 /a2 + U2
= &;[arcsin: + (:)(aauﬂ +C= %[az ar(:sing1 + uva? — uz] +C

Letu= asech, du = asechtan 6dg, VU2 — a2 = atan .

fﬁdu:J'atanf)(asecmanf))dezazftanzesecedo
:azf(secze—1)sec9d9:a2J(sec30—se(:0)d0
1 1 1 1
=a2§secetan0+§ sec Hdo| — a2 se09d0=a2EsecOtantEIn|wce+tan9|

_aZ[u.m_ u M}w
a 1

~+
2|a a a
=%[u - a—alnu+ JUiZ—af]+C

In

—CONTINUED—



160  Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

85. —CONTINUED—
Letu = atan ,du = asec? 0df, VU2 + a2 = asec 6.

J\/u2 + a?du = j(asec 0)(asec? 0) do

1
23ec(9tan9+éln|sec0+tan6|] + C;

aZ| JuE+a u JW+az u

2 a a

=a2fsec36d0= a?[1

:|+ Cl:%[u\/m+a2|n|u+ JET |+ C

86. y=sinxon[0, 2]

y’ = cosx
S = Zf J1+ cos?xdx (=3.820197789)
0

Ellipse: x2 + 2y2 =2

Upper half: y = 1—%x2, -J2<sxs J2
,_ —X
Y T (1/2)x2

Vi S s
—Zf 1+ ——rs5 (1/2))(2) 2[,\/5 1+mdx

Letx = ﬁsme,dx: J2cos0do, x2 =2sin2 6,4 — 2x2 = 4 — 4sSin? 6 = 4cos? 6.

/2 )
2sn% 6
= +
s, 2[7/2, [1+ 5 g gv/2c0s 60

4c08 0+ 2sin? 6
f v /2
—/2

2cos 0 2cos 6do

:zfﬂ/z \/2+2c0520d9

—m/2 \/é
/2

= ZJ V1 + cos? 0do
—/2

=2f V1+cos?0do = s,
0

87. Largecircle: x2 + y? =25
y = 25— %%, upper half
From the right triangle, the center of the small circleis (0, 4).
X2+ (y—42=9
y=4+ /9 —x°, upper half

3
Azzf[(4+ 9 %) — V25 — x| dx
0

= 2[4x +Z [9 arcsm( ) + x\/—ixz] - 7[25 arcsm( ) + x\/ﬂﬂ

9 . 25 .3
= 2[12 + Earcsm(l) - acsng - 6]

=12 +9—27Tf 25arc‘sng~ 10.050
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Section 8.5 Partial Fractions

5 _ 5 _A, B
"x2—-10x x(x—10 x x-—10

3 2X—3= 2Xx — 3 =é+BX+C
x4+ 10x x(x2+100 x x2+10

16 A B
o =—+
5x(x—lO) X x—10

1 1 __A B
"x?2-1 (x+1x—-1 x+1 x-1

1=Ax—-1) +B(x+1)
Whenx = —1,1= —2A A= —3.
Whenx =1,1=2B,B = 3.

1 1 1 1 1
fxz—ldx__EJx+ldX+§fx—ldx

1 1
=—ZInx+ 1] + SInjx — 1] +
2In|x 1| 2In|x 1 +cC

1 |x—1
== +
2|nx+1‘ c
° 3 3 __A B
X2+ x—-2 (xX-1Dx+2 x—-1 x+2
3=Ax+2) +Bx—1)
Whenx =1,3=3AA=1.
Whenx = —-2,3= —-3B,B= —1.
3 1 1
fx2+x—2dx_jx—ldx_fx+2dx
=Inx—=1 —Injx+ 2/ +C
x—1
= +
Inx+2‘ c
11 5-x 5-x A B

5—-x=Ax+1) +B2x—1)
Whenx =33 =3AA=3
Whenx = —-1,6 = —3B, B= —2.

5—-x 1 1
f2x2+x—1dx_3f2x—1dx_2fx+ 1

=gln|2x— 1 —2Injx+ 1 +C

= = +
2X2+x—1 (X—1Dx+1) 2x—1 x+1

4x2 + 3 A B C

. = +

2 (x—5°% x—5 (x—5)2+(x—5)3

4 X—2 _ X— 2 __A n B
X2+ 4x+3 (X+1Dx+3) x+1 x+3

6 2x—1 ZA Bx + C Dx + E
Tx(x24+ 12 x x2+ 1 (x2+ 1)?

1 1 __A B
"42-9 (x-3(2x+3) 2-3 2x+3

1=A2x+3) + B(2x — 3
Whenx =3 1=6AA=1%
Whenx = —3,1= —6B,B = —¢.

1 [ 1 1
f4x2—9dx_eU2x—3dXj2x+3dx}

— finf2x - 3| — Inj2x + 3] + C

:i|n2x73‘+c
12 |12x + 3
X+ 1 _ x+1)
10. Jx2+4x+3dx_ (x+1)(x+3)dx

=J 1 dx=Inx + 3| +C
X+ 3

b2 —12x — 12 A B C
12, ==+
XX—2)(x+2 x x—2 x+2

5x2 — 12x — 12 = A(X2 — 4) + BxX(X + 2) + Cx(x — 2)

Whenx =0, -12= —4A O A= 3. Whenx = 2,
—16=8B 0 B= -2 Whenx= -2,
32=8C 0 C=4

5x2 — 12x — 12
X3 — 4x

3 -2 4
—f;deer_zderfmdx

=3In|x| = 2In|x — 2| + 4In|x+ 2| + C

dx
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13 X2+12X+12=é+ B n C
"Xx+2x—2 x x+2 x—2

X2+ 12x+ 12 = A(X + 2)(x — 2) + Bx(x — 2) + Cx(x + 2)
Whenx =0,12 = —4A,A= —3.Whenx = —2, -8 =8B,B= —1. Whenx = 2,40 = 8C,C = 5.

X2+ 12x + 12 1 1 1
fwdx _5jX—2dX7J\X+2dX73J’;dX

=5Inx—2| —Injx + 2| = 3In|x| + C

3 — X+ X+ 1 A B
)(27)(3=x—1+ x—1+ +
X2+ XxX—2

14. (x+2)(x—1): Xx+2 x-1

2X+1=Ax—1) +B(x+ 2
Whenx = -2, -3= -3A/A=1Whenx=1,3=3B,B= 1

xX¥—x+3 1 1
Jx2+x—2dx_f[x_1+x+2+x—1}dx

x? X2
=E—x+ln|x+2|+In|x—1|+C=§—

X+ Inx?+x—-2] +C

23 — 4x2 — 15x + 5 X+ 5 A B
= 2X +

15 x2-2x-8 T x-dx+2 x—4 x+2

X+5=AX+2) + B(x — 4
Whenx = 4,9 =6A A=3 Whenx=-2,3= —6B,B = —3.

3 2 _
fzx 4x 15X+5dx:j[2x+ 3/2 1/2}dx

X —2Xx—8 X—4 x+2

3 1
=x2+Znx — 4] - =
X +2In|x 4 2|n|x+2|+(:

6 X*t2 A B M+2x-1_A B _C
"x(x—4) x—4 x X3(x + 1) X X2 x+1
X+ 2=Ax+ B(x— 4) 4x2 4+ 2x — 1= Ax(x + 1) + B(x + 1) + Cx?
Whenx:4,6:4A,A:§. Whenx=0,B= —1.Whenx = —1,C = 1. When
Whenx = 0,2 = —4B,B = —3. x=LA=3
2 —
X+ 2 3/2 1/2 f‘b(:ib(zldx:f[§—%+ 1 ]dx
> dx= [| — — ——|dx X3+ X X x2 x+1
X% — 4x X—4 X

1
=gln|x—4|—%ln|x|+c —3In|x|+;+|n|x+1|+C

=%+In|x4+x3|+c

2x—3: A B
x—1?2 x—-1 (x—1)72

X—-3=Ax—-1+B

18.

Whenx=1,B= —1.Whenx=0,A = 2.

2x — 3 2 1
deff[xil—m]dxfzmv—ﬂ-l-

1
+
x—1 c
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19.

20.

21.

22.

x2+3x747x2+3x7475+ B C
— 4x2 + 4x X(x — 2)? X (x=2 (x—2)?

X2+ 3x — 4 =AX— 2?2+ Bx(x — 2) + Cx
Whenx=0,-4=4A [0 A= -1 Whenx=26=2C [ C=3 Whenx=1,0=-1-B+3 0 B=2

X2+ 3x— 4
Jx3—4x2+4x dex+f( dx+J(

= —In|x| + 2In|x — 2| - x= 2) +C

4x? _ 4x2 _ 4x2 __A B  _C
XR+x2—-x—1 *X¥x+1)-x+1) R-Dx+1) x—-1 x+1 (x+ 1)%?

42 =Ax+ 12+ Bx—1(x+ 1) +Cx—1)
Whenx = —1,4=-2C 0 C= -2 Whenx=1,4=4A 1 A=1Whenx=00=1-B+2 010 B=3.

4%2 1 3 2
fx3+x2—x—1dx_jx—ldx+fx+1dx_f(x+1)2dx

2
= -1 + +1+ ——+
Injx — 1| + 31In|x + 1] X+ D C

x*-1 A _ Bx+C
Xx2+1) x x2+1

x2—1=AKx?+1) + (Bx+ CO)x

Whenx=0,A= —1.When x=1,0=-2+B+ C.Whenx=-1,0= -2+ B - C.
Solving these equationswe have A = —1,B=2,C = 0.

x2—1 1 2x
fx3+xdX _f;dx+fx2+ldx

—In|x| + In|x2 + 1| + C

=1In +C

x2+l‘

6X _ 6X _ A n Bx + C
X—8 (X—2(+2x+4) x—2 xX+2x+4

ox=A+2x+4) + (Bx+ C)(x— 2

Whenx =2,12=12A 0 A=1Whenx=0,0=4-2C 0 C=2
Whenx=1,6=7+ B+ 2)(-1) O B= -1

6X 1 -X+2
fx3—8dx_fx—zdx+fx2+2x+4dx
1 -x—-1 3
_fx—2dx+fx2+2x+4dx+f(x2+2x+1)+3dx
1 3 x+1
=In|x — 2| — ZIn|x® + 2x + 4] + —= arctan +C
x—2| =3 [+ 22

+
=Inx— 2| - %In|x2 +2x + 4] + Jéarctan(‘@();l)> +C




164  Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

x2 A B Cx+D

B T 28 x—2 x+2 x2+2

X2=AX+2)(x2+2) +B(x—2)(x2+2) + (Cx+ D)(x + 2)(x — 2

When x = 2,4 = 24A. When x = —2,4 = —24B. Whenx = 0,0 = 4A — 4B — 4D, and when x = 1,
1= 9A — 3B — 3C — 3D. Solving these equationswe have A = ¢,B = —¢,C = 0,D = 3.

X? 1 1 1 1
jx42x28dx6[fx2dx_fx+2dx+2jx2+2dx}
zlln
6

x2—x+9_Ax+B+ Cx+ D
2+92  x+9 (x+97?

X—2
X+ 2

X
+ J2arctan—=| + C
‘ V2 ﬂ]

24,

XX —X+9=(AX+B(Xx+9 +Cx+D
=AC+Bx2+ (9A+ C)x + (9B + D)
By equating coefficients of like terms, wehave A= 0,B=1,D = 0,andC = —1.

¥ —-—x—-9 1 X 1 X 1
0 + 9)2 _fx2+9dx7f(x2+9)2dx_§arda”(§> T oaer9 €

X A B Cx+ D

D DX+ D@+ 1) =1 x+1 axi1

X=A2x+ 1)(4x2+ 1) + B2x — 1)(4x2+ 1) + (Cx + D)(2x — D)(2x + 1)
Whenx = 3,3 = 4A. Whenx = —3, —3 = —4B.Whenx = 0,0 =A — B — D, and when x = 1,
1= 15A + 5B + 3C + 3D. Solving these equationswe have A= 3, B =3,C = —3,D = 0.

X 1 1 1 X 1
flﬁxk 1dX8U2x 1dx+fzx+ 1dx_4f4x2+ 1dx} R

X2 —4x + 7 A N Bx + C
X+Dx2—2x+3) x+1 x2—-2x+3

42 -1
4+ 1

| +c

26.

X2 —4x+T7=AXx2—-—2x+3)+ (Bx+ C)(x+ 1)

Whenx = —1,12 = 6A.Whenx = 0,7 = 3A + C.Whenx = 1,4 = 2A + 2B + 2C.
Solving these equationswe have A= 2,B= —1,C = 1.

X2 —4x+7 1 -x+1
- = - — + -~ =
fx~°’—x2+x+3dX ZJ'X+1dX fx2—2x+3dx

= 2In|x + 1] —%In|x2—2x+3| +C

X2+ 5 A Bx + C

. = +
27 x+Dx2—2x+3) x+1 x2—2x+3

x2+5=Ax2—2x+3)+ (Bx+ CO)(x+ 1)
=(A+Bx2+ (-2A+ B+ C)x+ (3A+ C)

When x = —1, A = 1. By eguating coefficients of like terms, wehave A+ B=1 -2A+ B+ C =0,
3A + C = 5. Solving these equationswe have A = 1,B = 0,C = 2.

x?+5 1 1
jx3—x2+x+3dx_fx+1dx+zf(x—1)2+2dx
x—1

J2

= In|x + 1| +ﬁarctan< >+C
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X2+x+3 MA&+B Cx+D
x2+32 x2+3 (x2+3)?

28.

X2+ x+3=(Ax+B)x2+3) +Cx+D
= A + Bx2+ (3A + C)x + (3B + D)

By equating coefficients of like terms, we have A = 0,

3 A B

B X T DX+ 41 x+2

3=Ax+2 +B2x+ 1)
When x = *A 2.Whenx = —-2,B= —1.

1
3 2
L2x2+5x+2dx_L2x+1dX_

= [In|2x + 1] — Injx + 2@

B=13A+ C=1,3B + D = 3. Solving these equa-
tionswehaveA=0,B=1,C=1,D =0.

x2+x+3dx_ [ 1 N X ]dx
X+ 6x2+9 " )|[x2+3 (x2+ 372

1
arctan

/3 /3 2x*+3)

+ 2

=In2

a5 X1 _é B, C

=—4+ =+
X3(x + 1) X2 x+1
X—1=Ax(Xx+1) +B(Xx+ 1) + Cx?
Whenx =0,B= —1.Whenx=—-1,C= -2 Whenx=1,0=2A+ 2B + C.
Solving these equationswe have A = 2,B= —1,C = —2.

5 5 5 5
x—1 1 1 1
LXZ(X+1)dX_2J; XdX_JlXZdX_21X+1 X
1 5
= [2In|x| + == 2In|x + 1|]
X 1
5
= |22 ‘+1
X+ 1 x|
5 4
=2In 375
x+1 A Bx+C box2—x x+1
31— = =0 _
x(x2+1) x x2+1 32J0x2+x+1 fdx fx2+x+1x
= 2 1
X+ 1=AX2+ 1) + (Bx + Ox :[x—ln|x2+x+1|]
Whenx = 0,A=1Whenx=1,2=2A+B+ C. °
Whenx = —1,0 = 2A + B — C. Solving these equations =1-1In3
wehaveA=1B=-1,C=1
2 2 2
X+ 1 1 X 1
fx(x2+1)dx Lxdx_£x2+ldx+£x2+ldx
2
= [In|x| - fln(xz +1) + arctanx]
1.8 =
El g 4+arctan2
~ 0.557
3x dx 9
33.jm—3|n|X*3|*ﬁ+C 30

(4, 0): 3|n|4—3|—4f93+c:om c=9

e

-10
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35.

37.

38.

39.

41.

6x2 + 1 x—1 1 2 7
34.fx2(x_l)3dx—3ln " ‘+x+x—172(x—1)2+c 4
1l 1,2 7 1 @
: ol T T — — _ = -4.7 47
(2, 1) 3In2‘ S+t1 5+t C=10C=2-3In; ;
-4
X2+ x4+ 2 2 X 1 x3 1 2
L = - = - = J—— 2 —
f(x2+2)2 dx == arctanﬂ 2(x2+2)+c 36.J(X2_4)2dx 2In|x 4 24 7€
1 5 1 2 2 1
;0-S+C= == :ZIn5—Z+C= ==-=
01:0-7+C=10C=7 (34: 5In5—¢+C=40 C=7 —In5
3 8
(011)/_,_,-7—'_ W ﬁ:)—’
73_'_'_'_'-'-'-'-J 3 _8 8
[ 1
-1 -2
2 _ 20
wdx=ln|x—2|+1In|x2+x+1|—\/§arctan<2X+1>+C
X3 — xZ— X — 2 2 V3 ~~tR
: 1 _ _ _10_1
(3,10).O+2In13 Jﬁarctanﬁ-i-C—lOD C=10-3In13+ Jﬁarctan\@ > .
-5
X(2x — 9) _ _ 1 5 10
fx3—6x2+12x—8dx_2|n|x A+ 5 x—22 " C
32:0+1+5+C=20C=-4 3.2
~10 [ ot 10
-3
1 1 |x—2 X2 —x+2
JX2_4dx—4lnX+2‘+C m.jmdx——arctanx+ln|x—l|+c
(6,4):i|ni"‘+c=4m C=4-2imi-s4+in2 (2.6): —ardtan2+0+C =60 C=6+ actan2
4 |8 4 2 4 o
10 ""'\-\-..\\
W
— T ©.4) -2 5
-10 10
-2
-3
Letu = cosx du = —sinxdx.
1 A B

—_ ==+ —
uu—1) u u-1
1=Au—-1) +Bu
Whenu=0,A= —-1.Whenu=1,B=1u=cosx, du= —sinxdx

___snx___ dx = — 1 du
cosx(cosx — 1) uu — 1)

=J1du—f 1 du=Inju —Inju—-1 +C=1In .
u u—1

u—1

COS X
cosx — 1

‘+C=In ‘+C
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42. Letu = cosx, du = sinxdx. 3 cos X 1
1 A B sin“x + sinx — 2 uw+u-—2
uu+1) u u-+1 1
In +C
1=Au+ 1) + Bu u+2
Whenu = 0,A = 1. Whenu= —1,B = —1,u = cosx, _plzlEsinx -
du = —sindx. 2+ sinx
sin x 1 (From Exercise 9 with u = sinx, du = cos x dx)
————dx = ————du
COSX + COS? X u(u+ 1)
1
_fu+1du_fudu
=Inju+ 1] —Inu +C
:Inu+1‘ +C
u
— cosXx + 1’ +c
COS X
=1In|1+ secx| +C
1 A B
.mfa m,u—tanx,du—seczxdx 45, Letu = e, du = e<dx.
1 A B
= + 1)+ = +
1=Au+1) +Bu uU-Du+4 u—-1 u+4

Whenu=0,A =1
Whenu=-1,1=-B[ B= -1

Whenu = 1A=
du = e‘dx.

1

J' sec? x dx

tan x(tan x + 1) :f

g

u(u + 1) du

1 1
(Giu—#l)du

=Inju —Inju+1 +C
u
=1 +
nu+1 ¢
tan x
=In————| +
ln‘tanerl‘ ¢
46. Letu = €5, du = edx.
1 __A _Bu+C
wW+1Du—-1 u—-1 wv+1

1=AP+ 1)+ Bu+Clu—1)

Whenu =1 A=
Solving these equationswe have A = 3,B = —3,C = —3, U

1

f(ea+1)(ex—1)d fu2+l)u—1)

I\.)H—\

1 u+1
(Ju 2+1du>

(In|u -1 - fln|u2 + 1] — arctan u) +C

I\)\H

= %1(2|n|eX — 1| — Inje® + 1] — 2arctaneX) + C

1:A(u+4)+B(u71)

e
& — e+ 4"

%.Whenu:o,le—C.Whenu:—1,1:2A+ZB—2C.
= eX, du = exdx.

1
J(u " Dura

1
5

(f

1 - 1
u—1 u+4
u—1

| +
nu+4‘ c
ee—1

+
Ine~X+4‘ c

. Whenu= —4,B=—%,u=e¢,

N
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1 A B 1 A B
=+ — . =
47 x@+bx) x a-+bx 8 az — x2 a—x+a+x

49.

51.

1= A(a+ bx) + Bx

Whenx =0,1=aAl A= 1/a
Whenx = —a/b,1 = —(a/b)B 0 B = —b/a.

;dx—l (1— b >dx
x@+bx) aJ\x a+bx

= gll(ln|x| —1Inla+bx) +C

X
a + bx

+C

1
==In
a

X _ A n B
(a+bx)2 a-+bx (a-+ bx)?

x=A@+bx) +B

When x = —a/b, B = —a/h.
Whenx=0,0=aA+B 0O A=1/b.

X B 1/b —a/b
J(a+bx)2dx_f<a+bxJr (a+bx)2>dX
1 1

a 1
_Bfa+bxdx_6f(a+bx)2dx

= éln|a+ bx| + %(

1
a+bx>+C

1 a
_@<a+ x Inja + bx|> +C

8

50.

-
fo W8
e

e
e
e
2 e

-1

e
e

-2
P R
¢ A

N(x) A A, An
@ Bw T xra a2 kg
®) N(X) A+ B A, + Bx

DX (@e+bx+o

'+(ax2+bx+c)"

55

1=A@@+x) +Ba—-x

Whenx = a, A = 1/2a.
Whenx = —a, B = 1/2a.

édx:i < t ;1 >dx
a2 — x? 2a/\a—x a+x

= i(—In|a —x +1Inja+x])+C

2a

1 +

=—m2 X+ c

2a |a— X
1 _A,B, C
x¥(a+bx) x X2  a-+ bx

1 = Ax(a + bx) + B(a + bx) + Cx2

Whenx =0,1=Ba O B=1/a. Whenx = —a/b,
1=C(a?/b?) 0 C=b?aWhenx=1,
l=(@a+bA+(@a+bB+C O A= —Db/az

1 _[({-b/a  1/a b2/a2>
fx2(a+bx)dxff< x T Taro)®
b 1

= ——=In|x| ——+%In|a+ bx] + C
a ax @

——i+%ln‘a+bx +C
a
1 b X
=—-——-—= +
ax azna+bx ¢

53. Dividingx® by x — 5

(a) Substitution: u=x2+ 2x — 8
(b) Partial fractions

(c) Trigonometric substitution (tan) or inverse tangent rule
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10
56. A = J:Lm dx = 3, matches (C)

y

Now Ao
\ | | I
t t t t

$ 7 3 1
58.A—ZL(l—m>dX—ZLdX—14Lde 50.
14 |4+ x| .
= [2’(_3”“4_ xHo (From Exercise 48)
7 y
:G—Zln7z2.595 51
21
S |1z
60. (&8 v (d)

F—f—t—t——F>t
‘123456

(b) The slope is negative because the function is decreasing.
(c) Fory > O,llim y(t) = 3.
(& k=1,L=3

_ -1
Y =5 2¢®

(i) y(0) = &

(i) (0 = 5

_ 3/2 ok :
Y= @2+ /2

_ 3
1+ 5e &

—CONTINUED—

57.

12

x2+5x+6dx

1
A=
0

12 12 A

x2+5x+6=(x+2)(x+3)=x+2

B
X+ 3

12=Ax+3) +Bx+ 2
Letx= -3 12=B(-1) O B=-12
Letx=—-212=A1) O A=12
1
12 12
A_J; (x+2_x+3)dx

[12In|x + 2| — 121In|x + 3|]

1
0

12[In3 —In4 —1In2+ In3]

12 In(%) ~ 14134

80 124p

80— 75).. (10 + pa00 —p P

_1 80( —124 1240 )d
5] \(10+ p11 " (200 — pj1z) P

B 1[— 124

Average cost =

5

1240
m In(10 + p) — T In(100 — p)]

~ %(24.51) — 49

Approximately $490,000

A

dy "
y

ylL —y)

L-y

,B

i~

1=AL-y) +By 0 A=

dy
fy(L—y)_fkdt
11 |1 1
LUy"“fLydy} - Ja

inly — 1nlL - y] =kt + €,

e

y
L-y

In‘ ‘ = kLt + LC,

y

bt Y
C& Ly
Yo

L—-Y

y _ Yo
L-y L-¥%
Yol
Yo + (L — ype it

When't = 0, =c, O e,

Solving for y, you obtainy =

80
75
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60. —CONTINUED—

0 Y-wi-y

%— k[y( d‘?’) (L—y)%] =0
0y Yow-y?

o y=5

From the first derivative test, thisis a maximum.

3 3
2x \2 X2
61.V—7Tfo<m) dX—47TLde

3
1 1
a 47Tf0 <x2 1 e+ 1)2> dx

=4 [arctanx - 1(arctanx + L)]3
7 2 2+ 1)

(partial fractions)

(trigonometric substitution)

x P 3
= 2w[arctanx i 1]0 = 277[arctan 3- 10] ~ 5.963

3
2X — 2 3_

R 1dx— [In(x + 1)]0— In10
N 1 2
X_Kfoxuldx_lnloo(z x2+1>OIX

1

3 2
=i 10[Zx — 2 arctan x]o In10[3 arctan 3] =~ 1.521

,:;G) 3( 2 >2dX: 2 [P e
Y=a\2)), e+ In10 ), 6@ + 1)2

2 3( 1 1 )
= - dx
IN10 Jo\x®+1 (X + 1)?

2 1 X 3
-3 +
= o] 7o~ v )
2 [1arctanx X ]3— ! [arctanx— X ]3
~In10 2%+ 1o In10 X2+ 1o

(%,y) ~ (1.521, 0.412)

(2 - x)?

62. y2 = (15?2 [0,1]
(2 — x)?
V= f (1 %2 dx

= de— lLdeL lidx
R NN o (1+ %2 o (1+ X2

=7 2—(4|n2—2)+g—2|n2]

=7 %—m 2] *—[ll— 12In2]

(1521, 0.412)

(partia fractions)
(trigonometric substitution)

3
n 1O[arctan 3- 1—0] =~ 0412
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1 A B 1

63, (x+1)(n—x):x+1+n—x'A:B:n+1
1 1 1
n+1f<x+1+nfx>dxfkt+c

1 Inx+l‘=kt+c
n+1 |n—X
Whent=0,x=0,C = ! Inl.
n+1 n
! nx+1‘=kt+ 1 In1
n+1 |n—x n+1 n
! [Inx+1—ln1]=kt
n+1 - X n
Inwz(n+1)kt
n-—x
nx+n:e(n+l)kt
n-—x
n[en+ Dk — 1] .
X:W Note: l|IJL1OX:I’1
1 A B
64. = + ,
@ 0@ -0 yo-x ' %-x
1 1
A= ,B=— . (Assumey, # z5.)
%= Yo %~ Yo 07 %
L f( o1 )dx:kt-i-C
= Yo ) Wo— X Zp—X
- X
L % =kt + C,whent=0,x=0
%= Yo IYo—X
C= ! Iné
%= Yo Yo
1 |nz°7x—|n<5> _
Zy = Yo| 1Yo~ X Yo/ |
YolZo = X)]
In[7= — yykt
Z(Yo — X % =¥
Yoo =X _ ryou
Zo(Yo — %)

_ YoZo[e~ Yo — 1]
T zpe YK —

(B) (1) 1 ¥y < 2, Jim x =y,
2) Ify, > z, tIim X = Z,.
(3) Ify, = %, then the original equation is:

l —
f(%_”zm—J}m

(Yo—Xt=k+C,

x=0whent=0 O lo=C1

YOJ;X:kt+ylo:I(tyoy7(f:l-

Yo X:kty:(irl
yo_kty:OJrl
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X Ax+ B Cx+ D
1+x @4+ 2x+1 - /2x+1

x=(Ax+B)(x— /2x+ 1) + (Cx + D)} + V/2x + 1)
=A+0Ox+(B+D~- V2A+ J2C)+ (A+C— /2B + V/2D)x + (B + D)
0=A+CO C=-A
0=B+D-JV2A+.J/2C -2J/2A=00 A=0adC=0

1=A+C- 2B+ V2D -2/2B=10 B=—§andD:§

65.

0=B+D0O D=-B

Thus,

1 1 _

f X dxzf{ V2/4 + V2/4 1 dx

ol+ x4 o X+ V2x+1 - Jax+ 1

= iJ' [ _12 + 1 5 }dx
4 Jol[x+ (V2/2° + (1/2)  [x— (V2/2P+(1/2)
_ /2 1[—arctan<x i (Jé/z)) + arctan(x - (ﬁ/z))]l

TG 1/V2 172
%[ Vax+ 1) + arctan( /2 x - 1)]:
%[ —arctan(/2 + 1) + arctan(v/2 — 1)) — (—arctan 1 + arctan(— 1)]

= %[arctan(\/é —1) — arctan(/2 + 1) + 7ZT + g]

Since arctan x — arctany = arctan[(x — y)/(1 + xy)], we have:

[ 0= B (2= 2= L2 ). 727] Yo Z) 2] -7 2

1+ (V2-1)(V2+1 2
66. The partial fraction decomposition is:

X1 =—x*_ . 5 4 5 4
e =X 4x> + 5x 4x= + 4 152
1.4 4 7 6 1
X4(1 — x) [x 2X 4 ]

— 0 dXx=|T -5 + X = ¢+ 4x -
JO 11 dx = 7~ 3 TX X 4x 4arctanxO
1 2 4 T
—$‘§+1‘§+4‘4(z>
_2_
7 o

Note: You can easily verify this calculation with a graphing utility.
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Integration by Tables and Other Integration Techniques

Section 8.6

X2 X
. m : =—-2(2-x + + x| +
1. By Formula 6 fl n de 2(2 X) +1Injl1+ x| +C

2. By Formulal3: (b = 2,a= —5)

2 #dxzz(;wﬂJrim’L‘ Lo
3) x3(2x — 5)? 3\25/[x(-5+2x) -5 |2x—5

8 8 ‘_3(4x—5)

2x— 5] 75x(2x — 5)

~ 375 +C

3. By Formula 26: Je"‘/l + eZdx = %[ex\/e2X + 1+ Injex + Ve + 1|] +C

u=e,du=edx

4. By Formula29: (a = 3) 5. By Formula 44: f

1
dx =
x2J/1 — x?

Integration by Tables and Other Integration Techniques

_J1-x2

1 /X2 —

\/ — arcsec |3| + C

6. By Formula 41: ——dX
Y f NEror
1 X2

Earcsmg + C

X
J’iﬁg_xéldx—i

7. By Formulas 50 and 48: j sin*(2x) dx = % f sin%(2x)(2) dx

sin3(2x) cos(2x) 5
2[4 2 f sin3(2x)(2) dx}
_ 1 —sind(2x)cos(2x) 3.,
= 2[4 + 8(2x sin 2x cos 2X)] +C

16(6x — 3sin2xcos2x — 2sin® 2xcos2x) + C

8. By Formulas 51 and 47: cos VX dx = ZJ cos® \/;(( f) dx
X

[cos2 Uxsin f

3 Jcos \/;( f) dx] = %sin\/;((mSZ\/)} +2 +C

u= V% du= —dx
VX 2/x

1 1 1
9. By Formula57: [—=———~dx =2 7<—) dx
y f\/;((l—cos\/;() fl—cos\/i 2J/x

= —2(cot /X + cscV/X) + C

— Uxdu=—-d
u= Jxdu fo

173
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10. By Formula 71: 11. By Formula 84:
1 1 1 1 1
flftanSXdX 5flftan5x(5)dx fl+e2xdx x=5Inl+e) +C
1/1 .
= E(E)(u — In|cosu — sinu|) + C

= %O(Sx — In|cos5x — sin5x|) + C

u=5xdu=5dx

12. By Formula 85: (a = —%, b= 2)

. e x/2 1.
e ¥2gn2xdx = 7<—fsm 2X — 2c052x> +C

(1/4) + 4\ 2
— i 7x/2<_; i _ >
= 17e 2S|n2x 2cos2x| + C

13. By Formula 89:

X4
s == -1+
fx In x dx 16(4In|x| 1)+C

14. By Formulas 90 and 91: f(ln X)3 dx = x(In x)3 — 3f(ln X)? dx

Xx(Inx)3 — 3x2 — 2Inx + (Inx)?] + C
X (Inx)® — 3(Inx)2 + 6Inx — 6] + C

15. (a) By Formulas 83 and 82: fxzeX dx = x%eX — 2 f xe* dx

= x%* — 2[(x — ex + C,]
= X% — 2xe* + 2e* + C
(b) Integration by parts: u = x2, du = 2xdx, dv = e*dx, v = €

fxzeX dx = x%e* — f2xeX dx
Partsagain: u = 2x,du = 2dx, dv = e*dx,v = &
fxzexdx = x%X — [erx - J’Zexdx] = x%* — 2xe* + 2+ C
s X3 - 1.
16. () By Formula89: |x Inxdx=§[—1+ 4+ 1Inx] + C:EJFEX Inx + C

(b) Integration by parts. u = Inx, du = %dx, dv = x*dx,v = §

x° x> 1 x° x°
4 == — | == == AT
Jx In x dx 5Inx JSde 5Inx 5 C
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17. (@) By Formula: 12,a = b = 1,u = x, and
1 dx—_—l(l 1I ‘ X
x2x+1) 1 1+ x

+ =1In
x 1

)+c

+C

+C

18. (8 By Formula24: a = /75, x = u, and

1 1 X — \/75‘
dx = In +C
fxz— 75 2J75 Ix+ V75

S
30 Ix+ J75

2

(b) Pertial fractions:

1 _A. B, C
X(x+1) x x2 x+1

1=Ax(x+ 1)+ B(x + 1) + Cx2
x=01=8B
x=-11=C
x=1L1=2A+2+10 A=-1

#dx= [_—1+i+ ! }dx
X2x + 1) X X2 x+1

—inf] =3+ Infx + 1] + C

-1 In|— ‘ +C
X x+1
(b) Partial fractions:
1 A B

x2—75:x—\/ﬁ+x+\/%
1=A(x+ J75) + B(x — /75)

11 /3
2J/75 103 30

x=—J75 1= —-2B/750 B:—\/é

X=J75 1=2AJ/750 A=

30
fxz i- 75 o= f[x{éij% - xf%] o
/3

S T fa 75‘ +C
30 |x+ V75

19. By Formula 79: f xarcsec(x? + 1) dx = S f arcsec(x? + 1)(2x) dx

= Mo + 1y arcsecto + 1)~ In(( + 1) + VxFF 3 + C

u=x2+1,du=2xdx

20. By Formula 79: farcsechdx = %[Zx arcsec 2x — In[2x + V/4x2 — 1|] + C

u=2xdu=2dx

1 X2 -4
21. By K I : = +
y Formula 35 szmdx Ix C
. 1 _ 2 a2
22. By Formula 14: sz ot 2 dx = 7 arctan( >

2X X 2
23. By Formula 4: fm dx = me dx = §<In|1 - 3X| +

2)+C=a|rctan(x+1)+c

1
1_3X)+C
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24. By Formula 56: 25. By Formula 76:
072%:; ;%Zde eXarccose* dx = e*arccose* — /1 — e>* + C
1—-sng® 3/1—sing®

=1(tan03+se(:03)+c U= e du = etk
3

26. By Formula 71: 27. By Formula 73:
e* 1 . X 1 2X
e == — — + _ == —=
jlft dx Z(ex Injcose* — sine¥|) + C fl— xde 5|1 dex

u=edu=edx
:%(x2+ cotx? + cscx?) + C

1 1 1
28. By Formula 23: ft[l - (intd dt = f 1 (Int)z(Y) dt = arctan(Int) + C

u=Int,du =%dt

e
29. By Formula 14: j L — do= Q arctan(li\/s';e

+ 2 = =
3+2sing+sn?6 2 > C (b*=4<12=4ac0)

u=sing, du= cos6do

30. By Formula 27: fxa/z + (3%)2dx = 2—171(3x)2\/(ﬁ)2 + (3%)?3 dx

8(27)[3x(18x2 +2)/2+ 92— 4ln3x + V2 + 9x?|| + C

1
31. By Formula 35: J —_—— J dx
y X2/2 + 9X2 (3)()2 + (3X 2

2
_ \/26: 99X ic

2
:_\/224;9x L C

32. By Formula 77: f X arctan(x¥/2) dx = %J arctan(x3/2)(g\/i> dx

= %[x?’/ 2arctan(x¥2) — In /1 + ) + C

Inx 1
33. By Formula 3: mdx = Z(2In|x| - 3In|3 + 2In|x||) +C

u=Inx,du :ldx
X
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. eX _ eX
34. By Formula45: f(l — o2y dx = Tl +C

u= e du=e‘dx

—6+6
35. By Formulas 1, 25, and 33: f(xz ox - 10)2 J(xz ekt 10)2d

:%J(Xz_ 6x + 10)72(2x — 6) dx + 3J[(XT:)LZJrl]ZdX

_ 1 3[ X—3

T2 —6x+10) T 2| X2 - ex + 10 | ACtenx 3)] tC

3x — 10

3
m + - arctan(x - 3) +C

36. By Formula 27:

f (2 — 32/x — 32 + ddx = % f (2 — 32/x — 37 + 4(2) dx

- %(Zx (X — 32+ 2D F A In2x— 3+ JXx 37+ 4+ C

u=2x—3,du=2dx

X 1 2X
37. By Formula3l, | —————=dx = | ———-——= X
y J\/x4—6x2+5 ZJ\/(XZ—3)2—4
=%In|x2— 3+ Ux4—6x2+ 5 +C

u=x2- 3, du= 2xdx

Cos X . .
38. By Formula3l: | ———=dx = In|sinx + /sinx + 1| + C
4 Jsn?x + 1 l l

u = sinx, du = cosx dx

39 x3 8sin®6(2 cos 6 db)
) Ja—x? 2cos 6
=8f(1—c0320)sin6d9 A

8J[sin 6 — cos? f(sin 6)] do

8 cos?
3

_ VAR §‘/4_X23+C
%2 3 2

= —8cosh + +C

= ﬂ[—4+%(4—x2)] +C

/4 — x2
=#(x2+8)+c

X=2sn6, dx =2cos0df, /4 — x2 = 2cos 6
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="

41. By Formula 8:
f T Y

e _ (e¥)?
_Sf R f(1+eX)3dX‘ @+ e &) &
B NS BV gl 5 1

T1te 21+ e92
ZSarcsin§+\/9—x2+C (1 +e9

+In1+e|+C

u=e5du=edx

42. By Formula 67: 43, L lxex2 dx
ftan3 0do = tar122 o_ ftan 0do By Formula 81:
y + Injcosx| + C Jolxexz o = %exz]: - %(e -
44. By Formula 21: 45. By Formula 89:
f \/;dx— [?Z(fo) 1+x]z flslenxdx:[%3(—1+3|n|x|)]:
:—?2(_1)(2)+§(2):g =3(— 1+3In3)+7—9In3—%
46. By Formula 52: 47. By Formula 23, and letting u = sin x:
f x sinx dx [sm X — X COS x]: f_:zzl frozi)r(ﬁx dx = [arctan(sin X)]ﬁ/j/z

= arctan(1) — arctan(—1) = —

48. By Formula 7:

4 2 4
X 1 25
Lmdx— [E(SX - 35 + 101In |3X— 5|>]2

1 25 64 10
27[(12—74- 10|n7) - (6 - 25)] a-ﬁ-fln?

49. By Formulas 54 and 55:

ft%ostdt =t3dint — 3ftzsintdt
=t3sint — 3[—t2cost + ZJtcostdt]

=t3snt + 3t2cost — 6[tsint - Jsintdt]

=t3dint + 3t2cost — 6tsint — 6cost + C
Thus,

/2 /2
f t3costdt = [t3sjnt + 3t2cost — 6tsint — Gcost]
0 0

3 s
—<§—3w>+6—§+6—3w
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50. By Formula 26:

1 1
f\/3+x2dx=[%(x‘/x2+3+3ln|x+‘/x2+3’)] =%[(2)+3In3 —3In\f3‘]=1+gln3
0 0

51 u? _ 1 (2a/bu+(@/b) 1 A B

(@a+bu? B2 (a + bu)? T2 a+bu+(a+bu)2
Zbau E A(a + bu) + B = (aA + B) + bAu

Equating the coefficients of like terms we have aA + B = —a?/b? and bA = —2a/h. Solving these equations
we have A = —2a/b? and B = a?/b°

u? 2a/l 1 a?(1 1 a2 1
f(a + bu)? du = fdu b2<b)fa + bub du -+ @(B)I(a + bu)2b du = b2u - —In|a + bu| - b3(a + bu) +C
1 a?
@(bu T aibu 2alnla + bu|) +C
. du 2
52. Integration by parts: w = u",dw = nu"1du, dv = ———,v=—Ja + bu
= P Jatbd' b
f\/m ZE a+ bu-— %fu”*l\/a + budu
2un ne1 _va+bu
= — - — Ja+ bu
b Ju Jarbu
_ A o, 2n|a au""! + bun
b b a+ bu
b b a+ bu Ja+bu

n n—
Therefore, (2n + 1)J\/ﬁ du = i[un a+bu-na \/hdu] and

n—1
2 [u“ a+ bu— na L ]

‘/a+bu_(2n+l)b[ /a
53. When we have u2 + aZ When we have U2 — aZ
u=atané u=asecé
du = asec?29do du = asecdtan 6do
w + a2 = a?sec? 6 u? — a2 = a2tan? 0
1 _ [asec?6d6 1 du = asec ftan 6 d
(uz + a2)3/2 du = a3 secd 9 (u2 _ a2)3/2 - a3tan3 0
1 _1fcoso ~_ 1
fazJ’oosodo =2 gnZOdG—aJcscecotede
1
:ésineJrC Z—ECSCB-‘:-C
—u
e T@vi-a C
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1 2!
54, fu“(cosu) du=u"sinu — nju”‘l(sin u) du 55. J(arctan u)du = uarctanu — fj u du

21+ u?

w=u", dv=cosudu,dw=nu""1du,v=snu

uarctanu—%ln(1+ w + C

uarctanu — InV/1+ w2+ C
du

w = arctanu, dv = du, dw = SV =u
1+ u
56. f(ln w"du = u(lnu)™ — fn(ln u)”‘l(%)u du = u(lnu)~ — nf(ln u"1du
w = (Inu)", dv = du, dw = n(In u)"*1<%> du,v=u
1 —-2J1—X
57. dx = +C
fxa/z T—x" IX T
— 1
(Eﬂni¥ﬂ3+c:smc:7 Gl
2 1/2 -0.5 15
-2J1—X -
=47
T
58. fx\/x2 + 2xdx = é[Z(XZ +20%2 = 3(x + D)X + 2x + 3Inx + 1 + /%2 + 2x|] + C
1 15
(0,0 L[3Injf]+C=00 C=0 \\ J/
-6 (0,0) 6
-15
oo 1 —1fy — _ Xx=3
w'fuk—w+1mﬂ”_2bm x 3**%—6x+m]+c -
o1 0 } 4
(3,0).§[O+E]+C=OD C=0 8 ED) 8
Yy _X=3 =
y_zbm (x 3%+%—6w+m]
V2 - 2x— x? V3+ /2 —2x—x2 T
- - X + - - X 0,v/2)
[T T X 2 — X — X2 — L —
GOJ 1 dx 2—2x—x2— J/3In 1 +C I )

(0, v2): V2- /3In(/3+ /2)+C= /20 C= /3In(/3+ 2

61. J'#dﬂz—CSCG-FC 10

sin ftan 0
@% 2 JU@

2 ——=+C=20 C=2+ 2
4 J2 V2

y=—cscf+2+ /2

\_J

2m

NS
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sin g 1 —siné [1 + sin 6| 10
. - = - - +C
62 (cos 6)(L + sin 6) 2[1+sm0 In| cos 0 J /\JL
1 sin g 1+sn6 -8 8
_ + 0,1
©1:C=10y= [1+sm(9 ‘ cos 6 } 1 -
2du
1 1+ u? 0 sin 0 —sin g
63 f2—3sm0d0 f 20 YT 64. f1+00529 fl+(cos€)2d0
2_31+u2

= —arctan(cos §) + C
2
- fz(l T —au

1
_fu2—3u+1du

=f<u_§>2_idu
(u-3)-L

_ 1 2) 2

—\/gln<u_g)+25+c

e sl e

:1|n2tan<g)—3—f‘

V5 2tan<2)73+f‘

2du 2u
o fﬂ/z f 1+u2 6 f””ldezflﬂlz
" Jo l+sm0+cose o 1+ 1—u2 " Jo 3—2cos6 o 3_2(1—u2)
T 1+

o
:2L5u2+1d“

[In|1+u|] [2 = ]1
= | —=arctan( +/5u
2 et 50
=In 2
= — arctan /5
u=tang V5
2
sin g 1 2sin 6 cos 6 cos 6(1 — cos 6)
7. |z——d0==|—5—-——db . =
6 f3—20030 2[3—20050 68 J1+cosed0 f(1+cose)(l—cose)d9
1 cos § — cos?
== + = | === -
2In|u| C J S0 do
=%In(3—2cose)+c =f(csc0cotofcot20)d9
u=3-—2cosh du=2sn6do :j(cscecote—(csczﬂ—l))d()

=—-cch+cotd+ 6+ C
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cos /6 1 1
69. do = 2| cos ( ) .| ——————df = -
- Jo f Vo 2.6 0 j%c 6 — tan Gde (1/cos 6) — (sin 6/cos 6) do
=2snJ/0+C
—Cos 6
u= J@,du—ide sin
= —Inl -sng| +C
u=1-sno du= —cos6do
8 2
X y X y
71. A= dx 72. A=f 5 dx
o WX+ 1 N o1+ e A
= {2(2 - X)\/m]s £ _1 2 2x dx
3 0 21 2),1+e°
4 14
:12—(—7> 1, 2]2 ‘
3 s N =—-|x?—=1In(1+ e ! ‘
> & & 2[ ( o b

_40_ 13.333 square units 1 1
: = Ja- s e+ 2in2

=~ 0.337 square units

73. Arctangent Formula, Formula 23, 74. Log Rule: f % dy,u=e+1 75. Substitution: u = X2, du = 2x dx

Then Formula 81.
fuzildu’u:@ en Formula 8

76. Integration by parts 77. Cannot be integrated. 78. Formula 16 with u = e

1 X2
79. @ n=21u= Inx,du=;dx,dv=xdx,v=—

2
X2 X2 1 X2 X2
fxlnxdx—zlnx—fE;dx—Elnx—Z+C
3
n=2 u:lnx,du:ldx,dv:xzdx,v:x—
X 3
2Inxdx = X | d 2 X
= - == = - =+
X¢Inxdx = 3 nx X = 3 nx 9 C

1 x4
n=3 u=Inxdu==dxdv=x3dx,v="=—"-
X 4

4
Jx3lnxdx——lnx—f—fdx——lnx——+c

16
xn+ 1 xn+ 1
n = —
(b) fx Inxdx = +1Inx n+ 12 +C
80. A reduction formula reduces an 81. False. You might need to convert 82. True
integral to the sum of a function your integral using substitution or
and a simpler integral. For exam- agebra

ple, see Formula 50, 54.
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5
500x
83. W= | 2000xe *d 84. W=
L xe X dx f %26 2
5

B 5
= 72000‘[) —xe *dx = —250J (26 — x?)~1/2(—2x) dx

0

2000 L (—=x)eX(—1) dx = [—500Jm]z

5
= 2000[(—x)e*X — e*x]o _ 500( /26 — )
6 ~ .
= 2000(—5 + 1) 2049.51 ft - lbs

~ 1919.145ft - Ibs

3
2

V= ZO(Z)L Nl W = 148(801In(3 + /10))

_ [soun\y n m\]:" ~ 11,8401n(3 + /10)

0
~ 21,530.41b
= 80In(3 + /10)
~ 145.5 cubic feet

By symmetry, X = 0.

— ° 2 — 2 3_
M = p(Z)J;ﬁdy— [4pln|y+ V1i+t+y |:|0— 4p|n(3+ \/E)

3
_ 2%y _ _ _
M, = 2,)f0 Ay dy = [4p«/l ¥ yz]o = 4p(/10 - 1)

oM 4(VI0-1) _
V=M "2+ vio) P

Centroid: (%, y) = (0, 1.19)

g6 L > 5000 g = 2590 Z —19dt
"2-0)j1+es 8N T g | 1+ et 1
- 7@[(48 100 — In( + &5 191)]
= -2 - In@ + &) - (48 — In(1 + 9)]
_ 2500 1+e
== [38+I ( o e4_8)] ~ 4014
4 8
k 15.417
8. (a)L2+3de_10 (b)f2+3x
10 10 10
k=—2
1 dx in7 0.6486 0 4
2+ 3x -
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20

-1

k
88. (a) f 6x2e*/2dx = 50
0

By trial and error, k = 5.51897.

5.51897
(b) J 6x2e7%/2 dx
0

89. Let| = f =
(tan x) 1+ (tanx)2
Forx—g u,dx = —du, and
f —du /2 _J (tan u)v2 g
o1+ (tan(m/2—w)V2  Jo 1+ (cotup2 Jo (tanu)vZ+ 1%
2| = /2¢ M _ Tr/zd _ T
o 1+(tanxf o (tanx)VZ+ 197 o X= 7
aw
Thus, | = 7
Section 8.7  Indeterminate Forms and L'Hdpital’s Rule
sin 5x 5
1. Xnaosmz 25( E) 5
x | —01 | —001|-0001| 0001 | 001 | 01 / \
-1 1
f(x) | 24132 | 24991 | 2500 | 2500 | 24991 | 2.4132 / . N
2 Imi=€~ 1 L
X -0 X
-1 1
x -01 | —001 | —0001 | 0.001 0.01 0.1 h———-h_hhh\\
f(x) | —0.9516 | —0.9950 | —0.9995 | —1.00005 | —1.005 | —1.0517 .
3. lim x%e™/10 =~ Q 3x 101
X — 00
x 1 10 102 108 104 | 108
f(x) | 0.9900 | 90,484 | 37 % 10° | 45%x10° | 0 | O
0 1500
0
6X 6
4. lim —/———— =~ 34641 | exact: — 5
x~oo /3%2 — 2X ( ﬂ)
X 1| 10 102 108 10° 10°
f(x) | 6 | 35857 | 3.4757 | 3.4653 | 3.4642 | 3.4641 of 100
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- @ Jim 23: 3) =M & i(é)(f_’ 3 amy Tas
R = U
© i, 2 = i = s
@ lim XL YXE1o2 YxkId2 L kD4 0 1 1
x-3 X—3 x-3 Xx—3 UxF1+2 x3(x=3[Vx+1+2 x-3/x+1+2 4

Sx+1-2 (d/d[/x+1-2

im 1/2/x+1 1

= lim————">=

M TIM T ek —3 AT 1 4
(b) JL@% = m (d/(ix/)c[iifs;z 32(5+] - lim 2 = J[@% - Jim =3
@ Jim 2575 = Jim RIS = G =0
xX+1 . (dfd[x+1] 2

(®) XILTO bt X (A + x] e+ 1

L X—=—x=-2 o 2xX—1 LXe—=x-2 .o 2x—1
)!I[nz X—2 _>!I~r>nZ 1 =3 12 xllnjl X+ 1 _xll—l 1 =-3
Ja-x -2 . —x/J4-% o Ja—e  —x/JA— %
. lim X = lim X/ X =0 14. Ilmu: ImM
X -0 X X -0 1 X -2 X—2 X -2 1
|im_7x—
x-2 Jh—x
. -1 - . +1 2
“mex ( X)IIImL =2 16. |im Inx =i 2Inx
X -0 X x-0 1 x-1X2 —1 x-1x2—1
i 2/
7llﬂ2x
1
=lime=1
Iime*—(l#—x)_ e—1
X -0 3 _xqo* 3X2



186  Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

18. Casel: n=1

lim &= QEN ey €21
X - 0" X X - 0" 1
Case2: n=2
lim w: |imeX71: lim gff
X - 0* X2 x -0t 2X x-0t2 2

Case3. n=>3

li w:”mé*l:”mL:w
x 0" Xn x-0" X"t x_onn— 1)x"2
i q — w2
19. llmgan I 2cos2x _ 2 0. IImsmax I acosax _ a o1 |im &CSNX _ o 1/V1-%_
x-0 Sin 3X 03cos3x 3 x-0 Sin bx obcosbx b x-0 X X -0 1
. arctanx — (w/4) _ . 1/1+x3) 1 Lo -2x+1 L Bx—2
B L e T 2 m T oers M
=i 6 = 3
x-o 4 2
x—1 ) 1 X+ 2x+ 3 X+ 2
AT S = 25. lim = lim =
24. x“mx2+2x+3 xltn;'o2x+2 0 x-o  Xx—1 x-oo 1
. X 3* S 3x?
26 Jim = im = 20 im oz = M (1 /2)ev2
= lim Ex lim _6 =0
X — 00 (1/4) X/2 X — 00 (1/8)8)(/2
G X2 . X ) 1
28. lim — = lim—=1lim—==0 29. lim —— = lim ——— =
P N L= oo S L x- J1+ (1D
Note: L'Hopital’s Rule does not work on this limit.
See Exercise 79.
. X2 . X CoSs X
30. lim = lim = o0 31. lim —— = 0 by Sgueeze Theorem
xooo X2+ 1 x-00 14 (1/x)? x—oo X
(COSX < 1, forx > O)
X X
32 lim 22X = 33 tim "X = jim 22 im0
Xsoo X — 1T X— oo X2 X— oo 2)( X— oo 2X2
Note: Use the Squeeze Theorem for x > 7.
1 sinx 1
- < <
X—7 X—m X—
4 ex ex ex x/2 x/2
34. lim In x = lim 4Inx= lim 4/x 35. lim — = lim 5- = lim - = o 36. lim e _ lim (1/2)e2 =
Xooo X3 Xooo X3 X— o0 X2 X— oo X2 X o0 2X X002 X—oo X X — 0o
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37. (& lim xlInx, not indeterminate
(b) lim xInx = (c0)(o0) = oo

© ¢

39. (@ xlljpo <x sin%) = (o0)(0)

. 1 sin(1/x)
®) Jin;xsmx_iin; 1/x

_ i (£ cos(1/%)
=)im —1/x2

Jim o) =+
©

)

TS

-0.5

41. (a) Iirg X/ = Qe = 0, not indeterminate
.
(See Exercise 106).

(b) Let y=x¥x

1
Iny = Inxl/X:;Inx.

Sincex -» 0™, %Inxq (c0)(—o0) = —oo. Hence,

Iny - —oco [0 y- 0%,

Therefore, Iin01 xU/x = Q,
L

(© 2

N / |

-0.5

43. (@) lim x/x = o0
X

— o0

(o) Lety = lim x¥~,

Iny = |im'”7": lim (ﬂ>=o

X— oo X— oo 1
Thus, Iny =0 O y = €° = 1. Therefore,
lim x/* = 1.

X - oo

38. (a) XILT x3 cot x = (0)(c0)

. . x3 .3
(b) lim x3cotx = lim = lim—-=0
X- 0" x-0" tan X  x-0" Sec? X

© 1
0 /\' 3

\

20.@ Jim (xtan) = (0)0)

© Jm xtay = i E9520
— lim — (/) sec(1/%)
=MW

tm = (}) -2
(G
AN

42. (a) Xllrgw (&* + x)2/x = 1o

(b) Lety = Iir(1)1+ (e* + x)&x.

. X +
m 2In(ex + x)

Iny = I|0 "
X 04
X X
— iim 2(e* + 1)/(e* + x) —4
X-0" 1

Thus, Iny = 4 [0 y = e*~ 54.508.
(c) 60

(© 2

-0.5
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44, (3) Jygj<1ﬁf%)x::1w

(mLay:n@(1+%y

Iny = lim [xln(l + %)] = lim

N 1

X
lim <1 + 1) =e
X - 00 X

© =

o

46. (8 lim (1 + x)¥* = oo
(o) Lety = lim (1 + x)/x

Iny X"f” In(1X+ X)
(1/(1 + x)>

= lim

X— oo

Thus, Iny=00 y=¢€°
Therefore, I|m 1+ x> =

© =

1
1

\-\_\_‘_‘——\_

48. (a) x”jﬂ [B(x — 4)]24=0°
(b) Lety = x”jﬂ [B(x — 44
Xliﬁr?‘ (x — 4)In[3(x — 4)]

In[3(x — 4)]
B 1/(x — 4)

 Yx-4)
AT — a2

Jim[-(x—4]=0
Hence, XILT [Bx —4)]—4=1

Iny

In[1 + (1/x)]

X - 00 (* 1/X2) - xirg 1+ (1/X) -
Thus, Iny =1 O y = €' = e Therefore,

45. (a) Iirg+ 1+ x)x =1
(b) Lety = Iirg+ (1 + x)2/x,

Iny = ”rQ M
X 0"

nm<ygiﬁ):1

X -0 1

Thus, Iny=10 y=¢€e'=e

Therefore, Iirg (1+x¥*x=e
o,

(© 6

47. (a) Xliﬁrg‘ [3(x)2] = Q°
(b) Lety = Jirg_ 3(x)¥/2,

my:ﬂm[m3+§m4

nm[m3+mﬂ
X-0F

2/
1/x
= Ilm In3 + I|m mpyN
X
I|m In3 — Xlirg+§

=1In3
Hence, Iircr)1 3(x)¥/2 = 3.
R

(© 7

/
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49. (@ lim (Inx*~1=0° 50. (@) lim [cos(E - x>]X =0°
X 1" X- 0% 2
(b) Lety = lim (Inx)*~1
X 1* T ™ X
= lim (x— Dinx = 0. (®) Lety=lim [cos(E B X)] .
]
Hence, lim (Inx)*~* = 1. . T
x-1* Iny = I|m+xln[cos<f— x>]
(C) s X-0 2
=0-0=0
T X
4 s Hence, lim [cos(— — x)] =1
X-0" 2
’ © -
0 \\_/\ 3
0
. 8 X . 1 x—1
SL. @ xllr9+<x2—4_x—2)_oo_oo 52 @ lenz1+(x2—4_ x2—4>_oo_OO
. 8 X Y\ _ .. 8-x(x+2 1 Ux=1)_ 1-Ux—-1
(b) Jim. (xz 4 x- 2) =M ey (b) fim. (xz 4 x-4 ) =M
_im 2= 0@+ ~im -1/(2/x - 1)
Txo2t (x+ 2)(x— 2) T xn2r 2x
lim —Xt4 _ 3 - im—=t __=1
T xo2t o x+2 2 x-2"4x/x—1 8
(©) 4 (©) oz
- ji 5 2 4
:{,f—— -
4 —ov:25
3 2 100 3
53.(a)XI|m+<m—x_l)—oo—oo 54. (a) |Im+(x—xz)—oo—oo
. 3 2 .3 —3-2Inx 10 3 10x — 3
() ><|Lni]+<m_xf1>7><|Ln11+ (x — Dinx ®) )} 0*(X Xz)_xl 0*( x2 )_ *
C
3- 2/ G

= lim

x-1 [(x — 1)/x] + Inx _ °

©

(©

55. (a) 3

. X—3 .
® M inx — 5 = M2/ - 5
lim x-s5_1
7xﬂ3 2 B 2
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56. (a)

57. (3)

58. (a)

59.

Qlo

[NIE]

N

10

10

EO 00, 10,00, co — oo, cc®
oo

(b) Lety = (sinx)X, thenIny = xIn(sin x).

. In(sinx) . cosx/sinx =2 . =2
lim = lim >— = lim = lim ——-=0
x-0"  1/Xx x-0"  —1/x x-0-tan X  x -0* Sec? X

Therefore, sincelny = 0,y = 1 and Iirg (sinx)* = 1.
X -0+

(b) Jlrgo(\/x2+5x+ 2-x) —Jlrgo(\/x2+5x+ 2—X)E\/:212—§1513

(x2+5x+2)fx2

\/xz +5x+ 2 + X
5x + 2

M, VX2 +5x+ 2+ x

m 5+ (2/x) 5

x~o0 /1+ (5/x) +(2/x® +1 2

®) tim X = nms—xz— lim 2 = jim 8
X - o0 X— oo 2e2x Xaoo4ezx X - o0 862)(

)

60. See Theorem 8.4.

61. (@) Letf(x) = x> —25andg(x) = x — 5. 62. Letf(x) = x + 25and g(x) = x.
(b) Letf(x) = (x — 5)2andg(x) = X2 — 25.
(©) Letf(x) = x> — 25andg(x) = (x — 5)3.
63.
X 10 102 104 108 108 100
(Inx)*
T 2.811 | 4.498 | 0.720 | 0.036 | 0.001 | 0.000
64.
X 1 5 10 20 30 40 50 100
% 2.718 | 0.047 | 0.220 | 151.614 | 4.40 x 10° | 2.30 x 10° | 1.66 x 103 | 2.69 x 1033
x2 2 x3 3x2 6X . 6
5. im 05 = lim o5 = lim e = 0 66, Jim 5 = lim 5 = Jim 4z = lim 55 = 0
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(InXx)3 — lim 3(Inx)2(1/x)

X— oo 1

3(Inx)?
X

67. lim

X - oo

= lim

X— oo

i 800X/

X— oo 1

= Iim@: Iim§:O

X— oo X-o0 X

n(In x)"~1/x

mxm-1

69. lim

X— oo

(Inx)"

— Jim M0 = Ylnx"7? _r:;ﬂn:'x)nfz

X— oo

lim-—- — o
=M e

7L y=x¥* x>0
Horizontal asymptote: y = 1 (See Exercise 43.)

4

In —Elnx

Y=x
ldy _ _1
y dx X(X) (lnx)< X>

0

a_ xl/x< )(1 —Inx) = xX¥Y-21 - Inx) =0

dx
Critical number: x=e
Intervals: (0, €) (e, o0)
Sign of dy/dx: + -
y = f(x): Increasing Decreasing
Relative maximum: (e, e/¢)
73. y = 2xe™*
2X 2
Jm e = Jim =0 T
=)
Horizontal asymptote; y = 0 -2 |2 10
ﬂ — _aX —X
dX—Zx( e + 2e |
=2*(1-x =0
Critical number: x=1
Intervals; (—oo, 1) (1, 00)
Sign of dy/dx: + -
y = f(x): Increasing Decreasing

Rel ative maximum: (1, %)

68.

70.

(2Inx)/x
xlﬂTo 3x?

. (Inx)?
lim (n;() =
X - oo X
— lim 2Inx
_Xﬂoc 3x3
2/x 2

=Ilim—=1Ilm—%=0
xooo O xooo OX3

xm m—1
lim-— = lim ———

X— oo @™ x-oo NEM

m(m — 1)xm~2
X — 00 n2enx

Il
I
§

72. y=xx>0

4.y =

lim x* = co and I|m x*=1

X— oo

No horizontal asymptotes 4

Y i

= =x1+Inx)=0

Critical number: x = e
Intervals: (0, e 1) (e 1,0
Sign of dy/dx: - +
y = f(x):

Decreasing  Increasing

Relative minimum: (e%, (e ) = (}’ <1>1/e>

Inx
X

e \e

Horizontal asymptote: y = 0 (See Exercise 29.)

Relative maximum: <e, é)

dy x(1/x) —(nx)(1) 1-Inx
9 = =0
dx x2 X2
Critical number: x=e
Intervals: (0, €) (e, 0)
Sign of dy/dx: + -
y = f(X): Increasing Decreasing
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75. lim -1 0 0 76. lim snmx—1_ 0  (Numerator is bounded)
X -0 e 1 X— oo X

7.

79.

81.

Limit is not of the form 0/0 or co/co.
L'Hopital’s Rule does not apply.

lim xcosé = o0(1) = oo

X — o0 X

Limit is not of the form 0/0 or co/co.
L'Hopital’s Rule does not apply.

(8 Applying L'Hopital’s Rule twice resultsin the
origina limit, so L'Hépital’s Rule fails:

. X . 1
im — = lim ——
x-00 JX2 + 1 X - o0 X/,/X2+1
VX411
= lim ————
X - oo X
X[+ 1
= lim *—~———=
X— 00 1
= lim ——=—
X-c0 /X2 + 1
(b) fim —=— — jim — XX
xooo X2+ 1 x-00 X2+ 1/X

(©) 15

-15

f(x) = sin(3x), g(x) = sin(4x)
f/(x) = 3 cos(3x), g’(x) = 4 cos(4x)

f(x) sin3x f’(x)  3cos3x
yl = =g ’ 2 = 7 =
g(x) sin4x g’'(x)  4cos4x
_sin3x _ 3cos3x
sin4x 4 cos 4x

15

0.5

Asx-0,y; - 0.75andy, - 0.75
By L'Hépital’s Rule,
sin3x . 3cos3x 3

im— = lim =
x-08N4X x-04cos4x 4

Limit is not of the form 0/0 or co/co.
L'Hopital’s Rule does not apply.

: e 0
BT e T 10

0

Limit is not of the form 0/0 or co/co.
L'Hopital’s Rule does not apply.

. tanx. . .
80. (8 lim —— isindeterminant: *
X- /27 SEC X [e’e)

tan x . sec? X

m = | .
x-m/2- SEC X x- /2~ SeC X tan X

. SEC X oo
= lim —— (—)
x—m/2- tan X oo

. Sec X tan X
= lim ———
X-w/2~  Sec? X

. tan x
lim ——
x-m/2” SEC X

, the original problem!

. sin x
lim = lim —— (cosx)
x- /27 SEC X X /2= COS X

Iirp snx=1

X— /2

© -

e T,

82. f(x) =e*—1,g(x) =X
f'(x) = 3e*,9'x) =1

_fx_ex-1 f/(x)

Y1_@ < Y2:g/(x)

= 3

5 |y=3"

e

-0.5 0.5
0

&

Asx-0,y; -3andy, -3
By L'Hépital’s Rule,

e —-1 . 3e¥
lim = lim =

x-0 X x-0 1

3
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Section 8.7
vke Kt
_ okt 0
83. lim 32(1 = ) Cim L= i v )
" k-0 k ) k k.o O
_im 320+ te)
) 1 k-0 \ ekt
r nt
84. A= P(l + —>
n
; In<1+%)
InA=InP+ntIn<1+ﬁ)=InP+
nt
r r 1
. In<1 +ﬁ) . _?(1+ (r/n)) .
lim | —=| = lim | ———————=| = lim [rt| ——
n oo l n-oo _<i> n oo
nt n2

r
1+
n

. Vo
M o =32t + v,

Since lim InA = InP + rt, wehave lim A = ginP+1 = gnPgt = pgt, Alternatively,

nN-oo Nn- oo

. . r\nt . r\n/rrt
lim A= lim P(l + 7> = lim P[(l + 7) ] = pet.
n._ oo n_ oo n n_ oo n

85. Let N be afixed value for n. Then
xN-1 (N — 1)xN-2 _

(N- DN - 2xN2

lim = lim lim
X-oo €EF X oo ex X— oo e

dy _y—(y+ /144
0

.= lim [M] =0. (SeeExercise70.)

86. () m= i -
_ -
X
144 - x2
— y2
(my:_fiﬁggim
12
Letx = 12sin 6, dx = 12 cos 6 dh, /144 — x2 = 12 cos 6. x
12 cos 9 1—sin?9 )
——f12§n012C059d9——12fT0d9 442
=—12f(csc¢9—sjn0)d0=—12In|csco—cot0|—120030+C 30
— w2 — w2
:—12|n‘3— 144~ x —12<V144 X>+c
X 12
— — y2 0 12
=—12|n‘w — V-2 +C 0
— — y2
Whenx = 12,y = 0 [J C=0.Thusy=—12ln<12 Vi44x>— 44— 2.

— — 2
Note: 12# > 0for0 < x < 12

—CONTINUED—



194  Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

86. —CONTINUED—
(c) Vertical asymptote: x = 0
(dy+ V144 —-x2=12 0 y=12— J144 - @
Thus,

— 2
12— /144 — 2 = —12|n<12i44x> ~ J14— %
— — 2
_1_|n<12 144 x)
X

xel=12 - /144 — x?

(xe ! — 122 = (- /144 — ¥2)*
x2e 2 — 24xe 1 + 144 = 144 — x?
x(e 2+ 1) —24xe =0
Xx(e 2+ 1) —24e =0

24e 1
x=0o0rx = m =~ 7.77665.

Therefore,

_ 2 2 2 — 2
S_f \/1+< X)dx—f /x +(144 x)
7.77665 7.77665

= f —dx = [12 In|x|] = 12(In 12 — In 7.77665) ~ 5.2 meters.
7.77665 X 7665
87. f(x) = %3, g(x) = x2 + 1,[0, 1] 88. f(x) = % gx) = x2 —4,[1,2]
f(b) —f(a) _ f’/(C) f(2) — (1) _ (0
gb) —g@ g0 g2 - g1 glo
@) —f(0) _ 3¢ —1/2 -1/
9(1) — g0 2c 3 2
1_3c 11
1 2 6  2c¢
o= % 263 =6
c=3¥3
89. f(x) = sinx, g(x) = cosx, [O, g] 90. f(x) = Inx, g(x) = x3,[1, 4]
f4) —f(1) _ (o)
f(w/2) — f(0) _ f/(c) ==
o(n/2 — g0 g0 e
1 cosc Ind4_2c_ 1
=1~ Tsno 63 3¢ 3t
11— —oote 3cIn4 = 63
_ 2
c= E B In4
c= 32 ~2am

In4
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91. False. L'Hopital’s Rule does not apply since 92. Fase. If y = €/x?, then
Iimo(x2+x+1)¢0. , Xe—2xe& xe'x—2)  e(x—2)
x- y = x4 = N - N
X+ x+1 . 1
lim —————=lim (x+1+=-)|=1+4+ 00 =00
X »0* X X »0* X
93. True 94. False. Letf(x) = xand g(x) = x + 1. Then

lim —— = 1,but lim [x— (x + 1)] = —1.
+ X > oo

X =00 X 1

95. Areaof triangle: %(ZX)(I — COSX) = X — X COSX
Shaded area: Area of rectangle — Area under curve

X X
2X(1 — cosx) — ZJ (1 — cost)dt = 2x(1 — cosx) — Z[t — sint]
0 0

= 2X(1 — cosx) — 2(x — sSinX) = 2sinX — 2X COSX

. . X — X COS X . 1+ xsinx — cosx
Ratio: lim ——————— = |im -
x-02SINX — 2XCOSX x-02COSX + 2XSiNX — 2 COSX

.1+ xsinx — cosx
= lim -
X -0 2xXsin x

. XCOoSX + sinx + sinx
= lim -
x -0 2XCOSX + 2sinXx

Xcosx + 2snx 1/cosx
im — -
x-02XCOSX + 2sinx 1/cosx

— lim X + 2tanx

x -02X + 2tanx
_ Iiml+23e<:2x_§
T x-02+ 2sec?x 4

96. (8 sin6 =BD
cosf=DO [ AD =1 - coséb

Area AABD = ébh = 1(1 — cosf)sing = 1sin 0 — ;sin 6 cos 6
2 2 2 2
(b) Areaof sector: %0
1 1. 1 . 1. 1.
Shaded area: 50 — Area AOBD = 56 — E(cos 0)(sin ) = 50 - 5sin 0 cos 6
© R= (1/2)sin 6 — (1/2) sin § cos 6 _sinf —sinfcoso
(1/2)6 — (1/2) sin 6 cos 0 6 — sin 6 cos
. _,._sn6— (1/2)sin26
(@ JimR =M= 1,2 sn 20
— |im S080 = cos26 _ lim —sinf + 2sin26 _ lim =080 + 4cos26 _ 3
0-0 1 — cos260 6-0 2sin26 0-0 4 cos 26 4
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. 4x—2sin2x . 4 — 4cos2x _ 1x
97. leinO Ve = LIITc]) ol 98. Lety = (&X+ x)/*
) X 4
. 8sin2x Inyzlln(e“rx):M
= lim X X
x-0 12X
. + ) +
lim 16cos2x 16 4 Imgln(exx X = Imgzxur)l(:%:z
= = = X X
X-0 12 12 3
Hence, lim(e*X + x)1/* = €2,
Letc = 4 2
3 Let c = € = 7.389.
99. |irr3%fs'°x =2 100. We use mathematical induction.
X —
.ooxt 1
Near x = 0,cosbx =~ landx2~0 0O a= 1. Forn=1, lim = = lim = =0.
xﬂooex X oo €
Using L'Hopital’s Rule, K
. 1—cosbx . bsinbx Assume that Tim ‘o5 = 0.
Me TN
h ) Then, fim Xt — jim & X"
. b2cosbx "Xooo €X  x-oo X
=lim———— =2
X-0 2

XK
Hence, b2 = 4and b = +2. =(k + 1))I(|m)§

Answer: a=1,b= %2 =(k+ 1)(0) = 0.

fx+h) —fx—h . fx+hQ) — Fx - h(-1)

101. (8 Li[r?) h = Iipg) >
_ [f(x+ h) + f(x — h)
:.'L”é[ . 2 : ]
_f+fx _ .,
= 5 = f/(x)
b

-

Graphically, the slope of the line joining (x — h, f(x — h)) and (x + h, f(x + h)) is approximately f(x). And, ash - 0,

ipgf(x + h) Z—hf(x - h

= f1(x).

|
h

102, Iimf(x + h) — 2f(2x) + f(x — h) i
h-0 h -

f(x + h)(1) + f'(x — h)(-1)
2h
f(x+h —f(x—h)
2h
o x4+ h)(1) - f(x — h)(=1)
= Jir 2
i f/(x + h) + f(x — h)

= 1im
h-o0 2

(%) + f1(x)
— =

03

=

li
h

1
o

o3

f7(x)
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e % x#0
103. g(x) = { '
J 0 x=20
90 =90 _ . e
9O =lm= "o =M
efl/x2 (efl/x2> 1
= = =—=—Inx=
Lety ,theniny = In X 2 nx =
Inx . 1/x
2 — RALEAT _
xIlinx Inx = |I£n 1) )!ln?)_z/xa xIm?)
—1 — x2
we have lim (17;("”(
x -0 X

—1-x2Inx

x)zo

) = —oo. Thus, Iimoy: e>*=00 g0 =0.

Note: The graph appears to support this conclusion—the tangent line is horizonta at (0, 0).

104, f( = X1
k

k=1, f(x) =x—1

_ _xM -1 01 _
k=01 fx = o1l - 10(x 1)
k=001, f(x) =1 _ jppx00 — 1)

o 0.01

oxk—1 xK(In x)

k“fBL KT k“fBL 1 = Inx

105. (a) Xlilgl(—xln x) istheform 0 - co.

(b) lim l'/”xx lim _11//"2 = lim( =0
106. )!IEI"I’:I f (X))
y = f(go%
Iny = g(x) Inf(x)
lim g0 Inf(x) = (o0)(=00) = —o0

Asx - a,lny O
lim f(x)9® = 0.
X -a

—oo, and hencey = 0. Thus,

f‘ 10

(C) 1

-1 5

107. lim f(x)9®
X -a

y = f(x9%
Iny = g(x) Inf(x)

j 0.5+ i
2 . Since ) X

lim g(x) Inf(x) = (—o0)(~o0) =

Asx - a,Iny O oo, and hencey = oo. Thus,

lim f(x)9® = oo
X -a

b b b
mamam@meammzw@mm{bmamwanﬂ

dv=f"t)dt O
u=t—>b O du=dt

v = f1t)

_r@m—m+r@m—m+bm£:ﬂm—um
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V2a¥x — x* — a JaXx

. i (In2)/(L+Inx) j 0_ 110. lim
109. (a) XILrg+x is of form O 0 le; 2 Yac

Let y = X(In2)/(1+|nx) 1
(283 — xH)7V2(2a° — 4¢) — a%(azx)*z/ a2

Iny = n2 Inx = lim
= - I
1+ Inx x-a _l(axs)fsm
lim Iny = Ir121(71/x):|n2. 1 3
x -0 /X E(614)71/2(_2a3) _ %(as)—z/s
Thus, lim x(n2/@+nx = 2, = 1
X0t L3\ —3/4 2
(b) lim x(M2/+1n% is of form oc®. 4)3a1)
X— oo
Lety — X(In2)/(1+|nx) a
a-+ é
Iny = 12|y RETVN
Y= 1+¥Inx 7@
limIny = %=Inz. 4
X— oo —
3?16
Thus, lim x(n2/@+inx — 2 T~ 3 9
X— oo —
() Iirr(]J (x + 1)In2/X js of form 1°. 4
X
Lety = (x + 1)1n2/®
Iny=|n—2In(x+ 1)
X
liminy = lim N2YX+ED s
X-0 X-0 1
Thus, lim (x + 1)In2/® = 2,
X
+s + s i i
11 (@) h(x) = () hig = 20X =% SOX_ g 4 SBX 5 o
X X X X X
- Hence, limh(x) = Iim[1+%]=1+0=1.
limh(x) = 1 o o
X— oo . . .
f\/—\_/—v () No. h(x) is not an indeterminate form.
-2 20
0
1 & — 1w
112. Letf(x) = [;- - 1] .
Fora> l1andx > 0O,
X -
Inf(x) = 1[In1 + In(@* — 1) — In(a — 1)] _ _Inx + In(@ — 1) _ In(a 1).
XL X X X X
— X — — — X)X — —X
Asx_>oo,In—x_>0,7ln("31 1)_>O,and|n(a 1)=|n[(1 a )a]:In(l a )+Ina_>lna.
X X X X X

Hence, Inf(x) - Ina.

ForO<a<landx >0,

— — X —
Inf(x) = I):lx+ln(1x a)_ln(lX a)HOasxﬁoo.

aif a>1

Combining these results, lim f(x) = {1 if 0<a<l
X - 00
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Section 8.8  Improper Integrals

1

L [

3.

X . . 2
3% — 2|S|mproper because 3x — 2 = Owhen x = 3

1 1

2x—5

o X2 —5x+6
is not improper because
2x—5

(x—2)(x—23)

2xXx—5

®= ) x-2x-3

dx
is continuous on [0, 1].

5. Infinite discontinuity at x =

j —dx
nm[&&]

b - 0" b
NEM_ZJQZ4

—dx— lim
b - 0"

Converges

7. Infinite discontinuity at x = 1.

21 Y 21
Li(x— 1)de:f( —1)2dx+f( _1)2dx
:b“q]*f( 71)2dx+ Ilmf( ~ e
1
- bILT* [_x - 1]0 * c“ﬂl [_x - 1]C
Diverges

8. Infinite discontinuity at x = 1.
2 1 2
1 1 1
Li(x ~ 1y dx = J;i(x ~ 1y dx + J’li(x ~ 1y dx

im [ L
b1, (x — 1)%/3

dx + lim
c-1*

Converges

9. Infinite limit of integration.

oo b
J e Xdx = lim fe*xdx
0 - Jo
b
= lim [—e*x] =0+1=1
b- oo 0
Converges

tim [+ jim a1 -

dx . . 1. .
2. J' —)2( is not improper because  is continuous on [1, 2].
L X X

o]

o [

In(x?)dx

isimproper because the upper limit of integration is co.

6. Infinite discontinuity at x = 3.

4
1
[

4

)

4
lim [—Z(X - 3)*1/2]
b -3* b

= lim | (x — 3)~%2dx

b-3

lim =
b - 3*

2 5l

Diverges

(0 —1) + (=14 o0)

2
1
JC 7()( — dx

1)2/3
(0+3)+3B3-0=6

c

10. Infinite limit of integration.
0 0
f eXdx = lim fezxdx
-0 b- -0 b
0 1
@) =3-0

[1

2

1

2

= lim =

b- —oo

Converges
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1 2
11. lz dx # —2 12. 723 dx # 8 because the integral is not defined
X L,(x=1) 9
because the integrand is not defined at x = 0. at x = 1. Theintegral diverges.
Diverges
13. f e *dx # 0. You need to evaluate the limit. 14. f sec x dx # 0 because sec x is not defined at x = /2.
0 0
b b The integral diverges.
lim fe*xdx= bIim [—e*x] = g
- Jg — oo 0]

= bIim [fe*b + 1] =1

1 (P21 g bg
15. —dx = lim | 5 dx 16. “dx = i >
fl X2 bqooflxz . XSdX JL@L)@dX
1P 5 1 5
boo| X1 JLTO[ X ]1 2
oo 3 b o 4 b
17. ——=dx = lim | 3x Y3dx 18. f ——dx = lim f4x’1/4dx
L Ix b”wJ;_ 1 Ix b-oo Ji
. 9 ,,° . 16 ,,|° .
= =x2/3| = — —E3Al —
JLFI;IC [ZX ]1 oo JLTO[SX ]1 oo Diverges
Diverges

0 0 0
19. f xe 2 dx = bIim f xe 2 dx = bIim %[(—ZX - 1)e’2x] = bIim %[—1 + (2b + 1)e®] = —co (Integration by parts)
— — 00 b - — 00 b - —0o0

—oo

Diverges

o b b
20. f xe¥/2dx = lim f xe¥/2dx = lim [e*x/z(—ZX - 4)] = Jlim eYA(-2b—-4) +4=14
0 0o b-ee

o b oo =

=2

5 _b2+2b+2+2)

e

=

oo b b
. J x2e*dx = lim J'xzefxdx= lim [—e*x(x2+2x+2)] = Iim(
0 0

o b oo — oo S

Since lim

— o0

(_b2+2b+2

& > = 0 by L'Hopita’s Rule.

o b b _
22. f (x — De>dx = bIim f (x — e >dx = bIim [—xe*x] = lim (FP + O) = 0 by L’Hopital’s Rule.

0 0 0 b-oo

sl b o _ _ : _ c
23. f e*cosxdx = lim 1[e*x(—c:osx + sjnx)] 24. | e asinbxdx = lim [e *(—asinbx bCOSbX)}
o bo oo 2 0 o c.oo a2z + b? 0
1 1 -b b
—Z[0—(-1D] == - 0-—2 5
2[ (-] 2 R
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25. f ﬁ = Ilmf(lnx 3fdx
4

tim | ~3an0-2]

1 -2 1 -2
—E(Inb) +2(In4)

111
T 2(2In2)2 " 8(In2)2

) ° 2 = 2
27. fior e dx = fior e dx + L 15 dx
0 c
. 2 . 2
- b![nxL4 e C'LTOL4 e X
0 c
= lim [arctan(lﬂ + lim [arctan(z)]
b-—oo 2/ b C—oo 2 0
aa o
= — —_—— + PR— =
(O < 2)) <2 0) T

oo b
3L f cos xdx = lim [lsin wx}
0 booo | T 0

Diverges since sin 77b does not approach alimit asb - co.

1 XZ
xInxdx = I|m —In|x| — —
37.[O [ N 4L

= lim [;1_bﬂnb+bj]_;1
T beor| 4 2 h

4 4

sinceblinO} (b?Inb) = 0 by L' Hopital’s Rule.

26.f '“—de— J'”X
1 baoo

- J[”Qo[ |n2X) ]1 e

Diverges
oo X3 ) b
2 f W“X*J‘Jﬁlfox J'JL‘JuH)z
— i 2 -
k)le|: In(x2 + 1) + (2+1J
ok
2
Diverges

o b
30. L 1f(exdx:bliﬂrgo[ln(1+e><)]0:oo—In2

Diverges

“ X . x 1P
32.f snadx—JLTc[—Zcosé]o

0

. . X .
Diverges since cosE does not approach alimit asx - co.

48 4
34. f dx = Ilmj dx = lim [Blnx] = oo
X b-0" b

Diverges
6 4 b
dx = lim | 4(6 — x)"¥2dx
o\/G_X b*e‘?‘fo ( )
b
= | —8(6 — y)1/2
pip | o6 =02
= —8(0) + 8.6
=8.6

e e
38. jlnx2dx= lim fZInxdx
b- 0 0

0
e
= lim [2x|nx— ZX]
b- 0" b

= JLrEL [(2e — 2e) — (2bInb — 2b)]

=0
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/2 b /2 b
39.f tan6do = lim 7[In|sece|} = oo 40. sec 0df = lim [In|%ce+tan0|] = oo
0 b (m/2) o o b (/2) 0
Diverges Diverges
4 4 2
2 2 1 . (X\P
41. | ————=dx= lim | —=———=dx 42, | —=——dx = lim [arcsm<f>] =7
LX¢X2—4 b~2‘fbx X2 — 4 fo\/4—x2 b-2" 2)lo 2
ry s |
= lim [arcsec|;
b-2* 2|1y

~

. b
= lim(arcsec 2 — arcsec| =
bo2* 2

T T
3 O’s

43 | ——=— = lim [ln\x + - 4]]: —In(4+23) - In2=1In(2 + /3) ~ 1.317

2 b
1 . 1/ 1 1 . 1 12+ X
4. 04—x2dx_bllr97JOZ(2+x+2—x)dx_b“r97[iln‘ X

2 o 2
45, dx = dx +
L3x—1 L?/x—l f1§/x—1

— 1 § _ 2/3]b ; [g _ 2/3]2_;3 §_
*b"f?—[z(x VR dim | S = PR = m 5 =0

dx

3 2 2 3
e _ _ 2\-8/3 _ 2)-8/3
46. L x = 273 dx fl 2(x — 2 dx + j 20x—2) dx

2

b 3
lim fZ(x— 2)783dx + lim fZ(x— 2)78/3 dx
b2 ) c-2 ),

. 6 75/3b . 6 75/33
R A R B L R

Diverges

® 4 toog © 4
47 | ——dx= | ————dx+ [ ———d
Lﬁ(xw)x Lﬁ(we)x Lﬁ(xwx
Letu= /%X U2 = x 2udu = dx.

4 _ [ 4Cuduy _ du 8 u _ 8 Vx
fﬁ(we)dx‘fu(uue)‘Sfu2+s‘Jéar“a”<¢é>+°‘¢éar°‘a”<¢é>+c
=4 i |8 el ) i | e 22X |
Thus,f0 \/),((X+6)dx—k,lin3+ {\/éarctan<\/é)]b+clir§6 \@arctan<\/é>}l
= (8 arctan(l) —80> + <87T—8arctan<1>>
V6 NG 62 6 V6

8r  2m/6

“2/6 3

c
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1 *1 b]_ b
48. dx = In|in|x| + C 49. If p=1, dx = lim [ —dx= lim Inx]
XInX 1 b-oo 1 X b oo 1
Thus, = bIim[ln b] = o
“ 1 €1 * 1 ]
fl xInde_flxlnde+£ xinx & Diverges. For p # 1,
bt-p 1

= bILT [In(ln x)]j + CILTO [In(ln x)]:o.

Diverges

1
pr=1,J’1
0

Diverges. If p # 1,

lld im [P T i [
o XP X=m [1—p]a_ n [1—p

lipifl—p>00rp<1.

1
50. dx = I|m Inx]

= |lim —Ilna= oo
a-0 a a-0*

al-p
e

This converges to

51. Forn = 1 we have

fxe de—llmf X dx

0 b o

[ eXx—e]
[

ebh—eb+ 1]

I|m
I|m
b-

= lim [;b N 1] =1 (L'Hépita’s Rule).

ed &

b- oo

[e'<]

Assume that f x"e * dx converges. Then for n + 1 we have

0

Jx”“’le‘X dx = —x"*le™ + (n + 1)Jx”e‘X dx

by parts (u = x"*1, du = (n + )x"dx,dv = e *dx,v= —e).

Thus,

oo
f xntlexdx = I|m

0 b-co

oo

52. () Assume J g(x) dx = L (converges).

a

[e'e)

Since 0 < f(x) < g(x) on[a, o0), 0 < f

a

(b) j g(x) dx diverges, because otherwise, by part (a), if J' g

a

!
53. J —; dx diverges.
o X

(See Exercise50,p = 3 « 1.

f(x)dx < foog(x) dx = Landf

et gm [5G =g
e T T e T 1o

1ifl—p<00rp>1.

1-p

This converges to D i

(Parts: u = x, dv = e *dx)

b oo o
[—x”*lefx] + (n+ 1)f x'exdx =0+ (n+ 1)f x"e~* dx, which converges.
0 0 0

[e]

f(x) dx converges.
a

(x) dx converges, then so does f f(x) dx.

1 3
~ CONverges.

1
1
54. | —=dx=—7—5 =
J;%& 1-1/3 2
(See Exercise 50, p = %)

|
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55. f —dx = = %converges 56. f x4 X dx converges.
0

(See Exercise 49, p = 3.) (See Exercise 51.)

57. Since

1 > on[1, o) and j — dx converges by Exercise 49, J %dx converges.

1
2+5 +5

o]

> % on[2, oo) and f e dx diverges by Exercise 49

) < 1
58. Since \
2 X 2 UX—1

dx diverges.

1
VX—=1

1 >1 [ <1

59. Since

dx diverges.

o 1
L I/x(x — 1)

1 1

60. Since———— <
XL+ 2

dx converges.

<1 > 1
on|[1, and dx converges by Exercise 49, _—
e | Y J AL+ %)

61. Sincee ™™ < e *on[1, o) andf

e *dx converges (see Exercise 9), f e ¥ dx converges.
0 0

1
IXxInx

62. > %since\/ilnx < xon|[2, o). Sincef %dx diverges by Exercise49,f dx diverges.
2

1
2 UXInx

1 0 1
63. Answerswill vary. 64. See the definitions, 65. f 33 dx = j ls dx + f is dx
pages 578, 581. -1X -1X 0 X
These two integrals diverge by
Exercise 50.

10 10
66 o~ xx_2 [ X~02

You must analyze three improper integrals, and each must converge in order for the original integral to converge.

3 1 2 3
Jf(x) dx = f f(x) dx + J f(x) dx + J f(x) dx
0 0 1 2

1 1
67. A=f exdx 68. Azf—lnxdx
o 0
1 1
= lim fexdx = — Iimjlnxdx
b-—oo |y, b-0* |,
1 1
= lim [ex] = —lim [xlnx — x]
b- —oo b b-0* b

fbllrcr)y[(o —1) —binb + b]
=1

bIim [e—€]=¢e

Inb _ .~ 1/b
Note: limbinb = lim 7"~ lim —"7-

=0
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I R _ | 8
69.A—J1wxz+ldx 7O.A—f7 o2&
0 b b
. 1 1 . . 8
_bl—!mooﬁ X+ 1 dx+b“ﬂl£ x2+1dx 7b|ﬁ|mooJ’ 2+4dx+b|LTCL x2+4dx
. o . b x\Tp
= lim [arctan(x)] + Ilm[arctan(x)] = I|m [4arctan( ﬂ + Iim[4arctan<f>]
b- —oo b b-oo 0 b oo 2/ o
= lim [0 — arctan(b)] + lim[arctan(b) — O] b b
b oo b-oo = lim [0 - 4arctan<f>] + lim [4 arctan<f> - O}
T T b —co 2 b- oo 2
S
— T T
B _4< 2 >+4<2>_4”
71 (a A= Texax 72. (@) A= ooidx— [—l]x =1
. 0 ' B 1 X2 B X1 N
b ol
= lim [—e"‘] —0- (-1 =1 (b) Disk:
bree 0 “1 . TP 7
(b) Disk: V=] a®= b"fll[_ﬁ]l_ 3
v — J ()2 dx (© Shell:
0 F L inx|’
b V=27 x<—>dx= lim [Zwlnx] = o0
= lim ,n.|:_1e—2><] — ™ 1 X2 b- oo 1
- o0 2 0 2 .
Diverges

(c) Shell:

V= 277[ xe X dx
0

= JL“QO {ZW[EX(X + 1)]2] =27

73. X2/3 + y2/3 =4
2 2
Zyv—1/3 Zy1/3y/ =
3X + 3 %y'=0
_\yl/3
Y = s

~ y2/3 _ X2/3 + y2/3 _ 4 _ 2
VIt (y)2= /1t iam= B =N @E e *>0
8
2 . 3,5
=4 S-dx = L 2ye3| =
S 4L /3 dx l)lLrB]+ [8 X ]b 48
74 y= /16— x2,0< x< 4

—7X
J16 — X2

S‘f Vitie f N
tllmﬁﬁ dx
sl

lim 4arcsin(1) =27
to4- 4

/
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75 x—22+y=
2x—2) + 2y’ =0

_—x-2)

y y

1+ (y)=JV1+[(x—22%y?] = %(Assumey > 0)

X—2 2

3 3 3
s=4wf5dx=4w de=47TJ[
Ly L /1o x- 22 .

b
= lim
a-1* a
b3~

76. y = 2e%
y' = —2e*
S= 277f (2671 + 4e~>dx
0
Letu=e X du= —eXdx

fe‘x\/l + de=&dx = —J\/l + 4u? du

- =27

1-(x—27?

{477[— V1= (x— 22+ 2arcsin(x — 2)} } = 47{0 + 2arcsin(1) — 2 arcsin(—1)] = 872

= —3louvar T 1+ njau+ VaE )]+

~ —3[ee*Vae T + Inf2e+ Vae > T[] + C

b
S= 47Tb|imj (€)1 + deZdx
— 00 0
—7rblim[2e‘x de>+1 + In|2e—x+ 4e‘2x+1|]

725 + In(2 + /5)| ~ 18.5849

b
0

K K
77 (&) F(X) = 5.5 = 00z K = 80,000,000
° — b
W= f Mg’ooodx = lim [M] = 20,000 mi-ton
a000 X b-oo X 4000
— b —
) wﬂmw%JM%@]:gym@+mm
2 X 4000 b
80,000,000 _ ;o
b
b = 8000

Therefore, 4000 miles above the earth’s surface.

78. (a) F(x) = X—"Z 10 = ﬁ, K = 10(4000°)
W= “°10(40007) dx = lim [f 10(40002)]b
4000 2 b-co X 4000
_10(4000?) -
=000 40,000 mi-ton

— b —
(b) ¥ — 20000 - [710(40002)] _ —106400%) ;40,000
2 X 4000 b
10(40009) _ 5 000
b
b = 8000

Therefore, 4000 miles above the earth’s surface.
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“1 —t/7 “1 —t/7 i —t/7 b
79. (4) fe dt = ?e dt:bllm —e 0 1
0 — 00

(b) J YTt =

(©) f e*‘/7 dt = lim [—te*‘/7 - 7e*‘/7]

t/7] = —e#74+1

~ 0.4353 = 43.53%
b

0

=0+7=7

81.

10

(b) C = 650,000 + f 25,000e0.08t (it ~
0
(c) C = 650,000 + f

0

5

82. (8 C = 650,000 + f 25,000(1 + 0.08t)e~ 0%t dit

0

1
= = o006t _ _° o006t
650,000 + 25,000[ 0.06¢ 0. 08<0 06E +

10
(b) C = 650,000 + J 25,000(1 + 0.08t)e 06t dt

0

1

= 650,000 + 25 000[ 066700& 0. 08<

(©) C = 650,000 + f 25,000(1 + 0.08t)e %t dit

0

= 650,000 + 25,000b|im [—

0.06

2 NI r
k

e 1
P = Kj =75 OX.
. (r2 + x2)3/2

. LetK = . Then

5
(& C = 650,000 + f 25,000 e 2%t dt = 650,000 — [
o

25,000e~008t dt = 650,000 — Ilm [

0.06

e 0.06t _ 008(79 0.06t +

Improper Integrals
<2 ) b
80. (a) f e ot =J g€ ?/odt= lim [ e*2‘5] =1
—oo 0 -0 0

4 2 4
o [ (2w =[] < s
0

(© f

~ 0.7981 = 79.81%

5 721/5]b 5
26

e*2‘/5 dt = lim =

b- oo

_ /5 _
[tez‘ "3

25, OOO

5
—0.06t |~
0. 06 ]0 $757,992.41

$837,995.15

25, OOO

b
—0.06t | ~
0. 06 }0 $1,066,666.67

5
© 06)2e70-06t>]0 ~ $778,512.58

1

—0.06t -
€ (0.06)2

10
e 0'06l>] ~ $905,718.14
0

t 1

b
—0.06t | | ~
0.06 € >]0 $1,622,222.22

(0.06)?

Letx=rtan g, dx =rsec20df, /r2+ x2 =r sech.

r sec29 dé
r3 sec39

o~ |

rlsm0+C

——jco 0do

2 \/r2 + x2

1
(r2 + x2)3/2

_ 27N (VrZ+ - ¢
kr/r2 + 2 '

+C
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84 F = - ( GM6)2 dx 85. False. f(x) = 1/(x + 1) is continuous on
a+ X
° [0, 00), lim 1/(x + 1) = O, but
. [—GMS]" R
= lim 1 - °
b-ool @+ X Jo j dx = lim [In|x+ 1@ = co.
0 X+ 1 b- o 0
_ GM5 _
a Diverges
86. False. Thisisequivalent to 87. True 88. True
Exercise 85.
C)Ol . b
89. (a) f ;dx = bI|m [In|x|]1 = oo (b) 1t would appear to converge.
1 — o

S dx = lim

b- oo

° b
[ sm[
1 X1
f %dxwill convergeif n > 1 and will divergeif n <
1
(c) Letdv = sinxdx [

1
u="

V = —COSX

O du= —lzdx.
X

“sinx cosx|° “cosx
—dx = I| ——=| - o dx
b x 1 ), X

Converges

90. (a) Yes, theintegrand is not defined at x = /2.
(c) Asn - oo, theintegral approaches 4(w/4) = .

/2 4
@ I,= L T+ G
I, = 3.14159
I, = 3.14159
I = 3.14159
1o = 3.14159
91. I'(n) = Loox“*le*X dx

o . b
@ r@ = L e xdx = JLFQO [—e*x]o =1
o b
2 = f xexdx = bl'fgo [—e‘x(x + 1)]0 =

0
- b
F(S) = f x2exdx = bllm |:—X2e7X — 2xe X — 2eij|
— OO 0

0

[e]

() T(n+ 1) =f

(© I'(n) = (n — 1)!

y

100+
0.75
0.50 +
0.25 +
— X

-5 15 20
-025 1

(b)

INE

2

b b
Xlexdx = bIim [—x”e*x] + bIim nj Xlgxdx =0+ nl(n) (u=x"dv=e>dx
_, 00 0 _, 00 0
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92. Forn =1,
T x i 1 1 1 Po1
I, = ————dx = lim Z[ (@ + 1)~42xdx) = | . S
' fo (@ + 1)* b~°°2fo( S JLTO[ 602 + 1)3]0 6
Forn > 1,
B o x2n—1 e —x2n—2 b n—11(* x2n-3 -1
= L 0 + s K= Jm [Z(n T 2)0E + 1)n+2]0 e 2L @ = 0 5l
c ] = y2n—2 — _ 2n—3 — X — -1 )
(Parts u=x"2du=(2n— 2)x dx, dv RIS dx, v 2N+ 02 T 12
< x . 1 b 1
@ L o+ 19 ™ b"f?o [_e(xz n 1)3]0 ~5
o [ -4
(x2 + 1)5 (x2 + 1)4 4\6 24
(x2 + 1)6 (x2 n 1)5 5 24) ~ 60
93 f()=1 94. f(t) =t
o = [ et pim[-{e [ ~5so0 f = [ et = jim [ Ss - ves|
0 b- oo S 0 S, S = 0 e - erT;; 32 e 0
= é s>0
95. f(t) = t2 96. f(t) = e
oo b o0 o0
F(s) = f t2e~stdt = lim [l(—szt2 — 2st — 2)e*5‘] F(s) = f e stdt = J @9 gt
o booo | S3 0 0 o
. 1 b
2 — (a—s)
-Zs>0 im [ e ]
=0- ! = L ,S>a
a—-s s-—a
97. f(t) = cosat 98. f(t) = sinat
F(s) :f e s cosat dt F(s) =j e sgnatdt
0 0]
e s b : e s _ b
= [52 s >(—scosat + asmal)] = lim [752 " az(—ssmat - acosat)]O
- s __ s _ a __a
_0+52+a2 52+a2’s>0 OJr52+a2 52+a2’s>0

99. f(t) = cosh at

o e —at o
j e Scoshatdt = J’ eﬁg(eali> dt = lj |:et(fs+a) + el(fsfa)] dt
0 0 2 2 0

1 1 1 b 1 1 1
— = A(—s+a) = A(-s—a) — _ =
JLTCZ[( s+ a)et +(—s—a)é ]o 0 2[(—s+ a)+(—s—a)]

F(s)

=_—1[ CE—— ]: > .S >|a|
2 |(-s+a (-s—a £ — a2
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100. f(t) = sinh at

> i p— o0
F(s) = f e dnhatdt = f e*5‘<ea7e> dt = %f [e(-sta — g(-s-a]dt
0

0 (0] 2
.1 1 1 b 1 1 1

= = A(-st+a) _ = A(-s-a)| — _ = _
JLTOZ[(—er a)et (—s—a)el ]0 0 2[(—s+ a) (—s—a)]

_ ;1[ 11 ] . S
2 |(-s+a (-s—a £ —aZ

1
101. f(x) = ——e x-70%18 04 102. (a) y
@ () 3\/ﬂe : (€Y

fgof (x)dx = 1.0

50 ol 9 / \
. A
(b) P(72 < X < o0) =~ 0.2525 92 ‘ ‘ »

(©) 0.5 — P(70 < x < 72) = 0.5 — 0.2475 = 0.2525 - 14
These are the same answers because by symmetry, 1
P(70 < X < o0) = 05 (b) Area =7 m(2)* = 2m
and

Arc length is also%(27r(2)) = 2.
0.5 = P(70 < X < o)

= P(70 < x< 72) + P(72 < X < o). Hence, the corresponding integrals are equal.
—X
Lety= V4 - Xy = —F—=
Y N7
4 2
+(y)? = VIt (y)P=—
TP =g D VIHOP =775
2 2 2
Thus, V4 — Xdx = —dx.
f—z f—z NS
(area) (arc length)
100 [ - ) o g [ - 155
"o Y2+1 x+1 b-oo o Y2+1 x+1
b
= bIim[ln|x + e+ 1| - cinjx + 1|]
Soo o
. ) b+ b2+ 1
= 2 — cl = = V- =
JLTO[In(b+ VB2 1) — In(b + 1) JLToln[ TR }
Thislimit exists for ¢ = 1, and you have
. b+ /b2+1|
2 '”[(bﬂ)] —hnz
104 m( s —i)dx— lim b( X —i>dx
)b+ 2 3T i), K+ 20 3X
—imlCinee + 2 = Linx o= i M]b_- [M_ c/2]
_JLTO[Zln(X +2) 3In|x|]1 _JLTOIn[ e _tJLn; In b1/ In3

Thislimit existsif ¢ = 1/3, and you have

(b2 + Ve

In3
pl/3 .

lim [In —1In 31/6] = —|n3Y6 = _6

— o0
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105. f(x) = [glnx’ 2: g =2

V= fz(xlnx)2 dx

0
Letu=Inx e"=x e'du= dx

In2 In2
V= f e2“u2(e4du)=wj e u?du

—oo —oo

2 n 2
= Iim [w[”— Ay é]eﬂ' - w[('”z) _2In2 2]8 ~ 20155

3 9 27 3 9 "7

b- —co

b

1
106. V = wf (=Inx)? dx
0
1

lim 7| (Inx)?dx
b-0" b

1

= lim 7rx[(lnx)2 - 2Inx + 2]
b-0" b

blir(r)lw[Z — b(lnb)?2 — 2binb — 2b]

=27
107. u= x u2 = x, 2udu = dx 108. u =
1. 1. 1 1
sin x sin(u?) . cos X
—dx = fi(Zu du) = f 2 sin(u?) du fi
0 VX o U 0 ov1—X

Trapezoidal Rule (n = 5): 0.6278

1—-x,1—x=u%2udu= —dx

0 _ P
dx = w(—mdu)

1

1
:J’Zcos(l— u?) du
0

Trapezoida Rule (n = 5): 1.4997

109. (a) 3

110. Assume a < b. The proof issimilar if a > b.

fa f(x) dx + foof(x) dx:CLirp faf(x) dx + dle Ff(x) dx

a a

a b d
lim ff(x) dx + Iim[ff(x) dx+ff(x) dx]
C~~Jc d-ocol Ju b

d

= CLi[n Jaf(x) dx + be(x) dx + dIlﬁmf f(x) dx

a b

a b

Jb f(x) dx + foof(x) dx

—oo b

Cﬂmm[fcaf(x) dx + fbf(x) dx] + JLTOfdf(x) dx =

(b) Lety = e 0 < X < oo.
Iny = —x?
x=V—Inyfor0<y=<1
The area bounded by y = e X x= Oandy = 0Ois

Looe‘xzdx = f\/Tnydy, (: ﬁ)

2

14+
/mx

a b

lim fbf(x) dx + Iimfdf(x) dx

C— —oo d-oo J,
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Review Exercises for Chapter 8

1. J'x‘/x2 —1dx= %f(xz — 1)1/2(2x) dx 2. fxexzfldx = %fexz*l(Zx) dx
_1e— lelc
=2 32 '€ 2
1

=30¢—172+C

X _1f X _ 1 2 -1/2(_
3. fxz_ldx—zfxz_ldx 4, dex— 2f(l X2)~1/2(—2x) dx
_1a __1a-—xpe
—2In|x 1 +C =2 12 +
=-J1-x+C
1 1
5. Letu=|n(2x),du=;dx. 6. Letu=2x—3,du=2dx,x=§(u+3).
e 1+In2 2 1
JMdXZJ udu f 2x\/2x—3dx=f(u+3)ul/21du
1 X In2 3/2 0 2
u2]1+|n2 ljl 5
= == (U¥? + 3u¥?)du
2 lin2 2 o( )
1 12 1
=Z[1+2In2+ (In2? - (In2)?] = 2| Zu¥2+ 2u%/?
2 2[5 0
1 12
—§+In2~1.1931 —2[5+2]
_6
5
16 - (x X+ 2@+ x+1 X
7. fﬁdx— 16arcsm<z> + C 8. R N R 1+ (X2+ 1)2
x4+2x2+x+1d_ dx+ dx
(X2 4+ 1)2 (x2+1
X eyt C
. 1 2
fezxsm?,xdx = —§ezxc053x+ éfezxcos:%xdx
_ 1l 2L oy — 2 - >
= 3e2 cos3x + 3(3e2 sin3 3fezxsm:%xdx
13 e*sin3xdx = —lezxcos3x+gezxsin3x
9 3 9
) e, .
fezxsnSde:E(ansx—3cos3x)+C
. 1 1 .
(1) dv=sn3xdx 0 v= —50053x (2) dv = cos3xdx [ v=§sm3x

u=ex O du = 2e*dx u=ex O du = 2e*dx
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10. j(xz— Derdx = (X2 — 1)(-:“—2jxexdx=(x2—1)e><—2xe?<+2jexdx=e>‘(x2—2x+l)+1

(D) dv=edx O v=¢ (2 dv=edx O v=¢
u=x>—10 du=2xdx u=x 0 du=dx
11. u = x, du = dx dv:(x—5)1/2dxv:g(x—5)3/2 12. u = arctan 2x, du = 2 dx, dv = dx,v = x
- tl ] el 3 " el l+ 4X2 el
2 2
_ — — 3/2 _ | =& _ 3/2 = —
f XX — 5dx 3x(x 5) f 3(x 5)3/2 dx f arctan 2x dx = x arctan 2x j 1+ 42 dx

=%x(x— 5)3/2—%(x— 552 + C xarctaan—%ln(lJr 4x2) + C

=(x— 5)3/2[§x - %(x — 5)] +C

6 4
_ _ 5\3/2| 2 =
(x—15) [ 15x + 3] +C

2 3,
_ £)3/2
15(x 5)%q3x + 10] + C
13. fxzsinZdez —%x20052x+ fxcostdx Jln\/xz ldx = ffln(xz — 1) dx
_ 1, Loanomx— g —Lnhe - x?
= =X c032x+2xsm2x 2Jsm2xdx xIn|x 1] - sz 1dx
1, X . 1 1
_ _= + 2 = = 2 _
oX C0S 2X 25|n2x+4c052x+C 2xIn|x 1 — [dx —
o _ 1 B TR ST IRV I b, Sl
() dv=sin2xdx O v= 2cost —2xln|x 1] — x 2Inx+l‘+C
=2 -
u=Xx O du = 2xdx av = dx O v=x
1.
(2) dv = cos2xdx [ v—Esm2x U=In6@—1) O du= Xzzi(ldx
u=x O du=dx
X2
15. [xarcsin2xdx = — arcsin 2x — f
f 2 \/1—4x2
X2 1 2(2x?*
arcstx—f dx
2 J1— (2x)2
2
= Xzarcsin 2X — %(E)[—(ZX)\/l — 4%2 + arcsin 2)(] + C (by Formula 43 of Integration Tables)

= 1%[(8x2 — larcsin 2x + 2x/1 — 4x2] +C

dv = xdx 0 v=—

2
——dX
J1— 4x2

u=acsin2x [J du=
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16. f e arctan(e’) dx = e*arctan(e¥) — J 1 fx e dx

— e arctan(e) —%In(l + )+ C
dv = e<dx 0O v=e¢

u=arctane* 1 du=

&
1+ e *

17. f cos¥(mx — 1) dx = f [1 — Sn(mx — 1)] cos(mx — 1) dx
- %[sin(wx ~ 1) - Ssin(mx 1)] +c
— = sin(mx— D[3 - sim(mx — D] + C
— osin(mx — D[3 — (1 - cosimx — V)] + C

= 3—1ﬂ_sin(wx — 1)[2 + cos¥(mx — 1)] + C

18 |5 ™ dx = 1(1 — cos 7x) dx = 1[x - lsin wx] +C= i[71-x —sinwx] + C
2 2 2 T 2

5 fouf3)c [l o]y
« Jerl3) ) o)
~erfs) - 2m(g) o= () s

20. ftan 0sect 0do = f(tan39+ tano)seczodOZ%tan40+%tan20+ C,

or

Jtanf)sec40d0=Jwe(secatan())d6=%fsec40+02

1 1 1+sn6 1+sné
—_— = . = B —— = = + +
21. fl—sinede fl—sine 1+sin(9d6 f o2 0 do f(sec29+secetan0)d0 tand + secH + C

22. jcosZG(sin 0 + cos 0)?do = f(cos2 0 — sin? 6)(sin 6 + cos 6)2 do

= J(sin 0 + cos 0)3(cos 6 — sin ) do = %(sin 0 + cosh)* + C
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3m/4 /6
23. A= f sin®x dx. Using the Table of Integrals, 24. A:f cos(3x)cos x dx
/4 0
3 /6
sinx dx = warﬁ sin?x dx = 1[COSZX + cos4x] dx
4 4 o 2
—sin®xcosx  3[1 : sin2x  sin4x]|™®
=2 2P O (x— + =
7 4[2(X smxcosx)] C [4 + 8 ]O
3mw/4  ain3 3w/4
L/A sin4xdx=[w+gx—gsinxcosx]ﬂ/ :<§+1£63)—0
1 97 3 -1, 37 3 3.3
==+ =4+ =) - (——4+ == _ = ==
(16+ 32+16> (16 2 16) 16
3m 1
—l—6+§~1.0890
-12 B —24cos 6d6 vx¥¥-9  [3tand
25. fxzﬂdx— @S 6)2c0s0) 26.f ” dx—fSSeCe(SsecetanedB)
=—3JCS(:20d0 =3ftan20d0
=3coth+ C
= 3| (sec? 9 — 1) do
X =3tan - 6) + C
X=2s8n6,dx=2cos6dg, /4 — x2=2cosh
=F—3arcsec<§)+C
2 X X=3secH dx =3secHtan Hdh, VX2 — 9 = 3tan 6
Z\
4-x? X g
e
3
27. X=2tan 6
dx = 2sec? 6do
4+ x2=4sc?0
x3 8tan® 9
———dXx = 2sec? 9 do
J\/4+x2 JZsece

= 8ftan3 fsec Hdo

:8j(sa90— 1)tan O sec 6 do

= 8[738039— sec@] +C
3
2 3/2 2
_ 8[(x J;44) B \/x2+ 4} +C

= \/m[%(x2+4)—4]+c
— /R T A SR FAHC

=200+ 4720¢ — 8 + C
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0 0
28. f\/9—4x2dx=%f\/9—(2x2(2)dx 29.J \/4—x2dx=%[4arcsin(§)+x\/4—x2]
-2 -2
-2 %[9 arcsin > + 2xm] e = 210 - 4arcsin(~ 1]
_9 L 2X X A2 Y Y ekt
—4arcsm3+2\/9 42 + C —2[ 4<2)]
=10

Note: Theintegra represents the area of a quarter circle
of radius2: A = %(7722) = .

30. Letu = cos h,du = —sin 6d6.
/2 : 0
siné 1
L 1+2c0329d0_J11+2u2( o)

1
1
_fo1+2u2d“

Y L S
2), (1/2) + v* 7 V2
1
:% 2arctan(\/ﬁ)}
0
=§arctanﬂ
31. (3) Letx = 2tan 6, dx = 2 sec26 d6) bj S f X xd
. (@ X = 2tan 6§, dx = 2 sec ) ———dx= | ——=xdx
O | e ™ | i e
X3 _ [ 8tan®6 5
fiﬁ-i-xzdx_"‘ZSeCsz: 0 do ZJ(U2—4)UdU
u
= 8ftan39 sec 6do 1+ X2
X =f(u2—4)du
sin® 6 ]
=8j - do
cos* 6 2 =%u3—4u+C
= 8](1 — cos?f)cos *Hsin 6do "
=3@-19+C
= 8j(cos‘40 — cos 2 6)sin 0do
/4 + 2
=g(xz_8)+c
cos 30 costg 3
=8 =5 -~ |*+C
U2 =4+ x2, 2udu = 2xdx
=gsece(sec20—3)+c
7§\/4+x2<4+x2 )
=3 5 2 3]+ C

—SVETRC -8+ C

X3
Q) |————=dx=x2/4 + x2 — | 2x/4 + x2dx
© J\/4 + X2 J

2
—RVh TR — %(4 +X)¥2 4 C = 7V43+X(X2 -8 +C

X
dv=——Tdx O v=J/4+x
Va4 + x?

u=x2 O du = 2xdx
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32. (3 fx 4+xdx=64ftan303ec39d9 (b) fx 4+xdx=2J(u4—4u2)du
2u®
= 64| (sec* § — sec? f)sec Htan H do =E(3u2720)+c
_ 64sec® 0 3 24+ %2
T (3sec®9 — 5) + C == (x-8 +C
3/2 2— 4+ —
:2(4%(3x—8)+c W=4+xdx=2udu

X = 4tan? 6, dx = 8tan 0 sec? 6 db,

4+ x=2sech

(c) fx 4+xdx:j(u3/2—4u1/2)du (d) Jx 4+xdx=%(4+x)3/zf§f(4+x)3/2dx

2u3/2 2X 4
- == — - = 3/2 _ _— 5/2
15 (3u—20+C 3(4+x) 15(4+x) +C
_2(4 + x)3/? _2(4+ x)¥2
== (3x—8)+C T (3x—8) +C
u=4-+xdu=dx dv = /4 + xdx O v=§(4+x)3/2
u=x O du=dx
X — 28 A B
33'x2—x—6_x—3 X+ 2
X—28=AX+2) + B(x— 3)
x=-20 —-30=B(-5 [J B=6
x=3 0O —-25=A5 0O A=-5
X — 28 -5 6
JXZ_X_6dx—f(X_3+X+2)dx——5In|x—3|+6In|x+2|+C
3 2+ —
o 2X 5>2< 4x 4=2x—3+é— 3
X2 — X X x—1
3 _ 2 —
IZX 5)2(+4X 4dx:f<2x—3+ﬂ— 3 )dx:x2—3x+4ln|x|—3In|x—1|+C
X4 — X x x—1
2 + +
35 X 2X A Bx + C

(x—l)(x2+1):x—1 X2+ 1

XX+ 2X=AX+ 1)+ Bx+C(x—1)

N

Leex=00=A-C O C=g Letx=228=5A+2B+C 01 B=-
1 1[(x—3
fx—ldxiifx“rldx

1 1 2 3( 1
fx—ldx 4fx2+1dx+2jx2+1dx

—3inix = 11 = e 3
—2In|x 1| 4In|x +1|+2arctanx+C

Letx=1: 3=2A [ A=g

X2 + 2x dx
X=x+x—-1

_3
2
_3
2

= 2[61nfx — 1| — In(@ + 1) + 6arctanx] + C
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%6 a4x — 2 _ A n B
"3x—12? x—-1 (x—1)7?

4x—2=3Ax—-1) + 3B

Leex=1 2=3B [ B=§

Letx=2: 6=3A+ 3B [ A=g

4x — 2 4 1 2 1
jaxfnﬂkf§fx71“+§fufly”

X2 15 — 2x

) =1+
37 X2+ 2x — 15 1 X2+ 2x— 15

15 — 2x _ A n B
x—3)(xx+5 x—3 x+5

15 — 2x = A(X + 5) + B(x — 3)

Letx=3 9=8A 01 A=g

Letx= -5 25=-8B [J B—*%

X2 9 1
J'x2+2x—15dx_fdx+§J’x—3dX_7
1
38'ftan0(tan971) f( fU*1

=|n|u—1|—In|u|+C=In‘T_l‘+C=|n|1—cot0|+C
u=tan,du = sec® 6do
1 A, B
uu—-1 u u-—-1
1=Alu—-1) + Bu
Letu=0:.1=-A0 A=-1
Letu=11=B
X 1 2 —-2(4 —
o —2 gk =c—c 4+ + + 40. dx =
39 j(2+3x)2dx 9[2+3x In|2 3X|] c f\/2+3xX 27
(Formula 4) _tx—-8
27

41. Letu = X2, du = 2x dx.

J%/z#d)(:1 77/4#du
o l+sd€nx 2), 1+snu

1 /4
= *[tan u-— SQCU:|

2 0
~a-v9-©0-1
2

2
ey

42. Letu = X2, du = 2x dx.

L x dx—11 u
ol+ef T  2),1+e

1
1

+C= 3<2In|x—l| —7>+C

x=x+gln|x—3|—2—85ln|x+5|+c

2 + 3x + C (Formula21)

2+ 3+ C

= %[u —In(1 + e“)]:)

- %[(1 —In(1 + @) + In2]

21

gl
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X 1 ° B 1
43, fixz v 8dx = 2[In|x + 4x + §| 417)(2 v 8dx] (Formula 15)

- %[In|x2 +ax+ 8] - 2{ x4

2
————arctan| ————
J32 - 16 ( 32 - 16

= %In|x2 +4x + 8| — arctan(l + g) +C

ﬂ + C (Formula14)

3 3 1 1 1 1

44 f2x,/9x2— 1dx_ 2f3x,/(3x)2— 13dX (u= 3% 5. Jsin 7TXCOS7TXdX_ stin 7TXCOS’7TX(7T) d (u=m)
= garcsec|3x| +C (Formula 33) = 7—1_rln|tan mx| + C (Formula 58)

1 1 1

46. f1+tanwxdx_77fl+tan7rx(w)dx (u=m
11 .
= 7—75[7rx + In|cos 7x + sin 7-rx|] + C (Formula71)

47. dv = dx 0O v=x 48, ftan”xdx = ftan“*zx(seczx — 1) dx

1
= n = n—1
u (|I"IX) O du n(lnx) de ft n-2y 2 v dx jt n-2y dx

n — n_ n—1
J(Inx) dx = x(Inx) nJ(Inx) dx - - E 1tan”*1x B ftan”*zxdx

49, f()sin@cos@d@= fesinZGdO

NI

= —1600529 + 1J'coszede = —1000520 + 13”120 +C= l(sin 20 — 20 cos26) + C

4 4 4 8 8
. 1
dv=sn260d6 [J v=—§c0526
u=2~0 O du=deo
CSCV/2X 1 x4 o uwd)
50.[ A dx—ﬂfcsrx/?x(\/&)dx 51. f1+x1/2dx_4jl+u2du
= —/2In|cscv/2x + cotv/2x| + C :4J(u2_1+ 21 >du
1 uc+ 1
U= /2x,du = —=dx
V2x :4<%u3—u+arctanu>+c

= g[x3/4 — 3xY/4 + Barctan(x¥/4)] + C

u= 4X,x=u4dx=4uddu

5 3
52. f\/1+ Vxdx = fu(4u3f4u)du=f(4u4f4u2)du=4?uf4%+ C=%(1+ X3/ —2)+C
U= J1+ I%x=u*—2u2+ 1,dx = (4u® — 4u) du
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+ —
53. f\/l + cosxdx = f L cosx., 1 - cosx
1 1 — cosx
_ sinx dx
1 — cosx

= f(l — cosx)~Y/2(sinx) dx

=2J/1—-cosx + C

u=1-cosx du=sinxdx

3F+4x Ax+B, Cx+D

TR L (R 1P

I +4x=(Ax+B)(X+1) +Cx+D

=AC+B2+(A+Cx+ (B+D)
A=3B=0A+C=4010 C=1,
B+D=00 D=0

3
3+ ax _3J'

0e + 17 W*L%+WX

~ 30 1
—2In(x +1) 2(X2+1)+C

55. fcosxln(sinx) dx = sinxIn(sinx) — fcosxdx =sdgnxIn(sinx) —sinx + C

dv=cosxdx [ v=snx

u=In(sinx) O du = 5% gy
sinx

56. j(sin0+ cos 0)2do = f(sin26+ 2sin 6 cos 6 + cos? ) do

2

:J(1+sin29) do = 9—1c0520+C=;(20—00520)+C

X—3
X+ 3

57. y:frg_gdngm

\/W 2cos 6(2 cos 6)dg
58. y= o

4sn6

=f(cscefsin0)d6

[—Injcsc 6 + cos 6] + cos ] + C

*—In|2+ 4-x JA-X
- X | 2

X=2sn6,dx=2coshdh, V4 — x2=2cosh

+C

sin 0
60. y= |V1—c0s0d) = [————do =
y f V1 + cosé

u=1+ cosp, du= —sin6de

NG 1 E
61. f X(x2 — 4)3/2dx = [7()(2 _ 4)5/2] _
2 5 2

gl

. X
o de

‘ + C  (by Formula 24 of Integration Tables)

22 + X
= 2 = 2 _

59. y fln(x + x)dx = xIn|x? + x| fx2+x dx
x+1

= xIn|x? + x| —j X dx
X+ 1
= 2+ x| - +

xIn|x? + x| 2dx X+1dx

=xInx®+ x| —2x+ Injx + 1] + C

dv = dx O v=x
+
u=In(x+x O du=2)2( 1dx
X2 + X

—J'(l + cos §)~Y4(—sin )dg = —2/1 + cosh + C

1
= [2In|x—4| —In|x — 2|]

0
=2In3—-2In4+1In2

9
=1In 8~ 0.118
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4
63. f Xax = | Lnxe[| = S0na2 = 20022 ~ 0961
1

T

65.fxsinxdx:[—xcosx+sinx] =
0

0

4 0
67. A= f X4 — xdx = f (4 — udu(—2u) du
0 2

0
= f 2(u* — 4u?) du
2

[ -4y 128
5 3/ 15

=J4-—xx=4

— U, dx = —2udu

69. By symmetry, x = 0, A = %m

y=2(M[ (e Y- Leff -4
y_77<2f,1( 1 x)dx— X = 3% =

A

%9 - (0.4

71. s=f V1 + cog xdx = 3.82
0

7o i (2] = g [ 2] o

75. lim §= lim

77. y = lim (Inx)%/*
X — oo
Iny = lim 2In(Inx) _
X — oo X

X = o0 1

lim [2/(x|nx)] _ 0o

Sincelny =0,y = 1.

78. y= x”ﬂ} (x — 1)inx
Iny = xlij]} [(Inx) In(x — 1)]
1

— — —n2
— lim Inx=1)| _ . x=1 | . In
X —»1* 1

lim 2x(Inx) = 0
X - 1%

Sincelny =0,y = 1.

lim = lim
X - 1* <1>—1 x-1t| X —1
Inx x/1n2 x X

z e 2 1
64. f xe¥ dx = [—(3x - 1)} — =(565 + 1) ~ 224.238
0 9 o 9

s — — 3
% f . olx:[z(2 ”JT:@ _4,4_8
ov1+Xx 3 3 3

!
68. A=Lﬂdx

~[-&in
10

X—5
X+5

]A—filnl— 1
o 10 9 10

—In9 = 0220

70. By symmetry, y = 0.
A=x+ 47 =57

Um) + 44m)

X= T+ 4
177
=5 34
(%y) = (34,0

72. s:f Y1+ sn?2xdx =~ 3.82
0

72, Imsinw-x i 77 COS X :7721
xﬁosi 2TX  x-027COS2wX 2w 2

76. lim xe = lim —: lim — L =0
X — 00 xamex xaoo2xe’<
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79.

80.

81.

83.

85.

87.

89.

n -co

I|m 1000(1 + ?) = 1000 lim (1 + O—r?9>

Lety = lim (1+@> .
n -oo n
| (1 . @) —0.09/n?
e 009\ . n) . [1+@©09n)]| 009
Iny = nltngc nln<1 + W ) = nltn;il = nltrrgo — 1 |- nILrT:o(OOQ) 0.09
n n n
. 0.09\"
Thus, Iny = 0.09 0 y=¢e"®and lim 1000{1 + — | = 1000e°%° =~ 1094.17.
n -oco
lim (L_ 2 ): lim [2x—2— 2Inx]
x-1\Inx x—1) x-1[ (Inx)(x—1)
= lim [ /% }
x -1 [ (x — 1)(1/x) + Inx
~ lim X2 lim -
T XD A xinx T 14 Inx
16 1 b
fdx— Jim [ﬂx3/4] - 82. i = lim [6In|x— 1|] = -0
3 b 3 oXx—1 b1 o
Converges Diverges
oo X3 b og=1/x
f lenxdx:blim [5(—1+3Inx)] = o0 84. f dx = I|m [e UX] =1-0=1
1 - 1 a
b oo
Diverges
1 5 . > 1 P
Letu=Inx,du= =dx dv=x2dx,v=—x1 86. Z=dx = lim | x ¥4dx
X 1 Ux booe Jy
_ b
f'”—xd - '”X Ia=0x_ 1, ¢ - Iim[ﬂxm]
X X X b-oo| 3 1
“Inx . [=Inx 17 4, 4}
D2k = _= - Sp3a 2
fl X2 ox lJLrQo[ X X:|1 JLTC[Sb 3
_ Inb 1)\ Diverges
- b"m< b b) =D
—0+1-=
ty t oo
500,000e~095t gt = [500 ,000 0.05t:| 88. V = Wf (xe™*)2dx
o 005 0 0
_ 500000 ocs, _ g . f N
0.05 0

= 10,000,000(1 — e~0.05t)
(@) t, = 20: $6,321,205.59
(b) t, - oo: $10,000,000

i me 2 _m
Ilm[ 4 (2x +2x+1)]o—4

b oo

o]

1
a) P(I3 < X < o0) = ———— | e *®-129%/2095F7 gy ~ 04581
@ Pl ) 0.95V 27 Ji3
(b) P(15 £ X <o0) = _t e (x—1297%/2(095? gy ~ (0,0135

0.9527 Jis
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Problem Solving for Chapter 8

1 (@ fll(l — X} dx = [x - %3]1_1 = 2(1 - %) = g

1 1 3 571
(1 - >2dx = (1—2x2+x4)dx:[x—zl+x—] :2<1_g
o o 3 5],
(b) Letx = sinu,dx = cosudu,1 — x2 =1 — sin?u = cos” u.
1 /2
f (1 — x®ndx = f (cos? u)"cosu du
-1 —m/2
/2
=f cos®"*1udu
—m/2
_J2.4.6 . _(n ] i<
= 2[3 57 @+ 1) (Wallis's Formula)

B 22.42.62- - -(2n)2
_2[2-3-4-5- - (2n)(2n + 1)]
B 2(22n)(n!)2 _ 22n+l(n!)2

T @2n+ 1! (2n+ 1)

1 1
2. (@ jlnxdx: lim [xln—x]
o b-.0" b

= (=1 - Jlim (blnb—b) = -1

im Inb _ lim Lo _
~orbl p.o-—1/b2

Note: lim binb = | 0
b- 0" b

1 1
J (Inx)2dx = lim [x(ln X)2 — 2xInx + ZX]
0 b- 0" b
=2~ bIin01+ (b(Inb)2 — 2bInb + 2b) = 2
(b) Note first that blir(r)L b(Inb)" = 0 (Mathematical induction).

Also, J(In X" ldx = x(Inx)"*1 — (n + 1)J(In X)"dXx.

A$umef (Inx)"dx = (—1)"n!.
0

1 1 1
Then, f (Inx)"*1dx = lim [x(lnx”*l] —(n+ l)f (Inx)"dx
0 b-0" b 0

=0-(n+ (=1t = (=" Yn + D).

+
3

1

5

)

_16
15
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(x4 c)X im (X=c) -1
8. xlirrol(x—c> =9 4. JL@;(X%—C) T4
. X+ cC . X—C 1
lim xIn =1n9 lim x1In =In=
X 00 X—C X 00 X+ C 4
lim In(x +¢c) — In(x — ¢ —In9 lim In(x — ¢) — In(x + ¢) — _ina
X - oo 1/X X - o0 1/X
1 B 1 1 B 1
I|mX+C X_C:Ing Iimwz—ln4
X oo 1 X 00 1
B '3
. —2c > . 2c
— = (—x3) = lim ———(—x% = —In4
Jin;(x+c)(x—c)( ) =In9 Xaoo(X_C)(X‘i‘C)( )
2cx? . 2
JL@(xzfcz) In9 xILTox2fczfln4
2c=1n9 2c=1n4
2c=2In3 2x=12In2
c=1In3 c=1In2
. PB
. =—=PB = 0B
5 sné oP ,c0s 60 =0
AQ=AP = ¢
BR = OR + OB = OR + cos 6
The triangles AAQR and ABPR are similar:
AR _ BR OR+1_ OR+cos6
AQ BP 0 sin 6
sin (OR) + sin# = (OR)9 + Hcos b
f#cosf — sin6
OR="Gno—-0 y
6cosh — sn o p Q
lim OR = lim —————
00" 6.0 SINH— 0
- —6sinf + cosf — cos b o
T gm0 cosfh — 1 R o) 8 A0~
—6snéo

im-—-
60" COSH — 1

. —sinf — 6cosh
lim ——————
60" —sin 6

— lim cosfh + cosf — fsinf
90" cos ¢

2
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6. sin 9 = BD, cos § = OD
1 1 .
Area ADAB = E(DA)(BD) = 5(1 — cos h)sin 6

0 1 6 1.
Shaded area = 2 5(1)(BD) =5" ESH']H

R = ADAB  1/2(1 — cos 6)sin 6
Shadedarea~  1/2(6 — sin 6)

. . — cos f)sin 6 . — Ccos 0)cos O + sin? 6
|ImR:|Imu: |m(1 ) in”
60" 60" 0 —sno 60" 1— cosé
— cosf)(—sin @) + cosfsinh + 2sin 6 cos 6
Cim @ )(—sin 6) 2
9ﬂ0+ sin 6
— lim —sin0—4cosesin0: “m4cost9—1:3
60" sin 6 6-0 1
7. (@ o2 Area = 0.2986
0 4
0
(b) Letx = 3tan 6, dx = 3sec? 6 dh, x2 + 9 = 9sec? 6.
9tan? 6
f FErELE f s 3% 00 7
_ tanzedo .
sec 0 e
3
i N2
:jsm 9 46
cos 0
1—coszod0
cos 6

=Injsec +tan 6] —sinf + C
4 x2 tan~1(4/3)
Area= [ ——=5dx= |l +t — s
rea JO(XZ o dx [ n|sec 6 + tan 6 — sin 0]0

_ [|n(¢><2+9 . X) ) XT
+9

3 3 X2
5 4\ 4 4
—In<§+§)—§—ln3—g
(¢) x=3sinhu,dx = 3coshudu, X + 9 = 9sinh?u + 9 = 9cosh2u
4 2 sinh~3(4/3) 2 sinh-1(4/3)
Y - 9sinru 2
A= J;(XZ + 9)3/2 dx = J; (9 cosh? )3/2(3 cosh udu) L tanh? u du

sinh~(4/3)

sinh—1(4/3)
=f (1—sech2u)du=[u—tanhu]
0

0
. 4 . 4 4 16 4 16
= -1(Z) = -2} ) = nl 2 = — i =
sinh <3> tanh(smh <3>> In(3 + 9 + 1) tanh[ln(3 + ) + 1)}

= In(% + g) — tanh(ln(% + g)) = In3 — tanh(In 3)

3-W3 _ .

=3 -3 3+ (1/3)

4
5
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X 1-w 1-uw 3+
8.u—tan§,cosx 17U - 2 + CoSX = 2+1+u2_1+u2
2du
dx71+u2
/2 1-|ru2
2+cosx 3+u2 u2 du
0 0
3+u2
1
= Z—arctani
V3 V3/],
2 1
= —arctan| —=
V3 <ﬁ
_ 27 73 (e
36 9
, 2X
9y—ln(1—x2),y—1_x2
42 1-2C+x*+ 43 [1+x2)\2
N2 — — —
1+ (y) 1+(1_X2)2 R (l—x2>

1/2
Arclength=f V14 (y)?dx
0
1/2 >
1+ x
fo <17X2)dx
1/2
2
J; (—1+71_X2)dx
1/2
1 1
L <_1+x+1+1— >dx
1/2
[—x+|n(1+x) In(l—x)]
< ; In§—lnl>
2 2 2

—%+ INn3—1In2+1In2

In3 — % ~ 0.5986
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10. Letu = cx, du = cdx.

b cb cb
j e > dx = f e d_ EJ' e du
0 0 C Clo

oo 1 oo
Asb - oo, cb — co. Hence, f e gx = Ef e dx.
0 0

X = 0 by symmetry.
0 (a—cA?
2 f (&™) dx

y=—"=""0
m ZJ e > dx

fee]
e 2c2¢2 dX
1o

2 J e ok
0

1 (<
— | e Xdx
1 ﬂcJ;

2 lf e dx
Clo

_ 1 _ 2

2/2 4

Thus, (X,y) = (0, f)

11. Consider f = ax.
Inx
Letu=Inxdu =1dx,x= e“.Thenf—1 dx = fle“du= fgdu.
X Inx u u
1 et .
If f nx dx were elementary, then fﬂ du would be too, which is false.

Hence, fﬁ dx is not elementary.

12. (a) Lety = f~1(x), f(y) = x, dx = f(y) dy.
ff*l(x) dx = fyf’(y) dy

[u =y, du=dy ]
dv = fly) dy,v=f(y)

=yf(y) —ff(y)dy
= xf1x) — ff(y) dy
(b) f~X(x) = arcsinx =y, f(x) = sinx
jarcsinxdx:xarcsinx—Jsinydy
= xarcsinx + cosy + C x

= xarcsinx+ V1 —x2+ C

—CONTINUED—



228  Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

12. —CONTINUED—
(© f=e,T"1x)=Inx=y XxX=1 = y=0x=¢e = y=1

flnxdx= [xlnx]i— Lleydy
-e-|e]

=e—(e—-1=1

13. x¥*+ 1=+ ax+ b)(x® + cx + d)
=x*+(@a+c)x+ (ac+ b+ d)x2 + (ad + bc)x + bd
a=-cb=d=1a= 2
X+ 1=+ /2x+ 1)@ — V/2x + 1)

Jl 1 dx:jl AXHB ' cx+D y
o x4+ 1 o+ JV2x+ 1 0 — J/2x+ 1
1 V2 1 V2
_J<1 §+TX . _J~1 —§+TX .
_0x2+ﬂx+1x 0x2+\@x+1X
=§[arctan(ﬂx+ 1)+arctan(ﬂx—1)]l+ ‘f[m(xhr V2x+ 1) — In(x — /2x + 1)]
0
NY V2 V{m w V2
=T[arctan(ﬁ+1)+arctan(ﬂf1)]+?[In(2+ ﬂ),m(z,ﬂ)],j[z,z],?[o]

~ 0.5554 + 0.3116
=~ 0.8670

14. (a) Letx:g—u,dx:du.

/2 - U)
[ (R LL (—du)
o COSX + smx /2 ( >
cosl 5 — u S -u

™2 cosu
= —du
o Sinu+ cosu
Hence,

™2 §nx f”/z cos X

o COSX + sinx o SINX + cosx

_[7*  cos'u du
o Sin"u+ cos"u

/2 -
Thus,2l=f ldx=—=-0 1=
o 2

e
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15. Using a graphing utility,

@ lim (cotx + 1) = o0
X 0" X

X

(b) Iiﬂr(r)[ <cotx - %) =0

. 1 1 2
© lim (cotx + 7><cotx - 7) =~ —_.
X 0" X X 3
Analyticaly,
. 1
(@ lim (cotx+ =] =00 + o0 =00
X— 0" X
. 1 . xcotx—1 . XCOSX — sinx
(b) lim (cotx — 7) = lim—= lim ————
X-0* X X - 0" X X - 0* Xsnx
. COSX — XSiNX — COSX . —Xsinx
= lim - = lim —=
X—0" sin X + X cos X x-0* SIN X + X COS X

lim —sSinX — X COS X
x-0* COSX + COSX — XSinX

(c) (cotx + %)(cotx - %)

1
cot?x — =
X

x2cot2x — 1
=

. X2cot?x — 1 . 2Xcot?x — 2x2 cot X €sc? X
lim —————= lim
X—0" X X—0* 2X
cot? X — X cot X €sc? X
X - 0* 1

. COS2XSiNX — XCOSX
= lim —3
X 0" Sn° X

. (1 —sin?x)sinx — xcosx
lim —
X 0" sin® x

. SinNX — XCOoSX
=lim—— -1
Xx- 0" [n° x

. SiNX — XCOSX . COSX — COSX + XsSinXx
Now, lim ———=——— = lim —
X0+ sin® X X 0" 338n?Xxcosx

. X
lim -—/———7-—
x-0" 38N X * COSX

lim (i> 1

x-0*\sinx/3cosx 3

Thus, lim (cotx + 1)(cotx - 1) = 1 1= 72'
X 0" X X 3 3

The form O - oo isindeterminant.



230 Chapter 8 Integration Techniques, L’Hépital’s Rule, and Improper Integrals
16 % X E)101 ):7202 X fncn
N(X) = Py(Xx — c))(X — cg). . .(x = ¢)) + Py(x = c)(X — ¢5)...(x = ¢) + -+ + P, (X — c)(X — C))...(Xx — Cp_y)
Letx = c;: N(c;) = Py(c; — c))(c; — ¢y)...(c; — ¢,)
o _ N(cy)
. (C:L - CZ)(Cl - %) . '(Cl - Cn)
Letx = c,: N(c,) = Py(c, — ¢)(c, — ¢3)...(c, — ¢,)
b _ N(c,)
27 (¢, —¢)(c, — Cy)...(c, — ¢,)
Letx = ¢, N(G,) = Py(C, = €y)(C, = ). . (G, = Gy
b _ N(c,)
"o(c,—c)dle, ¢ ey —Cy)
If D(x) = (X — c)(X — ¢))(X — ¢3). . .(x — ¢,), then by the Product Rule
D'(X) = (X = )(x = C)...(Xx = ;) + (X = €)X = Cg). . .(Xx = ;) + -+ + (X = C)(X = C)(X = C3)...(x = ¢, 9)

17.

and
D’(cy) = (¢, — ¢)(c; — Cy). . .(c; — ¢p)
D'(cy) = (c; — ¢)(c, — ¢). . .(c; — ¢,)

D'(c,) = (¢, = ¢)(C, — Cy). . .(C, — Cy_y).
Thus, P, = N(¢,)/D"(c,) fork = 1,2,...,n.
-3+ 1

P, P

—_ = = + +
X*—13x+12x x x—1 x+4 x-—3 -
NX) =x3— 32+ 1
D'(x) = 4x3 — 26x + 12
b _ NO _ 1
17 D0 12
b NO _ -1 1
27 D(1) -10 10
N(—4) —111 111
P3: S ==
D(—4) —140 140
b o N® _ 1
4 D3 42
X¥—3+1 1/12  1/10 111/140 1/42
= + + .
Thusx4713x2+12x X Xx—1 X+ 4 X—3
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50,000
18. s(t) = f[—32t + 12,000 |nm] dt
= —16t% + 12,000J[In 50,000 — In(50,000 — 400t)] dt
= 16t2 + 12,000t In 50,000 — 12 OOO[ t In(50,000 — 400t) — __—400 dt:|
' ' ' ' 50,000 — 400t
50,000 50,000
- — 2 ettt A, [ttt R
16t2 + 12,000t In 50,000 — 400t + 12,000tf|:1 50,000 — 400t] dt
= —16t2 + 12,000t Inw + 12,000t + 1,500,000 In(50,000 — 400t) + C
' 50,000 — 400t ' B '
s(0) = 1,500,000In 50,000 + C =0
C = —1,500,000 In 50,000
50,000 50,000 — 400t
- — 2 ettt e, Pt At bttt
s(t) 16t + lZ,OOOI[l + In 50,000 — 400t] + 1,500,000 In 50,000

When't = 100, s(100) ~ 557,168.626 feet.

19. By parts,

b b
f F()g"(x) dx = [f(x)g’(x)]: - f 109" U = F(x), dv = g"(x) dx]

b
— f f/(x)g’(x) dx

b b
[—f’(x)g(x)]ﬁl + f g(x) f(x) dx[u = f'(x), dv = g’(x) dx]

b
= f f7(x)g(x) dx.

a

20. Letu= (x — a)(x — b),du = [(x — @) + (x — b)] dx, dv = f"(x) dx, v = f'(x).

b b b
f (x — a)(x — b) dx — [(x —ax— b)f/(x)]a - f [ — a) + (x — b)]f(x) dx

a

u:2x—a—b)

b
_f (2x — a — b)f/(x) dx (dv = f/(x) dx

b b
[*(ZXfafb)f(x)] +f2f(x)dx

b
zsz(x)dx

a

1 1 1 1 “I1 1 2
21. L[g+ﬁ+ﬁ]dx<fz7X5_1dx<‘L[%+@+ﬁ]dx

T I
booo | A ¢ 1My ), X3 -1 booo | 44Xt O TxXM]2

0.015846 < j % dx < 0.015851
, X =1




