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(1) Problem 19/page 23;
Solution: Let B
<j
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Clearly > ", Jw;|* = 1 and hence we should have | 377, zjw;| < 1. But
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Thus,
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(2) Problem 29/page 24;
(3) Problem 34/page 25;
Solution: We have
o 107 01, 105, 05, o
9z 2'0r Oy 2'0x Oy 0z’
(4) Problem 47/page 26;
Solution: Let f = u 4+ 1v. Then

1 1
g =log|f| = §log|f|2 = 510g(u2 +v%).

Thus,
_ 2uug + 20, _ 2uuy + 20,
9z = u2 4 2 Gy = u2 + 12

Next,

B Q(U?c + 02 + Uy + VU ) (WP + 0?) — 2(uny + Vo)

) (up + vp + uttyy + vyy) (u? 4 v%) — 2(uuy + vvy)?
Gyy = (u? + 12)?
Adding them together and using the harmonicity of u,v : uz, + u,, = 0 =
vy

Uge + Uy, and the Cauchy Riemann equations u, = v,,u, = —v, yields that
Ozz + Gyy = 0.

(5) Show that the functions

y . _ T
f(z,y) = m,g(iﬁ,y) o
1
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satisfy f, = g, for each R?\ {0}, but on the other hand there is no C?
funtion h on {(z,y) : 0 < 22 + y* < 1} so that

hy = f,hy =g.
Explain why this does not contradict the generalized version of Theorem 1.5.1
that we have established in class.

Hint: To show the non-existence of h argue by contradiction, by considering
the path integral

/ f(x,y)de + gz, y)dy.
z2+y?2=1

Solution: The proof of f, = g, is by inspection. Assume that there is an A,
so that h, = f,hy = g. Then,

/ F(a,y)de + gz, y)dy =
z2+y?=1

/o ' hy(cos(t),sin(t))(—sin(t)) + hy(cos(t),sin(t))(cos(t)))dt =

/027r %h(cos(t), sin(t))dt = h(1,0) — h(1,0) = 0.

On the other hand,

2w
/ fx,y)de + g(z,y)dy = / (—sin®(t) — cos®(t))dt = —27 # 0,
z24y2=1 0

(6)

a contradiction. This is not in a contradiction with Theorem 1.5.1, because
the functions f, g are not well-defined at x = y = 0, in the middle of the
domain.
Problem 55/page 27 without the counterexample. I will discuss the coun-
terexample later.
Solution: Let I}, F;, be the anti-derivatives on Uy, Us respectively. On
U = U, NU,, we have

Fl—f=F.
Hence, there is a constant, say C, so that F, = F; + C. Define

. F1(2)+C ZEUl
”@—{ Fy(z)  2eUs

The function F is consistently defined on U. Moreover, F'(z) = f(z).



