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ous Galerkin methods in the literature for electromagnetic wave propagation in metamate-
rials were either non-dissipative but sub-optimal, or dissipative and optimal. Our method
Discontinuous Galerkin method uses a different and simple choice of numerical fluxes, achieving provable non-dissipative
Maxwell’s equations stability and optimal error estimates simultaneously. We prove the stability and optimal
Metamaterials error estimates for both semi- and fully discrete DG schemes, with the leap-frog time dis-
Leap-frog scheme cretization for the fully discrete case. Numerical results are given to demonstrate that the
DG method can solve metamaterial Maxwell’s equations effectively.
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1. Introduction

Since the first successful construction of metamaterials with both negative permittivity and negative permeability in
2000 by Smith et al. [1], there has been a growing interest in the study of metamaterials and its applications in invisibility
cloak design (e.g.[2,3]) and sub-wavelength imaging (e.g.[4,5]). Numerical simulation of wave propagation in metamaterials
plays a very important role in these investigations. Description of electromagnetic wave propagation in metamaterials leads
to more complicated time domain Maxwell’s equations than the standard Maxwell’s equations in free space. Compared to
many excellent works obtained for solving Maxwell’s equations in the free space (see [6-8] and references therein), devel-
oping efficient and rigorous numerical methods for metamaterial Maxwell’s equations needs much more efforts. The most
recent progress in this direction can be found in the monograph by Hao and Mittra [9] on the finite-difference time-domain
(FDTD) methods for modeling metamaterials, and in the monograph by Li and Huang [ 10] on the finite-element time-domain
(FETD) methods for metamaterials.

The discontinuous Galerkin (DG) method was initially introduced in 1973 by Reed and Hill [11] for solving a neutron
transport equation. Because of a few nice features of the DG methods (such as local solvability, flexibility in h-p adaptivity,
and efficiency in parallel implementation), various DG methods have been proposed for solving different partial differential
equations since then. The work of Cockburn and Shu [12,13] on Runge-Kutta DG (RKDG) methods for solving linear and
nonlinear time dependent hyperbolic partial differential equations (PDEs), in which the spatial discretization is by DG and
the time discretization is by Runge-Kutta methods (other time discretization methods are of course also possible, such
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as the leap frog method adopted in this paper), has facilitated the rapid advance and application of DG methods. Also
relevant to our schemes studied in this paper, especially the choice of the alternating fluxes, we should mention the so-called
local discontinuous Galerkin (LDG) method, which was introduced by Cockburn and Shu [14] for solving time-dependent
convection-diffusion systems and was used in [15] for solving second-order hyperbolic equations. For more details on
the algorithm design, analysis, implementation and application of DG and LDG schemes for solving time-dependent PDEs,
readers can consult the review articles [16,17] and the references therein.

Maxwell’s equations play a very important role in describing wave propagation phenomena in various media. It is no
surprise that many DG methods have already been developed for time-harmonic Maxwell’s equations in free space (e.g.,
[18-21]), time-dependent Maxwell’s equations in both free space (e.g., [22-24,7]) and dispersive media (e.g., [25-27]). The
recently developed metamaterials also promoted some study of DG methods for solving Maxwell’s equations in metamate-
rials (e.g.,[28-31]). Among these methods, there are non-dissipative ones, e.g. [30], and optimal ones, e.g.[31]. However, our
new method in this paper appears to be the only one to attain both optimal convergence rate and non-dissipation. Recently
Xing et al. [15,32] and Chung et al. [33,34] proposed optimal and non-dissipative discontinuous Galerkin methods for wave
equations. Our approach is similar to the LDG method of Xing et al. [15,32] in terms of the choices of the numerical fluxes
in the scheme and the projection in the error estimate proof.

The rest of the paper is organized as follows. In Section 2, we first present the governing equations for wave propagation
in Drude metamaterials. In Section 3, we present the semi-discrete DG method, and prove its stability and the optimal error
estimate in the L? norm. Then in Section 4, we propose a fully discrete DG method with leap-frog type time discretization.
Detailed numerical stability analysis is carried out. The optimal convergence result is stated, but the lengthy technical proof
is skipped as it mostly follows the line of the proof of the semi-discrete case. Section 5 is devoted to numerical experiments
that demonstrate the optimal convergence rates of the proposed DG method. Finally, we conclude the paper in Section 6.

2. The governing equations

Consider the metamaterial Drude model [10] in the domain £2:

oE
€0— =V xH-—] (2.1)
at
oH
Uo— = -V xE—K (2.2)
at
1 9 I
: a ] =E (2.3)
€owp, Ot €owy,
1 0K In (2.4)

1o®Zy L (o2,
supplemented with the perfect conduct (PEC) boundary condition

nxE=0 onods2, (2.5)
and the initial conditions

E(x,0) =Ey(x), H®X,0)=Ho(x), J&0) =)&), K0 =IKX), (2.6)

where n denotes the outward unit normal vector of 02, Eq(X), Hy(x), Jo(x) and K;(x) are some given proper functions. Here
€¢ is the vacuum permittivity, 1o is the vacuum permeability, wye > 0 and w,, > 0 are the electric and magnetic plasma
frequencies respectively, I, and I3, are the electric and magnetic damping frequencies respectively, E(x, t) and H(x, t)
are the electric and magnetic fields respectively, and J(x, t) and K(x, t) are the induced electric and magnetic currents
respectively.

To avoid the technicality of the proof for 3D problems, below we only consider the transverse-electric mode with respect

to z in two dimensions (2-D), i.e., the so-called TE, mode, which involves only fields E = (Ey,E)),H = H, := H,J =
U, Jy), K = K;, and the curls V x E = Baixy — %X and V x H = (%—’;, —%—’1 ’. Here the subindices x, y and z denote the
components in the x, y and z directions, respectively. More specifically, the governing equations of the TE, Drude model can

be written as:
oE, 0H,

=2 2.7
o T oy X (2.7)
9E,  OH,
- 28
Ot ax (28)

OH,  OE, | 9E

Roge = " ax Ty ©

K, (2.9)
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1 9 T,
O T (2.10)
an) at an)pe
1 9 I
U - (2.11)
Goa)pe ot (S pe
1 9K I
L+ ——K, =H,. (2.12)

=+
Wp 06 oy,

For simplicity, we consider solving (2.7)-(2.12) on a rectangular type physical domain £2 = [a, b] x [c, d], which is
discretized by a possibly non-uniform grid

=X <x3<--<Xy,=b c=yi<yi<--<yya=d
The time domain [0, T] is discretized into N; 4+ 1 uniform intervals by discrete times0 =ty < t; < - -+ < ty,+1 = T, where
t, = n-t,and the time step size t = —N T For simplicity, we define the rectangular cells K; ; = I; x J;, where I; = [x;_ 1 x1+1 1,
i=1,...,NyandJ; = [yjf%,yjﬁ],] = 1, ..., N,. The mesh sizes are denoted by h} = Xipl =X 1 hj =iy i3

with h* = max<j<n, I, B = maxj<j<n, h}’, and h = max(h*, h¥) the maximal mesh size. We also assume that the mesh is
regular, i.e. hf > C - hand hjy > C - h, Vi, j, for some C independent of h.

The finite element space V,f is chosen as the space of tensor products of piecewise polynomials of degree at most k in
each variable on every element K; , i.e.,

VE=1{v: vlx € Q(K), YK € Ti}, (2.13)

where 75, denotes the Cartesian grid on §2 described above with mesh size h, and Qy is the space of tensor products of
one-dimensional polynomials of degree up to k.

For the corresponding variable u we denote its numerical solution u;, which belongs to the finite element space V,1 Note
that functions in Vh are allowed to have discontinuities across element interfaces. Furthermore we denote by uy(x 1 ¥)

+
(or (uh)i+%.y, uy (xi+%,y)) and uh(xi+% ,y) (or (uh)i+%’y, u, (xH%,y)) the limit values of uj, at Xiy1 from the right cell K1 ;
» : + + + - - -
and from the left cell K; j, respectively. uh(x,yH%) (or (uh)xﬁ%. u, (X’yj+%)) and uh(x,yH%) (or (uh)xﬁ%. u, (X’yj+%)) are

defined similarly. We denote by || - || the L?> norm over the domain 2.
Finally, we would like to remark that the corresponding PEC boundary condition (2.5) in 2-D becomes:

Ex(x,y, t)|y=c,d =0, Ey(X».V» t)|x=a,p = 0. (2.14)

3. The semi-discrete DG method

The DG method for (2.7)-(2.12) can be formulated as follows: find Ex,, Eyn, Han, Jxn, Jyhs Kon € c'([0, T1; V,f) such that

8Exh d’
co | o~ [ ((ag )y — Bashy)det [ Hazo+ [ Jug =0, (3.1)
Kij K; j y K; j
OF . o
wf Sy / (Gt gy = Gy )ty = [ HaSlt [ gy =0, (32)
Kij : ki 0x o Jig
OH A _ ~ 8)(
/’LO/ 8: / ((EyhX )i+%,y - (EyhXJF),',%’y) dy - / Eyha
Kij Ji Ki;
ax
= | (@arguy = Gax Dy Jdet | Bafl o+ | Kax =0, (33)
I<i,j ay K,'_]'
1 b I
2 / b u+ —5 [ Jatts — / Ewui =0, (34)
€owye Ji; Ot eowpe Kij K
1 3 r.
/ yh u; + 782 Jyntiz — / Eypu; =0, (3.5)
foa)pe Kij at Gowpe Kij Kij

1 oK, I
By p Kav— | Hyv=0, (3.6)
2 2
HoWpm Ji;; Ot HoWpm Ji;; K

L] L] L]
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for all test functions ¢, ¥, x, uq, U, v € V,’!‘. I:Izh, E"yh, I:.‘xh are the cell boundary terms obtained from integration by parts,
and they are the so-called numerical fluxes. These numerical fluxes are functions on cell boundaries and should be designed
carefully to ensure numerical stability or energy conservation, and optimal rate of convergence, for different PDEs. Motivated
by the LDG schemes for diffusion equations and second order wave equations [ 14,15], here we choose the simple but elegant
alternating fluxes:

Ba (901) =B (0901) Wi=1oM =1, (3.7)
Exy (x,y1) = Eu, (x, yNﬁ%) =0, (3.8)
Eun (xi+%,y> —E}, (xi+%,y) Vie1,... Ny—1, (3.9)
Eyy (x%,y> = Eyp, (XNX+%,y) =0, (3.10)
Iflzh<x,yj+%)=Hz_<x,yj+%> Vi=1,...,N,, (3.11)
Hzn (x,y%) =H, (x,y%) + co ﬂ:Exh (x,y%)]] , (3.12)
fi,, (xi+%,y> — H; (xi+%,y) Vi=1,...,N, (3.13)

Ha (x%,y) = H}, (x%,y) —Co [[Eyh (x%,y>]l , (3.14)
where cy is a constant independent of mesh size h, and the jumps [[Ex, (X, v ) = Ejh (x, y%) —0, [Eyn (x% Wl = E;;[ (x% ,Y)—

0. Here we use the standard notation [[¢] = ¢ — ¢~ for jumps on cell boundaries.

Remark 3.1. We will see later why the jump terms in (3.12) and (3.14) are necessary at the physical boundary, in the proof
of optimal error estimates (Theorem 3.2), see also e.g. [35]. Note also that when ¢y = % (3.12) and (3.14) coincide with the
standard upwind fluxes, which are:

~ 1 _ 1
i r5) =2 4 ) 4 () 2 [ ()]
. 1/, _ 1
i e9) =2 05 c.9) 95 (e5)) L[ 9]

where the undefined H, (x, y%) and H,, (x% ,y) are replaced by H;,; (x, y%) and Hz+h (x% V).

3.1. The stability analysis

In this subsection, we present the stability analysis for our scheme.

First, let us look at the stability for the governing equations. Multiplying the governing equations (2.7)-(2.12) by
Ex, Ey, H;, Jx, ]y, K;, respectively, then integrating over the space and time domain £2 x [0, t], summing up the resultants,
and using the 2D PEC boundary condition (2.14), we can easily obtain the energy identity (cf. [36]):

2 2 2 1 2 2 1 2
€o(IEN” + NIEy 1) + pollHz 11" + —— (xll” + 1y I17) + ——=— K117 | (©)
6oa)pe Moa)pm
tl 2r 2r
+ / © (U2 + Wy 17 + ——2— K 11 | (s)ds
0 Gpr@ /"Lowpm
2 2 2 1 2 2 1 2
= | €(IElI” + lIEyII") + mollHz 11" + —=-(Uxll” + Wy I*) + ———lIK: (I | (0). (3.15)
€oa)pe /,Loa)pm

Below we will show that our proposed semi-discrete DG method satisfies a similar energy identity as that given in the
continuous level (3.15).

Theorem 3.1. The semi-discrete DG method (3.1)-(3.6) with alternating fluxes (3.7)-(3.14) satisfies the following energy
identity: For any t > 0,

1 2 2 1 2
> (e ll” =+ Uynll*) + S IIKzn 7 | (6)
€W How

e 0%pm

[éo(llEthI2 + IEl?) + pollHanll +
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¢l ar 21
+ [ (Ul + Wl +
0

||th||21| (s)ds

€0wpe HoWpr,
t b d
[ o [ €02y ora [ @, oo
0 a '2 c 2
1 1
= | collBal? + NEl) + olanl” + —- (Wl + Wl) + — K | 0). (316)
€0Wpe HoWym

Proof. Taking ¢ = Ew, ¥ = Eyn, X = Ha, U1 = Jun, U2 = Jyn, v = Ky in (3.1)-(3.6), respectively, adding the resultants
together, we have

11 2 2 2 1 2 2 1 2
€0([Exn|” + [Eynl”) + tolHanl”™ + —— Ual® + Upnl®) + ——Kanl
2dt Ji; €0wp, oWy
I I
+ / S (Ual? + Upnl?) + —5— 1K
Kij | €0@pe HoWpp,
dE oH dE oH
+sum,+sum,+f Hop—2 4 Eyy— —/ Hp =2 + B2 ) =0, (3.17)
K ay ay Kij dax ox

where we denote the boundary integral terms
sum = — / (B g — (nEi) -y ) e — / (B — BaH, oy ) o
Ii Ii

sumy = /J ((thEy_h),-Jr%,y - (thEy“;),-,%,y) dy + /J ((EthZ?,)H%J - (Eth;;rl)i,%_y) dy.
i i

From the choice of fluxes given above and integration by parts, we can simplify sum;, sum; as follows:

JE 9H
> | sum +/ Hp =2 4 B2 ) ) = ¢ /(E;;)Z | dx (3.18)
Kij dy dy I %32
ij i

155=Ny
3E,n 9H,;
> | sumy —/ (th—y + Eyp “) = CO/(E;)Zly dy. (3.19)
1<i=<Ny Kij ax dx Ji 2

Hence, summing up (3.17) with respect to both 1 <i < Nyand 1 <j < N,, using (3.18) and (3.19), and integrating over
the time domain [0, t], we conclude the proof. O

Remark 3.2. Our scheme is non-dissipative for periodic boundary conditions. More specifically, if we have periodic
boundary conditions:

Ex(x,c,t) = Ex(x,d, t), Ey(a,y,t) =Ey(b,y, 1), (3.20)
Hy(x,c,t) = H,(x,d,t), Hi(a,y,t) =H;(b,y, 1), (321)
instead of the PEC conditions (2.14), we can accordingly simplify the flux definitions in (3.8), (3.10), (3.12), and (3.14) as:
E, (X,}’l) =Eu (x,yN +1) = Exy <x, yﬁ) : (3.22)
2 yt2 5
Eyh (X%,y) = Eyh (XNx+%’y) = Eyh (Xt,y) s (323)
2
Hyp, (Xv Y%) = Hy (Xv yl;y+;> s (324)
I:Izh (’%a)’) :th <X[;X+%7.V> (325)

while keeping the other parts of the scheme unchanged. It is straightforward to get (3.16) with ¢, = 0 for our numerical
solutions with the periodic flux (3.22)-(3.25) by adjusting (simplifying) the proof of Theorem 3.1. Note that in this case the
numerical solutions satisfy the same energy equality as the exact solutions (3.15). It is also painless to modify (simplify)
the proof of Theorem 3.2 to obtain an optimal error estimate for the periodic flux scheme. This error estimate is verified
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numerically in Example 1. To conclude, our scheme is both optimal and non-dissipative with I';;, = I', = 0 and for periodic
boundary conditions.

3.2. The error analysis

We denote the errors between the exact solutions (Ey, Ey, H;, Jx, J,, K;) of (2.7)-(2.12) and the corresponding numerical
solutions (Exn, Eyn, Hzn, Jxn, Jyn, Kzn) of the semi-discrete scheme (3.1)-(3.6) by

& = Ex — Exn, gy:Ey_Eyhs H, = H, — Hy, gx :Jx _th, gy:Jy_]yha

(3.26)
K, =K, — K.

Subtracting (3.1)-(3.6) from the weak formulation of (2.7)-(2.12) and assuming that the exact solutions are continuous
in the domain £2, we can obtain the error equations:

&, . - 3
o | 50— | (Gad)ger — Gty ) ax+ [ 22+ | g =0, (327)
Ki,j 8t I 2 2 Ki,j ay K,'_j
a8y L . oy
o | Syt (}f = (), )d— 7,2 4 —o, 328
O/Ku 2y /] Gt gy = Gty )= [ w5 [ g (3.28)
0H, A _— ax
Ho /I;J at X+ /]; ((83/)( )i+%,y - (gyX )j,%y) dy - /I;,'_j gya
A N ax
[ (@ ey — )t [ 62k 4 [ xx =0, (329)
I 2 w2 Ki,j y Ki,j
1 9 I
5 [ ML I f &t = 0, (330)
€0Wpe Ji;; ot €oWpe Ji;; Kij
1 9 T
5 ﬁuz +— [ gu— f &uy =0, (3.31)
€0Wpe Ji;; ot €0Wpe Ji;; Kij
1 K I
5 / fv+ —% K,v— | Hov=0, (3.32)
/.Loa)pm Ki.j ot Mowpm Ki,j Ki.j

for all test functions ¢, ¥, x, Uy, Uz, v € V,.’,‘.
To estimate those errors in (3.26), we need some projection operators often used in DG and LDG methods (e.g., [37,38]).
Given a function u € H'(J;), the 1-D projections

PE: H'(I) — Pl
are defined as the elements of the kth polynomial space £ (I;) that satisfy

(Pfu—wwdx=0 VweP_(I), and Pju (X,-+_1> =u (x:r_l) , (3.33)

I; 2 2

Pu—uwwdx=0 YweP_1(I), and P, u <x;1> =u (x:rl> . (3.34)
i+ i+

I 2

The 1-D projections Pxi in the y-direction can be defined similarly. It is easy to check that these 1-D projections are
well-defined.
Furthermore, we denote the standard 1-D L? projections

P H'(I) — 2.0, P, . H'(j) — #()p-

For a 2-D rectangular element K;; = I; x J;, we use projections that are tensor products of the 1-D projections. More
specifically, we adopt the projection

Iy =P, @ P - HA(Kij) > Qu(Ki)).
which satisfies that [39]: For any w € HZ(K,-J-) and any v, € Qe(K;)),

dup(x,
n1w<x,y>%y) dxdy = / w(x,y) xdy, (3.35)
K,

Kij ij

mw [ x,yt Jon(%yT, ) dx= [ wxy", Ju(xy, ) dx (3.36)
I J=3 J=3 I J=3 =3

dvR(x, ) d
ay
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the projection
T = Px+ ®Py: HZ(KI'J) = Qu(Kiy),
which satisfies that: For any w € H*(K;;) and any vy € Qu(Ki;),
Jun(x, dup(x,
Muw(x, y)y dxdy = / w(x’w%y) ey
" X

Ki j Ki j

/sz (XT 1,y> n (X.+ 1,y> dy = /w (xfl,y) Un (x* 1,y> dy;
i i—y i—5 i i—3 i—5
the projection

M3 =P; ®P; : H*(Kij) - Qu(Ki)),

which satisfies that: For any w € H? (Kij) and any v, € Qi—1(K;}),

Mzw(x, y)vp(x, y) dxdy = / w(x, y)vp(x, y) dxdy,

Ki Kij

1T B B dx = B B d
f 3w(xiyj+;>vh(’<,yj+;) X /liU)(X,yH;)Uh(X,J/H;) X,

(3.37)

(3.38)

(3.39)

(3.40)

A TTsw (x;r%,y> vp (x;%,y> dy = /’iw (x;%,y) Up (x;%,y) dy, (3.41)

Isw (xH%,yH%) =w (xi+%,yj+%> . (3.42)

Note that we use H? for the point values to make sense by the Sobolev embedding H> C C° in two dimensional spaces. The

usual two dimensional L? projection is denoted:
My =Py ®Py : [*(Kij) — Qu(Kij).

It is easy to see that

Lemma 3.1. There exists a unique polynomial ITyw € Qi (K;;) as defined above. The same applies to IT,w, [T3w and ITsw.

Lemma 3.2. If w(x, y) is a product of 1-D functions, i.e. w(x,y) = f(x)g(y) wheref € H'(I;), g € Hl(]j), then we have:
Muw(x,y) = Pf(OPgy),  Mwx y) =P f(X)Pgy),
Mw(x,y) =P fOP g(y),  Haw(x,y) = Pf(X)P,g(y).

This lemma explains why we write the 2-D projections as the tensor products of 1-D projections.
Moreover, it is known that these projections have the following property (e.g., [37,38]).

Lemma 3.3. Let IT; (i = 1, 2, 3, 4) be the projections defined above. Then for any u € H**1(2) (k > 1),
[ MTu — ull < CH* Mullyksr gy, Vi=1,2,3,4,
where the constant C > 0 is independent of h, the mesh size introduced in Section 2.

With the above preparation, we can prove the following optimal error estimate.

Theorem 3.2. Let (E, Ey, H;, Jx, ]y, K;) and (Exu, Eyn, Hon, Jxn, Jyn, Kon) be the solutions of (2.7)-(2.12) and (3.1)-(3.6),

respectively. The following optimal error estimate holds true:
(fo(HEx - Exh”2 + ”Ey - Eyh||2) —+ pollH; — th||2) ()

(=l 1y = Il + —— 1K — Kl ) ©
cw? X xh y 'yh w2 z zh

0Wpe Howpm

< CR***Y + (eo(IEx — Ewnll> + IIEy — Eynll®) + pollH, — Hall?) (0)

Gowpe 0%pm

(= dal2 1y =l + —— 1K, — Kl ) ©
P X xh y 'yh M w2 ¥4 zh )

where the constant C > 0 is independent of h, and k > 1 is the order of the basis function in V,f.
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Proof. Using the defined projections, we can decompose the errors given in (3.26) as follows:
& = Ex — Exn = (IIEx — Exn) — (IIhEx — Ex) := Ex¢ — Ey,
& = E, — Eyy = (ILE, — Eyn) — (ILE, — Ey) := Eye — Ey,
H; = H; — Hpy = (ITsH, — Hy) — (IIsH, — H;) := H;e — Hyy),
Ix =Jx — Jxon = (aJx — Jxn) — (Tgfx — Jx) = Jxe _ana
Iy :Jy _]yh = (H4]y _]yh) - (H4.]y _]y) = Jys _]yns
K, =K, — Koy = (TI4K, — Kpp) — (TT4K, — K;) i= Kpe — Ky,

If we denote the summation of (3.27)-(3.32) as:

B(&x, ¢, 8y» v, Hey X Fxo Ut 3y, Uy, K, v) =0. (3.43)
Substituting the error decompositions into (3.43), and choosing the test functions ¢ = Ex:, ¥ = Ep, x = Hzp, U =
Jxe, U2 = Jye, v = K¢, we obtain

B(Exév Exs, Eys, EyEs sts sts]x&]x&]ys,]yéy Kzés KZS)

= B(Exn» Eva Eyn, EySa HZr]! Hzé nynijé s]ynsjys, Kznv Kzé)- (3-44)

Ifwe sum (3.44)overi = 1...Ny,j = 1...N, and look at the left hand side (LHS), we could observe that it is exactly the
same thing as in the stability proof. Hence we have:

tHS = 2L (olBe? + collEyeI? + pollHae 12 + —— (Ihe > + Uy 12) + —o 1 12
2dt €0Wp, HoWpy

m

Fe 2 2 I 2
+— + + ¢
c0w? (e I” + Uye 1%) Hot, (1K |

'pe
N . Ny N
# 30 ) (e = pee) (rvy) + 3 [ (5 = o) (xy.0)
i=1 /i j=1Ji
Ny 2 N 2
- GT—{-ZCO/(E); (7)) +ZCO/(Ey§ (x:9)) -
i=1 i =1 Y

Note that those terms in the first two lines in the above equation are referred as GT (good terms) and the third line is
computed using the boundary fluxes (3.12) and (3.14).

Let us now consider the terms on the right hand side (RHS). By the definition of IT;, | € {1, 2, 3, 4} in (3.35)-(3.39) and
(3.42), the property of the projections ITju; = (ITju);, and the fact that Eye, Eye, Hze, Jxe, Jye, Koz € Qr(K;j), we can have

O, oF,, oH,,
RHS = €0——Ew +€o0—Ej: + no—H;e — Exn]xé’ — Eyylys — HzpKpe
L\t ot ot

N)’ Nx
+ ) TEX;+ Y TEY;,
=1 i=1

where we denote

Ny
TEX;j = ) (

i=1

Ny
TEY; = Z (

_/1 ((1:1an><_§) (x, yj+%) — (I:IZ,,E;é) (x,yjf%)> + /K HZ”B:;E) , (3.45)

i ij
N N oE
— + yé
/,j (o) (x3.) = Gt (v 4.9)) = [ Hz,,ay> : (3.46)

Using the super-convergence results given in Lemmas 3.4 and 3.5 (similar to [37] and proved at the end of this section)
to estimate TEX (terms of E,) and TEY (terms of E, ), we obtain:

GT < Ch**2 + C||E|I* + ClIEye I

oE, ol

+ € 7”]5 + € 7)”75 + 7”1‘1 —E —E — H,, K 3.47
0 ot XE 0 t vE Mo t zE xn]xé yn]yé znihzg ) - ( . )

We can first bound all the right hand side terms of (3.47) using the Cauchy-Schwarz inequality and Lemma 3.3, then use
the Gronwall inequality and the triangle inequality to conclude the proof. O
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Remark 3.3. We would like to remark that the optimal error estimate O(h**') in the L? norm

(€o(IEx — Exull® + IIEy — Eynll®) + pollHz — Hanll?) ()

1 1
+ (E = (e = Jall® + Wy = Il + o 1K = 1<zh||2) (t) < CR**+D

0Wpe 0Wpm
can be simply achieved if we choose O(h**1) initial approximations:
Exn (O) = HlEx(O)v Eyh(O) = HZEy(O)y Hyp (0) = ITzH, (0)7
]xh(o) = de(O), Jyh(o) = HéL]y(O), th(o) = H4.]z (0)

It is also worth mentioning that we cannot choose all the initial values as the standard L? projections (/1) of exact
solutions, which are easier to implement. The numerical order of convergence would fluctuate if we use I1y4 for all the six
initial values. The reason may be that no numerical dissipation is included to dissipate the initial error, see also [32].

In the rest of this section, we will prove the superconvergence results used above.

Lemma 3.4. Let TEX; and TEY; be defined by (3.45)-(3.46). Then we have:

Ny Nx
D TEX; < ChPP B’ Y TEY: < CR 4 [y,
j=2 i=2

where the positive constant C is independent of the mesh size h.
Proof. First we define the individual summands in TEX; (j > 2) as L;(H;, Ex):
oE

LiH;. Ee) = / (IT3H; — Hy) =% / ((TTsH; — H) Eg) (%33,
Ki j y I; 2

+ | (UT3H, — H)"Ey) (x, yj_%) . (3.48)
li
Using the fact that IT3H, (x, yj’ 1) = P, (H;(x, yj_%)), we can follow the same argument in [37] to prove:
2

L,‘(Hz, Exg) =0, VH, e j)k+l(1<i,j)s i=1,..., Ny, ] =2,..., Ny (349)

where £ is the standard notation for polynomials of degree not greater than k+ 1,i.e. .y = {x'-¥/]i > 0,j > 0,i4j <
k+ 1}
By the standard scaling argument [40] and Bramble-Hilbert lemma, we get:
Li(HZs Ex&) = inf Li(Hz +p, Exé)

pePk1(K; j)

IA

k1
Ch™  Hy [z ) 11 Ex N2 i )

2k+2 2 2
Ch |HZ |Hk+2(Ki,j) + ”EXS ”LZ(Ki,j)’

IA

where | - |yk+2 denotes the standard Sobolev semi-norm. We can now proceed to the proof of (3.48) from the above estimate

Ny Ny Ny
D OTEX =Y > LiHy, Exe) < CWPPIH s ) + 1B 22 - (3.50)
Jj=2 Jj=2 i=1

The proof of TEY is exactly the same as that of TEX by exchanging the role of xandy. O

Lemma 3.5. Let TEX; and TEY; be defined by (3.45)-(3.46), and c, independent of mesh size h. Then we have:

Ny 2

TEX; — ZCo/ (Exg (x,y%)) < Ch**2 4 ||Eee 1%, (351)
i=1 li
Ny 2

TEY; — ZCof (Eyg (x%,y)) < Ch**% + |[Eye |2, (352)
j=1 Ji

where the positive constant C is independent of the mesh size h.
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Proof. We define the bilinear form:

OE.e
LA(H,EE):/ H,,
o Ki,l “ ay

—/(H;]Ex;)(x,y%) +/(P; (H,(x, ©)) — H,(x, ©)) E£ (x, ©). (3.53)
Ii Ii

Comparing (3.53) with (3.48), we see that L4 satisfies the same polynomial preserving properties. Hence we have

Ny
D La(H, Ee) < CPPIH, 2 ) + IE I, (354)

i=1

which leads to:

TEX; — Zcofn (% y1
= ZLA(HZ,E,@) + Z (—f P (H;(x,¢)) — H(x, c) (x c) +/(H+EX£)(X c))
i=1 i=1 li

b
+co / ELED®, 0) — / (EL(x, 0)

b b
_ 2
< O g, + 1B +C [ (P (et 0) = ek 0) + [ Ao
a a
< Ch¥* I, R ) + IBe 1 + CH*F2|H, B
where we denote I" = {(x, ¢) : x € (a, b)}. In deriving the first inequality, we used the definition of IT; to obtain
/( TEg)(x, ¢) dx = 0.

In the last step we used the approximation properties of the projections.
The proof of (3.52) follows the same line as (3.51). O

Remark 3.4. If ¢, = 0, we get a straightforward PEC boundary condition without the jump terms in (3.12) and (3.14). In

this case, we can only control the term Zfi*l f, H*;,E,;g)(x ¢) as follows:

A

Nx b
Zf(H;Exz)(x,o _h-1/< SORES c)+h/ (E)*(x. 0)
—1 Yl a

C -1 4 ||[E¢|> (by inverse inequality).

IA

Therefore, we lose half an order. It is verified numerically that for basis function of odd orders of polynomial degree, like
Qq and Q3, we do observe this sub-optimal order of convergence. See Tables 5.3 and 5.5.

4. The fully-discrete DG method

We consider the following leap-frog DG scheme: For any n > 0, find EI,"", E;,T], Hn+2 ]n+2 jn+2 K2 € Vf such that

En+l —En L1 ngl L1
Eo/ g — ( TS ) - <Hfh 2<f>+) dx+/ A dad / g =0, (4.1)
Kij T Ij xj+3 xj—1 Kij Kij

2

En+l _ Em 19 1
60/ th"'f < n+2w ) ( ﬂ+21// > dy—/ n+> 1// n+2w:0, (4.2)
Kij T Jj i+1.y i—3.y Kij Kij

i,j ]

n+3 n+l
Hy * —Hy ' * Al — An+1 n1 90X
Mo/lc_fx+ | (B xiyay — By, ) dy = B
L] 2 L]
A ~ 0
—f((E}j“x Dejed — (Ef,jq)(*)x’jf%)dx—l—f E}};la—XJr/ Ky = o, (4.3)
Ii K,'j y Ki j
n+2 n+2

n+2
U / +j"h U —/ ElFluy =0, (4.4)
6060 Kij Ki

an)pe /K
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+J

yh n+1
/ u; + f Uy — Eyh Uy = 0,
eowpe Kij 6060 K; K

ij i.j

Kn+2 Kn+1 <n+2 + Kn+1 3
/ v+ I / z v—/ H:hhv:O,
Mowpm Kij T Mowpm Kij 2 Kij

i ij ij

for all test functions ¢, ¥, x, Uy, Uy, v € V,’f. With the following fluxes:

E:h“ (x,yH%) =E)?,:“]’+ (x,yH%) Vi=1,...,N,— 1,

I
£
ol
—~
x
<
N—=
I
o)
T3
DN
+
x
<
D=
~—~
~— I
NS
— :
h'l
3
R
Ral
‘<
v
+
gl'l'l
N
x
<
N~
N~

Vi=1,...,Ny,

At n+i+ Co
i o) = rg0) =5 (57 (50) o35 (1))

(4.7)
(4.8)
(4.9)
(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

Note that by enforcing the PEC boundary conditions (2.14), El" (x, y Ty = El(x, y Y —ERT(x,y7) = [ELT (%, y%)]] in
2

(4.12), and the same for other artificial viscosity in (4.12) and (4.14).

To prove the stability for our fully-discrete scheme, we need some lemmas. Let us denote boundary integral terms

. "+ 2 pn+1 ny— 2 "*% n+1 n N+
sumy, == — (Egy ~ +Eg) —\Hy, *(Ey +Eg) dx
i Xjt+ 3 xj—1
()
I

+
— (E‘;l;—l <Hn+2 +th ) ) dx
x,j+% x,j—%
angl
sumy, = / ((Hz",f Z(Eyr’,fl—i—E;h)’) ( "*2(5",1+1+E;,1)+> )dy
Ji i+%y i—%.y
pn+1 n+3 AN
+ ; Eyh th +th
i

Lemma 4.1. With the flux choices of (4.7)-(4.14) for any m > 1 we have

m a m
S [t e e ()| S s,
ij 7Kij y n=0 ij

n=0
- 14 || ymt3 (0w [
E™ 3 , 2
/ < xh |:|:th 2:|:|> _/ (Exh |:|:sz}1:|:|>
=1 xj+1 a xj+3
mr1 0 m+3 CO nHl4 | pn4y2
+ Z xh a zh + E @H Z (E xh + Exh )x%

Kij
where for simplicity we denote Zij =D 1<i<n, Zl§j<Ny'

and

H-j,y

M

~ 1 +
— (E;}T] ( n+2 +H ) ) dy
1 i—ly
2

(4.15)

(4.16)

(4.17)
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Proof. Using integration by parts, we see that

i 19 0
ZZf {Hfffz ST B B S ( U L )}dxdy
K,‘_j y ay
m Ny Ny n+l _ Ny—1
=3 [ () -
=1 /i xj+1

n+1,+ ”+ -+
/ <Exh H,,
j=0 vli xj+1

H'Mg

-

1

I I

m N Ny nt1 N N n+d.+
— 2T +yta
+zzzﬂm%z)—»z [ (eewt)
n=0 i=1 j=1 Yk xj+3  n=0 i=1 j=0 VI Xj+ 3
] m+3
+ 1-12 +ERTT—H, 2}, 4.18
Z/{ gy i+ BB L (418)

Combining (4.18) and the definition of sumy;, in (4.15), we get the equality (4.17). O

Using the similar technique, we can also prove the following lemma.

Lemma 4.2. With the flux choices of (4.7)-(4.14) for any m > 1 we have

a m
/ { 2 *(Enhﬂ +Ep) +E; ax( s +H )} FY0 sumy,
n=l 0 ij Kij

n=0 ij
Ny—1 3 d 1
—Z( [E[=]),, [ [D),,)
i+3y Jc i+3.y
+Z/ { Hz Em-HaHm‘Lg} CO /(En+1+ n+ 2 (4.19)
K zh 'yh ox zh po %,y

With the above preparation, we can now prove the following stability. To shorten the notation, we introduce the vector
L% norm [|Ep||? = ||ExI? + ||Eynl|? for vector Ey = (Ey, Eyp). Similar notation will be used for ||J, ||? for vector Ji = (Jxn, Jyh)-

Theorem 4.1. Denote C, = for the speed of light, and C;,, for the positive constant appearing in (4.25). Under the

«/éoT
assumption
1 1 h
T < min( , ——, ) , (4.20)
2wpe 20pm  2CinCy
forany m > 1 we have
+1)12 med|? 1 med | m+2
ol Byl +M0‘H == ° IIK &
Eo(l)pe
012 1 1 3 ’ 1 12
<C 60||Eh|| + o |Hy| + > Jy +72||th|| s (4.21)
Goa)pe /.Loa)pm

where the constant C > 1 is independent of the mesh size h and the time step size t.

Proof Choosing ¢ = t(E}I" + EN), ¢ = r(E)’},;H + Ep, x = r(th + HHZ) U = r(]n+2 "+2) U =

+]"+2) v = (K} + K5 in (4.1)-(4.6), summing them up over 1 < i < Ny, 1 < j < N,, timelevels0 < n <m
for any m > 1, and using Lemmas 4.1-4.2, we have

2 1112
+ =
co(IEM? — ||Eh||>+uo< Tiard %4 )
1 md 2 12
+<Jh o= Al )+ 202 — K1)
€W ve

3 1
<_ Z/ n+2 n+1+E’7) Z / <n+1‘ (H:h+2+H:h+2)

0<n<m 0<n<m
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3 1 3
o 2 Lt ert) s o [ g
o<n<m$ o<n<m" £

v [ 0 3 y [ pm+1 m+3 B [ E° 3 i pmi1 g mt3
+B" | Ey.Hy ) — B\ Ey s Hy, — Eyh’ Hj ) +B Eyh ,Hy, s (4.22)

where we introduced the bilinear forms (cf. [41, (4.1)])

b
BPuuv) =rt Z/K wv+ Y /u;_%[[v]]j+%dx ,
ij i a

J 1<j<Ny—1
d
_ +
B(u,v) =1 ZfK”uavar > /Cui+%|1v]]i+%dy :
ij ij 1<i<Nx—1

Note that the sum of the first and third terms of (4.22) can be estimated as follows:

1 3 1 3
Si+S=-7 ), /Q@”z B ) -E{:“) —— [ (1; B ~EL"“)

0<n<m
2
T, 1 Tw 1
pe 02 pe
== . +eol QI | + = | —
an)pe E()(,()pe

where in the last step we used the Cauchy-Schwarz inequality.
Similarly, we can bound the sum of the second and fourth terms of (4.22) as follows:

2
Tw 1
>+ N ( — KR + 1o

%
Jy

m+%

Jn

2
+ ol Ef! ||2) , (4.23)

1 3
2 m+3
th th

2
2 0o Moy

2
) ) (4.24)

By using the Cauchy-Schwarz inequality and the inverse estimate, we have (cf. [41, Lemma 4.1]):

Tw 1
Sp+Ss< —2 (M . 1K 1% + 1t0

3
2

3
m+ m+3
th th

=T- Cinvcvh_l«/a“Eg;]Jﬂ |/ 10

2
) . (4.25)
HZ?]

1 2

2 ) , (4.26)
2

) , (4.27)
2

) ) (4.28)

The proof is completed by substituting the above estimates (4.23)-(4.28) into (4.22) and using the assumptions
Topm TWpe TGy 1
2 02 2n — %

3
B’ (Em+l Hm+7) <1-G h—1||Em+l|| . ‘
xh " zh — inv xh

Cinv Cv

m+%
<t
2h

th

(eoIIE,ZT,“II2 + 1o

where the positive constant Cy,, is independent of T and h.
Similarly, we can obtain

1 CinC.
B (E,?h, H;h) <t- —’;"h v (eonts,?,,n2 + 1o

3
m+—2
zh

m+3 CinC,
B* <E;;1+1,th 2) <t- 12‘/’11) (€0||E;7]+1”2 + 1o

1
2
th

1 CinsC
B* (th, Hzi) <t- ’;“h - (eouﬁ;’huz + wo

Remark 4.1. We would like to remark that under the same assumption as Theorem 4.1 coupled with the assumptions on
the initial value:

2
+

2

1 1 1 1
ol E® — EPII” + po |H? — H2 Jz —J?

1
+ —— K} — K[> < cr?®+D,
oW

2
an)pe 0%m
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we can prove the following optimal error estimate: for any m > 1

2
m+%

M1 _ g2 H"”% H
éoll —Ey I” + o ||H: — 0y,

1 2

Tt
Goa)pe

where J = (Jx, Jy).,and E = (E, E,). The proof can be carried out by following the similar idea to the proofs of Theorems 3.2
and 4.1 coupled with time discretization estimates (cf. [ 10, Ch.3]). Considering that the proof is very lengthy and technical,
we skip it.

3 m+3

]m+§ _.’h

1
+ : ||sz+2 _ Kzrg+2”2 <cC (h(k+1) + TZ)Z
Howyy,

5. Numerical results

To validate our theoretical analysis, we solve the model problem (2.7)-(2.12) with imposed sources f, f, and g on
2 =1[0,1]%

oE,  0H,

_ 0% 5.1
ot 3y S+ K (5.1)
9E,  OH,
== 5.2
ot = ox T (52)
OH,  9E, 0E

e I 5.3
ot ox oy ets (53)
1 9y
o e th 54
1 9, 2
o Z g 4E 55
w?m? ot wn]y +hy (5:5)
1 ok 2 K, +H (5.6)
0?7 3t om0 7 ’

which has the exact solutions:

E(x,y, t) = cos(wmx) sin(wmy)e ", Ey(x,y, t) = — sin(wwx) cos(wmy)e “", (5.7)
H,(x,y,t) = cos(wmx) cos(wmy)e” ™", )
Lkxy, ) =k, y,t),  J&yt) =orEXy,t), K&y t)=orHXy,t), (5.9)
and the source terms: f; = Jx, fy =Jy, § = —2wnH.
With the added source terms, we only need to modify the original scheme (4.1)-(4.6) by adding
an 2¢7 f:Vn 21&7 f gn+1X
Ki j Ki,j K,'_j

to the right hand sides of (4.1)-(4.3), respectively. For the initial values at time t = 0, we set
Exn(-,0) = ITiEy(-,0),  Eyn(-,0) = ILEy(:, 0), Ha (-, 0) = I13H, (-, 0),
and

]xh(', 0) = H‘l]x('v 0)5 ]yh('v 0) = H4Iy('5 O)’ I<Zh('7 0) = H4KZ('7 0)

111
The first step values H;, /., yzh, Kzlh are calculated by using the third order Runge-Kutta scheme, see e.g. [16].

Example 1: periodic boundary conditions (BCs)

Since the exact solutions are all periodic, we can simply enforce the periodic boundary conditions in our DG scheme. To
be more precise, we can replace the flux in (3.8), (3.10), (3.12), and (3.14), by (3.22)-(3.25).

We present the numerical results in Tables 5.1 and 5.2, which are obtained with bilinear (denoted as Q) and biquadratic
(denoted as Q;) basis functions, respectively. We calculate the L? errors on a series of uniformly refined rectangular meshes
with N partitions in both x- and y-directions, with the time steps (At) shown on the header of each table. Tables 5.1 and 5.2
clearly show that the L2 errors for all variables are O(h**1) for Qx, k = 1, 2, where the mesh size h = % We take final time
T = 0.1 for all our simulations in this section.
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Table 5.1
Periodic BCs, Qq basis function, T = 0.1, At = 0.2h.

N Error of E, Order  Error of E, Order  Errorof H,  Order
L? error L? error L%error

10  8.51e-03 - 8.51e—03 -10 9.57e—03 -
20 2.08e—03 2.03 2.08e—03 2.03 2.40e—03 1.99
40 5.17e—-04 2.01 5.17e—04 2.01 6.01e—04 2.00
80  1.29e—04 2.00 1.29e—04 2.00 1.50e—04 2.00
160  3.21e—05 2.01 3.21e—-05 2.01 3.72e—05 2.01
320 7.99e—-06 2.01 7.99e—06 2.01 9.26e—06 2.01

N Error of J, Order  Error of J, Order  Error of K, Order
% error L2 error [%error

10  3.56e—-02 - 3.56e—02 - 3.93e—-02 -
20 9.10e—03 1.97 9.10e—03 197 1.02e—02 1.94
40  2.30e-03 1.98 2.30e—03 1.98 2.60e—03 197
80  5.79e—04 1.99 5.79e—04 1.99 6.57e—04 1.99
160  1.45e—04 2.00 1.45e—04 2.00 1.65e—04 1.99
320  3.64e—05 2.00 3.64e—05 2.00 4.14e—05 2.00

Table 5.2
Periodic BCs, Q, basis function, T = 0.1, At = 0.6]1%.

N Error of E, Order  Error of E, Order  ErrorofH,  Order
L? error L? error L%error

10 4.27e-04 - 4.27e—04 - 5.40e—04 -
20 5.40e—05 2.98 5.40e—05 2.98 7.66e—05 2.82
40 6.87e—06 2.98 6.87e—06 2.98 9.79e—06 297
80  8.54e—07 3.01 8.54e—07 3.01 1.23e—06 2.99
160  1.08e—07 2.99 1.08e—07 2.99 1.56e—07 298
320  1.35e—08 3.00 1.35e—08 3.00 1.95e—08 3.00

N Error of J, Order  Error of J, Order  Error of K, Order
L? error L? error L%error

10 2.36e—-03 - 2.36e—03 - 2.37e-03 -
20 3.41e-04 2.79 3.41e—04 2.79 3.44e—04 2.79
40  4.27e-05 3.00 4.27e—05 3.00 4.39e—05 297
80  5.44e—06 2.97 5.44e—06 297 5.60e—06 297
160  6.84e—07 2.99 6.84e—07 2.99 7.05e—07 2.99
320 8.56e—08 3.00 8.56e—08 3.00 8.83e—08 3.00

Table 5.3
Straightforward PEC BCs (cy = 0), Q basis function, T = 0.1, At = 0.2h.

N Error of E, Order  Error of E, Order  Errorof H,  Order
12 error I? error [%error

10 2.02e—02 - 2.02e—02 - 1.21e—-02 -
20  6.69e—03 1.60 6.69e—03 1.60 2.80e—03 212
40  2.30e—03 154 2.30e—03 1.54 6.70e—04 2.06
80 8.01e—04 152 8.01e—04 1.52 1.58e—04 2.08
160  2.81e—04 1.51 2.81e—04 151 3.83e—05 2.05
320 9.91e-05 1.50 9.91e—-05 150 9.40e—06 2.03

N Error of J, Order  Error of J, Order  Error of K, Order
L% error L% error [%error

10  4.80e—02 - 4.80e—02 - 3.99e—-02 -
20 1.37e-02 1.81 1.37e—02 1.81 1.05e—02 193
40  4.17e-03 172 4.17e—03 172 2.64e—03 1.99
80  1.34e—-03 1.64 1.34e—03 1.64 6.61e—04 2.00
160  4.47e—04 1.58 4.47e—04 1.58 1.66e—04 2.00
320 1.53e—-04 154 1.53e—04 1.54 4.15e—05 2.00

Example 2: PEC BCs with pure alternating fluxes

To see the important role of those jump terms in the fluxes I:IZ,., (x, y%) and I:IZ,1 (x% ,y)in(3.12) and (3.14), we letco = 0

and run the numerical tests. The numerical errors obtained in this case are presented in Tables 5.3-5.6. It seems that the
accuracy becomes sub-optimal for odd orders of polynomial degree, but stays optimal for even orders.
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Table 5.4
Straightforward PEC BCs (co = 0), Q; basis function, T = 0.1, At = 0.6h3.

N Error of E, Order  Error of E, Order  Error of H, Order
L? error L2 error L2error

10 5.42e—-04 - 5.42e—04 - 6.08e—04 -
20 5.94e-05 3.19 5.94e—05 3.19 7.72e—05 2.98
40  7.17e—-06 3.05 7.17e—06 3.05 9.80e—06 2.98
80  8.75e—07 3.03 8.75e—07 3.03 1.23e—06 2.99
160  1.09e—07 3.01 1.09e—07 3.01 1.56e—07 2.98
320 1.35e—-08 3.01 1.35e—08 3.01 1.95e—08 3.00

N Error of J, Order  Error of J, Order  Error of K, Order
L? error L? error L?error

10 2.38e—03 - 2.38e—03 - 2.39e—03 -
20 3.42e-04 2.80 3.42e—04 2.80 3.44e—04 2.79
40  4.27e—-05 3.00 4.27e—05 3.00 4.39e—05 2.97
80  5.44e—06 297 5.44e—06 2.97 5.60e—06 2.97
160  6.84e—07 2.99 6.84e—07 2.99 7.05e—07 2.99
320 8.56e—08 3.00 8.56e—08 3.00 8.83e—08 3.00

Table 5.5
Straightforward PEC BCs (co = 0), Q3 basis function, T = 0.1, At = 0.6h?.

N Error of E, Order Error of E, Order Error of H, Order
L% error 12 error [%error

10 7.81e—-05 - 7.81e—05 - 4.18e—05 -
20  7.02e—06 3.48 7.02e—06 3.48 2.84e—06 3.88
40  6.10e—07 3.52 6.10e—07 3.52 1.73e—-07 4.04
80  5.40e—08 3.50 5.40e—08 3.50 1.09e—08 3.99
160  4.75e—09 3.51 4.75e—09 3.51 6.76e—10 4.02

N Error of Jy Order  Error of J, Order  Error of K, Order
L% error L% error L%error

10 2.35e—-04 - 2.35e—04 - 1.90e—-04 -
20  1.68e—05 3.80 1.68e—05 3.80 1.26e—05 391
40  1.24e—06 3.76 1.24e—06 3.76 8.02e—07 3.98
80  9.62e—08 3.69 9.62e—08 3.69 5.03e—08 3.99
160  7.84e—09 3.62 7.84e—09 3.62 3.15e—09 4.00

Table 5.6
Straightforward PEC BCs (cg = 0), Q4 basis function, T = 0.1, At = O.Sh%.

N Error of E, Order  Error of E, Order  Error of H, Order
L? error L? error L?error

10  3.20e—06 - 3.20e—06 - 7.08e—06 -

20  1.00e—-07 4.99 1.00e—07 4.99 2.28e—07 4.96
40  3.12e—09 5.01 3.12e—09 5.01 7.15e—09 4.99
80 9.71e-11 5.01 9.71e—11 5.01 2.24e—10 5.00

N Error of J, Order  Error of J, Order  Error of K, Order
L% error L% error L%error

10 3.52e—-05 . 3.52e—05 - 3.09e—05 -

20  1.13e—-06 4.96 1.13e—06 4.96 1.00e—06 494
40  3.55e—08 4.99 3.55e—08 4.99 3.16e—08 4.99
80 1.11e—-09 5.00 1.11e—09 5.00 9.87e—10 5.00

Example 3: PEC BCs with the fluxes used in the proof

Here we solve the same problem as Example 2 using the alternating fluxes modified on the PEC boundaries as defined
in (3.7)-(3.14) with ¢ = % As expected in Remark 3.3, results obtained in Tables 5.7-5.10 clearly show that the optimal

convergence rates are obtained for all variables.
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Table 5.7
Modified PEC BCs (co = 1), Q; basis function, T = 0.1, At = 0.2h.

N Error of E, Order  Error of E, Order  ErrorofH,  Order
L? error L? error L%error

10 1.19e—-02 - 1.19e—02 - 1.01e—02 -
20 2.81e—-03 2.08 2.81e—03 2.08 2.54e—03 1.99
40  6.08e—04 2.21 6.08e—04 2.21 6.16e—04 2.04
80  1.40e—04 2.12 1.40e—-04 2.12 1.52e—04 2.02
160  3.35e—05 2.06 3.35e—05 2.06 3.74e—05 2.02
320 8.16e—06 2.04 8.16e—06 2.04 9.29e—-06 2.01

N Error of J, Order  Error of J, Order  Error of K, Order
L? error L? error L%error

10 3.98e—02 - 3.98e—02 - 3.92e—02 -
20 9.93e—-03 2.00 9.93e—03 2.00 1.02e—02 1.94
40  2.44e-03 2.03 2.44e—03 2.03 2.60e—03 1.97
80  5.97e—04 2.03 5.97e—04 2.03 6.57e—04 1.98
160  1.48e—04 2.02 1.48e—04 2.02 1.65e—04 1.99
320 3.67e—05 2.01 3.67e—05 2.01 4.14e—05 2.00

Table 5.8
Modified PEC BCs (cp = %), Q, basis function, T = 0.1, At = 0.6h3.

N Error of E, Order  Error of E, Order  Error of H, Order
L? error L? error L%error

10  4.54e—-04 - 4.54e—04 - 5.89e—04 -
20 5.36e—05 3.08 5.36e—05 3.08 7.68e—05 294
40  6.84e—06 2.97 6.84e—06 297 9.79e—06 297
80  8.54e—07 3.00 8.54e—07 3.00 1.23e—06 2.99
160  1.08e—07 2.99 1.08e—07 2.99 1.56e—07 298
320  1.35e—08 3.00 1.35e—08 3.00 1.95e—08 3.00

N Error of J, Order  Error of J, Order  Error of K, Order
L? error L? error [%error

10 2.35e-03 - 2.35e—03 - 2.38e—03 -
20 3.41e—-04 2.79 3.41e—04 2.79 3.44e—04 2.79
40  4.27e—05 3.00 4.27e—05 3.00 4.39e—05 297
80  5.44e—06 2.97 5.44e—06 297 5.60e—06 297
160  6.84e—07 2.99 6.84e—07 2.99 7.05e—07 2.99
320 8.56e—08 3.00 8.56e—08 3.00 8.83e—08 3.00

Table 5.9
Modified PEC BCs (co = 1), Qs basis function, T = 0.1, At = 0.6k

N Error of E, Order  Error of E, Order  ErrorofH,  Order
12 error L2 error [%error

10 3.00e—05 - 3.00e—05 - 4.21e—05 -
20  1.70e—06 4.14 1.70e—06 4.14 2.73e—06 3.95
40  1.00e—-07 4.09 1.00e—-07 4.09 1.72e—07 3.99
80  6.07e—09 4.04 6.07e—09 4.04 1.08e—08 3.99
160  3.74e—10 4.02 3.74e—10 4.02 6.75e—10 4.00

N Error of J, Order  Error of J, Order  Error of K, Order
L? error L? error L?error

10 2.08e—04 - 2.08e—04 - 1.90e—04 -
20 1.35e-05 3.95 1.35e—05 3.95 1.26e—05 391
40  8.46e—07 3.99 8.46e—07 3.99 8.03e—07 3.98
80  5.29e—08 4.00 5.29e—08 4.00 5.04e—08 3.99
160  3.30e—09 4.00 3.30e—09 4.00 3.15e—09 4.00

Example 4: PEC BCs with the fluxes used in the proof and varying constant

In Lemma 3.5, the constant ¢ is independent of h. As we can see in the proof of that lemma, the purpose of the ¢, term is
to control a less accurate error term, hence we could make c, larger without affecting its controlling power. Therefore, we
can relax the condition of Lemma 3.5 to be ¢y = £2;,(1), meaning that ¢, is asymptotically greater than a constant in terms of
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Table 5.10
Modified PEC BCs (co = 3), Q4 basis function, T = 0.1, At = 0.8h5.

N Error of E, Order  Error of E, Order  Error of H, Order
L? error L? error L2error
10 3.11e—06 - 3.11e—06 - 7.08e—06 -
20  9.89e—08 498 9.89e—08 498 2.28e—07 4.96
40  3.10e—09 5.00 3.10e—09 5.00 7.15e—09 4.99
80 9.68e—11 5.00 9.68e—11 5.00 2.24e—10 5.00
N Error of J, Order  Error of J, Order  Error of K, Order
L? error L? error L?error
10  3.52e—05 - 3.52e—05 - 3.09e—05 -
20 1.13e—06 4.96 1.13e—06 4.96 1.00e—06 4.94
40  3.55e—08 4.99 3.55e—08 4.99 3.16e—08 4.99
80 1.11e—09 5.00 1.11e—09 5.00 9.87e—10 5.00
Table 5.11
Modified PEC BCs (co = %)_ Q; basis function, T = 0.1, At = 0.2h.
N Error of E, Order  Error of E, Order  Error of H, Order
L? error L2 error L2error
10 8.58e—03 - 8.58e—03 - 9.21e—03 -
20  2.09e—03 2.04 2.09e—03 2.04 2.40e—03 1.94
40 5.19e—04 2.01 5.19e—04 2.01 6.02e—04 1.99
80 1.29e—04 2.00 1.29e—04 2.00 1.50e—04 2.00
160 3.22e—05 2.01 3.22e—05 2.01 3.72e—05 2.01
320 8.02e—06 2.00 8.02e—06 2.00 9.32e—06 2.00
N Error of J, Order  Error of J, Order  Error of K, Order
L? error L2 error L?error
10  3.55e—02 - 3.55e—02 - 3.86e—02 -
20  9.09e—03 1.96 9.09e—03 1.96 1.02e—02 1.93
40 2.30e—03 1.98 2.30e—03 1.98 2.60e—03 1.97
80 5.79e—04 1.99 5.79e—04 1.99 6.57e—04 1.98
160 1.45e—04 2.00 1.45e—04 2.00 1.65e—04 1.99
320 3.64e—05 2.00 3.64e—05 2.00 4.14e—05 2.00
Table 5.12
Modified PEC BCs (co = ), Q2 basis function, T = 0.1, At = 0.6h3.
N Error of E, Order  Error of E, Order  Error of H, Order
L2 error 12 error L2error
10  4.40e—04 - 4.40e—04 - 5.63e—04 -
20 5.41e—05 3.02 5.41e—05 3.02 7.66e—05 2.88
40 6.87e—06 2.98 6.87e—06 2.98 9.79e—06 2.97
80  8.55e—07 3.01 8.55e—07 3.01 1.23e—06 2.99
160 1.08e—07 2.99 1.08e—07 2.99 1.56e—07 2.98
320 1.35e—08 3.00 1.35e—08 3.00 1.95e—08 3.00
N Error of Jy Order  Error of J, Order  Error of K, Order
L2 error 12 error [%error
10 2.36e—03 - 2.36e—03 - 2.38e—03 -
20 3.41e—-04 2.79 3.41e—04 2.79 3.44e—04 2.79
40 4.27e—05 3.00 4.27e—05 3.00 4.39e—05 297
80  5.44e—06 2.97 5.44e—06 297 5.60e—06 297
160 6.84e—07 2.99 6.84e—07 2.99 7.05e—07 2.99
320 8.56e—08 3.00 8.56e—08 3.00 8.83e—08 3.00
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h.co = % would be such an example. However, choosing ¢y = 0,(1), i.e. ¢ being asymptotically less than a constant in terms
of h, would eliminate the controlling power of the ¢, term. The proof of Lemma 3.5 would not work with an asymptotically
small ¢q, such as ¢ = h as an example. Tables 5.11-5.13 manifest that the convergence rates are still optimal when ¢y = %
Tables 5.14-5.16 show suboptimal convergence rates for co = h, which are the same as those with ¢, = 0 in Tables 5.3-5.5.
We conclude that these results are consistent with our analysis.
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Table 5.13
Modified PEC BCs (co = #), Qs basis function, T = 0.1, At = 0.6k
N Error of E, Order  Error of E, Order  ErrorofH,  Order
L? error L? error L%error
10 2.36e—05 - 2.36e—05 - 4.19e—05 -
20 1.50e—06 3.98 1.50e—06 3.98 2.72e—06 3.94
40 9.41e—08 3.99 9.41e—08 3.99 1.72e—07 3.98
80  5.89e—09 4.00 5.89e—09 4.00 1.08e—08 3.99
N Error of J, Order  Error of J, Order  Error of K, Order
L2 error L? error L%error
10  2.04e—04 - 2.04e—04 - 1.91e—04 -
20 1.33e—05 3.94 1.33e—05 3.94 1.27e—05 391
40 8.41e—07 3.98 8.41e—07 3.98 8.03e—07 3.98
80 5.27e—08 4.00 5.27e—08 4.00 5.04e—08 3.99
Table 5.14
Modified PEC BCs (co = h), Q; basis function, T = 0.1, At = 0.2h.
N Error of E, Order  Error of E, Order  ErrorofH,  Order
12 error L% error [%error
10 1.75e—02 - 1.75e—02 - 1.15e—02 -
20 5.78e—03 1.60 5.78e—03 1.60 2.70e—03 2.08
40 1.97e—03 1.55 1.97e—03 1.55 6.53e—04 2.05
80 6.85e—04 1.53 6.85e—04 1.53 1.56e—04 2.06
160  2.40e—04 1.51 2.40e—04 1.51 3.80e—05 2.04
320 8.44e—05 1.51 8.44e—05 1.51 9.38e—06 2.02
N Error of J, Order  Error of J, Order  Error of K, Order
L% error L% error [%error
10 1.75e—02 - 1.75e—02 - 1.15e—02 -
20 5.78e—03 1.60 5.78e—03 1.60 2.70e—03 2.08
40 1.97e—03 1.55 1.97e—03 1.55 6.53e—04 2.05
80 6.85e—04 1.53 6.85e—04 1.53 1.56e—04 2.06
160  2.40e—04 1.51 2.40e—04 1.51 3.80e—05 2.04
320 8.44e—05 151 8.44e—05 1.51 9.38e—06 2.02
Table 5.15
Modified PEC BCs (co = h), Q, basis function, T = 0.1, At = 0.6h3.
N Error of E, Order  Error of E, Order  Errorof H,  Order
L? error L? error L%error
10 5.01e—04 - 5.01e—04 - 6.05e—04 -
20 5.65e—05 3.15 5.65e—05 3.15 7.72e—05 2.97
40  6.99e—06 3.01 6.99e—06 3.01 9.80e—06 2.98
80 8.63e—07 3.02 8.63e—07 3.02 1.23e—06 2.99
160 1.08e—07 3.00 1.08e—07 3.00 1.56e—07 2.98
N Error of J, Order  Error of J, Order  Error of K, Order
12 error L? error [%error
10 2.37e—03 - 2.37e—03 - 2.38e—03 -
20 3.4le—04 2.79 3.41e—04 2.79 3.44e—04 2.79
40  4.27e—05 3.00 4.27e—05 3.00 4.39e—05 2.97
80  5.44e—06 2.97 5.44e—06 2.97 5.60e—06 2.97
160  6.84e—07 2.99 6.84e—07 2.99 7.05e—07 2.99

6. Conclusions

In this paper, we have developed and analyzed a non-dissipative DG method for solving the time domain Maxwell’s
equations when metamaterials are involved. Stability and optimal error estimates are proved for the semi-discrete scheme.
The fully discrete DG scheme with leap-frog time discretization has also been investigated, and its discrete stability has been

proved. Numerical results have demonstrated the effectiveness of this DG scheme.

In the future we plan to extend the same idea to develop and analyze the DG scheme for metamaterial Maxwell’s equa-
tions on triangular elements. Other time discretizations such as explicit and implicit-explicit (IMEX) Runge-Kutta methods

will also be considered.
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Table 5.16
Modified PEC BCs (¢, = h), Qs basis function, T = 0.1, At = 0.6h?.

N Error of E, Order  Error of E, Order  Error of H, Order
I? error L2 error L?error

10 5.69e—05 - 5.69e—05 - 4.18e—05 -

20  4.98e—06 3.51 4.98e—06 3.51 2.75e—06 3.92
40  4.29e—-07 3.54 4.29e—07 3.54 1.72e—07 4.00
80  3.77e—-08 3.51 3.77e—08 3.51 1.08e—08 3.99

N Error of J, Order  Error of J, Order  Error of K, Order
L? error L? error L2error

10 2.22e—-04 - 2.22e—04 - 1.90e—04 -

20  1.55e—-05 3.84 1.55e—05 3.84 1.26e—05 3.91
40  1.10e—06 3.82 1.10e—06 3.82 8.02e—07 3.98
80  8.16e—08 375 8.16e—08 3.75 5.03e—08 3.99
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