
ITERATIVE METHODS FOR NONLINEAR ELLIPTIC EQUATIONS

LONG CHEN

In this chapter we discuss iterative methods for solving the finite element discretization
of semi-linear elliptic equations of the form: find u ∈ H1

0 (Ω) such that

(1) −∆u = f(x, u) in H−1(Ω),

where f is smooth enough, for example, f is Lipchitz w.r.t u

‖f(u)− f(v)‖−1 ≤ L‖u− v‖−1.
We drop the dependence on x in f to emphasize the nonlinearity in u.

Let Vh ⊂ H1
0 (Ω) be the linear finite element space associated to a quasi-uniform mesh

Th. The nonlinear Garlerkin method is: find uh ∈ Vh such that

(2) Auh = f(uh) in V′h,
where A : H1

0 (Ω)→ H−1(Ω) is the elliptic operator defined by −∆.
We shall assume the existence and locally uniqueness of the solution to the nonlinear

equation (1). Then it can be shown that (c.f. [12] and the references cited therein) if h
is sufficiently small, the equation (2) for the nonlinear Garlerkin method has a (locally
unique) solution uh satisfying the error estimate

(3) ‖u− uh‖0,p + h‖u− uh‖1,p . h2‖u‖2,p for all 2 ≤ p <∞.
We are interested in iterative methods to compute uh or a good approximation of uh.

We shall drop the subscript h when the size h does not play a role in the method.

1. BASIC ITERATIVE METHODS

Starting from an initial guess u0, for k = 1, 2 · · · , we look for a better approximation
uk+1 (of uh) from an existing one uk. Here we keep the iteration counter k and drop the
subscript h to simplify the notation.

A general form of iterative methods consists of three steps:
(1) form the residual rk = f(uk)−Auk;
(2) solve the residual equation êk = B−1rk,
(3) update the solution uk+1 = uk + êk

What is the ideal choice of B? For linear equation Au = f , the ideal one is B = A−1

since the difference ek := u − uk satisfies the equation Aek = rk. But for nonlinear
equation Aek = f(u)−Auk 6= rk. We should figure out what the ideal equation for ek is
in the nonlinear sitting.

By Taylor theorem, we have

A(u− uk) = f(u)−Auk = f(uk) + f ′(ξ)(u− uk)−Auk,
where ξ = tuk + (1− t)u for some t ∈ (0, 1). Rearrange the term implies

(4) Jξek = rk,
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where Jξ = A − f ′(ξ)I , the Jacobian of L(u) := Au − f(u) at ξ. Therefore the ideal
choice isB = J−1ξ . But ξ is unknown even u is known. Different methods will be obtained
by different choices of B.

We write derivatives and equations in the calculus style. A more rigorous lagrange is
the calculus of variation. Given the current approximation uk, we perturb it as uk + εe,
where ε ∈ R and e ∈ V, and take the derivative with respect to ε

d

dε
L(uk + εe)|ε=0 = L′(uk)e.

The residual equation L′(uk)e = rk in V′ is understood as the weak form:

(5) (L′(uk)e, φ) = (rk, φ) ∀φ ∈ V.

For L(u) = Au− f(u), the Jacobian is L′(uk) = A− f ′(uk)I and equation (5) becomes

(Ae, φ) + (f ′(uk)e, φ) = (rk, φ) ∀φ ∈ V.

In addition to the stiffness matrix, one needs to assemble a weighted mass matrix for the
weighted L2 inner product (f ′(uk)e, φ) for which the function f ′(uk) defines a variable
coefficient of the inner product. When the linear finite element is used, one can use three
vertices quadrature rule i.e. ∫

τ

g(x)dx ≈ 1

3

3∑
i=1

g(xi)|τ |.

Then the mass matrix becomes diagonal M = diag(m1, · · · ,mN ). This is known as the
mass lumping. Taking the test function φ as one basis function φi at the i-th vertex, we
obtain the equation at the i-th vertex

(6)
∑
j

aijej +mif
′(uk,i)ei = mirk,i,

For 2-D uniform grids, mi = h2 and (6) can be interpret as the finite difference discretiza-
tion of the Jacobian equation at each vertex.

Note that even u could have non-zero Dirichlet boundary condition, in the residual
equation, the correction e is always zero on the Dirichlet boundary. In view of calculus of
variation, the perturbation uk + εe still satisfies the imposed boundary condition and thus
e should vanish on the Dirichlet boundary and the residual equation is posed for free nodes
only.

Algorithm 1.1 (Fixed point/Picard’s iteration). We choose B = A−1. Namely solving

(7) Auk+1 = f(uk).

Obviously if the sequence {uk} converges, the limit is the solution u. From

‖u− uk+1‖1 = ‖f(u)− f(uk)‖−1 ≤ L‖u− uk‖−1 ≤ L‖u− uk‖1,
the fixed point iteration converges if L < 1, which restricts its usage.

Algorithm 1.2 (Pseudo-transient continuation/Gradient flow). We choose B = αI .

(8) uk+1 = uk + α(f(uk)−Auk).

It can be thought as the forward Euler method to compute the steady state solution of
the parabolic equation

(9) ut +Au = f(u).
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One iteration in (8) is cheap since only the action of A not A−1 is needed. But the
method is not recommend to use for large size problems since the step size α should be
small enough (in the size of h2 even for the linear problem) and thus it takes large iteration
steps to converge to the steady state. The overall cost will be very high.

An advantage of pseudo-transient continuation is the robustness of converges. It does
not require reduction in the residual at each step and can “climb hills”. Thus the pseudo-
transient method can escape local minima in a function while searching for its root.

Along this line, more accurate and stable explicit methods, e.g. Runge-Kutta methods,
can be used to solve (9) with large time step. Also one can rescale the pseudo time variable
to speed up the iteration. For example, let τ = µ ln(1 + t) and (9) becomes

(10) ut =
µ

1 + t
(f(u)−Au).

In [6], it shows time discretiztion of (10) is more robust and converges faster.
When the nonlinear equation is the first order equation of an optimization problem,

i.e., there exists an energy E(u) s.t. L(u) = ∇E(u), then the residual f(uk) − Auk =
−∇E(uk) and scheme (8) can be interpret as the gradient flow. An optimal choice of step
size α can be obtained by a linear search; see [8] for several linear search methods.

We shall still use the name ‘gradient flow’ even the nonlinear equation is not a gradient.

Algorithm 1.3 (Gradient flow in H−1 inner product/Relaxed fixed-point method). We
choose B = αA−1.

(11) uk+1 = uk + αA−1(f(uk)−Auk) = (1− α)uk + αA−1f(uk).

We can interpret the above scheme as a gradient flow ut = f(u) − Au but imposed in
the inner product H−1 which is represented by A−1. The second formula shows it is also
a relaxed fixed point iteration, i.e, a weighted average of the current approximation and the
update obtained by the fixed point iteration.

Exercise 1.4. Write the error equation and derive a range of α such that the result iteration
is a contraction and thus the true solution u is a fixed point iteration of (11).

Algorithm 1.5 (Newton’s method). We choose B = Jk := A− f ′(uk)I .

uk+1 = uk + J−1k (f(uk)−Auk).

To analyze the convergence of Newton’s method, we write

Auk+1 = f(uk) + f ′(uk)(uk+1 − uk),

Au = f(uk) + f ′(uk)(u− uk) +
1

2
f ′′(ξ)(u− uk)2.

Therefore
Jk(u− uk+1) = c(u− uk)2.

Assume Jk = A−f ′(uk)I is still elliptic, i.e., Jk : H1
0 (Ω)→ H−1(Ω) is an isomorphism

and f ′′ is uniformly bounded. We then obtain

‖u− uk+1‖1 ≤ Ck‖(u− uk)2‖−1.
Note that ‖(u−uk)2‖ 6= ‖u−uk‖2. We shall use Hölder inequality and Sobolev embedding
theorem Lp ↪→ H1 for 1 ≤ p ≤ 6 (recall our domain Ω ⊂ Rd for d ≤ 3) to get

|((u− uk)2, v)| ≤ ‖(u− uk)2‖L6/5‖v‖L6 = ‖u− uk‖2L12/5‖v‖L6 . ‖u− uk‖21‖v‖1.
Therefore

‖(u− uk)2‖−1 . ‖u− uk‖21,
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and consequently

‖u− uk+1‖1 ≤ C‖u− uk‖21 ≤ C2(k+1)‖u− u0‖2(k+1)
1 .

If ‖u − u0‖1 is small, i.e., the initial guess is sufficiently close to u, then the Newton’s
method will converge quadratically.

The assumption f ′′ is uniformly bounded can be relaxed to f ′ is Lipschitz (by using
integral form of the remainder in Taylor series). See the general local theorem of conver-
gence of Newton’s method established by Kantorovich [4].

The assumption: an initial guess sufficiently close to u can be characterized more qual-
itatively but is essential and a limitation to the convergence of Newton’s method. This is
usually coined as the local quadratic convergence.

Remark 1.6. The Newton’s method is also refereed as Newton-Raphson method; see [1]
on ‘who is Raphson’?

2. NEWTON-TYPE METHODS

The constraint of Newton’s method are:

(1) Require a good initial guess. It is sensitive to the choice of initial guess.
(2) Computational cost for solving the linear system. Each step we have to invert a

large matrix.
(3) Require explicit information of Jacobian matrix. Then the code cannot be applied

to a large class of problems since the Jacobian is changing case by case.
(4) Smoothness of the nonlinearity. If the nonlinear term is non-smooth, Newton

iteration steps could be large.

We shall discuss the following variants of Newton’s method to address some of these
difficulties:

(1) Damped Newton: force the decreasing of the residual.
(2) Inexact Newton: solve the Jacobian equation approximately.
(3) Jacobian-free Newton: form the Jacobian numerically not analytically.

2.1. Damped Newton’s method. In Newton’s method, the update could be too large in
the searching direction e; see the following figure on a simple example. We thus introduce
a step size α to enforce the reduction of the residual in certain norm. The optimal choice
of α could be found by line search. Here we use a simple bisection scheme, i.e. α =
1, 0.5, 0.25 · · · and refer to [3, 8] for more advanced line search.

Algorithm:u = update(uold, e)

α = 1; rold = ‖f(uold)−Auold‖; r = rold + 1;
while r > rold do

u = uold + α e;
r = ‖f(u)−Au‖;
α = α/2;

end
Algorithm 1: Damped Newton Update
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Algorithm:e = inexact(J, r,B, θ)

e0 = 0; rin = r;
while ‖rin‖ > θ‖r‖ do

ei = ei−1 +Br;
rin = r − Jei;

end
Algorithm 2: Inner iteration of inexact Newton method

2.2. Inexact Newton’s method. In each step of Newton’s method, the most time con-
suming part is solving the Jacobian equation Je = r. Since J is elliptic, the most efficient
method will be iterative methods using multilevel preconditioners. This iteration will be
refereed as inner iteration and a dynamic tolerance can be used for each outer iteration.

In the inner iteration, the Jacobian equation is not solved exactly. It could stop at a
tolerance depending on the outer Newton iteration through the parameter θ. In the first few
steps of Newton iteration, there is no advantage to solve the Jacobian equation exactly. A
simple sequence of θ could be 10−2, 10−3, . . . , 10−6 decreasing to the smallest tolerance.
We refer to [4] for detailed discussion.

2.3. Jacobian-free Newton method. In Krylov methods for solving linear system, there
is no need to form the Jacobian matrix explicitly (i.e. store each nonzero entry of the whole
matrix). Instead only the action Jv is needed for a given vector v. We can approximate the
matrix-vector product using a first order finite difference scheme

Juv ≈ [F (u+ εv)− F (u)] /ε = Av − [f(u+ εv)− f(v)] /ε.

The approximation error is O(ε). The choice of ε is sensitive to scaling, given u and
v. If ε is too large, the derivative is poorly approximated and if it is too small the result of
the finite difference is contaminated by floating-point roundoff error – we are dividing by
a small number. A simple choice of ε is

ε =
√
εmach

(
1

N‖v‖l2

N∑
i=1

|ui|+ 1

)
,

where εmach is the machine roundoff error. We refer to [5] for more discussion.
We summarize these variants into the following algorithm. For Jacobian-free Newton,

replace the matrix J by a subroutine J(u, v).

Algorithm: u = NewtonMethod(u0, tol)

u = u0; r0 = f(u0)−Au0; r = r0;
while ‖r‖/‖r0‖ ≤ tol do

r = f(u)−Au;
J = Au− f ′(u);
e = inexact(J, r,B, θ);
u0 = u;
u = update(u0, e);
θ = θ/10;

end
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2.4. Other variants of Newton’s method. Add a diagonal matrix to regularize the Jaco-
bian matrix which is like an implicit method for solving the gradient flow equation. Add
more from [8].

Quasi-Newton method. Belong to a class of optimization method.

3. NONLINEAR CONJUGATE GRADIENT METHODS

Follow Glowinski to present NLCG tailored for elliptic nonlinear equations. The Lapla-
cian can be used as a good preconditioner.

4. TWO-GRID METHODS

The basic idea of two-grid methods developed by Xu [12] is to get a rough approxima-
tion on a coarse space and use it as an initial guess on the fine grid. The nonlinearity is
resolved in a relative coarse grid and on the fine grid only one linear iteration is needed.
Here we follow Xu [12] to present the methods and refer to [7, 10, 11] for other applica-
tions.

Let Vh and VH be two finite element spaces associated to quasi-uniform meshes Th
and TH with mesh size H > h, respectively. Suppose we have computed the non-linear
Garlerkin approximation uH ∈ VH , i.e.,

AuH = f(uH) in V′H ,

by some methods (gradient flow or Newton’s method). As we shall show later, the dimen-
sion of VH can be very small and therefore the computation cost of uH is negligible. We
try to compute an approximation of the non-linear Garlerkin approximation uh ∈ Vh

(12) Auh = f(uh) in V′h.

Note that uh and uH satisfy the error estimate in (3). In particular

‖u− uH‖p . H2‖u‖2,p(13)

‖u− uh‖1 . h‖u‖2.(14)

Algorithm 4.1 (Two-Grid + One Step Fixed Point Iteration). Compute uh ∈ Vh such that

(15) Auh = f(uH) in V′h.

From (12) and (15), we obtain the error equation

(16) A(uh − uh) = f(uh)− f(uH) in V′h.

By the ellipticity of the operator A and the error estimate (3), we have

‖uh − uh‖1 = ‖f(uh)− f(uH)‖−1 ≤ L‖uh − uH‖−1 ≤ L‖uh − uH‖ ≤ CH2,

and
‖u− uh‖1 ≤ ‖u− uh‖1 + ‖uh − uh‖1 ≤ C(h+H2).

Therefore to obtain optimal approximation in Vh, it suffices to choose H = h1/2 which
is much bigger than h. For example, in two dimensions, for h = 1/210, dimVh ≈ 220 =
1, 048, 576 while H = 1/25,dimVH ≈ 210 = 1, 024.

It can be expected that if we use Newton’s iteration in the fine grid the result can be
further improved.
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Algorithm 4.2 (Two-Grid + One Step Newton’s method). Compute eh ∈ Vh such that

(17) JHe
h = f(uH)−AuH in V′h,

and set
uh = uH + eh.

To analyze the convergence, we write

Auh = f(uH) + f ′(uH)(uh − uH),

Auh = f(uH) + f ′(uH)(uh − uH) +
1

2
f ′′(ξ)(uh − uH)2.

Therefore we get the error equation

(18) JH(uh − uh) =
1

2
f ′′(ξ)(uh − uH)2 in V′h.

Assume JH : H1
0 (Ω)→ H−1(Ω) is an isomorphism and f ′′ is uniformly bounded. Using

the error estimate (13) and the analysis for the Newton’s method, we then obtain

‖uh − uh‖1 ≤ C‖uh − uH‖2L12/5 . H4,

and by the triangle inequality and error estimate (14)

‖u− uh‖1 ≤ C(h+H4).

To obtain optimal approximation in Vh, it suffices to choose H = h1/4 � h. for h =
1/210, dimVh ≈ 220 = 1, 048, 576 while H = 1/6,dimVH ≈ 36 is enough!

Algorithm 4.3 (Two-Grid + One Step Newton’s method in Vh + One Step Newton’s
method in VH ). Let uh ∈ Vh be computed using previous two grid method. Compute
eH ∈ VH such that

(19) JHe
H =

1

2
f ′′(uH)(uh − uH)2 in V′H ,

and set
uh∗ = uh + eH .

By (18) and (19), we obtain the error equation

(20) JH(uh − uh∗) = g in V′H ,
where

g :=
1

2
f ′′(uH)[(uh − uH)2 − (uh − uH)2] +

1

6
f ′′′(ξ)(uh − uH)3.

We estimate ‖JH(uh − uh∗)‖−1 as follows

(JH(uh − uh∗), v) = (JH(uh − uh∗), v − vH) + (g, vH) = I1 + I2.

We choose vH ∈ VH such that

‖v − vH‖ . H‖v‖1, and ‖vH‖1 ≤ ‖v‖1.
Then

|I1| . H‖JH(uh − uh∗)‖‖v‖1 ≤ H
(
‖JH(uh − uh)‖+ ‖JHeH‖

)
‖v‖1.

By (18),
‖JH(uh − uh)‖ . ‖(uh − uH)2‖ ≤ ‖uh − uH‖2L4 . H4.

By (19),

‖JHeH‖ . ‖(uh − uH)2‖ ≤ ‖uh − uH‖2L4 ≤ ‖uh − uh‖21 + ‖uh − uH‖2L4 . H4.
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Therefore
|I1| . H5‖v‖1.

We then estimate I2 by dividing it into two parts:

((uh − uH)2 − (uh − uH)2, vH) = ((uh − uh)(uh − uH + uh − uH), vH)

≤ ‖uh − uh‖L3‖uh − uH + uh − uH‖L2‖vH‖L6

≤ ‖uh − uh‖1
(
‖uh − uH‖+ ‖uh − uH‖

)
‖vH‖1

≤ H6‖v‖1.

And

((uh − uH)3, vH) ≤ ‖(uh − uH)3‖L6/5‖vH‖L6 . ‖uh − uH‖3L4‖v‖1.

Therefore
|I2| . H6‖v‖1.

We then obtain
‖uh − uh∗‖1 . ‖JH(uh − uh∗)‖−1 . H5,

and
‖u− uh∗‖1 . C(h+H5).

With one more Newton’s iteration in the coarse space (which needs very little extra work),
we can choose H = h1/5! For h = 1/210, dimVh ≈ 220 = 1, 048, 576 while H =
1/22,dimVH ≈ 16.

The constraint of the two-grid method is that essentially the nonlinearity should be
captured by the coarse grid. From this point of view, H cannot be too large.

5. FAS: NONLINEAR MULTIGRID

We shall adopt the Chapter 6 of the book A Multigrid Tutorial [2] to introduce the
nonlinear multigrid method FAS developed by Brandt for solving the nonlinear equation

Lh(uh) = 0.

Recall that the success of multigrid methods relies on two ingredients:
• High frequency will be damped by smoothers.
• Low frequency can be approximated well on a coarse grid.

We shall first introduce an effective smoother for nonlinear problem: nonlinear Gauss-
Seidel iteration and then discuss the most subtle part of nonlinear multigrid method: the
equation to be solved for a coarse grid correction. In the last we introduce a combination
of Newton’s method and FAS.

5.1. Nonlinear Gauss-Seidel iteration. Since the iteration is defined on a fixed space,
we will abbreviate the subscript h in this subsection. Recall that the Gauss-Seidel iteration
for a linear equation Au = b can be interpret as a subspace correction method based on
the canonical decomposition V =

∑N
i=1 span{φi}. That is we solve the original equation

only in the 1-D subspace spanned by one basis function Vi = span{φi}. For non-linear
problems, suppose v is the current approximation of the exact solution u, we are looking
for correction in subspace Vi only, i.e., we solve the 1-D nonlinear problem: find α ∈ R
such that

(21) L(v + αφi) = 0.
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The nonlinear problem (21) can be solved by, e.g., Newton’s method. Given the current
approximation αk, one Newton iteration is obtained by linearization at αk

(22) L(v + αkφi) + L′(v + αkφi)(α− αk)φi = 0.

Again the weak formulation of (22) is in the form

(23) (L′(v + αkφi)eαφi, φi) = −(L(v + αkφi), φi).

When the mass lumping is used for computing the L2-product and the grid is uniform, we
obtain a finite difference equation

J ie = −Li.

Here we use J and L for the vector representation. One non-linear Gauss-Seidel consists
of a loop of all vertices, i.e., i = 1 : N and solve N 1-D non-linear problems. Note that
we need to update residual and Jacobian when moving from i to i + 1 but that update can
be done locally.

When the nonlinear equation L(u) = 0 is the first order equation of an optimization
problem minuE(u), the 1-D nonlinear Gauss-Seidel iteration in Vi is equivalent to the
optimization problem restricted to one dimensional subspace, i.e. minα∈RE(v + αφi).
Convergence analysis for a convex energy can be found in [9].

5.2. FAS. Let us revisit the linear problem. We solve the residual equation in the coarse
grid since the correction becomes smooth and can be approximated well in a coarse grid.
Given the current approximation vh, write the correction as eh = uh−vh and residual rh =
−Lh(vh). Denoted by IH the prolongation from VH to Vh. The transpose ItH : V′h → V′H
will be used to restrict the residual to the coarse space rH = ItHrh. Introduce another
restriction ĨtH but from Vh → VH . A typical choice of ĨtH is the nodal interpolation.
Define vH = ĨtHvh. The coarse grid equation

LHeH = rH

can be rewritten as
LHuH − LHvH = rH .

And the correction in the coarse space is eH = uH −vH and eh = IHeH in the fine space.
FAS is obtained in the same way. The coarse problem is

LH(uH) = rH + τH = −ItHLh(vh) + LH(ĨtHvh).

It is called the full approximation scheme (FAS) because the problem in the coarse grid
is solved for the full approximation uH rather than the correction. The correction will be
obtained through eH = uH − vH and eh = IHeH .

A two level FAS scheme is described as follows. The level index is denoted by k = J :
−1 : 1 and restriction from level k to k − 1 is denoted by Ik−1k

————————————————————————————————————
Full Approximation Scheme (FAS).

• Pre-smoothing: For 1 ≤ j ≤ m, relax m times with an initial guess v0 by
vj = Rkvj−1. The current approximation vk = vm.

• Restrict the current approximation and its fine grid residual to the coarse grid:
rk−1 = −Ik−1k Lk(vk) and vk−1 = Ĩk−1k vk.
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• Solve the coarse grid problem: Lk−1 (uk−1) = Lk−1 (vk−1) + rk−1.

• Compute the coarse grid approximation to the error: ek−1 = uk−1 − vk−1.

• Interpolate the error approximation up to the fine grid and correct the current fine
grid approximation: vm+1 ← vk + Ikk−1ek−1.

• Post-smoothing: For m+ 2 ≤ j ≤ 2m+ 1, relax m times by vj = Rk
′vj−1.

————————————————————————————————————
then we get the approximate solution v2m+1. Here m denotes the number of pre-

smoothing and post-smoothing steps, Rk denotes the chosen relaxation method, andRk′ is
a kind of transpose of Rk. For example, if forward nonlinear Gauss-Seidel, i.e., i = 1 : N ,
is Rk, then R′k is the nonlinear Gauss-Seidel with ordering i = N : −1 : 1.

The nonlinear problem in the coarse grid can be solved by recursion and a standard
V-cycle is thus obtained.

5.3. Multilevel Nonlinear Method. Separate the linear part and nonlinear part. Combine
the advantage of Newton and FAS. See paper by Yavneh on Multilevel Nonlinear Method.
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