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Abstract

Wavelets are an emerging method in the field of signal processing and
frequency estimation. Compared to Fourier and autocorrelation methods,
wavelets have a number of advantages. Wavelets based on the derivative of
a smoothing function emphasize points of change in a signal. Positive results
were achieved when applying such a wavelet to estimate the fundamental fre-
quency and corresponding pitch on the equal-temperament harmonic scale.
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1 Introduction

At the start of the semester I was fascinated with the idea of automatically ex-
tracting structural information from music. I had recently seen a presentation
on the use of machine learning methods to track individuals in the video from
security cameras to assist in identifying deviant behavior (Jones). The algo-
rithms they were using seemed promising and they were making good progress
in addressing issues that arose in tracking an object in a scene and, at a sym-
bolic level, could do very well. The major issues that exist in computer vision
include: Identifying objects in the scene, identifying a moving object as the
same between frames, identifying occluding objects within a scene, as well as
issues with poor video quality.

During my initial fascination with structure in music, I ignored the issues
associated with frequency estimation in real signals and superficially thought
about the issues of pattern and movement in music at the symbolic level, in a
manner similar to the surveillance video. Within machine learning, there are
methods, such as n-grams, that can be applied to sequence prediction although
none are able to solve the problem entirely. Then I began to wonder how we
might extract the symbols from a real signal. This, like any type of machine
perception, often seems straight-forward at first. We, as humans, are often very
good at it. Unfortunately, transferring our abilities to a machine is very difficult,
in part justifying the existence of the machine learning field.

2 Fundamental Frequency Transcription Techniques

A lot of work has been done in the field of musical transcription and com-
puter music in general. A variety of methods have been devised to approach
a number of them. I hope to address the fundamental ideas of a few that are
applicable to monophonic pitch detection to further my own knowledge and to
facilitate further research. There are several works that cover additional meth-
ods in significant detail, (1), and others that focus on more specific methods,

).

2.1 Fourier

One of the most basic and ubiquitous methods in signal processing is the Fourier
Transform (FT). It transforms a signal from time space into frequency space.
For example, we could decompose a square wave (Figure 1) into its component
parts. There are some assumptions inherent in the way the transform operates
that are detrimental to identifying frequencies in time: if a frequency is present
in a signal then it is present for the entire duration of that signal and that sig-
nal uniformly repeats from —oco to +o0o. The Discrete Fourier Transform (DFT)
takes a signal, z, with NV samples and calculates the coefficients, Z, correspond-
ing to equally spaced frequencies starting with period equal to the length of the
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signal and ending with the sampling frequency, f;:

N (=2mi)(m)(n)
Z(m)=Y_ z(n)e N (1)
n=0

where N € Z* and m,n € {0,1,2,..., N}. The Z(m) coefficient corresponds to
the frequency (m - fs) (4).
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Figure 1: A Square wave is made by the sequence f(t) = sin(2rt) + §sin(273t) +

Lsin(2m5t) + ﬁsin(%r(?a + 1)t), a € N. In this example the first seven elements of

this sum are included (Top). The first twenty-five DFT coefficients of this square wave
are also shown (Bottom).

In the example square wave, we can look at the coefficients of the DFT and
see that the appropriate frequencies are in the signal. However, this is only
effective when the frequencies are evenly distributed across the signal. If we
look at an example that is un-evenly distributed in time and frequency (Figure
2), we can see that there are peaks for the the frequency components of the
signal at £16Hz and £3Hz, but they are not isolated. The presence of the other
frequencies in this spectrum are necessary to flatten out the quiet parts. If we
constructed a signal based on these coefficients on the interval Os to 12s, there
would be two exact repetitions of the signal shown at the top of Figure 2. If we
look at the highest peaks we can identify what the fundamental components
are, though this is not always the case. Because we are in the frequency domain,
we cannot identify where in time these frequencies are present based solely on
the spectrum. If we could pick out the frequencies in a signal, it would not do
us much good just to know that they existed at some point in a long signal. It
would be more useful if we looked at shorter sections of a long signal, because
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using a FT on the shorter sections, we can identify which frequencies exist at
the time and for the duration of each short section.

Figure 2: A 16Hz sine wave on the interval 2-3s and a 3Hz sine wave on the interval
4-5s (Top). The FT Spectrum (Bottom) of the signal indicates the presence of these two
frequencies as well as a number of others.

The Gabor Transform, also known as the Short Time Fourier Transform
(STFT), uses a windowed method. By sliding a window of a given size along
the signal, we can use the FT to try to identify the frequencies present in each
window. The temporal position of each window gives the temporal position of
the frequencies in that window of the signal. By the nature of the FT, the length
of the window determines the lowest detectable frequency and is the inverse of
the window length (Figure 3). A longer window length lowers the detectable
frequency range, but it also lowers the time resolution of the transform (5, 24).
Thus, if we want to identify lower frequencies in a signal we reduce our ability
to accurately pick out where any frequency occurs within the signal.

z
H

Figure 3: A sine wave with increasing frequency split into 10Hz windows. A single
period of the wave does not fit into the window until the frequency passes above 10Hz.
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2.2 Autocorrelation

Although, for frequency estimation the STFT has many advantages over the
regular FT, other methods have also been applied to pitch detection. One such
method is autocorrelation, which is achieved by convolving the complex con-
jugate! of a signal with itself. In the continuous case, this can be computed by

(1): N
Ro(r) = / 2 (B)a(t + 7)dt @)

If the R values are computed over the length of the signal and the signal is
sufficiently self similar, they should exhibit the same fundamental frequency as
the signal (3) (Figure 4). In cases when the signal is not particularly self similar
over its entire length (Figure 5) windowing methods can be used, although
this can introduce significant computational costs if the windowing function is
more involved than simply analyzing a fixed number of samples (3).

T T T
Autocorrelation Period

Figure 4: A signal (blue) composed of mixed cosines and the coefficients (red) from
the autocorrelation values scaled to the range (1,-1). The largest peaks are periodic
with the same frequency as the original signal. The lowest frequencies in the signal are
marked as autocorrelation points for the signal (Above) and the coefficients (Below).

2.3 Wavelets

A.T. Cemgil outlines a number of other methods that can be applied to pitch
estimation including FIR and IIR filter banks, which can be viewed as variations
on the STFT (1). He also outlined wavelets as a method for signal processing.
Wavelet analysis has fairly diverse and disconnected origins. Morlet, one
originator, developed what he called Gabor wavelets using STFT with win-
dows of a constant number of oscillations, to look for a particular frequency in

'The complex conjugate is denoted as =* and is the negation of the complex component of

a complex number. In Cartesian form az + bi becomes ax — bi and in polar form ae’ becomes
—ib
ae™ .
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Figure 5: A graph of some of the initial autocorrelation R, values for the mixed 3Hz
and 16Hz signal, as in Figure 2, but with a 13Hz sine added on the interval 1.5-1.75s.
With the original signal it was possible to find the 3Hz and the 16Hz peaks. However,
when the 13Hz portion is introduced the major periodicity in the R, values is 4Hz (not
3Hz) and a 16Hz period is present and no peaks corresponding to 13Hz are visible.

a signal. The window length is determined to be some constant number of pe-
riods at that frequency (5). This approach is very similar to what is now known
as the Continuous Wavelet Transform (CWT):

o(a,b) = / F(OU(at + b)dt 3)

The value c(a,b) is the CWT coefficient calculated by convolving the signal,
f(t), with a wavelet, ¥, of scale a at offset b in time. The CWT often refers to
a vector of all coefficients for a given scale. The continuous wavelet function
must have an integral of zero; otherwise the scaling would introduce a bias on
the imbalanced side of the function. Different wavelets at different scales can
emphasize different properties in the signal (See Figure 7(a) for a specific exam-
ple). A large amount of redundant information is encoded in the CWT because
the coefficients do not change significantly over small changes in the offset or
scale (5). Thus, information is usually extracted solely from the maxima of the
CWT coefficients.

When processing large signals or multidimensional signals, calculating the
redundant data can make the process computationally infeasible. The Fast
Wavelet Transform (FWT), which was inspired by the pyramid algorithm (5),
eliminates redundancy through orthogonality. A pair of functions are orthog-
onal if their inner product is zero. This implies that any information encoded
by the first wavelet is not encoded by the second and vice-versa; therefore, no
time is spent encoding redundant data. The FWT operates using a dyadic scale,
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progressing in powers of two. These FWT wavelets must satisfy:
/ W2 (27 ) dt = 0,V > 0 @)

The general idea behind the FWT algorithm is as follows:

Ag « Signal
For n = 1 until done
D, — CWT(A,-1,7)
A, «— Downsample A,,_1 — D,, by 2

This procedure can continue until a desired level or until there is no addi-
tional information to extract. The depth of the algorithm is bounded by n <
log, (samples) because of the downsampling. To perform noise reduction, it
may only be necessary to compute A; and then discard D;. The down-sampling
reduces the size of the approximation at each level by two. To fully reconstruct
the signal, each A; is needed, along with the final D,,; All intermediate D; may
be discarded. Figure 6 shows a decomposition to n = 5.

Since we have extracted the high frequency information and because of the
Heisenberg Uncertainty Principle, no information is lost in the downsampling.
The Heisenberg Uncertainty Principle puts a lower bound on the product At -
A f, which limits the time resolution of lower frequencies (5). There is a more
thorough explanation of this behavior in (1).

In practice, both the CWT and down-sampling are performed using special
filters associated with the wavelet and the associated scaling function, as digital
filter calculations are much faster than all of the convolutions required for a
single scale of wavelet coefficients. The signal can be reconstructed using the
lowest level approximation and the levels of detail above it (Figure 6).

3 Applying Wavelets to Pitch Transcription

3.1 Foundation

A certain type of wavelet is useful for pitch detection with the CWT. Mallat
proved that an analysis using a wavelet that is the first derivative of a smooth-
ing function will exhibit maxima at points of change in the signal (1). Intu-
itively, this makes sense. A smoothing function, such as the gaussian (shown
in Figure 7(a)), exhibits the property that, when convolved with a function, will
preserve values closest to a single point in the domain while increasingly de-
creasing the values at further points in the domain. As shown in Figure 7(b),
the first derivative of a smoothing function will be positive on the left side of
the center and negative on the right. Thus, a CWT with a wavelet of this shape
emphasizes zero crossings in signals (Figure 8). We can then use the maxima in
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(a) An example decomposition from Matlab (b) A diagram of
the decomposi-
tion.

Figure 6: An example in Matlab of a noisy doppler signal decomposed using a symlet.
The s at the top of the right column is the original signal. The decomposition of the
signal is shown from the bottom upward. The s in the right column is the reconstructed
signal, identical to the original, and cfs is a visualization of the coefficients, the scale on
the vertical axis and the offset on the horizontal axis. The coefficients correspond to the
contribution of the 2? scales of wavelets which can be visualized in the detail d;. Each
a; is the approximation of the signal without the d; Vj < i.

the coefficients of the CWT to identify zero-crossings in the original signal and
calculate the corresponding frequencies. It is more useful to pick maxima in the
CWT coefficients than zero-crossings in the original signal as different scales of
wavelet emphasize different ranges of frequencies, and the original signal often
contains more frequencies than just the fundamental frequency that we wish to
extract.

3.2 Estimating the Fundamental Frequency

Using these wavelet methods I was able to construct a monophonic pitch esti-
mator. The general steps in the process are to:

1. Perform the CWT at a single scale, yielding coefficients for each offset.
2. Identify the maxima in the coefficients.

3. Estimate the frequency between each pair of maxima.
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Figure 7: The gaussian is an example of a smoothing function whose first derivative
can be used as a wavelet for pitch detection. The quadratic spline is another smoothing
function that can be used (3).

4. Smooth the frequencies with a running average and clamp them to actual
note frequencies.

5. Group the frequencies into notes with time and duration.

In principle, the analysis should be performed with a wavelet over all of the
dyadic scales — because the different scales emphasize different frequencies —
and we want to identify notes whose pitches span a wide variety of frequen-
cies. Fitch and Shabana (3) suggest that evaluating over three adjacent scales
was experimentally sufficient to estimate the pitch in the decaying section of a
guitar-pluck. In the interest of simplicity and because the papers I read were
opaque on the subject of combining the results from multiple scales, I used a
single scale which was experimentally determined.

After using the first derivative of the gaussian to calculate the coefficients,
the maxima are accepted if:

1. they lie above a minimum energy bound which was introduced to suppress
the noise in ‘silent” areas, and

2. if they are within a certain frequency bound (100Hz to 3000Hz).

The energy of a signal is the squared value of its samples — in this case I am refer-
ring to the sum of the squared value of the coefficients between zero-crossings.

Once the maxima in the coefficients are identified, the period between each
adjacent pair is used to compute the frequency at that point in time. In some
instances, when other harmonics or sounds are present, smaller maxima may
appear in between the maxima of the fundamental frequency (6) (Figure 9). To
compensate for this, the algorithm implements a crude proportion bound: adja-
cent maxima are only counted if they are:
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(a) The wavelet (green) is superim- (b) The resulting CWT coefficients
posed on a 2Hz sine wave offset to (red) scaled to the range (-0.5, 0.5).
align with a peak of the signal (Top),

and to align with a zero-crossing of

the signal (Bottom).

Figure 8: A visual example of the CWT using the first derivative of a gaussian as
a wavelet. When the wavelet is aligned with a peak in the signal, the positive and
negative portions of the wavelet will cancel, whereas when it is aligned with a zero-
crossing in the signal, all portions are positively maximized.

1. within certain proportions of each other or

2. the adjacent maxima are of monatomic ascending or descending magni-
tude.i

If those conditions are not met and the next maxima beyond is within the pro-
portion bound, it is used to compute the frequency. In an instance when the
two maxima are farther apart than the period of the minimum frequency, a rest
frequency is assigned at the time of both maxima.

3.3 Estimating Pitch

The frequencies are then adjusted to the nearest value on the equal temper-
ament harmonic scale. In this scale, developed by Bach, the notes C, Ct, D,

D4, E, E ... are half steps (multiples of 2$) apart, and the same note one oc-
tave above has twice the frequency (Petersen). After this adjustment, to extract
note start time and duration information, individual time-pitch data-points that
have the same pitch and are adjacent to each other are grouped together. In
some cases, the pitch estimate in a note may deviate for a short period of time.
This phenomenon is particularly common in the attack — i.e. the start — of a
note as shown in Figure 10. To adjust for this, any note with a duration less
than a specifiable parameter is merged with the harmonically closest adjacent
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Figure 9: A small portion of the graph of the CWT coefficients for an third octave C
guitar note. The maxima identified by the algorithm are indicated in the figure (black).
There are three classes of maxima in the figure: The large maxima corresponding to the
fundamental frequency, smaller maxima possibly related to overtones, and maxima
that are not selected by the algorithm because they do not meet the minimum energy
threshold. The smaller maxima do not meet the crude proportion threshold and the
larger maxima are used. Each maxima corresponds to a zero-crossing and each pair
corresponds to one-half period. A frequency of ﬁ is assigned at the time of the left
maximum. Frequencies are assigned to each maximum that satisfies the thresholds in
this fashion.

note above the minimum length. Because the noise of the attack is at the front
of the note and because the process is biased in the direction it operates, this is
executed from back to front.

4 Results

I evaluated the algorithm using hand-labeled guitar data and a fairly simplistic
comparison method. To ensure that the labels and estimates have the same
time resolution, two arrays are created at a given sample rate, one from the
labels and one from the estimated notes. The two arrays are then compared
as follows: A sampled estimate is correct if it matches the labeled estimate.
Incorrect estimates are divided into octave errors, two classes of rest error —
false positive and false negative — and other note errors.

The sample data consists of single octave scales that rise and fall, and two
octave scales that only rise. The C scales are played at two different positions
on the guitar and six different speeds.
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Table 1: Performance statistics on guitar data. %Correct and %Incorrect are measured

with respect to the total number of samples in a comparison performed with a sam-

pling frequency of 500Hz. The %Inc values are calculated relative to the number of

incorrect samples. The sample names take the form an-bm-maj_s_f where a and b are
notes, n and m are octaves, s is the speed (higher is faster), and f is the fret position.
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(a) Guitar note, sampled at 44.1kHz (b) Violin note, sampled at 22.05kHz

Figure 10: The estimated frequencies (green) after maxima picking — step 3 from 3.2 -
at the attack of a guitar note (a) and a violin note (b).

4.1 Error Analysis

In general, the algorithm seems to perform well, as shown in Table 1. The oc-
tave errors in the two data-files (a3-a5 and c4-c5_maj_1_1) exhibiting them are
related to the smaller maxima, potentially related to overtones, in the coeffi-
cients (Figure 11). In no instances is an entire note estimated as a different note;
the only incidents occur at poorly separated note boundaries (Figure 12). False
positives occur primarily at note boundaries. When evaluating the correctness
of the pitch estimates relative to the labeled data, it is important to note that it
is unclear whether the hand-labeled “truth” corresponds to precise boundaries
in the audio (Figure 13).

Raising the minimum energy threshold can assist in shortening the amount
of the decay that is included in the notes” duration. However, this has a strong
effect of the detection of high frequencies, especially since only a single wavelet
is being used, which tends to be most selective in a certain range of frequen-
cies. At frequencies on the outside of this range, the coefficients tend to be
much smaller and are therefore more likely to be cut off by the minimum en-
ergy threshold (Figure 14). This is exacerbated by the rapid decay of high
pitched notes on the guitar. High-frequency errors account for a majority of
false-negative rest errors and there is a strong sensitive dependence amongst
the ability to detect a broad range of frequencies with a single wavelet and
the need to find rests between adjacent notes using only the minimum-energy
threshold.
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Figure 11: An example of an octave error from the a3-a5 scale sample. When the max-
ima from the overtones begin to meet the proportionality bound — as illustrated in Figure
9 —relative to the maxima corresponding to the fundamental frequency (Top), they are
no longer ignored by the algorithm and the estimated frequency approximately dou-
bles (Bottom), resulting in octave error. In situations where the octave error is shorter
than the minimum note threshold, the error will be merged into the earlier portion of
the note at the appropriate pitch. Octave errors occur primarily at the end of notes
because the amplitude of the fundamental frequency seems to decay faster than the
overtones.

4.2 Conclusions & Future Work

Overall I am satisfied with the results of the algorithm as evidenced on this data
set. While there was a small amount of parameter twiddling on the thresholds,
it has generally done well. Yet, there is definitely room for improvement, par-
ticularly in more dynamic situations with rapid note changes. Currently, only
the positive maxima are used because the inclusion of the negative maxima in-
troduce additional variance in the estimated frequency making it difficult to
identify stable notes. I am uncertain why the negative maxima seem to be less
stable than the positive maxima. Investigating the cause of this, along with the
presence of the lower maxima that induce the octave errors, could be illuminat-
ing. Spreading the analysis across multiple scales of wavelet analysis, either as
an ensemble classifier or otherwise, should help resolve the issues with high-
pitched notes. Such a technique should be particularly effective in correcting
octave errors and possibly reduce the need for identifying low maxima. There
is potential for improvement in the note grouping algorithm; possibly some
type of predictive look ahead could help relieve the octave error issues. Try-
ing to investigate the extra frequencies within the attack of the note, as well
as the frequencies of the harmonics, could help to smooth the pitch estimation
and grouping issues. This could also bring some insight into polyphonic pitch
transcription.
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Figure 12: Note errors primarily occur between two note boundaries than are not well
separated temporally. Usually this occurs when the attack of the second note overlaps
with the decay of the first. The decay as well as other noise in the time between the
notes is not excluded by the minimum energy filter, therefore no rest is detected. Recall
that the grouping algorithm is biased toward the rear, so that the intermediate noise
and noisy sections at the end of the first note are merged in to the second note. Relative
to the algorithm’s pitch estimate, the noisy sections from the first note that are merged
with the second note are classified as note errors; and the intermediate section is, itself,
classified as a false positive rest.
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Figure 13: Determining the precise boundaries for a note can be difficult, as one must
determine where in the attack and in the decay a note begins and ends. Discrepan-
cies in the accurate labeling of note boundaries, by hand or otherwise, were generally
linked to rest errors. In general, note boundary issues are categorized as segmentation
errors.
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Figure 14: An example from b4-b6 where the high-frequency CWT coefficients (Top)
are ignored because of the minimum-energy threshold. Near the end of the notes (in-
dicated with arrow) the coefficients are very similar in amplitude to the silent portions
of the signal. The initial frequency estimates (Bottom) illustrate which how much of
the note is missed.
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