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Linear Programming

Linear Programming
Instance
Objective function
Constraints:
Xy tapXy t ...t aX, <by
AyiXq + ayXy * ... + Ay X, S by

Z=CXqtCXp .t CXy

amX1 +apX + ..+ apX, < by,
Objective
Find values of the variables that satisfy all the constraints and
maximize the objective function
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Lower Bounds

Maximize 7x; + x5 +5x3

Constraints  x; —x, +3x3 <10
Sx;+2x, —x3 <1
—-x;<-1
Xy <1

X1, X0,X3 20

Can we show that the optimum is greater than 77
Yes, check (2/5,0, 1)

Algorithms — Linear Programming Duality

Upper Bounds

Maximize 7x; + x5 +5x3

Constraints  x; —x, +3x3 <10
Sx;+2x, —x3 <1
-x;<-1
Xy <1

X1,X0,X3 20

Can we show that the optimum is less than 23?
Use linear combinations of constraints

"Algorithms — Linear Programming Duality s

Dual Program

Maximize 7x; 4+ x5 +5x3 Minimize 10y;+y, —y3+y4

Y X —x+3x3 <10 yi+5y,27

Yoo Sx+2xy—x3<1 =y +2yr+y421
3 —x;3<-l 3y=y2-y325
Yo %<l Y1 Y25¥3, ¥4 20

X1,X,%3 20

We get the dual program.
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Dual Program

Maximize Minimize
Z=CXy + CXp oo+ C Xy bays + byyy + ... # by

Xy ¥ Ay o+ AyX, Sy

- AnYr ¥ axYo ¥ o 8y 2 Cy
iXy ¥ Ay * ...+ BpX, Sy

Ay anYy ot Ay 2 G,

am1X1 * amzxz ot a,,mx" < bm a1ny1 + aZnyZ ot amnym 2 Cn

primal program dual program
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Weak Duality Network Flow
Theorem (Weak Duality) Flow on edge (i,): f;
If (x1,...,x,) and (yy,...,y,,) are feasible primal and dual
solutions, then ., " Maximize me. Minimize e
‘ RE d..
Z}C,'x,' < Z}bi)/i 8,0 ( ) E (,"j)EEU i
i= Jj= d. < 1)) € . .
i fi<cay W di:+p—p; 20, i#s, j#t
Proof Z _ Z -0 ij i J
p2 fi= X fi= di+p. 21, j#t
n n( m Ji(jieE Jii, )EE S J ’
ZcixiSZ Zaji)’j X; ie V-{st} dy—p; 20, i#s
i=1 i=1\ j=1
m n m . .
=D Daux vy < Dby Feasible solution: a flow Acutis a feasible solution
j=Ii=1 j=1 Optimum: max flow
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Strong Duality

Theorem (Strong Duality)
If (xy,...,x,) is an optimal solution of the primal program, and
(¥1»---»Ym) is an optimal solution of the dual problem, then

n m
Dex =2 by
P =




