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PREFACE

The purpose of The Handbook of Formulas and Tables for Signal Processing is to include in a single volume
the most important and most useful tables and formulas that are used by engineers and students involved
in signal processing. This includes deterministic as well as statistical signal processing applications. The
handbook contains a large number of standard mathematical tables, so it can also be used as a mathe-
matical formulas handbook.

The handbook is organized into 45 chapters. Each contains tables, formulas, definitions, and other
information needed for the topic at hand. Each chapter also contains numerous examples to explain how
to use the tables and formulas. Some of the figures were created using MATLAB and MATHEMATICA.

The editor and CRC Press would be grateful if readers would send their opinions about the handbook,
any error they may detect, suggestions for additional material for future editions, and suggestions for
deleting material.

The handbook is testimony to the efforts of colleagues whose contributions were invaluable, Nora
Konopka, Associate Editor at CRC Press, the commitment of the Editor-in-Chief of the series, Dr. Richard
Dorf, and others. Special thanks go to Dr. Yunlong Sheng for contributing Chapter 42.

Alexander D. Poularikas

Huntsville, Alabama
July 1998
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Fourier Series

1.1 Definitions and Series Formulas
1.2 Orthogonal Systems and Fourier Series
1.3 Decreasing Coefficients of Trigonometric Series
1.4 Operations on Fourier Series
15 Two-Dimensiona Fourier Series
Appendix 1
Examples
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1.1 Definitions and Series Formulas

111 Afunctionisperiodicif f(t) =f(t + nT), wherenisan integer and T is the period of the function.
b

1.1.2 The function f(t) is absolutely integrable if I [ (t)|dt < co.

1.1.3 Aninfinite series of function

£L(8) + f (1) +-o (1) +-r :i £, (t)

converges at a given value of t if its partial sums

s,(t) = Z- ft), (n=123-)

have afinite limit s(t) = lims,(t).
N- o
114 The seriesin 1.1.3 is uniformly convergent in [ab] if, for any positive number ¢, there exists

anumber N such that the inequality |S(t) - s, (t)| < & holdsfor all n> N and for all tintheinterval

[ab].
1.1.5 Complex form of the series:

f(t):zanejnw()t:z‘an‘ej(n%H%)1 t <t<t +T
n=-oco

n=-o
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o+ T

a, = 1 f(t)e ™ dt, w :E, T = period
T T
tO

o

a, =[a,je*=a jcosh +jp [smp,, o _, =t =any rea vaue.
1.1.6 Trigonometric form of the series

t,+T
A S ’
f(t):?°+Z(chosnwot +B,dnnwt), A =20, :$I f(t)dt
= [
+T to+T

A =(a, +ab) :ij f(t)cosrw tat, B, =j(a, -a’) :i',’ f(t)sinrw tdt

0 0

to

0

f(t):Az"+Zcn cos(nw t +¢,), C, =(A? +B3)Y2, ¢, = tan™(B,/A,)

1.1.7 Parseval's formula

t,+T
L tasSaf oA SN LBIA s O
[l d = B T e T

1.1.8 Sum of cosines

sin(n+$)t

1+Cost+c052t+-.-+cosnt = -
2 2sing

1.1.9 Truncated Fourier series

A N
fo(t) = 7" + Z (A, cosnw t +B, sinnwt)
n=.

LT sinden +1)w0%§
== f(v) dv

. t—-v
T e, G

1.1.10 Sum and difference functions

o

p(t) = C,f(t) £C,h(t) = Z[clsn +C,y, Je"™ =z a, e,

n=-oco n=—oco

C, = constant, C, = constant, B,, = Fourier expansion coefficients of f(t), y, = Fourier expansion
coefficients of h(t), o, = C,8, = Cyy,, f(t) and h(t) are periodic with same period.
1.1.11 Product of two functions
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1112

1113

1114

1115

1116

)

p(t) = F(Oh(t) = i i(l3n_n1\/n1)<3"”“"’t :Z a, e

n=—com=—co n=-o

TI2 ©
1 .
== [ f(tht)e’™ dt =
a, TJ (Dh(t)e > Gonn)

m=—co

B, = Fourier expansion coefficients of f(t), v, = Fourier expansion coefficients of h(t), f(t) and
h(t) are periodic with same period.
Convolution of two functions

T/2

:l _ — - jnwet — - jnagt
g(t) T_Lf(r)h(t T)dt Zane ZBnyne

n=—oco n=—co

o, = Bayn B = Fourier expansion coefficients of f(t), y, = Fourier expansion coefficients of h(t),
f(t), and h(t) are periodic with same period.

If H(w) (transfer function) is the Fourier transform of the impulse response h(t) of a linear
time invariant system (LTI), then its output due to a periodic input function f(t) is

A -
y(t) = 7°H(O) + Z\H(nwo)\ [A cosnwt + d(nw,)] +B,sn[nt + ¢n oy)]]

H(nw,) = H, (nw,) + jH.(nw) =[H2(n &) +H2(n ¢)]*2e/*™>)
d(nw,) = tan™"[H, (nw,)/ H, (nw,)]
H, (-) and H; (-) are red functions.

Lanczos smoothing factor

N .
A sin(ntt/ N) .
f@)=—2+Y) ——~= cosnw_ t +B_sinnw_ t
V0= Z TN LACosnet + B sinna g

where A, A,, and B, are the trigonometric expansion Fourier series coefficients (see 1.1.6).
Fejé smoothing series

N
(1) = % ¥ ZNN” [A cosne,t +B, sinna]

where A, A,, and B, are the trigonometric expansion Fourier series coefficients (see 1.1.6).
Transformation from 2¢ to 2n
If the period is 2¢, then the Fourier series of f(t) is

f(t):A2°+Z éﬁcos%+8ksin%§

If we set nit/€ = x or t = x€/r, we obtain the equivalent series
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(x) = f%’%z% " Z [a, coskx +b, sinkx]

The above means: If f(t) has period 2¢, then ¢(x) = f(x¢/n) has a period 2.

_1 p =
a, = TI_I f (x) coskxdx k=012,

—1 ) i =
b, = TI_I f(X)sinkxdx k=12,

1.1.17 Table of Fourier Series Expansions

1 f)=2 ; Lgn
T £ N L

ft) &
1

0 |

~Y

Ak

2 f(t):ii

f(0
1

0 L 2L
-1
—» C

<«

D g _ 0

4>| C |<7

~Y

3. f(’[):£+g ) sinEcosﬂ
L ML N L L

f® 2 -«
=

| |
0 L 2L

~Y

o o
R e
£ inmc/L L

Hl C |<7

3L/2
1
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.r[ =

®  q\n+l
5, f(t):zz( DT gt
£ n L

(1)

1 |
0 |

~Y

1
| »
o L 2Lt
7. f(t) = _2 Z (=D
1 n
n=.
1+(-D)" . O. nmt, _c
+— ="~ _gnnmarsin—; a=——
0 nr(l-2a) 0 L 2L
f® —> o2 [

1
/ 2L-cl2
0 |

cl2 L / 2L
-1

—» 2 |k

8. f('[)zﬂ ls:inmsinnnasinﬂ; a=°
Ln 4 L

~Y

1
7L /4
0 1 1 1 ;
L/4 L 2L t
1
—» Cc |le—
9« 1 . nm. ntt
9 f)=— ) —sn—sn—
® Trzgn2 3 L
f(t)
1
5L/3 2L
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10, ft)= 2 isin@sm%
n

7L/4 2L
0 1 | ]
L/a L\/

-1

11. f(t):£+£sin(ot—E 21 cosnwt
m o2 n fn N1

-~y

(1)

1 o sin ot T=21mw
01 /W 2T|(/oo >t
12. f(t) = 271L +% cos%

~Y

2A _4AAC 1

13. f(t)=—
® LS | V4 an? -1

cos2nt

NI

1.2 Orthogonal Systems and Fourier Series

1.2.1 Aninfinite system of rea functions @(t),p,(t),p,(t),...,@.(t),... is said to be orthogonal on an
b

interval [a,b] ifJ' ¢, (), ()dt =0 for n= mand nm=0,12,.... It is assumed that

b

Iq)ﬁ(t)dt #0 for n=0,12,--.

122 The expansion of a function f(t) in [ab] is given by

f(t) = b (1) +Cpy (1) +--- +C b (1) +---
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123

124

125

126

b b
If(t)¢n(t)dt J’f(t)cbn(t)dt

c, =25 =2 5 n=012,--
J'(I)ﬁ(t)dt H¢nH
Bessel's inequality
b n
[ frodz Z el n = arbitrary

Completeness of the system (1.2.1): A necessary and sufficient condition for the system (1.2.1)
to be complete is that the Fourier series of any sguare integrable function f(t) converges to f(t)
in the mean.

If the system (1.2.1) is complete, then every square integrable function f(t) is completely deter-
mined (except for its values at a finite number of points) by its Fourier series.

The limits as n — oo of the trigonometric integrals

T/2 2 t T/2 2 t
lim J’ f(t)cos= " gt = lim J’ f6)sin =" g
n-o T n-w T
-T/2 -T/2
Convergence in discontinuity: If f(t) is the absolutely integrable function of period T, then at

every point of discontinuity wheref(t) has aright-hand and |eft-hand derivative, the Fourier series
of f(t) converges to the value [f(t + 0) + f(t — 0)]/2.

1.3 Decreasing Coefficients of Trigonometric Series

131 Abel lemma Letu,+u, +u,+ ... +u, + ... beanumerica series whose partial sums o, satisfy
the condition (o, | < M, where M is a constant. Then, if the positive numbers o, oy, dt, .., 0ty
... approach zero monotonically, the series o, U, + o,U, + ... + oU, + ... converges, and the sum
S satisfies the inequality |9 < Ma,.

1.3.2 The sum of sines

[EY

cos% - cos%n +§)tg
sint +sin2t +sin3t +--- +sinnt =

ZCOS%
1+ cost + cosZZt .. +cosnt = 2p(p—cost)
p p p" p° —2pcost +1
sint  sin2t sinnt _ psint
= + 5 4.+ . +... =
p p p p- —2pcost +1
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1.4 Operations on Fourier Series

1.4.1 Integration of Fourier series. If the absolutely integrable function f(t) of period T is specified
by its Fourier series (1.1.6) then

b
J’ f(t)dt

can be found by term-by-term integration of the series.

1.4.2 Differentiation of Fourier series: If f(t) is a continuous function of period T with absolutely
integrable derivative, which may not exist at certain points, then the Fourier series of df(t)/dt can
be obtained from the Fourier series of f(t) by term-by-term differentiation.

1.5 Two-Dimensional Fourier Series

151 Complex form

hd i m+ﬂ)

f(xy) = Z c em(‘ "

R(-l <x<l, -h<ys<h

mn
m,A==o0

i ny
%)

1 -
Cm == f(xy)e mn=0,+1,+2,-

15.2 Trigonometric form

f(x,y) = 05 ™ cos ™ 4B sin ™ cos VY
A " I h m I h

+C. cos X sin Y 4 Dmsinﬂsinﬂm
| h | h 8

Ri-l<x<l, -h<y<h

I h

1 X Ty
== f(x, —— cos— dxd
A 'h'_U.h (X, y)cos | cos— = by

I h
B, = lijl'z[ f(x,y)sinn—mcos%dxdy

I h
C, = %J'J' f(x,y)cos@dn%dxdy
=lI=h

I h
D, :%J'J' f(x,y)gn@gn%dxw
21%h
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15.3 Trigonometric form with limits -t < X< w, -t <y<n

f(x,y)= ) A,la, cosmxcosny +b_ sinmxcosny

m,n=t
+C,,,cosmxsinny +d_ sinmxsinny]

R-msx<sm -mcy<s h

~ i ™ T
8m = J'J' f (X, y) cosmx cosny dxdy

—T-TT

b :%J’J’ (x y)sinmxcosny dxdy

—T—-TU

1 pp .
Cn =% f(x,y)cosmxsinny dxdy
ef]

—T—-TU

1 ¢p N
d.,.=—= f (x,y)sinmxsinny dxdy
TEZJ.J.

—T-Tt

m=n=0
A :% m>0,n=0,or m=0, n>0
B. m>0,n>0

mn=0,12,34---

154 Parseval’s formula

sz}j[ £2(x,y) dxdly = ixm(af;n +b2 +C2, +d2)

T m,n=0

Appendix 1

Examples

Example 1
Expand the function shown in Figure 1.1 in Fourier series and plot the results.

1 3 ‘ 1 0t . 3 . 0
a,=—— [fe)e’™dt=_—0Of1e""dt +[0 & dtT
35) 350)

1

1 — jnot 1

= — 1 (e—jn% _ ejO.Sn%)
3.5(-jnw,)

-5 —j3.5nw,
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A f(t)

°°° €15 < T=35—>
1 1 1 1 1 1 »
4 3 -2 0.5 1 2 3 4 5 t
FIGURE 1.1

1 .. .3 2

T

a,=—— | d=2, W, =-—

35 7 35

. - . . _ . 0
fty=a,+ Y a,e™ -3, %7_ L Rl [ A—— 1 ("% —e %" %) rosnw,t
7 L HTI35NW, j3.5nw,

=
. . _ ) . g

N J E,; % (e_m% _eJO.SnwO) _ ;(eln% _e-JO.Sn%)mnnwot%
7135w, ]3.5nw, O

3 «0 4 . . . . O
==+ sin0.75nw_ c0s0.25nw_)cosn w.t +(sin0.75n w) sin0.25n w)sinn
7 Z m[( o o) Wt +( <) W) %‘]%

Figure 1.2 shows f(t) for the cases 1 < n < 3 (curve 1) and 1 < n < 10 (curve 2). Figure 1.3 shows
f(t) for 10 < n< 50, and Figure 1.4 shows f(t) for 1 < n < 60. Observe the Gibbs phenomenon in Figures

1.2 and 1.4.

curvez

FIGURE 1.2
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£(t)

FIGURE 1.3

£l

Gibb's phenomenon

o o

FIGURE 1.4
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Laplace Transforms

2.1 Definitions and Laplace Transform Formulae
2.2 Properties
2.3 Inverse Laplace Transforms

2.4  Relationship Between Fourier Integrals of Causal
Functions and One-Sided L aplace Transforms

25 Table of Laplace Transforms
2.2 Table of Laplace Operations
2.3 Table of Laplace Transforms
References

Appendix 1
Examples ¢ Inversion in the Complex Plane « Complex
Integration and the Bilateral Laplace Transform

2.1 Definitions and Laplace Transform Formulae

2.1.1 One-Sided Laplace Transform
F(s):J'f(t)e's‘dt S=0+jw
0

f(t) = piecewise continuous and of exponential order

2.1.2 One-Sided Inverse Laplace Transform

U+joa

F(t) = 2—; [ Foetas

O—joo

where the integration is within the regions of convergence. The region of convergence is haf-plane
o0 <Re{s}.
Al®
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2.1.3 Two-Sided Laplace Transform
F(s):J' f(t)e s dt sS=0+jw

f(t) = piecewise continuous and of exponential order

2.1.4 Two-Sided Inverse Laplace Transform
1 g+jo
fty=—- [ F(s)e’ds
® 2 GL (s)

where the integration is within the regions of convergence
which is a vertical strip 0, < Re{s} < 0,.

t>0
AN

N

_

N\

T

.

7

0

N
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2.2 Properties

2.2.1 Properties of the Laplace Transform (one sided)

TABLE 2.1 Laplace Transform Properties

1. Linearity L{K, f (t)+K,f,(1)} = L{K f, (1)} £L{K,f, (1)} =K F(s) £K,F,(s)
2. Time derivative

L E(% f(t)@z s (9) - £(04)

3. Higher time derivative

LDB—d f(t)|:| S"F(s) —S"(04) —s"2f D (04) —.. ~f" V(04
[t

where fO(0+), i =1,2,...,n — 1 isthe i derivative of f(-) at t = O+.
F©
4, Integral with zero initial condition L [J D[ f(E)dED

F(s), f72(04)
S S

t
5. Integral with initial conditions L Dr f(E)dEEI where (9 (0+) :tlirglji f(&) e

6. Multiplication by exponential L{e** f(t)} = F(sT a)

7. Multiplication by t L{tf(t)}:—%F(s); L{t" (0} =

8. Timeshifting L{f(t£A)u(t£\)} = e**F(s)

. O Ot o , 1_[0so
9. Scding LEfDE%—aF(as), L{f(ta} = FDD a>0

t
10.  Time convolution L E[' f(t—-10)f,(1)dr EQL{ f.(0) Of,(t)}= ()R, (s)
0
11.  Frequency convolution
X+ joo
L{f, (), = 2—1{}. | FR@R(s-2dz= 2—111.{5(5) 0F, ()}

where z = x + jy, and where x must be greater than the abscissa of absolute convergence for f,(t) over the path of

integration.
12. Initial value tIirgl f(t) = limsF(s) provided that this limit exists.
13. Final value !im f(t)= IirglsF(s) provided that sF(s) is analytic on the jw axis and in the right half of the s plane

14, Division byt L@fE—I)H=ImF(s’)ds’
lTe’S‘f(t)dt
15. f(t) periodic L{f(t)} = 01 ft)=f(t+T)

— e*ST

2.2.2 Methods of Finding the Laplace Transform

1. Direct method by solving (2.1.1).

2. Expand f(t) in power series if such an expansion exists.
3. Differentiation with respect to a parameter.

4. Use of tables.
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2.3

Inverse Laplace Transforms

2.3.1 Properties

1
2.

3.

Linearity L™{c,F(s) £ C,F,(9)} = ¢, f (1) £ ¢, f, (1)
Shifting L™{F(s-a)} =e™f(t)

Time shifting L™ {e"*F(s)} = f(t - a) t>a
Scaling property L™{F(as)} = % f(%) a>0

d"F(s)
ds"

Multiplication by s L™{sF(s) - f(0+)} = L{sF(8)} - f(OHL{D =fD(t) +f(0)3(t)

o 4 0OF(9) !
Divisonby s L lﬁ—@: f(t")at'
y . J’O (t)

Convolution L™ {F(s)H(s)} :J't F(u)H(t —u)du = F(s) CH(s)

Derivatives L"{F™(9)} = (-D)"t"f(t) F"(s) =

2.3.2 Methods of Finding Inverse Laplace Transforms

1

o0k wN

Partial fraction method: Any rational function P(s)/Q(s) where P(s) and Q(s) are polynomials,
with the degree of P(s) less than that of Q(s), can be written as the sum of rationa functions,
known as partial fractions, having the form A/(as + b)", (As + B)/(as* + bs+ ¢), r =1,.2,....
Expand F(s) in inverse powers of s if such an expansion exists.

Differentiation with respect to a parameter.

Combination of the above methods.

Use of tables.

Complex inversion (see Appendix 1).
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2.4 Relationship Between Fourier Integrals of Causal Functions
and One-Sided Laplace Transforms

2.4.1 F(w) from F(s)

- >0
F(w) :J'Oe"“"f(t)dt f(t) = Ef(()t) :o

a) The region of convergence of F(s) contains the jw axisin itsinterior, 0 < 0 (see 2.1.2)

F(w) =F(s)

s=jw

b) If the axisjw is outside the region of convergence of F(s), o > 0, then F(w) does not exist; the
function f(t) has no Fourier transform.

c) Let 0 =0, F(9) is anaytic for s> 0, and has one singular point on the jw axis, hence, F(s) =

~— or F(s) = L{e"“u(t)}. But F{e""'u(t)} = ¥ w- w) +— 1 andtherewe obtain
s-jo, joo—

J(Do
the correspondence
1
F(8)= F(w) = F(8) o = T& - @) +F(9) o0,
S—jw,
Also
1 "t
F = - F =1 3 D(p- F !
© (s—jw,)" (©) (n-1)! (@ @)+ F(S) i

o-1(.) = the (n — 1)* derivative.

d) F(s) hasnsimple polesjw,, jw,,..., jw, and no other singularities in the half plane Res= 0. F(s)

takes the form F(s) = G(s) + Z s—ajqw where G(s) is free of singularities for Re s> 0. The

n=.

correspondence is

F(@) = G(9) oy +i %

S—jw,

s=jw +T[Zan &(}0_ ul)l)
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2.5 Table of Laplace Transforms

TABLE 2.2 Table of Laplace Operations

F(9) f(t)
1 e f(t)dt f(t)
I
2 AF(9) + BG(s) Af(t) + Bg(t)
3 sF(s) —f(+0) f'()
4 SF(s)-s"H(+0) —s"2FD(+0) - —f"D(40) fO(t)
1 t
5 =
SF(s) L (1)t
1 t 1
6 =F
ZFO ,Uo f(A\) A dr
7 (R f ft-0) O d =1, O,
0
8 —F'(9 t()
9 (-L)rF(s) f(t)
10 [ Fpd O
11  F(s—a) erf(t)
12 ebsF(s) f(t—b), wheref(t) =0;t< 0
1.0t0
13 F(co) - f CeO
14 F(cs—b) %e“")’“ f %g
15 lo e f(t)dt f(t + a) = f(t) periodic signal
1-e®
16 [0 e f(t)dt f(t + a) = —f(1)
1+e™®
7o F(ﬁ)as f,(t), the half-wave rectification of f(t) in No. 16.
-e
18 F(y coth% £,(t), the full-wave rectification of f(t) in No. 16.
19 P9 qg=(s-a)s-a)-6-a,) P o
qa(s) q'(a,)
B _ 99 ac ¢ @
S E e ¢ Z T
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TABLE 2.3 Table of Laplace Transforms

F(s) f(t)
1 & oM(t) nt derivative of the delta function
2 s da(t)
dt
3 1 3(t)
4 1 1
S
1
5 z t
1 tnfl
6 — (=12, —
s" (n=12-) (n-1!
7 L 1
VS /TR
8 g3 2 \i
'

9 S—[n+(1/2)] (n = 1'2’ . )

10 00

3

S
s—-a
1
12 a?
1 = cee
13 - (n=12,-)
(k)
1 o k20
15 ;
(s-a)(s—b)
s
' -ae-b
17 ;
(s—a)(s-b)(s-c)
18 !
(s+a)
19 L
s(s+a)
0 1
s?(s+a)
21 3 L
s’(s+a)
R
(s+a)(s+h)
23 L

s(s+a)(s+b)

©1999 CRC PressLLC

2ntn—(l/2)
135 (2n-1)m

tk—l
et

tet

1 n-1.at

(n-1)!

tk—lea(

1

at _ bt
(a—b)(e e™)

(aeal _ beb( )

(a-b)

_(b-c)e* +(c-a)e” +(a-b)e"
(a-b)(b-c)(c-a)

e valid for complex a

Za-e)

1 1 0
— A+ b—al_ —bt
i @ "



TABLE 2.3 Table of Laplace Transforms (continued)

F(s) f(t)
1 1 01 O
24 - a2 —bt _ Ze—at +abt —a _b
P(s+a)(s+h) (ab)? Ha-1) ¢ ) H
1 1 0 a®-b + 12 _(ath) 1 ob ., a
25 = t+ — e - ™
s*(s+a)(s+h) (ab) Hab) (a-hb) 2 ab (a-b)Ua? b2
% o L o ! e™
(s+a)(s+b)(s+c) (b—a)(c—a) (a-b)(c-b) (a-c)(b-c)
7 S L e~ L e™ - 1 e™®
s(s+a)(s+h)(s+c) abc a(b-a)(c-a) b(a-b)(c-b) c(a-c)(b-c)
Cab(ct —1) —ac —bc 1 at
a 2 t 2 €
- 1 0 (abc) a‘(b-aj(c-a)
o AVer e O
s*(s+a)(s+b)(s+c) o, 1 . 1 o
H b?(a-b)c-b) c?(a-c)(b-c)
o1 2 ab+ac+hbc 1 .,
ab+ac+bc)” —abc(a+b +¢)] ——————t+——t
”9 1 Habc)3 I ) ( ) (abc)? 2abc
s’(s+a)(s+h)(s+c) O 1 w 1 " 1
- e - e - €
H a’(b-a)c-a) b3(a-b)(c-b) c*(a-c)(b-c)
1 1.
30 ol
e asmat
s
31 e cosat
1 1.
32 —sinhat
s’ -a’ a
33 5 s 5 coshat
s*-a
1 1
34 w y(l— cosat)
1 1 .
35 —_— —(at—sinat
s?(s® +a?) al ( )
36 _r i(sinat — at cosat)
(SZ +a2)2 2a3
S t .
7 > -
3 (S +a?)? 2asmal
2
38 % i(sinalt + at cosat)
(s*+a%) 2a
s? -a?
39 m t cosat
s cosat — cosbt
40 ——_  _(a®%b? =
(SZ + aZ)(SZ + bZ) ( ) b2 _ a2
1
et pents
s-a
42 m et cosht
1 e & [2n- .
——— 5 o 2t)"
[(5+a) +b7T" b7 2 H n- e
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TABLE 2.3 Table of Laplace Transforms (continued)

F(s)

(1)

45

46

47

48

49

50

51

52

53

55

56

57

58

59

60

61

s
[(s+a)® +b?]"

s+a’

(s+a)"
1
s(s+a)?
1
s’(s+a)?
1
s(s+a)®
1
(s+a)(s+b)®
1
s(s+a)(s+b)?

-1
s?(s+a)(s+h)?

1

(s+a)(s+b)(s+c)?

1

(s+a)(s® + )

1

s(s+a)(s? + w?)

©1999 CRC PressLLC

0 g

U g
an—len 4
O

é Al

e(at)/z E:OS

-r d
-2t r-1
- HP

at+/ 3

-10

2t)r 1 d

“/g .nat

sinat coshat — cosat sinhat

2a

1 . .
—— (sinat sinhat)

2—:13(sinhat—sinat)

Z—:lz(cosh at — cosat)

1+ a%?)sinat —

(t)_i'dt"

cosat

(t"e™)

30
2

[sin(ot)]]
O

[L,(t) is the Laguerre polynomial of degree n]

t(n—l) e—al
(n-1!

1 _
¥[1—e a

1
y[at_

- ate™]

2 +ate™ +2e™]

—% a2t2 +at +1De ﬁ

where n is a positive integer

1 —at —bt
e +[(a-h)t-1e

g€ Hla-bt-ne™
11 .01 . a2 0O,
ab?’ a(a-b)? Fha-b)  b*(@a-b)?

1w, 10_1 20,0 1 2@a-b)-b0_,
- - 4=
2@-b)7 abzg a b0 BP@a-b)  b(a-b)
N 1 t+_2c-a-b U
He-vyc-a)  (c-aic-b2H
0
O 1 " 1 »

+ e "+ e
H "b-ac-a°  (a-bc-b’

1 : _ 40600

+ t — ) =t gl

Zral oy a? + Sn(@-@;  ¢=tan Oal
a(il)z P 1 7 %sanwicost;’e



TABLE 2.3 Table of Laplace Transforms (continued)

F(s)

(1)

1
62 -
s’(s+a)(s” +w?)
1
63 - -
[(S+ a)2 + 0)2]2
1
64 2 - a2
1
65 -
P(s* -a?)
1
66 -
s*(s? —a?)
1
67
S3 +a3
68 1
st +4a*
1
69 o
1
70 -
[(s+a)? -w’]
1 %
g(s+b)* +w?]
s+a
72 .=
s’[(s+b)? +w?]
73 . s*&a
(s+0)[(s+b)* +w?]
74 S+a
s(s+c)[(s+b)? +w?]
s+a
75 —_
s’(s+h)®
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O 1 t— i +¥e—al

DDawz a?w?  a?(a’+ of)

g

2o+ ! cos(ct+ @; @=tantH2D
—T . e=tantoo

H e+ CwO

&sinhat
a

e [sinwt - utcos o]

1 . 1
—sinhat-—-t
a® a?

ail“ (coshat

1.,
e |
) 2a?

iI]z‘ea‘ -e? gos at—VSSln—at%

SaE

4—;3(sinat coshat - cosat sinhat)

2—;(sinrwlt—ainat)
ée’a‘sinhoot
O T2 02
a 1, (a-b?+w* _y_ ]
e @t bz © SN
0
o SwO,, 40 @ O
=tan =" +tant-
§ 7 opo™™ ta-po
. l(a-b)? +w?
D%[l"'al]_ 226b22+\( 2) 5 e™sin(wt + g
e B*+w’)? b+ )
0
_ o W [ 40w
S ¢=tan I:Ia_bD+2tan O 0
O _
aC a1 @D g
oc-b)* +w w\](c b)? +w
0
0
20 0 0 a0 w O
=tant=—" ——tant-——
% ¢ Oa-b0O Cc-bO
o a (c-a) -
Too? +?) * cl(b-0) + o]
0
e
E - 1 @ b)2 T e sin(wt + ¢
O w\b2+w2\(b c)° +
0
O <000 40 w O 40 wQ»d
—tant—"+tant=—— “—tan?
E ¢ Op O Oa-b0O Oc-b0O
a b-3a [Ba b, a-b, 2a-b [ _y
Tttt + t? + t
b T bt THb' | 2b2 b° %



TABLE 2.3 Table of Laplace Transforms (continued)

F(9 f(t)
s+a a-c¢ 4 . Oa-b c-a a-c 0O
% e+ t? + b
(s+c)(s+b)® (b-c)® 2(c-b) (c-b)?  (c-b)°
2 2 2 2
77 S a oty b ot c o
(s+a)(s+b)(s+c) (b-a)(c-a) (a-b)(c-b) (a-c)(b-c)
2 2 2 2 _
s S 3 f ze‘f“‘+|:I b_ t+ b _za;b%g‘b‘
(s+a)(s+b) (b-4a) a-b) (a-b)* g
s? a? ,0._
79 —2at+——t?p™
(s+a)’ % 2 F
2 a’® _ w . 20w Qd
& S e - — sin(wt + @; @=tan=—
(s+a)(s? +w?) (@% +w?) Ja? + 0’ ( 9 @ Oal
o a? 2aw? O _, . )
Sz a2 +(.02)t (a2 +w2)2%ﬁ (aZ _'_(A)Z)gn((*x-'-(@Y
b eaE e o
o o= —2tantH20
0 Oa O
0 a? e+ b? g™
¢ Ho-a)@ +w?) ~  (a-b)b® +of)
82 O
s+a)(s+b)(s? +
(s+a)(s+b)( ) B _ w dn(t+@: o= _aanflligmﬂanmglj]
0 \/‘(a2+002)(b2 +(.02) DaD DbEH
s a . .
83 - ——sin(at) - ———-sin(wt
(SZ +a2)(32 +(.02) (0)2 _aZ) ( ) (aZ _(.02) ( )
2
84 (serSTZ)Z Zl—w(sinwﬁuicosm)
U a? a1 (0P -0 +ADP Wy
85 s’ Oa-h)* +w’ ) BVW&‘ Fen( 9
B — S —— D
2
(s+a)[(s+b)? + ] B p=tan1 720 O_pp a0 © O
0 Ob? - w? 0 Ca-b0O
% a? te _231[([)—21)2 +w’]+a’(b-a)0
oa-b)? +w? d [(b-a)* +w’]?
0
2 (b2 - 0%)? +4b% W’
86 2 : PR @ i )2 S—e ™ sin(wt + ¢
(sta)°[(s+b)” +w’] 0 w(@a-b)* +w’]
a
0 _ a0 —2bw O a0 0w O
E @=tan (% — 0?0 2tan Ca—pbD
2 2
87 s +a b +ae‘b‘+3t——a
s?(s+b) b? b~ b2
2
gg > 2 B8y, L ra-(@+b?)e™
S(s+D) 26 b2 b
2 2 2
89 s"+a a_ (+a) ,_(c°+a) «
S(s+b)(5+0) bc " bb-0 ¢ “cb-oc)©
% s?+a b*+a _,  Cc’+a _ﬂ+it_a(b+c)

s?(s+b)(s+c)
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TABLE 2.3 Table of Laplace Transforms (continued)

d°[d” - 2d(b+0) +30q]

F(9 f(t)

a1 s?+a b’+a c’+a 4 d’>+a ot
(s+b)(s+c)(s+d) (c-b)(d-b) (b-c)(d-c) (b-d)(c~-d)

0 s?+a a b? +a bt c’+a a d*+a &
A ot e+ e + e
(s+D)(5+C)(s+d) bed * b(b—c)(d —b) cb-c)(c—d) d(b-d)(d-©)

Oa a b’ +a i}
O t-—,5(bc+ted +do) +—— = —e™
N <ra Cood '~ p7c?a? ™ ) b b-ob-d) °
S (s+b)(s+0)(s +d) . @ ra I & +a i
+ 4 -
H "Ce-bie-d° dd-bd-o°
$?+a 1 ! 1
94 - - 2 _ 2
(& +0?)? 20 a+w°)sinut 20 (a-w?)tcosut
2 2
95 % t cosut
s +w
s’ +a a (a-w?), . a

96 73(52 T )’ F_ ( 20 )tgnwt—gcoswt

97 s(s+a) ] bz—abe_bt+%c2—ac +c2—2bc+abD_d
(s+b)(s+c) (c-b)? gb-c (b-0? [

0 b?*-ab bt c’-ac . d?-ad &
+ + t
o s(s+2) He-byd by ® To-o@-o7® Tb-ac-a)°
(s+b)(s+c)(s+d)* 0, a(be-d?)+d(db +do ~2bc)
(b-d)*(c-d)?
2 2 _ _
o S Hoannt
100 S tasta, ab-b’-a, o, & . ab-a  b'-ab+a
S(s+b) b 2b b? b?
01 S tasta, a, b’-ab+a, ., c*-ac+a,
s(s+b)(s+c) bc b(b-c) c(c—h)
102 S tasta 3, abc-ab+o) b’ -ab+a, ., c-acta, .
s*(s+b)(s+c) bc b?c? b?(c-b) c?(b-c¢)
103 s’ +as+a, b*-ab+a, ., c’-acty,  d°-ad+a,
(s+b)(s+c)(s+d) (c—b)(d-b) (b-c)(d-c) (b-d)(c-d)
104 S2+als+ao ao _ bz_a1b+ao -bt _ c2—a1(3+a0 —ct _ dz_a1d+ao efdt
s(s+b)(s+c)(s +d) bed  b(c—b)(d-b) c(b-c)(d -0c) d(b-d)(c—d)
105 S tasta, 8 _b*-abta, ., b'-a
o(s+Db)? b2 b b?
s’ +as+a a,, ab-2a b*-ab+a 2a,-apb
106 — 1" © _~o o o —bt 0 —bt
sz(s+b)2 b2 t+ b7 + b2 te ™ + b? e
107 S tas+ta, b’ -ab+a, e_m_'_cz—alc+aute_ct_'_(:2—2b0+a1b—a0 o
(s+b)(s+c)? (c-b)? (b-¢) (b-c)?
3 3 3
B b . et 4 C . e+ d te
- ¢ Hb-c)(d-b) (c-b)(d-0) (d-b)(c—d)
(s+b)(s+c)(s+d)? 0

©1999 CRC PressLLC

(b-d)*(c-d)?



TABLE 2.3 Table of Laplace Transforms (continued)

F(s)

(1)

109

110

111

112

113

114

115

116

SS

(s+b)(s+c)(s+d)(s+T)°

SB

(s+b)*(s+0)?

S3

(s+d)(s+b)?(s+c)?

53

(s+b)(s+c)(s* + )

S3

(s+b)(s+0)(s +d)(s* + )

S3

(s+b)*(s” + )
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0 b® bt c?

—ct

0 7€+ 7€
D(b—c)(d—b)(f -b) (c-b)(d-c)(f -¢)

d3 dt f3

te "

0 3f?2

+
Ho- f)c-f)d-1)

+

Td-byc-d)f a2 T (F-bc-nH@d-1)

(b= f)(c=f) +(b - f)(d - ) +(c - f)(d -f)]%-m

o o o o

(b-f)*(c-1)*(d-1)?

b® bt 4 b2(3C—b) —bt _ ¢t —ct

H]
c*(3b-c) o

- it 3 © 2
(c-b) (c=b) (b-c)

@ e, B
(b-dc-d)° = (c-b(b-d)

0 3 bc+2d-30)0 .,

(b-c)®

C3

.0 3c? . c}(b+2d-3c)0
Hb-0%(d-0)  (b-0*(d-0?F

b® c?
e*bt e*CI
b-c)(b? +w?) (c-b)(c? + &?)

ma EDDDDEDD@D

(A)Z

V(0% + w?)(c® + w?)

sin(wt + @

406 0_ 4000

e=tn e g Op O

b3 bt C3

+ te
He-b)?(d-b) * (c-b)’(d-b)* (b-c)*(c-d)

—ct

O0o0 ooooooog

K Y
(d-b)c—d)(d +w?)

wz

07 ) + @) + )

+

cos(wt — @

o LaOwO, 000, 5060
e=tan gogt ot e oy
b® bt b?(b? +3w®) . w?
bz +w2 (b2 +w2)2 (bz +w2)

DDDqD i o

40bD
GO

4000

=tan —tan DFD

]
S

cos(wt) cosh(ct)

1[cosh(wt) + cos(ut)]

b-o)(d-b)(b2 +0?) ©  (c-b)(d -0 + ) ©

sin(wt + @

—ct



TABLE 2.3 Table of Laplace Transforms (continued)

F(s) f(®)

—_ —_ 3 2 —_
E}&t_au(b+c) albc+ b* +a,b® —ab +a, ot

0

Ly S+astasta Bbc b’c? b?(c-b)
s*(s+b)(s+c) 0 . -c®+a,c® —ac+a,
0 cb-o  ©
Da, _-b’+ab®-ab+a, , -C’+ac’-ac+a,
us  Sras tasta, Ebcd b(c-b)(d -b) c(b-c)(d-c)
s(s+b)(s+c)(s+d) 0 ~d*+a,d® -ad+a,
g d(b-d)(c-d)
Oa, 0Oa _a,(bc+bd+cd)O -b®+ab’-ab+a, _,
119 S tasi+as+a DdeH% b*c*d? b2(c-b)d-b)
e g
s’ (s+h)(s+c)(s+d) O . -c® +a,c® —ac+a, . -d®+a,d* —ad+a,
g c?(b-c)(d-0) d?(b-d)(c - d)
O-b°+ab® -ab+a, ., -c’+ac’-ac+a,
120 s’ +a,s? +as+a, g (c—b)(d -b)(f -b) (b-c)(d-c)(f -¢)
g
(s+b)(s+c)(s+d)(s+f) 5 ,~9°+a,d” —ad+a, o 4 -f*+a,f? -af+a,
0 (b-d)(c-d)(f -d) (b= f)(c-f)d~-f)
Oa, _-b’+ab’-ab+a, ., ' +ac’ ~ac+a,
1 S+as tasta, Fbodf ~ b(c-b)(d -b)(f b) c(b-c)(d -c)(f —c)
g
S(s+b)(s+)(s+d)(s+1) 0 -drad-adia, ,_-fPtafi-afta,
H T db-d)c-d)f -d) f(b-f)(c—-f)(d-f)
O -b’+ab’-ab+a, ., -ctac’-acta, .
o(c - b)(d =b)(f —b)(g ~b) (b-c)(d-c)(f —c)(g —¢c)
0
122 s'+a,s" +as+a, g , Fradi-adva, ,,  -f+af-af+a
(s+h)(s+c)(s+d)(s+f)(s+g) [ (b-d)(c-d)(f -d)(g-d) (b=f)c—f)d-f)g-f)
0
. g +ag -agta,
g (b-g)(c-g)d-9)f-g)
[Hb? +a,b* D43, —¢* +a,c’ “4C 8,
0 (c-b)d-b) (b-c)(d -c)
. -d®+a,d” —ad +a
123 S*astas+a, Q b-dC-d) e
2
(s+b)(s+c)(s+d) 0
B a,(2d -b-c) +a,(bc —d?)
0, *ad(db+de-2bc)+d’(d” - 2db-2dc +3be)
H (b-d)*(c-d)’
% a, -b*+ab’-ab+a, , -c’+ac’-ac+a,
ched?  b(c—b)(d -b)? c(b-c)(d-c)?
0
124 s +a,s’ +as+a, E _-d’+ad’-ad+a, , 3d°-2ad+a
s(s+b)(s+c)(s +d)? 0 db-d)(c-d) d(b-d)(c-d)
g
0 _ (=& +a,d® —ad +a,)[(b ~d)(c ~d) —d(b —d) —d(c )]
H d?(b-d)?(c—d)?
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TABLE 2.3 Table of Laplace Transforms (continued)

F(s)

(1)

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

S +a,s’ +as+a,

(s+b)(s+c)(s+d)(s +f)?

JVs-a-+s-b

Js+a

VS
s+a?
1
Js(s-a?)

1
Js(s+a?)

b? - a?
(s=a’)(b+s)
1
Js(ys +a)
1
(s+a)\s+b

b2 _aZ

Js(s—a?)(ys +b)

1-9"
Sn+(:L/ 2)

d-9"

Sn+(3/2)
vs+2a
\V'S

1
Js+ays+b
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C-b° +a,b” —ab +3, . —C’+3,C° —ac+a, .
H(c-b)(d -b)(f )’ (b-c)(d-o)(f -¢)?

g -9’ +ad’-ad *8 a “Praff-ata,

B (b=d)(c-d)(f —-d) (b= f)c-f)d-f)

S (-f3+a,f? —af +a,)(b -f)c -f)
0, 3f-2af+a _  +(b-Hd-H+c-Hd-N
H (b-f)c-f)d-1) (b-f)2(c—f)*(d - f)?

% e (1+ 2at)

ATU

(ebt _ ea.t)

2, mt?

% - aeaz‘erfc(av“ t)
V
“im +ae™terf (ayt)
\/“

it
“1 _2a e—ath'aﬂe)\z dr
AT T 0

le""z‘erf (ayt)
a

/
2 2 a't 2
—~ e a‘J’ e dn
a,\m o

e'[b-aerf(at )] ~be” erfc(b,t )
eterfc(a 't )
1 e /b-allt)

—-a

b

et %erf @jt)- 1E+ eterfe(byt )

g n

Hon( t
Hen), nt (i )
0

S H—|n(t) = Hermite polynomial = e’ d - (e'xz)g
0 O dx 0
n -
— H it
AT(2n+1)! i t)

Fae™™[1,(at) + 1, (at)]
|
B [1,@t)=]j"J,(jt) where J | is Bessel's function of the first kind]

e W2ash) Oa-b t|:|
o 2

O



TABLE 2.3 Table of Laplace Transforms (continued)

F(s) f®
rK ot W Oa-b.0O
141 " (k>0 (1/2)(a+b)t
(s+a)k(s+b)"( ) \T[Da_bD e ka(l/z)D 2 '[D
1 _ Oa-b. 0O , Da-b {J
142 (1/2)(a+b)t
(s+a)*(s+b)"" ‘€ Hogy gy
143 St2a-ws ge'a‘ll(at)
vs+2a++/s t
_ k -_—
w @D g Kewaeoy 0aZb0
(Vs+a+s+h) t o2 0O
145 ( S+as+\S)72v ive—(llz)(m)lvﬂiatﬂ
\Evs+a a U
1
46— J,(at)
\:‘Sz +a2
fa2 2 _q\V
147 (s *raA =9 o g a'J,(at)
Vs +a?
1 o e
148 ———— (k> —— t
@ ray 9 rg ead  ewa @
ka"
149 (\3/52 +a2 _S)k (k >O) TJk(at)
_ a2 _ a2V
150 M (v>-1) a’l (at)
\52 _a2
1 ﬁ Ot I:|<—(1/2)
151 ——— (k>0 B
(s> -a?)k (=0 r(k) (eall iz (@)
1 y
152 / erf(4t); erf(y)2theerror function= -2 [ e du
svs+l T Jo
1
183 J,(at) ; Bessel function of 1 kind, zero order
Vs? +a
o J,(at) ) i € L «
154 o 2 ; J, isthe Bessel function of 1% kind, 1% order
vs®+a’ +s
1
155 ﬂNJN(at) ;N=123,-, J,, isthe Bessal function of 1% kind, N™ order
[vVs® +a® +9] a t
1 t
156 — 5 ﬂN Iy (e du;N =123, J,, isthe Bessel function of 1% kind, N™ order
s[vs®+a” +9 a’Jo u
1
157 2 2, 2 2 i.]l(at); J, isthe Bessel function of 1% kind, 1% order
Vs®+a“(ys® +a“ +9) a
1 1
158 —rJy(ar);N=123.-, J isthe Bessel function of 1% kind, N" ord
\3/32 +a2[\s/sz va? +g" 2 y(at) 1 \ isthe unction of in order
1
159 I,(at) ; I, isthe modified Bessel function of 1% kind, zero order
vs? -a
et 0 when 0<t<k
60 = S‘(t):gl
s when t >k
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TABLE 2.3 Table of Laplace Transforms (continued)

F(s) f(®)

ks H0) when 0<t<k
161 &
& H-k  when t>k
ot g) when 0<t <k
182 = (u>0) it -k
" SV when t>k
s 5 TW
163 1-g™ 1 when O<t<k
s o when t>k
1 1+cothLks M when
164 - 2 Skt =0 Dk <t<n K(n-12
s(l-e™) 2s 0 (n-Dk<t<n k(n=12:-)

1 M when O<t<k
165 — S()=H+a+a? +- +a™

s(e a)
Hwhen nk <t <(n+1)k (n =1,2,---)
é'\/l(Zk,t) =(-p™*
166 lstanhks 0 when 2k(n-1) <t <2nk
O
a (n=212,-)
—(—1\"
1 M+ L =12CD"
167 @ ——— 2 2 2
s(1+e™)
H when (n-1k <t <nk
(2kt)  [HEK) =Kk+(r —K)(-)" where t =2kn +r;
168 > tanhks '
S B 0<r<2k; n=012,]
S(2k,t+K) -2 =2(n -1)
169 1 %Z
ssinhks 5 when (2n-3)k <t <(2n -1k (t >0)
1 FM(2k,t +3k) +1=1+(-)"
170 H
scoshks g when (2n-3)k <t <(2n -1k (t >0)
S(2k,t)-1=2n-1
171 Leothks é'z
S = when 2k(n—-1) <t <2kn
172 3 K 5 coth 1™ |sinkt]
s*+k 2k
173 1 mint  when (2n-2)t<t <(2n -1 1t
(SP+n(L-e™) when (2n-Dm<t <2nTmt
174 Lews /
e J,(2/kt)
175 Lews L cos2 ke
\'S AT
176 Lt L cosn2 ki
\'S AT
1
177 ST]/_Z el VTkS'nz\/kt
1 1 . I
178 . €X's sinh2+/kt
53/2 \/
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TABLE 2.3 Table of Laplace Transforms (continued)

F(9 f®
179 S% e*s (u>0) gikgu_l)lzilu_l(z\ kt)
180 ?}1 &'s (u>0) gikgﬁ)/z La(20k)
181 g (k>0) N ;3 PH Z E
182 ée"‘ﬁ (k=0) erfc EZVLIE
183 \Jise-k\‘g (k> 0) T exp% I:; E

184 S—3lze—k\s (k > 0)

ag ks

185 —X " (k20)
s(a++s)
185 & (k=20
Js(a++'s)
—ks(s+a)
187 S
Js(s+a)
188 /e—kv‘@
J(s? +a?)
ki-a
189 ST
J(s*-a%)
190 ST o)
\3(32 + az) -
191 et e—kw/s;2 +a?

192 e—kv/sz+a2 _es

ave k v/sz -a?

| / nf
193 (s?+a?) Elksz +a® +so

(v>-1)

194 1Iogs
S

195 Liogs (k>0)
=

19 199 (a50)
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2 iex = I(—D—kerch k 5
\m PH aH .t H

—e g ercha\t +—H+erch2—H
koot orrolh 44 K O

e* e ercha\st+2ﬁH

m when O0<t<k

%-mzmlo(%a{\tz -k?) when t>k

o when O0<t<k
B, (aVt? -k?)  when t>k

Y when 0<t <k
H.(@t?=k?)  when t>k

J,(avt? +2kt)

when 0<t <k

DLZJl(a\t2 —K?) when t>k

E\stz—k
when 0<t <k
D%ll(aw-kz) when t >k

9\12

when 0<t<k

@2
g{;:ﬁ) J,(avt?-K?)  when t>k

r@-logt [I'(1)=-05772]

0709 logt
Hror T H

e*[loga - Ei(-at)]



TABLE 2.3 Table of Laplace Transforms (continued)

F(s)

(1)

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

logs

s?+1
slogs
s?+1

é log(L+ks) (k >0)

2]
Q

log

7]
o

1 log(1+ k?s?)
s

% log(s® +a?) (a>0)

S log(s? +a?) (a>0)

s? +a’

log

e““erfc(ks) (k>0)

1 el ate(ks) (k>0)
S

e“erfc(vks) (k>0)

L efe( ko)
/S

N

fl eerfc(vks) (k> 0)
\'S

Ok D
ef
HsH

1 K2/s Uk O
— e“"Serfc
s s

— e™Ei(-as)
L oEi(-a)
a

ot
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E_Si (s)rcoss+Ci(s)sins

costSi(t) —sint Ci(t)

—sint Si(t) —cost Ci (t)

_gOto
E|D 0

% (em _eat)

oto

-2Ci kO

2 loga - 2Ci (at)

2 [at loga+sinat —at Ci (at)]

% (1- cosat)

% (1-coshat)

}sinkt
t

Si(kt)

ko PH aH

gto
erf —
Lk
Jk
T t(t +K)
Y when 0<t<k
Hrt)™Y2  when t>k
1
Tt +K)

1 .

= sin(2k.t)

‘1 g2kt
A Tit

g @>0)
1
W; (a>0)

_1
t2 +1



TABLE 2.3 Table of Laplace Transforms (continued)

F(s) f(t)
m when 0<t <k [K,(t) is Bessel function of the
218 Ky(ks) 9 oneia . L
t°—k9) when t >k second kind of imaginary argument]
1 0 k20
29 Kolkas) 2P %h
220 1 e“K, (ks) % JH(t+2K)
1 | 1 0O k*0
221 — k\/S —eX R
Js ko) k"PH aH
1 k0l 2 /
222 = g¥sk = — K, (2V2kt
s Ko — (2v2kt)
_4\1-V2
203 Tl (k) t(2k —t)] when 0 <t <2k
when t > 2k
e k-t when 0<t <2k
224 e, (ks) Ok, t(2k—t)
ED when t > 2k

1
22 [ —
° ssinh(as)
1
226 scoshs

fasg
227 7t hDZ 0

1 as
28 gu coth 57
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4
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C

22 (-D*u(t -2k -1
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square wave

f(t)
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g u(t - ak)

stepped function
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TABLE 2.3 Table of Laplace Transforms (continued)

F(s)

(1)

229

230

231

232

233

234

_ 1
s(l+e®)

a0
(s*+ az)(l—e_gs)

sy

O a Doth—
Hsz+a2)Ef: 2al)

—as
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th—maiu(t—ka)

saw - tooth function
Ho SLOPE s m

% a 2a 3a t

o = O
1 +2Z (=1)"(t - ka) @(t —ka)[]
ag £ =i

triangular wave

Z (- u(t -k)

tHt)

> fgnafj-k -«

half —wave rectification of sine wave
[{{3]

TASA B4

o -
0 )

) a t

[sin(at)] cu(t) +2Z %inag _kgﬁma B kg“%

full —wave rectification of sine wave
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B
ol
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TABLE 2.3 Table of Laplace Transforms (continued)

F( f(®)

u(t—a)-u(t-b)
1 e
235 = (e®-e™) 1
s

o a ] t
mi{t -a)(t-a)
K

236 Mg
SLOPE=sm

°O a t

0

mt [U(t-a)
or

[ma+m(t -a)| u(t - a)

Ooma . mQ._
237 +
Hs & % o
€ SLOPE = m
o
(] a t
(t—-a)®> m(t-a)
e
238 2=
s
°
© a t
t?2 [t - a)
e
20 [2,22,280 ¢
% s s o
mt [l(t) —m(t —a) Wt —a)
240 M_M e
¢ ¢
t
mt-2m(t —a) Ut —a) +m(t —2a) W(t —2a)
t(t)
241 M _2M o M o ma
s s? ! SwoPE,
'
) a 2a t
mt ~[ma+m(t -a)| Wt - a)
)
242 T _UMA, Mbge ma SLOPE = m
s Os 20
% e t
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TABLE 2.3 Table of Laplace Transforms (continued)

F(s) f(®)

0.5t% for Ost<1

1-05(t-2)? for 0<t<2

243 (1_e*5)2 1 for 2<t
s Ll
°6 t 2 3 t
0.5t2 for O<t<1
0.75-(t-1.5)? for 1<t <2
05(t-3)? for 2<t<3
244 %(1—7@)5 0 for 3<t
o s [
[m/\
i
% ' 2 3 t
b (€™ -1 m(t) - (e™ -1) m(t —a) +Ke™®™@ mW(t —a)
+ eba -1
s(s-b) ( ) where K = (™ -1)
b w
245 g 0
g1 _S+eba—lD—as - ]
b s(s-b) 5 |
O O o 4
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Appendix 1

Examples

1.1  Laplace Transformations

Example 2.1 (Inversion)

. s+a . . .
The inverse of 27) is found by partial expansion

s°(s+b
s+a _A,B,  c. B_sz+a _a C_s"‘+a\ _b*+a
£ - - - 2 - 2 -
P(s+b) s & s+b s+b|_, b ¢ |_, b
Hence
s“+a _A §i+b2+a 1
S(s+b) s bs® b® s+b

a
Set any value of s, eg., s=1, and solve for A= ot
Hence

LO0s+a D _1% a 4 b2+a L a, b2+a ot
L s+ b2 H - %H % H pz O B> ©

Example 2.2 (Differential equation)

To solve y' + by = et with y(O) =1we take the Laplace transform of both sides. Hence we obtain
sY(s) — y(0) + bY(s) = <1 or Y(s) =<5 m The inverse transform is y(t)=e™ +

-1r 1 1 1 171 — bt 2-b _ —t
LY tssr tidooipt =€ +5e +5e™ =&Pe™ e

1.2  Inversion in the Complex Plane

When the Laplace transform F(s) is known, the function of time can be found by (2.1.2), which is
rewritten

f(t)=L{F(s)} = 2—;. I c’_:J:F(s) etds

This equation applies equally well to both the two-sided and the one-sided transforms.

The path of integration is restricted to values of o for which the direct transform formula converges.
In fact, for the two-sided Laplace transform, the region of convergence must be specified in order to
determine uniquely theinversetransform. That is, for the two-sided transform, the regions of convergence
for functions of time that are zero for t > 0, zero for t < O, or in neither category, must be distinguished.
For the one-sided transform, the region of convergenceis given by o, where o is the abscissa of absolute
convergence.

The path of integration is usually taken as shown in Figure 2.1 and consists of the straight line ABC
displaced to the right of the origin by o and extending in the limit from —jeo to +jeo with connecting
semicircles. The evaluation of the integral usually proceeds by using the Cauchy integral theorem (see
Chapter 20), which specifies that
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€ s plane
n Ty
Ty
I
[
N3
e
A

FIGURE 2.1 The Path of Integraton in the s Plane
T s
f(t)=—lim} F(s)e*ds
211] R-w Jr,

= Y [residues of F(s)e® at the singularities to the left of ABC] for t >0

As we shall find, the contribution to the integral around the circular path with R — oo is zero, leaving
the desired integral aong path ABC, and

f(t):i_lim F(s)e* ds
217 R-oJr,

= - [residues of F(s)e® at the singularities to the right of ABC] for t <0

Example 2.3
Use the inversion integral to find f(t) for the function

1
s+ W

F(s) =

2

Note that the inverse of the above formulais sinwt/c.

Solution
The inversion integral is written in a form that shows the poles of the integrand

st
ft) = i‘f LA
2 J (s+ju(s-jq
The path chosen is ", in Figure 2.1. Evaluate the residues

et O e | e
2 Y : =5
(S tw )@:jw (S+Jw)‘5=ju) 2J0‘)

Resgs— jw)
O

st

. e [l
Res@s+ jw) & +(*)2)E=

e | _e

C(smjw),, —2jw

— joot

-jw
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Therefore,

jot _gmid
f(t):zRes:e _e :smwt.
-2jw w

Example 2.4
Find L‘1{1/\‘§} .
Solution

The function F(s) = 1/ \'s is a double-valued function because of the square root operation. That is, if
s is represented in polar form by rei®, then rei®27 is a second acceptable representation, and

Us=rel®2M = _ rel® thus showi ng two different values for \/s. But a double-valued function is
not analytic and requires a special procedure in its solution.

The procedure is to make the function analytic by restricting the angle of sto therange-t< 0 <1t
and by excluding the point s = 0. Thisis done by constructing a branch cut along the negative real axis,
as shown in Figure 2.2. The end of the branch cut, which is the origin in this casg, is called a branch
point. Since a branch cut can never be crossed, this essentially ensures that F(s) is single-valued. Now,
however, the inversion integral becomes, for t > 0,

g+joo
f(t):nmi,'[ F(s)eﬁds:i,‘[ F(s)e* ds
R-© 2T] JeaB 27} Jo-jw

O
S 11 R A R A Y s

which does not include any singularity.

FIGURE 2.2 The Integration Contour for L™{1/~'s}

First we will show that for t > 0 the integrals over the contours BC and CD vanish as R - o, from
which J'r2 = Jrs = Jgc = Jre =0. Note from Figure 2.2 that 8 = cos*(0/R) so that the integral over the
arc BC is, since ‘eje‘ =1,

ot o ) /2
\I\SJ' %jRe’edeze‘“R”zJ' deze‘“R”Z%[—cos’lgg
BC € B
- e RY2gn 1Y
R
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But for small arguments sin}(o/R) = 0/R, and in the limit asR - o, | — 0. By asimilar approach, we
find that theintegral over CD iszero. Thustheintegralsover the contoursl,and I ;arealso zeroasR — oo,
For evaluating the integral over vy, let s = rg® = r(cosB + jsinB) and

0058+an9) "
J'F(s)e ds= J’ e jrel®de

=0asr -0

The remaining integrals are written

f(t) = _Zinj a:_F(s) e*ds +J:»+F(S) et dSE

Along path |-, let s=—u; /s = ju, andds= —du, whereuand u arereal positive quantities. Then

0 0
F(s)e* ds= - ~—— du
F© LJ@ i)

Along path I+, s= —u; +'s = —jJu (not +jyu), and ds= —du. Then

) o L—Ut
F(s)es‘ds:—J' € u=l €
I+ o —jJu iJojuu
Combine these results to find
f(t) = —i@ uze s g [ ue
21 [|j 0 TJo

which is a standard form integral listed in most handbooks of mathematical tables, with the result

f(t)—% |

Example 2.5
Find the inverse Laplace transform of the given function with an infinite number of poles.

1

"9 s e

Solution
The integrand in the inversion integral e¥/s(1 + %) possesses simple poles at

s=0and s=jnm, n=%,%3,+--- (odd values)
These are illustrated in Figure 2.3. This means that the function e¥/s(1 + ) is analytic in the s plane

except at the simple poles at s = 0 and s = jnTt. Hence, the integral is specified in terms of the residues
in the various poles. We thus have:
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Fors=0

N~

_0 s % _
s(d+e?)g_,

For s=jnm

re=fecimed 0
0s@+e™) oo 0

Jw

s plane

(k + 1)th pole
B
kth pole

A—hh pole
={k + 1)th pole

FIGURE 2.3 lllustrating Example 2.5, the Laplace Inversion for the Case of Infinitely Many Poles

The problem we now face in this evaluation is that

n(s) _0
Res= E(S a)d(s)% =0

where the roots of d(s) are such that s = a cannot be factored. However, we have discussed such a
situation in Chapter 20 for complex variables, and we have the following result

dld(s)]
ds

= lim 3(9) ~d(@) _ = lim
s-a  S—a s

sinced(a) =0

d(s)
-a

s=a

Combine this expression with the above equation to obtain

ResE(s a) n(s)% = n(s)
0O L)

S=a
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Therefore, we proceed as follows:

O
0 st jnmt
Res=g_° =£ — (n=odd)
a -s
s—(1+e®)
O ds =i
We obtain, by adding all of the residues,
o jnrt
t=2+S5 € (n=odd)
2 & jnm
This can be rewritten as follows
1 0 e—j3r[t e jrt ejm e]3t[ 0
f)==+p@p-+——+——+-——+ +-0
2 g -j3m -jm jm j3m

which we write, finally

£(t) = 1 2 sin(2k -t
2 m 2k-1

As a second approach to a solution to this problem, we will show the details in carrying out the
contour integration for this problem. We choose the path shown in Figure 2.3 that includes semicircular

hooks around each pole, the vertical connecting line from hook to hook, and the semicircular path as R
— oo, Thus we have

se¥ds
= me s(1+e®)

0 0

1 04 a
=— + +3[ -3Resn
2Tq BCA Vertical connecting lines Hooks |:|
gh I I3 g

We consider the severa integrals:

Integral |,. By setting s = rei® and taking into consideration that cos = —cos for 8 > 172, the integral
Il - 0asr - oo,

Integral I,. Along the Y-axis, s = jy and

@ it

=) o yare) Y

Note that the integrated is an odd function, whence I, = 0.
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Integral I;. Consider atypical hook at s = jnrt. Since

lim Qs- jnme* O_ 9
o Hs+e®) § 0

this expression is evaluated and yields e™/jntt Thus, for al poles,

eS

|, =— —— ds
o sare
s- jnm
O O

O
é gt 1% gml 2 smm'[tg
., T 2D % Z 0

[ odd

Finally, the residues enclosed within the contour are

em sinnrt
s(1+es) 2 Z jnTt 2 T[ n

n odd n odd

which is seen to be twice the value around the hooks. Then when all terms are included

f(t)—£+2 sinnrt =1+g sm(2k—1)nt.
L n 2 ML 2k-1
n odd -

1.3  Complex Integration and the Bilateral Laplace Transform

We have discussed the fact that the region of absolute convergence of the unilateral Laplace transform
istheregion to the left of the abscissa of convergence. Thisis not true for the bilateral Laplace transform:
the region of convergence must be specified to invert afunction F(s) obtained using the bilateral Laplace
transform. This requirement is necessary because different time signals might have the same Laplace
transform but different regions of absolute convergence.

To establish the region of convergence, we write the bilateral transform in the form

F(9) = J’ “os f(t)dt + J’ me‘st f(t)dt

If the function f(t) is of exponential order (e°*), the region of convergence for t > 0 is Re{s} > o, If
the function f(t) for t < 0 is of exponential order exp(a,t), then the region of convergence is Re{s} <
0,. Hence, the function F,(s) exists and is analytic in the vertical strip defined by

0, < Re{s} <o,

Provided, of course, that 0, < 0,. If 0, > 0,, no region of convergence would exist and the inversion
process could not be performed. This region of convergence is shown in Figure 2.4.
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FIGURE 2.4 Region of Convergence for the Bilateral Laplace Transform

Example 2.6

Find the bilateral Laplace transform of the signals f(t) = e®u(t) and f(t) = —e®u(—t) and specify their
regions of convergence.

Solution

Using the basic definition of the transform, we obtain

and its region of convergenceis
Re{s} > —a
For the second signal
R st $ (s 1
b. RO = -etu(e = e
and its region of convergenceis
Re{s} < -a

Clearly, the knowledge of the region of convergence is necessary to find the time function unambig-
uously.
Example 2.7
Find the function, if its Laplace transform is given by
1

R = s+ +2) T2<Relg <

Solution
The region of convergence and the paths of integration are shown in Figure 2.5.
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FIGURE 2.5 lllustrating Example 2.7

For t > 0, we close the contour to the left, we obtain

st
f(t):L :Ee_z'( t>0
(s=4)(s+)|_, 2

For t < 0, the contour closes to the right, and now

¥ |, 3|
(s=4)(s+2) (s+D(s+2)

At
=3+ & t <0
5 10

‘s=4

f(t) =

s=-1

These examples confirm that we must know the region of convergence to find the inverse transform.
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Fourier Transform

3.1 OneDimensiona Fourier Transform
Definitions ¢ Properties « Tables

3.2 Two-Dimensiona Continuous Fourier Transform
Definitions

References

Appendix 1
Examples

3.1 One-Dimensional Fourier Transform

3.1.1 Definitions

3.1.1.1 Fourier Transform
F(f) :J’ f(t)e /2" dt =|F(f)e™®
f(t):J’ F(f)e?™" df
or
F(w) =I f(tye " dt =|F(w) ™ =R(c) +iX( )

f)=1 I F(0)e™ dw
2|

If f(t) is piecewise continuous and absolutely integrable, then its Fourier transform is a bounded

continuous function, bounded by J' IF(w)|dw. If F(w) is absolutely integrable |F(w)| then its inverse

isf(0).
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3.1.1.2
f(t) = f.(t) +] fi(t) iscomplex, f.(t) and f,(t) are rea functions

0 o

F(w):J'[f,(t)coswt+fi(t)sin ux]dt—jJ’[f,(t)sin o - f.(t)cos ]t

R(w) = J’ [f (t)coswt + f (t)sin wt]dt

0

X(w) = —I [f (t)sinwt - f(t)cos at] dt

() :%J [R(c)coset — X(@ysin oi]d

—o0

ft)= 2—1HJ’ [R(w)sin et + X(6)cos od]d

f(ty=rea (f.(t) = (. fi(t) = 0)

R(w):J’ f(t) coswt dt X( @) :—I f(t)sin aidt

R(w) = R(-w) X(-@) = X(a) F(-9 =F( ¢

£1) :% ReJ' F(w)e™ dw

f(t) = j f,(t) ispurely imaginary  (f.(t) = 0)

=

R(w):J’fi(t)sinwtdt X( @) :J’ f (t)cos uidt

R(w) = -R(-w) X(w) =X(-9) F(-9=F1(9
f(t) iseven [f(t) = f(-1)]

R(w) = zf f (t) coswt dt X(0) =0

f(t) = EJ' R(w) coswt d
M

f(t) isodd [ (t) = —f (~0)]

0

Rw)=0 X(w) = —ZI f(t)sin atdt

f(t):—%J' X(w)sinwtd
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3.1.2 Properties

3.1.2.1 Properties of Fourier Transform

TABLE 3.1 Properties of Fourier Transform

Operation f(t) F(w)
1. Transform-direct f(t) I f(t)e i dt
2. Inverse transform 271TTJ- F(w)e™ dw F(w)
3. Linearity afy(t) + biyt) aF, (o) + bF,(©)
4. Symmetry F(t) 2nf(—w)
5. Time shifting f(t£t,) et lob F ()
. 1 O
6. Scding f(at) H Oa 0
7. Frequency shifting etlod £(t) F(wF w,)
1 -
8 Modulation Ef (t)c.oswot FF(w+w,) +F(w- @)]
of () sinw,t 2 [F(w-w,) -F(w+ @)]
9. Time differentiation :7 f(t) (j0)" F()
t
10.  Time convolution f(t) Oh(t)= J' f(O)h(t- 1) dr F(w)H(w)
. 1 1
11. F lut - F(w)OH(6)= —— [ F(t)H(w~ 1)d
reguency convolution f(t)h(t) P (w) OH(w) ZHI (M H(- 1)dt
12.  Autocorrelation f(t) % (1) :If(t) f*(t-t)dr F(w)F* (@) =|F(w)
p 1 P 2
13.  Parseval's formula E=[|f@)d E=—|F d
[l g IFC@ do
® (n) n
14.  Moments formula m, =J’ t"f(t)dt = F _(9) F™(0) = d F(:o) , nNn=012---
Teo (_J) dw w=0
dF(w)
_ - o(=it) f() dw
15.  Frequency differentiation
e H-10" 1) d"F(w)
dw"
16. Time reversal f(-t) F(-w)
17.  Conjugate function f*(t) F*(-w)
18 Integral (F(0)=0 [ foa L @)
. Integral (F(0)=0) L o
t
19. Integra (F(0) #0)

J‘ f(t)dt

oo

L e+ mF § 9
jo
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3.1.3 Tables

3.1.3.1 Graphical Representations of Some Fourier Transforms

TABLE 3.2 Table of Fourier Transforms (x =t; y = w)

J(x)

[760 = azn) [~ Fiyerray |

Ky)

[Fo) = [ remmax]

Va 14 % AJr
a
A exp(—a*x?) A—;/-’! exp( - y*/4a®)
[Gaussian) [Gaussian} @3.1)
a 24
, a a® ¥ y? ,
A exp(—alx}) {Lorentzian] 3.2)
l/a a .ﬂ.i
i
[}
]
Aexp(-ax) [x > 0] a—iy
0 x < 0] g 7 3.3)
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F)

Aexp(—ax) [x > 0]

3‘
fetramenane
3

A cos yoxexp(—alx])

=7 (@ + yo* — ¥)) + 4a’y?|

. Y
—Aexp(—alxl) [x <0 -2 F‘T?' G4
1
a /)
- 24/a
1
-—-—;
Yo
24 a?
@ @+ (y - o) (3:5)
: 4 ~Ala
' '
t ]
1 1
: )
Yo
A { a® . a? \
ala+(y—y) o +(y+ )
24 .2 2 2
A 2@ + yo* +yY) ) (3.6)
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

Mx) )
H )
AN
H ‘a
i { a’ _ a } :
Al +(+y)l A+ (=) '

A sin yox exp{ —alx|)

- 'ﬁ { —~4a’yyo 1
a (al + ).oz _yi)l + 4a2y3‘

3.7

/A expliyex — ax) [x > 0}
f 0 [x < 0]

[2+ie =N\ _ !
ta? + (yo — »)l A{a+i(y—yo)}

A cos y,x exp( ~ax) [x > 0}
0 fx<0)

l a a
Apa /\]ma N

<"-

A a a lod_ Yo=Y — yoty
—2'[{0‘ P TR U ey TNT Oe =P A y)’}]

A{a(a’ + yo? + p7) - iy(a® + y* - yo’)}

(az + ),01 - y:)z + 4a2y2 (3'9)
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Sx)

()

o 2% 7 :
’ /\ A[/ \" Ata f\ /\\ e E -
\/ LYo —a\{/ : a
V v,,\[ —a ;
Rl A[{__ Yo~y Yo+ . a _ a v
r 2[(::’ Y T A S +.v)’} “‘a‘ +0o +) @ +(ye -.v)’}]
Asin yoxexp{—ax) [x > 0] 1
[X < 0] = Ay‘" (al + y°2 - yZ) + izﬂy} (3.10)
t A / \ 24L
- PanN LN
] A4 \
y ["—x ' L 4 2L 2n/L
< sin Ly
0 {Ixl>L] 24 > (3.11)
— ; N -
~ o I
|
RS
| Lie|
_—y S L ‘
' 24N LY exn(_isy) = A[(sin by - sinay) ~ i(cos ap — cos by)]
y y
4 la<x<y) (sin Ly cos Sp) — i(sin Ly sin Sy)] iA y i (3.12)
0 [x<a; x> '2"[ ]-—;(xp(—tby)-exp(—my)l -

y
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

Ax) Fy)
} S o 2] >4
1 1
| | tA
1 ] Y
l 2L l 2L I
A US~L)<ix] <(S+L)
0 [otherwise] 3.13)
dexpliyen) [l < L] 2n/L 2r/L
4 exp(iyox x| < sin{L(yo - )
b —re 27
2n/yo 0 lIxl > L) 24— e =) (3.14)
2rly,
Yo | Jo
i (]
' [}
1 ' AL
: :
AN AT W . N S WA
n—and
P [ 4 2n/L
cosyov vl < sin L(y — ¥o) . sin L(y + yo)
: 3.15
0 {Ix| > L) [ =) (y + 3o) ] (3.15)
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Fi63) Fy)
Yo ‘
] (3.16)
fixl < L] (S L+ ¥o) _sin Ly - 3o
L e T T =
S (ixi > L} m O+ 5 (> = )
A (3.17)
1" / \ 24/y,
R g
Yo 6 4 Yo
Acosyex  [Ix] < (n/2p0)) Yo B 24 {ysz‘_“yT} cos (z’;_:)
0 {ixt > (n/2y0)] [See (2.52) with L = n/2y,).
(3.18)
/\ IA AL
- g ' |
1x1 et——-
Al - = lixl < L]
( A ) 4n/L 2r/L 4l sin (Ly/2)?
0 (x> L) | (Ly2) )
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

Ax)

Ax
- <l
0

(3.19)
fix} > L}
p ' AL
N t
TR f— :
'ﬂz—! {ixt < L] sin Ly 2::11‘(Ly/2) 2
2AL{ o - 2( T ) , (3.20)
0 {ix} > L} Y )
Y 2nA
\ ‘ Yo
A expliyox) ANy ~ ¥o). (3.21)
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)

J tm‘ L
| % v |

xA{KY ~ yo) + &y + yo)} (3.22)
»
nA I a -
nA - SN
Yo B
RiA{My + yo) — &y — yo)} (3.23)
2r/y,
nA
: .- A g
' I ! 2)’0 ote 2}'0 !
|
A cos? yox TA{(y + 2p0) + 8(y) + 18y — 250} (3.24)
2nly, ‘
nA
! ﬁ, An
—I 2y0 250
A sin? yox RA{=3y + 2y0) + () - 36(y = 2y0)} (3.25)
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

Jx) F(y)
‘\‘ :r\‘ I'p\ ’I' y / \
! 1 1 '{&-‘
2x/y, 2y,
'"'4,4{ Yo' }cos(l'-’)a( —2y) [=0, 1, £2,...] (3.26)
Afcos yoxi M5 cos (50 ) 60— 2 £l £2, ... 2
v A o Al
LA AYRY A
I" ‘I ! I,’ w l',’ .\ 2
% Iy '
W4
23/}'0 zyo
"'"'(—l)m{ Yo' }cos(l’-')a(y-zn ) =0, 1, +2,...] 3.27)
Alsin yox| __};- Jol - 2 TS Yo, , +1, £2, ...} (3.2

ol
2x/ys

cos yox{A4 + acosy,x} ... (1)
cos yox{A + asiny,x} ...(2)
sin yox{4 + acosy,x} ...(3)
sin yox{4 + asiny,x} ...(4)

]y

i o

a2 | B

i (3]

F(y) consists of
l &) delta functions as
i E shown
i L @
| |
5T
oo N (3.28)
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S

F(y)

exp(iyoN) (4 + acos y,x)

I EZrul
na
ZR{AJ(;' - yo) + —‘ziﬁ(y -y +ty) —

' I (3.29)
a | -‘V
+ 'i‘s(.‘ = Yo = J"|)’ »
Yo
o}
2rnA
expliyoxXA + asin yx) ﬁ E,
- Yo . ra
ia ia |'§
ANy =yo) + 50y = Yo + 1) =5 8y —yo =)} (3.30)
A A
A¥(x) A (3.31)
- Xo !
ASX — xp) Aexp(~ixoy) (3.32)
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

§.65) ()
24
A ' ]
) {
| ' Xo Xo | L—J
d o ! 2”/4\'0
A{H(x = xo) + &x + %)} 24 cos x,y 3.33)
zﬂ/XQ
[
N-2)
n=012 (N-3) (N-1) [V odd]
1.
ool | 4n/Nx,
Xo 1
S ! [N even]
N- -
T 48(x - nx, -s+(-'lT')ﬁ} (3.34)
asl
. . . sin (Nyxo/2) .
Set of N delta functions symmetrically placed about x = S. mexp(_ iSy) (Drawnfor S = 0; N = 7and N = 8]
Xo 2x/xo
1 i
nAlxo
etc etc
o ‘o 274 2n
._Z_u Ad(x -~ nx,) .’Zm -;;-J(y -n —‘—{)) (3.35)
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Jix) v Ay)
I | 2‘4/.‘.
A
ha +® | —
5 asx - % - i) Ry PRE- I (3.36)
2n/x,
I LZRA/\'.,
ﬂn 1 O OO
A ‘)_'o
l}'o
i | M
E: 5,: §= E:(z)
2;! 2n a . . 2z .
_XO‘AJ(;—nr)+—2—6(;—n +yo)+76(y-;°—yo)} n
b3 Mx — nxg){4 + acosyox} (1)
2x 2n
T 5x - ne)(A + asingox} () 35w -n3) 34 .t ’°) - ““’(’ —nnon) @
fn=0 %I, +2,...1 [n—o +1, +2,. (3.37)
A 2nANy) (3.38)
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

x) Hy)
a Jl
A F'
+4 (x>0
-4 {x <0 x) = 4 sgal)l ~2iA )l (3.39)
- - nA
A I
A (x>0 AU | i\ Ir’
0 [x<0 Ulx) = AU Alné(y) 5 (3.40)

A{1 —exp( —ax)} [x > 0}
0 [x <0)

nA |
y

' l
T

a4l 4 \ a? ,
nAXy) Al e + ')(ul 5

(3.41)
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Jx) F(y)
L fond
4 i//\I |~
||| Yy 24L
L'L
4 [1xl > L) sin Ly
0 (Il <L) 2nAN(y) - 24 5 (3.42)
Yot r—
A exp{i(a cos yox + bx)} : I l i
b
ZM“:ZZ @y @)Xy — b — ny,) (3.43)
b
A expli(a sin yox + bx)} i T U f[
Yo
‘e (3.44)
WA Y J(a)(y - b ~ ny,)}

Note: J(~a) = J_,(a) = (—-1)J(a). See Appendix H for some propertics of Bessel functions.
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

Ax) Fy)

f
:2x/b

i i
. ‘l | 1=

A cos{a sin yox + bx)

243 (M0 = b = nyo) + J(aW0 + b+ my) (3,45,

A €os (a €Os yox + bx)

A sin (@ sin yox + bx)

sesoner

inA :}i{ =J@)d(y = b = nyq) + J(A)Ky + b + nyo)) 347
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)

Fy)

A sin (a cos yex + bx)

r : : :

Tl T 1 T
: b

inA g { = Y@Ky — b — nye) + (—iyJ(@)(y + b + ny,)} (3.48)

2n
\ /Yo ; vo
1 ' ]
\ '
) ! lde*
\
\
1
A exp(~a cos yox) 24 ¥ (= 1VLad - nyo) (3.49)
| 2n/yo
1 '
\ l' Yo
\
' ! Ae* —
\ '
\ 'f
(3.50)

A exp(—asin yox)

24 3 (FL@S0 — nyo)
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

fx)

F(y)

A i) iv3/dat
Aexp(tia'x?) ( 2) - exp(F iy*[4a?) (3.51)
m = ms= -2

AL LML L

2r/yo
Jx) = AY Xx — nxo + asin pox)

5 5 ' 2n/x°'
2nA na n
FO) = B4 50 (n 22) oy = n Z - o)
(m=0, £1, +2, £3,...)
(n=0, +1, £2, £3,...) (3.52)
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f(3) F(y)
a(j) - W)
1 I
. A
l Xo 5;7;1
‘o | [ ~[n2n nn
So) =) 3 ox = e )= E o5 )H(r-5)) 1o
‘o | ‘o 21!
fix) = Y Mnxodg(x = nxo) F(y) = o Gy) Y H (}' - %—)
e ) o ° 354
1. 2
I i
1r /‘ / \
05 / \ / )‘
of- 0& /\/ \ ! \ j
Bl 1 \ / \/
R \/
15 5 5 5 . 2% 0 5
X y
A a<X<s+ . g .
A saxcsra A sr;/ay Snys 355
15 ——v3—~ z’—//\\,i S
/
| 1 /o
| VAR
! di \
a- \\ //\“
1 \ /
15 : a3l \/
-1.5 1 0.5 2 0.5 1 15 5 y 5
A O<x<2a S ]
A -2a<x<0 AAsny Sr;/ay 3.56
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

f(X) F(y)
1 7
,A T
A \
05 I1 ', 5 ‘\
N
s AN .| |
5 0 0 10 20 4 o5 o os 1
X y
° Vi1y? 357
03 1
B ] |
0.2 ’J/\ i 04
0.15 / \
01 Fo { 04
0.5/ / \ | \
oi \/\/ M/ l 02| |
005, 10 0 10 20 % 05 ;/) 05 1
J,(9 N
Z Ly 358
15
1 o
05 [
0 |
05 1
P p— J !
15 2 1 1 2
X y
_ 1 y0
J sqny = { 0 y=0
™ Yo 359
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f(x) F(y)
03 0.2
0.2
0.1 0.1
ol .
0'
-0.1
02 04
03
04 5 ; 2 02 : .
2 2
e e am
i 360
15 2
1
0
5 0 1 2 Zo 5 0 5 10
X y
8(x+a) - 8(x-a) 2sn ¥
3.61
10
.
05 5 j
0 0
05! 5 K
[ |
1= - o /
2 0 1 2 2 1 0 1 2
X y
tanhmx -j cosech %
3.62
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

f(x) F(Y)
12— 2 .
1
08 15 \ 4
06
04 ! ‘
02 oAs%r »‘
o |
02 0 L= 0= |
4 2 0 2 4 10 5 0 5 10
x y
x| SIinX
M = tanl —2-
y 3.63
1 e —

&o 20 0 20 40 '0'2.5 0 5
) y
p(x) * p(x) = p(xX) ( sin y)3
y 364
1 15
08
06 1l _
04
02 S TN e
0
Or----bt--ol R T |
02 | |
o 5 055 4 s F 05 1 15
y
P4 (x)
3.65
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f(x) F(y)
04 1 I
03 ,‘/ 0.5 r/
02 ’ V) - / R
0.1 f‘ 05 N
| ~
0 -1
0 1 2 3 4 's 0 5
X & -y? / 2
X g a>0 x=0 -y LY
@+y9? | (@+y?? 366
1 3.5‘ —
3t A
08 / el /\
06 / 2 A
0.4 / 1.5 \
J 1 N
0.2
- ] 05 -
9577 [) 0= o —
1" Y
T eralyl
@ +x © 3.67
1 _ 2 ]
| |
05 /,\ 15 /0
| | i
o \/& ‘o‘ M o~ 1 / \ ’J
\ AU
05+ 05
| / \J \
g 0 % T o
L y
cos bx T e y
&2+ X2 Za[ el + e aly+b|] 368
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TABLE 3.2 Table of Fourier Transforms (x = t; y = w) (continued)

f(x) F(y)
1 2 S B
) " ‘
05} /\\ ‘ A /\\
| [
\ |
0 \/ \ \ v/\ /’w of - |
05 \ ‘ | Al \\ |
- \ | [ \ |
v | |
4 B _ ]
5 0 5 0 5 0 5 10
x y
sin bx i
> | edy-bl - graly+hl
2 2q) | € € ]
&+ x A 3.69
4 4
2 2
0 J[ 0
2 -2
4 2 [) 2 4 4 2 0 2 4
* y
d5(x) .
dx Iy 3.70
4 4
2 2
0 0 J[
2 2
4, P ‘2 > 2 “ 2 )6/ 2 4
x 2r 9500
Y 3.71
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f(x) F(Y)
’ 1] |
2
IR
0 Op l ]
|
2
) L 1
0 2 ; 4 5 4 2 )t} 2 4 6
snwgx  x20 Wo T ratvaws) - Svw
0 x<0 wZ-y 12 (80 wo) - Ayl 372
1 3
S |
]
o =4I
R
05 2 / /
| W |
0 2 4 -6 4 2 0 2 4 6
X . y
coswx  x20 Y T rsyw) - S(y+w
0 x<0 w2y 2 [3(y-wg) - 3(y+wp)] 173
35 5
3
25
: r
1-:’ I
05
0
R 1 2 S5 2 4 f/ 1 2 3
X x=0 T[dé(y) 1
0 x<0 &y 374
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3.2 Two-Dimensional Continuous Fourier Transform

3.2.1 Definitions

3.2.1.1 Two-Dimensional Fourier Transform

HE(xY)} = F(w,w,) = J’ I f(x,y)e ) gy dy

o 1 o —
F {F(wlrwz)} :WJ':[; F(wl,wz)el(uh wzy)d(‘qd(,\%

3.2.1.2 Properties of Two-Dimensional Fourier Transform

TABLE 3.3 Properties of Two-Dimensional Fourier Transform

Rotation f(£x,£y) F(tw,, tw,)
Linearity alfl(x,y)+a2f2(x,y) alFl(wlrwz)"'aze(('q' (*})
Conjugation f*(x,y) F* (-0, ~w,)
Separability £, f,(y) F(0,) R (w,)

. 1 0w, w,
Scal — L, 2

ing f (ax, by) ab) 2’ b
Shifting f(x£x,,yty,) gt roreane) F(gy | (0,)
Modulation etl @axted) £y ) Flo, F 0y, @, F @)
Convolution g(x,y) = h(x,y) f(x,y) G(w,, ,) = H(w, ®)F(®, v)

T 1
Multiplication g(x,y) = h(x,y) f(x,y) G(w,, w,) = (Z?H(wp w,) MF(w, w)
Correlation c(x,y) =h(x,y)un  f(x,y) Glw, w,) =H(-w,-w)F(® v)

p— p * —_— 1 K *
Inner Product I —J'J' f(x,y)h* (x,y)dxdy | _7(211)2_[-__]’ F(w, w,)H* (0, 13)d ®d @
_ p 2 1 p 2
Parseval Formula | _IJ' [f(x,y)" dxdy I '7(211)2”' F0,, w,) doydw
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Appendix 1

Examples

1.1 Gibbs Phenomenon

Example 3.1

Let U(w) be the spectrum of unit step function, and let the truncated spectrum U (u)) = U(w) for
< w, and zero otherwise. We can also write the truncated spectrum asfollows: U (u)) =U(w) Py, (),
where Py, (w) isaunit pulse of 2w, duration and centered at the origin. The approxmate step function

1smwt J.smwr

Uy (1) = F H{U(@) p, (@)} = F HU(} TF {p,,, (@}= ut)D

and is shown in Figure 3.1.

1.094 1.033 | 1.020

0.5
0.951 .975
0.025 0.049 / Ls . T
m‘3"[l\ Ml Y » wol
—4xr \/-2x * 2% 3x 4x S5«
-0.033 —0.089

FIGURE 3.1

1.2 Special Functions

Example 3.2

F{sgn(t)} = F{Li{ge'i\t\ sgn(t)} = IEIEEI e—em Sgn(t)e‘j‘*" dt

o

e
= limtf e® " dt +J' g (e dtD—Ilm 1 -2
-0 E Hs—jm 8+]Q)E jw

[o]

Example 3.3
FQut)} =F{z +3sgn(t)} =32n&( o) +35 = M& P+
Example 3.4

F ié (t-nT)} A F{comb, (t) = J’ § 3(t - nT);li‘_jm dt

n=-o
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But comby(t) is periodic with the period , = 2r/T, and can be expanded in the complex form of Fourier

series comb(t) = comb, (t) = % Z e Hence

n=-oo

le 7 o 2T «
COMB_ (w) == g @M@t g = £
L@=15 | g

n=-o

d(w-nw,)

n=-o
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Discrete-Time Fourier
Transform, One- and
Two-Dimensional

4.1 One-Dimensional Discrete-Time Fourier Transform
4.2 Two- Dimensional Discrete-Time Fourier Transform
References

Appendix 1
Examples

4.1 Omne-Dimensional Discrete-Time Fourier Transform

4.1.1 Definitions

X(w) = periodic with period 2r

x(n) = 7 { X(w} = %T [X@e do

The Fourier transform function appears as a function of ¢ and, hence, in sequences we will use both
representations for convenience.

4.1.2 Properties

TABLE 4.1 Properties of One-Dimensiona Discrete-Time Fourier Transform

Properties Sequence Transform [X(w) = X(el*)]
Discrete-time Fourier transform x(n) X(w)

Linearity ax(n) + by(n) aX(w) +bY(w)
Time reversal x(—n) X(—w)

Complex conjugation X" (n) X' (~w)

Reversal and complex conjugate X (-n) X (w)
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TABLE 4.1 Properties of One-Dimensional Discrete-Time Fourier Transform (continued)

Properties Sequence Transform [X(w) = X(el*)]
Time shifting x(n+ m) SR (D)
Frequency shift e*1%"x(n) X(wm w,)
cosw,n x(n) X+ w,) + X(w- w)]
Modulation
sinw,n x(n) 2 [ X(w+w,) - X(w- )]
Convolution x(n) Oh(n) X(w) Y(w)
Multiplication x(n) h(n) 2 X(w) OY(w)
Delta function d(n-n,) = n=" g e
%) otherwise
Frequency domain delta function gl®on (W= w,)
Cosine function cosw,n Y w+ @)+ 1m0 w ¢
Sine function sinw,n TRw+w) -3 Fw @)
n=012L _io(N_1)/2 SIN(WN/2)
N sample st uence = g leND/2 22T
pie Siep 54 Uy (1) B) otherwise sn(w/2)
. 0, <N sinfw(N +1/2)]
et I AN T A
Symmetric pulse py(n) = %) =N $n(w/2)
) <N sin?(wN/ 2)
Triangle sequence D = ON—fnl, |/ < =0\ e
gie s v = 0, In >N sin®(w/2)
Real sequence x(n) X(w) = X" (-w)
EX(N) = X, () +x,(n) X(0)
Decomposition of real x(n) in even x(n) and
(1) parts. = 30 () Re{X(w)}
Bk, = 3[x(n) - x(-n)] JIm{X(c0)}
X(n) = x,(n) +x,(n
Decomposition of acomplex sequence x(n) into O () = x,(n) + %, () X(®)
aconjugate symmetric part x,(n) and conjugate %(e =1[x(n) +x"(—n)] Re{ X(w)}
antisymmetric part x,(n) ad .
Fk, = 3[x(n) =x"(-n)] Jim{X(w)}

Decomposition of a complex transform X(w)

Increasing sampling frequency by m; i.e.,
transforming a data sequence x,(n) padded
with zeros x,(n) by a factor of M

Reducing sampling frequency by M; i.e.,
decimating a sequence x,(n) by a factor of M

Parseval’s theorem

Correlation

x(n)
%?e{x(n)}
O

B Im{x(n)}

D<1(n) ifn/M=m

X(n) =
(= DO, otherwise

BX() = X, (Mn)
En =0,4L2, L

O
Dz x(n) h7(n)

=—c0

o
0y Xof

x(n) * h(n)

X(0) = X (@) + X, ()
Xe(e) = 3[X() + X" (- 0]

X () = 3[X(0) - X*(- ]

X, (Mw)

72 %0 2r[ID

O
_EIH X(w)HY () dw

1
1 2
=— 1 X d
ZHI IX(w)|* dw

X(00) H(w)
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4.1.3 Finite Sequence

. N

N-1 _ _ sin—

FN (W) = Z f(n)e-an :e-Jw(N—l)lzi(i
n=i 91125

4.1.4 Approximation to Continuous-Time Fourier Transform
F(w,) :J' f(t)e ! dt o, = frequency for continuous Fourier transform

F(w,) O) Tf(nt)e?™™ T =sampling time such that F (o,) = 0 for all |w|>wT

n=-o

4.2 Two-Dimensional Discrete-Time Fourier Transform

4.2.1 Definition

0

X(wy, w,) = 2 z x(m,n)e” ) (meurnes) -MS @, WS T

m,N=—o

x(m,n) = (21]:[)2-]]’ X(ml,wz)e“”“l*”“’z)

4.2.2 Properties of Two-Dimensional Discrete-Time Fourier Transform

TABLE 4.2 Properties of Two-Dimensional Discrete-Time Fourier Transform

Properties Sequence Transform
x(m,n),y(m,n),h(m,n),... X(01,0,), Y(01,02),H(001,05),...
Linearity ax,(mn) + ayx,(mn) X (01,0,) + aXy(w1,0,)
Conjugation X'(m,n) X' (—0y,—0,)
Separability X (M)%x(mM) Xy (o) X(0)
Shifting X(M#£ my, N % ny) expl j(My; + Nyw,)] X(®4,m,)
Modulation expl j(®gm + men)]x(m,n) X(®; M @gp,0, M ©gy)
Convolution y(m,n) = h(m,n) ** x(m,n) Y(®,,0,) = H(oy,0,)X(0,,0,)
Multiplication h(mn)x(m,n) 54—:[254(% ,) MX(w, w)
Spatial correlation c(m,n) = h(m,n) % x(m,n) C(w1,0,) = H(—m1,—0,)X(0,,0,)
Inner product I = z z x(m, n) y“(m, n) | :T:[ZJ’_"J’_HX(Q)P%)YL(% w)d wd @
. °° 1 L s
Energy conservation E:ZZ Ix(m,n)* Ezrnz‘[n‘[rjx(wl,wz)‘qud@
z explj(Mmwgy, +Nwy,)] 423(; — Wgy,™; — ©Ogy)
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TABLE 4.2 Properties of Two-Dimensional Discrete-Time Fourier Transform (continued)

Properties Sequence Transform
1 7" .
3(mn) FI—J’— exp[-j(wm+w,ndwdw
Differentiation —jmx(myn) (@, @)
0w,
—jnx(m,n) OX(wy, @)
0w,
2
mnx(m,n) M
0w, 0w,
Transportation x(m,n) X(w,,0,)
Reflection X(=m,n) X(~w1,0,)
x(m,—n) X(®1,—0,)
X(-m-n) X(—w1,~07)
Real and Imaginary Re[x(m,n)] 3 X(w,, w,) + X(~w, - @)]
Parts jimx(mn)] FIX(w,, @) - X Y-, —w)]
FIx(m,n) + x“(=m, -n)] Re[X(00,0,)]

JIM[X(024,00,)]

X(01,05) = X' (~01,-®,)
Re[X(01,0,)] = Re[X(~0,,~,)]
Im[X(ey,0,)] = —M[X(—w;,—0,)]
Re[X(w,, 0,)], [X(w, 3)|: even

(symmetric with respect to the origin)

3Ix(m;n) = x"(-m, -n)]

Real-valued sequence

Im[X(w,, w,)] ;tan‘lw:odd

Re[ X(0,, 03,)]
(antisymmetric with respect to the origin)
x(m,n) : real and even X(w,,m,) : rea and even
x(m,n) : real and odd X(w,,m,) : pure imaginary and odd
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Appendix 1

1.1

Example

The transform of x(mn) = 1d(m-)&n) + 1d(mM+Jn) + 1d(M)n-1) +

2 §(m)d(n) which is shown in Figure 4.1 is X(w,,0,) =

1 A"iw 1 A0 1 =
+ le + tef2 + 1 =

FIGURE 4.1

07
0.65
0.6
0.55
05
045
04

0.35

03] -
80

60

FIGURE 4.2

1.2

Example

2 2 2
Zcosw, + 2cosw, +

Two-Dimensional Discrete-Time Fourier Transform

0

m,n==-c

Z and is shown in Figure 4.2.

x(m, n)

Ul =

GIIN)
®
gl
=)

1
5

2SR

SN
SN
F e
AN

AT
AN
W Y
Wi SN
Nl AN TN )
NSl R o
! “\\\n'y’lll LA NN T A
NN N\ s i
Nt NS
TR atsi
RN e
R |\
/ \
NS \‘}:‘\‘;\;\\‘:‘:{‘Of};f,’,’/”'

80

Two-Dimensional Discrete-Time Fourier Transform

x(m,n) e mrine: =

$(Myn+1) +

1a7ioy 1 a0
1e7™ + le

(Ideal Lowpass Filter). To find the inverse of H(w,,®,) shown in Figure 4.3 we observe that it is equal
to the multiplication of two pulse filters whose one direction extends from minus infinity to infinity.

Hence (a and b are less than =)
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-

FIGURE 4.3

0.2

0.15

01

0.05

-0.05 .
140

FIGURE 4.4

1 et joym _juyn 1 joym 1 jo,n
h(m,n) = (Zn)z_[—rJ:nH(w ,,) e " dyd oy :E'['_npa(wl)e“"1 dwlﬁj'_npb(wz)eJ " da,

a b H :
:%J’ ejwlmdwlijv e,wzndmzzsnam sinbn
_a -b m m

which is plotted in Figure 4.4.

Example

Let the ideal filter be of the form H(w,;,w,) = 1 for w? + «? < «f and zero otherwise (see Figure 4.5).
Hence

1 . .
h(mn) = —= 1e/Me!“?" dw, dw,
(ZT[) (‘*’1’.(*[2 0
[wi+w<cf]

, a+21m

:%I rar J elf(meesdmnsn® g a = redl constant
en~) )

where we set rcosb = oy, rsind = m,. Next change to: m = gqcosp and n = gsing. Hence
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FIGURE 4.5

We  a+2m W
1 i - 1 W
h(m,n):ij' r [ emese-9dg = J' romd (r/m? +n?)dr = %3 (e m? +n?)
(ZT[)Z 720 O%a (ZT[)Z 2o ’ 2mym* +n* o
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Distributions, Delta
Function

5.1 Test Function

5.2 Distributions

5.3 One-Dimensiona Delta Function
54 Examples

5.5 Two-Dimensiona Delta Function
References

5.1 Test Function

5.1.1 A Test Function

o(t) is a real-valued function of the real independent variable that can be differentiated an arbitrary
number of times, and which is identical to zero outside a finite interval.

Example 5.1

d(t,a) = test function = @xp[—az (C _tz)] t<a
H o tI>a

5.1.2 Properties of Test Functions
1. If f(t) can be differentiated arbitrarily often, y(t) = f(t)e(t) = test function.

o

2. If f(t) is zero outside a finite interval, y(t) = J' f(O(t-T1)dr, -0 <t < oo, isatest function.

3. A sequence of test functions, {¢,(t)} 1 < n < oo, converges to zero if al o, are identically zero
outside someinterval independent of n and each o,,, aswell asall of its derivatives, tend uniformly
to zero.

Example 5.2

2,=04+ o).

n

4. Test functions belong to a set D, where D is a linear vector space such that if ¢, € D and ¢, €
D, then ¢, + ¢, € D and ap, € D for any number a.
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5.2 Distributions

5.2.1 Definition

A distribution (or generalized function) g(t) is a process of assigning our arbitrary test function
¢(t) anumber Ny[o(t)]. A distribution is also a functional.

Example 5.3

3

I u(t)(t)dt =J’ ¢(®)dt=N[$®)]

—00

and implies that u(t) is a distribution that assigns a number to each o(t) equa to its area.

5.2.2 Properties

1. Linearity-homogeneity:

Igmwﬂﬁﬁﬁﬂgmm=%19®%®w+%19®¢mwt

2. Shifting: J’ gt —t,)d(t)dt = I g (t +t,)dt

3 saing. | g(at)cp(t)dt:é | g(t)q)%gdt

4. Even distribution: J’ gt)d(t)dt =0, d(t) =odd
5. Odd distribution: J’ gt)d(t)dt =0, o (t) = even

6. Derivative: J' %cb(t)dt = _J’ g(t)%dt

—00

0

7. nt derivative: J'

—00

"g(t) g d0(0)
mn¢mm—(nlgm ol

8. Product with ordinary function: J' [o(t) f(t)]o(t)dt :J' o) fF(t)d ()] dt

provided that f(t)¢$(t) belongs to the set of test functions.

© [ O © g 0
9. Convolution: I @l’gl(T)gz(t—r)dtﬁ(t)dt:J' g,@) é[ g,(t =T )b (t)dtlH
Zo 00 —00 0 H
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Definition
A sequence of distributions { g,(t)} 5 is said to converge to the distribution g(t) if

lim [ g, = [ go )t

for al ¢ belonging to the set of test functions.

10. Every distributionisthelimit, in the sense of distributions, of asequence of infinitely differentiable
functions.

11. If g,(t) — go(t) and r(t) — r(t) (r being adistribution), and the numbers a, — a, then % g,(t) >

d?jit), (D) + 1) = 9O +r(), a,g,(H) — ag(t)

12. Any distribution g(t) may be differentiated as many times as desired. The derivative of any
distribution always exists, and it is a distribution.

5.3 Omne-Dimensional Delta Function

5.3.1 Definition

5(t) =0 t=0
J' 3(t) p(t) dt = ¢(0), o(t) isatesting function

5.3.2 Properties

TABLE 5.1 Properties of Delta Function

Delta Function Properties

1
6(at)_H

-t 0
E H-

(1)

al &t -t,)

t, 0

Sat-t, )_a 6@ —
B(-t+1,) =&t -t,)
8(-t) =&t);  &t) =even function

I 3(t) f(t)dt = £(0)

[t fo=1e)

f(1)o(t) = £(0) (1)
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TABLE 5.1 Properties of Delta Function (continued)

Delta Function Properties

FOB(-1,) = F(t,) 8t -t,)
t5(t) =0

} Aa(t)dt:} AS(t—t,)dt = A

©

f(t) 0d(t)= convolution= J' f(t- o(t)dr= f(t)
ot —t,) O&(t—t,)= J' - t) At— =t,)dt= Jt—(t, +t,)]

N N 2N
Z 3(t—nT) DZ 3t- nT)= ZN (2N+ 1- |n) &t - nT)

I 90 f 1) gt = - 4O
dt dt

S0

- d6(t to) ¢ Ot = _df(t,)
% ;
”d"3(t) _ ., d"f(0)
L o f(t)dt = (-1) &
() 90 d6(t) df(O) (1) + £(0) 00 d6(t)
dt;it)_ _5(t)
O-D" nt 3(t), m=n
(n d78(0) _ g m Olm'"§(t) m>n
dt™ m-n dt™"
m<n

J‘ Mdt =0, ax(t) = odd function
dt dt

=3

(PO 4O
Ta o a

dst) & . o df(0) d" (Y
O 4 'Z(l) Kn-k)! dt*  d™*

a3yt __ 1

3y v a(t)
3(t) = d‘;it)
d"jt(n_t) =(-1)" d:;n(t) , dean() isevenif niseven, and odd f nisodd.
(sinar) 21 da(t) —ad(t)
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TABLE 5.1 Properties of Delta Function (continued)

Delta Function Properties

a3 _
da

-5(t) =

o(t—-t)) =

dsgn(t) _
dt

r(v] =

d2u(t)
dt?

du(-t)
dt

du(t -
dt

t,)

25(1)

n

3(t-t)
Z dr(t,)

dt

dd(t-t,)

dt

d 5[f(t)]
2 dr(t)

3(sint) =

o

n=—c

dr(t,)

dt

t-nm

t, = zeros of r(t),

t, = zeros of r(t),

8(t2 -1) =% 5(t -1) +% &t +1)

3t - a%) = = [&(t +a) + &t ~a)]
2a
—t2/g
a(t) = lim &
£€-0 \a'r[
3(t) = lim SNt
ot -I|m ——
® o T t?+¢g2
() _, 2 et
dt -0 n(t2+s )?
6(t):i ( coswtdw
2T[__[
df(t) _

dt

[tu(t) (t -Du(t -1) —u(t -1)]

= t5(t) +u(t) —(t -1) &t -1) -u(t -1) -&t 1)

comby (t) = i o(t —nT,),

n=—c

d(t)¢

0

dr(t ),

0,

dr(t)
dt

f(t) comb, (1) = i f(nT,) &t —nT,)

n=-c

COMB% (w) = 7{combTS 1)} = o i dt-nw)

a

lim [ e dw = 2m&t)

a—o
—a
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TABLE 5.1 Properties of Delta Function (continued)

Delta Function Properties

a

I|mI (jw)e dw= 2 90

dt

d23(t)
dt?

IimJ' (jw)edw=2m

The following examples will elucidate some of the delta properties and the use of the delta function.

5.4 Examples

Example 5.4
Equivalence of expressions involving the delta functions:

a) (cost + sint) 3(t) = 8(t) b) cos2t + sint 3(t) = cos2t
) 1+2etd(t—1) =1+ 2et5(t—1)

Example 5.5
The values of the following integrals are:

J’ (t? + 4t +5)5(t)dt =0% +4 [0 +5 =5,

—00

~ (1+cost)(t) g 2
I 1+2¢' 1+2

t2 Z 3(t - K)dt = Z k? =1 [n(n +1)(2n +1)]

Example 5.6
The first derivative of the functionsis:

%(2u(t+1)+u(1—t)) :%(m(t +1) +U[ t -D)]) =25(t 41) ¥t )

%([2— u(t)]cost :%(2cost —u(t)cost) =2sint =9(t)cost +u(t)sint =(u(t) -2)sint —(t)

% 5@1 - 0w —n)BsmtE %ﬁ - - n)gsint + @H —gg— u(t —n)gcost

—6% S S0 utt - jcost
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Example 5.7
The values of the following integrals are:

P d26() d?
J’ e’sin4 = (- 1)2 2 , =2x2 x4 =16
J’ (t3+2t+3)Dd6(t D, 6(t2—2) o= J’ ( +2t +3) da(t D
dt
”f (T +2t +3)g = (-1)(3° +2)|,,, +(1)*2(6t),, = 5+24=19

Example 5.8
The values of the following integrals are:

Ji' e*5(2t - 3)dt :j' e‘“é%ﬁ g% ;J’ 4t6§ 3Ddt _% %ee

4 4 4

I e*5(3- 2t)dt = I e"J—(2t -3)]dt :% I e §2t -3)dt _E

5.5 Two-Dimensional Delta Function

5.5.1 Definitions

3(x,y) = o(x)Ay)
(X=X, Y —Y,) =X =x,) Ay —Y,)

I f(&n)3(x—&)d(y —n)de ch = f(xy)

H d(x—a)Xy—b) =p,(ab) a,b not on the boundary of A

_ xyOdA
Pa(xY) = Ep otherwise

5.5.2 Line Masses
The function ¢(y)3(x — @) can be interpreted as a line mass on the line x = a of density ¢(y).

Example 5.9
pP.(Y)8(X) is aline mass on the y-axis with density one on the y-axisfromy = —-atoy=a.
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Example 5.10
f(xy) ** 8(x) = J]' f(E,N)d(x-&)Edh = J' f(xn)dy which isthe x profile of f(xy).

5.5.3 Line Mass on a Curve

S[a(x,y)] is aline mass on the curve a(x,y) = 0 with density A(x,y) = % where o, = &i’y) ,
+a
Vox Ty
_ da(x,y)
y ay '
5.5.4 Line Masses Along x- and y-Axes
The line masses have densities along the x- and y-directions given by \a ‘ %} 0a(x ) @ and
dm -1 g = aa(x N respectively. d— dm 1 and
d E d 2 2 2 2
y o,/ 07 S dx®+dy Ddxm2 DdyD2 Loy +ar
1 \ CdmO deD
hence d[a.(x,y)] = - 3(s) and s = a(x,y) = 0 is the curve of a(X.y).
aZ +a
AT T Ry

5.5.5 Solution of a(x,y)

If we solve a(xy) = 0 for x and denote i" root with x; then we may regard 8[a.(x,y)] as the line mass

1 da(x,
6[G(X'Y)] = z mé’)(x—xi), (]X :%
and similarly for the y solution
1 da(x,
6[G(X,y)] = z m 6(y_yi)' qy = gy y)
! y

Example 5.11

If E[Jx2+y2 -] then a(xy) = X2 +Y° =1, a,= X[\ X*+y?, a, = Y X HYE, XX =

_y YuYe = 02 x2.
ot = 3V [ox = 12 =y2) +80x + 12 -y
:rzrio_yz 3(x = [rZ —y?) +8(x +\,5|r57—3/2)], yi<r,.Also
r i
Syl = %Xz 5()’—\3‘/%2 =x?) +yy + 12 - X2 )].

Since a2 +a2 =1 and r =, x* +y* then8[a(xy)] = 8(r —r,) isaring deltafunction with unit density
aongr =r,.
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Example 5.12

, Y= -84 -C and hence
b b

If 8(ax + by + ¢), then a(x,y) = ax+ by + ¢, a,=a, a, = b, x= —gy—g

_ 1 b .cO_1
8(ax+by+c)—H6§<+gy an- ‘b‘{%/ b —

5.5.6 Transformation of Coordinates for §(ax + by + c) (see Figure 5.1)

X = cos®’ +ysin®’, y' =-xsin@' +ycosd’, ' :tan‘lgzgr k=+va?+b?, cos® :% sin@' :E,
x =(ax' —by")/k, y=(bx' +ay")/k.
241 _ ' 2
3(ax + by +) —6@5‘ X' —aby’ | b7X'+ aby +cH 6(I<x’+c)—— gx' - x,) wherex! = —c/k.
k k
y' A y
/é(ax+by+c)
»
90°
2 x5, 0)
Y
FIGURE 5.1
Example 5.13
b;
Fxy)S(ax + by + ¢) = %fE kbly, %, Eﬁ(x x') where k= a?+b? and c/k= X!
The density along thlslmels dm _0Lo Eax ~by ,bX tay'
dy' T kO K K
5.5.7 The Function §(a,x + b,y + ¢,, a,x + b,y + ¢,): From (5.5.5)
[I -
O(ax+by+c,ax+hy+c,) = H( # G B TAG LY +C,
a \ a, &
2y -ac, O
BX a1 aﬁ\alb - ab] 9/ ab-anf
1 -b,c, D 0 ac -acU

~lab, - ab) HX alb —ab B0 “ab, -anF

1
:ﬂé(x_xo’y_yo)
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5.5.8 The function f{x,y)d(a;x + b,y + ¢, a,x + b,y + ¢,)
1 F(XYo)O(X—Xo, Y—V,)- See(5.5.7) for thevaluesof D, x,, and y,,.

D

5.5.9 comb(a;x + b,y + ¢,, a,x + b,y + ¢,)

f(xy)d(ax+ by +cy, ax+by+c,) =

comb(a,x + by +c,, a,x +h,y +c,) = Z 25(5‘0( +by +¢, —n)&a,x +h,y +c, -m)

=5 2. 3 ok - Y -
See (5.5.7) for the values of D, x,, and y,,

5.5.10 comb(a,x + b,y, a,x + b,y)

5.5.11 f(x,y) comb(a,x + b,y + ¢, a,x + b,y + c,)

1 Jo

_1T X bn _bm - _an amn
f(x y)comb(ax +hy +c,, &, x +b,y +c,) D) Z Z f%o D p "pO

Nn=-00 M=—00

on, 0 A a0 e

5.5.12 8[oy(x,y)] d[on(x,y]

3(x = %)Xy - ;)

lx 2y 1ya 2x

A a, (X y)F a,(x,y)] = Z

where x,,y; are the coordinates of the intersections of the curves a,(x,y) and a,(x,y),

= 6a1(x,y)’ a, = éal(x,y), a, zauz(x,y)’ and a, zaotz(x,y)_
ox y oy ox y oy

Example 5.14
(See Figure 5.2)

8[oy(xY)] 8[oy(xy)] = 8(\ x* +y? —a) &x —x,). Intersect at (x,,, a* - x?) and at (x,,— a® —x?)

and x, < a. ay(Xy) = X +Y? —a, o,(XY) = X=X, dofox = X/ X2 +Y?, dayldy =ylx* +y?
da,/ox =1, and Oa,,/0y = 0.
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Hence from (5.5.12)

2 2

o, (6 Y1 a,(x,y)] = % [8(x = X,) &y + 2% ~x2) +&x ~X,) &Y — a* ~x2)]

and
J’I 3o, (X, Y] o, (x,y)] dxdy = H y d(x = X;) &y +. @ —xZ)dxdy

+.U 7)/ Y S x, )3y - \a% =xZ)dxdy

2 2 2
_Jx0+a = XS \x0+a -x2 _ 2a
+ = for x, <a.

2

2 2 W2 2 2
Lat = xg Lat-x Lat =X

(9]

6(r-a)/

FIGURE 5.2
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