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OPTIMAL NONPARAMETRIC ESTIMATION OF
FIRST-PRICE AUCTIONS

By EMMANUEL GUERRE, ISABELLE PERRIGNE, AND QUANG VUONG'

This paper proposes a general approach and a computationally convenient estimation
procedure for the structural analysis of auction data. Considering first-price sealed-bid
auction models within the independent private value paradigm, we show that the underly-
ing distribution of bidders’ private values is identified from observed bids and the number
of actual bidders without any parametric assumptions. Using the theory of minimax, we
establish the best rate of uniform convergence at which the latent density of private values
can be estimated nonparametrically from available data. We then propose a two-step
kernel-based estimator that converges at the optimal rate.

Keyworbps: First-price auctions, independent private value, nonparametric identifica-
tion, two-stage nonparametric estimation, kernel estimation, minimax theory.

1. INTRODUCTION

IN RECENT YEARS THE EMPIRICAL ANALYSIS of auction data has attracted a lot of
attention (see Porter (1995) and Laffont (1997) for recent surveys). First,
auctions are frequently used to exchange commodities and to allocate public
projects through procurements. Thus many auction data are now available.
Second, the theory of auctions has considerably expanded since Vickrey’s (1961)
seminal paper due to the development of the Bayesian Nash equilibrium
concept by Harsanyi (1967). Third, after many years of intense theoretical
developments, modern industrial organization is facing the challenge of its
empirical usefulness. As argued by Sutton (1993), auction models, which empha-
size asymmetric information and strategic behavior, are the most favorable case
for facing this challenge.

Starting with Paarsch (1992), a few empirical papers have adopted a fully
structural econometric approach, which has exclusively relied upon a parametric
specification of the bidders’ private values distribution. As is well known, even
for first-price sealed-bid auctions with independent private values, the structural
analysis has suffered from the numerical complexity associated with the compu-

'We are grateful to J. J. Laffont for introducing us to auction models. We thank D. Brown, W.
Hardle, T. Li, H. Paarsch, M. Simioni, J. Wu, three anonymous referees, the co-editor whose
comments greatly improved the paper, and H. Raynal for computational assistance. Various versions
were presented at the Xth Journées de Microéconomie Appliquée, Sfax, June 1993, the Far Eastern
Meeting of the Econometric Society, Taipei, June 1993, the World Congress of the Econometric
Society, Tokyo, August 1995, the European Meeting of the Econometric Society, Toulouse, August
1997, the University of California (Santa Barbara, Riverside, Berkeley, Los Angeles), Stanford, USC,
Yale, Cornell, GREMAQ-INRA, Weierstrass Institute and Malinvaud econometric seminars. We
thank IDEI for its hospitality during the completion of this paper. Financial support from the
National Science Foundation under Grants SBR-9409569 and SBR-9631212 is gratefully acknowl-
edged.
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tation of the Bayesian Nash equilibrium strategy. As a result, only very simple
parametric specifications of the latent distribution of private values have been
entertained. More recently, Laffont and Vuong (1993) and Laffont, Ossard, and
Vuong (1995) have proposed some computationally convenient estimation meth-
ods based on simulations that allow for general parametric specifications.

The main purpose of this paper is to address three fundamental issues at the
heart of the structural analysis: (i) Does a theoretical auction model place any
restrictions on observable data to be testable? (ii) Does a structural approach
require a priori parametric information about the structural elements to identify
the model under consideration? (iii) Can an estimation procedure be proposed
that does not rely upon parametric assumptions and that is computationally
feasible? We answer these issues for the symmetric first-price auction model
within the independent private value (IPV) paradigm.

In particular, we propose an indirect two-step procedure for estimating the
distribution of bidders’ private values from observed bids, which requires neither
parametric assumptions nor the computations of the Bayesian Nash equilibrium
strategy. The crucial idea of our method is that each private value can be
expressed as a function of the corresponding bid, the distribution of observed
bids, and the corresponding density function. The first step then consists in
constructing a sample of pseudo private values based on kernel estimates of the
distribution and density functions of observed bids. In a second step, this pseudo
sample is used to estimate nonparametrically the density of bidders’ private
values. We establish the uniform consistency of our estimator and show its
optimality in the sense that it attains the best uniform convergence rate for
estimating the latent density of private values from observed bids.

Our results are important for several reasons. First, on economic grounds,
policy conclusions based on our fully nonparametric procedure are necessarily
robust to misspecifications of the underlying distribution. Moreover, because
economic theory does impose some restrictions on the distribution of observed
bids, one can test in principle the validity of the theoretical auction model
without making strong parametric assumptions on its structural elements. Sec-
ond, from a statistical point of view our estimator applies nonparametric
techniques in each step of a structural estimation method.” Our first main
statistical contribution is to derive the best rate of uniform convergence of
nonparametric estimates of the density of (unobserved) private values from
observed bids. To this end, we apply the minimax theory as developed by
Ibragimov and Has’minskii (1981). To our knowledge, such a theory has been
seldom applied in econometric work. We show that our two-step nonparametric
estimator attains this optimal rate using suitably chosen bandwidths. Third, on
computational grounds, our estimation procedure avoids the numerical diffi-

2Though in recent years nonparametric techniques have been used in two-step estimation
procedures, typically the second step concentrates on the estimation of a finite dimensional
parameter. Only a few authors have used nonparametric techniques in both steps of an estimation
procedure. For an example in a regression context, see Ahn (1995) who does not characterize the
lower bound for his problem and whose two-step nonparametric estimator is suboptimal in the
minimax sense.
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culties that have plagued the structural analysis of auction data. Indeed, because
it is indirect and fully parametric, our procedure requires neither the numerical
determination of the Bayesian Nash equilibrium bid function nor iterative
optimization algorithms. Such computational advantages are especially crucial
when the Bayesian Nash equilibrium strategy is the solution of a differential
equation that cannot be solved explicitly. As a result, the structural analysis of
many auction models that are known to be untractable become readily accessi-
ble through our indirect method.

The paper is organized as follows. In Section 2, we present the first-price
sealed-bid auction model with independent private values. To present the basic
ideas, we consider first a nonbinding reservation price, and illustrate our
procedure with some Monte Carlo experiments. In Section 3, we establish its
asymptotic properties allowing for a varying number of bidders and heterogene-
ity across auctions. Specifically, we derive the optimal uniform convergence rate
for estimating the density of private values from observed bids. We prove the
uniform convergence of the pseudo sample as well as the optimality of our
two-step nonparametric estimator. In Section 4, we consider the case where the
reservation price is binding. In Section 5, we stress the generality of our
procedure and indicate some future lines of research. Three Appendices contain
the proofs of our results.

2. MODEL, IDENTIFICATION, ESTIMATION
2.1. The First-Price Auction Model

A single and indivisible object is auctioned. All bids are collected simultane-
ously. The object is sold to the highest bidder who pays his bid to the seller,
provided the bid is at least as high as a reservation price p,. In such an
institutional framework each bidder does not know others’ bids when forming
his bid. Within the IPV paradigm, each potential buyer i = 1,..., I is assumed to
have a private value v; for the auctioned object. Each bidder does not know
other bidders’ private values but knows that all private values including his own
have been drawn independently from a common distribution F(-), which is
absolutely continuous with density f(-) and support [v,7] € R, . The distribution
of private values F(-), the number of potential bidders 7, and the reservation
price p, are common knowledge with p, € [v,7]. In particular, all bidders are
identical ex ante and the game is said to be symmetric. Each bidder is assumed
to be risk neutral.

The (unique) symmetric differentiable Bayesian Nash equilibrium of the
corresponding game of incomplete information was characterized by Riley and
Samuelson (1981) among others. Specifically, assuming 7 > 2, the equilibrium
bid b; of the ith bidder is

) b=, F,1,py) =0, [ F@)' du

C(Fo)
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if v;,=p,. If v, <p,, then b, can be any value strictly less than the reservation
price p,. This strategy is obtained by solving the first-order differential equation
in sC):
fw) 1

@ 1= = DTS s
with boundary condition s(p,) =p,. The equilibrium strategy (1) is strictly
increasing in v; on [ p,, 7], and expresses the equilibrium bid as a function of the
bidder’s private value, the distribution of private values, the number of bidders,
and the reservation price.

In general, bids are observed while private values are unobserved. The
preceding theoretical model leads to a closely related structural econometric
model. Specifically, because b, is a function of v;, which is random and
distributed as F(-), then b, is also random with a distribution G(-) (say) that is
uniquely determined by (1). This simple observation is the basis of the structural
analysis of auction data. It has led to the development of maximum likelihood
estimation methods (see Donald and Paarsch (1993, 1996)) and simulation based
estimation methods (see Laffont and Vuong (1993), Laffont, Ossard, and Vuong
(1995), and Li and Vuong (1997)). In particular, simulation based methods are
convenient and computationally advantageous when moments of bids can be
simulated without determining numerically the equilibrium strategy s(-, F, I, p,)
or its inverse s~ '(:, F, I, p,).

All preceding methods can be viewed as direct methods as they all start from
a parametric specification for F(-) so as to derive expressions for the distribution
and moments of observed bids. In contrast, the estimation method proposed in
this paper is indirect and starts from the estimation of the distribution of
observed bids so as to construct an estimate of the distribution of bidders’
private values. The crucial idea upon which our identification result and estima-
tion procedure rest is to use the differential equation (2) to express each private
value as a known function of the corresponding bid, its distribution and density,
the number of bidders, and the reservation price. As a result, an important
advantage of our procedure is that it requires neither solving the differential
equation (2) nor computing the equilibrium strategy (1) within each iteration of
an optimization procedure. To clarify both the conceptual and the technical
issues, we begin with a nonbinding reservation price, i.e., p, = v so that s(v) =v
until Section 4.

2.2. Nonparametric Identification

A fundamental issue in structural estimation is whether the structural ele-
ments of the economic model are identified from available observations. Be-
cause the reservation price is nonbinding, the number / of potential bidders is
equal to the number of actual bidders. Hence [ and b, i=1,...,1I, are
observed. Thus the only unknown structural element of the model is the latent
distribution F(-), and the identification problem reduces to whether this distri-
bution is uniquely determined from observed bids.
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Though the equilibrium relation that links the observed bid b; to the underly-
ing private value v, is strictly monotonic, the identification problem is nontrivial.
This is because the distribution G(-) of b; depends on the underlying distribu-
tion F(-) in two ways: directly through v,, which is distributed as F(-), and
indirectly through the equilibrium strategy s(-), which depends on F(-) (see (1)).
The next result solves the identification problem by stating that the distribution
F(-) is unique whenever it exists. In addition, it gives a necessary and sufficient
condition on the distribution G(-) for the existence of a distribution F(-) of
bidders’ private values that can “rationalize” G(-).

Our result relies upon the fact that the first derivative s'(+) and the distribu-
tion F(-) with its density f(-) can be eliminated simultaneously from the
differential equation (2) by introducing the distribution G(-) of b; and its density
g(*). Specifically, for every b € [b, b] =[v, s(7)] we have G(b) = Pr(b < b) = Pr(i
<s7U(b)) =F(s~ (b)) = F(v), where the last equality uses b =s(v). It follows
that the distribution G(-) is absolutely continuous with support [v, s(¥)] and
density g(b) =f(v)/s'(v), where v =s"'(b). Taking the ratio gives g(b)/G(b)
=(1/s'(v))f(v) /F(v). Thus the differential equation (2) becomes

G(b)
I-1 g(b) "
Equation (3) now expresses the individual private value v, as a function of the
individual’s equilibrium bid b,, its distribution G(-), its density g(-), and the
number of bidders I. Specifically, (3) states that if b, is the equilibrium bid, as it
is assumed in the structural approach, then the bidder’s private value v,

corresponding to b; must satisfy (3).?
We define the set & of probability distributions P(-) on R, as

& ={P(-) is absolutely continuous with an interval support in R, }.*

3) v;=&(b;,G,1)=b; +

As usual, we restrict ourselves to strictly increasing and differentiable Bayesian
Nash equilibrium strategies.® Let G(-) denote the joint distribution of (b,, ..., b,).

THEOREM 1: Let I > 2. Let G(-) belong to the set %' with support [b, b]". There
exists a distribution of bidders’ private values F(-) € such that G(-) is the
distribution of the equilibrium bids in a first-price sealed-bid auction with indepen-
dent private values and a nonbinding reservation price if and only if:

C1l: G(by,...,b) =T1]_,G(b)).

3Though equations similar to (3) have appeared in the decision theoretic literature starting with
Friedman (1956), a fundamental difference is that in decision theory each bidder plays as if he /she
were alone, while (3) is the result of the differential equation (2), where bidders are in a Nash game,
and each bidder’s expectations about how others bid agree with their actual bidding behavior.
Consequently, in decision theory, F(-) and G(-) need not be related by F(-) = G[s(-)], and bidders
need not be at the Bayesian Nash equilibrium. See Laffont (1997). See also Section 4, where our
idea of expression v; in terms of observables leads to (25).

*The support is defined as the closure of {x: p(x) > 0} where p(-) is a density of P(). As a result,
any distribution in & is strictly increasing on its support.

5Throughout we assume that the second-order conditions hold. Thus the Bayesian Nash equilib-
rium strategy is fully characterized by the first-order condition (2).
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C2: The function £(-,G,I) defined in (3) is strictly increasing on [b,b] and its
inverse is differentiable on [v,0]1=[ £(b, G, I, £(b,G, D].

Moreover, when F(-) exists, it is unique with support [v,0] and satisfies F(v) =
G(¢& Y(v,G, ) for all [v,0). In addition, ¢(-,G,I) is the quasi inverse of the
equilibrium strategy in the sense that &(b,G,1)=s""(b,F,I) for all b € [b,b].

Theorem 1 is important for many reasons. First, it shows that the theoretical
auction model does impose some restrictions on the distribution of observed
bids. These restrictions can constitute the basis of a formal test of the theory
(see Section 5 for a discussion). Specifically, Condition C1 says that bids are
independent and identically distributed as G(-). Condition C2 says that, given I,
the distribution G(-) of observed bids can be rationalized by a distribution of
private values F(-) only if £(-,G,I) is strictly increasing. For instance, any
log-concave distribution G(-), i.e., such that g(b)/G(b) is strictly decreasing,
satisfies Condition C2 and thus can be rationalized.® On the other hand,
densities that exhibit deep U-shaped parts can violate Condition C2. An exam-
ple is the distribution G(b) =[b /(5 — 4b)]'/° defined on [0, 1] with [ = 2. Other
examples include some highly peaked multimodal densities.

Second, assuming that buyers behave as predicted by the model of Section 2.1,
Theorem 1 establishes that the distribution F(-) of bidders’ private values is
identified from the distribution of observed bids. In particular, it shows that
identification of the structural model does not require a priori parametric
specifications. Moreover, because it is nonparametric in nature, our identifica-
tion result applies to parametric identification as well (see Donald and Paarsch
(1996) for a recent contribution on parametric identification). As Roehrig (1988)
has argued, parametric identification may be achieved through misspecified
parametric specifications, and hence can be misleading.’

Third, it is useful to note that the function ¢(-, G, I) is completely determined
from the knowledge of G(-) and I. Because &(-,G, 1) is the quasi inverse of
s(-, F,I), one has neither to solve the differential equation (2) nor to apply
numerical integration in (1) so as to determine the buyer’s equilibrium strategy
s(-, F,I). This remark is important because it underlies the principle and the
computational advantages of our indirect estimation method presented next.

2.3. Nonparametric Estimation

The basic idea of our estimation procedure is straightforward. If one knew the
distribution G(-) and density g(-), then one could use (3) to recover every
bidder’s v; so as to estimate f(-). Unfortunately, G(-) and g(-) are unknown, but

SAs a matter of fact, by differentiating (3) with respect to b;, it can be shown that Condition C2 is
equivalent to g(-)/G(-) strictly decreasing.

"Identification of F(-) can be proved from Roehrig’s (1988) Condition 3.2 applied to b — §(v, I) =
0, where §(v,1)=s(v,F,I), when v and [ are independent conditionally upon the exogenous
variables x in F(:|-). The latter independence condition, however, is not used in our proof.
Moreover, our proof is constructive as it gives F(-). In addition, our identification result is global
instead of local.
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they can be estimated from observed bids. This suggests the following two-step
estimator. In the first step we construct a sample of pseudo private values from
(3) using nonparametric estimates of the distribution and density functions of
observed bids. In a second step, this pseudo sample is used to estimate
nonparametrically the density of bidders’ private values.

To clarify ideas, we consider L homogeneous auctions with the same number
of bidders /. These assumptions will be relaxed in the next sections. Let / index
the /th auction. Our procedure is as follows. In the first step, we use the
observations {B,;, p=1,...,1, [=1,..., L} to estimate nonparametrically G()
and g(-) by the empirical distribution and the kernel density estimator, respec-
tively, i.e., by

1 L 1
4) =—3Y Y 1(B, <b),
Ll= 1p=1 ?
1 I b—B
) "’),
&b " Ik, ,21 p21 ( h,

where h, is a bandwidth and K,(-) is a kernel with a compact support. The
kernel density estimator g(-) is, however, biased at the boundaries of the
support? Indeed, let py < be the length of the support of K,(-). For b=
B—Apg ¢/2 where A€[0,1), the expectation of (5) gives E[g(?;—)tpghg/
2)] = f(” b)/" «#e/2K (u)g(b — Apyh,/2 —h,u)du using the change of vari-
able B = b Aph,/2 — hou. Hence E[Z(b — Ap,h,/2)] —g(b — Ap,h,/
213,/ K, (W) du goes to zero as L — . Because /250, 2K, (w)du + 1, the
dens1ty estimator is asymptotically biased for b € (b — peh,/2, bl, and similarly
in [b,b + p,h,/2). Thus, using (3) to estimate private values corresponding to

observed bids close to the boundaries is likely to be problematic.
Let B,,;, and B,,,, be the minimum and maximum of the IL observed bids
Because b<B,,, <B,,. <b, g() is asymptotically unbiased on [B mm

Pehy/2, B,y — pghy/2l. This leads to defining the pseudo private value V,
corresponding to B, as

1 = ~
B, + —I—_—IG(BPI)/g(Bpl)
if Bmin + pghg/2 =< Bpl < Bma.t - pghg/z’

+00  otherwise

(6) I}pl =

for p=1,...,1 and /=1,...,L. The pseudo sample of private values {
p=1..,11=1,.,L}is used to estimate the density of private values by

_I}[)
hy |

8The support of g(-) is always finite. Indeed 0<b <b. Moreover, from Laffont, Ossard, and
Vuong (1995), b = [7y(I = Df(yIF~*(y)dy < (I~ D[] yf(y) dy < = because E[v;] <.

pb

1
@) () = — K;
f 0 Ith IZ:1 pzl
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where h; is a bandwidth and K,(-) is a kernel. Because our kernels have
compact supports, (6) in effect trims observed bids that do not belong to
[Bmin + pghg/z’ Bmax - pghg/zl

The asymptotic properties as L — « and I fixed of such a two-step nonpara-
metric estimator are obtained in Section 3. When private values are observed
and when f(-) has R bounded continuous derivatives, the optimal uniform
convergence rate for estimating f(-) is (L /log L)®/?R*D (see Stone (1982)). In’
our case, private values are unobserved while bids are observed. As a result, this
rate cannot be attained. In Theorem 2, we show that the optimal rate is
(L /log L)®/@R+3) which is smaller than the optimal rate when private values
are directly observed. By choosing appropriately the vanishing rates of the
bandwidths, namely A, = c,(log L/L)"/®**% and h;=c (log L/L)"/?"*3, we
show in Theorem 3 that this optimal rate can be attained by our two-step
estimator.

2.4. Monte Carlo Experiments

To illustrate our two-step nonparametric procedure, we conduct a limited
Monte Carlo study. We consider L =200 auctions, each having I =5 bidders,
which gives 1000 observed bids. These numbers correspond to realistic sizes of
auction data. Our Monte Carlo experiment consists of 1000 replications. The
true distribution F of private values is log-normal with parameters zero and
one, truncated at 0.055 and 2.5 to satisfy Assumption A2 of Section 3.1, which
corresponds to leaving out 20% approximately of the original log-normal distri-
bution. For each replication, we first generate randomly /L private values from
this truncated distribution. We then compute numerically the corresponding
bids B,, using (1) with p, =v.

Next, we apply our estimation procedure for each replication. First, we
estimate the distribution function and density of observeq bids using (4) and (5).
In a second step we compute the pseudo private values V,, using (6). From this
pseudo data we estimate the private values density function using (7). Specifi-
cally, we consider that the latent density f(-) is once-continuously differentiable
so that R = 1. To satisfy Assumption A3 on the kernels in Section 3, we choose
the triweight kernel (35/32)1 —u?)*1(jul<1) for K,(-) and K () so ‘that
p, = p;=2. As indicated above, the orders of the bandwidths are L~'/°. They
are chosen as h, = 1.066,(IL)~'/* and h,= 1.066,(IL,)~'/°, where &, and &,
are the estimated standard deviations of observed bids and trimmed pseudo
private values, respectively, and L, is the number of auctions remaining after
the trimming (6). The factor 1.06 follows from the so-called rule of thumb (see
Hardle (1991)). The use of I arises because we have I bidders per auction.

The program is written in FORTRAN. For each replication, the execution
time lasted less than one minute, which reduces by a factor of 1000 the
execution time of a parametric method (nonlinear least squares) because the
latter requires the numerical integration of (1), Each replication gives us two
estimated functions: (i) the estimated inverse £(-) of the equilibrium strategy
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1.5

1.0

Bid

0 1 2 3 4
Private value

0.0

FIGURE 1.—True and estimated equilibrium strategies.

function (see (3)) and (ii) the estimated density function f(-), each evaluated at
500 equally spaced points on [b, b]=[5(0.055), s(2.5)] and [0.055,2.5], respec-
tively. Our Monte Carlo results are summarized in Figures 1 and 2.

Figure 1 displays the true equilibrium strategy b =s(v) in plain line. We
display for each value of b € [5(0.055), s(2.5)] the mean, the 5% percentile, and
the 95% percentile of the 1000 estimates £(b). This gives the (pointwise) 90%
confidence interval for &(b) =s'(b). Figure 2 displays the true density of the
truncated log-normal distribution in plain line, and for each value of v e
[0.055,2.5], the mean, the 5% percentile, and the 95% percentile of the 1000
estimates f(v). This gives the (pointwise) 90% confidence interval for f(v). The
striking features are that, on the interval bordered by the horizontal /vertical
lines, (i) the true curve (the equilibrium strategy or the density) falls within the
confidence band and (ii) the mean of the estimates perfectly matches the true
curve.’

°In Figure 1, the horizontal lines are defined by B, in+hg and B, .. —h, corresponding to the
trimming (6). In Figure 2, the lower (upper) vertical line is defined on average by this trimming to
which one 4 is added (subtracted) to eliminate remaining boundary effects. For instance, the lower

vertical line corresponds to the average of §( Bin +he)+hy.
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0.8

0.6

Probability density function
0.4

0.0 0.5 1.0 15 2.0 25
Estimated private value

FIGURE 2.—True and estimated densities of private values.

3. ASYMPTOTIC PROPERTIES

In practice, the auctioned objects can be heterogeneous and the number of
potential bidders can vary across auctions. These considerations modify our
estimator and raise new technical difficulties. In particular, estimation of the
boundaries and trimming near the boundaries are not as simple as in (6). To
clarify these issues, we still assume in this section that the reservation price is
nonbinding.

3.1. Regularity Assumptions and Key Propeﬂies

Let X, denote the vector of relevant characteristics for the /th auctioned
object, and I, be the number of bidders in the /th auction.!! The distribution of
bidders’ private values V), for the /th auction is the conditional distribution
F(| X}, I) of private values given (X, 1,). Similarly, the distribution of observed

'This arises when the reservation price does not constitute an effective screening device such as-
in Outer Continental Shelf gas and leases auctions (see McAfee and Vincent (1992)).

" Following the common knowledge of F(-) in the theoretical model, the vector X, is common
knowledge to all parties. This is frequently justified as the auctioned objects are fully described in a
freely available booklet. We then assume that none of X; is omitted to control heterogeneity across
auctioned objects. Thus unobserved heterogeneity comes only from differences in bidders’ private
values, which are the unobserved random terms in the structural econometric model.
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bids in the /th auction is G(:| X}, ). Thus (1) and (3) become

(8) BplES(I/pl’Xl’I[)=I/pl—

Vor I-1
= F(ulX,, 1) dv,
F(V,|X,1)" lft_,», o

1 G(B,lX, 1)
[—1 g(Bpl|X17Il) ’

(9) I/plzg(Bpl’X[’Il)=Bpl+

where v, = v(X, I,) is the lower bound of the support of F(:|X,,I,) and g(-,-)
is the density of G(:|-,-).

The next assumptions concern the underlying generating process as well as
the smoothness of the latent joint distribution of (V,;, X, I)) for any p=1,..., I,.

ASSUMPTION Al:

(i) The (d + 1)-dimensional vectors (X, 1), | =1,2,..., are independently and
identically distributed as F,(-,-) with density f,(-,*).

(i) For each I the variables V,;, p=1,...,1,, are independently and identically
distributed conditionally upon (X, I,) as F(:|-,-) with density f(:|-,").

In particular, privates values are independent across auctions. As is well
known, dependent private values across auctions introduce dynamic considera-
tions that invalidate the Bayesian Nash equilibrium solution (1), and hence are
outside the scope of this paper. Note that we do not assume that X, and I, are
independent from each other. Thus we allow the number of bidders to depend
upon the characteristics of the auctioned object.

Let .# be the set of possible values for ,. Throughout we denote by S(x) the
support of *, and by S,(*) the support when the number of bidders is equal to i.

ASSUMPTION A2: .7 is a bounded subset of {2,3,...}, and:

(i) for eachie. 7, S(F)={(v,x):x€lx,x], v €lv(x),5(x)]}, with x <X;

(i) for (v, x,i) € S(F), f(vlx,i) = c;> 0, and for (x,i) € S(F,,), f,(x,i) = c;>
0;

(iii) for each i €.7, F(:|-,i) and f,(-,i) admit up to R + 1 continuous bounded
partial derivatives on S(F) and S,(F,,), with R > 1.

Without loss of generality, we can assume that x and ¥ are known.'” On the
other hand, the boundary functions v(-) and 7(-) are typically unknown. Next,
because (3) is used to recover private values, it is convenient that g(:|-,-) be
bounded away from zero. From Proposition 1 below, this is achieved if the

?Because the boundaries x and ¥ can be estimated at a faster rate than our estimation
procedure, our statistical results are not affected. To simplify, we assume that X is a vector of
continuous variables. If some X’s are discrete, our results still hold with d replaced by the number
of continuous variables, and the nonparametric estimators (13), (14), and (20)-(22) modified
appropriately following Bierens (1987).
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density f(-|-,-) is bounded away from zero, which is the purpose of A2-(ii)."*
Lastly, standard assumptions in the nonparametric literature deal with the
smoothness of f(:|-,-). In particular, A2-(iii) implies that f(--,7) admits up to R
bounded continuous partial derivatives on S,(F). Consequently, the best uni-
form convergence rate for estimating f(:|-,) is (L /log L)R/@R*4+ D if private
values were observed (see Stone (1982)).

Since private values are unobserved, estimation of the density f(-|-,-) must be -
based on observed bids. This is called an inverse or indirect estimation problem;
see, e.g., Groeneboom (1996). To determine the best uniform convergence rate
for estimating the latent density f(-|-,-) from observed bids, an important step is
to study the implied smoothness of the bid density g(:|-,-). This is the purpose
of the next proposition.

PROPOSITION 1: Given A2, the conditional distribution G(*|-, ) satisfies:

() its support S(G) is such that S(G) ={(b,x): x €[x,x], b € [b(x,i), b(x, )]},
with infxe[,_(’_i,](ia(x, i) — b(x,i)) > 0. Moreover, (b(,i),b(-,i)) admit up to R + 1
continuous bounded derivatives on [x, x] for each i €.7, and b(-,i) = v(-);

(i) for (b,x,i) € S(G), g(blx,i) =c, > 0;

(iii) for each i<.7, G(:|-,i) admits up to R+ 1 continuous bounded partial
derivatives on S{(G);

(iv) foreach i€ 7, if Z(B) is a closed subset of the interior S{(G) of S{G), then
g(Cl+,1) admits up to R + 1 continuous bounded partial derivatives on Z{B).

The striking feature of Proposition 1 is item (iv). Specifically, because it has
R + 1 continuous bounded derivatives instead of R, the bid density is smoother
than the private value density. The intuition behind this result comes from the
equality

G(blx,i)
(i —1D(&Cb, x,i) —b)’

which follows from (9). Since &(-,-,i)=s"'(:,-,i) and s(-,,i) has the same
smoothness as F(-|-,i) as suggested by (8), then £(-,-,i) has R+ 1 continuous
bounded derivatives. Now, since G(:|-,i) has also R+ 1 continuous bounded
derivatives from (iii), then (iv) follows. As an important consequence, g(:|-,-)
can be estimated uniformly at a faster rate, namely (L /log L)R*+D/@R+d+3)
than f(:|-,-) can be.

g(blx,i) =

3.2. Optimal Uniform Convergence Rate

In this section, we study the optimal rate at which the latent density of private -
values can be estimated uniformly from observed bids. Indeed, uniform conver-

If A2<(ii) is not tenable, our results still apply provided there exists a known transformation with
R+ 1 continuous bounded derivatives such that the transformed density satisfies A1-A2. In this
case, one should use the transformed X,’s and I}I,,’s in (13)-(14) and (20)-(21) defining our
estimator.
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gence results are crucial for recovering the shape of a density. As is well-known,
however, nonparametric estimators typically converge at different rates depend-
ing on the choice of their smoothing parameters. An important issue in non-
parametric statistics is to determine the best rate at which the functional of
interest can be estimated uniformly. Though the optimal rate of uniform
convergence is known for density estimation (see Stone (1982)), this rate does
not apply in our case because private values are unobserved. To our knowledge,
such a difficult problem has been seldom addressed in structural estimation.
Hereafter, we focus upon the estimation of the conditional density f(v|x).!*
We adopt a minimax approach, as developed by Khas’minskii (1976). We
consider joint densities f(v,x,i) satisfying A2. Let f,(v,x,i) be one such
density. In order to determine the optimal rate of uniform convergence r} for
estimating the corresponding conditional density f,(v]x), we study the quantity

10)  inf sup Pr( sup | f(olx) — Flo)l > k|,
1) Feudsy w,x)EFWV)

where « is a positive constant, #(}/) is an arbitrary inner compact subset with
nonempty interior of the support S(f,(v,x))= U, S{F,) of fy(v,x), and
Pr,(-) denotes the probability distribution of (b,x,i) when the underlying
density of (v, x,i) is f(-,-,")

Because we consider the uniform convergence of estimators, the relevant
discrepancy measure is the sup norm over #(}') of the difference between an
arbitrary estimator f(:|-) and the conditional density f(:|-) of interest. The latter
is restricted to belong to the set of densities U.(f,), which is a neighborhood of
fo defined as

U.Cfy)
E{f; sup | f(v,x,i) —f(v,x,D)| <, ||f(',',~)||R<M},

(v, x,i)ES(Fy)

where M >0 and ||| < M requires densities to have all their derivatives up to
the Rth order bounded by M uniformly on S(F,). As in the standard theory,
considering the supremum over such a neighborhood avoids superefficient
estimators.

The relevance of (10) in determining the optimal uniform convergence rate r;
can be explained as follows. First, consider an arbitrary estimator f(l ). Intu-
itively, if r, diverges to infinity sufficiently fast, the probability in (10) will tend
to one. On the other hand, if r, does not diverge sufficiently fast, this
probability will tend to zero. Now, to determine the optimal uniform conver-

14Though our results also apply to the estimation of the conditional density f(|x, i), our interest
in f(v|x) is justified by the economic model, which assumes that the private values and number of
bidders are independent conditionally on x so that f(v|x,i) =f(v|x) for every i. If the latter does
not hold, a more complex bidding model with a game of entry should be considered.
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gence rate for our problem, we must consider all possible estimators of f(:|-).
Suppose that r, diverges to infinity extremely fast; then the probability in (10)
will converge to one for every possible estimator and hence (10) will be bounded
away from zero. The optimal rate r} is the infimum of such r;s.”®

The next theorem gives an upper bound for the optimal uniform convergence
rate for estimating f(:|-) from observed bids. Its proof adapts the argument used
in Khas’minskii (1976) to our problem, and crucially relies on Theorem 1 and .
Proposition 1.

THEOREM 2: Assume that A1-A2 hold and || fy(-,-, Mg <M. Let (V') be an
inner compact subset of S(f,(v, x)) with nonempty interior. There exists a constant
k> 0 such that

lim lim inf sup Pr,

( I )R/(2R+d+3)
=0 T e fOD) Feudsy)

log L

x sup  |f(ulx) = f(olx)> k| >0.
(v,x)eBWV)

We consider a lower limit (or limit inf) as L — o because the simple limit of
(10) may not exist. Also, because (10) is nondecreasing in e, by taking the limit
as e — 0, we establish in fact the desired result for all €. Specifically, Theorem 2
implies that there exists a strictly positive constant « such that, for any € > 0,
any L > L(e):

sup  |f(vlx) = f(olx)]> k
(w,x)e®WV)

inf sup Pr,

L R/QR+d+3)
FC) feUlfy ( )

log L

>6>0.

Thus the optimal uniform convergence rate r; and hence the rate of uniform
convergence of any estimator of f(+-) cannot be larger than (L /log L)X/GR+d+3)
over Z(V).

Note that this rate is slower than (L /log L)R/@R*+4+D which is the optimal
rate if private values were observed. This slower rate of convergence is specific
to our auction problem, where the variables associated with the density of
interest f(:|-) are not observed. Intuitively, this result can be understood as
follows. Since g,(‘|-,-) has R+ 1 derivatives (see Proposition 1), g,(:|-,-) and
hence £,(,-,-) can be estimated at the rate (L /log L)R+1/@R+d+3 from

BHence, in the statistical literature, determining optimal rates is referred as finding lower
bounds.
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Stone (1982). But

gO( §61(07 x7i)|x7i)
&(& (0, x,0),x,1)

(1 folvlx, i) =

Hence the derivative ¢, must be estimated.!® As our results indicate, this is the
hardest statistical estimation problem when estimating f,(-|-), because it re-
quires to estimate g; in view of (9). Since the best rate for estimating g{, and
hence & is (L/log L)®/@R+4+3 this actually gives the best rate at which
fo:l*) can be estimated from observed bids.

As noted above, Theorem 2 only provides an upper bound to the opti-
mal uniform convergence rate r;. As usual, such a bound would not be much
useful if it cannot be attained, i.e., if there does not exist an estimator of
f(|-) that converges at the rate (L /log L)X/GR*4+3 [n the next subsections,
we establish that our two-step nonparametric estimator converges at the rate
(L /log L)R/@R+d+3) given appropriate choice of the smoothing parameters (see
Theorem 3). As a consequence, the optimal uniform convergence rate r;* for
estimating the latent density f(:-) from observed bids is (L /log L)?/GR+d+3 1t
also follows that our two-step nonparametric estimator converges at the best
possible rate, i.e., is optimal.

3.3. Definition of the Estimator

The purpose of this section is to generalize the two-step procedure presented
in Section 2.3 to heterogeneous auctions. At the same time, we make precise the
assumptions on the kernels and bandwidths, which define our estimator.!”

Note that (9) can be rewritten as

1 G(B,,X,,I)
I,—1 g(B,, X, 1) ’

(12)  V,=&(B,, X, 1) =B, +

where G(b, x,i) = G(b|x, D) f,(x,i) = féb(x)g(u, x,1) du. Hence, using the observa-
tions {(B,;, X, I,); p=1,..., I, I=1,..., L}, our first step consists in estimating
the ratio ¢(-,-,-) =G(,-,-)/g(-,-,-) by =G /g, where

- L1 4 x—=X, i—1
(13) G(b, x,i) = ;

— 1 S
Y. 1(B, <b)K; e

Lhg (5 1, p=1

! Throughout, we use prime to denote a derivative with respect to the first argument of a
function.

YAn alternative estimator is to use directly (11). Specifically, estimation of g(-,-), and hence of
£(-,-,+), followed by determination of ¢'(-,-,-) and ¢ '(-,-,-) would give an estimate of f(-|-). The
major problem of this procedure is that &¢,-9 may not be invertible. In addition to converging at
the optimal rate, our two-step estimator avoids this drawback.
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! b—B, x—X, i—I,
14 ~b, ,. P’ H ’
h - glbxi)= hd“,_Zl 21 n n h

8 8 gl

which clearly extend (4)~(5). Here hg, hg,, h,, and h,, are some bandwidths,
and K; and K, are kernels with bounded supports. Following Bierens (1987),
we apply kernel techniques to the discrete variable I, which allows for averaging
over values of i. Note that we choose different bandwidths for continuous and
discrete variables.'®

In view of (12) it would be natural to estimate each private value V,, by

~

1 .
(15) VP,=BP,+—II—_—1(//(BPZ,X1,I,),
and to use these estimates in a second-step estimation of the conditional density
f(vlx). Unfortunately, it is well-known that ¢ is an asymptotically biased
estimator of ¢ at the boundaries of the support of (B, X, I). Because of this
boundary effect, we modify slightly (15) by introducing a trimming near the
boundaries.

In this aim we estimate the boundary of the support of the joint distribution
of (B, X, I), which is unknown.'” We focus on the estimation of the support
[b(x,i),b(x,i)] of the conditional distribution of B given (X,I) since the
support of (X, I) can be assumed to be known (or can be readily estimated). We
propose some nonparametric boundary estimators that generalize Geffroy’s
(1984) estimators to the multidimensional case. Let A#,>0. We consider the
following partition of R? with a generic hypercube of side #,:

=Lk ), (ky+ DRy X - X [k h,, (k,+ Dh,),

~~~~~~

where (k,,...,k,) runs over Z¢. This induces a partition of [x,x]. Given an
integer i and a value x, the estimate of the upper boundary b(x,i) is the
maximum of those bids for which [, =i and the corresponding value of X, falls
in the hypercube , containing x. The estimate of the lower boundary is

similarly defined. Formally, our boundary estimates of the support of the
conditional density of B given (X, I) = (x,i) are

(16) b(x i) =sup{B

[]l’ =1,...,I[,l=1 L XlEWk

.....

(17) é(x,i)=§(x)=inf{BP,,p=1,...,1,,1=1, L; X, € m,

.....

Because b(x,i) = v(x) is independent of i, we need not restrict (17) to bids such

®Because ¢ resembles the hazard rate g/(1 — G), various nonparametric estimators of the latter -
can be used. See Hassani, Sarda, and Vieu (1986) and Singpurwalla and Wong (1983) for recent
surveys. Our estimator i has the characteristic that it takes into account a repeated aspect of our
data due to the number of bidders /, > 2. In addition, to minimize boundary effects, we have chosen
the sum averaging instead of the more common integral averaging for estimating G.

“Note that even if the boundary functions v(-) and T(-) were known the upper boundary b(x, i)
would be unknown since b(x, i) = s(7(x), x,), which depends on the underlying density (|-, )
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that I, =i. Our estimator for S,(G) is §i(G) ={(b,x):be[b(x,i),bx,)], x€
[x, X1}

We now turn to the trimming. Basically, for each i we will trim out observa-
tions (B 01> Xos I)) with [, =1 that are close to the boundaries of the estimated
support S(G) by less than a distance, which is a function of the smoothing
parameters. Specifically, let S(h;) and S(h,) be the supports of Ks(:/h,0)
and K,(-/h,,- /h,,0), respectively. For 1nstance if the supports of K;(-,0) and
K ( ,-,0) are hypercubes of sides equal to 1, then S(i;) and S(h,) are
hypercubes of sides hg and h, in R¢ and [I"\Pd“, respectively. Because we
consider points (b, x) in R4*! we consider hereafter that S(h) is {0 X S(h)}

cR4*!, Instead of (15) we deﬁne the pseudo private value as

(18)- Vpl:B ‘P( B,, X, 1),

where

J(b,x,i) if (b,x) +SQ2hs) cS(G) and
19 §(b,x,i)= (b,x) +S2h,) CSAG),

+ o0 otherwise.

This extends (6) to the heterogeneous case.”
In the second step we use the pseudo sample {(V, ,,X,) p=1...1, 1=
, L}, to estimate nonparametrically the density f(le) by f(le) f(v x)/
f(x) where

(20) flo,x) = d+l Z Z

I%;/ X "Xl)
hf hf

N X — X
QD flo= T Z K ( p )
X] 1 X

h; and h are bandwidths, and K, and K are kernels. Because the latter have
compact supports, the contribution of infinite pseudo private values is nil in our
estimate f(v, x). Hence, (19) can be interpreted as trimming the observations
(B,;, X;, I)) that are too close to the boundary of the estimated support S, (G).

We turn to the choice of kernels and bandwidths defining our two-step
estimator.

ASSUMPTION A3:
(i) The kernels K;(-,), K,C,+,*), K;(-,-), Kx(:) are symmetric with bounded
hypercube supports and twice contmuous bounded (uniformly in I) derivatives with
respect to their continuous arguments.

1n fact, as the proof of Proposition 3-(i) shows, the trimming in (19) can be defined using
(1+ €)h and (1 + €)h, with €> 0 instead of 24 and 24, respectively. Moreover, in the simple
case where there are no exogenous variables X, this proof shows that we can have €= 0 because
b<B,,, and B,,,, <b. This gives the trimming (6).

min max =<
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() [K(x,00dx =1, [KJ(b,x,0)dbdx =1, [K(v,x)dvdx=1, and
JK (x) dx = 1.

(i) K(,0), K, (,,0), K,(,+), Kx(-) are of order R+ 1, R+ 1, R, R + 1. Thus
moments of order strictly smaller than the given order vanish.

Assumption A3 is standard. The orders of the kernels have been chosen
according to the smoothness of the estimated functions. In particular, K, is of
order R + 1, since the density g(-,-,-) admits up to R + 1 bounded continuous
derivatives from Proposition 1.

ASSUMPTION A4:
(i) As L — oo, the “discrete” bandwidths hg; and h,; vanish.
(i) The “continuous” bandwidths h, h,, h;, and hy are of the form:

hg = As(log L/L)l/(2R+d+2)’ h, = A (log L/L)l/(2R+d+3)’
h,f= )\f(log L/L)l/(2R+d+3)’ hy = Ay (log L/L)l/(2R+d+2)’

where the X’s are strictly positive constants.
(iii) The “boundary” bandwidth is of the form h,= \,(log L /L)"/“*D if d > (.

Part (i) combined with A3-(i) implies that averaging over observations
(B, X, I)) such that I, # i will disappear from (13) and (14), as L — .

The log L arises because we deal with uniform consistency. From this point of
view, hg, h,, and hy are optimal bandwidths given Proposition 1 and A2-(iii)
(see, e.g., Hardle (1991)). Hence our kernel estimators (13), (14), and (21) of
G(,-,-), g(-,-,-), and f(-) converge uniformly at the best possible rate. If the
private values were observed, the optimal bandwidth for estimating f(-,-) would
be of order (log L /L)!/@R+4+ D which is asymptotically smaller than the rate
for h, given in (ii). Thus our choice of %, implies oversmoothing and would be
suboptimal in this sense. However, private values are unobserved. As we show
below, given the optimal rates for hg, h,, and hy, our choice for A, is the only

rate that achieves the optimal rate of Theorem 2.

3.4. Uniform Consistency

Our next main result establishes the uniform consistency of our two-step
estimator with its rate of convergence. To do so, we need two results, which are
of independent interests. The first proposition establishes the uniform consis-

tency with rates of convergence of our nonparametric boundary estimators
16)-(17).*

*'The bandwidth /1, in A4-(iii) does not depend upon the smoothness of the upper and lower
bounds b(-,i) and b(-,i). Therefore, the rate of convergence of our boundary estimators can be
improved. See, for instance, Korostelev and Tsybakov (1993).
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PROPOSITION 2: Let r,= (L /log L)"/“* V. Under A1-A2 and A4-iii),

sup |7A>(x,i)—5(x,i)‘=0(1/r,,) a.s. and
(v,Delx, TIXS

sup |b(x) —b(x)|=00/r) a.s.

xe€[x, ]

The second proposition studies the rate at which the pseudo private values I}p,
converge uniformly to the true values.*

PROPOSITION 3: Let r, = (L /log L)®/CR+ 43 % = (L /log L)R* /GRS,
Under A1-A4: .

(@) sup, ,1(V, p,a& +R)V,, =V, I=00/r) a.s.;

(i) for any closed inner subset &) of S( 1o, x)) we have

suIIJ Lo,V ,,X,)I -V, I=0/r) as.
D,

Proposition 3 shows that the pseudo private values Vp, converge uniformly to
the true private values, with the exception of those corresponding to observa-
tions (B,;, X, I;) close to the boundaries (see (19)). However, r, is smaller than
r¥. Hence the rate of convergence in part (i) is slower than in (ii). The reason is
that (i) considers observations that are arbitrary close to the support S(G) as
L — o, while (ii) deals with observations bounded away from the boundary.
Moreover, from (12) and (18) the rate of uniform convergence of V, to V),
depends mainly on that of g(-,-,i) to g(-,-,i). And we know from Proposmon 1
that g(-,-, i) is smoother on a closed inner subset of its support.

We now state the main result of this section. Because kernel estimators suffer
from boundary effects, we restrict uniform convergence to inner closed subsets

of S(f(v, x)).
THEOREM 3: Suppose that A1-A4 hold. We have

sup | f(vlx) = f(0]x)] = O((og L/L)*/PFH D) s,
(v, x)e&V)

for any closed inner subset (V') of S(f(v, x)).

-In addition to establishing the uniform consistency of our two-step estimator,
Theorem 3 is important for two reasons. First, it implies that the upper bound
(L /log L)R/@GR+d+3) of Theorem 2 is in fact the optimal uniform convergence
rate r} for estimators of the conditional density f(:|-) from observed bids.

22Proposition 3 is interesting in itself because it can also be used for the estimation of the
conditional mean, variance, or quantiles, etc... of private values.
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Second, it shows that our two-step estimator attains the optimal rate r/, and
hence is asymptotically optimal.

We present the proof of Theorem 3 as it helps understand the role of
Proposition 3 and our bandwidth choices.

PROOF OF THEOREM 3: We have f(v|x)= f(u x)/f(x). Given the optimal
bandwidth choice for 4 in A4, we know that f(x) converges uniformly to f(x)
at the rate (L /log L)+ D/CR*d+2) on any inner compact subset of its support
(see Hardle (1991)). Because this rate is faster than that of the theorem and
f(x) is bounded away from 0 by A2-(ii), it suffices to show that f(v, x) converges
at the rate (L /log L)R/@R+d+3),

Our proof relies upon the (infeasible) nonparametric estimator of the density
of (V, X) using the unobserved true private values V,;:

- =V, x=X
@ flo,x)= /f’“zf,pzl ( ok )

Lemma B2 in Appendix B 1mplles that the suboptimal bandwidth 4, leads
to a uniform convergence of f(v,x) to f(v, x) on (V) at the rate (L/
log L)R/CR+d+3) Gince  flv, x) — f(v, x) = [fv, x) = flv, )] + [ flv, x) —
f(v, x)], we are left with the first term.

Let #'(V) be an inner closed subset of S(f(v,x)) containing all hypercubes
of size & (small enough) centered at a point (v,x) in Z(V). Define " (V)
similarly with respect to &'(V). Hence (V) c&'(V)c&" (V) cS(f(v, x)).
Now, for (v, x) € #(V) and L large enough, f(v, x) uses at most observations
w 1> X;) in @'(1) and hence for which (V,;, X,) is in &”(}") by Proposition 3-(i).
Because f(v,x) uses at most ( Vo, X)) in @"(V) for any (v,x) in &(V), we
obtain almost surely for L large enough,

fw,x) = f(v,x)

1 L 1 1
= — 1...,..(V, X
Lh}l+1 1—21 I] p§1 &" (1 )( p! I)
v=V, x—X, (U vV, x X,)
x| K J -
f ’ f ’
hy hy ) hy hy

Next, a second-order Taylor expansion gives

23 |f(v,x) —f(v,x)|

1

L 1 .
Lhd+1 Z 1 Z ]]'g’(V)( pl> )(I/p I/p)

I p=1
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1 aK( -V, x—X,)l

X — )
hf Jdv hf hf

1 A 2
2Lhd+1 Z Z ]]'? (V)( pl> )(V V;”)

2Kf v X—X,
v\ hy

o
su
"z P

Supp[ & (V)( p/’Xl)| pl /| 1
h; Lh{*!

n SuPp/ &" (V)( pl> 1)|Vp/_ I/pl|2 1
th Lh‘f’

—_— )
g2 | ¥ h,

lOgL R/QR+d+3) 1
<0 —
(( ) ) Lh§*!

th;

XZsup

I=1 v

b

U,
hy

(Lr

by Proposition 3-(ii) and the definition of 4, in A4-(ii). The two sums appearing
in (23) may be viewed as kernel estimators, and hence converge uniformly on
(V) to

7

dudy and f(x)fsup

(u y)‘dy,

fo, x)f‘—(u y)

respectively. Thus they stay bounded almost surely. Since R > 1 implies (2R —
D/QR+d+3)>R/QR+d+3), it follows that f(v,x)— f(v,x)=O(log L/
L)R/@R+d+3), Q.E.D.
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The above proof shows that, under our bandwidth choice A4, flv,x) = f(v, x)
and the first-order term in the Taylor expansion of f(v, x) = f(v, x) have the
same order of magnitude, namely O((log L /L)®/?R*4+3) while the second-
order term is smaller. In fact, given our choice for 4, and hg, it can be shown
that our choice for h,, which implies oversmoothing, is the only choice that
achieves the optimal uniform convergence rate (L /log L)®/CR*4+3) for esti-
mating the density f(v, x) for any combination (d, R) of dimension and smooth-
ness. In particular, the standard “optimal” choice (log L/L)"/@*+¢*D for h,
would lead to a suboptimal uniform convergence rate for estimating f(v, x).
There may, however, exist alternative bandwidth choices for (g, h ol f) leading
to the optimal uniform convergence rate (L /log L)X/@R+4*3 QOur choice for
hg and h,, which corresponds to the optimal bandwidth rates for estimating
G(-,-,i) and g(-,-,i) (see Hardle (1991)) have the advantage of providing an
estimate of the inverse equilibrium strategy ¢(-,-,i) for every i with the best
uniform convergence rate.

Theorem 3 is useful in practice only if the support S(f(v, x)) is known so that
one can choose appropriately the compact set #(V). This support can be
estimated. Specifically, because v(x)=b(x), then the lower bound v(-) is esti-
mated from observed bids using (17) directly. Regarding the upper bound o(-),
we can use an estimator of the form (17) with inf and B, replaced by sup and
V,;» respectively. Thus from Proposition 3-(ii) and a proof analogous to that of
Proposition 2, it can be readily shown that the support S(f(v,x)) can be
estimated uniformly.

Lastly, asymptotic normality of our estimator is not covered by Theorem 3.
The proof of Theorem 3 indicates that classical asymptotic normality results are
likely to be imprecise because only the leading term in the expansion of
fv,x)—f(v,x) is used. In our case, the second order term of the Taylor
expansion can be close to the first one, especially if the degree of smoothness R
is small. Such drawbacks can be circumvented by establishing an exponential-type
inequality for all L of the form

24)  Pr sup | f(olx) = f(0l0 > ef (1) | < PF(),

L R/Q2R+d+3)
( ) (v, x)e&(V)

log L

for +>0 and some positive functions e}“‘(t) and Pf* (¢), analogous to the
inequalities obtained in Lemma C4. Though we shall not pursue such an issue,
which is outside the scope of the paper, such an inequality is useful in practice
for two reasons.

First, (24) can be used to obtain conservative (uniform) confidence intervals.
Specifically, choose ¢ such that Pf(#) < a. Hence the probability that f(v]x) is
in the interval

[ fwlo) = e (D 0log L/LYM Y, ful) +ef (1)(log L/L)/ R+

for all (v, x) e @(V)
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is larger than 1— a. Second, (24) can be used to choose the constants A
appearing in the definitions of the various bandwidths. Indeed, Fubini’s Theo-
rem yields

E{ sup [f(ulx)—f(ulx)l]

(w,x)e?WV)

=f0+mPr( sup |f(v|x)—f(v|x)|>t)dt-

(v, x)e®WV)

Combined with (24), this gives an upper bound for E[sup, ¢ flolx) -
F(v]x)l, which can be used to assess the choice of the A’s based on the expected
supnorm loss function.

4. Reservation Price and Number of Bidders

Up to now, we have assumed that the reservation price is nonbinding. In
practice, the seller may announce a reservation price sufficiently high prior to
the bidding as a screening device for participating in the auction. Though the
Bayesian Nash equilibrium strategy is still given by (1), a binding reservation
price raises a new difficulty due to the unobserved number I of potential
bidders. This number is typically different from the observed number I* of
actual bidders who have proposed a bid (> p,). Hence there is a new structural
clement, namely 7, in addition to the latent distribution of bidders’ private
values F(:). In this section we show how our results can be extended to this
situation.

4.1. Nonparametric Identification

As in Section 2.2, we first consider one auction only and hence we omit the
subscript /. Alternatively, our reasoning can be viewed as conditional upon
(x, py, I). Following the derivation leading to (3), we rewrite the differential
equation (2) in terms of observables. Unlike Section 2, however, a binding
reservation price p, introduces a truncation because a potential bidder with a
private value lower than p, does not bid. Let b} denote the equilibrium bid of
the ith actual bidder, i = 1,..., I’*, and G*(-) be its distribution. Thus G*(b*) =
Pr(s(§) < b*|0 = p,) =[F(v) — F(pyl/I1 — F(py)] where v=s""'(b*). Differ-
entiating with respect to b* gives the conditional density g*(b*)=(1/

s'"(0)(f(0) /(1 — F(p,y))). Hence, from (2) elementary algebra gives

25 v,=£0bF,G*, 1,F(p,y))

1 [ G*(b}) F(py) 1
=bf + T — |
I-1\g*(b¥) 1-F(p,) g*(b})
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for i=1,..., I*. Equation (25) is the analog of (3), but involves I and F(p,),
which are unknown. This complicates the identification and estimation of the
model.

The next result solves the identification problem.

THEOREM 4: Let G*(-) €2 with support [p,,Db), and w(-) be a discrete
distribution. There exist a distribution of buyers’ private values F(-) €% and a .
number I > 2 of potential buyers such that (i) G*(-) is the truncated distribution of
the equilibrium bid in a first-price sealed-bid auction with reservation price p, € (v, D)
and (ii) w(-) is the distribution of the number of actual bidders I* if and only if the
following conditions hold:

C1: 7(") is Binomial with parameters (1,1 — F(p,)), where 0 < F(p,) < 1.

C2: The observed bids are ii.d. as G*(-) conditionally upon I* and
lim,, , g*(b)= +w.

C3: The function &(,G*,1,F(p,)) defined in (25) is strictly increasing on
[po,b] and its inverse is differentiable on [v,0]1=1€(py, G*, I, F(py)), £(b,G¥,
I, F(py)))

Moreover, if Conditions C1-C3 hold, then I and F(p,) are unique while F(-) is
uniquely defined on [ p,, 0] as F(-) = F(py) + [1 — F(p)IG*(£71(-,G*, I, F(py))).
In addition, £(-,G*,1,F(p,) is the quasi inverse of the equilibrium strategy
s(, F, py, 1) in the sense that &(b,G*,I,F(py))=s (b, F,py, 1) for all be

[po,B]-

Theorem 4 parallels Theorem 1. In particular, it shows that the game
theoretical model imposes some restrictions on the joint distribution of the
observables (b¥,..., b, I*). Moreover, the number of potential bidders I is
identified, while the latent private values distribution F(-) is identified nonpara-
metrically on [ p,,0].

4.2. Nonparametric Estimation

As in Section 3 we consider heterogeneous auctioned objects characterized by
X, with the difference that the reservation price is now binding. The next
assumption clarifies the nature of the number of potential bidders and the
reservation price.

ASSUMPTION AS:
(i) The number of potential bidders I > 2 is constant.
(ii) The reservation price Py is a possibly unknown deterministic (R + 1) contin-
uously differentiable function h(-) of the characteristics X.
(iii) For some €> 0, v(x) + e <h(x) <0(x) — € forall x €[x, X].

By A5-(i), the size of the market is assumed constant across auctions. Though
known to potential bidders in the theoretic model,  is unknown to the analyst,
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as is typically the case.” Assumption AS5-(ii) is suited when the seller determines
the reservation price as a function of the object’s characteristics, as it is the case
in practice. In particular, this is satisfied when the seller’s private value 7 is a
function of the object’s characteristics, and the reservation price is determined
optimally (see Riley and Samuelson (1981)).%* Assumption AS5-(iii) requires that
the reservation price be bounded away from v(x) and ©(x). This ensures that
the reservation price is always binding and that there is always a positive
probability of having at least one actual bidder. For instance, given A2, A5-(iii)
is satisfied when the reservation price is chosen optimally and v(X) <V, < 0(X).
Given AS<(ii), the conditional distribution of an observed bid B}, given
(X,, P, is the conditional distribution given X, only, namely G*(|X,) with
support [A( X)), b(X))]. Thus, for p=1,..., 1 and [ =1,..., L, (25) becomes

Q6) V= £(BY.X)

1 [ G*(BilX)) . @(X)) 1
I-1{ g*(BylX,) 1-®(X) g*(BilX)) |

=B+

where @(X,) = F(Py,| X,). Provided one can estimate I and @ (X)), this equation
can be used to develop a two-step estimation procedure analogous to that of
Section 3. A technical difficulty arises as the density g*(:|X,) is unbounded at

* =P, (see C2 of Theorem 4). This is because s*(P,,, X,) = 0. Hence Theo-
rems 2 and 3 no longer apply.

In fact, the density g*(:|X,) behaves as 1//b* — P, in the neighborhood of
Py, since the behavior of s(-, X,) — P,, is quadratic in the neighborhood of P,,.
This leads to considering the transformation B, =(B* — Py)"/?. Hence B, =
s{(V, X), where s,(V, X) =[s(V, X) — P,]'/* with V> P, and P, =h(X). Thus
the distribution of B, is Gy(bX)=G*(P,+bi|X) with bounded density
g+(b;| X) =2b,g* (P, + b X) on its support [0,5(X)]=1[0,(b(X)— Py ?].
Under A5-(ii), (26) becomes

(27) V;,] = gT(BTpl’ X1)

2B, [G{(B,,, X)  ®(X)  f(X)
I—=1\g(By,,X) 1-@(X) g(By,, X))

— 2
:POI-I_BTPI—'_

using G,(1)/g:(1) = G,(-, ) /g,(-,) and 1/g,(-1) = () /g,(-, ).

BIn fact, we only need that I be constant on some known subsets of auctions, in which case our
estimation method applies to each subset. Tests of the constancy of I can be based on estimates of 1
(see below) for each subset. Because of A5-(i), hereafter I is dropped as an argument from any
function.

2*If there are many sellers across auctions, A5-(ii) may no longer hold as A(-) may vary across
sellers. Thus P, given X can be viewed as stochastic, which leads to a random truncation given X
(see Wang, Jewell, and Tsai (1986)). It can be shown that our two-step estimator is still uniformly
consistent on compact subsets at the rate (L /log L)R/@R+d+4),
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PROPOSITION 4: Given A2 and A5, the conditional distribution G;(|-) satisfies
properties (i)—(iv) of Proposition 1, where G(:|-,-), S,(G), b(x,i), b(x,i), and
&(B) are replaced respectively by G.(:|-), S(GT) ={(b;,x):x€[x,x], b, €
[0, Z)T(x)]}, 0, Z)T(x), and &(B;), which is a closed inner subset of S(G,).

Proposition 4 is important as it is analogous to Proposition 1, which is the
backbone of the optimal rate and uniform consistency of our estimator (Theo-
rems 2 and 3).

Analogously to Section 3, (27) suggests a two-step estimation procedure. In
the first step, f(-) is estimated by (21), while G,(,-) and g,(-,-) are estimated by

- I x—X,
Gi(b;,x) = hd Z Z ]l(Bsz<bt)Kc( 1)’

G I= 1 hG

L1 I -B,,, x—X,
. (b, £, .
gT( T x) hd+1 Z I] pzl hg hg )

This follows because the transformed actual bids (B, ..., Bfjx,) are indepen-
dent of I* conditionally upon X; in view of Condition C2 of Theorem 4.

In the second step, (27) is used to recover the pseudo private values provided
one can estimate I and ®@(X)). A natural estimator for I is [=max,_, _, I}".
Given Condition C1 of Theorem 4, [ =TI almost surely. To estimate ®(X,), we
note that E[[|X,]=1I[1— ®(X,)]. Solving for ®(X,) suggests to estimate it by
(X)), where

B =1 L s (x X’),
f(x)l 1 hx
using the usual Nadaraya (1964)-Watson (1964) nonparametric regression esti-
mator with f(x) as in (21). Note that &(-) is always between 0 and 1.
Let &(-,-) be given by (27), where I, @(-), f(-), G,(-,-), and g(,-) are
replaced by their estimators. Following (16), let bT(x) =sup{B,,;, p = L., IF,
I=1,....L, X,em, 4, }. The estimated support of G,(,-) is S(GT) =

{(b x) b |0, bT(x)] x €[x, x]}. The pseudo private values are given by V
§T(BTP,,X,) where

.....

E(by,x) i (by, x) +5Qhg) € S(Gy),

éT(bT’x)E (bT,x)+S(2hg)CS(GT),
x+8Q2h;) €lx,x],
+oo otherwise,
for p=1,..., I, [=1,..., L. The nonparametric estimator of the conditional

density f(le) is f(u]x) = [1 — (D(x)]f*(u]x) where f*(u]x) is the estimator of
the truncated conditional density f*(v|x) =f(v|x)/[1 — ®@(x)] and is obtained
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as in Section 3 with I, replaced by I in (20). Let S* ={(v,x):x €[x, %],
v €[h(x),5(x)]} be the support of f*({-). The next result gives the asymptotic
properties of the estimator f(-|-).

THEOREM 5: Suppose that A1~A5 hold. Then f(|-) is uniformly consistent with
optimal rate (L /log L)X/CR*4+3) on any closed inner subset of S* with nonempty
interior.

In view of Theorem 4 and A5-(ii), $* is the largest subset of the support of
f(|-) where the latter is identified.

5. CONCLUSION

For first-price sealed-bid auctions with binding or nonbinding reservation
prices, we have shown that the underlying distribution of bidders’ private values
within the independent private values paradigm is identified from observables,
namely, observed bids and the number of actual bidders, without any parametric
assumptions. Moreover, using the recently developed minimax theory, we have
established the best rate of uniform convergence at which the latent density of
private values can be estimated from available data. We then have proposed a
computationally convenient two-step nonparametric estimator of this density
that converges at this optimal rate.”

As a matter of fact, our results go well beyond the auction mechanism and
paradigm studied here as they can be generalized to other auction models as
considered by Milgrom and Weber (1982). For instance, as shown by Guerre,
Perrigne, and Vuong (1995) for the independent private value paradigm, they
apply to descending or Dutch auctions, where only the winning bid, if any, is
observed. Alternatively, our results can be extended to the affiliated private
value paradigm, which is the most general auction model that can be identified
from observed bids (see Laffont and Vuong (1996)). Li, Perrigne, and Vuong
(1996, 1999) show how our two-step nonparametric procedure can be modified
accordingly despite the complexity of the Bayesian Nash equilibrium strategy.

More generally, because the determination of the equilibrium strategy is
avoided, our indirect estimation procedure is especially convenient when the
equilibrium strategy cannot be obtained explicitly. In such situations, direct
(parametric) estimation methods become cumbersome, if not computationally

25Alternatively, our general indirect two-step principle can also be used to estimate parametrically
the distribution of observed bids in the first step and the distribution of private values in the second
step. Besides some technical difficulties arising from the relationship between G(-) and F(-), such a
parametric two-step procedure would constitute a powerful alternative to existing parametric
methods such as the simulation-based method proposed in Laffont, Ossard, and Vuong (1995).
Specifically, this new parametric method will be computationally much easier when the equilibrium
strategy cannot be easily simulated or cannot be solved explicitly as in asymmetric auctions.
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infeasible, since the differential equation must be solved numerically for the
equilibrium strategy for each trial value of the parameters. An example of such
a situation arises with a random reservation price. This occurs when the seller
adopts a random rejection rule of the highest bid, or when the reservation price
is announced after bidding. Within the independent private values paradigm,
Elyakime, Laffont, Loisel, and Vuong (1994, 1997) extend our results to the
latter situation. Another important case arises when bidders are asymmetric ex
ante due to joint bidding, informational advantages such as in Outer Continen-
tal Shelf auctions (see Hendricks and Porter (1988), Hendricks, Porter, and
Wilson (1994)), the large size of a bidder, and more generally collusion among
some bidders (see Graham and Marshall (1987)). In this case, the equilibrium
strategies are solutions of a system of differential equations that cannot be
solved explicitly (see Maskin and Riley (1983)). Using results similar to ours,
Campo, Perrigne, and Vuong (1998) and Laffont, Li, and Vuong (1999) show
how to circumvent this difficulty. Asymmetry also arises in procurement actions
when firms bid in both price and quality. Applying our approach, Laffont,
Oustry, Simioni, and Vuong (1996) identify and estimate the resulting model.

Lastly, an important feature of our identification results is that they provide
necessary and sufficient conditions for the existence of a latent distribution that
can “rationalize” the observed bid distribution. Because they are the restrictions
imposed by the game theoretic model on observables, these conditions can
constitute the basis of a test of the theory. They are of two types. The first type
deals with independence of bids (see conditions C1 and C2 of Theorems 1 and 4,
respectively), which relates to the paradigm and can be tested nonparametrically
using, e.g., the Blum, Kiefer, and Rosenblatt (1961) test. The second type deals
with the monotonicity of an estimable function (see conditions C2 and C3 of
Theorem 1 and 4, respectively), which can be used to test whether bidders adopt
the symmetric Bayesian Nash equilibrium strategy. A major difficulty in develop-
ing a nonparametric test, however, is to estimate the function £(-) under
monotonicity constraint. Though progress has been made in the regression
context (see, e.g., Wright and Wegman (1980) and Utreras (1985)), the different
nature of £(-) calls for further work.

To conclude, by proposing a general and computatlonally convenient estima-
tion principle, this paper contributes to the structural analysis of auction data
that was plagued by the numerical complexities associated with the equilibrium
strategies. The estimation of auction models can also be considered as a first
step in the estimation of asymmetric information models used in the theory of
regulation and contracts. Hence our paper contributes to the agenda of the new
empirical industrial organization calling for the data evaluation of game theo-
retic models (see Laffont and Tirole (1993) and Salani¢ (1997)).
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APPENDIX A
PROOFS OF MATHEMATICAL PROPERTIES

This Appendix gives (i) the proofs of our identification results (Theorems 1 and 4) and (ii)
establishes the model’s regularity properties (Propositions 1 and 4), when the reservation price is
nonbinding and binding respectively. Lemmas are proved in Appendix C.

A.1. Proofs of Identification Results

Proor oF THEOREM 1: First, we prove that Conditions C1 and C2 are necessary. Because
b;=s(v;, F,I) and the v;’s are i.i.d., it follows that the b;’s are i.i.d. so that Condition C1 must hold.
To prove Condition C2, let s(-, F, I) be the strictly increasing differentiable and symmetric Bayesian
Nash equilibrium strategy corresponding to F(-) with support [v,7] (say). Let G(-) be the distribu-
tion defined by G(b) = F(s~'(b, F, 1)) for every b €[b,bl=I[s(v, F,I),s(7, F,)]. Note that G(-)
must be the distribution of observed (equilibrium) bids. Now, s(-, F, I) must solve the first-order
differential equation (2). But, because (3) follows from (2), then s(:, F, I) must satisfy &(s(v, F, I),
G, =v for all v €[p,0]. Making the change of variable b=s(v, F,I), we obtain &(b,G,I)=
s~'(b,F,I) for all be[b,bl. Hence Condition C2 must hold because s !(-,F,I) is strictly
increasing on [b, 5] and s(-, F, I) differentiable on [p,5]=[¢(b,G, I), (B, G, D].

To prove sufficiency, let G(-) belong to &’ with support [b,51’. By Condition Cl, the b;’s are
iid., each distributed as some G(-) with support [b, b]. Now note that

(AD lim ¢£(b,G, 1) =b.
bLb

This follows from (3) and the fact that () b is finite (= 0), (i) lim, | ,log G(b) = —, and (iii)
g(b)/G(b) = dlog G(b)/db, so that lim,, , , g(b)/G(b) = +.

Next define F(-) = F(¢7'(-,G, 1)) on [v,7], where v = £(b,G,I)=b by (A.1) and 7 = £(b,G, I).
Thus F(') is a valid distribution because &(-,G, I) is strictly increasing on [b, 5] by Condition C2.
Moreover, because G(-) is strictly increasing on [, b] (see footnote 3), then F(-) is strictly increasing
on [v,7]. Thus the support of F(-) is [v,T], which is an interval of R, . Lastly, because ¢ !(:,G, I) is
differentiable and G(-) is absolutely continuous, then F(-) is absolutely continuous. Therefore F(-)
belongs to & as required.

It remains to show that this distribution F(:) of buyers’ private values can rationalize G() in a
first-price sealed-bid auction with no reservation price, i.e., that G(-)=F(s~'(-, F, 1)) on [b,D],
where s(, F, I) solves (2) with the boundary condition s(v, F,I)=uv. By construction of F(-), we
have G(-)=F(&(-,G,I)). Thus it suffices to show that & '(-,G,I) solves (1) with boundary
condition & !(p,G,I)=0p. It is easy to see that the boundary condition is satisfied. From the
construction of F(-) note that f(-)/F(-)= ¢ "(-,G,Dg(¢7'(-,G, ) /G(£'(-,G, I)) after differen-
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tiating and taking a ratio. Thus ¢7'(:, G, I) solves (2) if
(¢ '(w,G, 1)
G(£1(v,G, D)
But (A.2) clearly holds by definition of £(:,G, I). This completes the proof of sufficiency.

It remains to establish the last part of Theorem 1. From the proof of necessity, we know that
£(,G,I)=s"1(-, F, I) holds when F(-) exists. Since F(-) = G(s(-, F, I)), then F(:)=G(&'(-,G,I)).
Because £(+,G,I) is uniquely determined by G(), it follows that F (+) is unique given G(-).
Moreover, its support must be [ £(b, G, I), £(b, G, D] =[b, £(b,G, )] by (A.1). Q.E.D.

(A.2) 1=(w-¢Yv,G,D)UI-1) Vvelv,bl.

PrOOF OF THEOREM 4: Consider necessity. Condition C1 must hold since a potential bidder bids
if and only if his private value is at least p,. Thus 0 < F(p,) <1 follows from p, € (v,7).
Regarding Condition C2, let B;=0if ¥; <p, for j=1,..., 1. For any (by,...,b) € R,

Pr(B¥ <by,...,Bf <b, I'* =ill, py)
= Y Pr(py<B, <b,...,po<B, <b;, Bj=0,j& {r,....,r}|I, py)

1<ry# - #r<l

1!
=mpl'(pOSBlSbl,...,poﬁBiﬁbi,BH_I = e =B[=O|I,p0)

I . ‘
= ————Pr'" (B, =01, py) l—I Pr(py <B,<b,lI, py),
=il =1
because B’s are iid given (I, py). Since I* is binomial with parameters (1,1 — F(p)), then

i Pr(py,<B,<bll,py)
Pr(BE <by,..., BF <bll* =i, I, pg) = [ | —2o—rr bo

r=1 I_F(pO)
T F(s7H(b,)) — F(py)
—,.1:[1 l—F(p()) ’

as desired. Moreover, because s(py) =p, and F(py) > 0 it follows from (2) that lim,,, , 5'(v)/f(v)
=0. Since g*(b) =f(s1(b))/[s'(s 1B — F(py)], then lim, o 8 (B) = +oo. Regarding the
necessity of Condition C3, the proof is similar to that of Condition C2 in Theorem 1, noting that
EC,GH LF(p) =57, F, I, py) on [ py, b1 =1pg, (T, F, I, py)l.

Turning to sufficiency, choose v < p, and 0 < F(p,) < 1. The proof then follows that of Theorem
1 by replacing G(-) and F(-) by the truncated distributions G*(-) and F*(-)=[F(-) — F(p)l/[1 —
F(py)] defined on [ pgy,b] and [ py, 71, respectively. The condition lim, , ,, &(b, G*, 1, F(py)) = py,
which is analogous to (A.1), follows now from (25) and lim,, , g*(b)= +«. In particular, if
Conditions C1-C3 hold, we can establish that there exists a distribution F(-) on [v,7] with
o= &(b,G*, I, F(py)) that (i) is absolutely continuous on [ py,5] and (ii) can rationalize G*(-) in a
first-price sealed-bid auction with reservation price p,. A distribution F(-) €% is obtained by
extension in an absolute continuous fashion to the interval [, pyl.

To prove the last part of Theorem 4, note that I and F(p,) are identified from a(-). More-
over, similar to the end of the proof of Theorem 1, we have £(-,G*,I, F(py))=s"'(:,F, 1, p,) on
[po,bl, and the truncated distribution F*(-)=[F(-) — F(py)l/[1 — F(py)] is unique and equal to
G*(£1(-,G*, I, F(py))) with support [ py,01=1[py, £(b,G*, I, F(py)]. Because I and F(p,) are
identified, it follows that F(-) is uniquely determined on [p,,7] and equal to F(py)+I[1—
F(pIG*(£71(-,G*, I, F(py))) on this interval. Q.E.D.

A.2. Proofs of Regularity Properties

To prove Proposition 1 we need two lemmas. Lemma Al studies the regularity of the boundaries
v(:) and D(-) as well as that of th_e bid function s(-,-,i). Lemma A2 translates these regularity
properties into regularity of b(:, i), b(-,i), and £(.,-,i).
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LEMMA Al: Under A2:

(i) The boundaries () and v(-) admit up to R + 1 continuous bounded derivatives on [ x, X1, and
inf, ¢, 5(0(x) —0(x) > 0. v

(i) For each i€.7, s(-,-,i) admits up to R+ 1 continuous bounded partial derivatives on S,(F).
Moreover, for any (v, x) € S(F), s'(v, x,i) > ¢, > 0.

LEMMA A2: Under A2, for each i €.7, we have the following:

(i) The boundaries b(x,i) and b(x,i) admit up to R + 1 continuous bounded derivatives on [ x, %],
and inf, . [;‘,,x](B(x, ) —b(x,i)>0.

i) £C,-,i) admits up to R + 1 continuous bounded partial derivatives on S(G). Moreover, for any
(b,x) € S,(G), £'(b, x,i) 2 c; > 0.

PROOF OF PrOPOSITION 1: (1) is Lemma A2-(i) plus the boundary condition. Next,

FCE(B, x,Dlx,i)

A3 gD = A

Because f is bounded away from 0 by A2-(ii) and s’ is bounded by Lemma A1-(ii), then (ii) follows.
To prove (iii), it suffices to note that G(bl|x,i) = F(&(b, x,i)|x, i), where F(-|-,i) and &(-,-,i) have
R + 1 continuous bounded derivatives on S,(F) and S,(G) by A2-(iii) and Lemma A2-(ii), respec-
tively. Lastly, to prove (iv) we note that (9) gives

G(blx,i)
G—-DC&b, x,i) —b)

with £€(b, x,i) —b > 0 for (b, x) € €(B). Because G(+|-,i) and &£(-,-,i) admit up to R+ 1 bounded
continuous derivatives by (iii) and Lemma A2-(ii), the desired result follows. Q.E.D.

(A.4) g(blx,i) =

The proof of Proposition 4 follows that of Proposition 1. In particular, the following lemmas
similar to Lemmas Al and A2 are needed. As I is constant by A5-(i), then .#={I} below.

LEMMA A3: Under A2 and AS, properties (i) and (ii) of Lemma Al hold with v(-), S(F) and
s(v, x, i) replaced by h(-), S* ={(v,x): x €[x, %], v € [W(x), 0(x)}} and s,(v, x), respectively.

LEMMA Ad: Under A2 and AS, properties (i) and (ii) of Lemma A2 hold with b(x,i), b(x, 1),
SAG), and £(b, x,i) replaced by h(x), b(x), S(G,), and &(b;, x), respectively.

PROOF OF PROPOSITION 4: The proof is similar to that of Proposition 1, using F*(¢|x) = [F(v|x)
— F(h(x0)|0)l/[1 = F(h(x)lx)], G(b;|x), Lemmas A3 and A4 instead of F(uvlx,i),G(blx, 1), Lemmas
A1 and A2, respectively. In particular, instead of (A.4) we have from (27)
2b. 1 F(pglx)
L Gi(bylx) + —— o0
&by, x) —py— b2 I—1 1—F(pylx)

(A5) g+(b;lx) =

with pg = h(x). Q.E.D.

APPENDIX B
PROOFS OF STATISTICAL PROPERTIES

This Appendix gives the proofs of Theorem 2, Propositions 2 and 3, and Theorem 5. Lemmas are
proved in Appendix C. Throughout |-|, . denotes the supnorm of the rth derivatives of - on the
set *.
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B.1. Optimal Uniform Convergence Rate

PrOOF OF THEOREM 2: The proof relies on the argument of Khas’minskii (1976), though it is
somewhat more complicated due to the indirect nature of our statistical problem. The proof is
divided in 4 steps, where the fourth step uses Fano’s lemma. Let rj = (L /log L)R/@R+d+3),

Step 1: We show that the rate r is given by the estimation of the joint density f(v, x). Let f(-)
be (say) the kernel density estimator (21) of the density f(-) of X. From the triangular inequality, for
any estimator f(¢|-) of the conditional density, we have

¥ flvlx) f(le)|>f Ufwln) fx) = Fl) FOI = Fololf(x) = F(D

> Cyrfl fl0) f) = f(o, )| = Corfl f(x) = f(x)], as.

for some constants C; and C, since f(-) and f(:|-) are uniformly bounded above on #(V) by
definition of U,(fy), and since f(-) converges uniformly to f(-). In addition, it is well-known (see
Hardle (1991)) that the uniform rate of convergence of f(-) to f(-) is (L /log L) R+ D/@R* &4 D),
which is faster than . Hence the above second term converges uniformly to zero. Now, f( [) f( ) is
an estimator of the joint density fC, ). It is easy to show that, if Theorem 2 holds for some positive
constant «’ where f(v,x) and f(v,x) replace f(vlx) and f(v|x), respectively, then Theorem 2
would hold for some «.

Step 2: The set U.f,) can be replaced by any subset U C U,(f,) since

sup  Pr(rfIfC, ) = G, o.gan > k) 2 sup Pry (I £, ) = £, Dlo,gry > ).
reulfy feu

The subset U will be discrete and of the form {f,,,(:,*,*), k=1,...,m** 1}, where m is increasing

with the sample size. To construct the joint density f,,,(-,-,*) for (VV,X,I), we consider a
nonconstant and odd C,-function ¢, with support [—1, 119+, such that

B.1) ] (b, x)db=0, ¢(0,00=0, ¢'(0,0)+0.
(1,0

Let %,(B)=s(#(V), Fy,i) be the image of #(J/) by the bidding function associated to f, when
I=i. Without loss of generality, assume hereafter that Pry(/ = 2) # 0 so that %,(B) is a nonempty
inner compact subset of S,(G,). Let (by,x;), k=1,...,m%*1, be distinct points in the interior
C3(B) such that the distance between (b, x;) and (b;, x;), j # k, is larger than A; /m. Thus, one can
choose a constant A, such that the m?*! functions

1
(b, x) = R+1¢(m)\2(b be), mAy(x —x,)) (k=1,...,m* ")

have disjoint hypercube supports S(¢,,,) centered at (b, x,) with side equal to 2/(ma,). Hence
]d),,,j(b, X) (b, x)dbdx =0 for j + k.
Let C, be a positive constant (chosen below), and for each k =1,...,m‘*! define

8o(b,x,2) — C3¢,,,(b,x) ifi=2,

(b, x,i)=
gmk( ,X,l) {go(b,x,i) if 0.
That is, g,,.(,,1) is identical to go(:,,i) except when i = 2, in which case it differs from gy(-,-,2)
only on the set S(,,,). For m large enough, S(&,,;) is in S5(G,), while g(-,-,2) is bounded away
from zero on S,(Gy) and integrates to Pry(I =2) as g,(-,-,2) is bounded away from zero (Proposi-
tion 1-(ii) and A2(iD)) and ;. 1y¢(b, x)db =0.
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Now consider the function &,,(b,x,2)=>b+ G,,.(b,x,2)/8,,(b,x,2). It is easy to see that
G55 2), 8ui(5+,2), and g, (-,-,2) converge uniformly on S,(Gy) to Gy(-,+,2), go(,-,2), and
80(+, +,2), respectively. Thus &,,,(-,-,2) is strictly increasing in b with a differentiable inverse. From
Theorem 1, it follows that g,,.(,-,2)/Pro(I =2) can be interpreted as the bid density associated
with a unique density f,,,(:,*,2)/Pro(1 = 2) of (V, X) when I = 2, namely,

B2 for0,%,2) =g, (Enk(0,%,2),%,2) /(i mh (0, %,2), X,2))

_ g;?lk(é;}((va xaz)axaz)
2gl“l£1k( l}_lll'(v’x72)’ x’2) - G,,,k(f,,_,,i(u, x,2)’ x’z)g:nk(é‘"_xll(u, x,2),x,2) ’

As g,k Cy e, 1) =goC, -, i) for i #2, we have f,,(, ,l) foC,+, i) for those i’s. This completes the
construction of the densities f,,(-,",*), m =1,...,m?* !, which compose the set U.

It remains to show that U is a subset of U,( fo'), ie., that all f,,,C,-,-)s belong to U.(f,). For this,
we use the following lemma.

LemmA Bl: Given A1-A2, the following properties hold for m large enough:
@) Forany k=1,...,m"*, the supports of G, and F,,; are S(G,) and S(F,).
(ii) There is a positive constant C, depending upon ¢, G, and (V') such that for j + k,

Cih,
lfmk fm_,lo ?(V)>C4 nR

(iii) Uniformly in k=1,...,m**", we have
fonk _fo|r,S(Fo) = ch5+ 'o/m?=") (r=0,...,R-1),
finke = fol sy = C3A5 7 1O(D) + 0(D),
where the big O(-) only depends upon ¢ and g,,.

As || follr < M by assumption, there exists a positive constant A3 such that |fyl,, s,y <M — A4 for
all r=1,...,R. As If, 1l scro) <1 fuuk = folr.scro) + | folr, scroy <1fuuk = folr,scrg) + M — A3, it follows
from Lemma B1-(iii) that the first term can be made smaller than A; as soon as m > my(€) and C;
is small enough. Hence, f,,; is in U.(fy) so that U is a subset of U,(fy), as desired. As m is
increasing with L, we have for L > Ly(e):

sup  Pr(r¥IfC,) = fC, o,eqry > k)
feUlfy)

> max Prgm,‘.(rtlf(.’.) —fmk('?')lo‘?"(V)> K)'
k=1,...,mit!

Step 3: We now reduce our problem to the model selection problem of deciding which of the
hypothesis H,,; : {f=f,,;} holds. Consider the decision rule that selects H,, whenever f,, is
closest to f in the supnorm |-|o g y). Let Pr, k(ﬁ,,,k) be the probability of error of this decision
when H,,, :{f =/} holds. Choose m and « such that

(B.3) m=0HY? and k=C,C30,/2.

From Lemma B1-(ii), we have r}[f,,, — f.. ,|0 w1 = 2« uniformly in j # k. Thus, from the triangular
inequality, if 1| f— fulo.zy < &, then rf|f— f,,,JIO @) = K, for any j # k, i.e., the decision rule of
the closest accepts H,,,. Hence, for any estimator f( ,*) we have

max  Pr, GFlf(v,x) —f, (v, Dlozw)> k) = max  Pr, (H,)
k=1,...,m9*! k=1 md+1

,,,,,

1T m _
= m"“ Z Prgmk(Hmk) = Pl',_,.
k=1

d+1
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Step 4: Assume that the parameter k in g,,, is uniformly distributed over 1,...,m?* !, Thus Pr,
is the Bayesian posterior probability of misclassification of the above decision rule based on the

closest f,,; to f. We can bound Pr, from below using Fano’s Lemma (see Khas’minskii (1976),
Ibragimov and Has’minskii (1981, p. 323)). Indeed, this lemma gives a lower bound on the probability
of misclassification for any decision rule that selects a value among a finite number of equally
probable values. In our case, because of i.i.d. sampling, we obtain

L#((B, X,1),k) +1log2
Pr,>1- s s
log(m4*t —1)

where Z((B, X, I), k) is the amount of Shannon information in (X, 1, B, p=1,..., 1) relative to
the parameter %, i.e.,

ZB,X,1),k) =E(og(g(klB, X,I)/g(k))) = E(log(g(B, X, Ilk) /g(B, X, 1))

—E glnk(B X I)
(1/md+1)2m . g,,,,(B X 1)

1 md+1 n gm](b .. l)
kZ ZGJIIOg d+1 1 Gr(b, %, 1) &ui(b,x,i)dbdx.
1 j= m

We now bound #((B, X, I), k) from above. Using the concavity of the logarithm function, a simple
second-order expansion, the definition of the g,,.’s, (B.1), the fact that g,,, is bounded away from 0,
the orthogonality of the ¢,,,’s, and a change of variables, we get:

md+1

m‘(b’ 72)
FUBX, D) < = s Z[ (g, x

Emj\0> ¥, 2) o
gmk(b,x,z))gmk( ,x,2) dbdx

md+1

C
< —@ P [ (b x) = (b, X)) db
»J=

d+1

C5 m
C md*! 2
- 2R+2¢ (A,m(b —by), Aym(x —x,)) dbdx

Cs C32
= AgFT ;mfd)z(b,x) db dx

©? k%log L

=G =G
(rz: )(2R+d+ 3)/R L

by (B.3) and the definition of . Thus Fano’s Lemma gives

Cyx?log L +1log2
>1-

Pr, > _—
e log(m?*! - 1)

As m =)/ R =(L/log L)/@R+4+3 taking « (ie., C;) small enough gives Pr,>1/2 for
L > L(e). As this can be done for any value of e, this completes the proof of Theorem 2.  Q.E.D.
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B.2. Uniform Consistency of Boundary Estimators

PROOF OF PROPOSITION 2: Because the proof for b(x) is similar, we consider only the upper
boundary estimator b(x i). The proof is divided into two steps.

Step I: First, we establish an exponential type inequality. Assume that x lies in m,  , =

Deﬁne b*(x,i) = SUp, & b( y,L) Using (16), the triangular inequality, and Proposition 1-(i), we have
B(x, i) — BCx, D)l < B*(x, i) — b(x, i) + 1Bl 1k, with [Bl; =Bl [y, xjxs Thus

(B.4) Pr(lB(x,i) —-b(x, D> < Pr(i)(x,i) <b*(x,i) —t+1blih,).

Let RHS be the right-hand side of (B.4). Using Al we have

RHS=PrL( sup B]l(XEﬂ' I=1i) <b*(x, z)—t+|b|1h,7)

Provided ¢ and h, are sufficiently small so that b*(x,i) — ¢ + || h, > 0, then (RHS)'/* equals
(B.5) [1-Pr(/=iand X € 7)]

+/Pri(B <b*(x,i) —t+blihl X =y, I=D1_(y)f(y,i)dy.
Using Proposition 1-(ii), an upper bound for the second term is

[Pr"(B <B(y,i) —t+2[blh, 1 X =y, I=D)1_(y)f(y,i)dy

{
< [1 - inf g(b|x,i)(f—2|7)|1h,.,)] Pr(I=iand X m),
(b,x.1)eS(G)

provided ¢ — 2[bl;h, > 0 (which is satisfied by our choice of ¢ in Step 2), and provided ¢ and £, are
sufficiently small to ensure that b(y,i) —¢ + 2|bl, /i, > b(y, ) and that the term in brackets is strictly
between 0 and 1. Note that we have used inf(x’,«)e[,!“\]xj(b(x i) — b(x, 1)) > 0, which is ensured by
Proposition 1-(i). Moreover we have h¢inf,. . f(x,i) <Pr(I=i and X € w) <hd sup, ., f(x,i).
Hence, because i > 1, then (B.5) is bounded above by

1—h¢ inf f(x,i) + [1— inf  g(blx,i)(t = 2Blih,) | ke sup f(x,0)
xEm (b,x,1)eS(G) xenw

=1 +hjf( sup f(x,i) — 1nf f(x 1))

—hj  sup f<x,i> inf  g(blx,)(r —2IBlh,)
(x,)esS(X) (b.x,)eSG)

<1+chd* —c,hd (1 —2[blihy)

Cy
<1+ (c; +26,blDAI |1 - hit
A+ ey +20,lblR 1+ (¢, +2¢,bl)Rd+

< (1 +c;h8 DA = ¢y hde),
for h, and ¢ sufficiently small, where ¢;’s are strictly positive constants independent of (x, i), and
where we have used sup, c , f(x,i) —inf, o . f(x,i) <sup(, e q2lf(x, D) = fy, DI <c hy, for (m,i)
c S(f(x,i)) by A2-(iii). Therefore (B.4) and A4-(iii) give
s o L A+ Dy E
Pr([b(x,i) —=b(x,d)>t) < (1 +cslog L/L)" (1 —c4tlog L/L) )
L
< Le3(1 = cqt(log L/LY )

for ¢ sufficiently small and L sufficiently large.
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Step 2: Let x,€ w. Note that i(x, i) =f>(x,,, i) whenever x€ 7 by (16). Thus, using the
triangular inequality and letting = u/(2r,) in the above inequality, we have for each i €7

Pr(ra sup If;(x,i)—B(x,i)|>M)

xe[x,x]

< Pr( suplf)(xv, i) =b(x,,)l> ;1,/(2/'(7))

v

+ Il(sup sup [b(x,i) = b(x,,i)> M/(ZI';/))

m XET

< Y Pe(b(x,,i) —B(x,, D> n/@2r,)

+) ]l( sup [b(x,i) = b(x,,,i)|> ,LL/(Z";/))

xXemw
< card(m)Ls(1 — g plog L/2L)" + card(m) LBy, by > /2,

where card(sr) is the number of elements in the partition of [x, ¥].
Now, take p large enough. The second term vanishes, as 7,4, = A, from A4-(iii). Moreover, the
first term gives a converging series since

log(1 - cst(log L/2L))" = Llog(1 — cs wlog L/2L)) ~ —(cs/2) plog L,
while card(m) = O(h;*) = O((L /log L)?/“*D) by A4-(iii). Hence, by the Borel-Cantelli Lemma,

we have shown that there exists u (sufficiently large) such that

Pr(limsup{rﬂ sup ll_;(x,i) —b(x, D> ,u}) =0.

xe[x, x]

This establishes the desired result for each i. Since .7 is finite, the desired result follows. Q.E.D.

B.3. Uniform Consistency of Pseudo Private Values

_ To prove Proposition 3 we need a lemma that gives uniform convergence rates of G, §, flx), and
f(v, x), where the latter is the infeasible estimator defined in (22). We consider uniform convergence
on a fixed subset as well as on subsets expanding to the supports. Specifically, let

%, (B) ={(b,x,i) € S(G); {(b,x) +S(hz) U S(hg)} c S, (G},
& (V) ={(v,x) € S(f(w, x)); {(v, x) + S(hp)} € S(f(v, X))},
& (X)) ={x e S(f(x)); {x +S(hy)} cS(f(x)},

where S(i) and S(h1y) are defined similarly to S(/15) and S(h,) in the text, i.e., are the supports of
the kernels K;(-/h;,- /h;) and Ky(:/hy), respectively. Let

L (R+1)/QR+d+2) L R/QR+d+3)
B e ( log L ) T ( log L )

s

s

. L (R+1)/Q2R+d+3)
s \logL

which give the rates of uniform consistency of our estimators.
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LemMA B2: Given A1-A4, we have almost surely
) IG(b,x,i) = G(b, x,Dlo,e, = O /rg), 1§(b,x,i) —g(b,x,Dlo. .5 =0W/r,),
1f(0, ) = (0, Dlo.e 0y = O /rp),  1f(x) = fOlo.g, (x) = O /ry),
(i) 1§(b, x,) —g(b, x,Dlo.e)=00/rF),

where %,(B), ,(V) and %,(X) are expanding subsets defined above, while #(B) is a (fixed) arbitrary
inner subset of S(G).

PROOF OF PROPOSITION 3: Let G, = G(B,, X, 1)), GI,, = G(Bp,,X,,I,), 2,1 =8(B,, X, 1)), and
&p1=8(B,, X, 1)). Define ¢, =min{|g,/; [=1,...,L, p=1,...,1,, V, # +}.
(i) Because [, > 2, it follows from (12) and (18) that

Xl, 11) - w(BpI,X[,II)l'

LW, # +o)P, =V, | < 1V, # +0)§(B,,,

Hence, using the set %,(B) introduced in Lemma B2, we obtain

(B.7) ]]'(I}?D[# +°O)]]‘€‘~L(B)(Bp/’X/’ Ij)ll,z(B X]all)_l//(Bl)[aX[,Il)'

2

LW, # +2) Ly, 5 (B, X1 1) . )
= ! g 1'; [[ ? KGpl - Gpl)g[)l + (gpl _gp[)Gpll
ptiop

LV, # +) Ly, (B, X, 1)

I
< s l1g10lGy = Gyl +1£lol = g,

because G(b, x,1) < G(b(x, 1), x,i) = g(x,1) = f,(x,i) and g,,=g(B,| X, 1)f,(X;,I) = c;c, by A2-
(i) and Proposition 1-(ii). Thus

(B.8) ]1(1;;,/ #* +°°)|I}1)1 - V;,1|

LW, # +0)(Lg, 5 Bos Xp, 1) + 1= L (B, Xp, IV, =V,

1P, # +2) Lg, 5By, X, Iy

) -
< >y [18101Gys = Gyl + 1 fulol 2,1 = &,

+ 1V, # +2)(1 = Ly, 5)(Byy, Xp, IV, = V.
Now, from A3-(i) S24,) (S(2h)) is a hypercube centered at 0 with edge 2 p, /(2 p; 1 ;). Thus, if
I}p, # =+, Proposition 2 and (19) imply that the distance in supnorm of (B, X,) to the frontier of
§;(G)is at least p,h, — t(log L/L)"/“* D, for some ¢ and L large enough. But, for L large enough,
pehy —t(log L/LY/+D > p b, /2 because (log L/L)'/“*D = o(h,) from A4-(ii). Hence, if 171,, +*
+, the distance in supnorm of (B, X,) to the frontier of S;(G) is at least p,h,/2. Therefore
(B, X, 1)) € €,(B). Hence we have shown that for any p, I, ]l(I}p, # +o)1 = Lg, (5B, X1, ) =0
almost surely as L — . It follows that the second term in (B.8) vanishes. Moreover, from Lemma
B2, we have ¢, — ¢, >0 by Proposition 1-(ii) and the first term is O(max{l1/rg,1/r,}) = O /r,).
The desired result follows.
(ii) Define #(B)= U;,&(B) where %(B)={(b,x,i)€S(G):(&(b,x,i),x,i) e F(V)}). Be-
cause ¢ is a strictly increasing continuous function and #(}) is an inner compact subset of
S(f(v, x)), then %,(B) is a (fixed) inner compact subset of S;(G). Hence, from (19) and Proposition
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2, it is easy to see that I7p, # +o if (Bl,,,

X, 1) € €(B) for L large enough. Thus
]]-? (V)( pl I)”;;)I I' - ]]"Z(B)( pl> Xl’ II)II;;JI - V;;I'
= ]]-?)’(B)(BpI,X/, I/)]]-(I;;,[ * +°°)]I;;,1 - VPII

almost surely for L large enough. With #(B) replacing #;(B) in the RHS of (B.7), the desired
result follows applying Lemma B2-(ii) instead, and noting that 1/r; < 1/r". Q.E.D.

B.4. Optimality and Uniform Consistency With a Binding Reservation Price

PrROOF OF THEOREM 5: Given A2 and AS, it is easy to see that the truncated conditional
distribution F*(:|x) =[F(|x) — F(h(x)|x)]/[1 — F(h(x)|x)] satisfies the requirements on F(:|-,i) in
A2, where the support is now S*. Hence the proof of Theorem 2 with f(:|-,-) replaced by the
truncated conditional density f*(-|-) establishes that the best rate for estimating uniformly the latter
on inner compact subsets of S* is bounded above by rj =(L/log LY*/@*¢*3. On the other
hand, we have E[I*|X]=1I[1 — #(X)]. Because ['=1T almost surely and @(-) = F(h(-)|-) is (R + 1)-
continuously differentiable on [x, X] by A2 and A3, it follows from Stone (1982) that the best rate for
estimating uniformly ®(-) is (L /log L)(R+D/@R+d+D) which is larger than . Hence, because
fwlx)=[1- <D(x)]f*(ulx) the best rate for estimating uniformly f(:|-) on inner compact subsets of
S* is bounded above by rj.

Turning to uniform consistency of our estimator f(le) =[1- &(x)] f*(le) consider f*(l ).
From Theorem 4-(ii), B* and I* are conditionally independent given X. Using a result analogous to
Lemma B2 with B, instead B, it can be shown that Proposition 3 still holds using a similar proof,
where the pseudo private values are now given by (27) and the new trimming is needed because of
the presence of fx) in §T( -). It follows that Theorem 3 applies with f(:|) replaced by f*(-|-).
That is, f*(|-) converges uniformly to f*(:/-) on inner compact subsets of S* at the rate rf’. On the
other hand, because /=17 almost surcly, we know from A4-(ii) and Hardle (1991) that &(-)
converges uniformly on inner compact subsets of [x, ¥] at the rate (L /log L)Y R*D/@R+d+2) The
desired result follows. Q.E.D.

APPENDIX C
PROOFS OF LEMMAS

This Appendix gives the proofs of all lemmas in Appendices A and B.

C.1. Proofs of Lemmas in Appendix A

To prove Lemmas Al and A2 we need a version of the Implicit Function Theorem.

LEMMA Cl: For every i €.7, let a(-,-,i) be a function on S{a). Let B(:,-,i) be a function on
S B) such that B(-,-,i) € S a). For some nonnegative real number v, assume that

(C.1) a(B(b,x,i),x,i)=yb V(b,x)eS,(B)and Vie.~.

Moreover, for each i €.7, assume that the following conditions hold:

() The mapping a(-,-,i) admits up to (R+ 1) continuous bounded partial derivatives on S{a),
with &' (v, x,i) = ¢, >0 for all (v,x) € S{a).

(i) S(B)={(b,x):xe[x,%], belb(x,i),b(x,)l}, where the boundaries b(-,i) and b(-,i) are
continuous on [x, X] and inf, [Lﬂ(f)(x, i) —b(x,1) > 0.

Then B(-,-,i) admits up to R + 1 continuous bounded partial derivatives on S B).
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PROOF OF LEMMA C1: For (b, x) in SP( ), (C.1) and the Implicit Function Theorem yield:

. N A
€2 B = e

B(b, x,i) 1 da(B(b,x,i), x,i)
(€3 ax, T B(b, x,i), x,i) dxy, ’

Hence, in view of (i), B(:,-,i) is a Lipschitz function on S?( ). Thus, by continuity B(-,-,i) can be
extended to S7( B), which is equal to S,( 8) by (ii). Let (-, -, ) denote this extension, and note that
B(-, -, i) solves (C.1). But, because B(b, x,i) is the unique solution of (C.1), then B(,-,i) = B(,-,i).
Therefore B(:,-,i) is continuous and hence bounded on S;( B).

Moreover, since @’ is bounded away from 0, (C.2)—(C.3) show that the first partial derivatives of
B(, -, i) are continuous and bounded on S,( B). Proceeding by induction yields that B(-,-,:) admits
up to R + 1 continuous partial derivatives over S,( ). Q.E.D.

PrROOF OF LEMMA Al: (i) Because F(-|x,i) is strictly increasing by A2-(ii), o(x) and v(x) are the
unique solutions in S;(F) of F(u(x)lx,i)=0 and F(o(x)|x,i) —1=0, respectively. Hence, given
A2, Lemma C1 applies with a(-,-,-)=F(|-,-) or F(|-,-) =1, B(b,x,i)=v(x) or t(x), y=0,
and S(B)=1[-1,11X[x,¥] (say). Moreover, 1 = F(5(x)lx,i) — F(p(x)lx, ) < (0(x) —
v(xsup,, v e sl f0lx, DI Because f(:|, i) is bounded above, then inf, ¢, +(7(x) — v(x)) > 0.

(i) For the sake of simplicity, we assume that x € R. From (8) and the Lebesgue Dominated
Convergence Theorem it is immediate that s(-,-,i) is (R + 1)-times continuously differentiable on
{(v, x):v €((x),0(x)], x €[x,x]}. Thus it remains to show that the derivatives of s(-,-,i) up to
order R + 1 are bounded near the lower boundary v(-).

For each x €[x, ¥], an (R + Dth order Taylor series expansion of F(v|x) at (v(x), x) gives

fw(x)lx) f“”(g(x)lx)tm

Pl ==t

1 +0([R+1),

uniformly in x, where ¢ = v — p(x). Hence
Fimt(ulx) =t Y ao(x) + - +ap(x)tR +0(¢R)),

uniformly in x, for each k=0,..., R, a,(x) is a homogeneous polynomial of degree (i —1) in
flo(x)lx) and its derivatives fP(u(x)lx), ..., f*®(v(x)x) with respect to v. In particular, a,(x)=
Ffw(x)x)'~1, which is nonzero by A2-(ii). It also follows that

: ay(x) ag(x)
/l _O_+...+_R—.tk+0(tR))’
v(x) R+i

Fi=(ulx) du =ti(

uniformly in x. Therefore

1

v
————— | F7Wulx) du=t(by(x) + -+ +bp(x)tR +0(t?)),

Fi=1(vlx) fl_;(x) ’ :

where b, (x), k=0,...,R, is a polynomial in a,(x)/ay(x),...,a,(x)/a,(x) and hence in
FOWNx) /()N x),..., FE()|x) /f((x)lx). In particular, it is easy to see that bo(x)=1/i.
Thus we obtain an (R + 1)th order Taylor series expansion of s(v, x, i) around (v(x), x) as

s(v,x,0) =0(x) + (1 = bo(x))t = b (x)t? — -+ —bp(X)RT T —o(¢LRH 1),

uniformly in x. Hence s(v, x,i) is continuous in v at v(x) with R +1 bounded derivatives with
respect to v in the neighborhood of v(x). In particular, ds(v(x), x,i)/dv = —1)/i #0.

For each r=1,...,R+ 1, it remains to prove that the derivatives ¢"s(, x,i)/dx? dv" P, p=
1,...,r are bounded in the neighborhood of v(x) for x € [x, X]. The proof is by induction on r. For
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r =1, differentiating the boundary condition s(v(x), x,i) = v(x) gives
as(u(x), x,0) dv(x)  ds(u(x),x,i)  dv(x)
+ = .
Jdv dx ax dx

But ds(v(x),x,i)/dv is bounded, as shown above, while dv(x)/dx is bounded from Part (i). Hence
as(v(x), x,i)/dx is bounded.

Suppose next that all the partial derivatives up to order r of s(,-,i) are bounded, 1 <r<R.
From the above Taylor series expansion of s(, x,i) we obtain the system

as(e(x), x,i) d"s(v(x), x,i)
——5;}——— =1 —bo(x),..., —(?U'— = —b,._l(x).

Now, differentiate the first equation r -+ 1 times, the second equation r times,...,the last equation
one time. This is possible because b,(x) is R —k times differentiable (with bounded derivatives).
Because 9"+ !s(v(x),x,i)/dv" "' and dv(x)/dx are bounded, differentiation of the last equation
shows that ¢"* 's(v(x), x,i)/dv" dx is bounded. Combining this with the twice-differentiation of the
next to the last equation shows that 9" 's(p(x), x,i)/dv"~ 1 9x? is bounded. Continuing up to the
first equation shows that ¢"* 's(v(x), x,i)/9x"* ! is bounded. This completes the proof that s(,, 1)
admits R + 1 bounded continuous derivatives on its support.
Lastly, s'(:, x,i) can only vanish at v(x) because

sCu(x),x,i) =v(x),

(=D f(vlx) .
s' (v, x,0) = —————— Fi=Yulx) du.
F'(vlx) o(x)
But, as noted above, §'(v(x), x,i) = (i — 1) /i. Thus s'(, -, i) is bounded away from zero. Q.E.D.

PROOF OF LEMMA A2: Because b(x,i)=s(v(x),x,i) and b(x,i)=s(D(x,i), x,i), then (i) follows
immediately from Lemma Al. To prove (ii), we note that the function ¢ solves
s(&(b,x,0),x,i)=b VY(b,x)eS(G).

The desired result follows from Part (i), Lemma A1-(ii), and Lemma C1. Moreover, &¢'(b, x,i) =
1/(s'(&(b, x,i), b, x,i)) is bounded away from 0 by Lemma A1-(ii). Q.E.D.

PROOF OF LEMMA A3: (i) directly follows from Lemma A1-(i), A5-(ii), and A5-(iii). Regarding (ii),
because F(v|x) = F(polx), which is bounded away from zero by A5-(iii), it is easy to see that
s#(,+,-) and hence s.(-,-,-) have R+ 1 continuous partial derivatives on S(F*), except possibly
near v =p, as s;(pg,-,*) = 0. However, letting v, = v — p,, we have

f(po|x)u_,f f(R)(p0|x) U§R+1)
F(polx) 1! F(polx) (R+ D!

F(v, +polx) =F(pgylx) +o(viR+D)

uniformly in (x, p,). Similarly to the proof of Lemma A1-(ii), it can be shown that
53, x) =a,(x, p v + - +ag, ,(x, pdoEt 2+ o(vf*?)

uniformly in (x, p,), where a,(x, p,) is a polynomial in f(pglx)/F(p,lx),..., f*=D(p,lx)/F(p,ylx)
for k=2,..., R+ 2. In particular, a,(x, py) = (I = Df(pylx)/Q2F(p,lx)). Hence

5:(0, ) =b,(x, pvs + =+ +bg, 1 (x, p)vET +0(0f+ 1Y)
; 1 0 Uy R+1 0 T

uniformly in (x, py), where b(x, po)b(x, py) is a polynomial in f(pglx)/F(pelx),...,
FE=D(polx) /F(pylx) for k=1,..., R+ 1. In particular, by(x, py) = [(1 — Df(polx)/QF(pylx NI/
Because f(p,lx) is bounded away from zero and infinity on S(F*) by A2, and because 1 > F(p,lx),
which is bounded away from zero by AS5-(iii), then s.(-,x) admits R+ 1 bounded derivatives at
v =p, and hence on S(F*) with s(-,-) bounded away from zero. It remains to show that the cross
partial derivatives up to order R + 1 are also bounded in the neighborhood of v = p,,. This is proved
as in the end of the proof of Lemma A1-(ii). Q.E.D.

PrROOF OF LEMMA A4: The proof is similar to that of Lemma A.2 Q.E.D.
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C.2. Proofs of Leimmae in Appendix B

ProoF OF LEMMaA B1: (i) The (b, x,)’s are bounded away from the boundaries of S,(G,). Thus
for m large enough, g,,,(:,x,2) =g,(-, x,2), G,,..(-, x,2) = G(+, x,2), and §&,,,(-, x,2) = &(-, x,2) in
the neighborhood of by(x,2) or by(x,2). Because gy(:,-,2) is bounded away from zero on S,(G,),
then the support of G,,, is S(G,) for m large enough. Moreover, (B.2) implies that the support of
FrC, 5 2) is S,(Fy). The desired result follows as f,,,(-,*, i) = fo(-,+, i) for i # 2.

To prove (ii), note that f,,,(:,-) _fmj(‘, )= Ziej[fmk(') i) _fnzj(" SO =Fie,2) _fnzj("
-,2). Note also that (b;,x,) € &,(B) implies (v,,x;) € #(V), where v, = &\(by, x;,2). Thus it
suffices to prove that |f, (v, %, 2) = f,, (0, X4, 2l = C,C3 A, /m”. Consider f,, (v, x;,2). Note
that (B.1) implies G, (by, x4,2) = Go(by, x;,2) and g,,,.(b;, x,,2) =go(b;, x,2). Hence v, =
Eo(by, x4, 2) = &,,,(by, X, 2), which implies &,1(vy, x;,2) = by. Therefore, computing g}, (b, x;,2)
and using (B.2) give

gg(bk’xk,z)
283(by, x4,2) — Golby, x4, 2)(80(bes X4, 2) + 2,C3¢'(0,0) /m*)

(C4) fmk(vk’xk,z) =

Consider next f,, (v, X;,2). From (B.1), we have g,,,(,,2) =go(*,*,2), G,,;(-,+,2) = G(,-,2), and
hence &, (-,,2) = &, ,2) except on S(¢,,;), which is a hypercube centered at (b;, x;). Moreover,
for m sufficiently large S(¢,,) and S(¢,;) are disjoint so that (by,x;) & S(¢,;). Hence
&, 1(by, %1, 2) = &by, x4, 2) = vy s0 that &, 1 (v, x;,2) = by.. Thus (B.2) gives

88(bk’xk,2)
2g2(by, x;,2) — Go(by, x4,2)80(by, X4,2)

(€3 fuf X2 =

Now compare (C.4) and (C.5). As ¢'(0,0) # 0 and Gy(b,, x,2) > ¢ > 0 (because the (b, x,)'s are
far enough from the boundaries), the desired result follows.

The proof of (iii) is more involved and is divided in three steps of which the first two establish
properties similar to (iii) for &, and s,,,, respectively.

Step 1: As g,,,(-,-,i)=go(-,-,i) except possibly when i =2 and (b, x) € %,(B), then |g,,,(,",")
=80 M 526 0) = 18mi (52 = 80C -, Dlryey and G, G y) = Goly i saGg) = 1G5, 2)
= Go(,+,Dlr.#ypy for all r>0. Now, using a change of variable, we have

C3 /m)\z(b =by)

G, (b,x,2) = Gy(b,x,2) + G, mAy(x = x,)) du
mk 0 )\sz+2 m)\g(l_J(x)—b,\.)qS : :

c
=Gy(b,x,2) + Z’7137+—2r,-1>(,14).2(b — b, mAy(x—x)),

where @(b,x) = [%, ¢(u, x)du. Since g, admits up to R+ 1 bounded continuous derivatives on
%,(B) by Proposition 1-(iv), we have for any ny +n, + - +n,=r,0<r<R+1,
"G (b, x,2) 3"Gy(b, x,2)

(C.6) 8"0b 3"x, - 9Mx, - b gtix, - d"xy

C;(Aym) 3" ®@(Aym(b — by), Aymx —x,))

/\sz+2 07"0b(7”1x1 3”")6(1

k]

a,gmk(b’xuz) 5'4g0(b, X,2)
07”0[)07“1)(1 allzxd - ﬁ”obﬁnlxl anxd

C;(0m)" 3" (Aymlb = by), hymlx —x,))
- mR+1 r?”obﬁ”lxl ()”‘[xd

’
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for all (b, x) € Z,(B). Thus (C.6) immediately gives |G, — Golr, s(G) = C3A5 10(1/m®*277) and
|8k — 8olr,5cGg) = C3A50(1/mB*+177), Since &,,(b, x,i1) = 1+ G, (b, x,1) /(i = 1)(g,,4(b, x, 1)), the
rth partial derivatives of £,,,(-,-,i) are some polynomial functions in the partial derivatives of order

less than or equal to r of G,,; and g,,,, divided by g/ Since g, is bounded away from 0, we
have uniformly in &

cn [y — &olr,5(G0) = C3050(1/mR+1=7) (r=0,...,R+1).

Step 2: We have &,,(s,,, (v, x,0),x,i)=v for (v, x,i) € S(Fy). Lemma C1 and (C.7) show that -
S, admits up to R + 1 bounded continuous derivatives on S(F,). First we consider s,,; — Solo, s(#)
and show that
(C.g) lsmk —Solo‘s(po) = C3A20(1/mR“).

Since &, = & + C31,0(1/m®* 1) uniformly by (C.7) and &; > c,> 0 by Lemma A2, we get

[$mi(vsx,8) =500, x,0)]

1
< —C~| Eosme (0, %,0), x,1) — £9(x(v, x,0), x,0)]
3

1
< C—I £t (S0, x, 1), x,1) — £(5(0, x,0), x, )| + C30,0(1 /mR* 1)
¢

=Cy,0(1/mR*1).
Next, letting s,,,; = 8,,.(0, x, 1), (C.2)—(C.3) give

, 1 J ISk B 0§mk(smk,x,i)/¢9xp
Smk = 57 D an = — e D
gmk(smk7x’l ‘9xp fmk Smks> X1

Differentiating one more time gives

” fr:,zk(smk’x’i)s:nk

(& (S XD

&slmk " . 19Smk 0§I:lk(smk’x5i)
d. - ’ )2 §:mk(smk’xyl) ) + 3 y
Xq (gmk(smkwx?l)) xq xq
azsmk 1
= — —
8xp 8xq (grizk(smkvx’l))
i 2, .
X gl (S X l) 8§I;xk(s’"k’x’l) 8smk + agmk(smkvx,’)
mk\Omk> %>
ax,, dx, ax, 9x,
B L N S O TS0
axp mk\Omk>*s ﬂxq ﬁxq .

An induction argument shows that any rth partial derivative of s,,, times (&,,,(s,;,x,i) is a
polynomial function of the (1,...,r)th’s partial derivatives of £, taken at (s,,;,x,i), and of the
,...,r— Dth’s partial derivatives of s,,,. Thus, a bound for |£0(s,, X, i) — £§”(sg, %, Do, s¢Fp)

(where £§9 is any rth partial derivatives of &,,) shall give a similar bound for [s,,; — Solr, s(Fg)
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r=1,..., R+ 1. Thus, using equations (C.7) and (C.8) gives
[EGUS i X, 1) — E§7Csg, %, Do, scry) '
<UEDR S s X5 1) = E8CS g5 X, D0, s¢Fgy + 1ES (S, %, 1) = E§7(s0, %, Do, s(Fy)
< C3 01 /mB+1=r)
|§o|r+1.S(GD)C3)120(1/mR+ D) (r=0,...,R),
* { SUP (. v iy srg)l €67 (Sur %5 1) — E87 (s, x, D (r=R+1).

Because the sup is o(1), we obtain

(C.9 Ismk_soir,S(Fo)=C3)‘50(l/mR+l_r) (’.=07“"R)’
1S,k = Solr+ 1,509 = C3 A10@1) +o(1).

Step 3: By construction, we have f,,, (v, x,i) =5, (v,x,0)8,.(s,(v, x,0),x,0). Thus the rth
partial derivative of f,,, is a polynomial function of the (0,..., r)th derivatives of s}, ;, g,,x> and s,,;.
By the same argument as in Step 2, (iii) follows from (C.6) and (C.9). Q.E.D.

Further Lemmas: To prove Lemma B2 we need three lemmas. Lemma C2 studies the uniform
bias of G, g, f(x), and f(v,x), Lemma C3 studies their variances, and Lemma C4 establishes
exponential-type inequalities. Hereafter, the condition “for L sufficiently large” means:

(@ for any (b, x), K;(x,(i =) /hg;)=0and K (b, x,(i—j)/hg)=0if j+i,and

(ii) for inner closed possibly expanding subsets #(B) = U, , F(B), (V) and #(X) of S(G),
S(f(v,x)) and S(f(x)), respectively, we have

(0, ) +S(hYcS(f(v,x)),  |J {x+S(hy)} cS(f(x)),
(0,x)eB() xe@(X)

{(b, x) +S(hg) US(hg)} &/ (B),
(b, )eB,(B)

where #'(B) = U, < %/ (B) is an inner closed subset of S(G).
Let ||-|l, be the absolute norm for vectors, and

1 , 1 .
My =~ [, O Ky, x, 0l dud, Mg = — [llxllal Kg(x, 0l d,

1 » 1
M= F/"(u,x)"dKf(u,x)‘dudx, M= ﬁfllx[mKX(x)‘dudx,

where x=(xy,...,x,). The next lemma on uniform bias considers two cases whether the subset
#Z(B) expands to S(G) (part (1)) or is fixed (part (ii)). In particular, given A4, |Eg —glo #s) is of
order (log L /L)R/@R+d+3) jn (i), and has the optimal magnitude (log L /L)R+1/@R+d+3) in (jj),
The reason is that Z(B) can expand to S(G) in (i), while Z(B) is fixed in (ii) so that g admits up to
R + 1 continuous bounded derivatives on #(B) from Proposition 1.
LEMMA C2: Given A1-A4, we have for L sufficiently large

(1) |EG—G|0,37(B)S)tg+ 1M5+1|G|R+1,S(G)/"G9

|EE — glo,es) < AgM 18R, 500)/Tg

|Ef(0,x) = f(v, Olo.aw) < MM (0, D r st /rp,

|Ef(x) —f(X)|0,z’(X) < )\‘§+ IM;{H l‘f(x)llH 1L,/ Fxs
(ii) |EG —glo,emy < AL MEH gl 1,emy/ Ty -
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PROOF OF LEMMA C2: Because the proofs are similar, we prove (i) only. Using A1, we have

1 b-B, x-X
K, , 0|1(r=0

a+1
hg* g hy,

Eg(b,x,i)=E

= fng(u,y,O)g(b —heu,x —hyy,i)dudy.

Define y(t) =g(b —thyu,x —th,y,i) — g(b, x,i) for t€[0,1]. Since the supports of kernels are
intervals, (b — thyu, x — th,y) € (b, x) + 8(h,) <%/ (B) for (b, x, i) e #(B) and ¢ €[0,1]. Moreover,
using Proposition 1, y(#) admits up to R + 1 continuous bounded derivatives with

sup [y B < A8, IS Vlglre e ).
1€[0,1]

Thus a Taylor expansion with integral remainder gives

L1 =nF
R!

1
y(1) = y(0) = YOO + - + —yB(0) + [ yRED(e) dr,
R! 0

where y(0) is a polynomial of order r in (u, y). Using A3 it follows that

|Eg(b, x,i) —g(b, x,Dl0 &5
= ’ Koy, 00y ~ y(0)>dudy|

1-n*
Sh§+1|g|R+ 1,%"(3)(/01———]2‘ dt | X (f”(u,y)"f,z+ lKg(Lt,y,O) dudy)

=h§+1Mf“|g|R+ 1, '(B)-
The desired bound follows from A4-(ii) and (B.6). Q.E.D.

The next lemma obtains uniform variance bounds. Let
QG=fKé(x,O)d\c, Qg=ng2(u,x,0)dudx,

Qf=fo(u,x)dudx, QX=fK}2((x)dx.

LEMMA C3: Given A1-A4, we have for L sufficiently large

041Glo, sy Q,lglo,se)

|Var(G~)|o,s?(n) S |Val‘(g)|0,%’ B = > ,
A2 log L DA og L

h3Q1f (v, Xlo.scry

O/l f()lo.sr)
{37 log L '

s Var(fGlosor <
[Var(f(x Do, ex) Xor2log L

Var(f(v, x)lo.gw) <
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PROOF OF LEMMA C3: We consider G only, since the other bounds are proved similarly. For
(b, x,i) € (B), we have by Al and the convexity of the square function,

. L [1a=n ¢ 1 x-X
Var(G(b,x,i))s—L—E(——i—— h IL(Bpsb)—KG(—,O))
G

p=1

i 2
! i‘,E L(1=D1(B, <b)Ke| T2 0
< — = <

= Lih¥! fome ! PTG pg

1
= —Lh—%fKé(y,O)G(b, x—hgy,i)dy.

The desired bound follows from A4-(ii) and (B.6). Note the somewhat different bound for Var(f(v, x))
because of the suboptimality of /. Q.E.D.

The next lemma derives some exponential-type inequalities for the probabilities of deviations of
G(v, x,i) — G(b, x,1), §(b, x,1) — g(b, x, ), f(v, x) —f(v, x), and f(x) — f(x) in supnorm over #/(B),
%(B), #(VV), and % (X), respectively. To this end, we need to introduce coverings of these sets. For
instance, €;(B) is covered by N inner “balls” of the form

By =B (b, x,); A)={(b,x) €S(G):be[b,— A,b,+ A], x€[x, — 4, x, + 4]},
where A> 0, and (b,, x,) € €(B) for n=1,..., N. Moreover, we consider minimal coverings, i.e.,
coverings for which N is the smallest number denoted N(%,(B), A). Similar notions apply to the sets
# (V) and Z(X).

Hereafter, when there is no possible confusion, we simplify the notation by omitting the * in
|l,.» when the supnorm is taken over the whole support of the function. Let

ol Kl log L
eq(t,7)=t+ 6 dcotv—g— + AR IMEH Gl gy
h§; L

+7(2d|IKgly + 4hglKlol g (b, Do),

e (t,7)=t+2dIK 7+ A§M§|g]1(,
e(t,7)=t+ 2d|K_,-|17+ /\IBM/R‘f(U,X)lR,
ex(t,7) =t +2d|K [r+ AR IMEFU F(0) gy 1,
ep(t,7) =t +2dIK 7+ )\g+ 1M£+1|g|R+ 1.%'(B)»

where ¢ and 7 are arbitrary strictly positive numbers. Define

Pg(t,7) = 2N(Z(B), hi+" /rg) e
1) =2 sThG/16)exp) = ’
> G /Tg)exp 2041Glo + 4t1K ;lo/(Brg)
s = 2B t*log L
,T) = »TH TG )eX] - ’
G G /TGIexp 4lg(b,Dlorh&! frg +2tyflog L/L /3

(A*342 log L) /1?2
Pg(t,T)=2N(?;”(B),7-hg+2/tg)exp( & £ £ ,

20,18l + 41K, Jo/Gr)
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()\d+3t2 1o L) hZ
Pf(t,T)=2N(‘3(V),7h5!+2/rf)exp( ! gL)/h ,

20 (v, 0o + 411K flo/Gr))

iei Met?log L
Py(t,m) = 2N, 7 /r)exp| = 565 ST+ il Rlo/ Gr) |
* d+2 /% Ag“tlegL
P (tm) = INCECB), mhi ™ /r XD\ = 36 Taly + 411K o/ Gr) |

LEMMA C4: Given A1-A4, for any t >0, 7> 0 and i €.7, we have for L sufficiently large
) Pr(r61G — Glo. ey > eg(t, 7)) < Pt 7) + P (¢, 7),
Pr(r,|8 = glo,epy > €,(t,7)) < Pp(t,7),
Pr(rylf = flo.eory > e,(t, 7)) < Py(1,7),
Pr(ryl f—flo.ecx) > e;(t,7)) <Py(t,7),

(i) Pr(r;|§—g|o,z}(3)>€§(t,7‘))SP;(t,T)-
PROOF OF LEMMA C4: We detail the proof for é, as it is the most involved.

Step 1: From Lemma C2 and the triangular inequality, we obtain
(C.10) Pr(rglG — Glo, e n) > eg(t, 7))
< Pr( 761G — EGlo, ) + 161 EG = Glowqmy > e(1,7))
< Pr(rGlé - EGlo,g'i(B) >eq(t,7) — AR IMEGlr41).

Note that, for L sufficiently large, G(b, x,i) — EG(b, x,i) = (1 /L)LE _ ; £,.,(b, x,1), where

m=1
d x_‘Xm .
Y 1B, <b)K; 0 11, =0
G

p=1

1
gmL(be’l) = E

-E

x—X
1(B <b)KG(—h—,0)]l(1=i))).
G

The &,.’s, m=1,..., L, are i.i.d. centered variables. Moreover, using Lemma C3, we have

2|KGI0"G _ 2L|K(;|0
hé, Arglog L’

lreg, (b, x, )<

LQ5|G|0

Var(rg ¢, (b, x,i)) = Lrk Var(G(b, x,i)) < gL

for any (b, x,i) € #(B). Hence, Bernstein inequality (see Serfling (1980, p. 95)) gives
t?log L
204IGlo/ AL + (421K glo) /BAGrg)

B P(t,7)
"~ N(#Z(B),7hi+1 /i)

(C.11) Pr(rGIG(b,x,i)—EG(b,x,i)I>t)sZexp -

for any (b, x,i) € #(B), t, and L, where the equality follows from the definition of Pg(z, 7).



FIRST PRICE AUCTIONS 571

Step 2: Consider a minimal covering of &;(B) for some A > 0. For any (b, x) €%, we have

m1

161G (b, x,i) — EG(b, x,i)|

L
Z mL( no n’i)

< sup
l<n<N =
L
+ sup sup  |— Z (L1 (b, x,,0) = &, (b, x,0))].
1<n<N (b, x)e.%” m=1

This gives
(C.12) Pr(rglG — EGlo en) > eg(t,7) — AB* \ME* Gl g4 1)

< Pr( sup rlG(b,,x,,i) — EG(b,,x,,)|> t)
1<n<N

p. L
+Pr( sup sup ‘—G Z(gmL(bn,x",i)—(,,,L(b,x,i))‘

l<n<N (b,x)eB, m=1

in

>egt,7) —t— AR* 1M§+1!G|R+1)- ‘

We now give some bounds for the increments at (b,, x,,, i). For any (b, x) €%,,, we have

n’

‘]l(Bsb,,) (x,,—X) 1(B <b) (x—X )‘
(€.13) K¢ 0] - G 0

h’(i; hg h‘é hg

dAIK gl |KG|0
= h(((;+1 hd

1(b,—A<B<b,+4).

Using (C.13) twice in the definition of £, (b, x,i) and the triangular inequality, we obtain

Igrle(blt’x i) - {,,,L(b,x,i)|

dAIKgli  1Kglo

1
7 g ( d+1 —}I]].(b"—A<Bpm£b +A))]].(Im=l)

[( dAlIKgl 1KG|0

Wt L AsBsb,,+A))]l(I=i)]
G

2dAIKgl |Kglo

e =92 QE[1(b,— A<B<b, + D1 =D]+2Z,,(b))
G

where we have used (1/0%,_1(J,, =i) <1, E[1(J=D}< 1, and
Z, (D) = Z (I(b—A<B,, <b+A)1(I,=i)

p=1

—E[1(b—A<B<b+A)1I=D).
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Because E[1(b, —A<B <b, + AL =i)]<2A[g(b,i)l it follows that

(C.14) sup sup
l<n<N (b,x)e%,,

Z (gmL( s Xl ) gmL(b X, l))

m=1

2drg AIKgli  4rg AlKglolg(b, Dy ralKglo
+ su

d + 1 d
hG hG l<n<N LhG

Z ZmL(bn)

m=1

Step 3: We study sup, ., . y(1/L)LE _Z,,,(b,). We have |Z,,,(b,)| <1 while Var(Z,,,(b,)) <
Var[1(b, —A<B <b, + A)1(I =i)] <2 Alg(b,D)l. Thus Bernstein inequality gives

L
T Z ZmL(bn) >t\/m)

(C.15) Pr( sup |+ 2
m=1

l<n<N

E ZmL(bn)

m=1

< Zpr(

>tylog L/L )

<2N(Z(B), A)exp

t“log L
4lg(b,i)lga+2tlog L/L /3]

Step 4: Let A= thé&* ' /ri. Hence, (C.14) and the definition of e (¢, 7) imply

L
,—G_ Z ({,,,,(b,,,x,,,i) - (,,,,(b,x,i))

m=1

Pr| sup sup
1<n<N (b,x)ePB.

in

>eq(t,7) —t—AR* l1\’I§+I|G|R+1)

’G|Kc,|0
Lh

E Zm L(bn)

m=1

< Pr( sup

l<n<N

lh ol t/log L/L)
G

t?log L
<2N(%(B), 1'/1‘1+l/l'G)eXp( - g )

4lg(b,Dlorh&*t /rg +2t3/log L/L /3
=P;(t, 1),
using (C.15). The desired result now follows from (C.10), (C.12), and (C.11) as

Pr(r;|G — Glo,e5)> e(t, 7))
N ~ ~
< Y Pr(rlG(b,, x,,i) — EG(b,, x,, D> t) + P4(¢,7)
n=1

=P(t, )+ P5(t, 7).

Proofs of the other inequalities of the lemma are simpler because Step 3 can be dropped. Indeed, -
the corresponding bounds (C.13) only involve the derivative of the kernel. Thus the new bounds in
(C.14) only depend upon the first term. For instance, we choose A = 7-hg+2 /T, to prove the second
bound, etc. Q.E.D.

PrROOF OF LEMMA B2: The covering number N is of order A~%, where § is the dimension of the
covered set. Hence, in view of A4-(ii) and (B.6), the various covering numbers in the upper bounds of
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Lemma C4 are of the order (L/log L)" for some > 0. For instance, N(#(B),7hit!/rs) =
O(L /log L)+ W R+d+2/QR+d+2) Thys, by taking ¢ sufficiently large, it is easy to see that the
series Pg(f,7) (say) can be made convergent as L — . The desired result ‘follows from the
Borel-Cantelli Lemma and the fact that e;(¢, 7) = O(1). Q.E.D.
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