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PREFACE

Dissatisfaction with available textbooks on the subject of dynamics has been
widespread throughout the engineering and physics communities for some years
among teachers, students, and employers of university graduates; furthermore,
this dissatisfaction is growing at the present time. A major reason for this
is that engineering graduates entering industry, when asked to solve dynamics
problems arising in fields such as multibody spacecraft attitude control, robotics,
and design of complex mechanical deviges, find that their education in dynamics,
based on the textbooks currently in print, has not equipped them adequately to
perform the tasks confronting them. Similarly, physics graduates often discover
that; in their education, so much emphasis was placed on preparation for the
study of quantum mechanics, and the subject of rigid body dynamics was slighted
to such an extent, that they are handicapped, both in industry and in academic
research, but their inability to design certain types of experimental equipment,
such as a particle detector that is to be mounted on a planetary satellite. In this
connection, the ability to analyze the effects of detector scanning motions on the
attitude motion of the satellite is just as important as knowledge of the physics of
the detection process itself. Moreover, the graduates in question often are totally
unaware of the deficiencies in their dynamics education. How did this state of
affairs come into being, and is there a remedy?

For the most part, traditional dynamics texts deal with the exposition of
eighteenth-century methods and their application to physically simple systems,
such as the spinning top with a fixed point, the double pendulum, and so forth. The
reason for this is that, prior to the advent of computers, one was justified in
demanding no more of students than the ability to formulate equations of motion
for such simple systems, for one could not hope to extract useful information
from the equations governing the motions of more complex systems. Indeed,
considerable ingenuity and ‘a rather extensive knowledge of mathematics were
required to analyze even simple systems. Not surprisingly, therefore, even more
attention came to be focused on analytical intricacies of the mathematics of

ix



X PREFACE

dynamics, while the process of formulating equations of motion came to be
regarded as a rather routine matter. Now that computers enable one to extract
highly valuable information from large sets of complicated equations of motion,
all this has changed. In fact, the inability to formulate equations of motion
effectively can be as great a hindrance at present as the inability to solve equations
was formerly. It follows that the subject of formulation of equations of motion
demands careful reconsideration. Or, to say it another way, a major goal of a
modern dynamics course must be to produce students who are proficient in the
use of the best available methodology for formulating equations of motion. How
can this goal be attained ?

In the 1970s, when extensive dynamical studies of multibody spacecraft,
robotic devices, and complex scientific equipment were first undertaken, it
became apparent that straightforward use of classical methods, such as those of
Newton, Lagrange, and Hamilton, could entail the expenditure of very large,
and at times even prohibitive, amounts of analysts’ labor, and could lead to
equations of motion so unwieldy as to render computer solutions unacceptably
slow for technical and/or economic reasons. Now, while it may be impossible
to overcome this difficulty entirely, which is to say that it is unlikely that a way
will be found to reduce formulating equations of motion for complex systems to
a truly simple task, there does exist a method that is superior to the classical ones
in that its use leads to major savings in labor, as well as to simpler equations.
Moreover, being highly systematic, this method is easy to teach. Focusing attention
on motions, rather than on configurations, it affords the analyst maximum
physical insight. Not involving variations, such as those encountered in connection
with virtual work, it can be presented at a relatively elementary mathematical
level. Furthermore, it enables one to deal directly with nonholonomic systems
without having to introduce and subsequently eliminate Lagrange multipliers. It
follows that the resolution of the dilemma before us is to instruct students in the
use of this method (which is often referred to as Kane’s method). This book is
intended as the basis for such instruction.

Textbooks can differ from each other not only in content but also in organiza-
tion, and the sequence in which topics are presented can have a significant effect
on the relative ease of teaching and learning the subject. The rationale underlying
the organization of the present book is the following. We view dynamics as a
deductive discipline, knowledge of which enables one to describe in quantitative
and qualitative terms how mechanical systems move when acted upon by given
forces, or to determine what forces must be applied to a system in order to cause
it to move in a specified manner. The solution of a dynamics problem is carried
out in two major steps, the first being the formulation of equations of motion,
and the second the extraction of information from these equations. Since the
second step cannot be taken fruitfully until the first has been completed, it is
imperative that the distinction between the two be kept clearly in mind. In this
book, the extraction of information from equations of motion is deferred formally
to the last chapter, while the preceding chapters deal with the material one needs
to master in order to be able to arrive at valid equations of motion.
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Diverse concepts come into play in the process of constructing equations of
motion. Here again it is important to separate ideas from each other distinctly.
Major attention must be devoted to kinematics, mass distribution considerations,
and force concepts. Accordingly, we treat each of these topics in its own right.
First, however, since differentiation of vectors plays a key role in dynamics, we
devote the initial chapter of the book to this topic. Here we stress the fact that
differentiation of a vector with respect to a scalar variable requires specification
of a reference frame, in which connection we dispense with the use of limits
because such use tends to confuse rather than clarify matters; but we draw directly
on students’ knowledge of scalar calculus. Thereafter, we devote one chapter
each to the topics of kinematics, mass distribution, and generalized forces, before
discussing energy functions, in Chapter 5, and the formulation of equations of
motion, in Chapter 6. Finally, the extraction of information from equations of
motion is considered in Chapter 7. This material has formed the basis for a one-
year course for first-year graduate students at Stanford University for more than
20 years.

Dynamics is a discipline that cannot be mastered without extensive practice.
Accordingly, the book contains 14 sets of problems intended to be solved by
users of the book. To learn the material presented in the text, the reader should
solve all of the unstarred problems, eath of which covers some material not
covered by any other. In their totality, the unstarred problems provide complete
coverage of the theory set forth in the book. By solving also the starred problems,
which are not necessarily more difficult than the unstarred ones, one can gain
additional insights. Results are given for all problems, so that the correcting of
problem solutions needs to be undertaken only when a student is unable to reach
a given result. It is important, however, that both students and instructors expend
whatever effort is required to make certain that students know what the point of
each problem is, not only how to solve it. Classroom discussion of selected
problems is most helpful in this regard.

Finally, a few words about notation will be helpful. Suppose that one is
dealing with a simple system, such as the top 4, shown in Fig. i, the top terminating
in a point P that is fixed in a Newtonian reference frame N. The notation needed
here certainly can be simple. For instance, one can let ® denote the angular
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velocity of 4 in N, and let v stand for the velocity in N of point 4*, the mass
center of A. Indeed, notations more elaborate than these can be regarded as
objectionable because they burden the analyst with unnecessary writing. But
suppose that one must undertake the analysis of motions of a complex system,
such as the Galileo spacecraft, modeled as consisting of eight rigid bodies
A, B, ..., H, coupled to each other as indicated in Fig. ii. Here, unless one
employs notations more elaborate than ® and v, one cannot distinguish from
each other such quantities as, say, the angular velocity of 4 in a Newtonian
reference frame N, the angular velocity of B in N, and the angular velocity of B
in A, all of which may enter the analysis. Or, if 4* and B* are points of interest
fixed on 4 and B, perhaps the respective mass centers, one needs a notation that
permits one to distinguish from each other, say, the velocity of 4* in N, the
velocity of B* in N, and the velocity of B* in A. Therefore, we establish, and use
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consistently throughout this book, a few notational practices that work well in
such situations. In particular, when a vector denoting an angular velocity or an
angular acceleration of a rigid body in a certain reference frame has two super-
scripts, the right superscript stands for the rigid body, whereas the left superscript
refers to the reference frame. Incidentally, we use the terms “reference frame”
and ““rigid body ” interchangeably. That is, every rigid body can serve as a reference
frame, and every reference frame can be regarded as a massless rigid body. Thus,
for example, the three angular velocities mentioned in connection with the
system depicted in Fig. ii, namely, the angular velocity of 4 in N, the angular
velocity of B in N, and the angular velocity of B in A, are denoted by Y*, *w?,
and “w@?®, respectively. Similarly, the right superscript on a vector denoting a
velocity or acceleration of a point in a reference frame is the name of the point,
whereas the left superscript identifies the reference frame. Thus, for example, the
aforementioned velocity of 4* in N is written ¥v4*, and #v®" represents the velocity
of B* in A. Similar conventions are established in connection with angular
momenta, kinetic energies, and so forth.

While there are distinct differences between our approach to dynamics, on
the one hand, and traditional approaches, on the other hand, there is no funda-
mental conflict between the new and the old. On the contrary, the material in
this book is entirely compatible with the classical literature. Thus, it is the purpose
of this book not only to equip students with the skills they need to deal effectively
with present-day dynamics problems, but also to bring them into position to
interact smoothly with those trained more conventionally.

Thomas R. Kane
David A. Levinson






TO THE READER

Each of the seven chapters of this book is divided into sections. A section is
identified by two numbers separated by a decimal point, the first number referring
to the chapter in which the section appears, and the second identifying the section
within the chapter. Thus, the identifier 2.14 refers to the fourteenth section of
the second chapter. A section identifier appears at the top of each page.

Equations are numbered serially within sections. For example, the equations
in Secs. 2.14 and 2.15 are numbered (1)-(31) and (1)-(50), respectively. References
to an equation may be made both within the section in which the equation appears
and in other sections. In the first case, the equation number is cited as a single
number; in the second case, the section number is included as part of a three-
number designation. Thus, within Sec. 2.14, Eq. (2) of Sec. 2.14 is referred to as
Eq. (2); in Sec. 2.15, the same equation is referred to as Eq. (2.14.2). To locate
an equation cited in this manner, one may make use of the section identifiers
appearing at the tops of pages.

Figures appearing in the chapters are numbered so as to identify the sections
in which the figures appear. For example, the two figures in Sec. 4.8 are designated
Fig. 48.1 and Fig. 4.8.2. To avoid confusing these figures with those in the
problem sets and in Appendix I, the figure number is preceded by the letter P
in the case of problem set figures, and by the letter A in the case of Appendix I
figures. The double number following the letter P refers to the problem statement
in which the figure is introduced. For example, Fig. P12.3 is introduced in
Problem 12.3. Similarly, Table 3.4.1 is the designation for a table in Sec. 3.4,
and Table P14.6.2 is associated with Problem 14.6.

Thomas R. Kane
David A. Levinson
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CHAPTER

ONE
DIFFERENTIATION OF VECTORS

The discipline of dynamics deals with changes of various kinds, such as changes
in the position of a particle in a reference frame, changes in the configuration of
a mechanical system, and so forth. To characterize the manner in which some of
these changes take place, one employs the differential calculus of vectors, a subject
that can be regarded as an extension of material usually taught under the heading
of the differential calculus of scalar functions. The extension consists primarily of
provisions made to accommodate the fact that reference frames play a central
role in connection with many of the vectors of interest in dynamics. For example,
let 4 and B be reference frames moving relative to each other, but having one point
O in common at all times, and let P be a point fixed in A4, and thus moving in B.
Then the velocity of P in A4 is equal to zero, whereas the velocity of P in B differs
from zero. Now, each of these velocities is a time-derivative of the same vector,
%%, the position vector from O to P. Hence, it is meaningless to speak simply of
the time-derivative of r°f. Clearly, therefore, the calculus used to differentiate
vectors must permit one to distinguish between differentiation with respect to a
scalar variable in a reference frame A4 and differentiation with respect to the same
variable in a reference frame B.

When working with elementary principles of dynamics, such as Newton’s
second law or the angular momentum principle, one needs only the ordinary
differential calculus of vectors, that is, a theory involving differentiations of vectors
with respect to a single scalar variable, generally the time. Consideration of
advanced principles of dynamics, such as those presented in later chapters of this
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book, necessitates, in addition, partial differentiation of vectors with respect to
several scalar variables, such as generalized coordinates and generalized speeds.
Accordingly, the present chapter is devoted to the exposition of definitions, and
consequences of these definitions, needed in the chapters that follow.

1.1 VECTOR FUNCTIONS

When either the magnitude of a vector v and/or the direction of v in a reference
frame A depends on a scalar variable g, v is called a vector function of q in A. Other-
wise, v is said to be independent of q in A.

Example In Fig. 1.1.1, P represents a point moving on the surface of a rigid
sphere S, which, like any rigid body, may be regarded as a reference frame.
(Reference frames should not be confused with coordinate systems. Many
coordinate systems can be embedded in a given reference frame.) If p is the
position vector from the center C of S to point P, and if ¢, and g, are the angles
shown, then p is a vector function of g, and g, in § because the direction of
p in S depends on ¢, and g,, but p is independent of g, in S, where g, is the
distance from C to a point R situated as shown in Fig. 1.1.1. The position
vector r from C to R is a vector function of g5 in S, but is independent of g,
and ¢, in S, and the position vector q from P to R is a vector function of q,,
g,,and g5 in S.

Figure 1.1.1

1.2 SEVERAL REFERENCE FRAMES

A vector v may be a function of a variable q in one reference frame, but be indepen-
dent of g in another reference frame.

Example The outer gimbal ring A4, inner gimbal ring B, and rotor C of the
gyroscope depicted in Fig. 1.2.1 each can be regarded as a reference frame.
If p is the position vector from point O to a point P of C, then p is a function of



1.3 SCALAR FUNCTIONS 3

Figure 1.2.1

4 both in A and in B, but is independent of q, in C; p is a function of g, in
A, but is independent of g, both in B and in C; and p is independent of g,
in each of A4, B, and C, but is a function of q; in reference frame D.

1.3 SCALAR FUNCTIONS

Given a reference frame A and a vector function v of n scalar variables Qis--->4n
inA4,leta,,a,,a, be aset of nonparallel, noncoplanar (but not necessarily mutually
perpendicular) unit vectors fixed in A. Then there exist three unique scalar func-
tions vy, v,, v3 of qy, . . ., g, such that

V=10,8; + 0,8; + V383 (1)

This equation may be regarded as a bridge connecting scalar to vector analysis;
it provides a convenient means for extending to vector analysis various important
concepts familiar from scalar analysis, such as continuity, differentiability, and
so forth. The vector v;a; is called the a; component of v, and v, is known as the a;
measure number of v (i = 1, 2, 3).

When a,, a,, and a; are mutually perpendicular unit vectors, then it follows
from Eq. (1) that the a, measure number of v is given by

v, =Vv-a, i=123) 2)
and that Eq. (1) may, therefore, be rewritten as

V=1v-a,a; + v 8,8, + v-a;8, A3)
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Conversely, if a;, a,, and a; are mutually perpendicular unit vectors and Egs.
(2) are regarded as definitions of v; (i = 1, 2, 3), then it follows from Eq. (3) that
v can be expressed as in Eq. (1).

Example In Fig. 1.3.1, which shows the gyroscope considered in the example
in Sec. 1.2, a,, a,, a; and b,, b,, b; designate mutually perpendicular unit
vectors fixed in 4 and in B, respectively. The vector p can be expressed both as

p = o a, + o,a, + o3a;z (4)
and as

p = fib; + B2b, + B3b, )]

where o; and ; (i = 1, 2, 3) are functions of q,, 4, and g;.To determine these
functions, note that, if C has a radius R, one can proceed from O to P by moving
through the distances R cos g; and R sin g; in the directions of b, and b,
(see Fig. 1.3.2), respectively, which means that

P = R(c,b, + s;b;) 6)

where ¢, and s, are abbreviations for cos g, and sin g, respectively. Comparing
Egs. (5) and (6), one thus finds that

Bi=0 B2 = Rc, B3 = Rs; @)

bbl\*’é
s d

Figure 1.3.1
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R P
P
Ibl Rs,
q
o
—
| 5
| Rey B »  Figure 1.3.2

Moreover, in view of Eq. (4), one can writet

a, = p-a, = R(c,b,a; + s,b3-a,) ®)

(2) (6)
a, = p-a, = R(c,b; "2, + s;by-a,) )

(2) (6)
a3 = p-a3 = R(c,b; - a3 + s5,b; ;) (10)

(2) (6)

From Fig. 1.3.1,

b2'81=0 b2'82=1 bz'a3=0 (11)
b3'a1=C2 b3'az=0 b3'a3=52 (12)

Hence, the a,, a,, a; measure numbers of p are
o, = Rsc, ®; = Rcy a3 = Rs;s; (13)
(8) (11,12) 9) (11,12) (10) (11,12)
respectively.

1.4 FIRST DERIVATIVES

If v is a vector function of n scalar variables q,..., g, in a reference frame A

(see Sec. 1.1), then n vectors, called first partial derivatives of vin A and denoted
by the symbols

Adv 40 p

7 or Eq_,(v) or “ov/dq, r=1,...,n)

t Numbers beneath signs of equality or beneath other symbols refer to equations numbered
correspondingly.
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are defined as follows: Let a,, a,, a; be any nonparallel, noncoplanar unit vectors
fixed in A4, and let v; be the a; measure number of v (see Sec. 1.3). Then
ov , & Oy

£

aqr i=1 aqr

When v is regarded as a vector function of only a single scalar variable in 4 —for
instance the time t—then this definition reduces to that of the ordinary derivative
of v with respect to t in A, that is, tot

Adv , S dy;

— 4 Z —a 2

/=y adt

a; r=1,...,n (¢))

Example The vector p considered in the example in Sec. 1.3 possesses partial
derivatives with respect to q,, q,, and q; in each of the reference frames
A, B, and C. To form “4dp/dq, (r = 1, 2, 3), one can use the a; (i = 1, 2, 3)
measure numbers of p available in Eqs. (1.3.13) and thus write

’ 0
op _ [aq, (Rslcz)]al [i (Rcl)] a, + [5;1—' (Rslsz)] a, (r=1223)

aqr 1) aqr
(3)
Consequently,
Aap
= R(cic 2, — 8,8, + C;5,2;) )
5‘11 (3)
Aap
= Rs a, +c,a;3) ©)
aqz 3) 1( 2 1 243
49
P _ 0 (6)
0q; 3)

The last result agrees with the statement in the example in Sec. 1.2 that p is
independent of ¢; in A.

Proceeding similarly to determine 2dp/dq, (r = 1, 2, 3), one obtains with
the aid of Egs. (1.3.7),

Bap Bap Bap
6(]1 ( 1v2 1 3) 6q2 aq3 )
Finally, since p is independent of ¢, (r = 1, 2, 3) in C,
€9
P
= =123 8
74, 0 (r=123) ®

+ The importance of reference frames in connection with time-differentiation of vectors is
obscured by defining the ordinary derivative of a vector v with respect to time ¢ as the limit of Av/At
as At approaches zero, for this fails to bring any reference frame into evidence.
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Suppose now that q, and q, are specified as explicit functions of time ¢,
namely,
G =t q=2t g3=3} ®
Then «; (i = 1, 2, 3) of Eq. (1.3.4) can be expressed as [see Egs. (1.3.13)]
o, = Rsin t cos 2t o, = Rcost o3 = R sin ¢ sin 2t (10)
and the ordinary derivative of p with respect to ¢ in A is seen to be given by

4dp _ do, do, doy

=—la, +—2a,+—a
dt o dt ' dr P oar

= R[(costcos2t — 2sintsin 2t)a, — sint a,
(10)

+ (cos t sin 2t + 2 sin t cos 2t)as] (11)

while the ordinary derivative of p with respect to t in B is [see Egs. (1.3.7)]

B
“dp _ R(—sintb, + costb;) (12)
dt
Finally,
Cdp
et QU 13
dt 9

because, when p is expressed as
P = V1€ + V2€2 + 73€3 (14

where ¢,, ¢,, ¢; are unit vectors fixed in C, then y,, y,, 75 are necessarily con-
stants, p being fixed in C.

LS REPRESENTATIONS OF DERIVATIVES

When a partial or ordinary derivative of a vector v in a reference frame 4 is formed
by carrying out the operations indicated in Egs. (1.4.1) and (1.4.2), the resulting
expression involves the unit vectors a,, a,, a5, that is, unit vectors fixed in A. By
expressing each of these unit vectors in terms of unit vectors b,, b,, b, fixed in a
reference frame B, one arrives at a new representation of the derivative under con-
sideration, namely, one involving b,, b,, b, but one is still dealing with derivatives
of vin A, not in B, unless these two derivatives happen to be equal to each other.

Example Referring to Eq. (1.4.4) and noting (see Fig. 1.3.1) that

81 = 82b1 + Czb3 82 = b2 as = —Czbl + Szb3 (l)
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one can write

4
0
% = R[c ¢y (s2by + c2b3) — s1b; + ¢y55(—C3 by + 5, b3)]
1

= R(—s,b; + c,by) 2

The right-hand sides of this equation and of the first of Egs. (1.4.7) are identical.
Hence, it appears that we have produced 2dp/dq, by expressing 49p/dq, in
terms of by, b,, b;. It was possible to do this because “dp/dq, and 2op/dq,
happen to be equal to each other. To see that the same procedure does not
lead to Bop/dq, when one starts with “0p/dq,, refer to Eq. (1.4.5) to write,
with the aid of Egs. (1),

Aap

Fra Rs;[—s5(s2by + c2b3) + c3(—c3by + 5, b3)]

= —Rs;b, (3)
and compare this with the second of Egs. (1.4.7).

1.6 NOTATION FOR DERIVATIVES

In general, both partial and ordinary derivatives of a vector v in a reference frame
A differ from corresponding derivatives in any other reference frame B. It follows
that notations such as dv/dq, or dv/dt —that is, ones that involve no mention of any
reference frame —are meaningful only either when the context in which they appear
clearly implies a particular reference frame or when it does not matter which refer-
ence frame is used. In the sequel, it is to be understood that, whenever no reference
frame is mentioned explicitly, any reference frame may be used, but all partial or
ordinary differentiations indicated in any one equation are meant to be performed
in the same reference frame.

Example The equations

op
. =0 =1273 1
P 2, (r ) 1)
and
dp
c— =0 2
P dt @

are valid for the vector p and the quantities q,, 91, g5 introduced in the example
in Sec. 1.2, regardless of the reference frame in which p is differentiated. We
shall shortly be in a position to prove this. To verify it for a few specific cases,
refer to Eqgs. (1.3.6) and (1.4.7), which yield

“op

"5, = FiCibs + 1) (—sibs + ¢1by) = 0 3
1
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or use Egs. (1.3.4), (1.3.13), and (1.4.5) to write
49
po?
q2
Finally, note that Egs. (1.3.4), (1.4.10), (1.4.11), and (1.4.13) lead to
Adp Cdp
dt =P dr =0

= R?s,(s;c,8, + c18; + 5,5,83)* (—5,8; + C,83) =0 4

&)

1.7 DIFFERENTIATION OF SUMS AND PRODUCTS

As an immediate consequence of the definition given in Egs. (1.4.1), the following
rules govern the differentiation of sums and products involving vector functions.

If vy, ..., vy are vector functions of the scalar variables q,,..., g, in some
reference frame, then

(r=1,...,n) (1)

Q))Q_,

an

i
oq,

If s is a scalar function of q,, ..., ¢,, and v and w are vector functions of these
variables in some reference frame, then

v
sV + 55— r=1,...,n 2
54,( )= dq," " " aq, ( ) @
%(v-w):%-w+w% (r=1,...,n) 3)
0 ov ow
a—qf(vxw):é—qrxw+vxéa (r=1,...,n 4)

More generally, if P is the product of N scalar and/or vector functions F; (i =
1,..., N), that is, if

P=FF,---Fy ©)

@hen, if all symbols of operation, such as dots, crosses, and parentheses, are kept
1n place,
OP OF oF,

F,.-.-F + F .
aqr 5qr 2 N ’6q,

oF oF
2 "FN+M+F‘F2MFN_’EIE

r=1,...,n)

6

Relationships analogous to Egs. (1)-(6) govern the ordinary differentiation
[see Eq. (1.4.2)] of vector and/or scalar functions of a single scalar variable.



10 DIFFERENTIATION OF VECTORS 1.8

Example By definition, the square of a vector v, written v2, is the scalar
quantity obtained by dot-multiplying v with v. Hence, if s is a scalar function
ofq,...,q, then

6q,( Vi) = —(sv v)
0Os ov ov
= — V'V S— V4 sV — r=1,...,n (7
© 04: 04, 0q,
or, since the last two terms are equal to each other,
av
JE— 2 - —_
6q,(v) q'v + 2sv- 2q. r=1,...,n) (8)

This result can be used to establish the validity of Egs. (1.6.1) by taking s = 1,
writing p in place of v, and letting n = 3, which yields

0 op
—®)=2p- -~ (r=123) )
oq P (8) P q,
and then noting that, for the vector p in Egs. (1.6.1), p? is a constant, so that
a 2
— =0 =123 1
6q,(p) (r=123) (10)
Since 2 # 0, Egs. (9) and (10) imply that
P @» =0 (r=123) (1)
oq,
in agreement with Egs. (1.6.1).
1.8 SECOND DERIVATIVES
In general, 49v/0q, (see Sec. 1.4) is a vector function of q4, ..., g, both in 4 and in
any other reference frame B and can, therefore, be differentiated with respect to
anyoneofq,,..., q,bothin 4 and in B. The result of such a differentiation is called

a second partial derivative. Similarly, the ordinary derivative “dv/dt (see Sec. 1.4)
can be differentiated with respect to ¢ both in A and in any other reference frame B.

The order in which successive differentiations are performed can affect the
results. For example, in general,

% () , %o %y 1
2q.\q, 2, a—qs (r,s=1,...,n) )

Bd Adv Ad de
Iz‘:("dT)’éE(I) )

and
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However, if successive partial differentiations with respect to various variables
are performed in the same reference frame, then the order is immaterial; that is,

0 (0v 0 [ov

04 (64,) oq, (6%) s=bon @
and

d (ov ad [ov
— =—|= =1..., 4
o <6q,) 24, (at) r=1...n @
Example Referring to the example in Sec. 1.3, suppose that a vector v is given

by

v=ta, %)

and that q, is a specified function of z. Then

A_dX =a, = s;b, +cyb; (6)
dr (% (.51
and
Ba (4av . .
i (ﬁ) (;) da(c2by —s2by) (1:.1) —q,a, @)
Also,
V= t(SZ bl + Cz b3) (8)
(5) (1.5.1)
so that
Bay dt Bq
—_ = — — b
dt ® dt (SZbl + Cs b3) +t dl (SZbl + Ca 3)
= s,b, + c;bs + t4a(c2b; — 52 by)
= a; — 14,8, )]
(1.5.1)
and
Ad (Bdv . )
@ (W) (;) — (g2 + tg,)a, (10)

Comparing Egs. (7) and (10), one sees that, in general, one must expect the
result of successive differentiations in various reference frames to depend on
the order in which the differentiations are performed.
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1.9 TOTAL AND PARTIAL DERIVATIVES

If g4, ..., q, are scalar functions of a single variable ¢, it is sometimes convenient
to regard a vector v as a vector function of the n + 1 independent variables
q1s---»4,, and t in a reference frame 4. The ordinary derivative of v with respect
to t in A (see Sec. 1.4), called a total derivative under these circumstances, then can
be expressed in terms of partial derivatives as . %
i‘ﬁ’ 3 n Ajy - Aﬁv_ _i“l g); A %\{// € (1)
dt _,=16q,qr dt oA, «
where ¢, denotes the first derivative of g, with respect to t. Moreover, if v is differ-
entiated both totally with respect to t and partially with respect to g,, then the
order in which the differentiations are performed is immaterial; that is,

dov  ddv
aov_o4av =1,..., 2
Gioq ogd U ") &)

Derivations Let a; (i = 1, 2, 3) be nonparallel, noncoplanar unit vectors fixed
in A4, and regard v;, the a; measure number of v (see Sec. 1.3), as a function of
qy,---5qn, and t. From scalar calculus,

2, Oy; dy;
= -—l— i '—l | = 2, 3 3
. rglaqr § M (l 1’ ) ( )
and, if m and g, are defined as
m2n+1 4
and
am Bt Q)
so that
gm =1 (6)
(5)
then Eqgs. (3) can be rewritten as
dv; " Ov; ov; m oy,
— = — 4, + — i=1,23 7
dt r=laqrqr+aqmq Z a q’ (l ) ( )
(5) (6) (4)

and substitution into Eq. (1.4.2) yields
‘dv S (& v, mo (3 v\,
; (Z a qr) a = Z (Z é_ai>qr

= =Y =G+ 5 dm 8)
rzl aqr r=1 aqr 1 aqmq
(1.4.1)
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which, in view of Eqgs. (5) and (6), establishes the validity of Eq. (1). Furthermore,
replacing v in Eq. (1) with dv/dq, produces

R KN P
drog, ~ & |8q, \oq,) | T ot \ag,

B Z [6% (6%)] L 5(31_ (g)

(1.8.3) (1.8.4)
0 " Oy ov
= _ - 'r + —
(1.7.1)6% (r:zl aq,-q at)
0 dv
o a_qsﬁ s=1...,n) 9

in agreement with Eq. (2).

Example To see that one can proceed in a variety of ways to find the ordinary
derivative of a vector function in a reference frame, consider once more the
vector p introduced in the example in Sec. 1.3, and again let q,, q,, and g5 be
given by Egs. (1.4.9). Then the ordinary time-derivative of p in A, previously
found by using Eq. (1.4.2), is given by Eq. (1.4.11). Now refer to Egs. (1.3.4)
and (1.3.13) to express p as

P = R(s,c,a; + c,a, + s;5,83) (10)

and use Eqgs. (1.4.9) to rewrite the a, measure number of p as an explicit
function of ¢, that is, to replace Eq. (10) with

P = R(s,c,a, + c,a, + sin t sin 2t a,) (1)

Furthermore, regard p as a function of the independent variables g, q,, g3,
and ¢, and then appeal to Eq. (1) to write

4dp “0p . 40p . 40p . 40p
P A e e

= R[(cic,a; — s,8,)4; + (—5,5,8)4
(an

+ (cos t sin 2t + 2 sin t cos 2t)a;] (12)

Finally, make the substitutions [see Eqgs. (1.4.9)]
g, =1 s, = sint c, =cost (13)
g, =2 s, = sin 2t c, = Cos 2t (14)

and verify that the resulting equation is precisely Eq. (1.4.11). The point here
is not that use of Eq. (1) facilitates the evaluation of ordinary derivatives;
indeed, it may complicate matters. What is important is to realize that one may
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treat the same vector in a variety of ways, that the formalism one uses to
construct the ordinary derivative of the vector in a given reference frame
depends on the functional character one attributes to the vector, but that the
result one obtains is independent of the approach taken. In the sequel, Eq.
(1) will be used primarily in the course of certain derivations, rather than for
the actual evaluation of ordinary derivatives.



CHAPTER

TWO
KINEMATICS

Considerations of kinematics play a central role in dynamics. Indeed, one’s
effectiveness in formulating equations of motion depends primarily on one’s
ability to construct correct mathematical expressions for kinematical quantities
such as angular velocities of rigid bodies, velocities of points, and so forth. There-
fore, mastery of the material in this chapter is essential.

The sections that follow can be divided into four groups. Sections 2.1-2.5,
which form the first group, are concerned with rotational motion of a rigid body.
The principal kinematical quantity introduced here is the angular velocity of a
rigid body in a reference frame. Next, translational motion of a point is treated in
Secs. 2.6-2.8, where four theorems frequently used in practice are derived from
definitions of the velocity and acceleration of a point in a reference frame. (The
reason for discussing translational motion after rotational motion is that the
theorems on translational motion in Secs. 2.6-2.8 involve angular velocities and
angular accelerations of rigid bodies, whereas the material on rotational motion
in Secs. 2.1-2.5 does not involve velocities or accelerations of points.) Thereafter,
in Secs. 2.9-2.13, the subject of constraints is examined in detail, and mathematical
techniques for dealing with constraints are presented in terms involving generalized
coordinates and generalized speeds. Finally, partial angular velocities of a rigid
body and partial velocities of a point are at the focus of attention in Secs. 2.14 and
2.15. It is these quantities that ultimately enable one to form in a straightforward
manner the terms that make up dynamical equations of motion.

2.1 ANGULAR VELOCITY

The use of angular velocities greatly facilitates the analysis of motions of systems
containing rigid bodies. We begin our discussion of this topic with a formal

15
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definition of angular velocity; while it is abstract, this definition provides a sound
basis for the derivation of theorems [see, for example, Eq. (2)] used to solve
physical problems.t

Let by, b,, b, form a right-handed set of mutually perpendicular unit vectors
fixed in a rigid body B moving in a reference frame 4. The angular velocity of B in
A, denoted by “w?, is defined as

4db, Adb,
2, B p b, — L.
dt ar Pt bigh M
One task facilitated by the use of angular velocity vectors is the time-differen-
tiation of vectors fixed in a rigid body, for it enables one to obtain the first time-
derivative of such a vector by performing a cross-multiplication. Specifically, if
B is any vector fixed in B, then

A
A(!)B é bl b3 + b2 dbl

“dp

— B
o =40’ x B (2

Derivation Usingdots to denote time-differentiationin 4, one can rewrite Eq. (1) as
A(’)B é b]i)z . b3 -+ bzi)3 ¢ bl + b3.bl . b2 (3)
and cross-multiplication of Eq. (3) with b, gives

498 x b, = b, x b,b;-b, + by x b,b, *b, 4

(3)

Now, since b, b,, b; form a right-handed set of mutually perpendicular unit
vectors, each can be expressed as a cross-product involving the remaining two.
For example,

b2=b3Xb1 b3=b1xb2 (5)
and substitution into Eq. (4) yields
4w x by = — byb; b, + b,b, -b, (6)
“) (5 (5)

Moreover, time-differentiation of the equations b, b, =1 and b;:b, =0
produces

.bl’b1=0 i’S‘blz—i)l.b:i (7)
and with the aid of these one can rewrite Eq. (6) as
A(!)BX bl =b1i)1'b1 +b2i)1'b2+b3i)1’b3 (8)
(6) %) %))

t The frequently employed definition of angular velocity as the limit of A@/At as At approaches
zero is deficient in this regard.
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But the right-hand member of this equation is simply a way of writing b, [see
Eq. (1.3.3)]. Consequently,
“o® x b, = b, ©)
8)
Similarly,
A(DB X b2 = .bz A(OB X b3 = i)3 (10)

and, after expressing any vector B fixed in B as

B = Bib, + B2b, + B3bs (11)
where f,, B,, B3 are constants, so that
B = Bib, + B,b, + Bsb, (12)

(1
one arrives at

B = B,%0® x b, + %0 x b, + B340 x b,
(12) 9) (10) (10)
= 40® x (B;b;, + B,b; + B3b;) = “0® x B (13)
(an

Examples Figure 2.1.1 shows a rigid satellite B in orbit about the Earth A.
A dextral set of mutually perpendicular unit vectors by, b,, b; is fixed in B,
and a similar such set, a,, a,, a;, is fixed in 4. Measurements are made to
determine the time-histories of a;, f;, y;, defined as

aiébl'a.’ ﬂiébz'a‘- yiéb;;‘a,- (i= 1,2, 3) (14)

as well as the time-histories of &;, f;, 7;, defined as the time-derivatives of
a;, Bi, 7;, respectively. At a certain time t*, these quantities have the values

Figure 2.1.1
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recorded in Tables 2.1.1 and 2.1.2. The angular velocity of B in A4 at time ¢*
is to be determined.

Table 2.1.1 Table 2.1.2

i a; B; Vi . o Bi b7
(rad/s) (rad/s) (rad/s)

—

09363 —0.2896 0.1987
2 0.3130 09447 —0.0981

—

—0.0127 -0.0261 0.0216

2| 00303 —00103 -—0.0032
31 —0.1593 0.1540 0.9751 3| —00148 0.0145 —0.0047
It follows from Egs. (14) that
bl = alal + azaz + a:;as (15)
b, = B,a, + Bra, + Bia; (16)
and
by = y.a; + y,2; + 7383 17
Consequently, for all values of the time ¢,
Adb, . .
d— = o8, + azaz + o3a;3 (18)
L as
4db . . .
—r = B+ Bra, + Biay (19)
(16)
Adby . .
FTRPRA + Y28, + Y3a; (20
a7

and

40f = by(Byy, + Bav2 + B373) + by(hy2; + P20y + P303)
m (19.17) (20,15)

+ by(a, 8, + 2282 + &3 83) 1)
(18.16)

Thus, at time t*, Eq. (21) together with Tables 2.1.1 and 2.1.2 yields
0% = 0.010b, + 0.020b, + 0.030b;  rad/s (22)

In Fig. 2.1.2, B represents a door supported by hinges in a room A4.
Mutually perpendicular unit vectors a,, a,, a5 are fixed in 4, with a, parallel
to the axis of the hinges, and mutually perpendicular unit vectors b,, b,, b;
are fixed in B, with b, = a;. If 6 is the radian measure of the angle between
a, and b, as shown in Fig. 2.1.2, then a,, a,, a; and b,, b,, b, are related to
each other as indicated in Table 2.1.3.
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L Figure 2.1.2
Table 2.1.3
b, b, by
a, cos 0 —sin 0 0
a, sin ) cos 0 0
a, 0 0 |

The angular velocity of Bin 4, “e®, found with the aid of Eq. (1) and Table
2.1.3, is given byt

4w® = (b, (23)

and the utility of Eq. (2) becomes apparent when one seeks to find, for ex-
ample, the second time-derivative in 4 of the position vector from the point
O shown in Fig. 2.1.2 to the point P, that is, of the vector B given by

ﬂ - —lel g sta (24)
For, using Eq. (2), one immediately has
dp . "
— 6b3 x (_lel — L3b3) = _Llebz (25)
dt (3) (23 (24)
so that one can write
AdZB Ad Adp 'y . Adbz
—— s e ) ey b, - L8 26
e " di ( - F e R (26)

T Use of the theorem stated in Sec. 2.2 allows one to write Eq. (23) by inspection.
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Since b, is a vector fixed in B, its time-derivative in A can be found with the
aid of Eq. (2); that is,

A N s
db, =408 x b, = b, x b, = —6b, 27
dt (3 (23)
Consequently,
A2 . N
T _ L (6%, — iby) (28)
at* (26,27

To obtain the same result without the use of Eq. (2), one must write (see
Table 2.1.3)

B = — L,(cos 6a, + sin fa,) — Lia, (29)
(24)

and then differentiate to find, first,

4dp . .
—— = —L,(—0sinfa, + 6 cos 0a,)
dt a9y
= L,6(sin fa, — cos Oa,) (30)
and, next,
A4%p " . .
i L,[0(sin 6a, — cos 6a,) + 6(6 cos 6a, + O sin 6a,)] 31
(30)
after which one arrives at Eq. (28) by noting that (see Table 2.1.3)
sin fa, — cos fa, = —b, (32)
while
cos fa, + sinfa, = b, (33)

In more complex situations, that is, when the motion of B in 4 is more com-
plicated than that of a door B in a room A, the use of the angular velocity
vector as an “operator” which, through cross-multiplication, produces
time-derivatives, is all the more advantageous.

2.2 SIMPLE ANGULAR VELOCITY

When a rigid body B moves in a reference frame A4 in such a way that there exists
throughout some time interval a unit vector k whose orientation in both 4 and
B is independent of the time ¢, then B is said to have a simple angular velocity in A
throughout this time interval, and this angular velocity can be expressed as

108 = wk ¢))
with w defined as
waé 2



2.2 SIMPLE ANGULAR VELOCITY 21

Figure 2.2.1

where @ is the radian measure of the angle between a line L, whose orientation is
fixed in 4 and a line L similarly fixed in B (see Fig. 2.2.1), both lines are perpendic-
ular to k, and @ is regarded as positive when the angle can be generated by a rotation
of B relative to 4 during which a right-handed screw rigidly attached to B and
parallel to k advances in the direction of k. The scalar quantity w is called an
angular speed of B in A. [The indefinite article “an” is used here because, if k and
@ are defined as k £ —k and @ £ —w, then Eq. (1) can be written “0® = @k
S0 that & is no less “the” angular speed than is w.]

Derivation Let a,, a,, a, be a right-handed set of mutually perpendicular unit
vectors fixed in A4, with a, parallel to line L, and ay = k, and let b,, b,, b; be a
similar set of unit vectors fixed in B, with b, parallel to Ly and by = k. Then

b, = cos fa, + sin Oa, 3)
b, = — sin fa, + cos Oa, 4
b3 = 83 (5)
Adb, . ! »
= O(— sin 0a, + cos 0a,) = Ob, (6)
dt 3, (@)
Adb, - : 3
= O(— cos fa, — sin fa,) = — Ob, @)
dt (4) 3)
Adb,
-y (8
dt s )
and substitution into Eq. (2.1.1) leads directly to
Aw? = b, = Ok ©)

Example Simple angular velocities are encountered most frequently in con-
nection with bodies that are meant to rotate relative to each other about axes



22 KINEMATICS 2.2

Figure 2.2.2

fixed in the bodies, such as the rotor and the gimbal rings of a gyroscope. This
isillustrated in Fig.2.2.2, where A designates an aircraft that carries a gyroscope
consisting of an outer gimbal B, an inner gimbal C, and a rotor D. Here, the
angular velocities of Bin A, C in B,and D'in C all are simple angular velocities,
and they can be expressed as

AgP = gb "o =dac ‘o’ = —q,d (10)

where q,, 42, g3 measure angles as indicated in Fig. 2.2.2 and b, ¢, d are unit
vectors directed as shown. (Note that, for example, 46C and P? are not simple
angular velocities.)

A rigid body B need not be mounted in bearings fixed in a reference frame
A in order to have a simple angular velocity in A. Indeed, it is possible for B
to have a simple angular velocity in A when B moves in such a way that no
point of B remains fixed in 4. For example, suppose that A is an aircraft in
level flight above a hilly roadway that lies in a vertical plane, as depicted in
Fig. 2.2.3, and that B is an automobile wheel traversing the roadway. No point

h‘-o

®

7/

Figure 2.2.3



2.3 DIFFERENTIATION IN TWO REFERENCE FRAMES 23

of Bis fixed in A4, but “@® is a simple angular velocity, the role of k being played
by any unit vector that is perpendicular to the middle plane of the wheel.

2.3 DIFFERENTIATION IN TWO REFERENCE FRAMES

If A and B are any two reference frames, the first time-derivatives of any vector

vin A4 and in B are related to each other as follows:
v Bdv
a4 x 1
o =g T ety ¢))

where “o® is the angular velocity of B in A (see Sec. 2.1).

Derivation With b,, b,, b as in Sec. 2.1, let

nlveb (=123 @
so that [see Eqgs. (1.3.1) and (1.3.2)]
3
V= Z v;b; &)
i=1
Then
AdV 3 dU,' 3 Adbi
T R
B 3
= % + Y ve® x b,
14.2) =1 (3.1.2)
B 3
_ % 4+ 4B x i;l v; b,
B
- ﬂ + 408 x v 4
dt

A3)
Equation (1) enables one to find the time-derivative of v in 4 without having
to resolve v into components parallel to unit vectors fixed in A.
Example A vector H, called the central angular momentum of a rigid body B
In a reference frame A, can be expressed as
H=11(J)Ibl +12(I)2b2+130)3b3 (5)

where b,, b,, b; form a certain set of mutually perpendicular unit vectors
fixed in B, w; is defined as

w; & 408 b;, (j=1,23) (6
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and I,, 1,, I, are constants, called central principal moments of inertia of
B. With the aid of Eq. (1), one can find M,, M,, M, such that the first time-
derivative of H in A is given by

4dH
dt =M1b1+M2b2+M3b3 (7)
Specifically,
14H BjH AB
= 8
i o o TexH ®
B4dH ) . .
T = Ilwlbl + Iz(,l)zbz + I3(,I)3b3 (9)
(5)
A(!)B = wlbl + w, b2 + Cl)3b3 (10)
(6)
A(!)B xH = (w2130)3 nd w312w2)b1 + .- (11)
(10,5)
4dH .
TR Uy, — Uz — I3) wyw3]by + - (12)
t @ 9 an

It follows from Egs. (7) and (12) that

M, =1ao, —U; - I;)w,w, (13)
M, =1Lwo, -, -1))ww, (14)
My =105 — (I, = 1) 0,0, (15)

2.4 AUXILIARY REFERENCE FRAMES

The angular velocity of a rigid body B in a reference frame A4 (see Sec. 2.1) can be
expressed in the following form involving n auxiliary reference frames 4,, ..., 4,:

AmB = A(!)A' + AxmAz + .-+ A,.-;mA,. + A"(’)B (1)

This relationship, the addition theorem for angular velocities, is particularly useful
when each term in the right-hand member represents a simple angular velocity
(see Sec. 2.2) and can, therefore, be expressed as in Eq. (2.2.1). However, Eq. (1)
applies even when one or more of 40!, . . ., “"@® are not simple angular velocities.

The reference frames A,, ..., A, may or may not correspond to actual rigid
bodies. Frequently, such reference frames are introduced as aids in analysis, but
have no physical counterparts.

When the angular velocity of B in A is resolved into components (that is,
when “4@? is expressed as the sum of a number of vectors), these components
may always be regarded as angular velocities of certain bodies in certain reference
frames. Indeed, Eq. (1) represents precisely such a resolution of 4e? into compo-
nents. In no case, however, are these components themselves angular velocities of
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B in A, for there exists at any one instant only one angular velocity of B in 4. In
other words, B cannot possess simultaneouslyt several angular velocities in 4.

Derivation For any vector B fixed in B,

Adﬂ A, B
— = ‘0’ x ()
dt (5.1 b
“1dp AugB
= 07 x 3)
dt (.13 P
and
Adp A'dﬂ a
— = + ‘ot x @
dt ;3. dt P
Hence,
A(DBXp=A’(DBXp+A(0A'XB (5)

(2) 4) 3)
Since this equation is satisfied by every B fixed in B, it implies that

AmB = AmAl + A,(’)B (6)
which shows that Eq. (1) is valid for n = 1. Proceeding similarly, one can verify that
Alo)B —_ Alo)Az + Asz (7)

and substitution into Eq. (6) then yields
AmB — AO)A‘ + A1pA2 + A2q)B (8)

which is Eq. (1) with n = 2. The validity of Eq. (1) for any value of n thus can be
established by applying this procedure a sufficient number of times.

Example In Fig. 2.4.1, q,, 92, and g3 denote the radian measures of angles
-characterizing the orientatiorr of a rigid cone B in a reference frame A. These
angles are formed by lines described as follows: L, and L, are perpendicular
to each other and fixed in 4 ; L, is the axis of symmetry of B; L, is perpendicular
to L, and intersects L, and L, ; L, is perpendicular to L, and intersects L,
and L, ; L, is perpendicular to L, and is fixed in B; L, is perpendicular to
L, and L,. To find an expression for the angular velocity of B in A, one can
designate as 4, a reference frame in which L,. L,. and L, are fixed, and as
A, a reference frame in which L, Ls, and L, are fixed, observing that L,

t In the literature, one encounters not infrequently the equation ® = @, + @,, accompanied
by a discussion of “simultaneous angular velocities of a rigid body” and/or “the vector character of
angular velocity.” Moreover, ®, and ®, often are called angular velocities of B about certain axes.
This leads one to wonder how many such axes exist in a given case, how one can locate them, and so
forth. Since the notion of “angular velocity about an axis” serves no useful purpose, it is best simply
to dispense with it.
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)

L Ls

Figure 2.4.1

then is fixed both in 4 and A4, L, is fixed both in 4, and 4,, and L is fixed
both in 4, and B, so that, in accordance with Egs. (2.2.1) and (2.2.2), one can
write

‘ot = 4,k, Y012 = ¢, k, “20f = ¢k, ®

where k,, k-, and k; are unit vectors directed as shown in Fig. 2.4.1. Sub-
stituting from Eq. (9) into Eq. (1) with n = 2, one arrives at

‘08 = ¢,k + 4:k; + daks (10)

2.5 ANGULAR ACCELERATION

The angular acceleration “a® of a rigid body B in a reference frame 4 is defined
as the first time-derivative in A of the angular velocity of B in A4 (see Sec. 2.1):
A4 B
g 2 L M
dt
Since the first time-derivatives of “@® in 4 and in B are equal to each other, as
becomes evident when one replaces v in Eq. (2.3.1) with “@?, Eq. (1) implies that

BjA_ B
A _ d‘o
dt

which furnishes a convenient way to find “e® when “®® has been expressed in
terms of components parallel to unit vectors fixed in B.

If Ay, ..., A, are n auxiliary reference frames, 4B is not, in general, equal to
the sum ‘ot + 4142 + ... + 4P, Thus, Eq. (2.4.1) does not, in general, have an
angular acceleration counterpart.

@
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The angular velocity of B in A can always be expressed as “o®? = wk,, where
k, is a unit vector parallel to “w®; similarly “a® can always be expressed as
4% = «k,, where k, is a unit vector parallel to “a®. In general, k,, differs from k,,
and o # dw/dt. But when B has a simple angular velocity in 4 (see Sec. 2.2), and
4w® is expressed as in Eq. (2.2.1), then

498 = gk 3)
where o, called a scalar angular acceleration, is given by

dw

= — 4
Example Referring to the example in Sec. 2.4 and to Fig. 2.4.1, one can find
an expression for the angular acceleration of the cone B in reference frame A4

as follows:
Ad
‘aB=E(41kz+42k7+43ks) b
1) (2.4.10) h
. .k, . Adk, . “dk
=‘11kz+‘11""'h‘:+‘12k7+‘11"h—7+ 3ky + 45 dé (5
Since k, is fixed in A,
4dk
m2=0 (6)

The unit vector k- is fixed in a reference frame previously called 4, and
having an angular velocity in 4 given by
‘o' = ¢k, @)
(2.4.9)
Hence,

Adk7 A A ;
= o' X k7 = qlkZ X k7 (8)
dt .1.2) o

Similarly, since kj is fixed in B,

4dk . .
=408 x k; = g,k x k;y + gk, x k; )]
dt (2.4.10)

Consequently,

498 = .k, + 0 + 4.k7 + 424,k, x k,
(5) (6) (8)
+ G3Kk3 + 43(4:k; x k3 + 4k, x k3) (10)
(9)
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The angular accelerations of 4, in 4, A, in 4,, and B in A4, are

AdAmAl
‘a“‘=——=éjk (11)
a  dt e
AldAlmAZ .
A1gz = = G2k, (12)
(1) (2.4.9)
Aszsz .
‘2aB=d— = g3k, (13)
(1) U (2.4.9
Hence,
AgAi 4 Mgz | AgB — G K, + Go kg + Gaks # Aaf (14)

(1) (12) (13) (10)

2.6 VELOCITY AND ACCELERATION

The solution of nearly every problem in dynamics requires the formulation of
expressions for velocities and accelerations of points of a system under consider-
ation. At times, the most convenient way to generate the needed expressions is
to use the definitions given below. Frequently, however, much labor can be saved
by appealing to the theoremst stated in Secs. 2.7 and 2.8.

Let p denote the position vector from any point O fixed in a reference frame A
to a point P moving in A. The velocity of P in 4 and the acceleration of P in A,
denoted by “4v* and “a®, respectively, are defined as

Adp
AVP 4 W (1)
and
AJA,P
AaP a % (2)

Example In Fig. 2.6.1, P, and P, designate two points connected by a line
of length L and free to move in a plane B that is rotating at a constant rate
w about a line Y fixed both in B and in a reference frame 4. The velocities
4vP1 and 4vP2 of P, and P, in A are to be expressed in terms of the quantities
91, 92, 43, their time-derivatives §,, §,, ¢, and the mutually perpendicular
unit vectors e, e,, e, shown in Fig. 2.6.1.

t The discussion of velocities and accelerations in Secs. 2.7 and 2.8 involves the concept of angular
velocity. Hence, to come into position to present this material without a break in continuity, one must
deal with angular velocity before taking up velocity and acceleration. Conversely, as Secs. 2.1-2.4
show, angular velocity can be discussed without any reference to velocity or acceleration. Therefore,
it is both natural and advantageous to treat these topics in the order used here, that is, angular velocity
before velocity and acceleration, rather than in the reverse order.
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Figure 2.6.1

The point O shown in Fig. 2.6.1 is a point fixed in A, and the position vector
p, from O to P, can be written

P = qlbx + quy (3)

where b, and b, are unit vectors directed as shown in Fig. 2.6.1. It follows that

“dp "dp
AyPy S 1 + 108 x (4)
w At iy dt "
where
Bd—pl- - q-lbx o quy (5)
dt 3
and
AmB X pl - wby x (qlbx y quy) oo _wabz (6)
(2.2.1) (3)
so that
Avpl % 41bx y 3 szy % wabz (7)
(4) (5) (6)

Since the unit vectors b, b,, b, are related to the unit vectors e,, e,, e, as in

X y’
Table 2.6.1, where s, and c4 stand for sin g3 and cos g5, respectively, Eq. (7)
is equivalent to

AP = (4,3 + §253)ex + (=483 + §ac3)e, — wq e, (8)

which is the desired expression for the velocity of P, in A4.
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Table 2.6.1
e\ e, e,
x C3 —S3
¥ S3 Cy
2 0 0 1

The position vector p, from O to P, can be written

p.=ps + Le, ®)
Hence,
A A
AyP2 “dpy + —d(Lex) = AyP1 4 4nF x (Le,) (10)
1 dt dt ) (2.1.2)

where 4of is the angular velocity in 4 of a rigid body E in which e,, e,, e, are
fixed; that is,

ApE = AgP 4 BoE — wb, + g;b,
(2.4.1) (2.2.1) (2.2.1)
= wsye, + wcie, + §se, (11
(Table
2.6.1)
so that
‘0f x (Le,) = L(4se, — wcye,) (12)
(11)
and
WP = (gyc5 + ;836 + (—4qys3 + dac3 + Lgs)e, — w(q, + Lcs)e,
(10.8,12)

(13)

2.7 TWO POINTS FIXED ON A RIGID BODY

If P and Q are two points fixed on a rigid body B having an angular velocity “@®
in A, then the velocity 4v? of P in A and the velocity “v¢ of Q in A are related to
each other as follows:

AvP = AyQ 4 19f x 1 )

where r is the position vector from Q to P. The relationship between the accelera-
tion “a” of P in A and the acceleration #a of Q in 4 involves the angular accelera-
tion “a® of B in A and is given by

4P = 192 + 198 x (Y0® x 1) + 4B x r )
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Derivation Let O be a point fixed in A4, p the position vector from O to P, and q the
position vector from O to Q. Then

A A A A
d d d dr
W= _|)=__(q+r)=_q+_
2.6.1) dt dt dt dt
= A 40P xr 3)
(2.6.1) (2.1.2)
and
, 4g4vP Agaye 4 Ad4m8 X1+ Aof x Adr
A = = r —_
8 262 dt 5 dt dt dt
= 199 4 1% xr+ ‘0® x (“0® xr) @)
(2.6.2) (2.5.1) (2.1.2)

Example 'Since an expression for the velocity of P, in A in the example in
Sec. 2.6 is available in Eq. (2.6.7), the acceleration of P; in A can be found
most directly by differentiating this expression, which yields

_ AdAyP: _ BgayP: + 4B x Ay

AaPl —
262 di 33y dt

= élbx + éZby - wabz + Cl)by X AVP'
(2.6.7) (2.2.1)
= (ql - wqu)bx + quy - qulbz (5)
(2.6.7)

!n the case of P,, it is more convenient to use Eq. (2) together with the result
just obtained than it is to differentiate the expression for 4v" available in
Eq. (2.6.13). Letting P, and P, play the parts of Q and P, respectively, in
Eq. (2), and replacing B with E, since P, and P, are fixed on E, not on B, one

can write
12 = 1a"1 4+ 4@f x [“0f x (Le,)] + “a® x (Le,) ©)
Now, ?
10f x [1of x (Le,)] = L[-(@c® +dse,
(2.6.11,2.6.12)
+ w?s;cie, + w4;3s3€,] 7
and EAE
Agf = dd:o = §3C3€, — wg3s3€, + §3€, ®
(2.5.2) (2.6.11)
so that

AaE X (Lex) = L(“I‘Sey + (Dq.3S3 ez) (9)
(8)
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Substitution from Egs. (5), (7), and (9) into Eq. (6) yields
a2 = (§, — 0?q)bs + §;2b, — 2w(g; ~ Lg3s3)b,
+ L~ (@%c;* + d3)e, + (0?s3¢; + Gs)e,] (10)
If one wishes to express this vector solely in terms of b,, b, b,, one can refer

to Table 2.6.1 to obtain

“af? = [, — w?q, — L(§38;5 + d3°C; + w’cy)Ib,
(10)

+ [42 + L(gscs — 43233)]by — 2w(q; — Lg35s,)b, (11)

2.8 ONE POINT MOVING ON A RIGID BODY

If a point P is moving on a rigid body B while B is moving in a reference frame A,
the velocity “vF of P in A is related to the velocity 2v* of P in B as follows:

AvP — Avﬁ + BvP (l)

where “vP denotes the velocity in 4 of the point B of B that coincides with P at the
instant under consideration. The acceleration “af of P in A is given by

4af = 18 4 BaP 4 24pP x ByP 9)

where “aP? is the acceleration of B in A, Ba’ is the acceleration of P in B, and 4w®
is the angular velocity of B in 4. The term 24w® x BvF is referred to as “Coriolis
acceleration.”

Derivation Let 4 be a point fixed in 4, B a point fixed in B, p the position vector
fiom A to P, q the position vector from B to P, and r the position vector from
A to B, as shown in Fig. 2.8.1. Then, in accordance with Eq. (2.6.1), the velocities

AyP ByP and 4v2 are given by

Adp

Agp _ ¥
V= 3)

qu

B,p _ 1
= “4)

A

ayh . dr

v o )

As can be seen in Fig. 2.8.1,

p=r+gq ©)
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Figure 2.8.1

Hence,
agp _ dr  “dg
3.6 dt dt
B
= AV§+£+A(DBX(]
(5) dt (2.3.1)
= AyB | ByP 4 AgB x g (7
()
B may always be taken as B, that is, as the point of B that coincides with P at the
instant under consideration. In that event,
AgB _ AyB q=0 (8)
and substitution from Egs. (8) into Eq. (7) leads to Eq. (1).
Referring to Eq. (2.6.2), one can write

A AP
B B P
ByP — ddtv (10)
AgA B
Agh — dtv (11)
Substitution from Eq. (7) into Eq. (9) yields
AdAvﬁ AByP AqAnB Adq
AP o AL
T dt+dt+dtxq+mxdt
BdBvP
= 4g® 4 +AwaBvP+Aanq
(11) dt (2.3:1) (2:5.%)
B
+ 1o® x (% + 10® x q) (12)

(2.3.1)
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and, if B is once again taken as B, this reduces to

AgP — 4gB 4 BgP 4 AP x ByP 4 AP x ByP (13)
(12) (10) (4)

in agreement with Eq. (2).

Example In the examples in Secs. 2.6 and 2.7, expressions for the velocity and
the acceleration of P, in A were found by appealing to the definitions of velocity
and acceleration, respectively. Alternatively, one can proceed as follows.

If B is the point of B that coincides with P, (see Fig. 2.6.1), then B moves
on a circle of radius q,, and

“vE = —wq,b. (14)
while (remember that w is a constant)
18 = —w?q,b, (15)
The velocity and acceleration of P, in B are
P =¢,b, + ¢, b, (16)
and
Paft = g:b, + 4,b, 17
respectively, and the angular velocity of B in A4 is given by
‘0 = wb, (18)
(2.2.1)
Thus,
W= —wg;b, + 4,b, + 42 b, (19)

(1) (14) (16)
in agreement with Eq. (2.6.7), and

4aft = —w?q,b, + G,b, + §,b, — 2w4,b, (20)
(2) (s an (18.16)

which is the result previously recorded as Eq. (2.7.5).

2.9 CONFIGURATION CONSTRAINTS

The configuration of a set S of v particles P,, ..., P, in a reference frame A is known
whenever the position vector of each particle relative to a point fixed in 4 is known.
Thus, v vector quantities, or, equivalently, 3v scalar quantities, are required for the
specification of the configuration of S in A.

If the motion of S is affected by the presence of bodies that come into contact
with one or more of Py, ..., P,, restrictions are imposed on the positions that the
affected particles may occupy, and S is said to be subject to configuration constraints;
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an equation expressing such a restriction is called a holonomic constraint equation.
Ifa,, a, a, are mutually perpendicular unit vectors fixed in 4, and x;, y;, z;, called
Cartesian coordinates of P; in A, are defined as

x; 2 pa, yiépi'a)‘ z; 2 pira, (i=1...,v (1)

where p; is the position vector from a point O fixed in A4 to the point P;, then a
holonomic constraint equation has the form

FXL V15 255 1603 %50 Yoy 20, 010 (2)

where ¢ is the time. Holonomic constraint equations are classified as rheonomic or

scleronomic, according to whether the function f does, or does not, contain t
explicitly.

Example Figure 2.9.1 shows two small blocks, P, and P,, connected by a thin
rod R of length L, and constrained to remain between two parallel panes of
glass that are attached to each other, forming a rigid body B. This body is
made to rotate at a constant rate  about a line Y fixed both in B and in a
reference frame A. Treating P, and P, as a set S of two particles, and letting
p; and p, be their position vectors relative to the point O shown in Fig. 2.9.1,
one can express p, and p, as

pi = x;a, + y;a, + z;a, (i=1,2) 3)

S

Figure 2.9.1
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Figure 2.9.2

where a,, a,, a, are mutually perpendicular unit vectors fixed in 4, as shown
in Fig. 2.9.2. The requirement that P, and P, remain at all times between the
two panes of glass is fulfilled if, and only if,

pi'h.=0 (i=12) C)

where b, is a unit vector normal to the plane determined by the panes of glass,
as indicated in Fig. 2.9.2. Now,

b, = cos wta, + sin wra, (5)
Hence,

p;°b, = z cos wt + x; sin wt (i=12) (6)
(3.5)

and substitution into Eq. (4) leads to the rheonomic holonomic constraint
equations

zicoswt + x;sinwt =0 (i=1,2) (7)

The fact that P, and P, are connected by a rod of length L constitutes one
more configuration constraint, for this implies, and is implied by,

[Py —p2l =L (8)
or, in view of Egs. (3),

[Gey = %2)” + 1 = 92)* + (2, = 2)’)* =L =0 ©)

Since in this equation, in contrast with Eq. (7), t does not appear explicitly,
Eq. (9) is a scleronomic holonomic constraint equation.
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2.10 GENERALIZED COORDINATES

When a set S of v particles P,, ..., P, is subject to constraints (see Sec. 2.9) repre-
sented by M holonomic constraint equations, only

n&3y-M (0))

of the 3v Cartesian coordinates x;, v;, z; (i = 1,..., v) of S in a reference frame A4
are independent of each other. Under these circumstances one can express each
of x;, yi, z; (i = 1,..., v) as a single-valued function of the time t and n functions
of t, say, q,(t), ..., g,(t), in such a way that the constraint equations are satisfied
identically for all values of ¢t and q;.....q, in a given domain. The quantities
41, ..., q, are called generalized coordinates for S in A.

Example For the set S in the example in Sec. 2.9, v = 2 and M = 3. Hence
n = 3. Three generalized coordinates for S in 4 may be introduced by ex-
pressing x;, y;, z; (i = 1, 2) as

Xy = g, COs wt Vi =4 zy = —q, sin wt 2
x; = (q; + L cos q3) cos wt (3)
Y2 =4, + Lsin g, (4)
2z, = —(q, + L cos q3) sin wt (5)

That q,, q., q5 are, indeed, generalized coordinates of S in 4 may be verified
by substituting from Egs. (2)-(5) into the left-hand members of Egs. (2.9.7)
and (2.9.9). For example,

zy COs wt + X, sin wt = —q, sin wt cos wt + g, cos wt sinwt =0 (6)
(2)

so that Eq. (2.9.7) is seen to be satisfied identically for i = 1.

The geometric significance of q,, q,, 93 and, hence, the rationale under-
lying the introduction of generalized coordinates as in Egs. (2)-(5), will be
discussed presently. First, however, it is important to point out that other
choices of generalized coordinates are possible. Suppose, for example, that
Xi, Vi, 2; (I = 1, 2) are expressed as

Xy = ¢, €OS g, cOs Wt )
Y1 =qysing, ®)
z, = —q, COS q, sin wt 9
x; = [(q; + L cos q3) cos g, — Lsin g, sin ;] cos wt (10
y2 = (q; + Lcos q3)sin g, + L cos g, sin g, (1)

z, = —[(g, + Lcos q3) cos g, — Lsin g, sin q;] sin wt (12)
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Figure 2.10.1

Then Egs. (2.9.7) and (2.9.9) are satisfied identically, which means that, once
again, q,, 4,, q; are generalized coordinates of S in A.

The generalized coordinates introduced in Egs. (2)-(5) may be regarded
as measures of two distances and an angle as indicated in Fig. 2.10.1. This may
be seen as follows. If b, b,, b, are mutually perpendicular unit vectors directed
as in Fig. 2.10.1, then p, and p, can be written

P = qib, + g, b, P> = p; + Lcos g;b, + Lsin g3b, (13)

and
xl ‘A' pl ? ax - qlbx'ax + qzby'ax (14)
(2.9.1) (13)
V1 a P 'ay e qlbx'ay + ‘hby' ay (15)
(2.9.1) (13)
z, ;@8 pra, = gq.b.a + g,b,-a, (16)
(2.9.1) (13)

The dot-products appearing in these equations are evaluated most con-
veniently by referring to Table 2.10.1, which is a concise way of stating the
six equations that relatea,,a ,a. tob,,b,,b,. Thus one finds that Egs. (14)-(16)
give way to precisely Egs. (2).

Table 2.10.1
bx b} bi‘
. cos wt 0  sinwt
a, 0 1 0
a, | —sinwt 0 cos wt
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Figure 2.10.2

Similarly,

X, 2 pyra, = p,-a, + Lcosgsb.+a, + Lsingsb,-a,
(2.9.1) (13)
= ¢, cos wt + L cos q5 cos wt an
(14.Table 2.10.1)

which is the same as Eq. (3), and when y, and z, are formed correspondingly,
Eqgs. (4) and (5) are recovered.

In the case of the generalized coordinates appearing in Egs. (7)-(12), q,
may be interpreted as the distance from O to P,, and g, and q; as the angles
indicated in Fig. 2.10.2. To see this, express p, and p, as

P1 = €, P, = P, + Lcos gs¢c, + Lsin g;c, (18)

where ¢, and ¢, are the unit vectors shown in Fig. 2.10.2, and form x;, y;,
z; (i = 1, 2) in accordance with Egs. (2.9.1).

2.11 NUMBER OF GENERALIZED COORDINATES

The number n of generalized coordinates of a set S of v particles in a reference frame
A (see Sec. 2.10) is the smallest number of scalar quantities such that to every assign-
ment of values to these quantities and the time ¢ (within a domain of interest) there
corresponds a definite admissible configuration of S in 4. Frequently, one can
find n by inspection rather than by determining the number M of holonomic con-
straint equations (see Sec. 2.9) and then subtracting M from 3v. For example,
suppose that S consists of v particles P, ..., P, forming a rigid body B that is
frt?e to move in A. Then there corresponds a definite admissible configuration of
S'in 4 to every assignment of values to three Cartesian coordinates of one particle
of B and three angles that characterize the orientation of B in 4. Hence, n = 6.
The same conclusion is obtained formally by letting p,, ..., p, be the position
vectors from a point fixed in 4 to Py, ..., P,, respectively, and noting that rigidity
can be ensured by letting P,, P,, and P, be noncollinear particles and requiring
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(1) that the distances between P, and P,, P, and P,, and P; and P, remain con-
stant, so that

(P — P2)? = ¢ (1
(P —p)=c, )
P —p)? = C3 3)

where c¢;, c¢,, ¢y are constants, and (2) that the distances between each of the
remaining v — 3 particles and each of P,, P,, and P, remain constant, that is,

(p: — P1)2 =< i=4,...,v) 4)
(P — P2)* =iz i=4,...,v (5)
(P — P3)* =cis i=4,...,v) (6)

where ¢;; (i =4,...,v;j = 1,2,3) are constants. The number M of holonomic
constraint equations is thus given by

M=3+3v—-3)=3v-6 @)
and it follows that
n = 3v—-M=3y—3v-6)=6 (8)

(2.10.1) (7)

2.12 GENERALIZED SPEEDS

As will be seen presently, expressions for angular velocities of rigid bodies and
velocities of points of a system S whose configuration in a reference frame A is
characterized by n generalized coordinates q,, .. ., q, (see Sec. 2.10) can be brought
into particularly advantageous forms through the introduction of n quantities
uy,...,u,, called generalized speeds for S in A, these being quantities defined by
equations of the form

u,éZY,sqs'f'Z, (r=1,~-~’n) (1)
s=1

where Y, and Z, are functions of ¢,, . .., g,, and the time t. These functions must be
chosen such that Egs. (1) can be solved uniquely for ¢, ..., q,. Equations (1)
are called kinematical differential equations for S in A.

Example Letting S be the set of two particles considered in the example in
Sec. 2.9, and using as generalized coordinates the quantities q,, q,, ¢, indicated
in Fig. 2.10.1, one may define three generalized speeds as

u, B g,coswt — wg, sinwt  u; 2§, uy L g, ()
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In that event, the functions Y,; and Z, (r,s = 1, 2, 3) of Eq. (1) are

Y,y =coswt Y, =Y3=0 Z, = —wq, sin wt 3)
5= 0 Y, =1 Y;3=0 Z,=0 4)
Y= 0 Y;, =0 Y3 =1 Zy= (5)

and, solved for ¢, 4, 43, Egs. (2) yield
4, = u, sec wt + wq, tan wt 4; = uy ds = uj (6)

Since sec wt and tan wt become infinite whenever wt is equal to an odd multiple
of n/2 rad, Egs. (2) furnish acceptable definitions of u,, u,, us except when wt
takes on one of these values.

As an alternative to Egs. (2), one might let

u; £ §,c3 + 4,83 u; & —4,83 + §1¢; u3 £ g, @)
where s; and c; stand for sin g5 and cos g3, respectively. Then Z, = 0 (r =

1,2, 3), and 4,, 4,, 45 are given by
4y = uyC3 — U383 4z = uyS3 + uyCy 43 = u3 (8)
Here, no value of wt needs to be excluded. Finally, suppose that u,, u,, u; are

defined as

u; & 4, uz a 4, us 4 g, 9

While these definitions of u,, u,, u, are simpler than those in Egs. (2) and
Egs. (7), the latter are preferable in certain contexts, as will presently become
apparent.

The motivation for introducing u;, u,, and u; as in Egs. (2), (7), and (9)
is the following. The velocity of P, in A can be expressed in a variety of ways,
such as

Avpl = qlbx + q2by - wabz (10)
(2.6.7)

AP = (Gycy + §383) + (—4153 + §2C3)e, — wgqe, (1n
(2.6.8)

and (see Fig. 2.9.2 for a,, a,, a,)
4vP1 = (g, cos wt — wq, sin wt)a, + §,8, — (§; Sin Wt + wq, cos wt)a,
(12)
When Egs. (9) are used to define u,, u,, and u3, Eq. (10) can be rewritten as
AP = u,b, + u, b, — wg,b, (13)

Similarly, the definitions of u,, u,, and u; in accordance with Egs. (7) permit
one to replace Eq. (11) with a relationship having the same simple form as
Eq. (13), namely,

AP = ye, + uze, — wq,e, (14)
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Finally, with the aid of Egs. (2), (6), and (12), one obtains
AP = y,a, + u,a, — (u, tan wt + wgq, sec wt)a, (15)

Here, the third component is a bit more complicated than in Egs. (13) and
(14), but the introduction of generalized speeds has led to a noticeable simpli-
fication, nevertheless. The guiding idea in writing Eqgs. (7) and (2) was thus to
enable one to replace Eqgs. (11) and (12), respectively, with expressions having,
as nearly as possible, the same simple form as Eq. (10). As for Eq-. (9), their
use does not lead to any simplifications since Eq. (10) cannot be simplified
further, but they were included to show that the concept of generalized speeds
remains applicable even under these circumstances.

The simplification of an angular velocity expression through the use of
generalized speeds can be illustrated by returning to the example in Sec. 2.4.
The angular velocity expression recorded in Eq. (2.4.10), while simple in form,
is unsuitable for certain purposes because k;, k-, and k; are not mutually
perpendicular. To overcome this difficulty, one can let k, be a unit vector
directed as shown in Fig. 2.4.1 and note that k, then is given by

ks = —(cos q,k;, + sin g, k,) (16)
so that Eq. (2.4.10) may be replaced with
‘0® = ¢,k; + 4.k, — gs(cos g, k, + sin g, k,)
=(4; — g3 cos )k, + g2k, — g3 sin g, k, (17)
which reduces to
0f = u,k;, + uky + u3k, (18)
if generalized speeds u,, u,, and u; are defined as
up 24, —gscosq;  u; 24,  u; & —gysing, (19)

While generalized speeds can be time-derivatives of a function of the
generalized coordinates and the time t [for example, u,, u,, and u; as defined
in Egs. (2) are, respectively, the time-derivatives of q, cos wt, q,, and q,], this
is not always the case. Consider, for instance, u, as defined in Eq. (7), and
assume the existence of a function f of q,, ¢,, g3, and t such that

a
dt
for all values of g4, g5, g3, and t in some domain of these variables. Then

go_ W, LA, o,
dt (1.9.3, 99, ' 09,

u (20)

= §,C3 + ;53 (21)
(1,20
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which imples that

of of of of
¢ CAN “Z_ =0 2 =0 (22)
0q, e 09, >3 0q3 ot

The first and third of these equations are incompatible with each other, for
they lead to different expressions for 82 f/dq,0q5. Thus, the hypothesis that
S exists such that Eq. (20) is satisfied is untenable.

2.13 MOTION CONSTRAINTS

It can occur that, for physical reasons, the generalized speeds u,, ..., u, for a
system S in a reference frame A (see Sec. 2.4) are not independent of each other.
In that event, S is said to be subject to motion constraints, and an equation that
relates u,, ..., u, to each other is called a nonholonomic constraint equation.

When a system S is not subject to motion constraints, then S is said to be a
holonomic system possessing: n degrees of freedom in A. If S is subject to motion
constraints, S is called a nonholonomic system.

When all nonholonomic constraint equations can be expressed as the m re-
lationships

p

u =Y Au,+B,  (r=p+1,....n (1)
s=1
where
pen—m ()
and where A4, and B, are functions of ¢,. . ... g,. and the time t, S is referred to as a

simple nonholonomic system possessing p degrees of freedom in A.

Example The particles P, and P, considered in the example in Sec. 2.9 form
a holonomic system possessing three degrees of freedom in A. Suppose that
P, is replaced with a small sharp-edged circular disk D whose axis is normal
to the rod R and parallel to the plane in which R moves, as indicated in Fig.
2.13.1; further, that D comes into contact with the two panes of glass at the
points D, and D,. Then it may be assumed that D*, the center of D, can move
freely in B in the direction of R, but is prevented from moving perpendicularly
to R, a condition that may be stated analytically in terms of 8v?", the velocity
of D* in B, as

ByD*.e, = 0 (3)
ByP" e, =0 4)

where e, and e, are unit vectors directed as shown in Fig. 2.13.1. Now,
ByD* — AyD" _ AyB (5)

(2.8.1)
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Figure 2.13.1

where B is the point of B with which D* coincides. This point moves on a
circle of radius ¢, + Lc; and has the velocity

VP = —a(q, + Leye, (6)
As for 4v?", this is precisely the velocity of P, in the example in Sec. 2.6, and s,
therefore, given by

AWP" = (gyc3 + §aS3)ex + (—4y83 + 4263 + Lda)e, — o(q; + Les)e,
(2.6.13)

(7)
Hence,

ByD™ = (4;c3 + 4283)e, + (—q153 + §2¢3 + Lgs)e, (&)
(5=1)
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and Eq. (3) leads to

—q;83 + §2¢3 + Lg; = 0 9)
3.8)
while Eq. (4) is satisfied identically. Furthermore, if generalized speeds u,, u,,
and u, are introduced as in Egs. (2.12.2), so that Egs. (2.12.6) apply, then Eq.
(9) gives rise to the nonholonomic constraint equation

1
uy = E[(u1 sec wt + wq, tan wt)s; — U,C3] (10)

Thus, m=1, p=n—-m=3—-1=2, and P, and D are seen to form a
simple nonholonomic system possessing two degrees of freedom in A. The
functions A4, and B, (r = 3;s = 1, 2) of Eq. (1) are
s —c s
Az = fsec wt Az, = T3 B; = qul tan wt (11)
If Egs. (2.12.7), rather than Egs. (2.12.2), are used to define u,, u,, and u;,
then Eq. (10) gives way to the much simpler relationship

—u,
u3 =

(12)
@ L

and ifu,, u,,and u; are defined as in Egs. (2.12.9), the nonholonomic constraint
equation is

uy = —(uy83 — u,C3) (13)

Before leaving this example, it is worth noting that Eq. (9) is nonintegrable;
that is, there exists no function f(q,, q,, g;) Which is constant throughout
every time interval in which Eq. (9) is satisfied. If such a function existed, then
41, 42, and g3 would not be independent of each other, and thus would not
be generalized coordinates. ’

2.14 PARTIAL ANGULAR VELOCITIES,/ PARTIAL VELOCITIES

If q,...,9, and uy, ..., u, are, respectively, generalized coordinates (see Sec.
2.10) and generalized speeds (see Sec. 2.12) for a simple nonholonomic system S
possessing p degrees of freedom in a reference frame A, then o, the angular velocity
in 4 of a rigid body B belonging to S, and v, the velocity in A of a particle P be-
longing to S, can be expressed uniquely as

0= ) OUu + o, ¢))

r=1

and

n
v= )Y vu, +v, 2
=1

r=
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where o,, v, (r = 1,...,n), ®,, and v, are functions of q,, ..., g,, and the time ¢.
The vector ®, is called the rth holonomic partial angular velocity of B in A, and v,
is referred to as the rth holonomic partial velocity of P in A.
The vectors @ and v can also be expressed uniquely as
p

o= &u +d, 3

r=1

and

Il
M=

Vou, + ¥, C))
1

v

L}

r

where ®,,¥,.(r = 1,..., p), ®@,, and ¥, are functions of q, . . ., g, and t. The vector
®, is called the rth nonholonomic partial angular veclocity of B in A, while ¥, is
known as the rth nonholonomic partial velocity of P in A.

When speaking of partial angular velocities and/or partial velocities, one can
generally omit the adjectives “holonomic” and “nonholonomic” without loss
of clarity, but the tilde notation should be used to distinguish nonholonomic
partial angular velocities from holonomic ones, and similarly for partial velocities.
When p = n, that is, when S is a holonomic system possessing n degrees of freedom
in A, then ®, = o, and ¥, = v, (r = 1,..., n). It is customary not to write any
tildes under these circumstances.

Derivation Solution of Egs. (2.12.1) for ¢,, ..., ¢, yields

Gs= > Wou, + X,  (s=1,...,n) 5
r=1
where W,, and X, are certain functions of g, .. ., g,, and t. Now, if b, b,, b; form
a right-handed set of mutually perpendicular unit vectors fixed in B, and if b;
denotes the first time-derivative of b, in A4, then

. " ob, ob;
b, = Y g+
(1.9.1):21 aqsq ot
" ob, ob;
v‘/Sru'+X)
(5) .szl aqs (er a
"o Ob, " 6b ob,
- YWt YN (=129 ©

r=1s= l
where all partial dlt’ferentlatlons of b; are performed in A. Consequently,

®W = bl.b2°b3+b2i,3'b1 +b3.b1'b2

2.1.1)
"o ab2 " b, L b
(rZ bs sy + = 6q by X 0t bs)

qs s=1

+ bs

n n n ab
+b b, W, 3mx 3.p
2('21 SZ 1 Wty + aqs 1445 + 6[ 1)

LY ) ob, 7
04, 2 szla b2X + = ot bz ()
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and, if o, and o, are defined as

u b b b
Z (blaq2 b3+b2‘;3 *b, +b3al bz) r=1,...,n) (8)

and

" [( ab, ab, ob,
‘b,| X
; [( aq, b+ b aq, thi+bs * dq, 2)

oy

+b6

ob ob
# 0, b by ©)

respectively, then substitution from Egs. (8) and (9) into Eq. (7) leads directly to
Eq. ().

To establish the validity of Eq. (2), let p be the position vector from a point
fixed in 4 to P, and let p denote the first time-derivative of P in A. Then

> 0p.  Op
vV = = — s 4+ —
(2.6.1)15(1‘9.}) sg‘l ﬁqsq ot

_ v o op
o gas<ZW"'+X) a

(5)

SIS DL S S 1)

r=1s=1 s q a

and, after defining v, and v, as

v, & Z—QP—WS, r=1,...,n) (11)
s=1 QS
and
“ 6p op
A hi 4
"7 5, Xt % (12)

respectively, one obtains Eq. (2) by substituting from Egs. (11) and (12) into
Eq. (10).

Suppose now that S is subject to motion constraints such that u,,...,u,
are governed by Eqgs. (2.13.1). Then, after rewriting Eq. (1) as

P n
o=Yau+ )Y ou+ao (13)

r=1 r=p+1
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one can use Eq. (2.13.1) to obtain

P n 14
o=y ou+ Y m,(ZA,SuS+B,)+m,
13)r=1 r=p+1 s=1
(2.13.1)

P n L
ou+ Y Y odu+ ) oB +0

s=1r=p+1 r=p+1

il
M~

~
1]
—-

r n n
ou+ Y Y od,u+ Y oB +o

r=1s=p+1 r=p+1

(m, + ¥ msAs,) u+ Y 0B +o, (14)

s=p+1 r=p+1

M= Ehﬂv

~
1]
—-

and, after defining &, and &, as

6),& o, + Z (’)sAsr (r= l’ap) (15)
s=p+1
and
dhw+ Y b, (16
r=p+1

one arrives at Eq. (3) by substituting from Eqgs. (15) and (16) into Eq. (14). A
completely analogous derivation leads from Eq. (2) to Eq. (4), provided that ¥,
and ¥, are defined as

V,8v,+ Y vA, (=1,..,p a7
s=p+1
and
n
Vev,+ Y VB, (18)
r=p+1

As will become evident later, the use of partial angular velocities and partial
velocities greatly facilitates the formulation of equations of motion. Moreover,
the constructing of expressions for these quantities is a simple matter involving
nothing more than the inspecting of expressions for angular velocities of rigid
bodies and/or expressions for velocities of particles.

Example In the example in Sec. 2.12, three sets of generalized speeds were
introduced and the corresponding expressions for the velocity of the particle
P, in reference frame A (see Fig. 2.9.1) were recorded in Egs. (2.12.13)-
(2.12.15). Each of these equations has precisely the same form as Eq. (2), and
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inspection of the equations thus permits one to identify the associated holo-
nomic partial velocities of P, in A as

AVIP‘ = bx AVZP' = by AV3Pl = 0 (19)
(2.12.13) (2.12.13) (2.12.13)

vhh = e P = e, AP = 00 (20
(2.12.14) (2.12.14) (2.12.14)

vyP = a, —tanwra, A, = a, AP = 0 (21
(2.12.15) (2.12.15) (2.12.15)

The angular velocity of E in A4, introduced in the example in Sec. 2.6, can
be written

A E = S3e, + wC3€, + Use, (22)
(2.6.11)
in all three cases because u; was defined as ¢; in Egs. (2.12.2), (2.12.7), and
(2.12.9). Comparing Eq. (22) with Eq. (1), one can write down the holonomic
partial angular velocities of E in A4,

10,F =10, =0 ‘ot =e, (23)

To illustrate the idea of nonholonomic partial angular velocities and
nonholonomic partial velocities, we confine our attention to the generalized
speeds of Egs. (2.12.7), which means that Egs. (20) and (23) apply, and explore
the effect of the motion constraint considered in the example in Sec. 2.13,
which was there shown to give rise to the nonholonomic constraint equation

us
= —-= 2

u3 (2.13.12) L ( 4)
As regards the partial velocities of P, in A; Eq. (24) makes no difference
whatsoever, for u, is absent from Eq. (2.12.14), the relevant expression for 4v’:,
In other words, the two nonholonomic partial velocities of P, in A (there are

two becausen = 3,m= l,andp=n—m=3 — 1 = 2) are
L (25)

(2.12.14) (2.12.14)
and these are the same as their holonomic counterparts in Egs. (20). In
connection with the partial angular velocities of E in 4, however, Eq. (24)
matters very much, for substitution from Eq. (24) into Eq. (22) produces

u
At = ws;y e, + wC3 e, — (—f) €, (26)

which has the form of Eq. (3) and permits one to identify the two nonholonomic
partial angular velocities of E in A4 as

A(;)IE — 0 A(‘.')ZE —_— - _ez (27)
(26) (26) L

The second of these differs noticeably from its counterpart in Eq. (23).
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Finally, still working with the generalized speeds of Egs. (2.12.7), let us
examine the three holonomic and two nonholonomic partial velocities of D*
in A (see Fig. 2.13.1). To determine these, we refer to Egs. (2.6.13) and (2.12.7)
to express 4v2" as

W' = ue, + (uy + Luy)e, — wlg, + Lcs)e, (28)
and note that, when Eq. (24) is taken into account, 4yP" is given by
W' = ue, — w(g; + Leye, (29)
Consequently, the holonomic partial velocities of D* in A are

viW=e W =¢ A" =Le (30)
(28) (28) (28)

A

while the nonholonomic partial velocities of D* in A4 are

~ " - *
WP =e W2 =0 @31
29) 29

2.15 ACCELERATION AND PARTIAL VELOCITIES

When g, . .., g, are generalized coordinates characterizing the configuration of a
system S in a reference frame A (see Sec. 2.10), then v, the square of the velocity in
A of a generic particle P of S, may be regarded as a (scalar) function of the 2n + 1
independent variables q, ..., q,, 4y,-...,q4s, and t, where g, denotes the first
time-derivative of g, (r = 1, ..., n). If generalized speeds (see Sec. 2.12) are defined
as

u, &g, r=1,...,n) 6))

and v, denotes the rth holonomic partial velocity of P in A (see Sec. 2.14), then
v,, the acceleration a of P in A, and v? are related to each other as follows:

1/dov: ov?
a2 _ =1,...,
v,ca= ( 3 30, 64,) (r n) ()

If, in accordance with Egs. (2.12.1), generalized speeds are defined as

Z Y, +2Z, (r=1...,n) 3)

where Y, and Z, are functions of q,, ..., g,, and the time ¢, and v, denotes the
associated rth holonomic partial velocity of P in A (see Sec. 2.14), then

1'l dav2 ov?
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where W, is a functionofq,, . .., ¢,,and t such that solution of Egs. (3) for g4, . . . , 4,
yields

= Z":Ws,ur+Xs GG=1,...,n &)

r=1

Finally, when S is a simple nonholonomic system possessing p degrees of
freedom in A (see Sec. 2.13), so that there exist m nonholonomic constraint equa-
tions of the form

14
= ) A,u, + B, r=p+1,...,n 6)
s=1

then ¥, - a, where ¥, is the rth nonholonomic partial velocity of P in 4 (see Sec.
2.14), can be expressed in terms of v (still regarded as a function of g,, ..., g,,
q.l’ . '-9qn, and t) as

G .a_Llfdov o
Verd =2\acag, ~ o,

1 2 d ov:  ov?
2 b AR AR =1,..., Q)
*3,2, (dt 2, aqs) . 0 )

when u, is defined as in Eqgs. (1), and as

1 2
7, =5§[(§‘1 =) (w3 wskAk,)] t=1L...0) ®

t aqs aqs k=p+1

when u, is defined as in Eq. (3).

Equations (2), (7), and (8) play essential parts in the derivations of Lagrange
equations and Passerello-Huston equations (see Problem 11.12). Additionally,
Egs. (2) can facilitate the determination of accelerations, as will be shown presently.

Derivation When u, is defined as in Egs. (1), then W, in Egs. (2.14.5) is equal to
unity for s = r and vanishes otherwise, while X vanishes for s = 1, ..., n. Con-
sequently, Egs. (2.14.11) and (2.14.12) reduce to

op

R = — (r = 1, ey n) 9)
(2.14.11)3% (
op
v, = 10
(2.14.12) at (10)

respectively. From the first of these it follows that

oy, 0 ap) 0 (6])) v,
9r_ 9 — rns=1,...,n (11)
aq: 9) aqs (5% (1.8.3) aqr aq: 9) aqr ( )
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while the two together lead to

ov, 0 (6p) o 3p _ 0w,
aqr(lO)aqr ot

(12)
(1.8.4) at 5qr ) at
These relationships will be used shortly

When v is expressed as in Eq. (2.14.2) and u, is replaced with ¢, in accordance
with Egs. (1), one can regard v as a function of the independent variables q;, .
41, - .- qs, and t, in which event

<+sqn,
ods

(r,s=1,...,n)

13)
and partial differentiation of v with respect to g, gives
ov

J (& .
- = 3 Vsqs + ¥
aqr (2.14.2)aqr ( Z a ,)

s=1 (1)

— 6v, R Bq,) 6v,
= g+ Ve | + 5
h ; é, sgl (aqr 1 aqr aqr
Z 0v, Jv, dv,
= g+0+ 2+ = r=1,.
szl (alq; (13) 4, .9. 1) dr ¢
while partial differentiation with respect to g, produces
ov

= = i(Zn:vq +v)—v (r
a‘;r (2.14.2)aqr s= o ! §

1

)] (14)

=1,...,n) (15)
since v, and v, are independent of §,, and d4,/dq, vanishes except for s = r, in which
case it is equal to unity.

To conclude the derivation of Eq. (2), we note that

dv
(v V)=—"V+vV, E
Bv
=—*'V+ v,'a r=1,...,n 16
oq, (2.6.2) ( ) (16)
(14)
which, solved for v, - a, yields
ov
vV,ca = v, V) — — r=1,...,n 17
(16)dt( ) a ) ( )
vV,ca = i(&v )—glw
(17)dt aqr a‘b

d (1 ov? 1 0v2 (r 1
dt 26q', 26q, ’.“’n)
and this is equivalent to Eqs (2)

(18)
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To establish the validity of Egs. (4), we begin by exploring the relationship
between the partial velocities associated with generalized speeds defined as in
Egs. (1), on the one hand, and partial velocities associated with generalized speeds
defined as in Egs. (3), on the other hand. Denoting the former by v,, ..., v,, as
heretofore, we have

vV = Y vg+vy (19)
(2.14.2) r=1 1)
Hence, when uy, ..., u, are defined as in Egs. (3), so that Egs. (5) apply, we can
write

v = Zv,(Z W,sus+X,)+v,
s=1

(19,5)r=1 =

n n n

= Y YvWau+ Y vX, +V, (20
r=1s=1 r=1

and now we can identify the partial velocities associated with u,, ..., u,, which

we denote temporarily by v,, ..., ¥,, as the coefficients of u,, ..., u,, respectively,

in Eq. (20); that is,

n

Ve YvW, (=1...,n 21
s=1
The derivation of Egs. (4) then can be completed by dot-multiplying Egs. (21)
with a, using Egs. (2) to eliminate v;*a (s = 1,..., n), and writing v, in place of
V.r=1,...,n).
Lastly, to obtain Egs. (7) and (8), dot-multiply Eqgs. (2.14.17) with a, showing
that

V,ca=v,ra+ Y virad, (r=1...,p 22)
s=p+1
and then use Egs. (2) in connection with Egs. (7), and Egs. (4) in the case of Egs.
(8), to eliminate v,-a(r = 1,...,p)and v,*a(s=p + 1,...,n).

Example Considering a point P moving in a reference frame A, let a,, a,, a3
be mutually perpendicular unit vectors fixed in 4, and express p, the position
vector from a point fixed in 4 to point P, as

P = p1a; + p22; + p3a, (23)

where p, (r = 1, 2, 3) are single-valued functions of three scalar variables,
g, (r = 1, 2, 3). Then there corresponds to every set of values of g, (r = 1,2, 3)
a unique position of P in 4; q, (r = 1, 2, 3) are called curvilinear coordinates
of P in A; and the partial derivatives of p with respect to g, (r = 1, 2, 3) in
A can be expressed as

Rt =123 24)
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n

n, Figure 2.15.1

where f, is a function of q,, g,, 43, and n, is a unit vector. If n;, n,, and n, are
mutually perpendicular, then q,, q,, and g, are called orthogonal curvilinear
coordinates. For instance, suppose that q,, q,, and q; measure two distances
and an angle as indicated in Fig. 2.15.1. Then

P = q, €Os g,a; + ¢, Sin g,a, + 32,3 (25)
so that
OP = cos g,a, + sin q,a, (26)
0q, 29
ap .
2~ = —4q,SIng,a; + ¢, Cosq,a, (27)
09; (25
ap
7 - =42 28
093 (25 } (28)
and the functions f, and unit vectors n, (r = 1, 2, 3) appearing in Egs. (24) can
be identified as
fi=1 n, = Cos g,a; + sing,a, (29)
(26) (26)
f2=q n, = —sinqg,a; + cos q,a, (30)
27) 27)
fi=1 n; = a; @31
(28) 28)
Moreover, it follows from Egs. (29)-(31) that
n'n,=n,'N3=n3°n; =0 32)

which means that n,, n,, and n, are mutually perpendicular, as indicated in
Fig. 2.15.1. Consequently, q,, 4,, and g3 are orthogonal curvilinear coor-
dinates of P in A.

When ¢, (r = 1, 2, 3) are orthogonal curvilinear coordinates of P in A,
the acceleration a of P in 4 can be expressed as

a=an +a,n;, + a;n, (33)
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where n, (r = 1, 2, 3) are the unit vectors appearing in Eqgs. (24). To find an
expression for a, (r = 1, 2, 3) in terms of f, f5, f5 and q, q,, 41, one can em-
ploy Egs. (2) after noting that the velocity v of P in A is given by

3
R . PR Y (34)

(261)dt(191) /=104, 24),=1

so that, if u, is defined as in Egs. (1), then

3
vV = Z fou.m, 35)
34)r=1
which means that
v = fin, (r=123) (36)
(2.14.2)
and
v, -a = fin, *(a;n; +axn, + azn;3) = a,f; 37
(36) (33)
But
1({d ov* ov?
vira=-|——F——— (38)
! @ 2 (dt 0q, 6q1)
and ,
=Y (/4.)? (39)
B4)r=1
so that
ov? ov: 3 of, .,
s (40)
6‘11 (39) fl u 6 1(39) s=1 faq
and
3 af 2
vica = — - =4 41
1 (3840)dt(fl ql) Zlfaqlq ( )

Substituting from Eq. (41) into Eq. (37) and solving for a,, one thus finds that
a, is given by

o=+ E0a - 3 ke @)

and, after using similar processes in connection with a, and a3, one can con-
clude that

ar =

2 -
f'[dt(f. sglfsaqr] =123 43)
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To illustrate the use of this quite general formula, we return to the ortho-
gonal curvilinear coordinates q,, q,, g5 introduced in Eq. (25). Expressions
for f, (r = 1,2, 3) available in Egs. (29)-(31) permit us to write

d . )
E(flqu) = q

29)

and, therefore,

Similarly,

d d
—( 2')=_
dt f27q, (30)dl

so that

and

d 2.y
dt(f3 ‘13)(31

which means that

o h_, 2h_g
041 (29) 0q, (30) 04y 31
a, = ¢ —‘11422
(43,44)
. 0 f;
(q12q2) f = 0 (S = 1, 2’ 3)
093 29-31)
1 d
a, = —=(0%)
2(43.46)‘11‘” 2
ofs
g = 0 s=1,2,3
) 1 0q; (29-31) ( )
a; = {
(43,48)

Thus, we now can express the acceleration of P in A as

Ld

a=(§; —q:4°)m+ E—dt (‘]1242)“2 + 4;n,

(33)

45) 1

47) (49)

44

(45)

(46)

47

(48)

(49)

(50)



CHAPTER

THREE
MASS DISTRIBUTION

The motion that results when forces act on a material system depends not only
on the forces, but also on the constitution of the system. In particular, the manner
in which mass is distributed throughout a system generally affects the behavior
of the system. For example, suppose that a rod is supported at one end by a fixed
horizontal pin and that a relatively heavy particle is attached at a point of the
rod, so that together the rod and the particle form a pendulum. The frequency
of the oscillations that ensue when the pendulum is released from rest after having
been displaced from the vertical depends on the location of the particle along the
rod, that is, on the manner in which mass is distributed throughout the pendulum.

For the purpose of certain analyses, it is unnecessary to know in detail how
mass is distributed throughout each of the bodies forming a system; all one needs
to know for each body is the location of the mass center, as well as the values of
six quantities called inertia scalars. The subject of mass center location is con-
sidered in Secs. 3.1 and 3.2. Products of inertia and moments of inertia, which
are inertia scalars, are defined in Sec. 3.3 in terms of quantities called inertia
vectors. Sections 3.4-3.7 deal with the evaluation of inertia scalars, in which connec-
tion inertia matrices and inertia dyadics are discussed. A special kind of moment
of inertia, called a principal moment of inertia, is introduced in Sec. 3.8. The chapter
concludes with an examination of the relationship between principal moments of
inertia, on the one hand, and maximum and minimum moments of inertia, on the
other hand.

3.1 MASS CENTER

If S is a set of particles P,, ..., P, of masses m,, ..., m,, respectively, there exists
a unique point S* such that

Zv: mr; =0 )]
i=1
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where r; is the position vector from S* to P; (i = 1,..., v). $*, called the mass
center of S, can be located as follows. Let O be any point whatsoever, and let p;
be the position vector from O to P, (i = 1, ..., v). Then p*, the position vector
from O to S*, is given by

1<
E
]

-
]
-

()]

~
*
I

M-
J

]
-

Derivation With p; as defined, introduce a point §~, let P be the position vector
from O to S, and let F; be the position vector from Sto P; (i = 1, ..., v). Then

fi=p-9p (@(=1...,v) 3
and

= i mp; — (‘i mi) p (C))

Set the right-hand member of this equation equal to zero, solve the resulting
equation for j, and call the value of p thus obtained p*. This produces Eq. (2).
Next, replace p with p* in Eq. (3) and let r; denote the resulting value of ;. Then
f; may be replaced with r; in Eq. (4) whenever j is replaced with p*, and under these
circumstances Eq. (4) reduces to Eq. (1).

Example A process called ‘‘static balancing” consists of adding matter to,
or removing matter from, an object (e.g., an automobile wheel) in such a way
as to minimize the distance from the mass center of the new object thus created
to a specified line (e.g., the axle of the wheel). Consider, for instance, a set of
three particles P,, P,, P, situated at corners of a cube as shown in Fig,. 3.1.1

2

) P,

— 8

a Figure 3.1.1
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and having masses m, 2m, 3m, respectively. The mass center of this set of par-
ticles does not lie on line AB, but, by replacing P, with a particle Q of mass
u and choosing u suitably, one can minimize the distance from line 4B to the
mass center S* of the set S of particles P,, P,,and Q. To determine y, introduce
p* as the position vector from A4 to the mass center S* of S, let n be a unit
vector directed as shown in Fig. 3.1.1, and note that D2, the square of the dis-
tance D from S* to line AB, is given by

D? = (p* x m)* )

Now, if a,, a,, a5 are unit vectors directed as in Fig. 3.1.1, then
_ m(az + 33) + 2m(a3 + al) + #(al + 82)

* L (6)
P @ 3m + u
while
n= atatas %)
/3
Consequently,
2 20,2 _ 2
D2 L(u 3um 42— 3m*) @)
o 30m+ )
and, since a value of u that minimizes D must satisfy the requirement
dD?
— =0 9
i )

it may be verified that u = 5m/3. In accordance with Eq. (8), the associated
(minimum) distance from line AB to S* is equal to L/\/42.

3.2 CURVES, SURFACES, AND SOLIDS

When a body B is modeled as matter distributed along a curve, over a surface,
or throughout a solid, there exists a unique point B* such that

f prdt =0 )
F

Where p is the mass density (i.e., the mass per unit of length, area, or volume) of
Bata generic point P of B, r is the position vector from B* to P, d is the length,
area, or volume of a differential element of the figure F (curve, surface, or solid)
Occupied by B, and the integration is extended throughout F. B*, called the mass
center of B, can be located as follows. Let O be any point whatsoever, and let p
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be the position vector from O to P. Then p*, the position vector from O to B¥,

is given by
f ppdt
pr="T—— 2

f pdt
L

The lines of reasoning leading to Egs. (1) and (2) are analogous to those followed
in connection with Egs. (3.1.1) and (3.1.2).

When p varies from point to point of B, the integrals appearing in Eq. (2)
generally must be worked out by the analyst who wishes to locate B*; but when
B is a uniform body, that is, when p is independent of the position of P in B, then
the desired information frequently is readily available, for B* then coincides with
the centroid of the figure F occupied by B; the centroids of many figures have
been found (by integration), and the results have been recorded, as in Appendix I.
This information makes it possible to locate, without performing any integrations,
the mass center of any body B that can be regarded as composed solely of uniform
bodies B, ..., B, whose masses and mass center locations are known. Under
these circumstances, the mass center of B coincides with the mass center of a
(fictitious) set of particles (see Sec. 3.1) whose masses are those of By, ..., B,,
and which are situated at the mass centers of By, ..., B,, respectively.

Example Figure 3.2.1 shows a body B consisting of a wire, EFG, attached to
a piece of sheet metal, EGH. (The lines X, X ,, X ; are mutually perpendicular.)
The mass of the sheet metal is 10 times that of the wire.

To locate the mass center B* of B, we let B, and B, be bodies formed by
matter distributed uniformly along the straight line EF and the circular curve
FG, respectively, and model B;, the sheet metal portion of B, as matter dis-
tributed uniformly over the plane triangular surface EGH. The mass centers of
B,, B,, and B;, found by reference to Appendix I, are the points B, *, B,*, and

Figure 3.2.1
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a

Figure 3.2.2

B3*in Fig. 3.2.2, and the masses m,, m,,and m; of B, B, ,and B; are taken to be

m; =m Mg~ <g)m My = 10<l 4 g)m (3)

where m is arbitrary. In accordance with Eq. (3.1.2), the position vector p*
from point E to the mass center of three particles situated at B, *, B,* and B;*,
and having masses m, m,, and my, respectively, is given by

_ my(3Lay) + my[(12L/n)a, + (12L/n)as] + my(2La, + 2La,)

I m; + my; + my

- L 20(1 + m/2)a, + [6 + 20(1 + m/2)]a, + 9a,

@) 11(1 + =/2)

The vector p* is the position vector from E to B*, the mass center of B, and
Eq. (4) shows that B* lies neither on the wire nor on the sheet metal portion
of B.

p*

3.3 INERTIA VECTOR, INERTIA SCALARS

If S is a set of particles Py, ..., P, of masses m,, ..., m,, respectively, p; is the
Position vector from a point O to P; (i = 1,..., v), and n, is a unit vector, then a
vector 1, called the inertia vector of S relative to O for n,, is defined as

v

Ia a Z mipi x (na X P.) (])

i=1
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A scalar I, called the inertia scalar of S relative to O for n, and n,, where n,,
like n,, is a unit vector, is defined as

Iy 21, (2
It follows immediately from Egs. (1) and (2) that I, can be expressed as

v

Iy = Z myp; X n,)* (p; X my) 3)

i=1
and this shows that
Iy = Iy, 4)

When n, # n,, I, is called the product of inertia of S relative to O for n, and
n,. When n, = n,, the corresponding inertia scalar sometimes is denoted by I,
(rather than by I,,), and is called the moment of inertia of S with respect to line L,,
where L, is the line passing through point O and parallel to n,.

The moment of inertia of S with respect to a line L, can always be expressed
both as

v

I,= Z miliz )

i=1
where [; is the distance from P; to line L,, and as
I, = mk;? (6)
where m is the total mass of S, and k, is a real, non-negative quantity called the

radius of gyration of S with respect to line L,. Equation (5) follows from the fact
that

Y

Ia = Z mi(pi X na)z (7)
3)i=1
and that p; x n, has the magnitude /;, the vector p; being the position vector from
a pointon L, to P,.

Inertia vectors, products of inertia, moments of inertia, and radii of gyration
of a body Bmodeled as matter distributed along a curve, over a surface, or through-
out a solid are defined analogously. Specifically, if p is the mass density (i.e., the
mass per unit of length, area, or volume) of B at a generic point P of B, p is the posi-
tion vector from a point O to P, dt is the length, area, or volume of a differential
element of the figure F (curve, surface, or solid) occupied by B, and n, and n, are
unit vectors, then Eqgs. (1), (2), and (5) give way, respectively, to

L& Lpp x (n, X p) dt @®)
Iab é Ia.nb; J;P(p x nﬂ).(p x nb) dt (9)
I,= L pl? d (10)

where [ is the distance from P to line L,; and Eq. (6) applies to B as well as to S.
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0L |
L i Figure 3.3.1

Example In Fig. 3.3.1, B designates a thin, uniform, rectangular plate of mass
m. When B is modeled as matter distributed over a rectangular surface R, then
p, the mass per unit of area, is given by

=
- LiL,

P (11

while p, the position vector from point O to a generic point P of B, can be ex-
pressed as

p - xlnl - x2n2 (12)

where x; and x, are distances, and n, and n, are unit vectors, as shown in
Fig. 3.3.2. The inertia vector of B with respect to O for n, is thus

I° = f pp % (n; x p)dt
R

(8)

Ly pLy
»” f L (xgmy + x2m3) x [0y x (x;m; + x,m;)] dx; dx;
1,12) Jo 0 1442

Ly Ly
1 2
- J‘ (xZ My = .\'lenz) dx, d.\'z
L\Ly Jo Jo
]

n Ly pLy Ly pLy
(nl f f x,2 dxy dx; — m, f f X1X5 dXy dx;)
LILZ 0 0 0 0

3 2 2 o L
_m (nl L,L, =4 L,*L, ) = mL, (_2 n, ——1n2> (13)
2

LiL 3 4 3 4

Q

g
3
S

L I Figure 3.3.2



64 MASS DISTRIBUTION 3.4

Similarly, 1,2, the inertia vector of B with respect to point Q for n;, can be
written (see Fig. 3.3.2 for r)

I3Q= f or x (n3 x r)dt
(8) YR

Ly oLt
= f ﬁ(—ymx — yamy) X [my x (—yny — y,n,)]dy,; dy,
o Jo Lql;
m Ly prL,y m
- [ o ey darm = Fa s m a8
LiL,Jo Jo : 3

With the aid of these results, the inertia scalars I,;° and I3,2 (j = 1, 2, 3) can
be formed as

1,0 = —Malap 0 (15)
(2) (13) 3 (2,13) 4 2,13)

m

en. = _ _ 2 2

1,2=1,%n, =0 1,2 = 1,2 = —(L*+ L%
2) (14) (2,14) (2,14)

(16)
Two of these inertia scalars are moments of inertia, namely, I,,2 and I3,

The first is the moment of inertia of B about line OS ; the second is the moment
of inertia of B about the line passing through Q and parallel to n,.

3.4 MUTUALLY PERPENDICULAR UNIT VECTORS

Knowledge of the inertia vectors I, I,, I, of a body B relative to a point O (see
Sec. 3.3) for three mutually perpendicular unit vectors n,, n,, n, enables one to find
1,, the inertia vector of B relative to O for any unit vector n,, for

3

L= ) gl (1)

j=1
where a,, a,, a; are defined as
a; a nq'nj (.]= 1’ 21 3) (2)

Similarly, I,,, the inertia scalar of B relative to O for n, and n, (see Sec. 3.3), can
be found easily when the inertia scalars I, (j, k = 1, 2, 3) are known, for

3 3
Ly=Y Y ajlub, (3)
=1 k=1

where
by&men,  (k=1,273) @)
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Derivations It follows from Eq. (2) that (see Sec. 1.3)
3
na = z a j n i (S)
Consequently,

3
Ia = Z mipi X (Z aan X p')
famy =1

(5)

; m;p; X (n; X p;)

Mo T'Mu

(6)

<
L}
-
ol
W=
-
=

which establishes the validity of Eq. (1). As for Eq. (3), note that Eq. (4) implies
that (see Sec. 1.3)

3
m, = kgl by, @)

Hence,

(332) Jj=1 1
1) (7
3 3 3 3
= Z Yl mby = Y Y ailyb, ®
=1k=1 j=1k=1

(3.3.2)

Example Table 3.4.1 shows the inertia scalars I, of B relative to O for n;
and n, (j, k = 1, 2, 3), where B is the rectangular plate considered in the ex-
ample in Sec. 3.3. To find the moment of inertia of B with respect to line 0Q
in Fig. 3.3.2, let n, be a unit vector parallel to this line, so that

Lin, + L;n

Table 3.4.1

Iy, 1 2 3

1 mL,%/3 ~mL,L,/4 (]

2 | —mL,Ly/4  mL?3 0

3 0 0 m(L,* + L,%)/3
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which means that, in accordance with Eq. (2),
L, L,
(L2 + LA)7" a = (L2 + L)
With b, = g, (k = 1, 2, 3), Eq. (3) then yields [see also Eq. (3.3.4)]
I, = a*I;; + a;’ 15, + a3*ls; + 2aia,1,; + aza3153 + asa,ls,)

_ L’L, + L%, + 2L,L,1,,

a; =0 (10)

a, =

(11
10) L*+L,? )
and use of Table 3.4.1 leads to
I - mL12L22/3 + mL12L22/3 - mL12L22/2 — m(Lle)z (12)
b L+ L2 6(L;* + L,?)

3.5 INERTIA MATRIX, INERTIA DYADIC

The inertia scalars I of a set S of particles relative to a point O for unit vectors
n;and m; (j, k = 1, 2, 3) can be used to define a square matrix I, called the inertia
matrix of S relative to O for n, n,, n,, as follows:

Il 1 Il 2 11 3
1811, I, Iy 1)
131 132 133
Suppose that n;, n,, n; are mutually perpendicular and that row matrices
a and b are defined as
affa, a, a;] b2a[b, b, bs] ()

where a,, a,, a; and by, b,, b; are given by Egs. (3.4.2) and (3.4.4), respectively.
Then it follows immediately from Eq. (3.4.3) and the rules for multiplication of
matrices that I,,, the inertia scalar of S relative to O for n, and n,, is given by

I, = alb” (3)

where b7 is the transpose of b, that is, the column matrix having b, as the element
in the ith row (i = 1, 2, 3). Equation (3) is useful when inertia scalars are evaluated
by means of machine computations and matrix multiplication routines are readily
available.

The set S does not possess a unique inertia matrix relative to O, for, if n,’,

n,’, ny’ are mutually perpendicular unit vectors other than n,, n,, n;, and I’ is
defined as
Illl 112' 113'
raln, Ly Ly “4)
131, 132, 133'
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where 1 (j, k = 1, 2, 3) are the inertia scalars of S relative to O for n/ and n,/,
then I’, like I, is an inertia matrix of S relative to O, but I and I’ are by no means
equal to each other. Hence, when working with inertia matrices, one must keep
in mind that each such matrix is associated with a specific vector basis. By way of
contrast, the use of dyadics enables one to deal with certain topics involving inertia
vectors and/or inertia scalars in a basis-independent way. To acquaint the reader
with dyadics, we begin by focusing attention on two vectors, u and v, given by

u=w-'ab+w-ed+ - &)
and
v=ab'w+cd'w+ ... (6)

respectively, where a, b, ¢, d, ..., and w are any vectors whatsoever. Equations
(5) and (6) can be rewritten as

u=w-(@b+cd+..) @
and

v=@b+cd+ - --)w 8)

if it is understood that the right-hand members of Egs. (7) and (8) have the same
meanings as those of Egs. (5) and (6), respectively. Furthermore, if the quantity
within parentheses in Egs. (7) and (8) is denoted by Q, that is, if Q is defined as

Q42ab+cd+ - €))
then Eqs. (7) and (8) give way to
u=w'Q (10)
and
v=Q-w _oan

respectively; Q is called a dyadic; and Egs. (5), (9), and (10) constitute a definition
of scalar premultiplication of a dyadic with a vector, while Egs. (6), (9), and (11)
define the operation of scalar postmultiplication of a dyadic with a vector. In
summary, then, a dyadic is a juxtaposition of vectors as in the right-hand member
of Eq. (9), and scalar multiplication (pre- or post-) of a dyadic with a vector pro-
duces a vector.

A rather special dyadic U, called the unit dyadic, comes to light in connection
with Eq. (1.3.3), which suggests the definition

U 2 a,a, + 8,8, + a,a, (12)

Where a,, a,, a; are mutually perpendicular unit vectors. In accordance with

Egs. (5), (9), and (10),

v-U=v-a,8, +v'aa, +veaa; = V (13)
12) (1.3.3)
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Moreover, it follows from Eqgs. (6), (9), and (11) that

U:v =aa;°v+aa,*v+aza;*v = Vv (14)
(12) (1.3.3)
In other words, U is a dyadic whose scalar product (pre- or post-) with any vector
is equal to the vector itself.
Returning to the subject of inertia vectors and inertia scalars, let us consider
the inertia vector I, defined as in Eq. (3.3.1). This can be expressed as

v

I, = Z myn,p;*> — n,: p;p;)
(3.3.1)i=1

<

= ) mm, Up? — n,*p;p) (15)

i=1 (13)

Hence, if a dyadic I is defined as

14 Z mi(Upi2 - PPy (16)
i=1

then I, can be expressed as
I,=n,1 amn

The dyadic I'is called the inertia dyadic of S relative to 0. When a body B is modeled
as matter occupying a figure F (a curve, surface, or solid), then Eq. (16) is replaced
with

14 f p(Up? — pp) de (18)

where p, p, and dt have the same meanings as in connection with Eq. (3.3.8).
Dot-multiplication of Eq. (17) with a unit vector n, leads to

Lmy=(MD°m (19)

In view of Eq. (3.3.2) and the fact that (n,*I)*n, = n, - (I n,), so that the paren-
theses in Eq. (19) are unnecessary, one thus finds that the inertia scalar 7,, can be
expressed as

I,=n,In, (20)

The inertia dyadic I is said to be basis-independent because its definition,
Eq. (16), does not involve any basis vectors. However, it can be expressed in various
basis-dependent forms. For example, if n;, n;, n; are mutually perpendicular
unit vectors, I; is the inertia vector of S relative to O for n; (j = 1,2, 3), and I,
is the inertia scalar of S relative to O for n; and ny (j, k = 1, 2, 3), then I is given
both by

3
I=3 Ln (21)
j=1
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and by

I=

Jj

Ijmjm, (22)

1

Me
M e

1k

Derivation It may be verified that a relationship analogous to Eq. (1.3.3) applies to
any dyadic Q; that is,

Q=n,"Qn; +n;°Qn; + n;-Qn, (23)
Consequently,

l = nl‘ln, +n2'ln2+n3’ln3

= Iiny + In; + I3ng (24)
a7

in agreement with Eq. (21). As for Eq. (22), refer to Eq. (1.3.3) to write

lj = Ij'nlnl +Ij'n2n2+lj'n3n3

= Ijlnl + Ijznz + 1j3l|3 (] = l, 2, 3) (25)
(3.3.2)

and substitute these expressions for I,, I,, and I, into Eq. (24) to obtain

L= (I, + I;;n; + I13n)n,
+ (I3 + 15,0, + I3n3)n,
+ (I31ng + I3;my + I33n3)n, (26)

Wwhich is seen to agree with Eq. (22).

Example If S is a set of particles P, ..., P, of masses m,, ..., m,, respectively,
moving in a reference frame 4 with velocities v’ ..., 4v"> (see Sec. 2.6),
then a vector “H%9, called the angular momentum of S relative to O in 4, is
defined as

AHSIO A Zv: mp; x VP 27

i=1

where p; is the position vector from a point O to P, (i = 1, ..., v). The point
O need not be fixed in A ; for example, it can be the mass center S* of S, in which
case “H%° becomes “H*" and is called the central angular momentum of S in A.

If the particles of S form a rigid body B, then H, the central angular
momentum of B in A4, can be expressed as

H=1'0 (28)

where I, called the central inertia dyadic of B, is the inertia dyadic of B relatiye
to the mass center B* of B, and  is the angular velocity of B in 4. To verify
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that H can be written as in Eq. (28), let r; be the position vector from B* to
P; and refer to Egs. (27) and (2.7.1) to write

\J
Zmr x (W +@xr)

(

i) B4 i mr; X (© X ;) (29)

i=1

u[\/]<

Then note that
m (30)

i (311)

while
v \4
Y mr x (@ x1)=Y mrio - )
i=1 i=1

= i mrU—-rr) o =10 (31)

i=1 (16)
If w,, w,;, w; are defined as
w;, & m-n (i=1,2,3) (32)
then it follows directly from Eqs. (28), (22), and (32) that

H-= Zglﬂ‘nn,‘ an

3
Z 2 Z Iy n; (33)
i=1j=1k=1
so that, since m, * n; vanishes except when i = k, in which case it is equal to
unity, H can be written

33)j=1k=1
This is a useful relationship. It reduces to the convenient form given in Eq.
(2.3.5) if ny, n,, ny are chosen in such a way that I,,, I,5, and I, vanish. The
fact that it is always possible to choose ny, n,, n; in this way is established in
Sec. 3.8.

3.6 PARALLEL AXES THEOREMS

The inertia dyadic 159 of a set S of v particles P,,..., P, relative to a point O
(see Sec. 3.5) is related in a simple way to the central inertia dyadic 155" of S, that
is, the inertia dyadic of S relative to the mass center S* of S. Specifically,

150 = [558* 4 |5"10 )

where I579 denotes the inertia dyadic relative to O of a (fictitious) particle situated
at $* and having a mass equal to the total mass of S. Similarly, if I° and IS/S*
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are inertia matrices of S relative to O and S*, respectively, for unit vectorsny,n,, n;,
and I579 is the inertia matrix relative to O of a particle having the same mass as
S and situated at S*, also for n, n,, n;, then

1519 = 55" 4 [5'0 2

Moreover, analogous relationships apply to inertia vectors, products of inertia,
and moments of inertia (see Sec. 3.3); that is,

lnS/O = laS/S' + las*/o 3)
[0 = 1,5 + 1,51° Q)

and
IaS/O — IaS/S' + Ias‘/O (5)

The quantities 1,55 and I,5%" are called central inertia scalars. Equations (3)—(5)
are referred to as parallel axes theorems because one can associate certain parallel
lines with each of these equations, such as, in the case of Eq. (5), the two lines that
are parallel to n, and pass through O and S*.

Derivations Let p; and r; be the position vectors from O to P; and from S* to
P, (i=1,...,v), respectively; note that Eq. (3.1.1) is satisfied if m; denotes the
mass of P;, and that

P=p*+r (6)
Wwhere p* is the position vector from O to S*. Then I’?, IS’*", and I/ are given by

v

150 = z ”'1I(UI’.'2 - PiP) ™
(3.5.16) i=1
lS/s' = Z m,-(Ul‘iz - l‘il',-) (8)
(3.5.16) i=1
and
lS'/O = (z mi) (Up*z — p*pk) (9)
(3.5.16) \i=1
Hence,

v

19 = % m[U(p* + r)* — (p* + r)p* + 1]

M i=1 (6) ®) ()
=3 m[U(** + 2p* 1, + r,%) — p*p*
i=1

— ,p* — p*r, — 1]
v

= Zv: m(Ur? — r;r) + <Z mi) (UI".Iz - p*p*)
i=1

i i=1
+ 2Up*- (i mlri) - (‘Zv m(ri) p* — l""(izl miri) (10)
i=1 =1 =

and use of Egs. (8). (9), and (3.1.1) leads directly to Eq. (1).
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Premultiplication of Eq. (1) with a unit vector n, yields Eq. (3) when Eq.
(3.5.17) is taken into account; similarly, use of Eq. (3.3.2) after dot-multiplication
of Eq. (3) with n, and n, leads to Egs. (4) and (5), respectively. Finally, Eq. (2) is an
immediate consequence of the fact that the elements of I, I/5", and I5"° satisfy
Egs. (4) and (5).

Example In Fig. 3.6.1, C represents a wing of a delta-wing aircraft, modeled
as a uniform, thin, right-triangular, plate of mass m. The central inertia matrix
of C for the unit vectors ny, n,, ns is given by

9 "3 0
2 4

I“=mc?|3 4+ 0 (11)
0 0 5

The product of inertia of C relative to O for n, and n, is to be determined
(see Fig. 3.6.1 for point O and the unit vectors n, and ny).

The unit vectors n, and n, can be expressed, respectively, as

—nl + 3“2
n,= ———= n,= —n 12
\/Tﬁ b 1 ( )
Hence, if matrices a and b are defined as

af[-14/10 3//10 0] b2[-1 0 0] (13)

then the central product of inertia of C for n, and n, is given by

. 9me?
1,SC = aIccpr

= 14
(3.5.3) (11,134 /10 (14)

Figure 3.6.1
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The position vector p from O to C* is
p* = cn; + 3cn, (15)

Consequently, the product of inertia of a particle of mass m situated at C*,
relative to O, for n, and n,, is

2

IS0 = mp* xn)-(p* x ) = oM (16)

(3.3.3) 12,15 /10

and

- 81mc?
co_ 7 cier c'o
Iy 70 = 15 + 1,57

= 17
@) aa.16) 4, /10 an

3.7 EVALUATION OF INERTIA SCALARS

Generally speaking, the most direct way to find inertia scalars (see Sec. 3.3) of a
set of particles (including sets consisting of a single particle) is to use Eq. (3.3.3).
Exceptions to this rule arise when the value of an appropriate central inertia
scalar (see Sec. 3.6) is known, in which event one can appeal to Eq. (3.6.4), or when
a suitable inertia vector (see Sec. 3.3), inertia matrix, or inertia dyadic (see Sec.
3.5) is available, making it possible to use Egs. (3.3.2), (3.5.3), or (3.5.20). In a sense,
the opposite applies to the evaluation of inertia scalars of a body modeled as matter
distributed along a curve, over a surface, or throughout a solid. Here, one should
use Eq. (3.3.9), which is analogous to Eq. (3.3.3), only when one cannot find any
tabulated information regarding the inertia properties of the body under consid-
eration, which is likely to be the case only when the body has a variable mass
density or occupies an irregular figure. When, as happens more often in engineering
Practice, the mass density is uniform and the figure in question is one of those con-
sidered in an available table of inertia properties, the best way to proceed is to use,
ﬁrst, Eq. (3.4.3), (3.5.3), or (3.5.20) with I w U k=12, 3) representing central
Inertia scalars, and then to turn to Eq. (3.6.4), evaluating the last term in this
equation with the aid of Eq. (3.3.3) after setting v = 1 and m, equal to the mass
of the body. Appendix I contains information making it possible to proceed in
this way in connection with a number of figures chosen from among those encoun-
tered most frequently in engineering practice.

~ When an object can be regarded as composed of bodies B,, ..., B,, and an
Inertia scalar of this object with respect to a point P is to be found, one can use
the above procedure to find the corresponding inertia scalar of each of By, ..., B,
With respect to P, and then simply add these inertia scalars. This follows from Eq.
(3.3.3) and the associativity of scalar addition.

Differentials sometimes can be used to advantage in connection with inertia
Calculations involving objects that can be regarded as thin-walled counterparts
of bodies having known inertia properties. Consider, for example, a closed cubical
Container C having sides of length L, and let k be the radius of gyration of C with
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respect to a line passing through C*, the mass center of C, and parallel to an edge
of C. Suppose, further, that the walls of C are thin. To determine k, let p be the mass
density of a uniform solid cube S having sides of length L. Then m, the mass of S,
and I, the moment of inertia of S about a line parallel to an edge of S and passing
through S*, the mass center of S, are given by (see Appendix I)

m = pL? 1
and
pL®
I==— 2
; (2
respectively, and the differentials of m and I are
dm = 3pL* dL 3)
m
and
4
dal = L7 dL 4)
@ 6

Consequently, attributing to C the wall thickness dL/2, and hence the mass dm and
the moment of inertia dI, one can write

4
5"6" dL = 3pL? dLK? 5)
(3.3.6) (3)
@)

from which it follows immediately that
k== [zL (6)

The same result is obtained with somewhat more effort, but quite revealingly,
by reasoning as follows

When C is regarded as formed by removing from a solid cube S, of mass density
p and having sides of length L, a solid cube S, of the same mass density and having
sides of length L,, the mass m and moment of inertia I of C about a line passing
through C* and parallel to an edge of C can be expressed as

m= PL13 - PLz3 = p(L13 - L23) @)
and
L.’ L} »p
I=p=2L 22 _C(LS_1L.5
o = ®)

Consequently, k, the radius of gyration of interest, is given by

() o [k o
(3.3.6) \IM (1.8) 6(L13 - Lzs)
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Furthermore, in order for C to have sides of length L and walls of thickness ¢/2,
L, and L, must be given by
Li=L L,=L-t (10)

which leads to

L[L (L — t)‘]”2
(9 10) f —(L -1

- L

=7

SL* — 10L3t + 10L%t? — SLt3 + t*\/2
3 3 (11)
3L — 3Lt +t
and
_ 1 /5
limk = = |ZL (12)
t—=0 (11)3 2

Example The radius of gyration k of the body B described in the example
in Sec. 3.2 and shown in Fig. 3.2.1 is to be found with respect to a line that is
parallel to X, and passes through B*, the mass center of B.

Regarding B as composed of the three bodies B,, B,, B, introduced
previously, and noting that the masses of B,, B,, B, are [see Egs. (3.2.3)]

my=m my; = (g)m ms = 10(1 + g)m (13)

while p*, the position vector from E to B*, is given by

p* = (1.82a, + 2.03a, + 0.318a;)L (14)

3.2.4)

and the mass centers of B, B,, B, are the points B,*, B,* B;* shown in
Fig. 3.2.2, begin by forming expressions for the moment of inertia of B; with
respect to a line passing through B;* (i = 1, 2, 3) and parallel to a,.

For B,, from Egs. (13), Fig. 3.2.2, and Appendix I,

mOL) _ 4, )2 (15)

1231/31 = 5
(13)

To deal with B,, introduce unit vectors n, and n, as shown in Fig. 3.2.2, and
refer to Appendix I to write

IaBz/Bf =

(m/2)m(6L)* [ N 2
“_2_#[””_/5 (n/4)2]—0.438mL (16)

Iszlﬂz' = (n/_z__)'nz(gl_‘li (] — 1;1/—2) = 103ML2 (17)
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and then appeal to Eq. (3.4.3) to obtain

2 2
I = (L) LP% 4 (L) LB/ = 536mL? (18)

\/E \/5 (16,17)

Finally, refer to Appendix I to verify that

2
1,B/Bs" = 10(1 + g)m(ﬁ? = 51.4mL> (19)

Next, determine I,%/%" (i = 1, 2, 3) by using Eq. (3.3.3) with v = 1, that is,
by expressing I,%"/5" as

PP = m[(p* - p) x 2,)*  (i=12,3) (20)
where p; is the position vector from E (see Fig. 3.2.2) to B* (i = 1,2, 3).
Specifically,

L% = m[(p* — 3Lay) x a,]*
(20)

= mL*(1.82a, + 2.68a,)> = 10.5mL? 1)

(14)

- 12L 2
o o Gl - (s of gt
(20) (14)

1,58 = 10 (1 + g)m{[(p“' —2L(a; + a,)] x a,}? = 3.43mL? (23)
(20) (14)

Now refer to Eq. (3.6.5) to evaluate I,%/5" (i = 1,2, 3) as

1281/8' — 1231/31' + 1234./3' (l = 1, 2, 3) (24)
which gives
1,2/8" = 3mL? + 10.5mL? = 13.5mL? (25)
(24) (15 (21)
1,378 = 536mL? + 24.5mL? = 29.9mL? (26)
(24) (18) (22)
1,33 = 51.4mL?* + 3.43mL? = 54.8mL>? (27)
(24) (19) (23)
Consequently,
IZB/B' = 1231/5' + ]252/3' + 1233/8. = 98.2mL? (28)
(25-27)
and

L2 1/2
k = (__—) = 1.86L (29)
3.3.6\My + my + my (13,28)



3.8 PRINCIPAL MOMENTS OF INERTIA 77
3.8 PRINCIPAL MOMENTS OF INERTIA

In general, the inertia vector I, (see Sec. 3.3) is not parallel to n,. When n, is a unit
vector such that I, is parallel to n,, the line L, passing through O and parallel to
n, is called a principal axis of S for O, the plane P, passing through O and normal
to m, is called a principal plane of S for O, the moment of inertia I, of S with respect
to L, is called a principal moment of inertia of S for O, and the radius of gyration of
S with respect to L, is called a principal radius of gyration of S for 0. When the point
O under consideration is the mass center of S, one speaks of central principal axes,
central principal planes, central principal moments of inertia, and central principal
radii of gyration.

When n, is parallel to a principal axis of S for O, the inertia vector I, of S
relative to O for n, can be expressed as

I, =1In, (1)

and, if n, is any unit vector perpendicular to n,, then the product of inertia of S
relative to O for n, and n, vanishes; that is,

1,,=0 @)

Suppose that n,, n,, n; are mutually perpendicular unit vectors, each parallel

to a principal axis of S for O, and n, and n, are any two unit vectors. Then, if a; and
b; are defined as

aiéna°ni b‘énb'n‘ (i= 1,2,3) (3)
the inertia scalar I,, of S relative to O for n, and n, is given by
Ia,,=a111b, +a212b2 +a313b3 (4)

Where I,, I,, I, are the principal moments of inertia of S for O associated with
0y, n,, 0y, respectively. This relationship is considerably simpler than its more
general counterpart, Eq. (3.4.3), which applies even when ny, n,, n, are not parallel
to principal axes of S for O. Similarly, Egs. (3.5.1) and (3.5.22) reduce to

I, 00
I=]0 I, 0 (5)
0 0 I,
and
I= I,n,n, + Iznznz + 13n3n3 (6)

Tespectively, when n,, n,, n, are parallel to principal axes of S for O.

For every set of particles there exists at least one set of three mutually perpen-
dicular principal axes for every point in space. To locate principal axes of a set
tg of particles for a point 0, and to determine the associated principal moments of
Inertia, one exploits the following facts.
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If ny, n,, n, are any mutually perpendicular unit vectors, I, (j, k = 1, 2, 3) are
the associated inertia scalars of S for 0, and I, is a principal moment of inertia of
S for O, then I, satisfies the cubic characteristic equation

(Il - Iz) 112 113
Ly (U;-1) Iy
I3, Iy, (3-1)

A unit vector n, is parallel to the principal axis associated with the principal
moment of inertia I, if

0 @)

nz = Zlnl + 22n2 + 23n3 (8)

where z,, z,, z, satisfy the four equations

3
z szjk = I,Zk (k = 1, 2, 3) (9)

j=1
212 + 222 + 232 =1 (10)

When Egq. (7) has precisely two equal roots, every line passing through O and lying
in the principal plane of S for O corresponding to the remaining root of Eq. (7)
is a principal axis of S for O; when Eq. (7) has three equal roots, every line passing
through O is a principal axis of S for O.

Once a principal plane P, of S for O has been identified, principal axes of S
for O lying in P,, as well as the associated principal moments of inertia of S for O,
can be found without solving a cubic equation. If n, and n, are any two unit vectors
parallel to P, and perpendicular to each other, while I,, I,, and I,, are the associ-
ated moments of inertia and product of inertia of S for O, then the angle 0 between
n, and each of the principal axes in question satisfies the equation

21
tan20 = -—=— (I, # I) (11)
Ia - Ib
and the associated principal moments of inertia of S for O, say, I, and I, are given
by
I,+1 1, - I,\? 12
Lol =22+ [(—2—") + Iaf] (12)

If 1, = I, then every line passing through O and lying in P, is a principal axis of
S for O, and the associated principal moments of inertia of S for O all have the
value I,.

Frequently, principal planes can be located by means of symmetry consider-
ations. For example, when all particles of S lie in a plane, then this plane is a princi-
pal plane of S for every point of the plane, for the inertia vector of S relative to any
point of the plane is then normal to the plane.

The eigenvalues of the matrix I defined in Eq. (3.5.1) are principal moments of
inertia of S for O because these eigenvalues satisfy Eq. (7);and, if a matrix [e, e, e;]
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is an eigenvector of I, and e,? + e,2 + e;2 = 1, then e,n, + e,n, + e;n, is a
unit vector parallel to a principal axis of S for O because e,, e,, e; then satisfy
Egs. (9) whenever I, is an eigenvalue of I. Hence, when computer routines for
finding eigenvalues and eigenvectors of a symmetric matrix are available, these
can be used directly to determine principal moments of inertia and to locate the
associated principal axes.

Derivations When n, is parallel to a principal axis of S for O, and hence I, is parallel
to n,, then there exists a quantity A such that

An, =1, (13)
Dot-multiplication of this equation with n, gives
A=L-n, = I, (14)
(3.3.2)

and substitution from this equation into Eq. (13) yields Eq. (1). Furthermore, if
n, is any unit vector perpendicular to n,, then dot-multiplication of Eq. (1) with
n, and use of Egs. (3.3.2) and (3.3.4) leads to Eq. (2).

If n;, n,, n; are mutually perpendicular unit vectors, each parallel to a prin-
cipal axis of S for O, then, in accordance with Eq. (2),

112=123=131 =0 (15)

and substitution from these equations into Egs. (3.4.3), (3.5.1), and (3.5.22) estab-
lishes the validity of Eqs. (4), (5), and (6), respectively.

Ifn,, n,, n, are any mutually perpendicular unit vectors, I, (j, k = 1, 2, 3) are
the associated inertia scalars of S for 0, n, is any unit vector, and z,, z,, z; are
defined as

zz&n,'n  (i=123) (16)
then
3
n, = Z ank (17)
(1.3.1) k=1
and
3 A
I, = )zl (18)
3.4.1)j=1
Now
3 3
L = YL, = Y Iyme (j=123) (19)
(1.3.3) k=1 (3.3.2)k=1
Hence,
3 3
L = Y X zlum, (20)

z
(18,19) j=1k=1
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and n, is parallel to a principal axis of S for O if
3

3 3
Y Yghme=1. 3% zmy (1)
j=1k=1 (1) k=1
(20) 17
This vector equation is equivalent to the three scalar equations

3
Z szjk = 1,2,‘ (k = 1, 2’ 3) (22)

j=1
Also, z,, z,, z5 satisfy the equation
2 + 222 + 232 =1 (23)

because n, is a unit vector. [Equations (22) and (23) are Egs. (9) and (10), respec-
tively.] As Eqgs. (22) are linear and homogeneous in z,, z,, z3, and as these three
quantities cannot all vanish, for this would violate Eq. (23), Egs. (22) can be
satisfied only if the determinant of the coefficients of z,, z,, z3 vanishes, that is,
if Eq. (7) is satisfied. Now, Eq. (7) is cubic in I,. Hence, there exist three values of I,
(not necessarily distinct) that satisfy Eq. (7). It will now be shown that all such
values of I, are real.
Let A, B, a;, and B; (j = 1, 2, 3) be real quantities such that

) %,
I,=A + iB (24)
and
zi=o;+if;, (j=1,273) (25)
where i & \/?1 . Then
Z (o + z/i,)l,,k = (A + iBYoy + i) (k=1,273) (26)
j=1 (22) (24) (25)

and, after separating the real and imaginary parts of this equation, one has

3
Y ool = Ay — BB, (k=1,2,3) Q7)
j=1 (26)
3
Y Bily = By + Ap,  (k=1,2,3) (28)
j=1 (26)
Multiply Eq. (28) by «, and Eq. (27) by By, and subtract, obtaining
3 3
jZl o Bl — jz afly = B(? + B2 k=1,2,3) (29)
= =1

and add these three equations, which yields

3 3 3 3 3
Y Y aBlp— Y Y obdi=BY (& +B3 (30)
k=1 k=1 j=1 K=1
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Now,

3 3 3 3 3 3
Z Z Bl = Z Z aiBly; = Z Z o; Bl @31)
k=1j=1 k=1j=1 (3.3.4)k=1 j=1
Consequently, the left-hand member of Eq. (30) is equal to zero, and Eq. (30)
reduces to

3
BY (w*+B8H=0 (32)
k=1

The quantities o, and B, (k = 1, 2, 3) cannot all vanish, for this would mean [see
Egs. (25)] that z,, z,, z, all vanish, which is ruled out by Eq. (23). Hence. the only
way Eq. (32) can be satisfied is for B to be equal to zero, and Eq. (24) thus shows
that I, is real.

Suppose that two roots of Eq. (7), say, I, and I, are distinct from each other.
Then, with self-explanatory notation, we can write

I, =In, (33)
(1)

I,=I,n, (34)
1)

whereupon dot-mutliplication of Eq. (33) with n, Eq. (34) with n_, and subtraction
of the resulting equations produces

Len,—1I,n,=(,—-I)n-n (35)
or, in view of Eq. (3.3.2),
1

-1, = 0=~ I)n.*n, (36)

(3.3.4) (39

Xy

Since 1, differs from I, by hypothesis. it follows that
n,n, =0 (37

Which proves that, whenever two principal moments of inertia of S for O are
unequal, the corresponding principal axes of S for O are perpendicular to each
other, Consequently, when Eq. (7) has three distinct roots, a unique principal
axis of § for O corresponds to each root, and these three principal axes of S for O
are mutually perpendicular. What remains to be done, is to deal with the matter
of repeated roots of Eq. (7).

Let I. denote one of the roots of Eq. (7), let n. be a unit vector parallel to the
associated principal axis of S for 0, and suppose that the remaining two roots of
Eq.(7) are equal to each other (and possibly to I,). Let n, and n, be any unit vectors
Perpendicular to n, and to each other, and note that, in accordance with Eq. (2).
1 = Ica=0 Ibc = lrh=0 (38)

ac
3.3.4) 3.3.4)
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In Eq. (7), the subscripts 1, 2, and 3 may be replaced with a, b, and c, respectively.
When this is done and Eqgs. (38) are used, Eq. (7) reduces to

e — D2 = (o + D)+ L1, — 1,’]=0 (39
which has the three roots
L+ 1, 1, — I\ 12
I, = > + [( 3 ) + I,,bz] , 1, (40)
The first two of these can be equal to each other only if
1, — I,\?
(2ﬁ+wzo @)
which is possible only if
I, =1, (42)
and
Iy =0 43)

But Egs. (40) shows that, under these circumstances, I, is one of the values of I ;
that is, I, is a principal moment of inertia of S for O, and n, is thus parallel toza
principal axis of S for O. Since n, was restricted only to the extent of being required
to be perpendicular to n., this means that every line passing through O and per-
pendicular to n, is a principal axis of S for O; it follows from this that, when Eq.
(7) has three equal roots, every line passing through O is a principal axis of S for O.

The validity of Eqs. (12) is established by Egs. (40). Finally, Eq. (11) may be
derived from Egs. (9) by writing the first of these with the subscripts 1, 2, and 3
replaced with a, b, and c, respectively, and with I, set equal to zero in accordance
with Egs. (38), which gives

zaIa + zblab = Izza (44)

where z, and z, are then the n, and n, measure numbers of a unit vector n, that is
. . z

parallel to one of the principal axes of S for O associated with the first two values

of I in Egs. (40). The unit vectors n,, n,, and n, are shown in Fig. 3.8.1, as is the
angle 0, which is seen to satisfy the equation

tan 0 = ? (45)
Now,
an2p = 200 _ 2z 6
1 —tan® 0 451 — (2,/2,)
and

ﬁ_li-—_la-—_L{I"_Ib_* Ia—IbZ 21/2
24 (a4) Iy a0 Iy 2 - 2 ) " Iab] } @7
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n,

"_;,——“ Figure 3.8.1

z,\? = T =it I —hR" 1/2
1 — <”'b) 4= ol Ial hzlb{ a . b i [(_2—") -} IahZ:I } (48)
“a/ (47) a =

Thus, Eq. (11) is obtained by substituting from Egs. (47) and (48) into Eq. (46).

SO that

Example A uniform rectangular plate B of mass m has the dimensions shown
in Fig. 3.8.2. Two sets of principal moments of inertia and associated principal
axes of B are to be found, namely, the principal moments of inertia I, I, I.
of B for O and the associated principal axes X, Y, Z, and the principal moments
of inertia I,’, I,/, I,’ of B for 0’ and the associated principal axes X', Y', Z',
where O’ is a point situated at a distance 3L from O on a line passing through
O and parallel to nj, as shown in Fig. 3.8.2, and n; = n; X n,.

n,

Anl

Figure 3.8.2
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Table 3.8.1

I 1 2 3

4mL?3  —mL?2 0
—mL?.2 mL? 3 0
0 0 SmL?3

w 5] —

When, as in the example in Sec. 3.3, B is modeled as matter distributed
over a rectangular surface, this surface is a principal plane of B for O, the line
Z passing through O and parallel to n, is a principal axis of S for O, and the
corresponding principal moment of inertia of B for O, I,, is equal to the
moment of inertia of B about Z. Referring to Table 3.8.1, where the inertia
scalars I, of B relative to O for n; and ny (j, k = 1, 2, 3) are recorded in ac-
cordance with Table 3.4.1, one thus finds that

2
I.= 1y, = 93'39— = 1.67mL? (49)

and the remaining principal moments of inertia of B for O, I, and I, found
with the aid of Eq. (12), where the subscripts a and b may be replaced with 1
and 2, respectively, are given by

SmL? 'mL?\? mL2\?7]'?
Loly=—g*|{777) *\ 7

23 1) _ 2 2
= mL (E + :7_3) = 0.126mL", 1.54mL (50)
while the angle 0 between the associated principal axes and n, satisfies the
equation
tan 20 — —2(mL?/2) _ 51
an 2l = @mL¥3) — (mLY3) G
so that 6 can have the values
0 = 67.5°, —22.5° (52)

Consequently, the principal axes X, Y. and Z for O are oriented as shown in
Fig. 3.8.3. '
Determining I,', I/, I." and locating X', Y'. Z’ is somewhat more difficult,
for here one cannot appeal to Egs. (11) and (12), but must use Egs. (7), (9),
and (10), instead. Furthermore, the inertia scalars appearing in Egs. (7)
and (9) must be the inertia scalars I’ of B relative to point O’ for n; and
n, (j, k = 1, 2, 3), which are not, as yet, available. To find them, let I* denote
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Z Figure 3.8.3

the inertia matrix of B relative to B*, the mass center of B, for n,, n,, n;, and
refer to Eq. (3.6.2) to write

I* = 17— JEI9 (53)
I =1*4 1710
i, I - IB"() 2% IH*O (54)
L53)

where I’ is the inertia matrix of B relative to O’ for ny, n,, ny, and I, the inertia
matrix of B relative to O for ny, n,, ny, then can be written (see Table 3.8.1)

3 -3 0
F=mL*| <4 " §£"50 (55)
0 00 3
while %79 and 179", found- with the aid of Egs. (3.3.3). are given by
> i g
IF10 = 2] -1 0 (56)
DREELOS
and
g o
719 = pp2{ -4 3 3 (57)
e
Consequently.
5oy g
S Sl R kol e (58)
(54—-57) g 3 ::_
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The eigenvalues of I” are values of mL?4 such that A satisfies the equation

31
5 — 4 -5 3
- F-A 3 01=0
3
3 3 $ _ 4|0®

which is the case for
A = 0.381131, 10.3665, 10.5857

Hence, _
1./ =0381131mL?

I, =10.3665mL* I = 10.5857mL>

(59)

(60)

(61)

To locate X', the principal axis of B for O" associated with I, refer to

Egs. (9) to write
oy + 2y + 23l =1z
2V FPRE S-2% PP 229 EPRE 855
or, by reference to Egs. (58) and (61),

;3 — 0381131) + z,(—3) = z3(—3)
62)

2(—1) + z(B = 0.381131) = z3(—3)
(63)

Solution of these two equations for z; and z, yields
z; = —0.1680z3 z, = —0.3445z,
and substitution into Eq. (10) shows that z; must satisfy the equation
[(—0.1680)* + (—0.3445)* + 1]z;% = 1
which is satisfied by
zy = +0.9338
Hence,

F0.1569 z, = F0.3217

2y =
(66,68)

and X' is parallel to the unit vector x" defined as
X £ F0.157n; F 0.322n; + 0.934n,

(69) (69) (68)

(62)
(63)

(64)

(65)

(66)

(67

(68)

(69)

(70)

Similarly, to locate Y’ and Z’, one needs only to replace 0.381131 with 10.3665
and 10.5857, respectively [see Egs. (61)]. in Egs. (64) and (65), solve the re-
sulting equations for z; and z, in terms of z3, and then use Eq. (10) to find

that Y’ and Z’ are parallel to the unit vectors y’ and 2’ defined as

y £ F00724n, + 0947n, + 0314n,

n
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and

zZ' = F0985n, F 0.0185n, F 0.172n;4 (72)

3.9 MAXIMUM AND MINIMUM MOMENTS OF INERTIA

The locus E of points whose distance R from a point O is inversely proportional
to the square root of the moment of inertia of a set S of particles about line OP
(see Fig. 3.9.1) is an ellipsoid, called an inertia ellipsoid of S for 0. whose axes are
Parallel to the principal axes of § for O (see Sec. 3.8). It follows that, of all lines
Passing through 0, those with respect to which S has a larger, or smaller, moment
of inertia than it has with respect to all other lines passing through O are principal
axes of S for O: and this, in turn, means that no moment of inertia of S is smaller
than the smallest central principal moment of inertia of S.

Derivations InFig. 3.9.1, X, Y, Z designate mutually perpendicular coordinate axes
Passing through O, chosen in such a way that each is a principal axis of S for O
X. ). z are the coordinates of P; n,, n,, n_ are unit vectors parallel to X, Y, Z, re-
Spectively; and n, is a unit vector parallel to OP. It is to be shown that x, y, z
satisfy the equation of an ellipsoid whenever

R=A,""" (1)

Where I is the moment of inertia of S with respect to line OP, and 4 is any constant.
Let

Ay
=

a n,-n,

SO that
n, = a,n, + ay,n, + a.n; 3)
and note that the position vector from O to P can be expressed both as Rn, and as

XN, + yn, + zn_, so that, in view of Eq. (3),

4)

<
x| =
l

x| w

Figure 3.9.1
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Also,

I, = a’l, + a,.zly + a,’l, )
(3.8.4)

where I, I,, I, are the principal moments of inertia of S for O. Hence,

1
In = F(lex + yZIy + ZZIz) (6)
(5,4)
and elimination of R by reference to Eq. (1) leads to
x2 yz -2
S+t 5=1 7
CXZ BZ yz ( )

where x, B, 7 are defined as
x &AL BEMTYE R QT2 8)

Equation (7) is the equation of an ellipsoid whose axes are X, Y, Z, that is, the
principal axes of S for O, and whose semidiameters have lengths a, §, 7 given
by Egs. (8). Now, the naming of the axes always can be accomplished in such a
way that I, > 1 > 1, or, in view of Egs. (8), that y < f# < a, and the distance
R from the center O to any point P of an ellipsoid is never smaller than the smallest
semidiameter, and never larger than the largest semidiameter, which then means
that

7<R<u« )
Using Eqgs. (1) and (8) to eliminate R, a, and 7 gives
IZAI/Z < 1a~1,’2 < IX—I/Z (10)
or, equivalently,
I.>1,>1, (11

which shows that the moment of inertia of S about a line that passes through O
and is not a principal axis of S for O cannot be smaller than the smallest, or larger
than the largest, principal moment of inertia of S for O. Finally, the moment of
inertia of S about a line that does not pass through the mass center of S always
exceeds the moment of inertia of S about a parallel line that does pass through the
mass center [see Eq. (3.6.5)]. Hence, no moment of inertia of S can be smaller than
the smallest central principal moment of inertia of S.

Example When a uniform rectangular plate B of mass m has the dimensions
shown in Fig. 3.8.2. its principal moments of inertia for point O have the values
0.126mL2, 1.54mL?, and 1.67mL* [see Egs. (3.8.49) and (3.8.50)], and X, Y,
and Z, the respective principal axes of B for O, are oriented as shown in Fig.
3.8.3. Hence, if the constant A in Egs. (8) is assigned the value

2 /‘_"
_ L/m

A=y (12)

&
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/

Figure 3.9.2

then the principal semidiameters of the associated inertia ellipsoid of B for
O have lengths =, f5, and 7 given, in accordance with Egs. (8), by

and the ellipsoid appears as shown in Fig. 3.9.2. Furthermore, the moment of
inertia of B about line X is smaller than the moment of inertia of B about any
other line passing through point 0. This fact is of practical interest in the follow-
ing situation. Suppose that a shaft S is fixed in a reference frame A, and it is
desired to mount B on S in such a way that the axis of S passes through O
while the magnitude of a force applied to B normal to the plane of B in order
to impart to B any angular acceleration in A is as small as possible. Since the
magnitude of the force is proportional to the moment of inertia of B about
the axis of S, this axis must be made to coincide with X.



CHAPTER

FOUR
GENERALIZED FORCES

The necessity to cross-multiply a vector v with the position vector p*2 from a
point 4 to a point B arises frequently [see, for example, Egs. (2.7.1) and (3.5.27)].
Now, p*? x v = p*° x v, where pC is the position vector from A to any point
C of the line L that is parallel to v and passes through B; and, when C is chosen
properly, it may be easier to evaluate p*“ x v than p*® x v. This fact provides the
motivation for introducing the concepts of “bound” vectors and “moments”
of such vectors as in Sec. 4.1. The terms “couple” and “torque,” which have to
do with special sets of bound vectors, are defined in Sec. 4.2, and the concepts of
“equivalence” and “replacement,” each of which involves two sets of bound
vectors, are discussed in Sec. 4.3. This material then is used throughout the rest of
the chapter to facilitate the forming of expressions for quantities that play a pre-
eminent role in connection with dynamical equations of motion , namely, two kinds
of generalized forces. Sections 4.4-4.10 deal with generalized active forces, which
come into play whenever the particles of a system are subject to the actions of
contact and/or distance forces. Generalized inertia forces, which depend on both
the motion and the mass distribution of a system, are discussed in Sec. 4.11.
Mastery of the material brings one into position to formulate dynamical equations
for any system possessing a finite number of degrees of freedom, as may be ascer-
tained by reading Sec. 6.1.

4.1 MOMENT ABOUT A POINT, BOUND VECTORS,
RESULTANT

Of the infinitely many lines that are parallel to every vector v, a particular one,
say, L, called the line of action of v, must be selected before M, the moment of v
about a point P, can be evaluated, for M is defined as

M2pxv (1)
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Where p is the position vector from P to any point on L. Once L has been specified,
Vis said to be a bound vector, and it is customary to show v on L in pictorial rep-
resentations of v. A vector for which no line of action is specified is called a free
vector.

The resultant R of a set S of vectors vy, ..., v, is defined as

v
1

R £ i 2

I =

and, if v;, ..., v, are bound vectors, the sum of their moments about a point P
s called the moment of S about P.

At times, it is convenient to regard the resultant R of a set S of bound vectors
Vi....,v, as a bound vector. Suppose, for example, that M*” and M*? denote
the moments of § about points P and Q, respectively, and R is regarded as a bound
vector whose line of action passes through Q. Then one can find M** simply by
adding to M¥? the moment of R about P, for

M¥F = M2 + "¢ x R 3)
Where r*? is the position vector from P to Q.

De_rivation Let p; and q; be the position vectors from P and Q, respectively, to a
Point on the line of action L; of v; (i = 1,...,v),and let 2 be the position vector
from P (o Q, as shown in Fig. 4.1.1. Then, by definition,

v

MSP =3 p;xv 4

i=1
and

=
L2
S
Il

Y GxXV (3)
i=1

Now (see Fig. 4.1.1),

Figure 4.1.1
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Hence,

M=% @2+q)xv,=r2x Y v+ ) qxv
) i=1 () i=1 i=1
=r'? x R + M*¢ (7)
) (5)
This establishes the validity of Eq. (3). If R is regarded as a bound vector whose
line of action passes through Q. then, in accordance with Eq. (1), r? x R is the
moment of R about P.

Example In Fig. 4.1.2, P and Q are two points of a rigid body B that is moving
in a reference frame A. If the angular velocity “@” of B in 4 is regarded as a
bound vector whose line of action passes through Q, then M, the moment of
Am® about point P, is given by
M= —rx ‘0f 8)
(1)
where r is the position vector from Q to P, as shown in Fig. 4.1.2. This moment
vector is equal to the difference between the velocities of P and Q in A, for
M="4 xr = 4" - 42 )
(8) {2.7=1)

If S is a set of particles Py, ..., P, of masses my, ..., m,, respectively,
moving in a reference frame A with velocities *v"', ..., v’ then the vector
m; W' is called the linear momentum of P; in A (i = 1,...,v), and, if this
vector is assigned a line of action passing through P;, the sum of the moments
of the linear momenta of P, .... P, in A about any point O is equal to the
angular momentum of § relative to O in A, a conclusion that follows from
Eq. (3.5.27) together with the definition of the moment of a set of bound vectors
about a point.

The observation just made sheds light on the usage of the phrase “moment
of momentum” in place of angular momentum, and it enables one to appeal
to Eq. (3) to establish effortlessly the following useful proposition. If the
linear momentum of S in A, defined as the resultant of the linear momenta of

Figure 4.1.2
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8L

L

Py(m) F

P(M)

3L
I o]

5
A1

3L

Figure 4.1.3

Py,...,P,in A, is regarded as a bound vector whose line of action passes
through an arbitrary point Q, then the angular momentum of S relative to any
other point O is equal to the sum of the angular momentum of S relative to
Q in A and the moment, about point O, of the linear momentum of S in A.

As a final example, consider the set of three particles P,, P,, and P shown
in Fig. 4.1.3, and let P, and P, each have a mass m while P has a mass M.
In accordance with Newton's law of gravitation, the gravitational forces,
F, and F,. exerted, respectively, on P, and P, by P have the lines of action
shown in Fig. 4.1.3 and are given by

GMm F. GMm

=1 éz_i‘T n1 2 = W(O.Snl + 0.6“2) (10)

F,
where G is the universal gravitational constant,f and n, and n, are unit
vectors directed as shown. Under these circumstances, there exists a point 0
on line P*P,, where P* is the mass center of P, and P,, such that M2, the
resultant of the moments of F, and F, about Q, is equal to zero. To locate
0, let s be the distance from P* to Q, as shown in Fig. 4.1.3, and let p, and p,
be the position vectors from Q to P, and P,, respectively. Then

p;: = 3L — s)m, p, = —(3L + s)n, (11)
and
GMm|[3L —s (3L + s)0.8)
0 _ - — 2 _
M p,xF,+p2xF2(“.m) 2 [ é 100 n; X n,

(12)

TG x6.6732 x 107" Nm? kg2 (see E. A. Mechtly, “The International System of Units:
Physical Constants and Conversion Factors.,” NASA SP-7012, revised, 1969).
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Consequently, M2 vanishes when
s = 0.968L (13)

4.2 COUPLES, TORQUE

A couple is a set of bound vectors (see Sec. 4.1) whose resultant (see Sec. 4.1) is
equal to zero. A couple consisting of only two vectors is called a simple couple.
Hence, the vectors forming a simple couple necessarily have equal magnitudes
and opposite directions.

Couples are not vectors, for a set of vectors is not a vector, any more than a
set of points is a point; but there exists a unique vector, called the torque of the
couple, that is intimately associated with a couple, namely, the moment of the
couple about a point. It is unique because, as can be seen by reference to Eq. (4.1.3),
a couple has the same moment about all points.

Example Four forces, F,,..., F;. have the lines of action shown in Fig,
4.2.1, and the magnitudes of F,,..., F, are proportional to the lengths of
the lines AB, BC, CD, and DA, respectively; that is,

F, = kan, F, = k(—bn,; + cny) (1)
F; = k(bn, — an,) F,= —kcn, 2)
where k is a constant and ny, n,, n; are mutually perpendicular unit vectors.
The forces F,, ..., F, form a couple since their resultant, F, + F, + F; +
F,.is equal to zero. The torque T of the couple, found, for example, by adding

the moments of Fy, ..., F, about point C, is given by (note that the moments
of F, and F; about C are equal to zero)

T= (—cny +bny) x F; + (bn; — am,) x F,

= k(2can, + ben, + abny) 3)
(1,2)

ny

n,

D
|

L

F,

A - .

F, v
b
a Figure 4.2.1
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4.3 EQUIVALENCE, REPLACEMENT

Two sets of bound vectors are said to be equivalent when they have equal resultants
and equal moments about one point; either set then is called a replacement of the
other.

Two couples having equal torques are equivalent, for they necessarily have
equal resultants (zero; see Sec. 4.2) and their respective moments about every
point are equal to each other because each such moment is equal to the torque of
the corresponding couple.

When two sets of bound vectors, say, S and §’, are equivalent, they have equal
moments about every point. To see this, let S and S’ have equal resultants, and let
Q be one point about which S and S’ have equal moments; then note that, in ac-
cordance with Eq. (4.1.3), the moments of S and S’ about any point P other than
Q depend solely on the moments of S and S’ about Q, equal by hypothesis, and on
the resultants of S and §’, also equal by hypothesis.

If S is any set of bound vectors while S’ is a set of bound vectors consisting of
a couple C of torque T together with a single bound vector v whose line of action
passes through a point P selected arbitrarily, then the following two requirements
must be satisfied in order for S’ to be a replacement of S: T is equal to the moment
of Sabout P, and vis equal to the resultant of S. For, when one of these requirements
is violated, S and S’ either have unequal resultants or there exists no point about
which § and S’ have equal moments. Conversely, satisfying both requirements
guarantees the equivalence of S and §'. These facts enable one to deal in simple
analytical terms with sets of bound vectors, such as contact forces exerted by one
body on another, in situations in which little is known about the individual
vectors of such a set.

Example Figure 4.3.1 is a schematic representation of a device known as
Hooke’s joint, described as follows. Two shafts, S and §’, are mounted in
bearings, B and B’, which are fixed in a reference frame R. The axes of S and
S’ are parallel to unit vectors n and n’, respectively, and intersect at a point A.
Each shaft terminates in a “yoke,” and these yokes, Y and Y’, are connected
to each other by a rigid cross C, one of whose arms is supported by bearings
at D and E in Y, the other by bearings at D’ and E' in Y'. The two arms of C
have equal lengths and form a right angle with each other. Furthermore, the
arm supported by Y is perpendicular to n, while the one supported by Y’
is perpendicular to n'. Finally, circular disks G and G’ having radii r and '
are attached to S and §’, respectively, and each of these is subjected to the action
of a tangential force, one having a magnitude F and point of application P,
the other a magnitude of F’ and point of application P'.

In order for the system formed by G, G', S, S, Y, Y’, and C to be in equilib-
rium, the ratio F/F’ must be related suitably to r, ¥, n, 0, v, and v/, where v
and v’ are unit vectors parallel to the arms of C, as shown in Fig. 43.1. To
determine this relationship, one may consider the equilibrium of each of three
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Figure 4.3.1

rigid bodies, namely, the rigid body Z formed by G, S, and Y, the rigid body Z’
consisting of G’, ', and Y’, and the body C. The first of these is depicted in
Fig. 4.3.2, where the vectors a, A, B, and B are associated with replacements of
sets of contact forces exerted on Z by C and by the bearing at B. Specifically,
the set of contact forces exerted on Z by C across the bearing surfaces at D
and E is replaced with a couple of torque e together with a force A whose line

Figure 4.3.2
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of action passes through point A4, and the set of contact forces exerted on Z
by the bearing at B is replaced with a couple of torque B together with a force
B whose line of action passes through the center of G. The vectors e, A, B, and B
are unknown, but, assuming that all bearing surfaces are so smooth that the
associated contact forces have lines of action normal to the surfaces, one can
conclude that e must be perpendicular to v, and P to n, so that

Vegi=0 (1)
and

n-p=0 (2

Now, when Z is in equilibrium, the sum of the moments of all forces acting
on Z about the center of G is equal to zero. Hence, treating gravitational
forces as negligible, one can write (see Fig. 4.3.2 for h)

rFn+a+pB+hnx A=0 (3)

and dot-multiplication of this equation with n yields [when Eq. (2) is taken
into account]

PF+mra=0 )

The body Z’ and vectors o', A’, B, and B’ respectively analogous to a, A, .
and B are shown in Fig. 4.3.3. Reasoning as before, one finds that

Vea' =0 (5
n-p =0 (6)

and
rF'+n-a =0 (7)

Finally, in Fig. 4.3.4, C is shown together with vectors representing the
sets of contact forces exerted on C by Y and Y'. These vectors are labeled
—a, —a’, —A, and —A’ in accordance with the law of action and reaction;
that is, since to every force exerted on Y by C there corresponds a force exerted

Figure 4.3.3
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—a’

Figure 4.3.4

on C by Y, these two forces having equal magnitudes, the same line of action,
but opposite senses, it follows from the definition of a replacement of a set of
bound vectors that, if the set of forces exerted on Y by C is replaced with a
couple of torque a together with a force A whose line of action passes through
point 4, while the set of forces exerted on C by Y is replaced with a couple of
torque & together with a force A whose line of action passes through point A,
then & = —a and A = —A. Similar considerations apply to the interaction
of C with Y".

Because C is presumed to be in equilibrium, the sum of the moments
about point A4 of all forces acting on C may be set equal to zero, so that, in
view of Fig. 4.3.4, one can write

—a—a' =0 ®)

Using this equation to eliminate o’ from Eqgs. (5) and (7), one arrives at

vVea =0 )
(8) (5)
and
FFF—na =0 (10)
(8)(7)

Furthermore, Egs. (1) and (9) show that a is perpendicular both to v and to
v/, which means that there exists a quantity 4 such that

a=Avx Vv (11)
Consequently,

rF = —An*vxvV 12)
(4,11)
while

rrF’ = in'cvxyv (13)
(10,11)
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Hence, the desired expression for F/F' is
F Fnev x v
T = T i w v
Flzas mvxv

(14)

What is most important here is to realize that it was possible to determine
the relationship between F/F' and r, ', n, n’, v, and v’ despite the fact that
relatively little is known about the contact forces exerted on S by the bearing
B, on Y by C, and so forth, and that the introduction of torques together with
forces having well-defined lines of action greatly facilitated the solution process.

The method just used to arrive at Eq. (14) has one major flaw, which is
that it involves steps the motivation for which is not necessarily obvious, such
as setting the sum of the moments of all forces acting on Z about the center of
G equal to zero, dot-multiplying Eq. (3) with n, and so forth. In the example in
Sec. 4.5 it is shown how Eq. (14) can be obtained in a more straightforward way.

4.4 GENERALIZED ACTIVE FORCES

Ifu,, ..., u,are generalized speeds for a simple nonholonomic system S possessing
p degrees of freedom in a reference frame A (see Sec. 2.13), p quantities F,, ..., F,,,
called nonholonomic generalized active forces for Sin A, and n quantities F,, ..., F,,
called holonomic generalized active forces for S in A, are defined as

FAY R, (r=1...p (1
i=1
and
F,2 Y vhR, (r=1...,n) (2)
i=1 S
Ny

respectively, where v is the number of particles comprising S, P; is a typical particle
of S, #,* and v,” are, respectively, a nonholonomic partial velocity of P; in A4
and a holonomic partial velocity of P; in A4 (see Sec. 2.14), and R; is the resultant
(see Sec. 4.1) of all contact forces (for example, friction forces) and distance forces
(for example, gravitational forces, magnetic forces, and so forth) acting on P;.

Nonholonomic and holonomic generalized active forces for S in 4 are related
to each other and to the quantities 4,,(s = 1,....p;r =p + 1,..., n) introduced
in Egs. (2.13.1), as follows:

F,=F, + Y FA, r=1...,p) 3)
s=p+1

As in the case of holonomic and nonholonomic partial angular velocities and

Partial velocities, one can generally omit the adjectives “holonomic” and “non-

holonomic™” when speaking of generalized forces, but the tilde notation should

be used to distinguish the two kinds of generalized active forces from each other.
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Derivation Referring to Eq. (2.14.17) to express v,” (r = 1,..., p) in terms of
Y, s =AUk n), one has

y

F z( s $1 2 'AS,) i

=1 s=p+1

=Zv”--R+ Z (ivs”“R.-)As, r=ds..., p) C))

s=p+1 \i=1

and use of Egs. (2) then leads immediately to Egs. (3).

Example In Fig. 44.1, P, and P, designate particles of masses m; and m,
that can slide freely in a smooth tube T and are attached to light linear springs
o, and ¢, having spring constants k, and k, and “natural” lengths L; and
L,. T is made to rotate about a fixed horizontal axis passing through one end
of T, in such a way that the angle between the vertical and the axis of T is
a prescribed function 0(t) of the time ¢. Generalized active forces F; and F,
associated with generalized speeds u, and u, defined as

A

49 (r=12) &)

u,

are to be determined for the system S formed by the two particles P, and P,,
with ¢, and g, (see Fig. 4.4.1) designating the displacements of P, and P,
from the positions occupied by P, and P, in T when ¢, and o, are undeformed.

Figure 4.4.1
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The velocities vP* and v*2 of P, and P, can be expressed as (see Fig. 4.4.1
for the unit vectors t, and t,)

vPio= gty 4 (L + ¢))0t, (6)

V2 =ty + (Ly + Ly + g5)0t, (7
(2.8.1)

S is a holonomic system, and the partial velocities of P, and P, are

viii=1t, v,f1 =0 (8)
(6) (6)

vi'2=0 v,/ =t ®
) o)

Contact forces are applied to P, by 6,,0,,and T, and a gravitational force
is exerted on P, by the Earth. The forces applied to P, by ¢, and o, can be
written —k,q,t, and k,(q, — q,)t,, respectively, and the force exerted on P,
by T can be expressed as T;,t, + T;3t;, where T;, and Tj; are unknown
scalars. No component parallel to t, is included because T is presumed to be
smooth. Finally, the gravitational force exerted on P, by the Earth is m, gk,
where g is the local gravitational acceleration and k is a unit vector directed
vertically downward. Hence if the gravitational force exerted on P, by P, is
ignored, R,, the resultant of all contact and distance forces acting on P,, is
given by

R, = —kyqity + ka(q2 — gty + Tioty + T3ty + mygk (10

and (Fy)p,, the contribution to the generalized active force F, of all contact
and distance forces acting on Py, is

(Fp, = "1P‘ ‘R, = —kiq, + ki(q; — q;) + myg cos 0 (1n
(2) (8,10)

Similarly, the resultant R, of all contact and distance forces acting on P, is
R, = —ky(g, — gty + Toaty + Toaty + mygk (12)

so that (F)p,, the contribution to the generalized active force F; of all contact
and distance forces acting on P,, is

(F1)p, =v,"2*R, = 0 (13)
(2) 9,12)

and, proceeding in the same way, one finds that (F,)p, and (F,)p,, the contri-
butions to the generalized active force F, of all contact and distance forces
acting on P, and P,, respectively, are

(Fp,=V,""*R; = 0 (14)

(2) (8,10)
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and

(Fyp, = "2‘92 ‘R, = —ky(q> — ¢y) + myg cos 6 (15)

(2) (9,12)

The desired generalized active forces are thus

Fi=F)p, +(Fp, = —kiqy +kalg2 —qy) + mygcos0 (16)

(11.13)
and

Fy=(Fy)p, + (Fyp, = —kilgs — qy)+ mygcost (17)
(14.15)
It is worth noting that the (unknown) contact forces exerted on P, and
P, by T contribute nothing to the generalized active forces F, and F,.

4.5 NONCONTRIBUTING FORCES

Some forces that contribute to R; as defined in Sec. 4.4 make no contributions to
the generalized active forces F, (r = 1,....p) or, if § is a holonomic system, to
the generalized active forces F, (r = 1, ..., n). Indeed, this is the principal motiva-
tion for introducing generalized active forces. For example, the total contribution
to F, of all contact forces exerted on particles of S across smooth surfaces of rigid
bodies vanishes; if B is a rigid body belonging to S, the total contribution to F, of
all contact and distance forces exerted by all particles of B on each other is equal
to zero; when B rolls without slipping on a rigid body B’, the total contribution
to F, of all contact forces exerte~d on B by B’ is equal to zero if B’ is not a part of
S, and the total contribution to F, of all contact forces exerted by B and B’ on each
other is equal to zero if B’ is a part of S.

Derivations Let C be a contact force exerted on a particle P of S by a rigid body B
across a smooth surface of B. Then, if n is a unit vector normal to the surface of
BatP,

C=2Cn (1)
where C is some scalar. Now consider v, the velocity of P in 4, which can be

expressed as
AvP — AVE + BvP (2)
(2.8.1)
where 4v® is the velocity in A4 of the point B of B that is in contact with P, and 8v?
is the velocity of P in B. If P is neither to lose contact with B nor to penetrate B,
then ®vF must be perpendicular to n, and this means that

B3P n=20 r=1,...,p) 3)
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because otherwise there can exist values of uy, ..., u, such that ®v” is not perpen-
dicular to n. Suppose that B is part of S. Then [see Eq. (2.14.4)]
e R s e Lag |y ey 4)
)
Consequently,
W -"9Ha=5%0=0 (r=1,....p) (5)

4) )
and the contribution to F, of the forces exerted on each other by P and B is [see
Eq. (4.4.1)]

AE(Co) + HEA(-C) =TT -FH-a=0 (=11 p9"" 16

(5)

Alternatively, if B is not part of S, then uq, ..., u, always can be chosen in such a
way that “v” is independent of u,. . ... u,, in which event
P (=1..,p) (7)

(2)

and the contribution to F, of the contact force exerted by;B on Pis [see Eq. (4.4.1)]
SE Ca)y=C%Fa=0 A (8)

(7 (3)

In both cases it thus follows that the total contribution to F, of all contact forces
exerted on particles of S across smooth surfaces of rigid bodies vanishes.

In Fig. 4.5.1, P; and P; designate any two particles of a rigid body B belonging
to §, R;; is the resultant of all contact and distance forces exerted on P; by P;,
and R;; is the resultant of all contact and distance forces exerted on P; by P;.
We shall show that the total contribution of R;; and Rj; to F, (r = 1,...,p) is
equal to zero, from which it follows that the total contribution to F, of all contact
and distance forces exerted by all particles of B on each other is equal to zero.

The partial velocities ¥," and *¥,” of P; and P; in A are related to the partial
angular velocity ®,® of B in A by [see Egs. (2.7.1), (2.14.3). and (2.14.4)]

AgPr =43P L 438 xp;, (=1,..., p) 9)

\*u
Figure 4.5.1
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where p;; is the position vector from P; to P;; and the forces R;; and R}; are related
to each other by the law of action and reaction, which asserts that R;; and R}
have equal magnitudes, opposite directions, and coincident lines of action. Hence,

R; (10)

Ji

= _RU
and, since the line of action of R;; passes through P;, it is parallel to p;;, which
means that

p;xR;=0 (11)

Consequently, the total contribution of R;; and R;; to F, (r = 1,..., p) is [see
Eq. (44.1)]
Avrpi ° Rij + Aver : Rji = (A-‘-,rP‘- - AvrP,-) ° Rij
(10)
=_A6’erPij'Rij=0 r=1,...,p) (12)
©) an
Finally, to deal with contact forces that come into play when B rolls on a rigid
body B, we let P be a point of B, and P’ a point of B’, choosing these such that P
is in rolling contact with P’, which means that

AvP = AyF (13)
where A is any reference frame. Now there are two possibilities. Either B’ belongs
to S, in which case

= =1....,p) (14)
(13)

and the contribution to F, of R and R’, the resultants of the contact forces exerted
by B’ on B and by B on B, respectively, is given by

GP-R+47R = %" R+R) (15)
(14
which vanishes because, in accordance with the law of action and reaction, R +
R’ = 0. Alternatively, B’ does not belong to S, in which case generalized speeds
always can be chosen such that #v*" is independent of all of them, so that

4GP =0 r=1,...,p) (16)

and, consequently,

AvrP

=0 (@=1...,p 17

(13,16)
from which it follows that 47,7+ R, the contribution to F, of the contact force

exerted on B by B’ at P, is equal to zero.

Example The system H formed by the bodies G, G, S, S’, Y, Y’, and C de-
scribed in the example in Sec. 4.3 is holonomic and possesses one degree of
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freedom in the reference frame R shown in Fig. 4.3.1. Defining a single general-
ized speed u, as

u; £ R n (18)

and letting ®v,” and Rv,” denote the associated partial velocities of P and P/,
respectively, in R, one can express the contribution of the forces of magnitudes
F and F’ (see Fig. 4.3.1) to the generalized active force F, for H in R as

F, =" P-(Ft)+ ®v,F - (F7) (19)

where t and t’ are unit vectors parallel to the tangents to G and G’ at P and P/,
respectively, as indicated in Fig. 4.3.1. Moreover, if it is assumed, as before,
that all bearing surfaces are smooth, and if gravitational forces are once again
left out of account, then F, as given by Eq. (19) is, in fact, the total generalized
active force for H in R.

In the example in Sec. 4.3, considerations of the equilibrium of each of
three rigid bodies led to Eq. (4.3.14). The same result can be obtained simply
by setting the generalized active force F equal to zero, which leads, first, to

F Ry Peq

Fao ™% @0
Now, with self-explanatory notation,
R(DS' = Rws + S(oC + C(DS' (21)

(2.4.1)

and the simple angular velocities (see Sec. 2.2) appearing in this equation can
be expressed as

Rms’ = R(j)sln/ Ro)s = uln (22)
(18)
SmC — Sva Cms’ — CwS'vr (23)
Hence,
RoSn = u;n + Sov + Co¥'v' (24)
(22) (21) (22) 23) (23)

The unknowns 5w¢ and ‘@® can be eliminated by dot-multiplying Eq. (24)
with v x v/, which gives
RoSmev x v = un+v x v (25)
24)

Furthermore, the velocities of P and P’ in R are

RyP = ruyt (26)

and

. . nvxy
P = RSt = ru, '

R
’ /t
25) n'vxy

v @7
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so that the partial velocities ®v,” and ®v,*" are given by
. n-vxy

RvifP=r  RvP =7r - =4 (28)
(26) @7 n*‘vxy

Substitution from Egs. (28) into Eq. (20) leads directly to Eq. (4.3.14).

4.6 FORCES ACTING ON A RIGID BODY

If B is a rigid body belonging to a nonholonomic system S possessing p degrees
of freedom in a reference frame A (see Sec. 2.13), and a set of contact and/or dis-
tance forces acting on B is equivalent (see Sec. 4.3) to a couple of torque T (see
Sec. 4.2) together with a force R whose line of action passes through a point Q
of B, then (F,)g, the contribution of this set of forces to the generalized active force
F, (see Sec. 4.4) for S in A is given by

Fl="aT+%2R (r=1...,p 8))
where “® ® and 7,2 are, respectively, the rth partial angular velocity of B in A4

and the rth partial velocity of Q in A.

Derivation LetK,,. .., K;be the contact and/or distance forces acting on particles
P,,...,Pgof B,and letp,, ..., p; be the position vectors from Q to P, ..., P,
respectively. Then, by definition of equivalence, the resultant of K,, ..., K, is
equal to R, that is,

B
> Ki =R 2
i=1 (4.1.2)
and the sum of the moments of K, ..., K; about Q is equal to T, so that
B
Z pxK =T 3)
i=1 (4.1.1)
Also by definition, the contribution of K, ..., K; to F,is
B
(Fr)B = Z AvrP.- ° Kl‘ (r = la ceey P) (4)

“44.1)i=1

where, with the aid of Eqgs. (2.7.1), (2.14.4), and (2.14.3), one can express 47,7 as

43P =452 + 13,8 x p, r=1,....,p;i=1,...,B) )
Hence,
N 8 8 ]
./(Fr)B = Z (A“;'Q + AG)rB X pi). Ki = A‘v-rQ. Z Ki + A‘;)rB. Z pi X Ki
4) i=1 (5) i=1 i=1
=52 R+@%T (=1...,p) (6)
(2) 3)

in agreement with Eq. (1).
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Figure 4.6.1

Example Figure 4.6.1 shows a uniform rod B of mass M and length L. B is
free to move in a plane A, and P is a particle of mass m, fixed in A4.

It can be shownt that the set of gravitational forces exerted by P on B
is approximately equivalent to a couple of torque T together with a force R
whose line of action passes through the mass center B* of B, with T and R
given by

GMmL* .
T=— ____7”,’,}? sin 2g;a; x a, )
85"

and

GMm L : L’
R= - a 1+7(2—3sm2q)]—a‘sin2 8
q;z { 1[ 8(122 3 28q22 q3 (8)
where G is the universal gravitational constant, a, and a, are unit vectors
directed as shown in Fig. 4.6.1, and ¢,. ¢,. q; are generalized coordinates
characterizing the configuration of B in 4 (see Fig. 4.6.1). If generalized speeds
uy, U, Uy are introduced as

w24, =123 )

then o, the angular velocity of B in A4, and v, the velocity of B* in A, are given
by

o= (uy + uz)a; x a, V=u,a + u,q,a, (10)

so that the partial angular velocities of B in A and the partial velocities of B*
In A4 are

®;, =a; X a, o, =0 ®; =a; X a, (11)

Vi = 423, v, = ay V3 =0 (12)

t T. R. Kane, P. W. Likins, and D. A. Levinson, Spacecraft Dynamics (McGraw-Hill, New York,
1983), Secs. 2.3, 2.6.
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The contributions of the gravitational forces exerted by P on B to the
generalized active forces for B in A4 are

(F1)p = a; x a,°T+g,a,"R
1) (11) (12)
L2 GMmL? .
R Gg/lq;':ssm 295 + Tl;sm 245=0  (13)
(7) (8)
GMm L? -
(F,)p = - — 1+ ﬁ(z — 3sin? gq5) (14)
(1,11,12,8) 4z 92
GMmL? .
(F3)g = - 8735m 293 (13)
(1,11,12,7) 92

4.7 CONTRIBUTING INTERACTION FORCES

In Sec. 4.5 it was shown that certain interaction forces, that is, forces exerted by
one part of a system on another, make no contributions to generalized active
forces. In some situations, forces of interaction do contribute to generalized active
forces. For example, whenever two particles of a system are not rigidly connected
to each other, the gravitational forces exerted by the particles on each other can
make such contributions. Bodies connected to each other by certain energy storage
or energy dissipation devices furnish additional examples.

Example Figure 4.7.1 shows a double pendulum consisting of two rigid rods,
A and B. Rod A is pinned to a fixed support, and A and B are pin-connected.
Relative motion of 4 and B is resisted by a light torsion spring of modulus ¢
and by a viscous fluid damper with a damping constant §. In other words,
the set of forces exerted on 4 by B through the spring and damper is equivalent
(see Sec. 4.3) to a couple whose torque T, is given by

T, = (69, + 64;)n 6))

where g, is the angle between A and B, as shown in Fig. 4.7.1, and the set of
forces exerted by A on B through the spring and damper is equivalent to a
couple whose torque Ty can be written

TB = - TA (2)

Suppose now that generalized speeds u; and u, are defined as (see Fig.
4.7.1 for q,)

=4, (r=12) 3
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Figure 4.7.1

and let f, (r = 1, 2) be the contribution of the spring and damper forces to the
generalized active force F, (r = 1, 2). Then

Now,

so that

Hence,

and

/r = er * TA =5 c)rB . TB (I' e l- 2)

o? = §n=un
(35 2

(.!)B = ((11 S L}l)n = (lll + Hz)n
(3)

B
0i=n = o,2=n ©,2=n

(5) (5) (6) (6)

fi=n T +n-(-TyY=0

) (7) (7) (2)

Jo=0-Ty+n(-Ty = —(0q, + 94,)

@) (7) (2) (1)

(4)

(5)

(6)

(7

®)

)

Thus, the interaction forces associated with the spring and damper here
contribute to F, but not to F,. The reader should verify that, if u; and u, are
defined as u, = ¢, u, = ¢, + §,. rather than as in Egs. (3), then the spring
forces and damper forces contribute to both F, and F,.
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4.8 TERRESTRIAL GRAVITATIONAL FORCES

The gravitational forces exerted by the Earth on the particles P, ..., P, of a set
S cannot be evaluated easily with complete precision because the constitution
of the Earth is complex and not known in all detail. However, descriptions suffi-
ciently accurate for many purposes can be obtained rather easily. For example,
when the largest distance between any two particles of § is sufficiently small in
comparison with the diameter of the Earth, the gravitational force G; exerted on
P; by the Earth can be approximated as

G; = mygk i=1...,v) (1)

where m; is the mass of P;, g is the local gravitational acceleration, and k is a unit
vector locally directed vertically downward. To this order of approximation, the
contribution (F,).,, of all gravitational forces exerted on S by the Earth to the
generalized active force F, for S in A4 (see Sec. 4.4) can be expressed as

(F), = Mgk-%*  (r=1,....p) )

where M is the total mass of S and ¥,* is the rth partial velocity of the mass center
of Sin A.

As an alternative to using Egs. (2), one can deal with P, ..., P individually
by expressing (F,), as

(Fr)y: Z vrpi'Gi (r= L....p) (3)
i=1

Whether it is more convenient to use Egs. (2) or Egs. (3) depends on the relative
ease of finding ¥,* (r = 1,..., p), on the one hand, and ¥, (r = 1,...,p; i =
1,...,v),on the other hand.

Derivation The position vector p* from a point O fixed in 4 to the mass center of S
is related to the position vectors py, . . . , p, from O to the particles of S by

Mp* = ) mp; 4)

(3.1.2)i=1

Differentiation with respect to ¢ in A4 yields

v
Mv* = Y myvh (5)
(2.6.1) @) i=1 (2.6.1)

Consequently, the partial velocities ¥,* and ¥,” (r = 1, ..., p) are related to each
other by [see Eq. (2.14.4)]

MV,*=Zm,-V,P" r=1,...,p) 6)-
(5)i=1
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Now,
(Fr)‘,' = Z WG, =gk Z m; ¥, b =L P) (7)
3)i=1 (1) i=1
Hence,
(F),=gk-M¥,*) (@¢=1,..., P) (8)
(7 (6)

in agreement with Egs. (2).

Example Figure 4.8.1 shows a system S formed by a rigid frame A that carries
two sharp-edged circular disks, B and C, each of radius R. Point S* is the
mass center of S, and Q is a point of 4 that comes into contact with a plane P
that supports S. Generalized active forces are to be determined on the basis
of the assumptions that B and C roll on P without slipping and are completely
free to rotate relative to A, while P is inclined to the horizontal at an angle 6.
Five generalized coordinates are required to specify the configuration
of S in a reference frame F in which P is fixed. Of the five associated generalized
speeds, three are dependent on the remaining two when B and C roll on P
without slipping. In other words, if #; and u, are defined as
u, 2 o-a, u, 2vP-a, ©9)

where a; and a, are unit vectors directed as shown in Fig. 4.8.1, " is the
angular velocity of 4 in F, and v” is the velocity in F of the midpoint D of the
axle that carries B and C, then the velocity in F of every point of S can be

horizontal

Figure 4.8.1 11 ‘h :
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expressed as a linear function of u; and u,. For example, v*, the velocity of
S* in F, becomes (see Fig. 4.8.1 for a,)

e = ura, 1= €U ay (10)
(2.7.1)
and v2, the velocity in F of the point Q of 4 that comes into contact with 4, is
v =  u,a, + fia;, (11)
(2.7.1)
The associated partial velocities are
¥,* = ea; e (12)
(10) (10)

.2 = fa, V.2 = a, (13)
(11) (11)
The only contact force that contributes to the generalized active forces
F, and F, is (see Sec. 4.5) the force exerted on 4 by P at Q. When this force is
represented as Q,a; + Q,a, + Q;a;, then (ﬁ,)Q. its contribution to F,, is
given by

(Fr)Q =¥2:(0,a, + 0,a, + Q,a;) r=12) (14)

so that

(FI)Q = fQ3 (FZ)Q = Qz (15)
(13,14) (13,14)
Letting M denote the mass of S, we have for (F,).,., the contribution to
F, (r = 1, 2) of the gravitational forces exerted on S by the Earth,
(F1)~,~ = Mgeas -k (Fz)»,‘ = Mga, -k (16)
(2,12) (2,12)
The values of the dot-products a; * k and a, -k depend on both the inclination
angle 0 and the orientation of 4 in P, which can be characterized by introducing

the angle g, shown in Fig. 4.8.2, where n, is a horizontal unit vector per-
pendicular to a,, while n; = a; x n,. Under these circumstances,

a, = COS gn, + Sin N, a; = — singn, + CoS ¢;n; (17)

horizontal

Figure 4.8.2
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and
k = — cos fa, + sin 6n, (18)

Hence,

(Fy), = Mgesin6cosq, (F,), = Mgsinfsing, (19)
(16—18) (16—18)

and the desired generalized active forces are

F, = (FI)Q + (Fl)y = fQ3 + Mge sin 6 cos g, (20)
(15,19)

and

Fy,=(F)o+ (F), = 0Q,+ Mgsin6singq, 1
(15,19)

The reason for using Egs. (2) rather than Egs. (3) to find (F 1), and (F 2)y
[see Egs. (16)] is that it would be very laborious to deal individually with each
of the particles forming A, B, and C. By way of contrast, consider once again
the contributions of gravitational forces to the generalized active forces F,
and F, in the example in Sec. 4.4. Since the partial velocities of P, and P,
are available in Eqgs. (4.4.8) and (4.4.9), (F,), and (F,), are formed easily as

(Fp), = v," - (mygk) + v, (mygk) = mygcos 6 + 0 2)
(3) (4.4.8) (4.4.9)

(Fa), = ¥27* - (mygk) + V," " (mogK) = O+ myg cos 6 (23)
3) (4.4.8) (4.4.9)

whereas, to use Egs. (2), one must first locate the mass center S* of P, and P,,
determine its velocity, and use this to form partial velocities. Specifically,
letting p* be the position vector from point O in Fig. 4.4.1 to S*, one has

_my(Ly +gy) +my(Ly + Ly + ‘Iz)t
= 1

* 24
P my; + m, (24)
so that v*, the velocity of P*, is given by
mu, + myu m,(L, + +m,(L; + L, + .
v = Mt 2Uy t, + (Ly +q4) 2(Ly 2 42)0t2 25)
24y My +my m; + m,
4.4.5)
and the partial velocities of S* are
m, m;
v ¥x=——t vE=——2 ¢t 26
1 m, + m, 1 2 m, + m, 1 ( )
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Now one can refer to Egs. (2) to write

m
(Fy), = [(my + my)gK]* <—1—t1) = m,gcosf 27
2) my + m,
(26)
m
(F2), = [(my + my)gk] - <—2 tl) = myg cos 6 (28)
(2) my + m,

(26)

These results agree with Egs. (22) and (23), but more effort had to be expended
to derive Egs. (27) and (28) than to generate Eqgs. (22) and (23).

4.9 BRINGING NONCONTRIBUTING FORCES INTO
EVIDENCE

As was mentioned in Sec. 4.5, the fact that certain forces acting on the particles of a
system make no contributions to generalized active forces usually is helpful.
But it can occur that precisely such a noncontributing force, or a torque of a
couple formed by noncontributing forces, is of interest in its own right. In that
event, one can bring this force or torque into evidence through the introduction
of a generalized speed properly related to the force or torque in question, that is,
a generalized speed that gives rise to a partial velocity of the point of application
of the force, or a partial angular velocity of the rigid body on which the couple
acts, such that the dot-product of the partial velocity and the force, or the dot-
product of the partial angular velocity and the torque, does not vanish. The force
or torque of interest then comes into evidence in the generalized active force
corresponding to the additional degree of freedom associated with the additional
generalized speed.

The introduction of a suitable additional generalized speed is accomplished
by permitting points to have certain velocities, or rigid bodies to have certain
angular velocities, which they cannot, in fact possess, doing so without introducing
additional generalized coordinates. When forming expressions for velocities and/or
angular velocities, one then takes the additional generalized speed into account,
but one uses the same generalized coordinates as before, and one identifies partial
velocities and partial angular velocities corresponding to the additional generalized
speed by inspection, as always. The partial velocities and partial angular velocities
corresponding to the original generalized speeds, as well as the associated original
generalized active forces, remain unaltered.

Example InFig. 4.9.1, Pis a particle of mass m that can slide freely on a smooth,
uniform rod R of mass M and length 2L. R is rigidly attached at an angle
to a light sleeve S that is supported by a smooth, fixed vertical shaft ¥ and a
smooth bearing surface B, and S is subjected to the action of a couple whose
torque T is given by

T=Ts, (1)
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Figure 4.9.1

where T is time-dependent and s, is a unit vector directed vertically downward.
The unit vectors s,, §3, Iy, I, and ry in Fig. 49.1 are defined as follows: s,
is perpendicular to s, and parallel to the plane determined by the axes of S
and R;s; =s; X s,; I, I, r; form a dextral set of mutually perpendicular
unit vectors, with r, parallel to the axis of R and r, parallel to the plane de-
termined by the axes of S and R.

The system formed by P, R, and S possesses two degrees of freedom and.
if generalized speeds u, and u, are defined as

uy £ 4, u; £ 05, 2

where ¢, is the distance from O to P and o is the angular velocity of R, then
the associated partial angular velocities of R and partial velocities of P are

o, =0 vV, =14 3)
W, =8 vV, = ¢ sin fir 4

Hence, the generalized active forces F; and F,, found by substituting from
Egs. (1), (3), and (4) into [see Eqgs. (4.6.1) and (4.8.1)]

F, = ®,* T+ v, (mgs,) =1, 2} &)

are
F, = mg cos f (6)
F,=T )]
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and these contain no information about either the forces exerted on the sleeve
S by the supporting shaft V and bearing surface B or any forces exerted by
P and R on each other. To bring such forces into evidence, we begin by re-
placing the set of forces exerted on S by B and V with a couple of torque t,
expressed as

T = TZSZ + T3S3 (8)
together with a force ¢ applied to S at point O, with ¢ given by
0'=O'lsl +0282 +0'3S3 (9)
and we let p be the force exerted on P by R, expressing p as
P = P2y + p3ry (10)
[The reason for omitting an s,-component from Eq. (8) and an r,-component
from Eq. (10) is that all contact surfaces are presumed to be smooth.] Suppose
now that one is interested in, say, o4, 7,,and p5. To bring these into evidence in
expressions for generalized forces, one permits S to move in such a way that
the point O, regarded as a point of R, has a velocity v° given by
VO = u3sl (1 1)
while R has an angular velocity o that can be expressed as
w = uzsl + u452 (12)
Also, one allows P to have a velocity v such that P can lose contact with R or
can penetrate R by moving in the direction of rs, which is accomplished by

letting ¥ denote the velocity of the point R of R with which P is in contact and
then writing

v = v+ R/ (13)
(2.8.1)
with
V = VW4 oex(qr) = u3S; + q(uysin f—uycos fry (14)
2.7.1) (11,12)
and
RvP = g1y + usry = uyry + usry (15)
(2
so that
V. = ufy + uyqy sin fry + u3S; — usq, €os fry + usrs (16)

(13-15)
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Table 4.9.1

r=3 r=4 r=S5 Reference
o, 0 S 0 Eq. (12)
v,° H 0 0 Eq. (11)
v, S —g, cos firy T, Eq. (16)
v, S —q, cos fry 0 Eq. (14)
v, * Sy — L cos fr, 0 Eq. (17)

After noting that R*, the mass center of R, now has a velocity v* given by

v =v' + @ x (Lr;) = uzs; + L(uysin —ugcos f)rs  (17)
(11,12)

one then can record the partial angular velocities of R and the partial veloci-
ties of O, P, R, and R* as in Table 4.9.1, and this puts one into position to
form F, (r = 3, 4, 5) by substituting from Egs. (1) and (8)-(10) into

F,=a,(T+1)+v% 0 +V," (mgs, +p)

+ V(=P +Vv*(Mgs,)) (r=3,45) (18)
which leads to
Fy=0,+ (m+ M) (19)
Fy=r1, (20)
Fs=p; 21)

The quantities ¢,, 73, 73, and p,, which are absent from F,, ..., Fs, can
be brought into evidence similarly; that is, if ug, . .., ug are introduced such
that

VO = u3sl + ussz + U7S3 (22)
O = U,S; + UyS; + UgS; (23)
and
RyP _
vV = un + u9r2 + Usly (24)

then the generalized active forces corresponding to ug, ..., ug are

F¢ = o, (25)
Fq; =0, (26)
Fg =13 — (mq; + ML)g sin 8 27

Fo = p, — mgsin B (28)
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4.10 COULOMB FRICTION FORCES

Suppose that a particle P or a rigid body B belonging to a simple nonholonomic
system S possessing p degrees of freedom in a reference frame A4 (see Sec. 2.13) is
in contact with a rigid body C (which may, or may not, belong to S). Then, if P or
B is sliding on C, the contributions of contact forces exerted on P or B by C to the
generalized active forces Fy, ..., F, (see Sec. 4.4) depend on both the magnitudes
and the directions of such contact forces. When contact takes place across dry,
clean surfaces, certain information regarding the magnitudes and the directions
of contact forces can be obtained from the laws of Coulomb friction, which will
now be stated.

When a particle P that is in contact with a rigid body C is at rest relative to
C, then C exerts on P a contact force C that can be expressed as

C=Nv+Trt (1)

where v is a unit vector normal to the surface X of C at P and directed from C
toward P, T is a unit vector perpendicular to v, N is non-negative, and T satisfies
the inequality

|T| < uN (2

in which p, called the coefficient of static friction for P and C, is a quantity whose
value depends solely on the materials of which P and C are made. Typical values
are 0.2 for metal on metal, 0.6 for metal on wood. ‘

When P is in a state of impending tangential motion relative to C, that is, when
P is on the verge of moving tangentially relative to C, then

|T| = uN 3)

and the vector Tt appearing in Eq. (1) points in the direction opposite to that in
which P is about to move relative to C.

When P is sliding relative to C, Eq. (1) remains in force, but the inequality (2)
gives way to the equality

|T| = uN 4

where y', called the coefficient of kinetic friction for P and C, has a value generally
smaller than that of u; and the vector Tt in Eq. (1) now is directed oppositely to
P, the velocity of P in C.

When a rigid body B, rather than a particle P, is in contact with C, the same
laws apply if the surface T over which B and C are in contact has an area so small
that X can be regarded as a point. Otherwise, that is, when X has an area that
cannot be regarded as negligibly small, the laws already stated apply in connection
with every differential element of X. More specifically, if P is a point of B within
a portion T of X that has an area A, then the set of contact forces exerted on B by
C across X can be replaced with a couple of torque M together with a force C
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whose line of action passes through P; M and C depend on 4, and both approach
zero as A approaches zero, but

lim
i-0

=0 (5)

NS

whereas C/A has a nonzero limit that can be expressed as

lim E_ =nv+tt (6)

i-o
where n, called the pressure at point P, and t, called the shear at P, depend on the
position of P within I, n is non-negative, and v and t have the same meanings as
before. Equations (5) and (6) imply that, if P is a point of B lying within a differ-
ential element dX of T having an area d4, the set of contact forces exerted on B
by C across dX is equivalent to a force dC whose line of action passes through P
and that is given by

dC = (nv + tt)dA @)

This equation takes the place of Eq. (1) when B and C are in contact over an ex-
tended surface, and the relationships (2)-(4) then are replaced with, respectively,

lt] < un (8)
when P is at rest relative to C,

[t] = un &)
when P is in a state of impending tangential motion relative to C, and

[t| = pn (10)

when P is sliding relative to C.

When a particle P is in contact with a rigid body C modeled as matter dis-
tributed along a curve I (for example, a thin rod modeled as matter distributed
along a straight line), then Egs. (1)-(4) and the statements made in connection with
these equations remain in force, provided that 7 is regarded as a unit vector tangent
to I" at P while v is simply a unit vector perpendicular to t. Similarly, when contact
between two rigid bodies B and C is regarded as taking place along a curve I'
(for example, when a generator of a right-circular cylinder is in contact with a
Plane), then Eq. (7) applies after dA has been replaced with dL, the length of a
differential element dI” of ", and v and t then have their original meanings.

Example Considering once again the system formed by the sleeve S, rod R,
and particle P depicted in Fig. 4.9.1 and considered previously in the example
in Sec. 4.9, suppose that the contact between S and the bearing surface B,
as well as that between P and R, takes place across a rough, rather than a
smooth, surface, but that the vertical shaft V' can be regarded as smooth, as
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heretofore. Then, when S is moving relative to B, and P relative to R, contact
forces that contribute to the generalized active forces F, and F, come into
play. (F,)c, the contribution to F, (r = 1, 2) of the contact forces, will now be
determined.

The contact force p exerted by R on P can be expressed as

P = pify + paFy + p3I; (11)
and the contact force p exerted by P on R is given by
p=—p 12)

Hence, letting v, (r = 1, 2) denote the partial velocities of the point of R at
which p is applied to R, so that

71 = 0 VZ = ql Sin ﬁl‘3 (13)
one can express the contributions of p and p to the generalized active forces
F, as

Vitpt+ V¥ p=1-p+0 =p (14)
(4.9.3) (13) (11)
and
Varp+ Vi p=(v;—-V)p = 0 (15)
(12) (4.9.4,13)

The laws of friction make it possible to express p, in terms of p, and p;,
for p,r, in Eq. (11) corresponds to the second term of Eq. (1) while p,r, + p3r;
plays the part of the first term. Accordingly,

lp1] = 1i'(p2* + p3H)'? (16)
(4) (11)

where u,’ is the coefficient of kinetic friction for P and R. Furthermore,
p,r, must have a direction opposite to that of ®v”, the velocity of P in R, which
means that p,r, can be written

Ry P

v w2 212 ¥l
= — ——a- = + v
Pl |p1||RvP|(16) ' (p2 p3°) luy
(4.9.2)
= —pu,'(p? + P33 sgn uyr, 17)
from which it follows that
pr = —p'(p2* + ps®)! % sgnuy (18)
so that
VitV p = —pu(p” + p3?) P sgnuy (19)

(14,18)

To deal with the contributions to F,; and F, of the contact forces exerted
on S by B, we let b; and b, be the inner and outer radii of S, respectively, and
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8y Figure 4.10.1

consider a generic differential element dX of the surface X of S that is in contact
with B, d¥ having the dimensions indicated in Fig. 4.10.1, where 0 and z are
variables used to locate one corner, Q, of dX. The force do exerted on S by B

across ¥ then can be written

de = (—ns; + 1,8; + t383)z dzdO
(7)

(20)

where —s,, which points from B toward S, corresponds to v in Eq. (7) since
Q is a point of dX, and v2, the velocity of Q. is given by (see Fig. 4.10.1 for the

unit vectors e, and e;)

ve = @ X (z€;) = (u,8,) X (z€,) = u,ze,
(4.9.2)

so that the partial velocities of O are
vi2=0 v,2=ze,;
We can now express the contributions of de to F; and F, as

VIQ'(iG = 0

(323
and
v,¢:de = z*(—t,sinf + tycos 0)dz do
(22,20)

In addition, we have the relationship

(t:2 + 592 = uy'n
(10)

(21

(22)

(23)

24)

(25)
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where u,’ is the coefficient of kinetic friction for B and S, and the requirement
that t,s, + t38; be directed oppositely to v¢ implies that

Q
v
128, + 1383 = —(t,° + tsz)llzm (26)
from which it follows that
1,8, + t383 = —pu,’nsgnu,e
2n2 (26) (252) (213 } (27)
or, upon dot-multiplication with e,, that
—t,8in 0 + tycos 0 = —pu,’nsgn u, (28)
Hence,
v,2-d6 = —pu, sgnu,nz?dzdl (29)

(24,28)

(F)c and (F,)c, the contributions to F, and F,, respectively, of the
contact forces exerted on P by R, on R by P, and on S by B are

(Fi)e = vi'p+Vi'p+ fV1Q'd“

= —u/(p® + p3H)* sgnuy (30)

(19,23)

and

(F)c = v2°p+72'p+Jv29-do

2n b,
= —u, sgnu, f J. nz? dz do (31
0o Jb

(15,29)

The definite integral in Eq. (31) can be evaluated only when the pressure n
is known as a function of z and 0. To discover this functional relationship,
one must use the methods of the theory of elasticity. However, satisfactory
results often can be obtained in this sort of situation by making a relatively
simple assumption regarding the pressure distribution in question, such as,
for example, that n is independent of z and 0 and thus has a value n* that
depends solely on the time ¢t. Under these circumstances,

2r b,
(Fy)e = —uy' sgnuyn* f f z2dz df
31) 0 by

2nn*
3

As will be seen later, n* ultimately can be determined by resorting to the
procedure employed in Sec. 4.9, that is, by introducing a suitable generalized

(bz3 - b13)u2’ sgn u; (32)
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speed u; in addition to the generalized speeds u; and u,. Specifically, after
introducing u; as in Eq. (4.9.11), one finds that (F;)¢, the contribution to the
generalized active force F; of all contact forces exerted by B and V on S, and
by R and P on each other, can be written

(Fyle=vsp+ 7575+ [v2-do (33)
where (see Table 4.9.1)
vy =V, (34)
If h is the distance from O to Z, then
v = VO 4+ @ x (hs; + ze,) = uys; + u,ze, (35)
(2.7.1) 4.9.2)

and the partial velocity v, is given by

v;? =5, (36)
Consequently [see Egs. (12) and (20)],
2n pb,
(F3)c = —n* J f zdz df
(33.34.36) 0 by
= —mn*(b;’ — b,?) (37)

The quantities p, and p; appearing in Eq. (30) come into evidence also
when one forms the contributions (Fs)c and (Fg)c of contact forces to the
generalized active forces F's and Fy corresponding to us and ue, respectively,
where us and u, have the same meaning as in Eq. (4.9.24). Specifically, in
in agreement with Egs. (4.9.21) and (4.9.28),

(Fs)c = p3 (Fo)c = p; (38)

Expressions for the contributions to F, (r = 1,2, 3, 5,9) of all gravita-
tional forces acting on S, R, and P and of the torque T described by Eq. (4.9.1)
can be formulated as they were in connection with Egs. (4.9.6), (4.9.7), (4.9.19),
(4.9.21), and (4.9.28). Hence, the complete generalized active forces are

Fy =mgcos B — uy'(p2® + p3*)'% sgnu, (39)

(4.9.6) (30)
2 *

Fo= T —5-(02° = by sgnu, (40)
(4.9.7) - (32)

Fy = (m+ M)g — mn*(b,> — b,?) 41

(4.9.19) (37)

F5 = ﬂ3 (42)
(4.9.21,38)

Fo=—mgsin f + p, 43)

(4.9.28) (38)
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These results will be used in Sec. 6.3 in the formulation of equations of motion
of the system formed by S, R, and P.

4.11 GENERALIZED INERTIA FORCES

Ifu,, ..., u,are generalized speeds for a simple nonholonomic system S possessing
pdegrees of freedom in a reference frame A (see Sec. 2.13), p quantities F',*, ..., F o
called nonholonomic generalized inertia forces for S in A, and n quantities
F.*, ..., F,* called holonomic generalized inertia forces for S in A, are defined as

Freysf-R* (r=1...p (1)
i=1
and
F*=Y vwhiR* (r=1,...,n) )
i=1

respectively, where v is the number of particles comprising S, P; is a typical particle
of S, ¥,7 and v,” are, respectively, a nonholonomic partial velocity of P; in A4
and a holonomic partial velocity of P; in A4 (see Sec. 2.14), and R;* is the inertia
force for P; in A; that is,

R*2 —ma;, (i=1,...,v) 3)

where m; is the mass of P;, and a; is the acceleration of P, in A.

Nonholonomic and holonomic generalized inertia forces for S in A are related
to each other and to the quantities A,, (s = 1,...,p;r = p + 1, ..., n) introduced
in Egs. (2.13.1), as follows:

Fr*=Fr*+ Z Fs*Asr (r=19'-~ap) (4)

(F.*)g, the contribution to F,* (r = 1,..., p) of all inertia forces for the
particles of a rigid body B belonging to S, can be expressed in terms of T* and R*
defined, respectively, as

B
T* 2 — ) mr; x a (5)
i=1
and
R* £ _ Ma* (6)

where f is the number of particles forming B, m; is the mass of a generic particle
P; of B, r; is the position vector from B*, the mass center of B, to P;, a, is the acceler-
ation of P; in A, M is the total mass of B, and a* is the acceleration of B* in A.
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T* and R* are called, respectively, the inertia torque for Bin A and the inertia force
for Bin A, and (F,*)z can be written

(F¥)s = &, T* + ¥,*-R* r=1,...,p) @)

where ®, and V,* are, respectively, the rth nonholonomic partial angular velocity
of Bin A and the rth nonholonomic partial velocity of B* in A (see Sec. 2.14).

To use Egs. (7) effectively, one must take advantage of the fact that T* can be
expressed in a number of ways making it unnecessary to perform explicitly the
summation indicated in Eq. (5). For example,

T™F=-a'l-oxl'o 8)

where a and o are, respectively, the angular acceleration of B in 4 and the angular
velocity of B in A, and I is the central inertia dyadic of B (see Sec. 3.5). If ¢, ¢,, ¢35
form a dextral set of mutually perpendicular unit vectors, each parallel to a central
principal axis of B (see Sec. 3.8), but not necessarily fixed in B, and «;, w;, and I;
are defined as

Ly L@ -
o= arc; ;2 0°Cc; I; = ¢;

I-c; (i=123) )
then Eq. (8) can be replaced with
T* = —[o,], — w051, — I3)]e,
—[oz1; — w3w,(I3 — Iy)]e,

—[a3l3 — wyw,(I, — 1))]c; (10)

When generalized speeds have been introduced in addition to u,, ..., u, for
the purpose of bringing into evidence forces and/or torques that contribute
nothing to the generalized active forces F, ..., F,, or, if S is a holonomic system,
to Fy, ..., F,(see Sec. 4.9), then the generalized inertia forces corresponding to the
additional generalized speeds are found by using in Egs. (1), (2), and (7) partial
velocities and partial angular velocities formed as explained in Sec. 4.9. The ex-
pressions to be used here for the vectors a;, a*, &, and @ appearing variously in
Eqs (3), (5), (6), and (8) are precisely those employed in formmg the generalized
inertia forces F.*, ... F , or, if S is a holonomic system, F,*, ..., F *.

Derivations To establish the validity of Egs. (4), one can proceed as in the deriva-
tion of Egs. (4.4.3).
With B, m;, and r; as defined,

B
Z mil'l. = 0 (1 1)
i=1 @G.1
and a; can be expressed as

a3, = a*+axr+o0ox(@xr) i=1....p8 (12)
2.7.2)
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Consequently,

B B B
Yma, = Y ma*+ax Y mr+ox(ox
i=1 (12)i=1 i=1 i

]
—

M=

3

-
~————

= Ma* = —R* (13)
(11) (6)
Now,
- B
(F¥)g = — Z m;¥,% - a; r=1,...,p (14)
(1,3)  i=1

and, since the velocity vF* of P; in 4 and the velocity v* of B* in 4 are related by

Pi = vvrtoxr (15)

(2.7.1)

it follows from Eqgs. (2.14.4) and (2.14.3) that

v

Vhi=¥*+@ xr; i=1,....8r=1,...,p) (16)

Hence,

m¥* + @, xr)-a;
i (16)

- B
(F*)p = —
(14) i=1

B

- v ke D

L —V, Z miai - ‘!)r Z m,-l',- X ai
i=1

T R*+ &, - T* r=1,...,p) )
13) (5)

which establishes the validity of Egs. (7).
With the aid of Egs. (12), one can express T* as

M=

T = —

mr; x [a*+a X1+ o x (© xr)]
(5) i ’

1]
—

B
= — Zp: mr; % (@ xr1)— Y mr x [@x (o xr,)] (18)
(11) i=1 i=1

Now,

8
mr; X (@ x )=y m(r’e —a-rr)

i=1

M=

]
—-

B
=a- Z m,-(Ul‘,-z - l',-l‘i) = o 'I (19)
i=1

(3.5.16)
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and
B B
Ymrx[ox@xr)] = — ) mri-ooxr;
i=1 i=1
B
= —ox [(Z mir,-r,.)-u)]
i=1
B
= —ox {[Z my(r;r; — rizU)] -o)}
i=1
= oxl'® (20)
(3.5.16)
Substitution from Egs. (19) and (20) into Eq. (18) produces Eq. (8).
With «;, w;, and I; as defined in Egs. (9),
o= a;€; + %€, + %3€3 21)
0 = wlcl + wzcz + a)3C3 (22)
and
I = Ilclcl + IzCzCZ + I3C3C3 (23)
so that
o 'I = 0(11161 + a212cZ + a3]303 (24)
(21,23)
and

o x 0= -0, - I3)c; — w303 — I1)c; — 00,(I; — I)es
| 25)
ation (10) thus follows directly from Egs. (8), (24), and (25).

Example For the system considered in the example in Sec. 4.9, the generalized
inertia forces corresponding to u, and u, are given by

F¥ = v,:(—m)+ o T +v*(—Ma*) (r=12) (26)
(1,3,6,7)
where v, and o, (r = 1, 2) are given in Egs. (4.9.3) and (4.94), v,* (r = 1, 2)
are partial velocities of the mass center of R, a is the acceleration of P, a* is
the acceleration of the mass center of R, and T* is the inertia torque for R.
To construct the necessary expressions for v,* (r = 1, 2), a, a*, and T*, begin
by noting that v*, the velocity of the mass center of R, is given by

v* = u,s; x (Lry) = u,L sin fr, 27
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so that
vl* — VZ* = Lsin ﬁr3 (28)
27) 27)
while
dv* .
a* — av- = Lsin B(ii,r3 — u,2s,) (29)
dt (27)

Next, write

v d .
T E(“lrl + u,q, sin Bry)
= uyr; + (Uq; + uyq,) sin fry + (uy8;) x (u;ry + u,q, sin Pry)
(4.9.2)
= gy + [(tpqy + 2ugux)ry — uy’qys,] sin B (30)
and express w;, a;,and I;(j = 1, 2, 3), needed for substitution into Eq. (10), as
W, =®*T; = U8y =u,cos f w, = —u,sin f w3 =0 (31)
oy = My = Uy cos f§ o, = —u,sinf oy =0 (32)
ML? ML?
I,=0 I, = 3 I; = 3 (33)

so that, from Eq. (10),
LZ 2

T — =3 fipsin pr, + - u,? sin B cos fr, (34)

Finally, substitute into Eqgs. (26) to obtain

Fi* = —mr; - {iyr; + [(U29; + 2u,u)rs — uy%q;s,] sin B}
(4.9.3.30,28)
= — m(ii, — uy’q, sin® ) (35)
4ML? .
Fp* = —[<mCI12 + 3 )dz + 2m‘11“1“2] sin’ B (36)

(4.9.4.30,34,28.29)

Equations (35) and (36) furnish expressions for the generalized inertia
forces that-correspond to the generalized active forces F, and F, given in
Egs. (4.9.6) and (4.9.7), respectively. To form the generalized inertia forces
F3*, F,* and F¢* corresponding to the generalized active forces Fj, F,,
and F; in Egs. (4.9.19)-(4.9.21), all one needs to do is use Egs. (26) with r =
3,4, 5and withv,, o,, and v,*, (r = 3,4, 5) as given in Table 4.9.1, while a*, a,



4.11 GENERALIZED INERTIA FORCES 129

and T* are given by Eqgs. (29), (30), and (34), respectively, as heretofore. Thus
one finds that

F3* = —mui, cos f (37
4ML? .
F,* = [(mq,z + 3 )dz + 2mq1u1u2] sin B cos 8 (38)
FS* = —m(dqu + 2u1u2) Sin ﬂ (39)
Finally, by proceeding similarly, one can form expressions for F¢*, ..., Fo*

corresponding, respectively, to the generalized active forces in Egs. (4.9.25)-
(4.9.28). For example, Fy* is thus found to be given by

Fo* = mu,%q, sin B cos B (40)



CHAPTER

FIVE
ENERGY FUNCTIONS

The use of potential energy functions and kinetic energy functions sometimes
enables one to construct integrals of equations of motion (see Secs. 7.1 and 7.2).
In addition, potential energy functions can be helpful when one seeks to form
expressions for generalized active forces, and expressions for generalized inertia
forces can be formed with the aid of kinetic energy functions. Hence, familiarity
with these functions is certainly desirable. However, since one can readily formulate
equations of motion and extract information from such equations without in-
invoking energy concepts, one need not master the material in the present chapter
before moving on to Chapter 6.

5.1 POTENTIAL ENERGY

If S is a holonomic system (see Sec. 2.13) possessing generalized coordinates

qy,--.,q, (see Sec. 2.10) and generalized speeds u,, ..., u, (see Sec. 2.12) in a
reference frame A, and the generalized speeds are defined as
u2q (r=1...,n ¢))
then there may exist functions V of q,, ..., g, and the time ¢ that satisfy all of the
equations
ov
F'=_6q, r=1,...,n) 2

130



5.1 POTENTIAL ENERGY 131

where F, ..., F, are generalized active forces for S in 4 (see Sec. 4.4) associated
with u,, ..., u,, respectively. Any such function V is called a potential energy of
Sin A. [One speaks of a potential energy, rather than the potential energy because,
if V satisfies Egs. (2), then ¥V + C, where C is any function of t, also satisfies Egs. (2)
and is, therefore, a potential energy of S in A4.]

When a potential energy V of S satisfies the equation

v
=0 3)

then V,, the total time-derivative of V, is given by
V=-7Y Fq @

4t is by virtue of this fact that potential energy plays an important part in the
construction of integrals of equations of motion, as will be shown in Sec. 7.2.

Given generalized active forces F, (r = 1, ..., n) all of which can be regarded
as functions of q,, ..., g,, and t (but not of uy, ..., u,), one can either prove that
V does not exist, or find V(qy, - . ., g, ;t) explicitly, as follows: Determine whether
or not all of the equations

oF, _ OF,
oq, 0q,

r,s=1,...,n) (5)

are satisfied. If one or more of Egs. (5) are violated, then V does not exist; if all of
Egs. (5) are satisfied, then V exists and is given by

a9 2 9
V= = S0 )d +J. — V@, as,...,0,;0)d
) VG YA+ | S V@ L, 0

- §
+...+J EV(ql,...,q,._pC;t)dC'*'C 6

where a,, ..., a,and C are any functions of t. [t is advantageous to set as many of
ay, ..., o, equal to zero as is possible without rendering any of the integrals in
Eq. (6) improper.]

When S is holonomic and uy, ..., u, are defined as

u, & Y Y4, +Z (r=1..,n Q)

2.12.1)s=1

rather than as in Egs. (1), so that

g = Y Weu + X s=1,...,n ®)

(2.14.5)r=1
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where W,, and X are functions of ¢, ..., q,, and ¢, then Egs. (2)-(4) give way to

"oV
F, = — — W, r=1...,n) )
s=laqs (
v oV
il hi = 0
o T Lo X =0 (10)
and
V=-Y Fu, ¢8))

respectively. Under these circumstances, one can either prove that ¥V does not
exist, or find V(qy,...,q,;t) explicitly, as follows: Solve Egs. (9) for dV/dq,
(s = 1,..., n) and determine whether or not all of the equations

o [0V 0 [oV
aqs (6q') = a—q’ (a—qs> (r, § = 1, ey n) (12)

are satisfied. If one or more of Egs. (12) are violated, then ¥ does not exist; if all
of Egs. (12) are satisfied, then V exists and can be found by using Eq. (6).

When S is a simple nonholonomic system possessing p degrees of freedom in
A (see Sec. 2.13), uy, ..., u, are defined as in Egs. (1), and the motion constraint
equations relating g, 4, ..., 4, to 4y, ..., 4, are [this is a special case of Egs.
(2.13.1)]

4

=Y Cudy+Dx  (k=p+1,....n) (13)

r=1

where C,, and D, are functions of q,, ..., g,, and ¢, then Egs. (2), (3), and (4) are
replaced with

o~ ov 5oV
= —[— —C =1,... 4
F, (aq’+ Y ) (r=1,....p) (14)

s=p+1
av L 4
had —D,=0 (15)
at s=;~l aqs

and
. p ~
V=-23 Fqg (16)

respectively, whereas, when u,, ..., u, are defined as in Egs. (7), so that Egs. (8)
apply, while the motion constraint equations relatingu, . ,, ..., u,touy, ..., u,are

p
u,‘ = ZAk,u"l'Bk (k=p+l,...,n) (17)

(2.13.1)r=1
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where A4,, and B, are functions of ¢, ..., q,, and ¢, then Egs. (2), (3), and (4) are
replaced with

- oV -
F=- Z“‘(VVS,+ ) Ws,,Akr) r=1,...,p) (18)
= 0q, k=p+1
oV "oV i
— 4+ -_— XS + VVS,B, =0 19
ot 5;1 aqs( r=pz+l ) ( )
and
. p ~
V=-Y Fu, 20)
r=1

respectively. In both cases, the procedure for either proving that ¥V does not exist
or finding V explicitly is more complicated than in the two cases considered
previously, the underlying reason for this being that the n partial derivatives
oV /oq, ..., 0V/0q, needed in Egs. (6) appear in only p equations, namely, Egs.
(14) or (18). What follows is a seven-step procedure for surmounting this hurdle.

Step 1 Introduce m £ n — p quantities f,, ..., f,, as

v
fs_,,éa s=p+1,..,n) Q1)

and regard each of these as a function of q,, ..., g,, and t, except when both of the
following conditions are fulfilled for some value of r, say, r = i: (1) the generalized
active force F; is a function of g; only; (2) the right-hand members of Egs. (14) or
(18) reduce to —0dV/dq;. In that event, regard each of f,, ..., f, as a function of ¢
and allof q,, ..., g, except g;. [Unless this is done, Eqgs. (21) and the now applicable
relationship F, = —dV/dq; lead to conflicting expressions for 9%V/dq,dq; (s =
p+1,...,n;s # i), namely, 0f; ,/0q; # 0 and oF;/oq, = 0, respectively.]

Step 2 In accordance with Egs. (21), replace 0V/og,withf,_ (s =p + 1,...,n)
In Egs. (14) or (18), and solve the resulting p equations for V/oq, (r = 1, ..., p).

Step 3 Using the expressions obtained in Step 2 for 6V /dq, (r = 1, . . ., ), form
p(n — 1) expressions for 80V /dq,)/0q; (r=1,...,p; j=1,...,n; j #r). Re-
ferring to Egs. (21), form the m(n — 1) equations d(0V /dq,)/dq; = df,- ,/dq i (s =
p+1,...,n;j=1,...,n; j#s). Substitute into Egs. (12) to obtain n(n — 1)/2
linear algebraic equations in the mn quantities 0f;/dq sG=1...,m;j=1,...,n).

Step 4 1dentify an n(n — 1)/2 x mn matrix [Z] and an n(n — 1)/2 x 1 matrix
{Y} such that the set of equations written in Step 3 is equivalent to the matrix
€quation [Z] {X} = {Y}, where {X} is an mn x 1 matrix having 0f,/dq,, ...,
0f1/0qy, . .., 0fn/0qy, . . ., 0f./0q, as successive elements.
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Step 5 Determine the rank p of [Z]. If p = n(n — 1)/2, then V may exist, but can-
not be found by the application of a straightforward procedure. If p # n(n — 1)/2,
use any p rows of [Z], hereafter called independent rows, to express each of the
remaining rows of [Z], hereafter called the dependent rows, as a weighted, linear
combination of the p independent rows; and solve the resulting set of equations
simultaneously to determine the weighting factors.

Step 6 Express each element of {Y} corresponding to a dependent row of [Z] as
a weighted, linear combination of the p elements of {Y} corresponding to the
independent rows of [Z], using the weighting factors found in Step 5, and solve
the resulting set of equations for fi, ..., f,,. If this cannot be done uniquely, or if
one or more of fi, ..., f,, turn out to be functions of a generalized coordinate of
which they should be independent in accordance with Step 1, then a potential
energy V of S in A does not exist.

Step 7 Substitute the functions fi, . . . , f,, found in Step 6 into Egs. (21) and into
the expressions for 0V/dq,, . .., 0V/0q, formed in Step 2, thus obtaining expres-
sions for dV/dq,, . . ., 0V/dq, as explicit functions of ¢, . . . , g,,, and t. Finally, form V
in accordance with Eq. (6).

Derivations Multiplication of both sides of Eqgs. (18) with u, and subsequent
summation yields

i Frur = - i Iii gz (VVsr + i I/Vsk"lkr):l ur (22)
=1

r

or, equivalently,
14 n n
- Z Frur = Z I:E Z (u/:sr + Z VVSkAkr) ur] (23)

Now,

M~

n 14 p
(I/Vsr + Z l/Vsk Akr) U, = Z Ws‘r u, + Z u/sk Z Akrur
1

r=1 k=p+1 r=1 k=p+1 r=
P n
= Z u/srur + Z vvsk(uk - Bk)
r=1 k=p+1 17)
n n
= Z u/.;rur - Z u/skBk
r=1 k=p+1

...,n) (24)

Il
=
I
//
>
+
™M=
=
=
=
N——
@
I
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Consequently,
P ~ n aV
S Fu - e (x+  mn)]
r=1 (23)s 15qs k=p+1
(24)
. av "oV
=V - + X, + W, B)]
I:@! szl 0qs ( k §+1 Sk
=V (25)

(19)

which is Eq. (20).

One can obtain Egs. (1) by taking W,, = é,,, the Kronecker delta, and X, =
O0(r,s=1,...,n) in Egs. (8); and, setting 4,, = C;, and B, =D, (r = 1,..., p;
k=p+1,...,n), one then finds that Egs. (17)-(20) lead to Egs. (13)-(16),
respectively. When p = n, in which event Eqs. (17) drop out of the picture, then
Egs. (18)-(20) become Egs. (9)-(11), respectively. Finally, when Egs. (8) reduce
to Egs. (1) and p = n, then Eqgs. (18)-(20) reduce to Egs. (2)-(4), respectively.

The rationale underlying the seven-step procedure for the construction of
potential energy functions is the following. Step 1 is taken in recognition of the
fact that Egs. (18) or (14) form a set of p equations in the n partial derivatives
oV/oq, ..., 0V/dq,, so that, since n = p + m, m additional relationships are
required for the determination of all of these n partial derivatives. In Step 2, the
task begun in Step 1, that is, the constructing of a set of expressions for the partial
derivatives 0V /oq,, ..., 0V /dq,, is brought to completion. Step 3 consists of im-
posing requirements that must be satisfied in order that V possess continuous
first partial derivatives. Steps 4-6 allow one to determine f; (i = 1,...,m) by
exploiting the factt that the matrix equation [Z] {X} = {Y} can be solved uniquely
for {X} if and only if the rank of [Z] is equal to that of the matrix [[Z] i {Y}].
Finally, in Step 7 the desired expression for V is formed. [Partial differentiations
of Eq. (6) with respect to g, ..., g, show that this equation is a generally valid
relationship between a function V of q,, ..., q,, and t and the partial derivatives
oV/oq,, ..., 0V/dq, when Egs. (12) are satisfied. ]

Example Suppose that the system S formed by the particle P, and the sharp-
edged circular disk D considered in the example in Sec. 2.13 and shown in
Fig. 2.13.1 is subjected to the action of a contact force K applied to P,, with
K given by

k
K = ke, — Zp- ee, (26)

where k is a constant, e, and e, are unit vectors directed as shown in Fig.
2.13.1, and p is the position vector from point O to P,. Furthermore, let

+ M. H. Protter and C. B. Morrey, Jr., Modern Mathematical Analysis (Addison-Wesley, Reading,
Mass., 1966), p. 300.
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m, and m, be the masses of P, and D, respectively; regard the rod R connecting
P, and D as having a negligible mass; assume that Y, the axis of rotation of B,
is vertical; and, designating as E a rigid body in whiche,,e,,and e, £ ¢, x e,
are fixed, define generalized speeds u,, u,, and u; as

A A

LavPice,  u, AANPLee,  uy 2 Bef-e, 27

u;
so that, in accordance with Eqgs. (2.12.8),
4y = u;Cy — uyS; 4> = u;83 + uyc; 43 = us (28)
Then S is subject to the motion constraint
s (2.1?.12) - f (29)
arising from the requirement that 8v" - e, be equal to zero, where Bv?" is the

velocity in B of the center D* of D, and Egs. (28) and (29) play the roles of
Egs. (8) and (17), respectively; that is,

n=3 m=1 p=n—m=2 (30)
and

Wi =c3 Wi, = —s;3 Wi3=0 @31
W, =583 W, = ¢ W3 =0 (32)
W, =0 Wy, = 0 Wi; =1 (33)
Xl = X2 = X3 = 0 (34)

while

1

A3y =0 Aszy = L By =0 (35)

Moreover, the generalized active forces F, and F, for S in A are given by

F, = 55K+ mgn)+49"-(myg2) (=12 (36)

“4.4.1)

where z is a unit vector directed vertically downward; the partial velocities
47,P1 and 4¥,”" (r = 1, 2) are available in Eqs. (2.14.25) and (2.14.31), respec-
tively. Referring to Eq. (26) and noting that the position vector from O to P,
can be written

P = (9:C3 + g253)e, — (453 — q2€3)e, 37
while
z= —(s;e, +Csye) (38)
one thus has

- k
Fy = k —(m; + my)gs; F, = Z(‘hss — gyc3) —myges  (39)
36) (36)
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A potential energy V of S now will be found by following the seven-step
procedure after noting that substitution from Egs. (31)-(33) and (39) into
Eqgs. (18) yields

k —(my + mygsy; = — (2_:103 + %s3> (40)
k ov av 1oV
Z(qlsii — q;C3) — mygcy = 6_111S3 - 3—qzC3 + za—qa 41)
In accordance with Egs. (21), f; is introduced as
hedl @)
0q;

and is regarded as a function of q;, q,, and g5 because, although F, [see
Egs. (39)] is a function of g5 only, the right-hand member of Eq. (40) is not
—0V/0q,.

Step 2 Elimination of dV/dq, from Eq. (41) with the aid of Eq. (42), and
simultaneous solution of the resulting equation and Eq. (40) for 0V /dq, and
oV /dq,, yields

oV k

éz = —kC3 + Z(q153 - q2C3)S3 + gm;S3Cz — %53 (43)

% k

5(1— = —ks; — z(‘hss — 42C3)C3 + g(m; + mys;?) + ﬁca 44)
2

Step 3 Differentiations of Egs. (42)—(44) yield the following mixed partial
derivatives of V:

0%V k ko 1 1 (')f1 5)
6q10q2(44, L 363 L6 1
oV k 10f;
—C383 — — =S 46
anaQI(43) L7 L dq, } (46)
oV _ % @7
09, 093 (a2 09,
oV k
——— = — kcy — —[q,(c3® — 33%) + 2g,8;3¢
34,04, ) 3 L[‘Il( 3 3) 4283Cs3]
of;
+ 2gmys3¢; + - I (5}103 f133) (48)
v = ksy + — [2‘1153C3 — qy(c3? — s3H)] + gmy(c3? — s32)
6q36q1 (43)
0
(afl $3 + flca) (49)
q3
0%V _ ofi (50)

0q, 0q; (4_2)%
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Equations (12) thus lead to the following three equations in df,/0q,, 0f1/0q,,
0f1/0q3:

ofi ofy

1
C3=—+83— = 0 51
36(11 36¢12 (45,46) ©1)

ofy ¢30fy S3

T — 73— = ——f1 4+ 2gmys3c3 — kc

0q, L 0q; (47,48) Lfl gmaS3es }

k 2 2
- z[‘h(cs —83°) + 2g,8;3¢3] (52)
O 0 _ G

S3 _ Cs 2 .2
3y T L ods waso) Lfl + gmy(cs 83°) + ks;

k
+ Z[z‘hsaca — qy(c3* — s3%)] (53)

Step 4 Inspection of Egs. (51)—(53) reveals that this set of equations is equiv-
alent to [Z]{X} = {Y} if {X}, {Y}, and [Z] are defined as

of:
0q,
o
0q,
o,
0q;

(xy& 5t (54)

0

S k
(v} & - ffl + 2gm;s3cy — key — E[‘Il(c32 — 83%) + 2¢,83¢3]

c k
- ffl + gmy(cs® — s3%) + ks + Z[Z‘I1S3cs — q(c3? — s3%)]

(55)
and
c; s3 O
C3
1 -3
[z] & 0 L (56)
1 0
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Step 5 The matrix [ Z] is singular, but it possesses a nonvanishing determinant
of order 2. Hence, p = 2. Selecting the first two rows of [Z] as the ones to be
treated as independent, one can express the third row as

[1 0 s3/Ll=wilcs s3 0] +w,[0 1 —c3/L] (57)

where w, and w, are weighting factors. Equating the first elements on the right-
hand and left-hand sides of Eq. (57), one finds that w; = 1/c;, and equating
the second elements then leads to w, = —s;/c5.

Step 6 Expressing Y, the element in the third row of { Y} in Eq. (55),asw, Y, +
w, Y,, where Y; and Y, are the elements in the first two rows of {Y}, one has

c k
- ffl + gmy(cy? — 83%) + ks3 + z[zihsaca — gx(c3? — 83%)]

S S k
e 1 + 2gmysyc; — key — —[g:(cs* — s3%) + 2q9,83¢3]p (58)
C3 L L

and, solving this equation for f;, one finds that

f1 = mygLcs + k(q;83 — qz¢3) (59)

Step 7 Substituting f, as given in Eq. (59) into Eqgs. (42)-(44), one arrives at

- = —kc 60
0q, (43) ’ (60)
ov

—— = —ks3 + g(my + my) 61)
0q, (44)

v

EP mygLcy + k(q183 — q,¢3) (62)
43 42)

and, proceeding in accordance with Eq. (6) after settinga; = a, = a3 = C =0,
one can thus write

v= [ [—kcosO)d( + f'"[—ksin(O) +glmy + my)] dC

0 (60) 0 (61)
a3
+ | [mygLcos{ + k(g; sin { — g cos ()] d{ (63)
0 (62)

so that, after performing the indicated integrations, one has

V = —k(qic3 + q283) + gl(my + my)q, + m, Ls;] (64)
For the problem at hand, Eq. (19) reduces to
1%
=0 (65)

P
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by virtue of Egs. (34) and the last of Eqgs. (35). Since V as given by Eq. (64)
satisfies Eq. (65), Eq. (20) should be satisfied. To see that this is, in fact, the
case, note that

V= —k(4ic3 — 914383 + 4253 + 4243C3)
(64)

+ gl(m, + my)q, + m,L4sc;] (66)

and that, when Egs. (28) are used to eliminate §,, ¢, , and 45 from Eq. (66), one
obtains, with the aid of Eq. (29),

. k
V= —[k—(m + my)gsylu, — [2(41153 = qyC3) — mlgcs]“z (67)
(66)
or, in view of Egs. (39),

V= —(Fu + Fouy) (68)

in agreement with Eq. (20).

To illustrate the possibility of nonexistence of a potential energy, suppose
that the disk D is replaced with a particle P, of mass m,, and let P, be free to
slide in plane B (see Fig. 2.13.1), so that the motion constraint expressed by
Eq. (29) no longer applies and the system S formed by P, and P, is a holonomic
system possessing three degrees of freedom in A. The associated generalized
active forces then are given by

F, = WK+ mgz)+ 4,2 (mgz) (r=123) (69
(4.4.2)
where the partial velocities 4v,”* (r = 1, 2, 3) are available in Egs. (2.14.20)
and the partial velocities “v,” (r = 1, 2, 3) are [see Egs. (2.14.30)]

vPr=e,  APr=e, A 2= Le, (70)
Consequently [see Eq. (26) for K, Eq. (37) for p, and Eq. (38) for z],
Fy =k — (my + my)gs; 71
k
F, = z(CI1S3 — g2¢3) — (m; + my)gc, (72)
Fy = —mygLc; 73)
and Egs. (9) can be written, with the aid of Eqgs. (31)-(33), as
ov av
k — (my + my)gs3 = — |z—C3 + =—S 74)
(m,y 2)983 <0q1 3 4, 3) (
k ov av
Z(fhsa — ¢2¢3) — (my + my)ge; = — (* (3_qls3 + 671203) (75)
ov
— Lc, = — — 76
myg C3 aq3 ( )
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Solving these equations for dV/dq, (r = 1, 2, 3), one has

ov k
871 = —kc; + z(‘hss — qC3)83 an
ov k
—— = —ks3 — —(q;53 — q2¢3)C3 + (my + my)g (78)
dq, L
ov
- = L 79
345 m;gLcCsy (79
and differentiation of these relationships yields
oV k o’V k
——— = — —§3C ——— = — —C3S§ (80)
0q,0q, (78) L?" 04,04, 77) L™
0%V 0%V k
= = —kcy — —[q,(c32 — s3%) + 2g,55¢5] (81)
09,043 (79 04309, (73, M 3 27
i % k o2V
= ks; + —[29,55¢3 — q,(c3% — 5532 —— =0 (82)
09304, (717 *TL e e )] 6‘11‘3‘13(79)
Hence, unless k = 0,
0%V 2 o’V ®3)
04, 043 (51 093 0q,
and
o’V %
(84)

#
095 94, (82) 0q, 0q;

so that not all of Egs. (12) are satisfied. Therefore, there exists no potential
energy.

5.2 POTENTIAL ENERGY CONTRIBUTIONS

Referring to Sec. 5.1, divide the set of all contact and/or distance forces con-
tributing to F, (r = 1, ..., p) into subsets a, B, ... associated with particular sets
of contact and/or distance forces. Furthe:_rmore, let (F,)a, (F g .. denote the
contributions of a, B, ... respectively, to F, (r = 1,...,p), and let V,, V,,... be
functions of q,, ..., q,, and t such that Eqgs. (5.1.18) are satisfied when F,and V
are replaced with (F,), and V,, respectively, and similarly for f,y, . ... The functions
Ves Vj, ... are called potential energy contributions of a, B, ... for S, and the func-
tion V of q,, ..., q,, and t defined as

VEV,+Vp+--- (1)

1s a potential energy of S (see Sec. 5.1).
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Considering the set y of all gravitational forces exerted on particles of S by
the Earth E, and assuming that these forces can be treated as in Sec. 4.8, let

V, & —Mgk-p* @

where M is the total mass of S, g is the local gravitational acceleration, k is a unit
vector locally directed vertically downward, and p* is the position vector from any
point fixed in E to S*. Then V, is a potential energy contribution of y for S.

When one end of a spring is fixed in a reference frame A while the other end is
attached to a particle of S, or when a spring connects two particles of S (the spring,
itself, being in neither case a part of S), let o be the set of forces exerted by the spring
on particles of S, and define V, as

v, 4 fo £ & 3)

where x is a function of g4, . .., g,,, and ¢ that measures the extension of the spring,
that is, the difference between the spring’s current length and the spring’s natural
length; f(x) defines the spring’s elastic characteristics. For instance, f(x) may be
given by

J(x) = kx @

where k is a constant called the spring constant or spring modulus. Under these
circumstances, the spring is said to be a linear spring, and Eq. (3) leads to

V, = $kx* (%)

In any event, V, as defined in Egs. (3) [and, hence, V, as given in Eq. (5)] is a
potential energy contribution of ¢ for S.

Equations (3)-(5) apply also when one end of a torsion spring is fixed in a
reference frame A while the other end is attached to a rigid body B belonging to
S and free to rotate relative to A about an axis fixed in both 4 and B, or when a
torsion spring connects two rigid bodies belonging to S and free to rotate relative
to each other about an axis fixed in both bodies. Under these circumstances, x
measures the rotational deformation of the spring.

Derivations It follows from the definitions of (F,),, (F,), ... and V,, V}, ... that

Fo=@F)+ F)+ - (r=1,...,p (6)
and that
~ n al/a n
F) = - 3 W + Y Wady (r=1,...,p) @)
(5.1.18) s=1 045 k=p+1

Fy = -3 ‘W"(Ws,+ 5 WskAk,) r=1,...») ®
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and so forth. Consequently,

(Fr)a + (Fr)ﬁ + - i [ (V + ‘/ﬂ + - )jl(vvsr + i VV;kAkr)

(7,8) s k=p+1

r=1...,p )

which reduces to Eq. (5.1.18) when Egs. (6) and (1) are brought into play. Hence,
V as defined in Eq. (1) is a potential energy of S.

In order to show that V, and V, are potential energy contributions of y and o,
respectively, it is necessary to make use of the following kinematical proposition.
If p, regarded as a function of g, ..., g,, and t in A, is the position vector from a
point fixed in 4 to a point P of S, and v, the velocity of P in A, is expressed as
in Eq. (2.14.4), then

a n
v,. z p (W Z VV;kAkr) (r = 1’ sy P) (10)
s= laqs k=p+1
To see this, note that
a n
Vv, o= Z Py, + 2 VA
(2.14.17) s= 1 04, k=p+1
(2.14.11)
6p z
= Z a VVSr+ Z Z skAkr (r= 1,,17) (11)
s=1 k=p+1s= 1
2. 14 11)

which is equivalent to Egs. (10).
Now consider V, as defined in Eq. (2). Partial differentiations with respect
tog,(s=1,...,n)give

av, op*
— —Mgk- s=1,...,n 12
%45 K G ( ) (12)

Hence,

n n a * n
- aV (u/sr + Z l/VskAkr) = Mgk ° Z -a% (VVsr + Z WskAkr)
12) s

s= laqs k=p+1 s=1 k=p+1

= Mgk-¥* = (F), (@=1,...,p) (13)
(10) (4.8.2)
which shows that Egs. (5.1.18) are satisfied when F, and V’ are replaced with (F,),
and V,, respectively, and this means that V, is a potential energy contribution
of y for §.
As for V,, defined in Eq. (3), we begin once more by forming partial derivatives
Wwith respectto g, (s = 1, ..., n), obtaining

av,
aqs (;) f( )aqs

s=1,...,n) (14)
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whereupon we can write

-E (w3 ma) = - 52 (m,+ 5 )

k=p+1 (14) qs k=p+1
r=1,...,p) U5

Next, we construct an expression for (F,),, the contribution to F, of the force
exerted by a spring on a particle P of S when one end of the spring is attached to
a point O fixed in A4. To facilitate this task, we introduce a unit vector e directed
from O to P, and express p, the position vector from O to P, as

= (L + x)e (16)

where L is the natural length of the spring. The holonomic partial velocities of
P in A then can be written
0 0
v, = Z Py, - Z[£e+(L+ )q] r=1,...,n (17)

(2.14.11) 5= laqs (16)s

and, with T, the (tensile) force exerted on P by the spring, expressed as
T = —f(x)e (18)
we find that (F,),, the contribution of T to the holonomic generalized active force
F,, is given by
1 6x
(Fr)a':vr.T = —f(X)Z (r=1,""n) (19)
(17,18)

because 2e - de/dq, = (e - e)/dq, = 6(1)/6qs =0(s=1,...,n); and (F)),, the
contribution of T to the nonholonomic generalized active force F,, now can be
formed as

(Fr)a = (Fr)a + i (Fk)oAkr

4.4.3) k=p+1

= (S mwe 3 5 s

19) s=1 k=p+1s= 1
" Ox
= —f(x) Z (Ws,+ Z WS,(A,‘,) r=1,....,p) (20
k=p+1

The right-hand members of Egs. (20) and (15) are identical. Consequently,

AR (m v ¥ WskAk,) r=1...n @D
s=1 s k=p+1

This is precisely Eq. (5.1.18) when F, and V are replaced with (F.), and V,, respec-

tively, which means that V, is a potential energy contribution of ¢ for S. A parallel

proof shows that this conclusion is also valid when the spring connects two

particles of S.
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Examples Referring to the example in Sec. 4.4, one can express p*, the position
vector from O to the mass center of the system S formed by P, and P,, as

p* = my(Ly + 1) + my(Ly + Ly + ‘12)t
my + m, !

(22)

Forming, with the aid of Eq. (2), a potential energy contribution V, of the set
y of gravitational forces acting on S, one has

V. = —[m(L;+q,)+my(L; + L, + q;)]gcos6 (23)
(2.22)
The extensions of the springs o, and ¢, are ¢, and g, — q,, respectively.
Hence, if potential energy contributions of the forces exerted by ¢, and o,
are denoted by V¥, and V,,, respectively, then, in accordance with Eq. (5),

G2
Vs = %qulz I/a'z = %kz(fh - ‘11)2 (24)
Now consider the function V defined as
vV & V,+V,+V,

= —[my(L; +q1) + my(Ly + L, + g,)]g cos 6
(23,24)

+ 3kqy? + ka(g2 — q1)*] (25)

Since gravitational forces and forces exerted on P, and P, by ¢, and ¢, are
the only forces contributing to generalized active forces for S in A4, V as given
by Eq. (25) is a potential energy of S [see Eq. (1)]. It follows that the generalized
active forces F,; and F, for S in A can be found by substituting from Eq. (25)
into Egs. (5.1.2), which leads to

Fy =mygcos 0 — kiq, + ky(q, — qy) (26)
and
F, = mygcos 0 — ky(q2 — qy) X))

in agreement with Egs. (4.4.16) and (4.4.17), respectively.

When 6(t) is a constant, the potential energy V as given by Eq. (25)
satisfies Eq. (5.1.3) and, therefore, Eq. (5.1.4). Conversely, when 60(t) is not a
constant, then ¥ does not satisfy Eq. (5.1.3) and it may be verified with the aid
of Egs. (26) and (27) that Eq. (5.1.4) is violated. As will be seen in Sec. 7.2,
these facts play a decisive role in connection with the formulation of integrals
of the equations of motion of S.

Suppose that generalized speeds u; and u, are defined as

uy AvP1-k =g, cos — (L, + q,)0sin 6 (28)
u, 2vP2 -k =g,cos0 — (L, + L, + g,)0 sin 0 (29)
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rather than as in Egs. (4.4.5). The relevant equations of Sec. 5.1 then are
Eqgs. (5.1.8) and (5.1.9), with [solve Egs. (28) and (29) for ¢, and 4, and com-
pare the resulting equations with Egs. (5.1.8)]

Wy =secl W,,=0 X, =(L, +q,)0tan 6 (30)
Wy =0 Wy, =sec X,=(L;+L,+g,)0tan0  (31)

Consequently, F, and F, are now given by

v v
F, = _(6_ Wi, + 2. Wzl) = mg — [kiq; — ky(q; — q,)] sec 0
(5.1.9) q1 q> (25,30,31)
(32)
v av
F, = —<a—le+a—sz) = myg —ky(q,—q,)sec® - (33)
(5.1.9) q1 q> (25,30,31)

rather than by Egs. (26) and (27). Moreover, solving Egs. (32) and (33) [with
the aid of Eqs. (30) and (31)] for dV/dq, and 8V/dq, and then using Eq.
(5.1.6), one recovers V as given by Eq. (25), thus verifying that the choice of
generalized speeds affects the generalized active forces but not the potential
energy of S.

5.3 DISSIPATION FUNCTIONS

If S is a simple nonholonomic system (see Sec. 2.13) possessing generalized coordi-
nates ¢, ..., q, (see Sec. 2.10) and generalized speeds u;, ..., u, (see Sec. 2.12)
in a reference frame A, withu,, 4, ... 5 Uy dependent upon uy, ..., u, in accordance
with Egs. (2.13.1), and (F,), ..., (F »)c are the contributions to the generalized
active forces F,, .. F (see Sec. 4.4), respectively, of a set C of contact forces
acting on particles of S there may exist a function & of q,, ..., q,, uy, ..., uy,
and t such that

oF
ou,

Under these circumstances, # is called a dissipation function for C.

(Fr)C= (r=1a""p) (1)

Example Referring to the example in Sec. 4.7, note that n =2 and p=n
(because there are no nonholonomic constraints), and let C be the set of
contact forces exerted on the rods 4 and B by the viscous fluid. Then (Fy)¢
and (F,)c, the contributions of C to the generalized active forces F, and F,,
respectively, are given by

Fi)e = 0 (F2)c = —0uy 2

4.7.8) (4.7.9,4.7.3)

and %, a function of q,, q,, u,, and u, defined as

f - 75“2 (3)
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is a dissipation function for C because

o0F
Y =0= —(Fy)c 4)
Uy 3y ()
and
0F
6— =du, = —(F3)c &)
Uz 3) 2)

so that Egs. (1) are satisfied forr =1, ..., p.

5.4 KINETIC ENERGY

The kinetic energy K of a set S of v particles Py, ..., P, in a reference frame A4 is

defined as
1 v
K é E Z mi(VP")z (1)

i=1

where m;, is the mass of P; and v** is the velocity of P; in A.
When a subset of S forms a rigid body B, then K, the contribution of B to K,
can be expressed as

Kz =K, + K, 2)

where K, called the rotational kinetic energy of Bin A4, and K, called the transia-
tional kinetic energy of B in A, depend, respectively, on the angular velocity ® of
Bin A and the central inertia dyadic I of B, and on the velocity v in A of the mass
center B* of B and the mass m of B. Specifically,

K,2%o'1'® 3)
and
K, & imv? 4
Furthermore, the kinetic energy of rotation of B in A is given also by
K, = ilw? (5)

Where I is the moment of inertia of B about the line that passes through B* and is
Parallel to @ (in general, I is time-dependent), and by

Mo

1
Kw=7

J

3
ZI ;o (6)

1k

Where 1, (j, k = 1, 2, 3) are inertia scalars of B relative to B* (see Sec. 3.3) for any
three mutually perpendicular unit vectors (in general, I j 1s time-dependent), and
®;, w,, w; are the associated measure numbers of . Finally, if I,, I,, I, are
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central principal moments of inertia of B (see Sec. 3.8), and w,, w,, w; are the
associated measure numbers of ®, then

K, =3I,0,* + Lw,* + ;057 @)

Derivations Letting r; be the position vector from B* to P;, a generic particle

of B, one can write
Vi = vioexr 8)
(2.7.1)

where v is the velocity of B* in A. Hence,

=3y mV+2vie xr + (@ x 1) (0 x )]
1.8 i=1

\Z v v
=%<Z m,.)v2 +viox ) mr+30°) mr X (® Xr)
i=1 i=1 i=1
=imv?+ 0 +j0'lr0=K, +K, 9)
(3.1.1) (3.5.31) 4) (3)
in agreement with Eq. (2).
Let n, and w be a unit vector and a scalar, respectively, such that

®=n,0 (10)

Then
K, = }0’n,-I-n, (11

(3,10)

Now,

w? = o? (12)
10)
and
n,°I-n, = 1T (13)
(3.5.20)

Substitution from Egs. (12) and (13) into Eq. (11) thus leads to Eq. (5).
When o is expressed as

o= i w;n; (14)

i=1
where n;, n,, n; are any mutually perpendicular unit vectors, then

3 3

K, = 1) wn- Z Y Iinm - an

(3,14) i=1 j=1k=1

w;m;* ndj,‘n,‘) . Z w;n; (15)
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or, since n; * n; vanishes except when i = j, and is equal to unity when i = j,

K, =)%(}i i ;k“k) Z o;m;

(15 =1k=1

3 3 3
=%ZZZ w;lom - n; (16)

j=1k=1i=1

But n, - n; = 0 except when i = k, and is equal to unity when i = k. Hence, Eq.
(16) reduces to Eq. (6). Finally, when ny, n,, n; are parallel to central principal
axes of B, then I, vanishes except for j = k [see Eq. (3.8.2)], and Eq. (6) yields’

K, = 3,0, + I,0,% + I3305%) 17)
which establishes the validity of Eq. (7).

Example Suppose that the system S considered in the example in Sec. 4.8
has the following inertia properties: The frame 4 has a mass m,, and A*,
the mass center of A, is situated on line DE, at a distance a from D ; the moment
of inertia of 4 about a line passing through A* and parallel to a, has the value
I,; wheels B and C are identical, uniform, thin disks of mass myz and radius
R. The kinetic energy K of S in reference frame F is to be expressed in terms
of the parameters a, b, R, m4, mg, I 4, the generalized coordinates q,, ..., qs
defined in Problem 9.8, and the time-derivatives of these coordinates.
The contribution K, of 4 to K is

K, = 314" + fm (v*")? (18)
@ ©® ()
with
o' = q,a, (19)
and (see Fig. 4.8.2 for a,, n,, and n;)
v = v2 + 0* x (aa,)
= (—asyg; + g2)n, + (acyqg; + g3)n; (20)
Thus,
K4 (18=20) $144,% + 3ma[aq,? — 2a4,(5142 — €143) + 427 + 4;,°] (21)
K g, the contribution of B to K, can be expressed as
Kp (;) 3, (0, + 128((0)23)2 + L%w3%)?] + 7'"3(‘)’8*)2 (22)
@
where
mgR?
4

mgR?
2

IIB — IZB — 138 =

(23)

w," =4, w,” =90 W3" =g, (24)
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and
vB' = vP + o x (—bas)

= (4, + bgicym, + (43 + bgys,)n; (25)

Hence,
mg [ (R? . . . R* L .
Ky = ?B [(T + bz)‘hz + 4% + 437 + 7442 + 2bq,(cq, + 51‘13)]
(22-25)
(26)

Similarly,

mg [ [R? R* L .
Ke==7 I:(‘ + bz)‘ilz + 4.7 + 43 + '2—4152 — 2bg,(c,4, + 51‘13)]

2 4
(27)
Consequently, the desired expression for K is
K == KA + KB + KC
1 R?
= —{l:IA + mAa2 + 2mB(_ + b2>]q.12
(21,26.27) 2 4
. : myR? :
+ (my + 2mg)(q,* + 457 + 82 (s> + 457
— 2myaq,(s;4, — Clqs)} (28)

5.5 HOMOGENEOUS KINETIC ENERGY FUNCTIONS

If S is a simple nonholonomic system (see Sec. 2.13) possessing n generalized
coordinates ¢, ..., g, (see Sec. 2.10), n generalized speeds uy, ..., u, (see Sec.
2.12), and p degrees of freedom (see Sec. 2.13) in a reference frame A, and Egs.
(2.13.1) and (2.14.5) apply, then the kinetic energy K of S in A (see Sec. 5.4) can be
expressed as

K=K0+K1+K2 (1)
where K is a function of q,, ..., q,, uy, ..., u,, and the time ¢, and is homogeneous

and of degreei (i = 0,1,2)inuy, ..., u,.
The function K, is given by

S sty @

r=

K2=

N —

-

“»
]

—-
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where m,, called an inertia coefficient of S in A, is defined in terms of the masses
my, ..., m,and partial velocities ¥,7 (i = 1,...,v;r = 1,..., p)in A4 (see Sec. 2.14)
ofthe v particles P,, ..., P, formmg S as

mg & Y miFie§p r,s=1,...,p) ?3)

so that
’nrs:’nsr (r’S: l?""p) (4)

Inertia coefficientst figure prominently in the theory of small vibrations of me-
chanical systems. Generally, the most convenient way to determine inertia coeffi-
cients is simply to inspect a kinetic energy expression.

Derivations When v”:, the velocity in 4 of P;, a generic particle of S, is expressed as
y p p

14
Vo= Z P, +35 (=1,...,v) (5)

(2.14.4)r=

then Eq. (5.4.1) leads to

1 2
=X X2

Py P ug + Z va R AL THE S Zm(v’)z (6)

Il M'g

i=1r=1 l—l
and, if K, K,, and K, are defined as
1Y P
K, & > Z m(¥,7)? )
i=1
v 14
K, & Z Z m;¥,F - 5., )]
i=1r=1
and
1 v P 14
2853 L 3 mS" v, ©)

respectively, then Eq. (1) follows directly from Egs. (7)-(9). Moreover, K,, K,
and K, can be seen to be homogeneous functions of, respectively, degree 0, 1,
and 2 in u,, ..., u,. Furthermore, since the order in which the summations in
Eq. (9) are performed is immaterial, Egs. (9) and (3) yield Eq. (2).

t Strictly speaking, the quantities defined in Egs. (3) should be called nonholonomic inertia coeffi-
cients to distinguish them from the quantities obtained when ¥, and ¥, are replaced with v,?* and v,
respectively, and p is replaced with n. The latter quantities would be called holonomic inertia coefficients
of the nonholonomic system S in A. As we shall have no occasion to use them, we leave them undefined.
When § is a holonomic system, the distinction between the two kinds of inertia coefficients disappears
in any event.
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Example When Eqgs. (2.12.7) are used to define u,, u,, and uj, the kinetic
energy K in A4 of the system S formed by the particle P, of mass m; and the
sharp-edged circular disk D of mass m, considered in the example in Sec.
2.13 becomes

K = 5[(m; + mpu,® + muy*] + 30?[myq,* + my(q, + Les)*] (10)

K, the portion of K that is of degree zero in u, and u,, is thus seen to be given
by

Ko = 3w?[myq,* + my(q, + Lcy)?] (11)

Since K contains no terms of degree 1 in u,; and u,, the function K, is equal
to zero. Finally, K,, the quadratic part of K, as it is frequently called, is

K, = 3[(m; + myu,® + myu,*] (12)
For p = 2, as is the case here, Egs. (2) and (4) yield
K, = 3[myu® + (myy + myuguy + myyuy?] (13)

Comparing Egs. (12) and (13), one finds that the inertia coefficients m,,,
m,,, My, and m,, are

myy =m; + m, my; =my; =0 my, = m (14)

5.6 KINETIC ENERGY AND GENERALIZED INERTIA FORCES
If and only if
Y mvPeevFi=0 (1)
i=1
then
. . p
KZ_K0= - Z Fr*ur (2)
where F,* is the rth nonholonomic generalized inertia force for S in A (see Sec.
4.11), and all other symbols have the same meanings as in Sec. 5.5. It is by virtue
of these facts that kinetic energy plays an important part in the construction of
integrals of equations of motion, as will be shown in Sec. 7.2.

Equation (1) is guaranteed to be satisfied, and Eq. (2) therefore applies,
whenever the following (n + 1)? equations are satisfied:

0K " 0K -
-+ A Xs + pVsrBr =0 3
ot s=Zl 6qs ( r=§rl ) ( )
d n
—(Xs+ Y WS,B,) =0 (s=1,...,n) 4)
dt r=p+1
oX, I oW, X, o oW,
s s/ — s S = =1,... 5
at + kgl at Uy 0 aqr + k§1 aq' Uy 0 (r,s ’ ?n) ( )
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where K is regarded as a function of gy, ..., g,, u,,...,u,,and t,and, X, W,, and
B, have the same meanings as in Egs. (2.14.5) and (2.13.1).

Equations (3) and (4) reduce to simpler relationships whenu, = ¢, (r = 1,...,n)
and/or when S is a holonomic system, for, when u, = ¢, (r = 1,..., n), then
X,=0and W, =9, (r,s = 1,...,n), and, when S is a holonomic system, then
B, =0(r=p+1,...,n).

When K is regarded as a function of q,, ..., s, 41, - - - » 4u, and ¢, then F,* can
be expressed as

-~ " (d 0K 0K -
F*=— ——— - 2w, + W Awr r=1,..., 6
sgl (dt aqs aqs)( k=§:+1 * k) ( p) )

where W, and A4,, have the same meaning as in Egs. (2.14.5) and (2.13.1), respec-
tively. Once again, there are simplifications when u, = ¢, (r = 1, ..., n) and/or
when S is a holonomic system. Whenu, = ¢4, (r=1,...,n),

~ d 0K 0K l d 0K 0K
* | &2 T —— ——|C =1,..., 7
Pro-[aK-L 5 (G5 ) ] . PRC,

When S is a holonomic system, but Egs. (2.14.5) apply, F,* is replaced with F,*
and

. (d oK OK
F,*z_ —_—— - VVS’, r=1,...,n 8
S=Z1 (dt 5‘1s aqs) ( ) ( )
Finally, when u, = ¢, (r = 1,..., n) and S is a holonomic system, then
d oK 0K
* — [ =1,...
Fr (dt 34, aq,) = beem ©)

One can use Egs. (6)—(9) to find expressions for generalized inertia forces, but
frequently it is inefficient to use this approach.

Derivations The acceleration a® of a generic particle P; of S in A, found by differ-
entiating Eq. (5.5.5) with respect to ¢ in 4, is

s=1

p 3 .
ah =} (ﬁ"ius + vu) +¥P (=1, (10)

where the dots over ¥,7 and ¥, denote time-differentiation in A. Hence, with the
aid of Egs. (4.11.1) and (4.11.3), one can express the right-hand member of Eq. (2) as

p p v p /. .
- $ = Smare| § () + ] (1)
r=1 r=1i=1 s=1
As for the left-hand member, we note that
Ko = Y miFeip 12)

(5.5.Mi=1
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and that
. v p P .
KZ = Z Z Z m; (vrpi * vspiurus + vrpi * vspiur".‘s)
(5.5.9)i=1r=1s=1
v P .
= Z - Z Z ml'vrphvtpiur (13)
(11) = i=1r=1
so that
P v p
K, -K, = _zFr*ur_ZmiZ<v 'u+vr) v!P. (14)
(12.13) r=1 i=1  r=1
or, in view of Egs. (5.5.5)
KZ - KO = - Z F,*u, —_ Z m,-VP"‘$,P‘ (15)
14)  r=1 i=1

Hence, when Eq. (1) is satisfied, then so is Eq. (2), and vice-versa. We will now show
that Eq. (1) applies whenever Egs. (3)-(5) are satisfied. To this end, we first express
vlias

v'Pa = vrPi + Z vsPiBs (16)
(2.14.18) s=p+1
and use Eqgs. (2.14.11) and (2.14.12) to write
n ap
vl = - W, =1,...,n 17
r=1 6qr ) ( )
" Op; op;
vho= X+ — 18
s=Zl aqs * at ( )

where p; is the position vector from a point fixed in A to P;. Substituting from Egs.
(18) and (17) into Eq. (16), we thus have

_ v b ap; ‘ P
? P; — i X + “ri + i
! s=1 aqs at s= pZ+ 1 rzl

- Z [a.;,( Z W, B, + X)] + % (19)

aqs =p+1

and, after time-differentiation in A,

- P, A AYER- ap;
P = ! W_B X = 20
vf (194)521 [dt (aqs)( ;1 o * )] t<at> ( )

Now, since p; is here regarded as a function of ¢,, ..., g,, and ¢,

d 6p») Lo ( ) o%p;
—|=] = Wou, + X, | + ! s=1,...,n) (1
d[ (aqs (l.9.l)r=zl aqr aqs kgl kT at aqs

(2.14.5)

—
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and

d (op; "ootp; [ & azp.
= : 74 X, : 22
dt (at) e “rzl at dq, kz rkll‘:ksj— 6t2 (22)

Moreover, with p, in place of v¥, it follows from Egs. (5.4.1), (1.9.1), and (2.14.5)
that, when Egs. (5) are satisfied,

v n 62p n (qlp
- W d =1,...
ﬁqs = {Z [aqsaq, (F ot + X )] Togaf C=bem

(23)
and
(3K ‘ - Q2P~ ﬁzp.
: v, X ‘ 24
igl {gl [6[ aq, <kzl kbl )] " or? 4
Consequently, '
v . " oK n 9K
Lomyrevi o= ) o~ < 2 VK,B,+X> S =0 @
i=1 (20-24)s=1%s \r=p+1 ot 3)

The validity of Egs. (6) is established by writing

F‘~ * = — i m,-V,P" * ai

oy n ([ d o 6(v”")2] ( " )}
= - in . - vKr'F ué Ay,
. Z " 2 S;I {I:dt aqs aqs k=§-l kK

salEmer)

23 merr]) (w+ 5w

k=p+1

d 0K 0K -
W, WyA,] =1,..., 26
(dt aqs aqs)< k=;-l k k) p) ( )

I

|
n[\/]:
/\
<3

(5.4.1)

Finally, Egs. (7)-(9) are special cases of Egs. (6).

Example For the example in Sec. 5.5, n and p have the values 3 and 2, respec-
tively; Egs. (5.1.34) and (5.1.35) show that X and B, vanishfors = 1,...,nand
r=p+1,...,n;and W, (s, r = 1, 2, 3) can be found by inspection of Egs.
(2.12.8) and (2.14.5). Equations (3) and (4) are thus seen to be satisfied and
Eq. (2) therefore applies if 0K/dt = 0, since this is all Eq. (3) now requires.
That this requirement is, in fact, fulfilled can be seen by inspecting Eq. (5.5.10)
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when one keeps in mind that here K is to be regarded as a function of
q:1> 92,95, Uy, U, and ¢, and that w is a constant.

To verify that Eq. (2) is satisfied, we first evaluate K, — K, by reference
to Egs. (5.5.11) and (5.5.12), obtaining

Kz - KO = (ml + mz)ulal + mluzui
— @*[mq:14; + my(q; + Les)Xdy — Lss§s)]

= {(m, + myu, — U)Z[mlql + my(q, + Les)lestu,
(2.12.8,2.14.24)

+ my(t, + w?qy83)u, 27

and then, to illustrate the use of Egs. (6), form F * as

d 0K oK
e o= (L2 W, A
F, (dtﬁq, aql)(W” + WisAsy)
d 0K 0K
(L2 BV w,, + Wy, A
(dtan 6q2)( 21 + Wa3Asy)
d 0K 0K
N L A A
(dt 34, 5q3)( 31 + Wiz Asy)
(d 0K 6K)c (d oK aK) 28)
= Nz |55 — 3]s
(5.1.31-5.1.33, \dt 04,  0q, * \dtog, oq,)°

5.1.35)

Before performing the differentiations indicated in Eq. (28), one must express
K as a function of q,, g5, 93, 41> 42, 43, and t, leaving the motion constraint
equation u; = —u, /L out of account. The required expression for K, available
in Problem 10.1, is

K = $0?[myq,* + my(q; + Lc3)?] + 3(my + my)(d: 2 + §22)

. . L \.
_mzL(‘th — 4C3 — 3 ‘13)43 (29)
Hence,
0K . .
Frie (my + my)q, — myLsyqs (30)
q1 (29)
0K . .
Fr (my + my)q, + myLcygs (€2))
qd2 (29)
oK
e w?[myq; + my(q; + Lcy)] (32)
91 (29)
0K
=0 (33)

345 29)
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and substitution into Eq. (28) produces

Fi* = —{(my + mpid; — myL(c3ds* + s3d3)
(30)

—w?[myq; + my(q; + Lci)l}es
(32)

—[(my + my)d, — my L(s3d3* — c343)]s3
(31,33)

= —(my + my)dc3 + d283) + my Lgy>
+ w?[myq, + my(q; + Lcs)]cs (34

from which we must eliminate the time-derivatives of q,, ¢, , and g5 to accom-
plish our ultimate objective. This can be done by using Egs. (2.12.8), which
permits one to write

41C3 + G283 = (U;C3 — U383 — U383 — UG3C3)Cy

+ (1183 + U;43C3 + UC3 — U4383)8;3

= dl - u2 u3 (35)
and F,* then is seen to be given by
Fi* = —(my +my)u; — uyus) + myLuy® + 0?[myq, + my(q; + Lcs)]cs
(34,35)
(36)

Finally, after eliminating u; with the aid of Eq. (2.13.12), we arrive at

-~

2
. u
Fi*=—(m; + my)u, —my Li‘*' o’[myqy + my(q, + Le3)les  (37)

(in agreement with the results in Problem 8.15).
Using the expression for F,* available in the results in Problem 8.15, we
can write the right-hand member of Eq. (2) as

u,?

—(Fi*uy + Fy*uy) = {(m1’+ my)iy + my T

—w?[myq; + my(q, + LC3)]C3}u1

. usu, 2
+ my (U — I + w*q,83 |u, (38)

which reduces to the right-hand member of Eq. (27) in conformity with Eq. (2).



CHAPTER

SIX
FORMULATION OF EQUATIONS OF MOTION

In Sec. 6.1, the notion of a Newtonian reference frame is presented, and it is shown
that dynamical differential equations can be formulated easily, once expressions for
generalized active forces and generalized inertia forces are in hand. Questions
regarding reference frame choices are examined in Sec. 6.2, and Sec. 6.3 deals with
the formulation of equations intended for the determination of forces and/or
torques that do not come into evidence explicitly in equations of motion unless
special measures are taken. Section 6.4 contains a detailed exposition of a method
for generating linearized forms of dynamical equations. The remainder of the
chapter is devoted to consideration of three kinds of motion that deserve attention
because of their practical importance, namely rest, steady motion, and motions
resembling states of rest, which are treated in Secs. 6.5, 6.6, and 6.7, respectively.

6.1 DYNAMICAL EQUATIONS

There exist reference frames N such that, if S is a simple nonholonomic system
possessing p degrees of freedom in N (see Sec. 2.13),and F,and F*(r = 1,..., p)
are, respectively, the nonholonomic generalized active forces (see Sec. 4.4) and
the nonholonomic generalized inertia forces (see Sec. 4.11) for S in N, then the
equations

F+F*=0 (r=1,..,p 6))

158
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govern all motions of S in any reference frame. The reference frames N are called
“Newtonian” or “inertial” reference frames, and Egs. (1) are known as Kane’s
dynamical equations. If S is a holonomic system, Eqgs. (1) are replaced with

F.+F*=0 (r=1,...,n) )

(see Secs. 4.4 and 4.11 for F, and F,*, respectively), where n is the number of
generalized coordinates of S in N.

Ultimately, the justification for regarding a particular reference frame as
Newtonian can come only from experiments. One such experiment, first performed
by Foucault in 1851, is discussed in the example that follows the derivation of

Egs. (1).

Derivation If R, is the resultant of all contact forces and distance forces acting on
a typical particle P; of S, and a; is the acceleration of P; in a Newtonian reference
frame N, then, in accordance with Newton’s second law,

R, —ma; =0 i=1,...,v) 3)

where m; is the mass of P; and v is the number of particles of S. Dot-multiplication
of Egs. (3) with the partial velocities ¥,7 of P; in N (see Sec. 2.14) and subsequent
summation yields

YR A Y (-ma) =0 (r=1,...,p) )
i=1 i=1 (3)

In accordance with Eq. (4.4.1), the first sum in this equation is F, ; the second sum
is F,* as may be seen by reference to Egs. (4.11.1) and (4.11.3). Thus, Eqs. (4) lead
directly to Egs. (1).

Example In Fig. 6.1.1, E represents the Earth, modeled as a sphere centered
at a point E*, and P is a particle of mass m, suspended by means of a light,
inextensible string of length L from a point Q that is fixed relative to E. Point
O is the intersection of line E*Q with the surface of E; h is the distance from
0 to Q; k is a unit vector parallel to line K, the Earth’s polar axis; e, e,, and
e, are unit vectors pointing southward, eastward, and upward at O, respec-
tively. Finally, F represents a reference frame in which E* is fixed and in which
E has a simple angular velocity (see Sec. 2.2) f@® given by

where w = 7.29 x 10~% rad/s, so that E performs in F one rotation per
sidereal day (24 h of sidereal time or 23 h 56 min 4.09054 s of mean solar time).
(F differs from the so-called astronomical reference frame primarily in that
one point of F coincides permanently with a point of E, the point E*. No point
of E is fixed in the astronomical reference frame.)

To bring P into a general position, one can proceed as follows: Place
P on line OQ, subject line QP to a rotation characterized by the vector q,e, rad,
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\o

North pole

€

Figure 6.1.1

and let a;, a,, a5 be unit vectors directed as shown in Fig. 6.1.2; subject line
QP to a rotation characterized by the vector g, a, rad, thus bringing line OP
into the position shown in Fig. 6.1.3. The quantities g, and g, can be used as
generalized coordinates of P in E or in F, since the motion of E in F is specified
as taking place in accordance with Eq. (5).

With a view to writing the dynamical equations governing all motions of
P, we introduce generalized speeds u; and u, as

w, 2 EBPeb,  (r=1,2) (6)

where £v* is the velocity of P in E, and b, and b, are unit vectors directed as
shown in Fig. 6.1.3. Next, we begin the task of formulating expressions for
partial velocities of P in F by writing
FyP = FyE | EgF (7)
(2.8.1)
where E denotes that point of E with which P coincides, so that, if p is the
position vector from E* to P, as shown in Fig. 6.1.1,
FyE = FyE' 4 Fof x p (8)
12:7-1)

or, since
FyE* — 0 9
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a a
3 b, %

a
l’I
o
o
Figure 6.1.2 Figure 6.1.3
then, by hypothesis, we have
FvE = Fof x p=owk x p (10)
(8,9) (5)

As for EvF it follows directly from Eqs. (6) together with the fact that vP - b, = 0
(because Ev? must be perpendicular to b,) that (see Sec. 1.3)

BVP = u;b; + u,b, (11
Thus,

FvP = wk x p+ ub; + uyb, (12)
M 1o an

and the partial velocities of P in F are simply
Fle — bl szP — b2 (13)
(12) (12)
The acceleration of P in F, required in connection with the generalized
inertia forces for P in F, is given by

FqP _ FqE | EJP 4 oFGE « EyP (14)
(2.8.2)
with
FaE _  FgE* + Fof x (Fof x p) + Faf x p
(2.7.2)
= 0+w’kx(kxp)+0 (15)
(5) (5)
Ed
EaP = —-(EVP) = l:llbl + u2b2 (16)

2.6.2) 4t (11)
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and
2fwf x EvP = 2wk x (u;b;, + uyb,) 17
) an
so that
Faf = 0w’k x (k x p) + i,b, + u,b, + 20k x (u;b; + u,b,) (18)
(14) (15) (16) (17)

Hence, the generalized inertia forces for P in F, given by

Fr* = erP * (—mFaP) (r =1, 2) (19)
(4.11.2) (4.11.3)

where m is the mass of P, are
F* = —mlo’k x (k x p)-b; + 1, — 2wu,k*b;] (20)

(19,13,18)
and
F,* = —mlw’k x (k x p)+b, + 1, + 20u,k - b;] (21)

(19,13,18)

The only contact force acting on P is the force exerted on P by the string
connecting P to Q. Since the string is presumed to be “light,” the line of action
of this force is regarded as parallel to by, and the force contributes nothing
to the generalized active forces F, and F, for S in F because the partial veloci-
ties Fv,” and fv,” [see Eqs. (13)] are perpendicular to b;. By way of contrast,
the gravitational force G exerted on P by E, given by

G = —mge; (22)

(4.8.1)

where g is the gravitational acceleration at 0, does contribute to F, and F,.

Hence,

F,=G-*v) = —mge;-fv/ (r=12) (23)
(22)

so that

Fy = —mge; b, F, = —mge; b, (24)
and substitution from Egs. (24), (20), and (21) into Egs. (2) yields}

i, = —w’k x (k x p)*b, + 20u,k-b; — ge, - b, (25)
U, = —w?k x (k x p)*b, — 2wu;k-b; — ge;- b, (26)

The leading term in each of these equations may be dropped because it is
approximately four orders of magnitude smaller than the last term in each
equation. As for the dot products e, +b, and e; - b,, reference to Figs. 6.1.2
and 6.1.3 permits one to express these as

e3'b, = —c;s, e;-b, =5, (27)
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and, if ¢ is the angle between line K and line F*O (see Fig. 6.1.1), then k * b,
is given by
k-b; =cic,cd — 5,80 (28)

Hence, if F is a Newtonian reference frame, the dynamical equations governing
all motions of P are

iy, = 20u,(c;c,¢h — $280) + gc,s, (29)
(25) (28) 27

U, = —2wu,(c,Cch — $,8¢) — gs, (30)
(26) (28) @7

Since Egs. (29) and (30) involve four unknown functions of time, namely,
uy, Uy, q,, and q,, they must be supplemented by two additional equations
before they can be used to produce motion predictions. The required additional
equations are kinematical relationships obtained by taking advantage of the
fact that Ev” is given not only by Eq. (11), but also by (see Fig. 6.1.3)

Eq
EyP = _—(—Lb;) = —Lfe0® x b, (31)
2.6.1) dt (2.1.2)

where f® is the angular velocity in E of a reference frame B in which by, b,,
and b, are fixed; that is (see Figs. 6.1.2 and 6.1.3),

Fo? = ¢,a; + 4,b, = ¢,(c,b, + s,b3) + 4, b, (32)
Consequently,

P = —L(4,;b, — g,c,;b,) 33)
(31.32)
and, comparing this equation with Eq. (11), one concludes that the needed
equations are

Us Uy

4; = L—cz 4, = —f (34)

Since Egs. (29), (30), and (34) form a set of coupled, nonlinear differential

equations, they cannot be solved in closed form. However, particular solutions,

corresponding to specific initial conditions, can be obtained by solving the

equations numerically (a subject discussed in its own right in Sec. 7.5). Suppose,

for instance, that L = 10 m, ¢ = 45° and q,, q,, u,, u, have the following
initial values:

4:(0) =10°  ¢5(0) = u,(0) = u,(0) = 0 (35)

In other words, P is initially displaced toward the east in such a way that the
string makes an angle of 10° with the local vertical, and P is then released
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Table 6.1.1

F regarded as Newtonian E regarded as Newtonian

1 2 3 4 5
£(s) 4, (deg) q, (deg) 4, (deg) q, (deg)
0.0 10.00000 0.00000 10.00000 0.00000
2.0 —3.95462 0.00088 —3.95462 0.00000
4.0 —6.87785 0.00105 —6.87785 0.00000
6.0 9.38832  —0.00306 9.38832 0.00000
8.0 —0.54571 0.00068 —0.54571 0.00000
10.0 —8.95764 0.00442 —8.95764 0.00000
12.0 7.62749  —0.00496 7.62749 0.00000
14.0 2.93028  —0.00180 2.93028 0.00000
16.0 —9.94059 0.00815 —9.94059 0.00000
18.0 493175  —0.00475 4.93176 0.00000
20.0 6.04627  —0.00612 6.04628 0.00000
22.0 —9.70738 0.01100 —9.70739 0.00000
24.0 1.63058  —0.00198 1.63058 0.00000
26.0 8.42042  —0.01134 8.42042 0.00000
28.0 —8.28631 0.01180 —8.28632 0.00000
30.0 —1.87098 0.00324 —1.87098 0.00000
32.0 9.76306  —0.01617 9.76307 0.00000
34.0 — 5.85006 0.00975 — 5.85006 0.00000
36.0 —5.14262 0.01016 —5.14263 0.00000
38.0 9.91107  —0.01925 9.91109 0.00000
40.0 2.69598 0.00456 — 2.69599 0.00000
42.0 —7.78299 0.01757 — 7.78301 0.00000
44.0 8.84651  —0.01939 8.84653 0.00000
46.0 0.78933  —0.00340 0.78934 0.00000
48.0 — 9.46949 0.02393 — 9.46952 0.00000
50.0 6.69863  —0.01583 6.69865 0.00000
52.0 4.17764  —0.01310 4.17766 0.00000
54.0 — 9.99698 0.02771 —9.99702 0.00000
56.0 3.72919  —0.00841 3.72920 0.00000
58.0 7.05291  —0.02300 7.05295 0.00000
60.0 9.30148 0.02762 —9.30152 0.00000

from a state of rest in E [see Egs. (11) and (35)]. The numerical solution of Egs.
(29), (30), and (34) corresponding to these initial conditions (and w = 7.29 x
1077 rad/s, g = 9.81 m/s?) leads to q, and g, values such as those recorded
in columns 2 and 3 of Table 6.1.1. Columns 4 and 5 show the values one obtains
when one assumes that E rather than F is a Newtonian reference frame,
results that can be generated by using Eqs.(29) and (30) with w = 0. The two
sets of results can be seen to agree with each other rather well as regards q,,
but differ from each other markedly as regards g,. To determine whether
column 3 or column 5 corresponds more nearly to reality, it is helpful to pro-
ceed as follows.
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Let r be the position vector from O to P*, the orthogonal projection of P
on the horizontal plane passing through O, as shown in Fig. 6.1.4. Then

r=Le; x (e; x b3) (36)
or, since b; = s, e, — s;c,e, + c,c,e;,
r=L(—s,e; + s,C;€,) 37

Hence, if E, and E, are Cartesian coordinate axes passing through O and
parallel to e, and e,, respectively, then the E, and E, coordinates of P*
are —Ls, and Ls,c,, respectively, and one can plot the path traced out by
P* in the E,-E, plane, as has been done in Fig. 6.1.5 with data corresponding
to columns 2 and 3 of Table 6.1.1; a portion of the E, axis represents columns
4 and $§ since, with q, = 0, Eq. (37) reduces to

r = Ls,e, (38)

Figure 6.1.5 shows that the assumption that F is a Newtonian reference frame
leads to the prediction that P* must trace out a complicated curve in the
E,-E, plane. If it is assumed that E is a Newtonian reference frame, then the
path predicted for P* is simply a straight line. Foucault’s experiments, per-
formed at the Panthéon in Paris and subsequently duplicated in numerous
other locations, revealed that P* moves on a curve such as the one in Fig.
6.1.5. Moreover, good quantitative agreement was obtained between experi-
mental data and values predicted mathematically. Hence, regarding F as
a Newtonian reference frame is more realistic than assuming that E is a New-
tonian reference frame. But this does not mean that F is, in fact, a Newtonian
reference frame or that one may not regard E as such a reference frame in
certain contexts.

[¢) =—> e,
Pav
€ P* Figure 6.1.4
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6.2 SECONDARY NEWTONIAN REFERENCE FRAMES

Astronomical observations furnish a large body of data showing that the reference
frame F of the example in Sec. 6.1 is not a Newtonian reference frame, because
motion predictions based on Egs. (6.1.1) or (6.1.2) together with the assumption
that F is such a reference frame conflict with the data. This fact suggests the follow-
ing question: Why does the hypothesis that F is a Newtonian reference frame lead
to a satisfactory description of the motion of a pendulum relative to the Earth,
but to an incorrect description of, for example, the motion of the. Moon relative
to the Earth? This question and a number of related ones can be answered in the
light of the following theorem:

If N’ is a reference frame performing a prescribed motion relative to a New-
tonian reference frame N, then N’ is a Newtonian reference frame throughout some
time interval if and only if throughout this time interval the acceleration in N of
every point of N' is equal to zero. When a reference frame moves in such a way that
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the acceleration of each of its points in a Newtonian reference frame is equal to
zero, it is called a secondary Newtonian reference frame.

Proof If P is any particle of a system S, then the partial velocities of P in N and in
N’ are equal to each other since the velocities of P in N and in N’ differ from each
other only due to the motion of N’ relative to N, which, being prescribed, does not
involve the generalized speeds for S in N, and hence does not affect the partial
velocities. Consequently, the generalized active force F, for S in N is necessarily
equal to the generalized active force F,' (r = 1,..., p) for S in N’, no matter how
N’ moves in N; but the generalized inertia force F,* for S in N can differ from the
generalized inertia force F,* for S in N’ due to differences in the accelerations
NaP and Ma’. Now,
NaP = NgP 4 Na¥' | oNgN' x N'yP ¢))
(2.8.1)

where N’ is the point of N’ that coincides with P. Furthermore, if O is any point
fixed in N’, then

Na¥' = Ng0 L NgN' 5 p 4 NV x (NN x r) )

(2.7.1)

where r is the position vector from O to N'. Hence, if the acceleration in N of every
point of N’ is equal to zero, so that

Naﬁ' =Na0 ¢ (3)
then
MV xr+ YoV x MoV x1) = 0 4)
2,3
and this can be satisfied for all r only if
NaN' — O (5)
and
NoV =0 (6)
in which event
NaP = N'aP (7)
(1,3,6)
and, therefore [see Egs. (4.11.1) and (4.11.3)],
F*=F* (r=1...,p) ®)
which means that whenever F, + F,*=0 (r=1,...,p), then F,/ + F,* =0
(r=1,..., p) and, consequently, that N’ is a Newtonian reference frame.

To show that N’ is not a Newtonian reference frame unless the acceleration
in N of every point of N’ is equal to zero, let O be a point of N’ such that

Na% # 0 )
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and let S consist of a single particle P situated permanently at O. Then

Naf =0 (10)
while
Na? = 0 +Ma%°+ 0 #0 (11)
(1,2) (10) (5.6) (9)
so that
Ny P o N'gP (12)
(10,11)
and, therefore,
F*2F* (@¢=1,...,p (13)

which means that whenever F, + F*=0 (r=1,...,p), then F, + F* #0
(r = 1,..., p) and, consequently, that N’ is not a Newtonian reference frame.

Returning to the question raised at the beginning of the section, we let 4 be a
reference frame in which the Sun S remains fixed and relative to which the orienta-
tion of the reference frame F introduced in the example in Sec. 6.1 does not vary,
so that “@" = 0, but in which the center E* of the Earth E moves on a plane curve.
A, S, F, and E are depicted in Fig. 6.2.1, which also shows the Moon M.

Suppose that A is a Newtonian reference frame. Then F cannot possibly be a
Newtonian reference frame, because there exists no point of F whose acceleration
in A is equal to zero. In fact, the acceleration in 4 of every point that is fixed in F
is equal to the acceleration “a*" of E* in A, and this acceleration has a magnitude
that can be estimated with sufficient accuracy for present purposes by assuming
that E* moves in 4 on a circle of radius R ~ 1.5 x 10'! m, traced out once per
year. How important is this acceleration? That depends on the acceleration in
F of the particles of the system under consideration. As the angular velocity of
F in A is equal to zero, and, hence, the angular acceleration of F in 4 is also equal
to zero, the acceleration “a” of a particle P in A4 differs from the acceleration
FaP of P in F by precisely “a*". Errors resulting from regarding F, rather than A,

Figure 6.2.1
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as a Newtonian reference frame therefore grow in importance as the ratio of
|4aF*| to | FaP | increases. Hence, in connection with studies of motions of the Moon,
an object whose particles move in F, essentially, on circles having radii of approxi-
mately 4.0 x 108 m, each particle completing about 12 such orbits per year, it
must make a substantial difference whether A4 or F is assigned the role of Newtonian
reference frame, because the ratio in question here has the value (let Fa™ be the
acceleration in F of a typical particle of the Moon)

[4a®'| 1.5 x 10! (1)* _
|FaM| — 40 x 10® \12) ~ 26 (14)

which means that |4af*| cannot be regarded as negligible in comparison with
|FaM|. By way of contrast, for the pendulum considered in Sec. 6.1, ga is a reasonable
upper bound for |Faf|, where « is the maximum value of the angle between lines
0Q and PQ in Fig. 6.1.1, so that, with g = 9.81 m/s? and « even as small as 0.01 rad,

2|

] 0.06 (15)
Thus, so far as numerical results are concerned, it here matters far less whether
A or F is regarded as a Newtonian reference frame.

As was pointed out in Sec. 6.1, the pendulum experiments performed by
Foucault support the hypothesis that F is a Newtonian reference frame. Now
[see Eq. (15)] we see that these experiments support the same hypothesis for A4,
but that comparisons of actual with predicted motions of the Moon can reveal
which of these two reference frames is the stronger contender for the title of “true”
Newtonian reference frame. It turns out that A4 is the winner of this contest. But
this is not to say either that A actually is a Newtonian reference frame or that
Egs. (6.1.1) or (6.1.2) should be used only in conjunction with A4 (rather than with F).
Phenomena such as the nutation of the Earth and the motion of the Sun relative
to the galaxy as a whole show that A falls short of perfection. Moreover, the use
of A in place of F is desirable only when it makes a discernible difference; otherwise
it merely complicates matters. Similarly, treating the Earth, rather than 4 or F,
as a Newtonian reference frame is sound practice whenever doing so leads to
analytical simplifications unaccompanied by significant losses in accuracy, as is
the case in a large number of situations encountered in engineering. Hence, unless
explicitly exempted, every use of Egs. (6.1.1) or (6.1.2) in the remainder of this
book will be predicated on the assumption that all reference frames rigidly attached
to the Earth, as well as all reference frames all of whose points have zero accelera-
tion relative to the Earth, may be regarded as Newtonian reference frames.

6.3 ADDITIONAL DYNAMICAL EQUATIONS

When generalized speeds are introduced in addition to u,, ..., u,, for the purpose
of bringing into evidence forces and/or torques that contribute nothing to the
generalized active forces F'y, ..., F » or, if S is a holonomic system, to F, ..., F

b ns
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then the dynamical equations corresponding to the additional generalized speeds
furnish the needed information about the forces and/or torques in question. To
generate these dynamical equations, follow the procedures set forth in Secs. 4.9
and 4.11 to form expressions for the generalized active forces and generalized
inertia forces corresponding to the additional generalized speeds, and then sub-
stitute into Eqgs. (6.1.1) or (6.1.2).

Example When the bearing surface B and the rod R of the system introduced
in the example in Sec. 4.9 and depicted in Fig. 4.9.1 both are perfectly smooth,
the dynamical equations governing the motion of the system, written by
substituting from Egs. (4.9.6), (4.9.7), (4.11.35), and (4.11.36) into Egs. (6.1.1),

are
i, = g cos B + q,(u, sin B)? 1)
e i @
and these, together with the kinematical equation
4 = u (3)

(4.9.2)

permit one to determine q,, u,, and u, for t > 0 when the values of these
variables are known for t = 0 (and T has been specified as a function of q,,
u,, Uy, and t). But if, as in the example in Sec. 4.10, the contact between the
sleeve S and the bearing surface B, as well as the contact between P and R,
is presumed to take place across a rough surface, then Egs. (4.10.39) and
(4.10.40) replace Egs. (4.9.6) and (4.9.7), respectively, with the result that the
dynamical equations become

u; =gcospf — (%) (p? + P332 sgnuy + q, (u, sin B)? 4

i = [T — Qan*/3)(b,> — by *)u,’ sgn u,] csc? B — 2mq uu,

5
2 mq,% + 4ML?*/3 ©)

and, since these contain p,, p;, and n*, they do not suffice [together with
Eq. (3)] for the determination of q,, u,, and u,. However, one can supplement
Egs. (3)-(5) with the dynamical equations corresponding to uj, us, and ug
as introduced in Sec. 4.9 [see Eqs. (4.9.11), (4.9.15), and (4.9.24), respectively].
These equations are

(m + M)g — nn*(b,> — b)) — mi,cos p = 0 6)
(4.10.41) (4.11.37) (6.1.1)

pPs  —m(tyq; + 2uquy)sinf = 0 M
(4.10.42) (4.11.39) (6.1.1)

—mg sin B + p, + mu,?q,sin fcosf = 0 ()

(4.10.43) (4.11.40) (6.1.1)
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and with their aid one can eliminate n*, p,, and p; from Egs. (4) and (5) and
thus come into position to determine q,, u,, and u, as functions of t.

6.4 LINEARIZATION OF DYNAMICAL EQUATIONS

Frequently, one can obtain much useful information about the behavior of a
system S from linearized forms of kinematical and/or dynamical equations, that
is, equations derived from nonlinear equations by omitting all terms of second or
higher degree in perturbations of some (or all) of the generalized speeds u,, ..., u,,
and generalized coordinates q,,...,q,. This is true primarily because linear
differential equations generally can be solved more easily than can nonlinear
differential equations. Of course, the solutions of such linearized equations lead
one only to approximations of the solutions of the corresponding full, nonlinear
equations; and they may be rather poor approximations. In any event, however,
the approximations become ever better as the perturbations involved in the linear-
ization take on ever smaller values.

When nonlinear kinematical and/or dynamical equations are in hand, one
forms their linearized counterparts by expanding all functions of the perturbations
involved in the linearization into power series in these perturbations and dropping
all nonlinear terms. To formulate linearized dynamical equations directly, that
is, without first writing exact dynamical equations, proceed as follows:

Develop fully nonlinear expressions for angular velocities of rigid bodies
belonging to S, for velocities of mass centers of such bodies, and for velocities of
particles of S to which contact and/or distance forces contributing to generalized
active forces are applied. Use these nonlinear expressions to determine partial
angular velocities and partial velocities by inspection. Linearize all angular
velocities of rigid bodies and velocities of particles, and use the linearized forms
to construct linearized angular accelerations and accelerations. Linearize all
partial angular velocities and partial velocities. Form linearized generalized active
forces and linearized generalized inertia forces, and substitute into Eqgs. (6.1.1)
or (6.1.2).

Examples Aswasshown in the example in Sec. 6.1, all motions of the Foucault
pendulum are governed by the equations

i, = 2wu,(c,c;cP — S;8¢) + gc,s, (1
(6.1.29)
u, = —2wu(cicicd — s,8¢) — gs, @
(6.1.30)
. u . u
g, = -2 ¢ = -2 3)

, = =
©6.1.34) LC2 6.1.3¢) L
As may be verified by inspection, these equations possess the solution

Uy =u; =q; =4¢, =0 : 4)
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Hence, one may hope to obtain useful information regarding the motion of
the pendulum by employing equations resulting from linearization of Egs.
(1)-(3) “about this solution,” that is, by replacing u,, u,, q,, and q, with per-
turbation functions u*, u,*, q,*, and g,*, respectively, and then linearizing
in these perturbations. For example, when u,* and u,* are written in place of
u, and u,, respectively, in Eq. (1), and c,, ¢,, and s, are replaced with 1, 1, and
q,*, respectively, these being the terms of degree less than 2 in the expansions
of cos g, *, cos q,*, and sin g,*, respectively, then 4, * is given by

u* I 20u*(cd — q2*s¢) + gq,* (5)
This, however, is an incompletely linearized equation because u,*g,* is a
second-degree term. Dropping this term, one arrives at the linear equation
corresponding to Eq. (1), namely,

U * = 2ou*cd + gqr* (6)
Similarly, the linear equations corresponding to Egs. (2) and (3) are found to be
u* = —20u *cd — gq,* @)
2)
and
L L ®)
41 - L q2 o L

To solve Egs. (6)—(8), and thus to obtain a detailed, approximate, analytical
description of the motion of the pendulum, it is helpful to introduce p as the
linearized form of the vector r shown in Fig. 6.1.4, that is, to let

P = L(—qg,%e; + q,%¢y) (&)
(6.1.37)
for it may be verified by carrying out the indicated differentiations that Eqgs.
(6)-(8) are together equivalent to the single linear vector differential equation
fd’p fdp g
F+2wcd)e3 XW-’_IPZO (10)
and this equation can be replaced with an even simpler one through the intro-
duction of a reference frame R whose angular velocity in E is taken to be

EnpR 2 —a)cd)e3 (11)
which permits one to write
Edp Rdp ;& Rdp
i . X p=——— wche; X (12)
dt (2.3.1) dt P dt “‘115)3 P
Ed2p Rdzp de de
@ gy a0 T

+ (wcp)’e; x (e3 x p) (13)

11)
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Substitution from Egs. (12) and (13) into Eq. (10) yields

Rd2p g
9o= 14
gz TP=0 (14)

if, as in Sec. 6.1, terms involving w? are dropped. Now, Eq. (14) possesses the
general solution

p = A cos pt + Bsin pt (15)

where A and B are vectors fixed in reference frame R, and p, known as the
circular natural frequency of the pendulum, is defined as

_ [g\?
p= (L) (16)

The vectors A and B depend on initial conditions. Specifically, denoting the
initial values of p and Rdp/dt by p(0) and ®dp(0)/dt, respectively, one can write

R
A = p(0) B = 17dp(0)
(15) asyp dt

a7

Suppose, for example, that P is initially displaced toward the east in such
a way that the string makes an angle a with the vertical, and that P is then
released from a state of rest in E. Correspondingly,
.0 =a  ¢:0)=0  u0)=uy0)=0 (18)
Hence, ,
r(0) . =  Lsae,(0) (19)

(6.1.37,18)

so that linearization in « yields
p(0) = Loe,(0) (20)
where e,(0) denotes the value of e, in R at ¢t = 0. Similarly, one can write
Rdr(0) idr@
dt dt
= EyP(0) + wcees(0) x [Lsxe,(0)]

(11) (19)

= 0 — Lwcgsae,(0) (21)

(6.1.33,6.1.34,18)

+ Rwf(0) x r(0)

and, linearizing in a, one has

R
dp(0) = —Lwcgae,(0) 22)
dt @y
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Thus, p can be written

p = Lae,y(0)cos pt — L (9) coae, (0) sin pt
(15) (17,20) 14
(17,22)

= Loc[— (%))cd) sin pte,(0) + cos ptez(O)] (23)

According to Eq. (23), P* (see Fig. 6.1.4) moves in R on an elliptical path
having the proportions shown in Fig. 6.4.1, and P* traverses this path once
every 2n/p units of time. The ellipse, being fixed in R, rotates in E at a rate of
wc¢ radians per unit of time [see Eq. (11)], the rotation being clockwise as
seen by an observer looking from point Q toward point O (see Fig. 6.1.4),
provided that O is situated in the northern hemisphere. These predictions agree
qualitatively with those obtained in Sec. 6.1 by using the full, nonlinear
equations of motion, Egs. (6.1.29), (6.1.30), and (6.1.34). To assess the merits
of the linear theory in quantitative terms, one can compare |r|—calculated
by using Eq. (6.1.37) after integrating Eqgs. (6.1.29), (6.1.30), and (6.1.34)
numerically with ¢ =45°, L =10m, w = 7.29 x 1075 rad/s, q,(0) = a,
q,(0) = u,(0) = u,(0) = 0—with |p| as obtained by using Eq. (23). Plots
resulting from such calculations are shown in Fig. 6.4.2 for o = 10°, 30°,
and 60°. The solid curves represent values of |r|, whereas the broken curves
correspond to values of |p|. As was to be expected, the agreement between the
two curves associated with a given value of « is best for « = 10° and worst for

La(w/p) cd

E,

Figure 6.4.1
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10~ a=10°
8 p—
6 -
Irl.] el
(m)
4 =
[vl, (ol
2 M
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Figure 6.4.2
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o = 60°. Of course, whether or not any given result obtained from linearized
equations can be regarded as “good” depends on the user’s needs.

To illustrate the process of formulating linearized equations of motion
without first constructing fully nonlinear equations, we consider a uniform
bar B of mass m supported by frictionless sliders on a circular wire W of radius
R, as shown in Fig. 6.4.3, and suppose that W is being made to rotate with a
constant angular speed Q about a fixed vertical axis passing through the center
O of W. Under these circumstances, it seems reasonable to suppose that B
can remain at rest relative to W, that is, that g, (see Fig. 6.4.3) can have a
constant value, say, q,, so that the generalized speed u, defined as

Uy 4 d, (24)

remains equal to zero; and one can undertake the formulation of linear equa-
tions governing perturbations g, * and u,* introduced by writing

g1 =4, + ¢,* up =0+ u* (25)
One such equation is available immediately, namely,
= uy* (26)
(25) (24) (25)

Whether or not B can, in fact, move as postulated, that is, whether or not there
exist real values of g,, will be discussed once the linearized dynamical equation
governing u, * and ¢q,* has been formulated.

The angular velocity  of B and the velocity v* of the center B* of B are
given by (see Fig. 6.4.3 for the unit vectors by, b,, and b;)

® = Q(s;by + c;by) + u;b; (27)

Figure 64.3
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and
v* = h(u;b, — Qs,b;) (28)
respectively. Hence, the partial angular velocity o, and partial velocity v,* are
o, = b, v,* = hb, 29)
@7n (28)

To linearize Egs. (27) and (28) in q,* and u,*, we observe that

s; = sin(g, + q,*) = sin q, cos q,;* + cos g, sin g, * 30)
(25)

so that, if §; and ¢, are written in place of sin g, and cos g,, respectively, and
cos ¢,* and sin q,* are replaced with unity and g, *, respectively, then

s ® § + ¢, * (31)
(30)
Similarly,
¢ & ¢y — §;4;* (32)
Hence, the linearized forms of w and v* are
o = Q[(5; + ¢,9:Mb; + (&; — 5,9,%)b,] + u;*b, (33)
27 31 32) (25)
and
V* ~ h[ul*bl - Q(§1 + 61‘11*)b3] (34)
(28) (25 (31

As for @, and v,*, these, as written in Egs. (29), contain no terms that are
nonlinear in g, *. Note, however, that v,* can be written

v,* = h(c,n; + s;n,) (35)
29)

where n, and n, are unit vectors directed as shown in Fig. 6.4.3, and that the
linearized form of v, * then is

vi* ~ W[(E, — 5,9, + (5; + €,9,%)n,] (36)
(35) (32) 31)

To show that, in general, one must form partial velocities (and partial angular
velocities) before linearizing, we rewrite Eq. (34) as

V¥ & h[u*(C; — §19:)my + u *(5; + C19,.")m; — QS + €,9,bs] (37)
or, after completing the linearization process,

v* & h[u,*Siny + u*S$imy — Q(S; + ¢,9,%)bs] (38)
37

Starting with this equation, one would conclude that v,* =~ h(C,;n, + §;n,),
which conflicts with Eq. (36) and is incorrect.
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Linearized expressions for the angular acceleration & of B and the acceler-
ation a* of B* are formed by working with the already linearized Egs. (33)
and (34), respectively. Specifically,

oa = Qu,*(élbl - §1b2) + al*b3 (39)
(33) (26)
and
a* ~ h(u,*b, — QC,u,*b3) + ® x v* (40)
(34) (26)
Now,

o x v* zs —hQ*(Ey — §141*)(5; + S191%)by + -+
(33,34)

~  —hQC;5, + (6% — §:9)g,*Iby + - (41)
where only the b; component has been worked out in detail because v, *

[see Egs. (29)] is parallel to b,, and v, * presently will be dot-multiplied with
a* [see Eqgs. (4.11.7) and (4.11.6)]. Hence, we have

a* ~ h{u* — Q[E5, + (6% — §12)‘11*]}b1 + - 42)

(40,41)

The inertia torque T* for B is given by

m(R* — h?) _. _ - _ _
™ =~ - %[ul* + Q%5 + €14,*)(E; — §19:)]bs + -+
(4.11.10) (39) (33)
m(R? — h?) . o _ _
- %{“1* + Q%[¢;5, + (€,% — §,9)g,*1}bs + -

43)

where, once again, only the term that will survive [after dot-multiplication,
as per Eq. (4.11.7), with @, as given in Egs. (29)] has been written in detail.
Now we are in position to form the generalized inertia force F,* as

F* = @ T*+v,* (—ma*)
(4.11.7) (4.11.6)
m(R* — h?) . s < = 3
- _ —(——){M* + Q2[E,5; + (6,2 — 5:9)9:*1}
3 (29,43)
— mh2{a,* — Q26,5 + (&% — §,94,*1}
(29,42)

2 2
5

2 2
+Q? (R 3 W hz)[51§1 + (& - §12)‘11"']} (44)
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and the generalized active force F, is given by

Fy = —mg(s;b; + c;by)-v,* = —mghs,
(4.8.2) (29)

~ —mgh(s; + ¢1q,%) (45)
31)

Finally, substitution from Eqs. (44) and (45) into Egs. (6.1.2) yields
(R? + 2h%)u* + QX (R — 4h*)[E,5, + (€, — §,9)g,*]
+ 3gh(5, + ¢,q;) = 0 (46)

Now, this equation must be satisfied by g,* = u,* = 0. Otherwise, q, = g,
and u; = 0 cannot be solutions of the full, nonlinear equations governing
g, and u,. Hence, by setting ¢q,* = u,* = 0 in Eq. (46), we arrive at the con-
clusion that g, must satisfy the equation

Q*(R? — 4h?)¢,8, + 3ghs,; =0 @7
Moreover, when this equation is satisfied, Eq. (46) reduces to
. . Q2(R* — 4h?)(&,? — 5,%) + 3ghé .
u1*+ R2'1+-2h21 lQl*zO (48)

This is the desired linearized dynamical equation.

Equation (47) possesses the physically distinct solutions g, = 0 and
g, = = regardless of the values of Q, R, and h when ql # 0 and g, # m, Eq.
(47) requires that the cosine of g, be given by

_ 3gh

T o R @
Now, real values of g, satisfying this equation exist if and only if
3gh
1< 9 (50)

= QN4 —RH =

Thus, B can move as postulated, either with g, = 0 or g; = = and Q, R, and
and h unrestricted, or with g, governed by Eq. (49) and Q, R, and h restricted
by Eq. (50).

6.5 SYSTEMS AT REST IN A NEWTONIAN REFERENCE
FRAME

Since rest is a special form of motion, Eqgs. (6.1.1) and (6.1.2) apply to any system
§ at rest in a Newtonian reference frame N , reducing under these circumstances to
F.=0 r=1,...,p 1)
and
F,=0 r=1,...,n 2)
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respectively. Moreover, if S possesses a potential energy V' in N (see Sec. 5.1),
then Egs. (1) may be replaced with [see Egs. (5.1.18)]

n aV n
L3 (Ws,+ ¥ WskAkr)zo r=1,....p) )
s=104s k=p+1
or with [see Egs. (5.1.14)]
(‘)I/ n (’)I/

3

—C,=0 r="1, .25 D) 4)
aqr s=p+1(7qs p

whereas Eqgs. (2) are equivalent to [see Egs. (5.1.9)]

Sl
—W,=0 Ta— bl 5
S; 74 ( ) (5)
or to [see Egs. (5.1.2)]
6—V=0 (A=) (6)
o4,

The last set of equations expresses the principle of stationary potential energy;
Egs. (3)-(5) represent generalizations of this principle.

Example Figure 6.5.1 shows a frame F supported by wheels W;, W,, and W,
this assembly resting on a plane P that is inclined at an angle 6 to the horizontal.
W, can rotate freely relative to F about the axis of W, ; rotation of W, relative
to F is resisted by a braking couple whose torque has a magnitude T; and W,
is mounted in a fork that can rotate freely relative to F about the axis of the
fork, which is normal to P, while W; is free to rotate relative to the fork about
the axis of Wj.

The configuration of the system S formed by the frame, the fork, and the
wheels is characterized completely by wheel rotation angles q,, gq,, and g3,

Figure 6.5.1
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a steering angle ¢, , a frame orientation angle g5, and two position coordinates,
q¢ and ¢, defined as

Ge 4 p*omy q7 £ p*-n, (7

where p* is the position vector from a point O fixed in P to the mass center S*
of S, and n,; and n, are, respectively, a horizontal unit vector and a unit vector
pointing in the direction of steepest descent on P, as indicated in Fig. 6.5.2.
Generalized speeds uy, ..., u; may be defined as

Uy 4 ds 1) = da Us = ds (8)
“4éq1 Us '—A:‘h Ug 4 y*-f, Uy é"*'fz ©)

where v* is the velocity of S*, and f, and f, are unit vectors directed as indicated
in Fig. 6.5.2.

On the basis of the assumption that W,, W,, and W; roll, rather than slip,
on P, equations are to be formulated for the purpose of determining how T is
related to the inclination angle 6, the total mass M of S, the dimensions R, a, b,
and L (see Fig. 6.5.2), and the generalized coordinates ¢, ..., g, when S is
at rest.

The assumption that W, W,, and W; do not slip on P leads to five
motion constraint equations (see Sec. 2.13). Hence, S possesses two degrees
of freedom, and Egs. (1) can be written with p = 2. To form F, (r = 1, 2),
we write

F, = Mgk-¥*+ TL-&F — Tf,-&" (r=1,2) (10)

r r <
(4.6.1) (4.8.2)

where k is a unit vector directed vertically downward ; that is, with fy = f, x f,,

k = sin g5 sin 0f; + cos g5 sin 6f, — cos 6f, (11)

Figure 6.5.2
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The partial velocities and partial angular velocities appearing in Eqgs. (10)
are found as follows.

The velocities of the points of W;, W,, and W, that are in contact with P
must be equal to zero. In the case of W,, this requirement can be expressed as
[use Eq. (2.7.1) twice]

v* + of x (—af, + bf,) + @ x (—Rf;) =0 (12)
where
(J)F = u3f3 (13)
(8)
and
(!)Wl = (DF + qlf2 = u3f3 + U4f2 (14)
(2.4.1) (13) 9)
Moreover,
V* = u6f1 + u7f2 (15)
9)
Hence,
(u(, - bU3 - Ru4)f1 + (U7 - au:;)fz = 0 (16)
(15)  (13)  (14) 1sy 13 (12)

which means that
ug — bus — Ruy =0 u; —auz =0 a7
Proceeding similarly in connection with W, and W,, one finds that
"2 = usfy +usf, 0" = (u3 — uy)f5 + uy(sin g f, + cosq,f,) (18)
and that, in addition to Egs. (17), the motion constraint equations
ug + bus; — Rus =0 ug — Rcos quu, =0 (19)
and
u; + (L — a)us + Rsinqu, =0 (20)
must be satisfied. Solved simultaneously for u; and u,, Eq. (20) and the second
of Egs. (17) yield

R . R .
Uy = — Zsm qaly Uq = — afsm qaly (21)

The second of Egs. (19) shows that

ug = R cos qu, (22)
and, solving the first of Egs. (19) for us with the aid of Eq. (22) and the first
of Egs. (21), one obtains

us = (cos qs — %sin q4)u1 (23)
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Hence,
R .
v*¥ = R cos quu,f, — 9B sin qau,f, (24)
5) (22) L
@1
F R .
" = —zslnq4u1f3 (25)
(13)
(@1)
and
R . b .
o= — zsm qau fy + [cosq, — Esm qq Ju.f, (26)
21) (23)

The partial velocities of S* and the partial angular velocities of F and W,
needed for substitution into Egs. (10) thus are given by [see Eqs. (24)-(26)]

R .
?1* = R [o{0 1} q4f1 —_ afsln q4f2 (27)
(".)IF = — %Sin q4f3 (28)
b . R .
d')lwz — (COS qsq — Zsln q4)f2 — Z sSin q4f3 (29)
and
=@ =@, =0 (30)

Substituting these into Eqgs. (10) with r = 1, and setting the result equal to
zero in accordance with Egs. (1), one finds with the aid of Eq. (11) that

. a . b .
MgR sin 0(cos g4 Sin qs — T sin g, cos q5) - T(cos qs — I sin q4) =0

@31

With r = 2, Egs. (10) yield F, = 0, so that Eqs. (1) are satisfied identically in
this case. Equation (31) is the desired relationship between T, 0, M, R, a, b, L,
and the generalized coordinates g, ..., g-.

6.6 STEADY MOTION

A simple nonholonomic system S possessing p degrees of freedom in a Newtonian
reference frame N is said to be in a state of steady motion in N when the generalized
Speeds uy, ..., u, have constant values, say, i, ..., il,, respectively. To determine
the conditions under which steady motions can occur, use Egs. (6.1.1) or (6.1.2),
proceeding as follows: Form expressions for angular velocities of rigid bodies
belonging to S, velocities of mass centers of these bodies, and so forth, without
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regard to the fact that u, ..., u, are to remain constant, and use these expressions
to construct partial angular velocities and partial velocities. Setu, = i, (r = 1,...,p)
in angular velocity and velocity expressions, then differentiate with respect to
time to generate needed angular accelerations of rigid bodies and accelerations of
various points. Formulate expressions for F, and F,* (- = 1, ..., p) in the case of
Egs. (6.1.1), or F,and F,* (r = 1, ..., n) in the case of Egs. (6.1.2), and substitute
into Egs. (6.1.1) or (6.1.2).

Example Figure 6.6.1 shows a right-circular, uniform, solid cone C in contact
with a fixed, horizontal plane P. The motion that C performs—when C rolls
on P in such a way that the mass center C* of C (see Fig. 6.6.1) remains fixed
while the plane determined by the axis of C and a vertical line passing through
C* has an angular velocity —Qk (€2 constant)—is a steady motion, as will be
shown presently. But this motion can take place only if Q, the radius R of the
base of C, the height 4h of C, and the inclination angle 0 (see Fig. 6.6.1) are
related to each other suitably. To determine the conditions under which the
motion is possible, we begin by noting that C has three degrees of freedom,
and introduce generalized speeds u,, u,, and u; as

»L2ab (r=123) 1)

where @ is the angular velocity of C, and b,, b,, and b; are mutually perpen-
dicular unit vectors directed as indicated in Fig. 6.6.1. (Note that b, and b,
are not fixed in C.)

As is pointed out in Problem 3.12, @ is given by

h
o= Qse(ﬁ b, + bz) 2)
when C moves as required. Hence, u,, u,, and u; then have the constant values
h X 3
i, = Qs — i, = Qsb =0 3)
(1) R ) () (1)(2)

respectively.

Figure 6.6.1
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The generalized active forces F, (r = 1,2, 3) are expressed most con-
veniently as

F, = Mgk-¥* r=12173) “4)

(4.8.2)

where M is the mass of C and

k = —(c6b, + sbb,) ®)
As for the generalized inertia forces F,* (r = 1, 2, 3), we write
Ff = @& -T*+3*R* (=123 ©6)

(4.11.7)

and defer detailed consideration of T* and R* until after expressions for
®, and ¥,* have been constructed.
From Egs. (1),

o= ulbl + u2b2 + u3b3 (7)
and, when C rolls on P, the velocity v* of C* is given by
v* = ® % (hb, + Rb,)

= —Ru3b1 + hu3b2 + (Rul - huz)b3 (8)
(@]

The partial angular velocities and partial velocities obtained by inspection
of Egs. (7) and (8), respectively, are recorded in Table 6.6.1.

The steady motion form of ® is available in Eq. (2). Differentiating both
sides of this equation with respect to time in order to find &, the angular
acceleration of C, we obtain

a= o’ x [Qs()(% b, + bz)] 9)

where ®®?, the angular velocity of a reference frame in which b,, b,, and b,
are fixed, is given by

@B = Q(chb, + sbb,) (10)

Consequently,

a = QZSG(CG —%SB)‘h (11)

(9,10)

Table 6.6.1

r @, (A

1 b, Rb,

2 b, —hb;

3 b, —Rb, + hb,
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The velocity v* is equal to zero, by hypothesis, during the steady motion of
interest, a result one can verify by setting u, = @, (r = 1, 2, 3) in Eq. (8) and
then using Egs. (3). It follows that a*, the acceleration of C*, vanishes, and this
means that the inertia force R* appearing in Egs. (6) also vanishes. As for the
inertia torque T*, one can express this as

T* = st6<11 %s@ - 12c6)b3 (12)

by substituting from Egs. (11) and (2) into Eq. (4.11.8), with
I = Ilb1b1 + Iz(bzbz + b3b3) (13)

Expressed in terms of M, R, and h, the moments of inertia I, and I, are given
by (see Appendix I)

I = 3MR? I 3M(R? + 4h?)
10 2 20
Referring to Eq. (5) and Table 6.6.1, one finds by substitution into Egs.
(4) that

(14)

FI = F2 = F~3 = Mg(RCB - hSO) (15)
Similarly, Egs. (6) lead to

Fl* = Fz* = 0 F3* = 9280(11 %So - 1200) (16)

Consequently, Egs. (1) are satisfied identically when r = 1 and r = 2; for
r = 3, substitution from Eqgs. (15), (16), and (14) into Egs. (1) leads to the
conclusion that the steady motion under consideration can take place only

when
3 (RQ? h\? h h
o (7>{[1 +4 (§> ]CO — Z(E)SO}SO + ESB —c8=0

6.7 MOTIONS RESEMBLING STATES OF REST

A simple nonholonomic system S possessing p degrees of freedom in a Newtonian
reference frame N is said to be performing a motion resembling a state of rest when
the generalized coordinates q,,..., q, have constant values, say, g, ..., qn»
respectively. To determine the conditions under which such motions are possible,
one can use Egs. (6.1.1) or (6.1.2), employing a procedure analogous to that set
forth in Sec. 6.6. Alternatively, if the kinetic energy K, when regarded as a function
of qy,...,4n 41, -, 4y, and t, does not involve t explicitly, then one can use the
equations

™M=

a_I(<VVsr+ i u/skAkr)+Fr=0 (r=1’~--,P) (1)

1 0g, k=p+1

s
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where W,(s=1,...,n;r=1,...,p) and A, (k=p+1,....,n;r=1,...,p)
llave the same meanings as in Egs. (2.14.5) and (2.13.1), respectively, and
F.(r=1,...,p) are defined in Eqgs. (44.1). If u,,...,u, are defined as
u,=4,(r=1,...,n),then Egs. (1) give way to
0K " 0K -

+ —C,+F, =0 r=1...,p) ?2)
aqr s=§+ 1 6qs
where C, (s =p + 1,...,n;r = 1,..., p) has the same meaning as in Eq. (5.1.13).

If S is a holonomic system with u, defined as in Egs. (2.12.1), so that Egs.
(2.14.5) apply, then

" 0K
Y —W,+F,=0 (r=1,...,n) 3)
s=1 aqs .
during motions resembling states of rest; and if u, = ¢, (r = 1, ..., n), then Egs.
(3) are replaced with

oK
0q,

When using Egs. (1)-(4), one can work with expressions for K, F,(r=1,..., p),
or F, (r = 1,...,n) that apply only when 4, = --- = ¢, = 0, rather than during
the most general motion of S; generally, this simplifies matters considerably.

If S possesses a potential energy Vin N, and % is defined as

+F,=0 (r=1,...,n) (4)

LEK-V (5)
then Egs. (1)-(4) can be replaced with
zw(vvs,+ > WskAk,)=0 r=1.c0p) (®)
s=1 04 k=p+1
0¥ L 0¥
-— + -— =0 =1..., 7
aqr s=p+1 0115 u (r p) ( )
0¥
— W, =0 r=1,...,n 8
s=zl aqs ) ( )
0.,?:0 r=1,...,n) ©)
oq,

respectively. Use of these equations obviates forming expressions for accelerations.

Derivations If K, when regarded as a function of q,,...,4,, 4,,...,d,, and t,
does not involve t explicitly, then the partial derivatives 6K/dq, (r = 1, ..., n)
are functions f, (r = 1, ..., n) of precisely the 2n variables ¢, and ¢, (r= 1, ..., n),
80 that one can write

0K

a—q.r‘_‘f;(qu---sqn,qn'“aqn) (r=1,'~',n) (10)
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and
d (0K a0
dr (aq,) -4 (aq—s A9 aq\v‘“) R EeY) R
But, since g, = g, (s = 1, ..., n) by hypothesis,
g =G, =0 (s=1L1...,n) (12)
so that
d (0K
— | = =) (r=e 1) (13)
dt (6%) (11,12)

and use of these relationships in conjunction with the four equations in Problem
11.12 (taken in reverse order) leads directly to Egs. (1)-(4).

When S possesses a potential energy ¥V in N, F, in Eqs. (1) can be replaced
with the right-hand member of Eq. (5.1.18), which shows that

s=1 a—gs_aqs' k=p+1
under these circumstances. Now,
K oV 0 0¥
— =—(K-V)= SRR (15
T s - b B o )

Substitution from Egs. (15) into Egs. (14) produces Egs. (6). Similarly, Egs. (2),
(15), and (5.1.14) lead to Egs. (7); Egs. (3), (15), and (5.1.9) underlie Egs. (8);
and Egs. (4), (15), and (5.1.2) can be used to establish the validity of Egs. (9).

Example Two uniform bars, A and B, each of mass m and length L, are con-
nected by a pin, and A is pinned to a vertical shaft that is made to rotate with
constant angular speed €, as indicated in Fig. 6.7.1. (The axes of the pins are

Figure 6.7.1
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parallel to each other and horizontal.) This system can move in such a way
that ¢, and q, (see Fig. 6.7.1) remain constant. Equations (9) will be used to
formulate equations governing g, and g, during such motions.

When ¢, = ¢, = 0, the angular velocities of A and B can be written

(],)A = —Q(Slal + ClaZ) mB = _Q(Slbl + CZ bZ) (16)

where a; and b; (i = 1, 2) are unit vectors directed as shown in Fig. 6.7.1; the
velocity of B*, the mass center of B, is

VB = LQ (s1 + %’)m (17
and the kinetic energy K is thus given by
1 mL? 1 mL? 1 $5\?2
K= -—Q3.2 0 03%.2 4 Zml202 52
23Qs, + 31 S, +2mLQ sl+2
(Problem 10.4,16) (5.4.2) (5.4.7.16) (5.4.4,17)
mL*Q? (4 1,
=" 351 + 8;8; + 352 (18)
The potential energy V can be expressed as
1 1 L
V = —mgL (Ec1 +c, + zcz) = — _mg (Be; +¢,) (19)
Consequently,
mL*Q? (4 1 L
3=T(§s12+s.sz +§szz)+mg%(3cl +c2) (20)
(5)
(18) (19)

‘and, setting 0.%/0q, = 0 (r = 1, 2), one obtains the desired equations, namely,
LQ?
W c,(8s; + 3s,) — 95, =0 21)

and

LQ?
g C2(381 + 282) - 382 = (22)



CHAPTER

SEVEN

EXTRACTION OF INFORMATION FROM
EQUATIONS OF MOTION

This chapter is intended to bring to fruition the effort that has been expended by
the reader in learning the material covered in the first six chapters. Following the
introduction, in Sec. 7.1, of terminology employed in connection with solutions
of equations of motion, several theorems that permit the construction of integrals
of equations of motion are presented in Secs. 7.2 and 7.3. Exact closed-form
solutions are considered in Sec. 7.4, and means for obtaining numerical results
when closed-form solutions are unavailable are discussed in Sec. 7.5. These tech-
niques, used in conjunction with material in Sec. 6.3, permit the evaluation of
constraint forces and constraint torques, as is shown in Sec. 7.6. Section 7.7 deals
with a purely mathematical problem that arises frequently in dynamics, namely,
finding real solutions of a set of nonlinear, nondifferential equations. The concepts
of generalized impulse and generalized momentum-are introduced in Sec. 7.8 in
preparation for the presentation, in Sec. 7.9, of a method for analyzing phenomena
involving collisions. Finally, Sec. 7.10 contains an exposition of the principal
concepts underlying the theory of small vibrations of mechanical systems.

7.1 INTEGRALS OF EQUATIONS OF MOTION
The behavior of a simple nonholonomic system S possessing p degrees of freedom
in a Newtonian reference frame N (see Sec. 2.13) is governed by 2n equations called,

collectively, the equations of motion of S in N. This set of equations consists of

190
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three subsets: the n kinematical differential equations, Eqs. (2.12.1) or, equivalently,
Eqgs. (2.14.5); the n — p nonholonomic constraint equations, Eqs. (2.13.1); and the
p dynamical differential equations, Eqs. (6.1.1). If S is a holonomic system, then
n = p, the nonholonomic constraint equations are absent, and Egs. (6.1.2) furnish
n dynamical equations.

A solution of the equations of motion is said to be in hand when the generalized
coordinates ¢, ..., g, (see Sec. 2.10) and generalized speeds u,, ..., u, (see Sec.
2.12) are known as functions of the time t. The general solution of the equations of
motion consists of 2n independent equations of the form

fi(ql""’qn’ul’“"umt)=Ci (i=1...,2n) (1
where f; (i = 1, ..., 2n) is a function whose total time-derivative vanishes, when-
ever qq,...,q, and u,,..., u, satisfy all equations of motion, and C,,..., C,, are

arbitrary constants. An equation having the form of Eqgs. (1) is called an integral
of the equations of motion. Thus, the general solution of the equations of motion
consists of 2n integrals.

Examples For the nonholonomic system S formed by the particle P, and the
sharp-edged circular disk D connected by a rigid rod R as in the example in
Sec. 2.13, p = 2 and n = 3. When the kinematical differential equations are
taken to be [see Egs. (2.12.7)]

Uy = 4,3 + 4153 U = —q;83 + §2C3 Uz =4qs 2

then the nonholonomic constraint equation expressing the restriction that
the center of D may not move perpendicularly to R is [see Eq. (2.13.12)]
- _

Uz = L (3)
Furthermore, if line Y in Fig. 2.13.1 is vertical, P, and D have masses m, and
m,, respectively, and P, is subjected to the action of a contact force K given
by Eq. (5.1.26), then the generalized active forces for S are given by [see Egs.
(5.1.39)]

"

=k — (m; + my)gs3 4)

1
~ k
F,= Z(qISS — q2C3) — mygc; ®)
while the generalized inertia forces can be written (see Problem 8.16)

2
M™% 4 my Locs? 6)

Fi* = (m; + my)(w?qsc3 — 1) —

o uu
F* = "mx(ﬁz + w?q;s3 — ITZ) )
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Substitution from Egs. (4)-(7) into Egs. (6.1.1) thus yields the dynamical
differential equations

mlu22

k — (my + my)gs; + (my + my)Mw?q,c3 — i) — + myLw*c;? =0
(4)

(6)

®)

and

k . uu
Z(qISB - q2C3) — mgcy — m, (UZ + wqus3 — _2_2) =0 (9)
) )

Equations (2), (3), (8), and (9) are the six equations of motion of S.
As will be shown presently, the equation

—k(q,C3 + q253) + gl(my + my)q2 + myLsy] + 3[(my + ma)uy® + myu,?]
—%wz[mquz + my(q, + LC3)2] =C (10)

where C is an arbitrary constant, is an integral of the equations of motion of
S. It does not matter for present purposes how this integral was found; this
subject is discussed in its own right in the example in Sec. 7.2.

Denoting the left-hand member of Eq. (10) by f(q1, g2, g3, Uy, U2, U3, L),
and expressing the total time-derivative of f as

f=73 (ﬂq,+ﬂu,)+‘31 (11)
one finds that

= {—kc; — w?[mq, + my(qy + Lc3)]1}d,
(11,10)

+ [—ks3 + g(m; + my)14,
+ [k(g185 — 42€3) + gma Ley + w’my(g, + Les)Ls31ds
+ (my + myuytiy + myuytiy (12)

Solution of the kinematical differential equations, Egs. (2), for §,, 4,, and g3
yields

4y = u;C3 — U, 83 42 = uy83 + usC3 43 = u3 (13)

while solution of the dynamical differential equations for 1, and u, leads to

Lc k myu,?
i, = o’k L e ) Y —gsy— —2 (14
' 8) 3\ my + m; my + m; 9% (my + my)L (14)
. k uu
U, = —w?qs; + H(‘hss — q,C3) — gc3 + le (15)

9) 1
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If u5 in the third of Egs. (13) now is replaced with —u,/L in accordance with
the nonholonomic constraint equation, Eq. (3), and Egs. (13)-(15) then are
used to eliminate ¢, §,, 45, t,, and #, from Eq. (12), f is found to be equal
to zero, and this establishes Eq. (10) as an integral of the equations of motion
of S. (To obtain the general solution of the equations of motion, one must
produce five more integrals.)

As a second example, we consider a system governed by differential equa-
tions whose explicit solution is well known, namely, the harmonic oscillator,
that is, any system whose behavior is governed by the differential equation

g+ w?q=0 (16)

where w? is a constant. This equation can be replaced with the two first-
order equations

g=u u=—o0%y 17

the first of which is simply a definition of u and plays the role of a kinematical
differential equation, while the second is a dynamical differential equation.
Thus,n=p = 1.

Using the same procedure as in the preceding example, one can verify that

. u
q sin ot + acos ot =C,; (18)

and
q cos ot — %sin wt = C, (19)

are integrals of the equations of motion, Egs. (17). Together, these two in-
tegrals constitute the general solution of Egs. (17). To bring this solution into
a form that may be more familiar, one can solve Eq. (18) for u/w, substitute
the result into Eq. (19), and obtain, after simplification,

q = C, sin wt + C, cos it (20)

7.2 THE ENERGY INTEGRAL

When a system S possesses a potential energy V in a Newtonian reference frame
N (see Sec. 5.1), there may exist an integral of the equations of motion of S in N
(see Sec. 7.1) that can be expressed as

H=C 1)
where C is a constant and H, called the Hamiltonian of S in N, is defined as
H2V+K,—K, )

with K, and K, given by Egs. (5.5.7) and (5.5.9), respectively. Equation (1) is
called the energy integral of the equations of motion of S in N. The conditions
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Table 7.2.1

u, =4, u =) Y4, +2,

s=1

Xr =0, u/rs = 6rs

r,s=1,..., n) r=1,..., n)
Holonomic Eq. (5.1.3) and Eq. (5.1.10) and

[Eq. (5.6.1) or [Eq. (5.6.1) or

Eq. (5.6.3)] Eqgs. (5.6.3)-(5.6.5)]
Nonholonomic Eq. (5.1.15) and Eq. (5.1.19) and

[Eq. (5.6.1) or [Eq. (5.6.1) or

Egs. (5.6.3), (5.6.4)] Egs. (5.6.3)-(5.6.5)]

under which it exists depend on the manner in which generalized speeds are in-
troduced and on whether S is a holonomic or nonholonomic system. In Table
7.2.1, sufficient conditions for the existence of the energy integral of S in N are
indicated by listing the numbers of equations satisfaction of which ensures the
existence of an energy integral.

If the kinetic energy of S is a homogeneous quadratic function of uy, ..., u,,
that is, if Ko = K; = 0, so that K = K, [see Eq. (5.5.1)], then Egs. (1) and (2)
yield

V+K=E 3

where E is a constant called the mechanical energy of S in N. Equation (3) expresses
the principle of conservation of mechanical energy.

Derivation Suppose that Egs. (5.1.19) and [(5.6.1) or (5.6.3)—(5.6.5)] are satisfied
(see Table 7.2.1). Then

. P
v = =Y Fu, )
(5.1.20) r=1
and
. . p )
K2 - KO = - Z Fr*ur (5)
(5.6.2) r=1
so that
. . . . P _
H=V+K2—KO=—Z(Fr+Fr*)ur =0 (6)
(2) (4,5) r=1 (6.1.1)

and Eq. (1) follows immediately. The derivations of Eq. (1) for the remaining three
cases proceed similarly when the remaining entries in Table 7.2.1 are taken into
account.
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Examples A potential energy ¥ and the kinetic energy functions K, and K,
for the system S considered in the first example in Sec. 7.1 are given by

V. = —k(qic3 + q283) + gl(m; + my)q, + m;, Ls;] @
(5.1.64)
Ko = jw?[myq,* + my(q, + Lcs)?] (®)
(5.5.11) :
and
K, = 3[my + mu® + mu,?] )
(5.5.12)

Setting V + K, — K, equal to an arbitrary constant, one arrives at Eq.
(7.1.10). In the example in Sec. 7.1, the equations of motion were brought
into play to show that Eq. (7.1.10) is an integral of these equations. Alterna-
tively, one can establish this fact with the aid of Egs. (5.1.19) and [(5.6.1) or
(5.6.3)-(5.6.5)], all of which are satisfied.

For the system depicted in Fig. 4.4.1, a potential energy V is given by

V. = —[my(L;+ qy)+myL, + L, + q;)]g cos 6
(5.2.25)

+ $[k19,% + ka(g2 — 41)*] (10)

and the kinetic energy K can be written

K = %{ml[ultl + (Ll + ql)étz]z + mz[uztl + (Ll + L2 + qz)otz]z}
(4.4.6) (4.4.7)

= ${myu,® + myuy® + [my(L + q,)* + my(L; + L, + ,)*10*}  (11)
so that

Ko = 3[mi(L + q,)* + my(L, + L, + ‘12)2]9.2 (12)

(11
and

K, = %(mlulz + mzuzz) (13)
an

Since the system is holonomic and, in accordance with Eqgs. (4.4.5), u, = g,
(r = 1,2), Eq. (1) furnishes an integral of the equations of motion if (see
Table 7.2.1) Eqgs. (5.1.3) and (5.6.3) are satisfied, that is, if [see Eq. (5.1.3)]

% . .
i [m(Ly + q,) + my(Ly + L, + q;)]g sin 66 = 0 (14)
(10)

and [see Eq. (5.6.3)]

0K
o = [m(L + 41)2 + my(Ly + L, + ‘12)2]90 =0 (15)
(11)
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Clearly, both of these requirements are fulfilled if 6 =0, so that
0=10 (16)

where 0 is a constant. Moreover, K [see Eq. (11)] then is a homogeneous
quadratic function of u, and u,, and Eq. (3) applies, which makes it possible
to write [see Egs. (10) and (11)]

—[my(Ly + q,) + my(Ly + L, + g,)]g cos 6
+ 3[k19:% + ka(qz — 910)* + myuy> + myu,®]1=E (17)

with E an arbitrary constant.

7.3 MOMENTUM INTEGRALS

If o is the set of all contact and distance forces acting on the particles of a system S,
R is the resultant of o (see Sec. 4.1), L is the linear momentum of S in a Newtonian
reference frame N, n is a unit vector, and

Ndn
. - = 1
Ront+L-—==0 M)
then the equation
L-n=C 2

where C is any constant, is an integral of the equations of motion of S in N. Similarly,
if M is the moment of o about S*, the mass center of S, or about a point O fixed
in N, H is the angular momentum of S about $* or O in N, and

Ndn
. H — =
M-n + o 0 3)

then the equation

H-n=C 4)
where C is any constant, is an integral of the equations of motion of S in N. Finally,
if S is a holonomic system possessing generalized coordinates q,,...,q, and a
kinetic potential . in N (see Problem 11.13), and g, is absent from ¥ when % is
expressed as a function of g4, ..., q,, 4y, - .- dn, and t, then

%2 _¢ )

04

where C is any constant, is an integral of the equations of motion of S in N.
Equations (2), (4), and (5) are called momentum integrals of the equations of
motion, and g, is referred to as a cyclic or ignorable coordinate.
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Derivations In accordance with the linear momentum principle,

VdL
— =R (6)
di
Hence,
d NdL Ndn Ndn

and, when Eq. (1) is satisfied, then Eq. (7) yields
d
—(L-n)=0 8
dt( n) (8)

from which Eq. (2) follows immediately. Similarly, the angular momentum principle
asserts that

NdH
g W 9
dr M )
so that
d NdH Ndn Ndn
S — H . == . (o R . H e 0
dt( n) dt iy dt {\9’[, Y dt (10)

and this equation together with Eq. (3) leads to Eq. (4). Finally, when g, is absent
from % Eq. (5) is an immediate consequence of Lagrange’s equations of the second
kind (see Problem 11.13).

Examples Figure 7.3.1 is a schematic representation of a gyrostat G consisting
of a rigid body 4 and an axially symmetric rotor B that is constrained to rotate
relative to 4 about an axis fixed in 4. G has a mass M, and I, the central

Figure 7.3.1
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inertia dyadic of G, expressed in terms of K |, K ,, and K 5, the central principal
moments of inertia of G, is given by

IG = Klalal + Kzazaz + K3a3a3 (11)

where a,, a,, a; are mutually perpendicular unit vectors fixed in 4 and parallel
to central principal axes of G. The axis of symmetry of B is parallel to a unit
vector by, and I, the central inertia dyadic of B, can be expressed as

Iz = I(b;b; + b,b;) + Jbsbs (12)

where b, and b, are unit vectors fixed in A, perpendicular to each other, and
such that b; = b, x b,.

When G moves in a Newtonian reference frame N in the absence of external
constraints, it is convenient to work with generalized speeds u,, . .., u, defined

as
u; 2 o2, (i=1,23) (13)
us 2 408 b, (14)
ugr; 2%en,  (i=1,23) 15)

where G* is the mass center of G and n,, n,, n; are mutually perpendicular
unit vectors fixed in N. As generalized coordinates one can use, for example,
angles q,, ¢,, and g5 like those in Problem 1.1 to characterize the relative
orientations of n,, n,, ny and a,, a,, a5 ; an angle g, between two lines that are
perpendicular to b;, one line fixed in A, the other fixed in B; and Cartesian
coordinates ¢s, q¢, and g, of G* relative to a set of axes fixed in N. Table
7.3.1 shows the relationship between a,, a,, a; and n,, n,, n;.

Letting G play the role of S, suppose that G moves in N in the absence of
external forces. Then R in Eq. (1) is equal to zero and, if one takes for n in
Eq. (1) any one of n,, n,, ny, then Eq. (1) is satisfied because Vdn;/dt = 0
(i = 1, 2, 3). Since L, the linear momentum of G in N, is given by

L = MM¢ (16)
one can, therefore, write
W6.n, =C, (i=1,23) a7
(2
Table 7.3.1
a, a; a;
n, C,C3 —C;3S83 S2
n, $182C3 + 3¢ —818283 + C3Cy —$,C;
n; —C58,C3 +SJSI Cy8,8; +C351 CiCy
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which leads with the aid of Egs. (15) to the three integrals
g =C  (1=123) (18)

In the absence of external forces, M in Eq. (3) is equal to zero and, with
nequal ton; (i = 1, 2, 3), Eq. (3) is satisfied. Consequently,

Hg'n; = C;34; i=123) (19)

where Hg, the central angular momentum of G in N, can be written (see
Problem 6.5)

Hg = I Yo* + I ‘0? (20)
or
Hg = Ku,a, + Kyupa; + Kjuzas + Juyb, (21)
(20) (11,13) (12,14)
Consequently,
Kyua n;+ Kyu,a,°n; + Kausaz n; + Jusbs-n; 9=2 Ci+i (i=123)
(19,21)

(22)

Furthermore, b; can be written

b; = Bia; + Bra; + Bias (23)
where B, B,, and f; are constants. Referring to Table 7.3.1, one thus arrives
at the integrals
(Kyuy + JugBr)crcs — (Kyuy + Jug Br)cysy+ (Kaus + Jugf3)s; = C, (24)
(Kyuy + JuyBi)s182¢3 + 83¢4)

+ (Kyuy + Jug Bo)(—s18283 + €3¢1) — (Kzuz + Jugfa)sic; = Cs (25)
(Kyuy + Jug Bi)(—cy82€3 + 5384)

+ (Kauy + Jug Bo)(C18,83 + C381) + (Kzus + Jugfi)cic, = G (26)

Now let B play the part of S in connection with Egs. (3) and (4); that is,
let M be the moment about B*, the mass center of B, of all contact and distance

forces acting on B, and let H be the central angular momentum Hy of Bin N
so that

H, = I;:"®=1I; Yo'+ 10 (27)
(3.5.28) (2.4.1)
or

Hp = [(I(b;b; + b,b,) + Jbsby] - (u,a; + ua; + uzaz; + usbs)
(27) (12) (13) (14)

= I[(ulbl a; + uzbl ca; + u3b1 * a3)bl
+ (uiby - a; + uyb, - a; + uzb, - az)b,]

+ J(y By + uy By + us s + usdbs (28)

(23)
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Finally, let b; play the role of n in Eq. (3), and suppose that B is completely
free to rotate relative to A4, so that

M- b3 =0 (29)
Then, since
Ndb, NoA
= () 4 b3 = ulal X b3 + u282 X b3 + u383 X b3 (30)
dt 3.1.2 (13)

one can use the relationships

b,a; xby;=by; xb,ca, =b,-a, (3D
b,-a; x by =by; x b,-a, = —b, -a, (32)
and so forth, to verify that
Ndb
& 73 (2:30) @)
Consequently, Eq. (3) is satisfied, and Egs. (4) and (28) lead to the integral
usBy + uz By + uzfs +u, =C (34)

The same integral can be found by noting that the Lagrangian & is here equal
to the kinetic energy of G in N, so that (see Problem 10.8)

1 u
&L = E(K,ul2 + Kyuy? + Kyus?) + Juy (ulﬁl + u, By + usfs + 4)

2
1 2 2 2
3 M@s? + ug? + ur?) (35)
and q, is absent from % when u,, ..., u, are expressed in terms of q4, ..., g4
and §,,..., 4,; however, ¢, appears in Eq. (35) because u, = ¢,. Con-
sequently,
0¥ 0%
= = 36
s s e (uyBy + uz By + uz B3y + uy) (36)

and, setting the right-hand member of this equation equal to a constant in
accordance with Eq. (5), one recovers Eq. (34).

The integrals reported in Egs. (18) and (24) also can be obtained by
using Eq. (5) in conjunction with Eq. (35), but those expressed in Egs. (25)
and (26) cannot, for g, and g, appear in £ when u,, u,, and u, are replaced
in Eq. (35) with

ul == 41C2C3 + ‘1253 (37)
U, = —4,C383 + 4,€3 (38)
Uz = q;5; +4s 39)

respectively.
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7.4 EXACT CLOSED-FORM SOLUTIONS

Usually, it is difficult to find in closed form the exact, general solution of the
equations of motion of a system S (see Sec. 7.1) because the differential equations
governing the generalized coordinates and generalized speeds are both nonlinear
and coupled. At times, some of the generalized coordinates and/or generalized
speeds can be expressed as explicit, elementary functions of time, whereas the rest
cannot be so expressed. Moreover, there exists no general, systematic procedure
that facilitates the search for closed-form solutions. To find them, one must take
advantage of special features of the problem under consideration.

Example In Fig. 7.4.1, S represents a uniform sphere of radius r that rolls on
the interior surface of a fixed tube T of radius R, the axis of T being vertical.

Generalized speeds u,, ..., us may be introduced as
U,‘éw'ei (l= ls 2§ 3) (1)
u4év'e2 ll5év'e3 (2)

where o is the angular velocity of S, v is the velocity of the center of S, and
e, e,, and e, form a right-handed set of mutually perpendicular unit vectors
directed as shown in Fig. 7.4.1. For generalized coordinates one can use, in

X
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Figure 7.4.1
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part, angles ¢q,, q,, and q3, like those in Problem 1.1, to characterize the
orientation of unit vectors s, s,, s, fixed in S relative to the unit vectors
e, e,, e;,and, for the rest, the distance g, and the angle g5 shown in Fig. 7.4.1.
The kinematical differential equations then are

. u
q, = uy; +tanq, [(“2 - R——Sr) 8 — “301] (3)
) u
Q2=(“2_R 5 )Cl+u351 4)
—r

Iy = — - ) s - ©)
93 = —S€Cqz | |\Uy — o f 51 — UsCy
Gs = Uy 6)
. Us

— 7
qs R—r 0

The system possesses three degrees of freedom because the two nonholonomic
constraint equations (see Sec. 2.13)

Uy = TUjz ®)
and
Us = —ru, )

must be satisfied in order that there be no slipping at the contact between S
and T. Finally, with the aid of Egs. (6.1.1), one can write the dynamical equa-

tions
dl = R _ ru2u3 (10)
u, =0 (11)
) 1/ 2r S5g
Uy = — 7(R —, itz + 7) (12)
In principle, Egs. (3)-(12) suffice for the determination of q,,..., gs
and u,,...,us as functions of the time t; but, as will now be shown, it is
considerably easier to find explicit expressions for u,,...,us, q4, and qs

than for q,, q,, and g;.
Equation (11) has the general solution

u; = uy(0) 13)
where u,(0) denotes the value of u, at t = 0. Hence,

us = —ru,(0) (14)
)
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and
ru;(0)
4 = —— (15)
s (7aar — R
which has the general solution
ru,(0)t
as =220 40 (16)
r—R
Next, if u,(0) # 0, then
r—R (59
u, = ——~|—+7u 17
! (12) 2ru;(0) (r 3) 7
(13)
so that
(r —R) . (18)
Uy = —1i
' 17) 2ru,(0) }
and
7(r — R) r
— iy = ——u,(O)u 19
2ru,(0) 3(10)R -r (21(3) 3 (19)
(18)
which, after p has been defined as
0., 2
— I
can be written
iiy + pPuy =0 (21)
The general solution of this equation is
13(0)] .
u; = u5(0) cos pt + [ui )] sin pt (22)

where u5(0) and 11;(0) are the initial values of u; and u,, respectively. Moreover,

. 1 2r Sg
i) = —7[R " (Ouy(0) + r] (23)

Hence,

1 2r 5g
u; = u3(0)cos pt — —[—u O)u,(0) + —] sin pt 24
3 22.23) 3 p 7 |R =+ 2 r p (24)

and differentiation of this equation leads to an expression for i, , with the aid of
which one obtains from Eq. (17)

r—R{Sg

. 2r 59
= 2ru,(0) o Tu3(0)p sin pt [R——; uy (0)u,(0) + r] cos pt} (25)
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As for u,, Egs. (8) and (24) yield

2r
R —r

5
u, = ruz(0) cos pt — 7Lp [ u;(0)u,(0) + -rg] sin pt (26)
Finally, integrating Eq. (6) after replacing u, with the right-hand member
of Eq. (26), one finds that

r
qs = ;u3(0) sin pt + 7Lp2 [1% u,(0)u,(0) + Sr_g] cos pt + q4(0) (27)

Equations (27), (16), (25), (13), (24), (26), and (14) provide expressions
for q4, 95, u,, u,, us, uy, and us, respectively, as explicit functions of time, and
thus they furnish much physically meaningful information about the motion
of S. For example, Eq. (16) reveals that S* moves in a plane that rotates with
a constant angular speed of magnitude r|u,(0)|/(R — r) about the axis of T.
The motion of S* in this rotating plane is described completely by Eq. (27),
which shows that S* performs an oscillatory vertical motion whose circular
frequency, p [see Eq. (20)], depends both on the initial value of u, and on the
geometric parameter R/r, while the amplitude of the oscillations can be
adjusted to any desired value by a suitable choice of the initial values of u,
u,,and u;. In particular, one can make the amplitude equal to zero—that is,
one can make S* move on a horizontal circle—by taking

59(R —r)
2u,(0)r?

These results may conflict with one’s intuition; one might expect the sphere
to move downward, regardless of initial conditions. Indeed, this is what
happens in reality. The reason for this discrepancy between predicted and
actual motions is that certain physically unavoidable, dissipative effects,
such as frictional resistance to rotation, have been left out of account in the
analysis. Problem 13.9 deals with a more realistic approach.

When the expressions for u;, u,, and u, available in Egs. (25), (13), and
(24), respectively, are substituted into Eqgs. (3)-(5), it can be seen that q,, q,,
and g, are governed by a set of coupled, nonlinear differential equations with
time-dependent coefficients. Generally, solutions of such sets of equations
can be found only by numerical integration.

u3(=0 4, (0) = — (28)

7.5 NUMERICAL INTEGRATION OF DIFFERENTIAL
EQUATIONS OF MOTION

When the dynamical (see Sec. 6.1) and/or kinematical (see Sec. 2.12) differential
equations governing the motion of a system S cannot be solved in closed form
(see Sec. 7.4), one can use a numerical integration procedure to determine for time
t > to the values of the dependent variables appearing in the equations, provided
that the values of these variables are known for t = t,, t, being a particular value
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of t. To this end, one can employ any one of many computer programs applicable
to the solution of a set of v first-order differential equations of the form

dx;

e CIR ) S (o ) )

where x,..., x, are unknown functions of ¢, and fi, ..., f, are known, generally
nonlinear functions of x,,..., x,, and t.

Sometimes the differential equations of motion of a system are available
precisely in the form of Egs. (1). When this is the case, one can proceed directly
to the numerical solution of the equations, taking care in programming to ensure
that the evaluation of any expression occurring repeatedly in f}, ..., f, is per-
formed only once. More frequently, at least the dynamical differential equations
(see Sec. 6.1) are not immediately available in the form of Egs. (1), for use of Egs.
(6.1.1) or (6.1.2) leads to equations of the form

Xi=Y o)

wheredisap x 1matrix [ p = nwhen Egs. (6.1.2) apply] having the time-derivative
u, of the generalized speed u, as the rthelement (r = 1,..., p), X isa p x p matrix
whose elements are functions of the generalized coordinates q,,..., g, and the
timet,and Yisap x 1 matrix whose elements are functionsof g, ..., ¢, Uy, ..., u,,
and t. Under these circumstances, one must “uncouple” Egs. (2), that is, one must
solve these equations for i, . . ., 1, in order to be able to use a computer program
intended for the solution of Egs. (1). When p is sufficiently small, or when X is
sufficiently sparse, one can do this in analytical terms; otherwise, one must resort
to the use of a computer routine that solves a set of linear equations numerically,
calling this routine each time u,, ..., 4, are needed.

When one undertakes the task of forming X and Y, that is, of formulating
dynamical differential equations, with a view toward performing a numerical
simulation of a motion of a system S, one can take certain measures that save one
considerable amounts of writing and that lead to highly efficient computer codes
for the evaluation of X and Y, particularly when p is large. The two guiding ideas
here are that i, . .., 4, must be kept in explicit evidence, and that repeated writing
of any expression must be avoided. The introduction of auxiliary constants
ki, k,,..., and auxiliary functions Z,, Z,,... of q,...,¢q,, ty,...,u,, and t,
enables one to reach both of these goals, as will be illustrated in connection with
an example.

Example Figure 7.5.1 is a schematic representation of a spacecraft equipped
with a nutation damper. This system consists of a rigid body B and a particle
P that moves in a tube T, with P attached to B by means of a light, linear
spring S and a light, linear dashpot D. The axis of T is parallel to line L,,
one of the central principal axes of B; this axis is separated from L, by a dis-
tance b; and it lies in the L, L, plane, where L,, like L,, is a central principal
axis of B. The force R exerted on P by S and D is given by

R = —(oq + 5g)b, 3
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Figure 7.5.1

where ¢ and 6 are constants, g is the distance from L, to P, and b, is a unit
vector parallel to L, .

When the spacecraft moves in a Newtonian reference frame N in the ab-
sence of external forces, then H, the central angular momentum of the space-
craft, remains fixed in N, but 6, the angle between L, and H, varies with time.
The time-history of 0 is to be determined.

Once H is known as a function of t, 0 can be found with the aid of the re-
lationship

H

0= cos._’(b1 H) 4)

As for H, Egs. (3.5.27), (3.5.28), and the theorem stated in Problem 6.3 lead to

H=1-Y0f + mgp® x W& + mpp® x " (5)
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where I is the central inertia dyadic of B, Yw? is the angular velocity of B in
N, mp and mp are the masses of B and P, respectively, C denotes the mass
center of the system formed by B and P, p®" and p°" are, respectively, the
posmon vectors from C to B*, the mass center of B, and C to P, and Mv®* and

P are, respectively, the velocities of B¥and P in N. Hence, we must determme
"m" peE’, MvE, p€P, and MvF as functions of t. To this end, we shall introduce
generalized speeds uy, ..., U, in such a way that each of the required vectors
can be expressed as a function of u,, ..., u;, and ¢q; formulate generalized
inertia forces F,*, ..., F;* and generalized active forces F,, ..., F,; use Egs.
(6.1.2) to write dynamical differential equations governing u,, . . . , u; ; and solve
these numerically together with a kinematical differential equation that will
be stated presently, thus obtaining u;, ..., u,, and g as functions of ¢.

The generalized speeds to be employed are defined as

u, 2 ¥eP:b, (i=1273) ©)
u, 2 g @)
Us+i 4 NyB *b; i=1273) ®

where b, and b, are unit vectors, with b, parallel to L,, and by = b, x b,.
Equation (7) is the aforementioned kinematical differential equation, and
the vectors appearing in Eq. (5) can be expressed in terms of u,, ..., u,, and
q as follows:

N(!)B ? ulbl + uzbz + u3b3 (9)
(6)
P = (b, + bby) (10)
P (3.1.2) . Mp + ' 2
NVB* = usbl +‘ u6b2 + u7b3 (11)
(8) :
pF = T2 (gb, + bb,) (12)

@3.1.2yMg + mp

and [use Egs. (2.8.1), (2.7.1), (7), and (9)-(12)]
MVP = (us + uq — usb)by + (ug + us @b, + (u; + ub — u,q)by  (13)

Reference to Egs. (4.11.2), (4.11.3), (4.11.6), and (4.11.7) allows one to
express F,* as

F* =", 2 T* — mg™v, 5" - ¥a%" — m,",f-NaP  (r=1,...,7) (14)

where T* is the inertia torque for B in N, ¥a®" and Va® are the accelerations
of B* and P in N, and "%, ¥v,%", and ™v,* (r = 1, ..., 7) are partial angular
velocities of B in N and partlal velocmes of B* and P in N. As for F,, since it
is presumed that the spacecraft moves in N in the absence of external forces,
the only forces that contribute to F, are the force R given by Eq. (3) and the
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reaction to this force, that is, a force —R applied to B at some point along the
axis of T, such as the point Q shown in Fig. 7.5.1. Hence, F, is given by

F,=%P-R+™W2-(-R) (=1,...,7) (15)

where “v,2 (r = 1, ..., 7) are partial velocities of Q in N.

Equations (14) and (15) show that the partial angular velocities of B and
the partial velocities of B*, P, and Q are needed. Placing Q (see Fig. 7.5.1) at a
distance d from L, (see Fig. 7.5.1), one can write

Ny@ = MyB" 4 NyB x (—db, + bb,) (16)
or, in view of Egs. (9) and (11),
M€ = (us — u3b)by + (ug — uzd)b, + (u; + usb + u,d)b, 17

and this brings one into position to record all necessary partial angular
velocities and partial velocities as in Table 7.5.1, where numbers in parentheses
in column headings refer to equations numbered correspondingly.
The next item required for substitution into Eqgs. (14) is the inertia torque
T*, which can be written
™ = — [uyBy — u; u3(B, — By)]b,
(4.11.10,6)

— [4, B, — uzu (B3 — By)]b,

— [43B3 — uyuy(B; — B,)]b, (18)

where B, B,, and B, are the moments of inertia of B about lines L,, L,, and
L, (see Fig. 7.5.1), respectively. At this point, the process of simplifying the
analysis that follows can be begun through the introduction of constants
ki, ky, ks as

kl é Bz b B3 k2 é B3 - Bl k3 é Bl - Bz (19)

and three functions of u,, u,, and u; as
Z, 2 uuzk, Z, & uyu,k, Zy 2 uuyk, (20)

Table 7.5.1
r Yot WEan o WrFa3) M,2 (17)
1 b, 0 bb, bb,
2 b, 0 —gb, db,
3 b 0 —bb, + gb,  —bb, —db,
4 0 0 b, 0
5 0 b, b, b,
6 0 b, b, b,
7 0 b, b, b,
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which makes it possible to replace Eq. (18) with

T* = (—u;By +Z)b, + (—u,B, + Z,)b, + (—i3B; + Z3)by (21)
(18—20)

The reason for introducing ky, k,, k3 as in Egs. (19) and then expressing
Z,, Z,, Zy in terms of k,, k,, k;, rather than simply defining Z, as
u,us(B, — B;), and similarly for Z, and Z,, is that k, k,, and k,, being
constants, can be evaluated once and for all, whereas Z,, Z,, and Z;, being
functions of the dependent variables u,, u,, and u;, must be evaluated re-
peatedly in the course of a numerical integration. Hence, if Z, were defined
as u,u; (B, — B,), the subtraction of B, from B, would have to be performed
repeatedly, but if Z, is defined as in the first of Egs. (20), then this subtraction
takes place only once.

To form suitable expressions for Ya®* and Ma’, the two vectors in Egs. (14)
that have not yet been considered in detail, we differentiate Egs. (11) and (13)
with respect to t in N, obtaining [see Eqgs. (2.6.2) and (2.3.1)] in the first case

NaB" = gb, + tigh, + 1i;by + “@P x MvF (22)
(11)

or, after using Eq. (9),

NaB' = (iis + uyu; — uzug)b, + (e + uzus — uyus)b,
9.,11)

+ (t7 + uyug — uyus)b, (23)

which we simplify by letting

Z, 2 uyu; — usug (24)
Zs 2 usus — uyu, (25)
Zg 2 ujug — uyus (26)
whereupon we have
Nab* = (s + Z,)b; + (g + Z5)b, + (t1; + Z¢)b, 27
23) (24) (25) (26)

Similarly,

NaP = (u5 + 124 - ﬁ:,b)bl + (dﬁ + u:;q + u3q)b2
(13)

+ (ti; + b — U9 — u;4)by + "@® x MV (28)

and here it is advantageous to introduce Z’s that not only permit one to write
the last term in a simple form, but that at the same time accommodate those
portions of the b, and b, measure numbers of “af that do not involve
u,,...,u,, that is, the two terms u,4 and —u,q, which, incidentally, are
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respectively equal to u;u, and —u,u,, as can be seen by reference to Eq. (7).

Specifically, we let [see Egs. (13) and (9)]

Z, 2 us +uy —ush

N
o
[

Ug + usq

N
©
(1>

u; +ub —uyq

N
o
>

Zq+uy

N
>

U, Zy — Uy Zg

N
N
>

UsZy — U Zg + Usly = U3 Z o — U Zy
(32)

N
w
>

L uZy—uyZy —uguy = wZg — U Zy
(32)

and this enables us to express Yaf as
Naf = (b5 + 4y, —i3b + Z,))b,
(28-35)
+ (4e + Uu3q + Z )b,
+ (U, + b — t,q + Z,5)by
Equations (14) and Table 7.5.1 now permit us to write

Fl* = _':‘131 + Zl '—mpb(u7 + ulb - qu +Zl3)

(21) (36)

Fz*: ‘a2B2+ Zz+mpq(1:l7+ﬂ1b - u2q+213)
21) (36)

1?3* = — a3 133 + 223 + n7p}7(d5 + d4 - ﬂ3 b + ;ZI.I)
(21) (36)

—mpqlite + U39+ Z,3)
(36)

Fu* = —mp(ils + 11y — tusb + Zyy)
(36)

Fs* = —-mB(l}5 + Z4) - mp(l:l5 + l)4 - ﬂ:,b + le)

27 (36)

Fe* = —mp(iig + Zs) — mp(ite + U3q + Z,;)
27 (36)

F* = —my(ii; + Zg) — mp(ii; + ;b — 9 + Z43)
27 (36)

(29
(30)
(31
(32)
(33)
(34

(35)

(36)

(37

(38)

(39)
(40)
(41)
(42)

43)

and detailed expressions for F,, ..., F; can be formed by substituting from
Table 7.5.1 and Eq. (3) into Egs. (15), with g replaced by u, [see Eq. (7)] in

Eq. (3). This leads to
F1=F2=F3=F5=F6=F7=0
Fy = —(0q + éu,)

(44)
45)
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Before using Egs. (37)—(45) in conjunction with Egs. (6.1.2) to write
dynamical differential equations, we note that certain combinations of
constants and functions appear repeatedly in Egs. (37)-(43). Accordingly, we
define k,,..., kg and Z,4, Z,5, Z,¢ as

k, & mpb (46)
ks 2 kyb (47)
k¢ & B, + ks 48)
ky; 2 By + ks (49)
kg £ mg + mp (50)
and

Z4 2 mpq (51)
Z,s2Z.q (52)
Z16 2 kaq (53)

whereupon we find that Eqgs. (6.1.2) and (37)-(53) yield
—ketiy + Zygtiy — katiy = —Z; + koZy3 (54)
Zigu, — By +Z iy, + Z 4ty = —Z, —Z,,2Z,, (55)
—(ky + Zys)us + katig + kotis — Zygtig = —Z3 — ko Zy + Z,,Z,, (56)
kyuy — mptiy — mptis = mpZ,; + 0q + Ou, 57
kytiy — mpliy — kgtis = mgZ, + mpZ, (58)
—Z 4ty — kgtig =mgZs + mpZ,, (59)
—kyty + Z 40y — kgti, =mgZg + mpZ, 4 (60)

and these equations have precisely the form of Egs. (2) if the elements X;
and Y;(i,j = 1,...,7) of X and Y are taken to be (only nonzero elements are

displayed)

X1 = —ks X=Xy = Zy Xi7=X5 = —kq (61)
(54) (54,55) (54,60)

X22 = —(Bz + 215) X27 = X72 = Zl4 (62)
(55) (55,60)

X33 = —(ks+Zy5) Xss = Xaz=ks
(56) (56,57)

X;s = Xs3=kq X3 = Xez=—2Zy4 (63)
(56.58) (56.59)

Xio = —mp X4s = Xsg=—mp (64)
(57) (57.58)

Xss = —kg Xg = —kg X, = —kg (65)
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and

Y\ = —Z,+ kiZy; (66)
(54

Y, = -Z,-7Z,,Z,, (67)
(55)

Yy = —Zy—kyZ,\ + 2,2, (68)
(56)

Y, = mpZ,, + oq + du, (69)
(57)

Yo = mgZy + mpZ (70)
(58)

Yo = mgZs +mpZ,, (71)
(59)

Y, = myZg + mpZ,; (72)
(60)

Since the matrix X is relatively sparse, one can uncouple Egs. (54)-(60)
by hand, proceeding as follows: Solve Egs. (54), (55), and (60) for u,, u,,
and u- ; solve Eq. (59) for u, ; substitute into Eq. (56); solve Egs. (56), (57),
and (58) for u;, u,, and i5. The resulting equations together with Eq. (7) can
be written in the form of Eqgs. (1), with v=28, x,=u; i=1,...,7), and
Xy = ¢, and a numerical integration of the equations can be performed, once
the initial values of u,, ..., u,, and ¢, as well as the values of the parameters
mg, By, B,, B3, b, mp, 6, and d have been specified.

Calculations leading to values of 0 for various values of t can be performed
simultaneously with the numerical integration of the differential equations
of motion on the basis of the considerations that follow.

With B,, B,, and Bj; as defined, I - Yo is given by

l'N(l)B:Bllllbl +B2u2b2+B3u3b3 (73)
9)

and substitution from this equation and Egs. (10)-(13) into Eq. (5) yields

H=Hb, + H,b, + H;b, (74)
where
H, 2 Bu, +bZ,, (75)
H, 2 Byu, — 4Z,, (76)
H, 2 Byuy + ko[usq* — b(uy — uzb)] (an
with
ko £ TR 8k (Zs — o) (78)
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Consequently,

H
0 = cos™! 2 21 2312
(@) (H,” + H,” + Hy")

(79)

The quantity (H,* + H,*> + H;?)"? is of interest not only in this connection,
but also because it must remain constant throughout the motion of the space-
craft [set M = 0in Eq. (7.3.9) and note Eq. (74)], and its evaluation at various
instants during a numerical integration can thus serve as a check on the
validity of the integration results.

Turning to some concrete examples in order to illustrate the uses of numer-
ical simulations of motions, we let B be a uniform rectangular parallelepiped
having edges of lengths 1.2 m, 1.225 m, and 1.3 m, these edges being respectively
parallel to L,, L,, L3, and assume that B has a mass density of 2760 kg/m?
(the mass density of aluminum), so that mp = 2760 x 1.2 x 1.225 x 1.3 =
5274.4 kg, while B, = 5274.4 x (1.225% + 1.3%)/12 = 1402.4 kg m?, B, =
5274.4 x (1.3% + 1.2%)/12 = 1375.7kg m?, By = 5274.4 x (1.2* + 1.225%)/12
= 1292.5 kg/m?. We take b = 1.0 m and, after defining u as

aMe
u e - (80)

set mp = 52.744 kg, so that u = 0.01. As for ¢ and 6, we choose these such that
the oscillator formed by P, S, and D has a circular natural frequency (see
Sec. 7.10) of 1 rad/s and is critically damped (see Problem 14.9), that is,
o = 52.744 N/m, and 6 = 105.49 Ns/m.

To explore what happens if the spacecraft is subjected to a small disturb-
ance while it is performing a simple spinning motion, we begin by noting
that, for all ¢ prior to the disturbance,

NP = Qb, (81)

where Q is a constant, called the nominal spin rate. The velocity of C, the
mass center of the spacecraft, is given by

NyC — 0 (82)
and P remains on line L,, so that
q=0 (83)
From Egs. (9) and (81), it then follows that
u, =Q U, =u3 =0 (84)
and Egs. (7) and (83) imply that

iy =0 (85)
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Furthermore,
NvB* — NVC + N(I)B X pCB*
(2.7.1)

= 0 +0b, x (-me)

(82)  (81) mg + mp
(10.83)
bu b
= —Q b,=-Q-—b
80) L+pu > 101 ° (86)
so that, considering Eq. (11), we conclude that, for all ¢ prior to a disturbance,
Us = g =0 (87)
and
. Qb "
(7 = ——0
7 101 (88)

Equations (84), (85), (87), (88), and (83) furnish a precise characterization of
the undisturbed motion, and it may be verified with the aid of Egs. (20),
(24)-(26), (29)-(35), and (51)-(53) that the equations of motien, that is, Egs.
(7) and (54)-(60) are, in fact, satisfied when u,, ..., u,, and g are given by
Eqgs. (84), (85), (87), (88), and (83), which means that the postulated motion is
physically possible. Equations (75)-(79) show that 6 = 0 during this motion.

To study motions that ensue subsequent to a slight disturbance of the
motion under consideration, we perform numerical simulations after assigning

the following initial values to u,, ..., u,, and q:
u,(0) =Q + ¢, (89)
u0) = g i=2...,6) (90)
u,(0) = — 1%21 + &q " (91)
and
q(0) = n (92)
where ¢,,...,¢,, and n are constants called initial perturbations. With
Q= 10rad/s, ¢, =0, ¢, =0.1rad/s, ¢3=---=¢, =n =0, this leads to

the 0 versus t plot displayed in Fig. 7.5.2, which shows that the associated
disturbance causes 0 to have a nonzero initial value and to perform oscillations
with decaying amplitudes. When the value of ¢, is reduced to 0.05 rad/s,
one-half of its former value, one might expect the amplitudes of the oscillations
to be smaller than they were previously, and indeed they are, as can be seen
in Fig. 7.5.3.

To see that P, S, and D do, in fact, serve as a nutation damper, one can
perform a simulation differing in only one respect from the one that led to
Fig. 7.5.2, namely, in that it applies when m, is equal to zero. The resulting
0 versus t curve, shown in Fig. 7.5.4, reveals that oscillations in 0 fail to decay
when mp = 0. In other words, there is no damping under these circumstances.
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To see that P, S, and D can act as a nutation generator, rather than as a
nutation damper, one can change the dimensions of the edges of B parallel
to L, L,, and L, to 0.5 m, 1.2 m, and 3.185 m, respectively, and set o =
0.52744 N/m, so that the volume, and hence the mass, of B remains unchanged,
but ¢ is reduced to 145 of its former value. Letting all other quantities have
the values used in connection with Fig. 7.5.2, one then obtains Fig. 7.5.5,
which portrays highly unstable attitude behavior. Morecover, a simulation
differing from the one used to generate Fig. 7.5.5 only in that it applies when
mp is equal to zero gives rise to Fig. 7.5.6, which leads to the conclusion that
P, S, and D are responsible for the unstable motion depicted in Fig. 7.5.5.

As a check on the validity of the computations underlying Figs. 7.5.2~-
7.5.6, the quantity |H| £ (H,> + H,* + H3?)''? [see Eq. (74)] was evaluated
throughout each of the simulations used to produce these figures. In every
case, |H| was found to remain constant to at least six significant figures.

The preceding results are intended to underscore the fact that simulations
of motions can provide valuable physical insights. The extent to which they
do so depends heavily on the analyst’s ingenuity in choosing parameter
values and initial conditions.

7.6 DETERMINATION OF CONSTRAINT FORCES AND
CONSTRAINT TORQUES

Forces and torques that make no contributions to generalized active forces arc
called constraint forces and constraint torques, respectively. To determine these,
one uses one or more dynamical equations in which constraint force and/or
constraint torque measure numbers of interest come into evidence (see Sec. 6.3),
substituting into such equations values of the generalized coordinates and gen-
eralized speeds obtained by solving the kinematical and dynamical differential
equations governing the motion under consideration.

Example Figure 7.6.1 shows a linkage formed by uniform bars 4, B, and C,
each of length 2L, having masses m,, mg, and m¢, respectively. Supported
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2L

B -

Figure 7.6.1

by horizontal pins at P and S, the linkage is free to move in a vertical plane,
and such motions are governed by the differential equations

4y = u, (D
iy = —p’s, 2

where g, is the radian measure of an angle as indicated in Fig. 7.6.1, u, is a
generalized speed defined such that Eq. (1) is satisfied, s, £ sin q,, and p is
a constant defined as

A [39(7",4 + mg + 2mc)]”2 3)

~ | 4L(my + mg + 3mc)

The set of forces exerted on A by the pin at P can be replaced with a
couple whose torque is perpendicular to n; (see Fig. 7.6.2 for n;), together
with a force R,n; + R,n, + R;n; applied to 4 at P. R, is to be determined
for t =9s and t = 10s, with m, = 1kg, mzg = 2kg, mc = 3kg, L = 1 m,
and ¢q,(0) = 30° u,(0) = 0.

Figure 7.6.2
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To bring R, (but not R,, R,, or the torque of the couple exerted on A
by the pin) into evidence, one can imagine that P is attached to a slider that
is free to move in a horizontal slot, as indicated in Fig. 7.6.2, and one can
introduce a generalized speed u, such that the velocity of P is given by (see
Fig. 7.6.2 for n,)

vP = u,n, 4)
The angular velocities of A, B, and C then are given by
o' =un, %)
and
o? = fin, o = vn, (6)

where §§ and y are functions of ¢, u,. and u,, which functions are found by
setting v5, the velocity of point S, equal to zero after expressing v° as

v = vP 4+ o' x (—2Le,) + @ x (2Ln,) + o® x (2Le,) 7
(2.7.1)

Thus (see Fig. 7.6.2 for the unit vectors ¢, and e,) one obtains

0 =u,n; + 2Lu,e, + 2Lyn, — 2Lfe, ®8)

(7) (&) (5) (6) (6)
and dot-multiplications of Eq. (8) with n; and e, lead to

U,

= — 9
[ Uy + 2Lc, )]
and
U8,
Y= 10
TS (10)
respectively, where ¢; £ cos ¢,. Consequently,
u
o = (u —l-‘z--)n 11
16.9) ' 2Ley) (1
and
. u,s
of = 21 (12)

n;
(6,10) 2Lc,



220 EXTRACTION OF INFORMATION FROM EQUATIONS OF MOTION 7.6

Furthermore, the velocities of A*, B* and C*, the mass centers of 4, B, and
C, respectively, are

v =vP + o x (—Le,) = u,n, + Lu,e, (13)
) (5)
VP = of x (—Le,) = (Lu1 + ﬁi) e, (14)
(11 2¢,
v =v? + o x (Ln,) = 2Lue, + (n1 + ?_S—lnz) u, (15)
(12) Cy

and with the aid of Egs. (5), (11), (12), (13)-(15), and (4), one can formulate
the partial angular velocities of A, B, and C and the partial velocities of A*,
B*, C*, and P associated with u, as

n s.n
®'=0 of=" o= (16)
(5) an 2Le; (12 2Lc,
* * € c* S,
vt = v, = 2 Vo =+ 0. (17)
13 (14) 2€4 (15) Cy
and
VZP = nl (18)

4)

With u, = 0 (because this corresponds to the motion of interest), the
inertia forces for 4, B, and C are [see Eq. (4.11.3)]

R*= —mya* = —m L(ii,e; + u,’e,) (19)

Rp* = —mpa® = —myL(ie, + u,’e,) (20)
and

Rc* = —mea® = —2mcL(ii e, + u,2e,) (21)

respectively, while the inertia torques for 4, B, and C can be written [see
Eq. (4.11.10)]

LZ
T*=— ”23— uyng (22)
LZ
Ty = — "2 i, (23)
and
T*=0 (24)

Hence, the generalized inertia force F,*, formed as [see Eq. (4.11.7)]
F2* = (’)ZA ° TA* + VZA* . RA* + sz .TB*

+ V.2 Rg* + @, Te* + v, Re* (25)
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is given by

mgL mgL
* __ . 2 B . B .
F,*= 0 —myL@iyc, — wu*s))——u; — 1

(25)(16.22) (17,19) 6c, 2¢,
(16,23) (17,20)

. 1 2
+ 0 —meL g |+ =) —u®s,
(16,24) Cl

(17,21)

112
= L(m, + me)s,u,?> — L {mAcl + < [3 mg + (1 + clz)m(-]}d1 (26)
1

and the generalized active force F,, expressed as [see Eqs. (4.6.1) and (4.8.2)]
Fy =v,"+(Rn; + Ryn, + Ryny) — gny - (mgvy " + mpv,® + mev, ) (27)

is given by

s
F, = R, — gmg + my)—~
2 anas) Fan 2, (28)
Solved for R;, the dynamical equation obtained by substituting from Egs.
(26) and (28) into
F,+F,* = 0 (29)

(6.1.2)

yields with the aid of Eq. (2)

s
R, = g(mp + mc)f — L(my + m¢)su,?
1

[3 my 4 (1 + clz)mc]}pzsl (30)

1
—L —
{m,,c, + o 13

1

In Table 7.6.1, values are recorded for ¢, and u, as found by solving Egs.
(1) and (2) numerically with m, mg, m¢, L, q4,(0), and u,(0) as given. Using
the tabulated values corresponding to t = 9 s, one finds that

s, = —0.1841  ¢; = 0.9829 (31)
and
(—0.1841) R
R, = 9. L (4)(—0.1841)(—1.1358
,(30)981(5) 3(0.9829) (4)( X )

1 4
-0 —— | = + (1 + 0.9661 . —0.
{0 9829 + 09829 [3 + 1+ 6 )3]}(5 5(31)81)( 0.1841)

= 4829 N (32)
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Table 7.6.1

t(s) q, (deg) u, (rad/s)

0 30.000 0.0000
1 —20250  —0.89243
2 28515 12103
3 24051  —0.72140
4 29470  —022499
5 15.716 1.0325
6 84490 —1.1657
7 —26989 0.52598
8 27.898 0.44270
9  —10608  —1.1358
10 —13736 1.0784

Similarly, for t = 10 s, Eq. (30) and the last row of Table 7.6.1 yield R, =
6.046 N. Of course, the calculation of R, in accordance with Eq. (30) can be
incorporated in the computer program used to solve Egs. (1) and (2).

7.7 REAL SOLUTIONS OF A SET OF NONLINEAR,
NONDIFFERENTIAL EQUATIONS

The need to find real solutions of a set of nonlinear, nondifferential equations can
arise in connection with systems at rest in a Newtonian reference frame, steady
motions, motions resembling states of rest, and various other problems of
mechanics, as well as other areas of applied mathematics. For instance, referring
to the example in Sec. 6.5, one may wish to find a value of the steering angle g,
such that the system S remains at rest when M, R, a, b, L, T, and g have preassigned
values. To do so, one must solve Eq. (6.5.31), which one can do easily, despite the
fact that the equation is nonlinear in q,, for Eq. (6.5.31) leads directly to

¢))

Th/L — (MgRa/L) sin 6 cos qs

. tan“[ T — MgR sin 6 sin g5 ]
4 =

Frequently, however, finding such solutions is not so straightforward. Consider,
for example, the steady motion problem treated in the example in Sec. 6.6, and
suppose that 6 is to be determined for given values of RQ?/g and h/R. Since Eq.
(6.6.17) cannot be solved readily for  as a function of RQ?/g and h/R, one might
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resort to a numerical trial-and-error procedure consisting of evaluating the left-
hand member of Eq. (6.6.17) for various values of 8 until one has found a value that
satisfies Eq. (6.6.17) to an acceptable degree of accuracy. But trial-and-error
procedures become ineffective when employed for the solution of a set of nonlinear
equations, as in the example in Sec. 6.7. Here, to determine q, and q, when LQ?/g
is given, one must solve Egs. (6.7.21) and (6.7.22) simultaneously, and one can do
this by employing the procedure now to be described.

The most general set of n simultaneous equations in n unknowns x,, ..., X,
can be written

S x) =0 (i=1...,n) )
Let y,(1), ..., y.(7) be a set of n functions of a variable 7, with 0 < t < 1; take
y@ =k (=1....,n (3)

where k;, a constant, is selected arbitrarily; and require that y(7),..., y,(1)
satisfy the equations

f;‘(yl""’yn)=f;'(k1s"',kn)(1_t) (i=l,...,n) (4)

Then, as the right-hand sides of Eqs. (4) vanish at T = 1, the functions y(7),.. ., y,(1)
satisfy, at T = 1, precisely the same equations as do x,, ..., x, [see Egs. (2)]. Now,
yi(1),..., ya(1), and, hence, x,,..., x,, may be found as follows: Differentiate
Eqgs. (4) with respect to 7, thus obtaining the set of first-order differential equations

ofy dy, 0f1 dyn

Y1 =— fitk,..., k,
dy, dt + +6y,. P Ji(ky )

i &)

of, dy of, d
Ohdyy | Oy

= —f(kyy ..., k
dy, dt dy, dt ks )

and perform a numerical integration of these equations (see Sec. 7.5), using Eqs.
(3) as initial conditions and terminating the integration at t = 1.

As was stated previously, k4, ..., k, may be assigned any values whatsoever.
However, it can occur that, for certain choices of k,..., k,, some of y,,..., y,
do not possess real values for some values of 7 in the interval 0 < 7 < 1, in which
event the numerical integration of the differential equations cannot be carried to
completion. When this happens, one simply changes one or more of ki, ..., k,.
In general, results are obtained most expeditiously when k, ..., k, are good ap-
proximations to x, . . ., X,, respectively. Fortunately, in connection with physical
problems, one often can make good guesses regarding x;, .. ., x,, and hence assign
suitable values to k,, ..., k,. Finally, it is worth noting that two or more distinct
sets of values of k4, ..., k, can lead to the same values of x,, ..., x,.
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Example If q,, q,, and ¢3/L in Problem 12.6 are replaced with x, x,, and x,

respectively, then x,, x,, and x; are governed by equations having the form
of Egs. (2) with n = 3 and

3 2 1 2
L2 =)+ ('2‘ - Sz) +(c; — )’ — (x3 + —) (6)

4
A 1
f2 2 x3+ 2% + 2x3(c28; — ¢y) @)
. 1 3
fi & x3+ 2)%2 + 2x3 (€18, — 502 (3)

where s; and ¢; now stand for sin x; and cos x;, respectively (i = 1, 2). The
equations corresponding to Egs. (5) are

d 3 d 1\ dy
2(syc; — C;)% + 2<clsz - 502) % - 2<y3 + 4) T;

3 2
= —|(1 —sink,)* + (= —sink
2 2

+ (cos k; — cos k,)? — (k3 + %)2] )]

1 d d d
[<.V3 + Z)Cl + 2y5(c,c, + 31)]% - 2Y35152% + [sy + 2(syc; — Cl)]%

1\ . .
= — [<k3 + Z) sin k, + 2k;(cos k, sin k, — cos k,)] (10)
d 1 3 d
—2y38;8; % + [(.Vs + Z)Cz + 2y, (CICZ + 5 Sz)] %

3 dy3
+ [sz + 2(0132 — Ecz)] T
1\ . . 3
= — [<k3 + Z) sin k, + 2k, (cos kysin k, — 5 cos kz)] 11)

where s; and ¢; now denote sin y; and cos y;, respectively (i = 1, 2).

With k,; = k, = k; = 0, numerical integration of Egs. (9)-(11) in the
interval 0 < t < 1 leads to values of y,(1), y,(1), and y;(1), and thus to values
of x,, x,, and x5, such that

q, = 35.55° q, = 4491° q; = 0.65L (12)
Identical results are obtained with k, = k, = 0.1745 (corresponding to
q; = q;, = 10°) and k; = 0.1; but taking k, =k, = —1.745 and k; =2
produces

gy = —11469° g, = —9477° g5 =291L (13)
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Equations (12) characterize an equilibrium configuration in which B, and
B, (see Fig. P12.6) lie below the horizontal plane determined by the axes of
the pins that support the bars, whereas Eqgs. (13) apply when the system is at
rest with B, and B, above this plane.

7.8 GENERALIZED IMPULSE, GENERALIZED MOMENTUM

When a system S is subjected to the action of forces that become very large during
a very short time interval, the velocities of certain particles of S may change
substantially during this time interval while the configuration of S in a Newtonian
reference frame N remains essentially unaltered. This happens, for example, when
two relatively inflexible bodies collide with each other. Although such phenomena
may appear to be more complex than motions that proceed more smoothly, they
frequently can be treated analytically with comparatively simple methods because
the presumption that the configuration of S does not change enables one to in-
tegrate Eqgs. (6.1.1) or (6.1.2) in general terms and thus to construct a theory in-
volving algebraic rather than differential equations. To this end, two sets of
quantities, called generalized impulses and generalized momenta, are defined as
follows.

Suppose that S is a nonholonomic system possessing n generalized coordinates
41> .-, qn (see Sec. 2.10) and n — m independent generalized speeds uy, ..., Uy—p
(see Sec. 2.12) in N. Let ¥,” be the rth nonholonomic partial velocity in N of a
generic particle P; of S (see Sec. 2.14); let R, be the resultant of all contact forces and
distance forces acting on P;; and let ¢, and ¢, be the initial and final instants of a

time interval such that q,,..., g, can be regarded as constant throughout this
interval. The generalized impulse 1, is defined as
v 1%}
I,QZV,P"(tl)-f R, dt r=1,....,n—m) (6))
i=1 t

where v is the number of particles of S, and the generalized momentum p, is defined
as

p) & Y mFF@-vi(@) (=1...,n—m (2)
i=1
where m; is the mass of P; (i = 1,..., v).
When forming expressions for I, (r = 1,..., n — m) in accordance with Egs.

(1), one regards as negligible the contributions to the time-integral of R, of all
forces that remain constant during the time interval beginning at ¢, and ending at
t,. Moreover, I, can be expressed as

12
I,zf Fdt (r=1..,n—m) 3)
t

where F,, ..., F,_,, are the nonholonomic generalized active forces for § in N
(see Sec. 4.4). Consequently, forces that make no contributions to generalized
active forces (see Sec. 4.5) also make no contributions to generalized impulses.
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The constructing of expressions for generalized momenta often is simplified
by the following fact. If K, the kinetic energy of S in N (see Sec. 5.4), is regarded as
a function of q,, ..., g, Uy, - .-, U,_, and t (see Sec. 5.5), then

K
prza— r=1,....,n—m) )
ou,

The aforementioned integration of Egs. (6.1.1) from ¢, to t, results in the re-
lationships

Ir x pr(t2) - pr(tl) (r = 1, ey — m) (5)

When S is a holonomic system, m is set equal to zero, tildes are omitted from Egs.
(1)-(3), and integration of Egs. (6.1.2), rather than (6.1.1), leads to Egs. (5).

Derivations In accordance with Egs. (4.4.1),

153 12 Vv v

f F.dt = ZV,”*‘-R,-dt:Z 'P' ‘R;dt r=1,...,n—m) (6)
ty t i=1 i=1

In general, ¥,” is a function of ¢ in N. But if t, & t, and q,(t,) ~ q,(t,), then ¥,% is

nearly fixed in N (and nearly equal to its value at time ¢,) throughout the time

interval beginning at ¢, and ending at ¢,, and

det i""(t,) f R dt = r=1,...,n—m) @)
6) i= [§1

)

in agreement with Egs. (3).
To establish the validity of Egs. (4), one can write
K 1 v P.
0 0 [ 5 mv™) ] 6 VP
Oty (5.4.1) 04, [ 2,54

= P P
= Y myPi-vii=p, r=1...,n—m) ®)
(2.14.4)i=1 (2)

Finally, integration of Eqs. (4.11.1) produces
12 2 VvV
f Fr*dt = Z V,P"'(—m,-a,-)dt
1y 1

i=1 (4.11.3)

—Z f Ndv”'
i %) fuNdvm t

R

= — 'Zl m¥,P(t,) - [vFi(ty) — vPity)]

= —[p(ts) —p(t))]  (=1....,n—m) )
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Consequently, integration of Egs. (6.1.1) 'yields

f F,dt + f Fratae I —[plt) —p(t)] = O =1 =)

(7 9) (6.1.1)
(10)
or, equivalently, Egs. (5).

Example Figure 7.8.1 shows a gear train consisting of three identical gears
G,, G,, and G5, each having a radius b and a moment of inertia J about its
axis. The angular speed Q of G, is to be determined on the basis of the assump-
tion that the gears are set into motion suddenly when G, is meshed with a
gear G’ of radius b’ and axial moment of inertia J', G" having an angular speed
)’ at the instant of first contact between G, and G'.

Before G, and G’ are brought into contact, the system S formed by G,,
G,. G5, and G’ possesses two degrees of freedom, and. if generalized speeds
u, and u, are defined in terms of ®“* and @“, the angular velocities of G, and
G, respectively, as

u, 2@ n; u, £ 0% n, (11)

where nj, is one of three mutually perpendicular unit vectors directed as shown
in Fig. 7.8.1, then the kinetic energy K of S is given by

K = 3Ju?+1Ju,? (12)
(5.4.5)

Consequently, the generalized momenta p, and p, are

K 3K
—— (— = 3,]“1 pZ = (—-— = J’ll: (]3)

A =
@) Oty (12) @) Oz (12)

Figure 7.8.1
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When G, and G’ are meshed suddenly, large forces come into play at
the points P and P’ (see Fig. 7.8.1) where G, and G’ come into contact with
each other, as well as at the points of contact between G, and G,, G, and G;,
and each of G,, G,, G5, and G’ with its supports. Of all of these forces, the only
ones that make contributions to generalized active forces (see Sec. 4.5), and
hence to generalized impulses, are the interaction forces R and —R exerted
on G, at P and on G’ at P, respectively. The generalized impulses I, and I,
are, therefore, given by

I, = v,P-f Rdt + v,"'-f (-R)dt (r=1,2) (14)
(1) ty ty

where the partial velocities v,* and v,*’ (r = 1, 2), found by inspection of the
velocity expressions

vV =bumn, V' = —bu,n, (15)

are
vvP=bn, v =0 (16)

and
v2v=0 v, =—-bn, (17)

The symbols ¢, and ¢, in Eqgs. (14) refer, respectively, to the instant of first
contact of G, and G’ and to the instant at which the meshing process has
been completed, and in writing Eqs. (14) it is presumed that the time interval
t, — t, is very small.

Using Eqgs. (16) and (17) to form I, and I, in accordance with Eqs. (14),
one finds that

12 rt2 .
1,=bn2-f Rd: 12=b’n2-J Rd: (18)
and substitution from Egs. (13) and (18) into Eqgs. (5) then yields
12
bn, | Rdt = 3J[u(t;) — u(t))] (19)
t (5) (13)
and e
bny- | Rt~ J'[uy(ty) — uy(ty)] (20)
t (5) (13)

(18)

or, after elimination of n, * j:z R dt,
1

3J J
?[“102) —u(t)] = b [ua(t;) — uy(ty)] (1)

(19,20)

The quantities u,(t,) and u,(¢,) have known values, namely [see Egs. (11)],
u(t) =0 uy(ty) =Q (22)
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At time t,, the meshing processing having been completed, points P and P’
have equal velocities, which means that

bu,(t;) = —buy(t;) (23)
(15)
or, if Q is defined as
Q £ uy(t,) (24)
that
b b
u)(ty) = — Ful(tZ) = - ;Q (25)
(23) (24)
Consequently,
3J J b
—Q -0 =~ —,(——,Q—Q') (26)
b (24) (22)(21)b b
(25) (22)

and Q, the angular speed that was to be determined, is seen to be given by
_ _ (J!/b!)QI
26)3(J/b) + (b/b)J’'/b’

(27)

Before leaving this example, we examine the changes that take place, during
the time interval beginning at ¢, and ending at t,, in the kinetic energy of
S and in the angular momentum of S with respect to any fixed point.
The kinetic energies of S at ¢, and at ¢, are given by
K@) = 3J(@Q)? (28)

(12,22)

Q2 b\?
K@ty = —[ (—) N 31]
2 (12,24,25) 2 b

QUYL (b)) + 3J]
an  203(/b) + (b/b)' /6T
respectively. The ratio of these two kinetic energies thus can be expressed as

K@) 1 0
K(t,) 28,20 1 + 3(J/J)(b'/b)?
Since the right-hand member of this equation is smaller than unity, it is evident
that the kinetic energy of S decreases during the meshing process under con-
sideration. As for the angular momenta H(t,) and H(t,) of S relative to any
fixed point, these can be written

H(t,)) = J'Q'n, 31

(22)

and

(29)
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and

b

25)

b
H(t,) = ( —J=Q+JQ—JQ + Jﬂ)n3 (32)

where the last three terms in the parentheses can be seen to reflect the contri-
butions of G,, G,, and G; when kinematical relationships are taken into
account. From Egs. (32) and (27) it thus follows that

QI /bYJ — Jb/b)

H®) = =530k + oo ™ (33)
and the ratio of the magnitudes of H(z,) and H(t,) is
H@)l _ 11— J0)) )

|H(t,)| (3;31)1 + 3(J/J)(b'/b)?

Here, too, we have a quantity smaller than unity, so that angular momentum is
seen to decrease also.

It is tempting to “explain™ the decrease in kinetic energy by referring
to the sound and heat generation known to accompany events of the kind under
consideration. However, this is seen to be unsound when one realizes that the
method at hand can also lead to kinetic energy increases (see, for example,
Problem 14.6). What must be remembered is that Eqgs. (5) are approximate
relationships, which means that results obtained by using these equations
can be somewhat, or even totally, unrealistic. Ultimately, only experiments
can reveal the degree of utility of a given approximate solution of a problem.
Hence, energy decreases should not be regarded as reassuring, or energy
increases as alarming, in the present context. Most importantly, one should
not attempt to base a solution of a problem involving sudden velocity changes
on an energy conservation principle.

The change, if not the decrease, in angular momentum magnitude mani-
fested in Eq. (34) can be explained readily. During the time interval beginning
at t, and ending at ¢,, forces are exerted on S at points of contact between G’
and its support and, similarly, on points of G,, G,, and G, by their supports.
There is no reason to think that the sum of the moments of all of these forces
about any fixed point vanishes. Hence, in accordance with the angular momen-
tum principle [see Eq. (7.3.9)], the angular momentum of S with respect to
any fixed point must be expected to change during the time interval beginning
at t, and ending at t,. The principle of conservation of angular momentum
applies to any system undergoing abrupt velocity changes, just as it applies
to any system having other motions, only when the resultant moment about
the system’s mass center (or about a point fixed in a Newtonian reference
frame) of all forces acting on the system is equal to zero.



7.9 coLLisioNs 231
7.9 COLLISIONS

When a system S is involved in a collision beginning at time ¢, and ending at time
t,, the motion of S at time ¢, frequently cannot be determined solely by use of
Egs. (7.8.5) together with a complete description of the motion of S at time t,.
Generally, some information about the velocity of one or more particles of S
at time t, must be used in addition to Eqgs. (7.8.5), and this information must be
expressed in mathematical form [see, for example, Eq. (7.8.23)]. What follows is
an attempt to come to grips with this problem by formulating two assumptions
that, as experiments have shown, are valid in many situations of practical interest.

In Fig. 7.9.1, P and P’ designate points that come into contact with each other
during a collision of two bodies B and B'. (P and P’ are points of B and B’, respec-
tively.) T is the plane that is tangent to the surfaces of B and B’ at their point of
contact, and n is a unit vector perpendicular to T.

If v"(t) and vP'(¢) denote the velocities of P and P’, respectively, at time ¢,
then v, defined as

va £ V() — V(1) (1)
is called the velocity of approach of B and B, and v, defined as
vs 2 ¥0(t,) — v (1) (2

is called the velocity of separation of B and B'. Each of the vectors v, and vg can be
resolved into two components, one parallel to n, called the normal component,
the other perpendicular to m, called the tangential component, and the normal
components can be expressed asn - v nand n - vgn, while the tangential components
aren X (v, x n) and n x (vg x n). The velocity of approach, velocity of separa-
tion, and their normal and tangential components are shown in Fig. 7.9.2.

The first of the two aforementioned assumptions is that the normal components
of v, and vg have opposite directions, while the magnitude of the normal component
of vg is proportional to the magnitude of the normal component of v, the constant

Figure 7.9.1
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nX (v, Xn) n X (vg X n)

Figure 7.9.2

of proportionality being a quantity e whose value depends on material properties,
but not on the motions, of Band B'. This can be stated analytically as (see Fig. 7.9.2)

nvg= —en-v, 3

The constant e, called a coefficient of restitution, is found, in practice, to take on
values such that 0 < e < 1. When e = 0, the collision is said to be inelastic; e = 1
characterizes an idealized event termed a perfectly elastic collision.

The second assumption involves both the tangential component of v (see
Fig. 7.9.2) and the force R exerted on B by B’ at the point of contact between B
and B’ during the collision. More specifically, R is integrated with respect to t
from t, to t, ; the resulting vector is resolved into two components, one normal
to the plane T, denoted by v, and called the normal impulse, the other parallel to
T, denoted by 7, and called the tangential impulse, as indicated in Fig. 7.9.3. The
assumption is this: If and only if the inequality

It] < p|v]| 4

is satisfied, where yu is the coeflicient of static friction for B and B’ (see Sec. 4.10),
then there is no slipping at t,, which means that (see Fig. 7.9.2)

nx(vgxn=0 &)

Figure 7.9.3
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If the inequality (4) is violated, then

n X (vg X n)
Ll Sl o 6
i “Ivllnx(vsxn)l ©
where p' is the coefficient of kinetic friction for B and B’ (see Sec. 4.10), and there
is slipping at t,, so that Eq. (5) does not apply.

Example Consider the collision of a uniform sphere B of mass m and radius
b with a fixed body B’ that is bounded by a horizontal plane, as indicated in
Fig. 7.9.4. The angular velocity  of B and the velocity v* of the center B*

of B can be expressed in terms of generalized speeds uy, ..., ug as

® = u;n; + UN; + UznNy @)
and

v =u,n; + usn, + ugn; (8)
The values of u,, ..., ug at the instant r; at which B comes into contact with
B’ are presumed to be known. It is desired to determine the values of u,, ..., ug

at time 1,, the instant at which B loses contact with B’
The kinetic energy K of B is given by [see Eqs. (5.4.2), (5.4.4), and (5.4.7)]

K= %-](“12 * “22 i “32) + %"’(“42 = “52 ¥ Uez) ©)
where
J 2 Zmb? (10)
The generalized momenta p,, ..., pe» formed in accordance with Eqgs. (7.8.4),
are thus

_{Ju, (r= 1.2.3)
i mu, (r=4,506)

(an

The velocity of the point P of B that comes into contact with B’ at time ¢,
is given at all times by

Vi=vf4+oxp (12)

Figure 7.9.4
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where p is the position vector from B* to P. Hence,
VP = ugmy 4 usny + ugny + (uyny + uny +uzny) x po (13)
(12,7,8)

and the partial velocities of P at any time ¢ are

=1,213)
VI ={..,x,, o4 (14)

()(13) n,_; (r=4,516)
At time ¢, pis given by p = —bn,, and the first three of Egs. (14) thus lead to
vif(t,) = —bn, v.7(t) =0 vy'(t,) = bn, (15)

Letting R be the force exerted on B by B’ at their point of contact during
the time interval beginning at ¢, and ending at t,, and defining S, as

12
S,-én,.-f R dt i=123) (16)
t
one can write
12
J‘ Rdt = Slnl + S2n2 + S3ll3 (17)
t (16)
whereupon one is in position to express the generalized impulses I, ..., I¢ as
11 = —bn3 '(Slnl + S2n2 + S3n3) = —bS3 (18)
(7.8.1) (15) 17)
I, = 0 19
(7.8.1) (15,17)
I, = bS, (20)
(7.8.1) (15,17)
I, = §,._5; (r=456) (21

(7.8.1) (14,17)

so that substitution from Eqgs. (11) and (18)-(21) into Egs. (7.8.5) produces

—bS; = J[uy(t2) — uy(t))] 22)
0 = J[uy(t;) — uy(ty)] (23)

bS | = J[us(t2) — us(ty)] (24)
Sy & mluy(ty) — ug(ty)] (25)
S, = mlus(ty) — us(ty)] (26)
S5 = mlug(ty) — ue(ty)] (27)

One of the quantities to be determined, namely, u,(t,), now can be found im-
mediately, for Eq. (23) yields

uy(t2) = uy(ty) (28)
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As for the rest, information in addition to that furnished by Egs. (22) and
(24)-(27) is required because these five equations involve the eight unknowns
u,(t;), us(ty), ..., ug(ty), S;, S,,and Sj.

The velocity of the point P’ of B’ (see Fig. 7.9.4) with which B comes into
contact during the collision is equal to zero at all times if B’ is fixed, as is being
presumed. Hence,

vt) = v () =0 (29)
and v, the velocity of approach, can be expressed as
ve=v(t)— 0 (30)
(1) (29)
or,since p = —bn, at ¢, as
Va = [usty) + bus(t)Ing + us(tIn, + [ug(ty) — bu,(t;)Iny  (31)

(30,13)
Similarly, vg, the velocity of separation, formed in accordance with Eq. (2),
is given by
Vs = [ua(ty) + bua(t;)Iny + us(t)ny + [ue(t,) — buy(ty)Iny (32)
(2,29,13)
and, with n, playing the role of n (see Figs. 7.9.1 and 7.9.4), one can thus write
one further equation by appealing to Eqgs. (3), namely,
us(t;) = —eus(ty) (33)
(3,32,31)

Furthermore, Eq. (26) may be replaced with
S, & —m(1 + e)us(t,) (34)

Four equations, namely, Egs. (22), (24), (25), and (27), now are available
for the determination of the remaining six unknowns, u,(t,), u3(t,;), us(t,),
ug(t,), S;, and S5. To supplement these, we note that v, the normal impulse,
and t, the tangential impulse, are given by [see Fig. 7.9.3, Eq. (17), and Fig.
7.9.4]

v=S,n, 35)
and
t=25n + S3m; (36)

respectively, and we form the tangential component of the velocity of separa-
tion as (see Figs. 7.9.2 and 7.9.4)

n, x (vs X my) = [uy(ty) + bus(t)Ing + [ue(ty) — buy(t,)Iny  (37)
(32)
Now there are two possibilities: There is no slipping at t,, in which case
uy(ty) + bus(t;) = 0 (38)
(5,37)

ug(tz) — buy(t) = 0 (39)

(5,37
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and

(8% + $3%)Y2 < p|S,| (40)
(36) @ (35

Alternatively, there is slipping at t,, and Eq. (6) requires that
uy(ty) + bus(ty)

S, = —=u|S 41
S S ) F BT T Cugty) = by ? D
37)
and
S _ _ulls I u6(t2) - bul(tZ) (42)
3 - 2

(36) (6) 35y {[ua(tz) + bus(t;)1* + [uelty) — buy(t;)]2}2
an
We shall examine these two possibilities separately. Before doing so, however,
we establish two relationships that apply in both cases. Specifically, we
eliminate S, from Eqgs. (24) and (25), obtaining

bmluy(ty) — uy(t)] = JLus(ty) — us(ty)] 43)
Similarly, eliminating S5 from Egs. (22) and (27), we find that
—bmlug(t;) — ue(ty)] & J[uy(ty) — uy(ty)] 44)

If there is no slipping at t,, then Eq. (38) applies, and elimination of u,(t,)
from Egs. (38) and (43) reveals that

Juy(ty) — mbuy(t,)
mb? + J

us(ty) ~ (45)

Once u,(t,) has been evaluated, one can find u,(z,) by using the relationship

us(ty) = —bus(ty) (46)

(38)
As for u,(t,), elimination of u¢(t,) from Eqgs. (39) and (44) results in

Ju,(t,) + mbug(t,)

mb* + J “7)

u,(ty) =

and Eq. (39) then permits one to evaluate ug(t,) as
ug(ty) = buy(ty) (48)

Successive use of Egs. (28), (33), and (45)-(48) thus yields a set of values of
uy, ..., U at time t,, and these values apply if and only if the inequality (40)
is satisfied when S, S,, and S, have the values given by Egs. (25), (26), and
(27), respectively.

If there is slipping at t,, then, as before, u,(t,) and us(t,) are given by
Eqgs. (28) and (33), respectively, and S, can be found with the aid of Eq. (26).
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To determine u,(t,), us(t,), u4(t,), and ug(z,), one can begin by using Egs.

(25) and (43) to express S, as
J
S, ~ b Lus(ty) — us(ty)]
and referring to Eqgs. (27) and (44) to obtain

J
Sy~ — b Luy(ty) — uy(2y)]

Next,
bS
us(t;) = us(ty) + 'Tl
(49)
bS
u,(ty) ~ uy(ty) — —J_3
(50)
S
ug(ty) & uy(ty) + —
43) m
(51)
S
ug(ty) =~ ug(t;) + =2
(44) m
(52)
Hence,

1 b2

ug(ty) + bus(ty) ~  uy(ty) + bus(ty) + (— + =
(51,53) m J

1 b2

ug(ty) — bu,(t;) =~ ug(ty) — bu,(t) + =+ —
(52,54) m J

and, if «, 7y, and k are defined as

o« 2 u,(ty) + buy(t,) Y 2 ugty) — bu,(t,)

and
1 b
A 4L~
k m + J
respectively, then Eqgs. (41) and (42) lead to
o + kS
S, ~ —u|S !
Al TPy R
(55—58)
and
, Y + kS,
Sy, &~ —u'|S
S O Ry NG

(55-58)

49)

(50

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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from which it follows that

Sy _ a+kS,

— =~ (61)
S3(s9,60) ¥ + kS3
or, equivalently, that
Y
S; =S
xS, (62)
which makes it possible to replace Eq. (59) with
o + kS
S, ~ —u|S,] L
Lo M TS T ks T
, o+ kS
= —WS,| 3 (63)

o + kS, |[1 + (y/0)*]"
Now, (a + kS,)/|a + kS,| has the value 1 when a + kS; > O, and the

value —1 when a + kS, < 0. In the first case, therefore,

W1S,|
Si R - 64
! 63 [1+ (y/a)*]"? 9

so that

kl
a+kslza_ #ISZI

T+ Gy 0 (63)

which implies that

a>0 (66)

In the second case,

w1S,|
N~ 1F2l 67
Lo T+ G 7
so that
ky'|S,|
«a+kS, ro+—-"--"-55<0 (68)
! 67) [1 + (y/x)*]"?

which implies that

a<0 (69)

Since the inequalities (66) and (69) are mutually exclusive, the sign of « is
sufficient to settle the question of whether Eq. (64) or Eq. (67) should be used,
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and one can accommodate both equations by writing

- WS, |
$1% ~ G + G/ (70)

which brings one into position to evaluate S; by reference to Eq. (62), where-
upon one can find u,(t,), u;(t,), us(t,), and ug(t,) with the aid of Egs. (52),
(51), (53), and (54), respectively.

In Fig. 7.9.5, a complete algorithm for the evaluation of u,,..., us at
time ¢, is set forth in the form of a flowchart, in which numbers in parentheses
refer to corresponding equations. The values of the physical parameters
b,m,J,e, p,and i, and the generalized speeds u,, . .., ug at time t, are presumed
to be known, and u4(t,) must be negative, since no collision will occur other-
wise. The physical significance of the preceding analysis is brought to light
with the aid of a numerical example.

Suppose that e = 0.8, u = 0.25, u’ = 0.20, and B has a “topspin” when
it strikes B’, which is the case, for instance, if [see Eqs. (7) and (8) and Fig.
7.9.4]

k14

u(t;) = uy(t;) =0 u(ty) = — B (71)

u(ty)) = —us(t) =V ug(t;)) =0 (72)

where V is any (positive) speed. Then, following the steps indicated in Fig.
7.9.5, one finds that S, = 4mV/7, S, ~ 1.8mV, S; ~ 0. Hence, the inequality

SPECIFY b, m, J, e, u, w's uy(1)), . . ., ug(t))

TRUE @ FALSE @

I

DETERMINE uy(1,), us(ty), us(15), ug(ty), uy(ty), ug(ty)
(28) (33) (45) (46) (41 (49

!

DETERMINE S|, S,, S,
(25)(26)(27)

Y

DETERMINE ¢, ¥; S, s;; u (1), Us(ty), ug(t2), ue(ty)
(5N (70)(62) (52) (S1) (53) (59

s |

REPORT u)(ty), . . . , ug(ty)

Figure 7.9.5
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(40) is violated, which means that there is slipping at ¢,. Proceeding in ac-
cordance with Fig. 7.9.5, one obtains

2.1V
uy(ty) = uy(t;) =0 us(ty) = Ty (73)
ug(ty) = 136V ug(t,) = 08V ug(ty) =0 (74)

The fact that ug(t,) = 0 shows that B* moves in the same plane subsequent to
the collision of B with B’ as it does prior to the collision. The angles 6, and 0,
that the vector v* [see Eq. (8)] makes with the vertical before and after impact,
respectively, can be compared with each other when it is noted that

us(t)

so that [see Egs. (72)] 0, = 45°, while [see Eqgs. (74)] 6, = 59.5°. This means
that the topspin initially imparted to B has the effect of producing a “drop,”
a fact that will not surprise tennis players.

Finally, one can estimate how long B will continue to bounce. The maxi-
mum height reached by B* during any bounce is, of course, smaller than that
attained during the preceding one, so that this height approaches zero (and
bouncing ceases) when the number n of bounces approaches infinity. The
time T, required for n bounces to occur is found by noting that the time that
elapses between two successive impacts depends only on the value of us at
the end of the first of these; that is, if 7, denotes the time required for the nth
bounce, then 7, is given by

0, = tan™! (i=12) (75)

. = 2us(t) _ —2eus(t;) (76)
! g @33 g

and, similarly,

_ 2us(t,) _ —2eus(ts)

T 77
2 p p an
But
us(ts) = —us(ty) = eus(ty) (78)
(33)
Hence,
)
, = 2e“us(t,) (79)
(17,78) g
Similarly,
_A,3
T, = —2e’us(ty) (80)

g
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and
T, = —2e"us(t,) (81)
g
Consequently,
-2 2 4 ... M (t
To—t 4 t1,= (e + e +g + eMus(t,) 82)
Now,
ettty (83)
1—e
Thus,
T = —2e(1 — e"us(ty) (84)
(82.83) (1—e)g
and the total time T required for infinitely many bounces is given by (for
0<e<)
T =lim T, = —2eust,) (85)

e BT g

Since this analysis does not account for the time consumed by the collisions

(infinitely many), Eq. (85) should be regarded as a lower bound on the time

required for bouncing to cease subsequent to time t,. Applied to the numerical

example considered previously, Eq. (85) yields

T — =208} (—=V) _ 8V
(1—-0.8)yg g

Hence, if ¥V = 10 m/s, B may be expected to bounce for a little longer than 8 s.

(86)

7.10 MOTIONS GOVERNED BY LINEAR DIFFERENTIAL
EQUATIONS '

Occasionally, one encounters a system whose motion is governed by one or more
linear differential equations. More frequently, linear differential equations arise
as a result of linearizations performed to take advantage of the fact that one can
solve certain kinds of linear differential equations without resorting to numerical
integration. The analyses dealing with the Foucault pendulum in Secs. 6.1 and
6.4 furnish cases in point. Because only one of Egs. (6.1.29), (6.1.30), and (6.1.34) is
a linear differential equation [the second of Eqgs. (6.1.34)], this set of equations was
integrated numerically to obtain the results reported in Table 6.1.1; but Egs.
(6.4.6)-(6.4.8), being linear differential equations, were solved in closed form.
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One linear differential equation that arises frequently both in dynamics and
in other areas of physics has the form

X + 2npx + p*x = f(t) 1)

where x is a function of time ¢, dots denote time-differentiation, n and p are con-
stants called, respectively, the fraction of critical damping and the circular natural
frequency, and f(t) is a specified function of ¢, called the forcing function. [See, for
example, Eq. (7.4.21), where u, plays the role of x while n = f(t) = 0.] The general
solution of Eq. (1) is

X =

{[X(O) — a;x(0)]e™" — [%(0) — a,x(0)]e*"

a, —a;

+ [ r@reeo —eonarl el

where x(0) and x(0) denote, respectively, the values of x and x at t = 0, and a,
and a, are defined as

ay & —pln —(n* = D] a, & —p[n + (n* — D] 3

The set of n linear differential equations

Zl M4+ K, ig) =0  (r=1,...,n @
= .

governs motions of a holonomic system S under conditions stated in Problem
12.4. Given the constants M, and K, (r, s = 1,..., n), as well as ¢,(0) and 4,(0),
the initial values of g, and ¢, (r = 1, ..., n), respectively, one can find q,, ..., q,
for t > 0 by proceeding as follows.

Let M and K ben x nmatrices respectively having M, and K, as the elements
in row r, column s. M and K are called the mass matrix and the stiffness matrix,
respectively. '

Construct an upper-triangular n x n matrix ¥ such that

M=VTV &)

where V7 denotes the transpose of V. (When M is diagonal, then V = M'/? that is,
V is the diagonal matrix whose elements are the square roots of corresponding
elements of M.)

Find the eigenvalues 4,, ..., 4, of the (necessarily symmetric) n x n matrix

W defined as
W A& (W YKV ! ()
and determine the corresponding eigenvectors (eachann x 1 matrix) C**, ..., C®

of W. If not all eigenvalues of W are distinct, then, corresponding to an eigenvalue
of multiplicity u, construct u eigenvectors that are orthogonal to each other.t

t The Gram-Schmidt orthogonalization procedure may be used to accomplish this task.
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Define an n x 1 matrix B®, a scalar N;,andann x 1 matrix A% (i = 1,...,n)
as, respectively, ‘

B® A& y-1c) i=1,...,n) @)
N, 2 /[BT"™MBY (i=1,...,n) ®)
and
. BY
A9 & (i=1,...,n) (€))

and let A be the n x n matrix having A1, ..., A™ as columns; that is, define 4 as
AE[ADI AP .. 14™] (10)

The matrix A is called the modal matrix normalized with respect to the mass matrix.
Let g(0) and 4(0) be n x 1 matrices respectively having ¢,(0) and 4,(0) as the
elements in the rth row, and define Q(0) and Q(0) as the n x 1 matrices

Q(0) £ A™Mq(0)  Q(0) & A"M{(0) 11)
Introduce scalars p,, ..., p, as
pELYE (r=1,...,n) (12)
and define diagonal n x n matrices c, s, and p as
[ cos p,t 0 0 ]
ch 0 cos p,t 0 13)
| O 0 e COS p,t |
[ sin p,¢ 0 0 ]
N 0 sin p,t 0 (14)
| 0 0 sin p,t |
and
D1 0 0
0 0
pel 1s)
0 0 e Pa
Finally, form the n x 1 matrix Q defined as
| Q £ ¢Q(0) + p~'s0(0) (16)

and let g be the n x 1 matrix whose elements are the generalized coordinates
4y ...,q, Then q is given by

q=A9Q 17
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The elements Q,, ..., Q, of Q are called normal coordinates. The system S
can move in such a way that any one of the normal coordinates, say, the jth, varies
with time while all of the rest of the normal coordinates vanish. This occurs
when Q{0) and/or Q(0) differ from zero, but Q,(0) and Q,(0) vanish for
k #j(k =1,...,n),for then Q; is the only nonvanishing element of Q, as can be
seen by reference to Eqs. (13)-(16). Under these circumstances, the expression for
q produced by Eq. (17) involves only the jth column of the modal matrix 4;
that is,

g =A%, | (18)

and S is said to be moving in the jth normal mode. To find initial conditions such
that S moves in this manner, one needs only to assign arbltrary values to Q;(0)
and 0 10), set Q,(0) and 0,(0) equal to zero for k # j (k = 1,..., n), and assign to
4(0) and 4(0) the values AY'Q(0) and A"’QJ(O) respectively.

Equation (17) is equivalent to the set of equations

=Y A%, (=1..n (19)
s=1 :

which show that g, (r = 1, ..., n) can be regarded as a sum each of whose elements
represents a motion of S in a normal mode [see Eq. (18)]. Moreover, Egs. (19)
furnish the basis for the constructing of approximations to q,, ..., 4, by modal
truncation, that is, by letting v be an integer smaller than n and writing

.~ Yy AYQ, (r=1,...,n) (20)
s=1

or, equivalently, ‘
q= AQ : (1)

where A4 is the n x v matrix whose columns are the first v columns of 4, and { is
the v x 1 matrix whose elements are the first v élements of Q. Such an approxima-
tion can save a considerable amount of computational effort when v is sufficiently
small in comparison with n, for one needs only the v eigenvalues 4,,..., 4, and
the v eigenvectors C'V, ..., C", rather than all n eigenvalues and eigenvectors,
to evaluate 4 and Q.

If F,(¢t),..., F,(t) are known functions of ¢, and q,, ..., g, are governed by

2 Myds + Kg) =F@)  (r=1,...,n) (22)

rather than by Eqgs. (4), but M, and K, (r,s = 1, ..., n) have the same meanings
as heretofore, then g is again given by Eq. (17) if Q, rather than being defined as in
Eq. (16), is taken to be

Q400 +p'[s00) +n] (23)
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where 77 is an n x 1 matrix whose rth element is defined as

n2 Y AP sinp,t — o cos p,i] r=1,...,n (24)
j=1

J

‘with
" 4 f FQ)cosp,tdl o4 f Fy{) sin p,{ d{ Gor=1,...,n) (25
0 0

Furthermore, approximate solutions of Egs. (22) can be obtained by modal
truncation, that is, by using Eq. (21) and taking for Q the v x 1 matrix whose
elements are the first v elements of Q as given by Eq. (23).

When n is sufficiently small, say, less than 4, one can solve Egs. (4) and (22)
by methods simpler than the ones just set forth. Conversely, when n is relatively
large, the use of normal modes is very effective, especially when good computer
programs for performing matrix operations are readily available. ‘

Derivations Differentiation of Eq. (2) with respect to ¢ yields

X = 1 {[X(O) — a,x(0)]a e — [%(0) — a,x(0)]a, e**

a, 2

+ f f(C) [aleal(r-m _azeaz(t—ﬁ)] d(} (26)
0

and differentiating this equation one obtains

X =

{[56(0) — a;x(0)]a, e — [X(0) — a,x(0)]a,’e™

a, —a;
t
+ f f(©[a e 9 — ay?en¢ 9] dC} + (1) 27
[\]
Using Egs. (2), (26), and (27), one thus finds that

<{[5€(0) — a,x(0)]e*"

X + 2npx + p*x = —

1 2

+ f'f (Dem9 dc} (a,* + 2npa, + p?)
0
- {[)%(0) — a,x(0)]e"

+ f'f(C)e""'_“ dC} (a,® + 2npa, + p2)> + /() (28)
0 .

Now, if a, and a, are given by Egs. (3), then
a,’ + 2npa, + p? = a,* + 2npa, + p* =0 (29)
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Consequently,

X+ 2npx + p*x = f(1) (30)

(28,29)

which is Eq. (1). Since x as given in Eq. (2) contains two arbitrary constants, it is
thus seen to be the general solution of Eq. (1) when a, and a, are given by Egs. (3).
To establish the validity of the procedure for finding functions q,,..., g,
of ¢t that satisfy Eqgs. (4), we begin with some observations regarding the matrices
M,K,C? BY and AY (i = 1, ..., n), noting first that
) ) [ B(i)]T B®
ANTMAD = =—— M — =1 i=1,...,n 31
[AMA® = 05 MG =1 =10 3D
Second, if B? is the eigenvector of M~ 'K corresponding to the eigenvalue A;, that
is, M~ 'KB" = },B® and C" is the eigenvector of W corresponding to the eigen-
value 4;, thatis, WC" = 1,C, then it follows from Eq. (5) that V= }{(¥ ~1)TKB® =
4;B® or, when Egs. (7) are taken into account, that V™ Y(V~H)TKV~1C? =
AV 71CY, while Eq. (6) enables one to write (V™ Y)TKV~1C? = 1,C? or, after
premultiplication with V™! VYV HTKV-I1CP = L, V7ICY (i=1,...,n).
Consequently, A, = 4, (i = 1, ..., n), which is to say that M~ 'K and W have the
same eigenvalues 4,, ..., 4,and that B?” is the eigenvector of M ~ 'K corresponding
to A, if B? is related to C, the eigenvector of W correspondingto 4, (i = 1,...,n),
as in Egs. (7). Hence, we can write

M~ 'KBY = },B® i=1...,n) 32)
or, after premultiplication with M,
KBY = A;MB® (i=1,...,n) 33)
(32)
Consequently,
[BY]TKB®Y = A[B?]TMB®
(33)
= AN i=1,...,n) (34
(8
and
[B9]T BY
N KF”;) A; (39)
or, in view of Egs. (9),
[AD]TKAY = A i=1,...,n) (36)

Third, we establish the validity of the orthogonality relationships

[A9TTMA® =0 (,j=1,...,ni #)) @7
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and
[AVTTKAY =0  (,j=1,...,n5i#}) (38)

as follows.

Because W is symmetric, the eigenvectors of W are orthogonal to each other
if the eigenvalues of W are distinct, and infinitely many sets of orthogonal eigen-
vectors of W can be found if not all eigenvalues are distinct. Hence,

[COTCO =0  (j=1,...,n5i#)) (39)
Now,
[B(j)]TMB(i) — [V—l CU)]TM[V—I C(i)]
(7) (7)
= [COTT[VT]~ MV~ 1C®
= [COIT VT VTV Y —iC®
(5)

=[CY]TCY =0  (j=1,...,n5i#)) (40)
(39)
and Egs. (37) follow directly from these equations together with Egs. (9). Further-
more,
[BYITKBY = A[BY]TMB® = 0 Gji=1...,ni#)) 41)
33) (40)
and the validity of Egs. (38) thus is established when Egs. (9) are taken into account.

As will be shown next, what is of interest in connection with Egs. (4) is that
Egs. (31) and (37) imply that

AT™A =U (42)
while Eqgs. (36) and (38) justify the conclusion that
ATKA = A 43)

where A is the modal matrix defined in Eq. (10), U is the n X n unit matrix, and
Ais the n x n diagonal matrix defined as

A’l . 0
14 . (44)
0o

Specifically, Egs. (4) are equivalent to the matrix differential equation
Mg+ Kq=0 (45)

so that, if q is set equal to AQ [see Eq. (17)], where Q is an, as yet, unknown n x 1
matrix whose elements are functions of ¢, then

MAQ + KAQ = 0 (46)
45)
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and, premultiplying this equation with AT, we find in view of Egs. (42) and (43) that

0+40=0 (47)
or, since 4 is a diagonal matrix [see Eq. (44)], that
0, + p’0 =0 (r=1,...,n (48)

(12)
The general solution of these equations is

0, = 0.(0) cos p, + Q;fo)

sin p,t r=1,....n) 49

where Q,(0) and Q,(0) are, respectively, the initial values of Q,and Q, (r = 1,.. ., n).
Moreover, if Q(0) and Q(0) are the n x 1 matrices whose elements are, respectively,
0,00),...,0,0) and 0,(0), ..., 0,(0), and ¢, s, and p are the matrices defined in
Egs. (13)-(15), then Eq. (16) is equivalent to Egs. (49). What remains to be shown
is that Q(0) and Q(0) as defined in Egs. (11) are, in fact, the initial values of Q and
0, respectively. This is accomplished by referring to Eq. (17) to write

9(0) = AQ(©)  4(0) = AQ(0) (50)
and then premultiplying with 4TM, whereupon Egs. (1 1) are obtained when Eq.
(42) is taken into account.

Finally, we consider Egs. (22), which are equivalent to the matrix equation
Mg+ Kq=F (51)
where F is the n x 1 matrix having F,(t), ..., F,(t) as elements. Here, expressing
q as in Eq. (17) and then premultiplying with A7 yields, with the aid of Eqgs. (42)
and (43),

0+iQ=4a"F (52)
which is equivalent to
0, +p%0, =1 (¢=1,..,n (53)
(44,12)(52)
where £.(t) is the rth element of the n x 1 matrix A”F, that is
HOE '21 Aj(')Fj(t) r=1,...,n (54)
i=

Now, Egs. (53) have the same form as Eq. (1) with n = 0. Referring to Egs. (2)
and (3), we can, therefore, write

e = 2111’ {[Q,(O) + ip,0,(0)]e™" — [0,(0) — ip,0,(0)]e™ 7"

+ J.},(t)[ei”""g) — e—ipr(r—o] dC}
0

= Q,0)cos p,t + Q'( )sm pit

+o Osinlpt — D1 G =1,...,m) (55)
pr 0
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or, after using Egs. (54),

0, = 0,(0) cos p,t + &f)l sin p,t

r

+i zn; Aj(r) [sin p,t ft Fy{)cos p,d

prj=1 0

— cos p,t f F{{)sin p,{ d(] r=1,...,n (56)
o .

so that, with y”and ¢, (j,r = 1,..., n) as defined in Eqs. (25),and 5, (r = 1,...,n)
as given by Egs. (24), we have

Q, = 0,(0)cos p,t + ;1 [0.Osinpt+n] (=1..,n (57)

r

which is equivalent to Eq. (23) if nis the n x 1 matrix having#,, ..., 1, as elements.

Example Figure 7.10.1 shows a truss T consisting of eight members of length
L and mass m and five members of length \/.’EL and mass \/fm. All members
have the same cross-sectional area Z and Young’s modulus E, and spherical
joints are used to connect members to each other and to a base fixed in a
Newtonian reference frame N. Finally, ny, n,, and n, are mutually perpen-
dicular unit vectors fixed in N.

When T is replaced with a lumped-mass model for purposes of vibrations
analysis, that is, with a set S of eight particles P,, ..., Pg at the nodes of the

L.
|

—
L
1

y L

I

n
o
!
|
! L

Figure 7.10.1
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P, P,

Py

Py

Py ¢ e P Figure 7.10.2

truss, as indicated in Fig. 7.10.2, then the mass of each particle is taken to
be equal to one-half of the sum of the masses of all members meeting at the
node where the particle is placed. Thus, P, is assigned the mass 3m(1 + \/5)/2,
P, the mass 3m/2, and so forth. As for generalized coordinates, we note that
S possess 12 degrees of freedom in N ; let §; be the position vector to P; at time
t from the point of N at which P; (i = 1,..., 4) is situated when T is unde-
formed, as shown in Fig. 7.10.3; and define q,, ..., q,, as

5, ', r=1,2,73)
5 n_, (r=4,506)
5n_s (r=17809)
8,'m_y (r=1011,12)

(58)

ny

Figure 7.10.3
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Linearized in q,, ..., q,,, the dynamical equations governing all motions of
S when gravitational forces are treated as negligible are precisely Egs. (4) or,
equivalently, Egs. (45), with n = 12 and the mass matrix M given by

m, ﬂ
m,
my
m, 0
m;
M=m m, (59)
m
m,
0 ™
m,
m,
m |
where
3(1 2 3
m, 20+ V2 +/2) my =2 (60)
2 2
while the stiffness matrix K assumes the form
k, ky —k, =1 0 O —k, -k, O 0 O O]
k, k, —k, 0 O 0 —k, —k, O 0-1 0
-k, =k, k;, 0 O 0 O 0 0 0O 0 O
-1 0 0 1 0 0 O 0 0 0O 0 O
0 0 0 01 0 0 -1 0 0O 0 O
0 0 0 0O 0 1 O 0 0 0O 0 O
-k, =k, O 0-1 0 k, k;, k, 0 0 O
0 0 0 0 0 O ky ky, k., 0O 0 O
0 0 0 0 0 0 -1 0 0 1 0 O
0 -1 0 0O 0 0 O 0 0 0O 1 o0
| o 0 o0 0 0 0 O O O O O 1]
with
2 2 EZ
k1é1+% kzé% ko= (62)
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Since M is diagonal [see Eq. (59)], the 12 x 12 upper triangular matrix V
such that Eq. (5) is satisfied is the diagonal matrix

(63)
and substitution from Egs. (61) and (63) into Eq. (6) yields
[ w, w, —w, —w; O 0 —w, —w, 0 O 0 0 ]
w, w, —w, O 0 0 —w, —w, 0 0 —w; O
—w, —w, w; O 0 0 0 0 0 0 0 0
—-w;y O 0 w, O 0 0 0 0 0 0 0
0 0 0 0 w, O 0 —w; O 0 0 0
W k 0 0 0 0 0 w, O 0 0 0 0 0
m|—-w, —w, 0 0 0 0 wy w, w, —wy; 0 0
—w, —w, O 0 —wy; O wy, wy w, O 0 0
0 0 0 0 0 0 w, w, w, O 0 0
0 0 0 0 0 0 —w; O 0 wy, O 0
0 —wy; O 0 0 0 0 0 0 0 w, O
| 0 0 0 0 0 0 0 0 0 0 0 Wy

(64
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where

k 1 1
Y wek L (65)
m nmy

S mym, m;

wy

The eigenvalues of Ware
Ay = 0.0373322k/m A; = 0.0668532k/m A3 = 0.0668532k/m (66)
Ay = 0.244379%/m As = 0.488054k/m Ae = 0.495117k/m  (67)
A, = 0.666667k/m Ag = 0.666667k/m Ay = 0.973587k/m  (68)
Ao = 0.973587k/m Ay = 0.986458k/m Aya = 1.16287k/m (69)

Note that 1, = A5, 4, = 44, and Ay = 4,,. Eigenvectors C'V, C® . . cu?

of W, corresponding to 4,, 4,, ..., 4,,, respectively, are
[ 1 T [ 0 ] [ -1
1 0 -1
0.449838 0 0.282388
0.681772 0 0.864687
0.681772 0.715327| - —0.864687
‘ (1) __ 0 2) __ O 12) __ 0
cH = X ,CP = ) b, CUD = X (70)
1 1 1
—0.449838 0o 0.282388
0.681772 —0.715327 - —0.864687
0.681772 0 0.864687
0 ] . 0 ] I 0
so that Egs. (7), (63), (70), and (60) lead to
0.525493 ] 0 } [— 0.525493}
0.525493 0. —0.525493
0.236386 0 0.148393
0.556665 0 0.706014
0.556665 0.584062 —0.706014
1 0 1 0 1 0
BY — ) y B = ,..Q,B(12)=— (71)
Jm| 0525493 Jm|—0525493 Jm| 0525493
0.525493 0.525493 0.525493
—0.236386 0 ‘ 0.148393
0.556665 —0.584062 —0.706014
0.556665 0 0.706014
| 0 | 1 0 ) | 0
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which means that [see Egs. (8), (71), and (59)]

N, = 250279, N, = 1.73879, ..., N,, = 2.67399 (72)
and, from Egs. (9), (71), and (72),
[ 0.20996 ] 0 [ —0.19652 ]
0.20996 0 —0.19652
0.094449 0 0.055495
0.22242 0 0.26403
0.22242 0.33590 —0.26403
A(l)zL 0 A‘”:L 0 v, AU = 0
m| 020996 | 'm | —0.30222 ’ m| 0.19652
0.20996 0.30222 0.19652
—0.094449 0 0.055495
0.22242 —0.33590 —0.26403
0.22242 0 0.26403
0 0 i ! 0 i
(73)
Referring to Egs. (10) and (73), one thus finds that the modal matrix A is
given by
{ 0, 0 —as ag —ag —oa,;, O 0 —oy 0 =05 —0y
a, O s o —%g —0y, O 0 e 0 —ayg —ap
oy 0 0 g o %3 0 0 0 0 %9 032
a3 0 —ay oy —ay; —0y, 0 0 a5, O %20 %23
ay  ag 0 —ag —oy; 4 O 0 0 —ay; a5 —az3
A= 1 0 0 0 0 0 0" a5 O 0 0 0 0
\/r; a, —as 0 —ag —atg 2, O 0 0 —oye —oy5 A1
o, o5 0 —og —ag a2 0 0 0 O —O1g %21
—a, O 0 x; —oyp o3 O 0 0 0 —oy9 Q3
ay —og 0 —og —ay; oy O 0 0 ®Xy7 %9 —*23
a3 0 %y og —oyy —ayy 0 0 —oy O %20 %23
0 0 0 0 0 0 0 s 0 0 0 0
(74)
where «,, ..., a,5 have the values
oy = 0.20996 o, = 0.094449 oy = 0.22242 o, = 0.33590

(75
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as = 0.30222 g = 0.16952 a, = 0.14581 g = 0.26763
(76)

% = 0030231  a;o =0.35454 o, = 011284 o, = 0.040955
(7

a3 = 033724  a;, =015916  a;5 =081650 5 = 0.21618
(78)

%, = 046958 a4 =0.15504  a,o = 0058777 o, = 0.32321
(79)

oy = 019652  ay, = 0055495  a,, = 0.26403 (80)

Suppose that, at t =0, 8, =98, = 8; =8, = (L/10)n,, and P,,..., P,
are at rest. Then, in accordance with Egs. (58),

q(0) = (»11‘—0)[1 0010O01O0O0T1O0O0] (81)
and
4(0) =0 (82)
Consequently,
Q(0) = ﬂL[0.2188 —0.1598 —0.1598 0 —0.05575 0 O
(11,74,59,81)
0 —0.007851 —0.007851 —0.01533 0] (83)
00 = 0 (34)
(11,82)
and, after noting that [see Egs. (12) and (66)-(69)]
p. = 0.1932w p, = 0.2586w p3 = 0.2586w (85)
Pa = 0.4943w ps = 0.6986w Pe = 0.7036w (86)
‘p, = 0.8165w ps = 0.8165w Po = 0.9867w 87
P10 = 0.9867w P11 = 0.9932w P12 = 1.078w (88)

where w is defined as

k
w & \/% (89)
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one has

0 =

(16,13,83-88)

JmL

0.2188 cos(0.1932wt) |
- —0.1598 cos(0.2586wt)
—0.1598 c0s(0.2586wt)

, 0
—0.05575 cos(0.6986wt)

0

0 -

0
—0.007851 cos(0.9867wt)
—0.007851 cos(0.9867wt)
—0.01533 cos(0.9932wt)

0

and Egs. (17), (73), and (90) thus lead, for example, to

where
x,Y = 0.04594 cos(0.1932wt) x, =0
x,® = 0.04830 cos(0.2586wt) x,4=0
x,® = 0.001685 cos(0.6986wt) x,® =x,"=x,®=0
x,® = 0.001697 cos(0.9867wt) x,19 =0
x;10 = 0002376 cos(0.9932wt)  x,"*? =0
and
where

X0 = 0.04866 cos(0.1932w1) x,,® = 0.05369 cos(0.258wt)
X10¥ = x;0% =0
X10® = x;0" =0

8) _ 9) _
X10 = X10 =

X160 = 0.006290 cos(0.6986wt)

%101 = —0.003686 cos(0.9867wr)
X161 = —0.004954 cos(0.9932w1)

a2 _
X1 =0

(50)

(€2

92)
93)
%4
95)
(%96)

o7

(98)
(99)
(100)
(101)
(102)
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all 12 modes

0.10

0.05

quL 0

—0.05

—0.10 F

—0.15 1 L 1 1 1 J
0

Figure 7.10.4

0.15

0.10 all 12 modes

0.05

q)0/L 0
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Figure 7.10.4 contains three plots of q,/L versus wt. The curve labeled
“all 12 modes” is based on Eq. (91), and the curves labeled “3 modes” and
“1 mode” correspond, respectively, to using only the first three terms and the
first term of Eq. (91); similarly for Fig. 7.10.5, q,,/L, and Eq. (97). As can be
seen, use of only the first mode leads to rather poor approximations, whereas
results obtained by truncation after the first three modes may be acceptable.



PROBLEM SETS

PROBLEM SET 1
(Secs. 1.1-1.9)

1.1 Four rectangular parallelepipeds, A, B, C, and D, are arranged as shown in
Fig. P1.1, where a,, a,, a5 are unit vectors parallel to edges of 4, by, b,. b; are
unit vectors parallel to edges of B, and so forth, while ¢, g,, and g5 are the radian
measures of angles that determine the relative orientations of 4, ..., D. The
configuration shown is one for which ¢, ¢,, and g5 are positive.

Figure P1.1

259
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Vectors u, v, and w are given by

u=a, +2a, + 3a,
b, + ¢, + d;
w=d; +2d, + gq;d,

For each of the vectors u, v, and w, for each of the variables q,, q,, and g5, and
for each of the reference frames A4, ..., D, determine whether or not the vector is a
function of the variable in the reference frame. Use the letters Y and N; standing
for “yes” and “no,” respectively, to indicate your results, as shown below.

\J

Results

A4 LR 9 43 B a4 9 4
u N N N u Y N N
v Y Y N v N Y N
w Y Y Y w N Y Y
C/ a4 4 43 D/ qv 4 45
u Y Y N u Y Y Y
v N Y N v N Y Y
w N N Y w N N Y

1.2 Referring to Problem 1.1, and supposing that q, is a function of time ¢, whereas
q, and g5 are independent of ¢, determine in which, if any, of 4, ..., D the vector
v is a function of t.

Result A

1.3 Referring to Problem 1.1, and supposing that g, is a function of time ¢, whereas
q, and g, are independent of ¢, determine in which, if any, of A4, ..., D the vector
v is a function of ¢.

Result A,B,C,D

1.4 Given any noncoplanar vectors a,, a,, a; (not necessarily unit vectors), one
can find (uniquely) three scalars, v,, v,, and v5, such that an arbitrary vector v
is given by Eq. (1.3.1). Show that

_ [v a, a,]

! [a, a, a;]
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where, for any vectors a, B, and v, the quantity [a B ], called the scalar triple
product of a, B, and ¥, is defined as

[ B yY12aBxy
Verify thata x Bry=[a B ylandthat[e B yl=[y o Bl=[B y «al

1.5 Referring to Problem 1.1, determine the magnitude of each of the following
partial derivatives: 49v/dq,, Bov/dq,, Cov/0q,, Cov/dqs, Pov/0q,, Pov/dq,.

Results (1 + cos? ¢,)''%,0,1,0,1,0

1.6 Referring to Problem 1.1, determine (a) the a,, a,, a; measure numbers of
Bdu/dq,, (b) the b,, b,, b; measure numbers of Zou/dq,, and (c) the a,, a,, a,
measure numbers of 40u/dq,.

Results (a)0,3, —2 (b)0, —2sinq, + 3cosq,, —2cosq, — 3sing; (c)0,0,0

1.7 The position vector rf¢ from a point P fixed in 4 to a point Q fixed in D,
where A and D are two of the parallelepipeds introduced in Problem 1.1 and shown
in Fig. P1.1, is given by

"¢ = aa, + fb, + yc;
where a, f, and y are the following functions of q,, g5, and gq5:
a=q +q2+4qs B=aq’+a +a> v=a"+q"+45’
Determine the magnitude of 2or"?/dq, for q, = n/2 rad, q, = g5 = 0.

Result [1 + 3(n/2)* + (m/2)*]'/?

*1.8 A vector v is a function of time ¢ in a reference frame A. Show that the first
time-derivative of |v|, the magnitude of v, satisfies the equation

dlv| v dv
dt dt
and determine the first time-derivative in A of a unit vector u that has the same
direction as v for all ¢.

Result Adu/dt = (Adv/dt)|v|™ ! — vv-(4dv/dt)|v|~?

1.9 In Fig. P1.9,a,,a,, b,, and b, are coplanar unit vectors, with a, perpendicular
to a,, b, perpendicular to b,, and 0 the angle between a, and b,. Letting 4 be a
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e b,

—> a, Figure P1.9

reference frame in which a, and a, are fixed, B a reference frame in which b; and
b, are fixed, and v a vector given by

V= fa + ga,

where f and g are functions of two scalar variables ¢, and ¢,, show that, if 0 is
also a function of ¢, and ¢,, then

48 Weoy By [Aov ( fa) 00
— - = (ga, — fa,) —
04, \9q, 04, \0q, P dq, 0q,

1.10 A circular disk C of radius r can rotate about an axis X fixed in a laboratory L,
as shown in Fig. P1.10, and a rod R of length 3r is pinned to C, the axis Y of the
pin passing through the center O of C. Letting p be the position vector from O to
P, the endpoint of R, express the first time-derivative of p in L in terms of
qi. 492,41, 42. €1, €5, and ¢, where ¢, and g, are the radian measures of angles, as
indicated in Fig. P1.9, ¢, and ¢, denote the time-derivatives of ¢, and ¢,, and
€y, €5, €5 are unit vectors fixed in C and directed as shown.
Suggestion: First verify that

Loc, Loc,
o et g e
0qy 04,

Result r[q,(c; — 3 sin g,¢,) + 3¢,(cos g,¢3 + sin g,¢4)]

Figure P1.10
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*1.11 A vector v is a function of time ¢ in a reference frame N in which mutually
perpendicular unit vectors n;, n,, n, are fixed. At time t*,

dat  ? dr?

Letting u be a unit vector that has the same direction as v at all times, determine
the magnitude of Yd?u/dt? at time t*.

Result \/5

V=nl =n3

PROBLEM SET 2
(Secs. 2.1-2.5)

2.1 When a point P moves on a space curve C fixed in a reference frame 4, a
dextral set of orthogonal unit vectors b, b,, by can be generated by letting p
be the position vector from a point O fixed on C to the point P and defining
b, b,, and b; as
b,2p b,22  pb,2p xb,
[P’

where primes denote differentiation in 4 with respect to the length s of the arc of
C that connects O to P (see Fig. P2.1). The vector b, is called a vector tangent,
b, the vector principal normal, and b, a vector binormal of C at P, and the derivatives
in A of by, b,, and by with respect to s are given by the Serret-Frénet formulas

b
b/)=-2 b= _E+,1b3 by = —ib,
p p
where p and 4, defined as
p é - i é p2p/.pl/ X pm

[p"|

Figure P2.1
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are called the principal radius of curvature of C at P and the torsion of C at P,
respectively.

Letting B be a rigid body in which b,, b,, b, are fixed, express the angular
velocity of Bin A in terms of b,, b,, b, p, A, and s, the time-derivative of s, taking
advantage of the fact that

4db, . :
—dt——bis (1—1,2,3)

Result (Ab; + b;/p)s

2.2 Table P2.2 shows the relationship between two dextral sets of orthogonal
unit vectors, a,, a,, a; and b, b,, b, fixed in rigid bodies A and B, respectively.
The symbols s; and c; in the table stand for sin g; and cos g;, respectively, where
q; (i = 1, 2, 3) are the radian measures of certain angles.

Table P2.2

b, b, b,
a, C2C3 $18,C3 — §3C, C18,C3 + S38,
a, C283 $18283 + €3¢ C18283 — €38,
a, —s, $1C, CyCy

Determine a, and f, such that o, the angular velocity of B in A, is given by

© = o,a; + a8, + a3a3 = fib; + B,b, + B3b;

Results G,c,5;3 + §,C5 4,¢1 + 438:C,

2.3 Referring to Problem 1.1, use the definition of angular velocity given in Sec. 2.1
to show that the angular velocity of B in D can be expressed as

Pw? = —(g, sin g,b; + ¢;b, + ¢3 cos g, b;) -

Next, form P and “@?, and then verify that Pe@® = Pw + ‘@®, in agreement
with the addition theorem for angular velocities. Finally, using the notations
s;=sing;,, ¢;=cosgq; (i =1,2 3), determine w;, defined as w; 2 4w’ d;
(=12 23).

Results §,c,¢3 + 4,53 —q,C283 + §,C3 4182 + 43
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2.4 Letting o be the angular velocity of a rigid body B in a reference frame A,
show that the angular velocity of 4 in B is equal to —®, and that

‘do  Pdw
dt — dt

*2.5 Letting B, and B, be nonparallel vectors fixed in a rigid body B, and using
dots to denote differentiation with respect to time in a reference frame A, show
that the angular velocity  of B in A can be expressed as

:B_l xﬁzzl(ﬁ} XBZ_}_B'ZxBl)

By B 2\ By -B> B. - B,

Suggestion: Make use of the fact that, for any vectors a, b, and ¢, a x (b x ¢)
=a+'ch —a-be.

(0]

2.6 Referring to Problem 2.1, suppose that q, the position vector from P to a
point Q moving in A4, is given by

q = q:b; +g,b, + g3by

where ¢, ¢,, ¢ are functions of time . Determine the quantities v; (i = 1, 2, 3)
such that the first time-derivative in 4 of the position vector r from O to Q is
equal to v;b; + v,b, + v3b;.

Results g, + (1 — q,/p) 4> + s[(q./p) — Aq;] 4s + SAq>

2.7 Figure P2.7 shows a circular disk C of radius R in contact with a horizontal
plane H that is fixed in a reference frame A rigidly attached to the Earth. Mutually

Figure P2.7
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perpendicular unit vectors a,, a,, and a, £ a, x a, are fixed in 4, and by, b,, b,
form a dextral set of orthogonal unit vectors, with b, parallel to the tangent to the
periphery of C at the point of contact between 4 and C, b, parallel to the line
connecting this contact point to C*, the center of C, and b; normal to the plane
of C.

The orientation of C in A can be described in terms of the three angles q,, g5, 43
indicated in Fig. P2.7, where Q is a point fixed on the periphery of C. The two
quantities g, and g5 characterize the position in A4 of the path point P.

The angular velocity of C in 4 can be expressed both as

‘o = u.a, + u,a, + u,a,
and as
A(I)C = ulbl + u2b2 + u3b3
where u,,u,, u, and uy, u,, uz are functions of ¢; and ¢; (i = 1, 2, 3). Concomitantly,
g; (i = 1,2, 3) can be expressed as a function F; of q,, q,, g3, u,, u,, u, or as a
function G; of q,, 95, 43, Uy, U3, u3. Determine F; and G; (i = 1, 2, 3).[The equations
¢;=F; and ¢, = G; (i =1,2,3) are called kinematical differential equations.
When u,, u,, u, or u,, u,, uy are known as functions of ¢, these equations can be
solved for q,, q,, q5 to obtain a description of the orientation of C in A4.]
Results
Fi = (—u,s, +uy,cy)tang, + u,
F, = —u.c, —uys,
F3 = (uxsl - uycl) se€c q,
G, = u, secq,
Gz = —Uy
Gy = —u,tan q, + u,

[It is worth noting that G; is simpler than F; (i = 1, 2, 3).]

2.8 Referring to Problem 2.7, and letting B be a reference frame in which b;, b,, b,
are fixed, show that the angular velocity of B in A can be expressed as

A(OB = ulbl + u2b2 + u2 tan q2b3

2.9 InFig. P2.9, O is a point fixed in a reference frame N, and B* is the mass center
of a rigid body B that moves on a circular orbit C (radius R) fixed in N and
centered at 0. 4,, A,, A, are mutually perpendicular lines, 4, passing through
O and B*, 4, tangent to C at B*, and A, thus being normal to the plane of C.
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Figure P2.9

If by, b,, b; form a dextral set of mutually perpendicular unit vectors fixed
in B, the “attitude™ of B in a reference frame 4 in which 4,, 4,, A5 are fixed
can be specified in terms of q,, ¢, , 3, the radian measures of three angles generated
as follows: Let ay, a,, a3 be a dextral set of mutually perpendicular unit vectors
fixed in 4 with a; parallel to 4; (i = 1, 2, 3), align b; with a; (i = 1, 2, 3), and then
subject B to successive right-handed rotations relative to A, characterized by
q:b;, g;b,, and q;b, (note the last subscript). The quantities ; (i = 1, 2, 3),
defined as

w;20'b (=123)

where ® is the angular velocity of B in N, then can be expressed as functions of
qi, ¢: (i = 1,2, 3), and Q, if the angular velocity of 4 in N is given by Qaj;.
Determine w; (i = 1, 2, 3).

Results
01 = §,€; + 43 — Qc;5;
@y = 15,83 + §2€3 + Q(€;C283 + €38)

W3 = §18,C3 — 583 + Q(c1€2€3 — S38;)

2.10 The angular acceleration “a, where C is the circular disk in Problem 2.7,
can be expressed both as

44€ = o8, + o, + 0.a,
and as
49" = a;b; + a,b, + a3by
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Expressa,, a,, o, interms of q,, 4, 3, Uy, Uy, U, ,, i, t, ;and a;, a,, ay in terms
qui, Ui, U; (l =1, 2a 3)
Results . . .
o = U, o, =1, o, = U,
ay = iy + uy(uz — u, tan q,)
ay =t — u;(u3 — up tan gq,)
0(3 - ',23

2.11 Referring to Problem 1.10, determine the magnitudes of the angular accelera-
tionof Cin L, Rin C,and R in L.

Results |4y, 14,1, [41 + 43 + (4:142)"]""

*2.12 Equations (2.1.2), (2.2.1), (2.5.3), and (2.5.4) underlie one method for
analyzing motions of planar linkages. The method consists of expressing the
position vector from a hinge point of the linkage to the same hinge point as the
sum of position vectors from one hinge point to an adjacent one, setting this sum .
equal to zero, differentiating the resulting equation repeatedly with respect to-time
t, and making use of the relationships

10 = ok 9B = gk
(2.2.1) (2.5.3)
Adp
1
d ok x B; = o;p/
l (2.1.2
Adﬁ~’
— = ok xp' = —wp;
dt (2.1.2
and
dw;
ai = -
(2.5.4) dt

where A is a reference frame in which the plane of the linkage is fixed, B, is a typical
member of the linkage, k is a unit vector normal to the plane of the linkage, B;
is a unit vector parallel to the line connecting the hinge points of B;, B, is the unit
vector k x B;, and w; and a; are an angular speed of B; (see Sec. 2.2) and a scalar
angular acceleration of B; (see Sec. 2.5), respectively.

Figure P2.12 shows the configuration at time t* of a four-bar linkage, one
bar of which, B,, is fixed in a reference frame A. At time t*, the angular velocity
of B; in A and the angular acceleration of B; in A4 are equal to — 6k rad/s and 5k
rad/s?, respectively. Determine the angular velocities of B, and B, in A, and the
angular accelerations of B, and B, in 4, at time t*, by making use of the equation

10”1 + 9B2 + 4ﬁ3 + 5”4 = 0

which is valid for all ¢.
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Figure P2.12

Results

40P = —3k rad/s 4wP2 = —2k rad/s
4982 — (34/3)k rad/s?  “aB = (29/2)k rad/s?

PROBLEM SET 3
(Secs. 2.6-2.8)
3.1 Apply the definitions given in Egs. (2.6.1) and (2.6.2) to formulate expressions
for the velocity and the acceleration of the endpoint P of the rod R of Problem
1.10 in (a) reference frame L and (b) the circular disk C.
Results
LvF = r[3 sin g5(¢,€, — 4:1¢2) + (41 + 342 cos g;)c;]
LaP = r{3(g, sin g, + §,” cos g,)c,
— (34, sin q; + 644, cos g + 41°)ec,
+ [4y + 34, cos g, — 3(4:,* + ¢.°) sin gzJes}
CvP = 3rq,(sin g,¢; + cOS g,¢3)

Ca? = 3r[(4, sin g, + 4, c0s gz)¢1 + (4 €Os g, — ¢,” sin g,)cs]

3.2 A point P moves on a space curve C fixed in a reference frame 4. Show that
v, the velocity of P in 4, can be expressed as

v = vh,
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where b, is a vector tangent of C at P (see Problem 2.1), and verify that a, the
acceleration of P in A, is given by

v?

P
where b, and p are, respectively, the vector principal normal and the principal
radius of curvature of C at P.

a=l}b1+ b2

3.3 Letting u, £ g, and us £ g5, with g, and g5 defined as in Problem 2.7,
determine v; (i = 1, 2, 3) such that the velocity of C* in A is given by

AVC’ = Ulbl + Uzbz + U3b3

Express v; (i = 1, 2, 3) as functions of g;and u; (j = 1,..., 5).

Results
Ul = —‘Ruz tan q2 "; u4C1 + ussl
vy = (—uyS;y + us¢y)s;

v3 = Ruy + (ug8; — uscy)cy

3.4 If g, is defined as gq; 2 4a® +b; (i = 1, 2, 3), where 4 and C* have the same
meaning as in Problem 2.7 and “a® denotes the acceleration of C* in A, then
ai, a,, a; can be expressed as functions of g;, u;, and 4; (j = 1, ..., 5), with u,
and ug defined as in Problem 3.3. Determine these functions.
Results

al = —qu tan qz + 114C1 + dssl + ulqu(l + SeC2 qz)

a, = (—1,8; + 15¢,)s, — Ru;? — Ru,? tan? g,

as = ;R + (iy8; — 15¢;)c, + u,°R tan g,

*3.5 Determine the velocity v and the acceleration a of the midpoint of bar B,
of the linkage described in Problem 2.12 for time t*.

Results v= —24B, + 9B m/s  a = 76B, + 93B; m/s?

3.6 At time ¢, there exists precisely one point of the disk C of Problem 2.7 (see
also Problems 2.8, 2.10, 3.3, and 3.4) that is in contact with the plane H. Calling
this point C, one can express the velocity and the acceleration of € in A at time
tas

A€ = pa, + b,a,
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and

Aaé = dlbl + azbz + ﬁ3b3
respectively, where 9, and 9, are functions of q; and u; (j=1,...,5), and @;
(i = 1,2, 3) are functions of g;, u;, and 4; (j = 1, ..., 5). Determine 9,, d,, and
a;,(i=1273).

Suggestion: Use Egs. (2.7.1) and (2.7.2), replacing the symbols P, Q, and
B with C, C*, and C, respectively.

Results
D, = (—uytan q, + u3)Rc, + u,
, = (—uy tan g, + u3)Rs; + us
4, = —u,Rtan q, + 3R + u,c; + UsS; + u u, R sec? g,
4, = (—tiys; + tiscy)S; + R(us? — u,? tan? g,)

a3 = (li4Sl - u501)02 + 2Ru2(u2 tan q; — u3)

3.7 Suppose that the quantities 9, and d, of Problem 3.6 are differentiated with
respect to ¢, the results are used to form a vector a defined as
dp db
L 77x -
as—_ra, + T
and quantities a; (i = 1, 2, 3) then are formed as
Eié-a'bi (i=1,2,3)

Do you expect g; to be equal to the quantity 4; of Problem 3.6? First explain your
answer, then establish its validity by determining a; (i = 1, 2, 3).

3.8 If 4 is a point of a rigid body A4, B a point of a rigid body B, 4 and B are in
contact with each other at time t, and the velocities of 4 and B in any reference
frame are equal to each other at time t, then 4 and B are said to be rolling on
each other at time t. Alternatively, one can say that no slipping is taking place
at the contact between 4 and B at time ¢t. (If A and B are in contact with each other
at more than one point, these contacts must be considered separately. The bodies
A and B can be rolling on each other at some points while slipping is taking place
at other points.)

When the circular disk C of Problem 2.7 rolls on plane H, the quantities u,
and us of Problem 3.3 can be expressed as functions of ¢; (j = 1,...,5) and
u, (k = 1, 2, 3). Determine these functions.

Results u, = (u, tan q, — u3)Rc, us = (u, tan g, — u3)Rs,
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3.9 When the circular disk C of Problem 2.7 rolls on plane H, there exists at each
instant one point € of C that is in contact with H. The acceleration of C in 4 is not,
in general, equal to zero. Express the magnitude of this acceleration in terms of R,
u,, us,and 4;.

Result R|qs|(uy? + uy?)t/?

3.10 When two rigid bodies A and B are rolling on each other (see Problem 3.8),
the angular velocity “@? of B in A generally is not parallel to the plane P that is
tangent to the surfaces of 4 and B at their points of contact with each other.
When “w? is parallel to P, one speaks of pure rolling of A4 and B on each other.

Figure P3.10 shows a shaft terminating in a truncated cone C of semivertex
angle 0 (0 < 0 < m/4 rad), this shaft being supported by a thrust bearing consisting
of a fixed race R and four identical spheres S of radius r. When the shaft rotates,
rolling takes place at the two contacts between R and S, as well as at the contact
between S and C. Moreover, S and C perform a pure rolling motion on each other
(which is desirable because it minimizes wear) if the dimension b is a suitable
function of r and 6. Find this function.

Result r(1 + sin #)/(cos 6 — sin 0)

b b Figure P3.10

3.11 The concept of rolling (see Problem 3.8) comes into play in connection with
gearing, where it can be invoked in conjunction with Egs. (2.7.1) and (2.4.1) to
discover relationships between angular speeds (see Sec. 2.2) of gears.

Figure P3.11 shows schematically how the drive shaft D of an automobile
can be connected to the two halves, A and A’, of an axle in such a way as to permit
wheels attached rigidly to 4 and A’ to rotate at different rates relative to the frame
F that supports D, 4, and A’. This is accomplished as follows: Bevel gears B
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B
rt = f] . n \"" @
— —+— == | 4@_’
O—+ : Lok 4
et Ly
S B’
G
~

Figure P3.11

and B', keyed to 4 and A', respectively, engage bevel gears b and b, respectively;
b and b’ are free to rotate on pins fixed in a casing C that can rotate about the
(common) axis of 4 and A’, and a bevel gear E, fastened rigidly to C, is driven by
a bevel gear G that is keyed to D.

Letting P, P', and Q be points selected arbitrarily on the lines of contact
between B and b, B’ and b, and G and E, respectively, and assuming that rolling
is taking place at these points, one can discover the relationship between angular
speeds Fot, Fo'', and FoP, defined as

1>

F D

‘o' 2t N . Tot B fgt .-N'  Tw" 2 'g’-n

where N and n are unit vectors directed as shown in Fig. P3.11, by reasoning as

follows.
B and b have simple angular velocities in C and, after expressing these as

C(OB = C(I)BN C(Db = ((r)bn

one can let B and b be the points of B and b, respectively, that come into contact
at P; introduce distances R and r as shown in Fig. P3.11; write for the velocities
of Band bin C
CvB — CB x (—Rn) = —R0°N x n
{2:-F=1)

and

b = S x 'N) = r’o’n x N
(2.7.1)
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and then ensure rolling at P by requiring that
—Rw®N x n = r°o’n x N
which is guaranteed when
R =50

Similarly, by taking rolling at P’ and at Q into account, one arrives at relationships
between ‘w?, and ‘@’ in one case, and ‘w® and Fw®, in the other case, where
¥, Tk, and Fu° are angular speeds defined in terms of associated angular
velocities as

CwB’éCmB’,N FwEéFmE,N FU)GéF(oG,n
Next, one has
FoB = Fuf 4 CoPf
(2.4.1)

which, since B is attached rigidly to A, and all three vectors are parallel to N,
implies that

Fort = PoC 4 CpiB

where fo© £ T« N. Using Eq. (2.4.1) once more, this time in connection with
B, C, and F, then brings one into position to find the relationship between
Fort, Fo?', and Yo® by purely algebraic means.
Show that
a ,
FpP = & (Fph 4 Foyt

i

3.12 Figure P3.12 shows a right-circular, uniform, solid cone C in contact with
a horizontal plane P that is fixed in a reference frame 4. The base of C has a
radius R, and C has a height 4h.

Figure P3.12
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Assuming that C rolls on P in such a way that the mass center C* of C (see
Fig. P3.12) remains fixed in A while the plane determined by the axis of C and a
vertical line passing through C* has an angular velocity Qa in A4, where Q is a
constant, verify that o, the angular velocity of C in A, is given by

0= Qs()(b +£c)

where 6 is the inclination angle of the axis of C while a, b, and ¢ are unit vectors
directed as shown in Fig. P3.12.

3.13 Referring to Problem 2.9, let P be a particle that moves on body B in such
a way that the position vector r from B* to P is given by

r = c(Q%t? — 1)b,

where ¢ is a constant. Assuming that Q is a constant, and letting q, = ¢, =
q; = n/2rad at time t = 1/Q, determine the acceleration of P in N for this instant.

Result 4cQg,b, — Q(RQ + 4cg;)b, + 2cQ?b,

3.14 The path point P mentioned in Problem 2.7 has a velocity both in A and
in C, and these velocities can be expressed as

AV =p.a, +Da,+7,a,

and
C = b1 +vzb2+v3b3

respectively, where ¥,, 9,, 7,, and #; (i = 1, 2, 3) are functions of g; and u;
(j=1,...,5), with u, and u; defined as in Problem 3.3. Determine o,, ,, ¥,, J;,
and g; (i = 1, 2, 3), with g; defined as

48%" b (=123

where €a’ is the acceleration of P in C.
Suggestion: To find “v* and €a’, use Eqgs. (2.8.1) and (2.8.2), replacing B with
C, and B with € as defined in Problem 3.6.

Results
D, = uy U, = us ,=0
D, = R(uy tan q, — u3) U, =0,=0
d, = R(u, tan q, — i3 — uyu, sec? q,)
d, = R(uy tan g, — u3)?
a; =0
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*3.15 Figure P3.15 is a schematic representation of a robot arm consisting of
three elements A, B, and C, the last of which holds a rigid body D rigidly. One
end of 4 is a hub that is made to rotate about a vertical axis fixed in the Earth E.
At a point P, B is connected to 4 by means of a motor (all parts of which are rigidly
attached either to 4 or to B) that causes B to rotate relative to A about a horizontal
axis fixed in A, passing through P, and perpendicular to the axis of A. Finally,
C is connected to B by means of a rack-and-pinion drive that can make C slide
relative to B.

Letting L, Lg, and Lp denote distances as indicated in Fig. P3.15, where
A*, B*, and C* are points fixed on 4, B, and C, respectively, introduce unit vectors
a;and b, (i = 1, 2, 3) as shown in Fig. P3.15, let p; £ p*?* - b,, where p™”" is the
position vector from C* to D*, the mass center of D, and define u,, u,, uz as

Uy éE(DA'al Uy éAmB'bz Usy éBVC.‘b;,

where fo* is the angular velocity of 4 in E, “@® is the angular velocity of B in A,
and Bv“* is the velocity of C* in B. Denoting the radian measure of the angle
between the axes of 4 and B by q,, letting s, £ sin g,, ¢, £ cos q,, and designating
as g, the distance from B* to C*, determine ‘o, f0?, f0’, and “0P®, the angular
velocities of 4, B, C, and D in E; fa’, *a?, *a®, and Fa”, the angular accelerations
of A, B, C, and D in E; v, Ev®* EyC" and Ev?", the velocities of A*, B*, C*, and
D*in E; and fa?", a®", £a® and Fa”’, the accelerations of A*, B*, C*, and D* in E.
(Note that g, = u, and ¢, = us.)

Figure P3.15
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Suggestion: To facilitate the writing of results, introduce Z,, ..., Z5, as
Z, & uc, Z, 2 us, Z3 4 —Zyu, Z,2Zu, Zs 4 —Lau,
Zs4 —(Lp+ Lpc,) Z;2uLy  Zg 2 Zeu, Zy2 L+ g,
ZwtZs~ 921 Zy 2 uyZ, Z, 2 Zyou Z;3 2 —spy
Z14 2 Zy+ps Zis £ Zo+ 8Py —CiP3 Zis 2 cip,
Z7 2 Zjzu + Z4u, Zig & Zisu, Zig £ Ziguy — uypy + us
Zyo 2 u,Zs Z,, 2 Lgs,u, Z,, 2 -Z,Z,4 Z,32 Zyu, + 2,7,
ZyW2Z,Zy —u,Z,4 Zys & Zyy — u3Cy + g8,
Zy6 £ 2uus — Z,Zy, Zy1 2 Zysuy + 2,2y — Zyuy
Zys £ 2,2y, —u 2y, Zyo & —Z 16U, Z3o £ Zys + us(cipy + 51p3)
z 4 Zy3u, Zyy & Zyouy +uy(us + Zyo) — Z,2Z4
Zy3 & Zyouy + 2,217 — Z, 2, Z3, 2 Zyu + 2,215 — Uy 244

Results
Ew4 = u,a,
P = Lo = F@® = u,c,b, + u,b, + u;s,b; = Z,b, + u,b, + Z,b,
Eat = u,a,  FaP = Fa® = EaP = (,c, + Z3)b, + b, + (s, + Z,)bs
EyA* = —Lua, = Zsa, BB = u,Lgb, + Zgu,b, = Z,b, + Zgh,
E, C*

v =u229b1 +Zlou1b2 +u3b3=Z“b, +leb2+u3b3
V' = (Z3uy + Zyaux)by + Zysush, + (Zy6uy — uzpy + u3)b;
=Zy7by + Z13b, + Z b,

A*

E

FaP = (i, Lg + Z;,)b, + (Zotiy + Z,3)by + Z34bs
EQC* = (11,Zg + Z,6)by + (Zyotty + Z37)by + (i3 + Z3g)bs

Eal* = (Zy3u, + Zy4uy + Zyy)by + (Z150, + Z33)b,
+ (Z161; — Pyl + U3 + Z3,)bs

Note that two expressions are given for the angular velocities of B, C, and D
in E, as well as for the velocities of A*, B*, C*, and D* in E. In each case, the
quantities u,, u,, uy appear explicitly in the first expression but are absent from
the second, except in the case of £v¢", where no simplification would result from
replacing u, with another symbol. There are two reasons for writing each angular
velocity and each velocity in these two ways. The first will become apparent in
connection with Problem 4.17; the second is that both versions come into play
when one seeks to write expressions for angular accelerations of rigid bodies and
accelerations of mass centers in such a way that i, 1, , and 4 appear explicitly.
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PROBLEM SET 4
(Secs. 2.9-2.15)

4.1 Mutually perpendicular unit vectors a;, a,, and a; £ a, x a, are fixed in a
reference frame A4, and a unit vector b is fixed in a rigid body B, one of whose points,
0, is fixed in A4. B is brought into a general orientation in A, after b has been
aligned with a,, by being subjected to successive rotations characterized by the
vectors 0,a,, 0,a,, and 0;a,, where 60,, 0,, and 0, are the radian measures of
angles. A particle P is free to move on a line L that is fixed in B, passes through O,
and is parallel to b.
Letting p be the position vector from O to P, and defining x; as

xiép'ai i=1273)

show that P is guaranteed to remain on L when x,, x,, and x, satisfy the holonomic
constraint equations

X183 — X3C3 =0 X3C,C3 +x182 =0

where s; £ sin 0,, ¢; £ cos 0, (i = 2, 3).

Letting q be an arbitrary quantity, verify that the constraint equations are
satisfied identically if x, = gc,c;3, X, = gc;y83, X3 = —¢S,.

Determine x,, x,, and x; such that p = gb.

4.2 Figure P4.2 shows a double pendulum consisting of two particles, P, and P,,
supported by rods of lengths L, and L, in such a way that the position vectors,
p; and p,, of P, and P, relative to a point O fixed in a reference frame A4 are at all
times perpendicular to a,, one of three mutually perpendicular unit vectors,
a,,a,a,, fixed in 4. Letting

xi2pra,  yfpra,  zfpra, (=12

construct functions f;(xy, y1, 21, X2, Y2, 22) '(J = 1,..., 4) such that four holo-
nomic constraint equations governing motions of P, and P, in 4 can be expressed
asf,=0(0G=1,...,4).

L Figure P4.2
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Results
fi=x2+y? - L2
fr=00—x) + (02— y)* - L?
fi=12 Ja=12,

4.3 Figure P4.3 shows two particles, P, and P,, supported by a linkage in such a
way that the position vectors, p, and p,, of P, and P, relative to a point O fixed
in a reference frame A are at all times perpendicular to a,, one of three mutually
perpendicular unit vectors a_, ay, a,, fixed in A. Determine the number of holo-
nomic constraint equations governing motions of P, and P, in A.

P, Figure P43

Result 5

4.4 Referring to Problem 4.1, and assuming that 6,, 6,, and 6, are prescribed
functions of time, show that only one generalized coordinate is required to specify
the configuration of P in A, and verify that g is such a generalized coordinate.

4.5 Referring to Problem 4.2, suppose that g, and g, are introduced by expressing
X;, yi,and z; (i = 1, 2) as

X1 =44 ¥ =(L,? —q,)'"? z;=0
X2 =42 y2 = (L — ¢, + [L;? — (92 — q,)*]'? z, =0

Verify that the four holonomic constraint equations considered in Problem 4.2
then are satisfied. Explain the following statement: “For motions during which
y, and y, acquire negative values, g, and g, are not generalized coordinates.”
Finally, letting 6, and 0, be the radian measures of two angles as indicated in
Fig. P4.2, show that 6, and 6, are generalized coordinates for P, and P, in 4.
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4.6 Referring to Problem 4.3, let
xiépi'ax yiépi.ay ziépi'az (l=1,2)

and, after noting that a single generalized coordinate suffices to characterize the
configuration of P, and P, in A, attempt to express X;, y;, and z; (i = 1, 2) as
functions of the angle g, shown in Fig. P4.3 in such a way that all holonomic
constraint equations are satisfied. Next, after expressing x,, y,, and z, as

xy = Lyc, y1=L;s; z;=0
and x,, y,,and z, as
x; = Lycy + Lsc, Y2 = Lysy + Lss; z2;=0
and as
X, = Licy Y2 = Lisy + L, z,=0
show that in both cases all holonomic constraint equations are satisfied provided
that q,, ¢,, and g, satisfy the two equations
Lic; + L,c; — Lic; =0
Lys; + Lys, — L3ys; — L, =0

Give a geometric interpretation of g, and q5, and explain the following statement:
“Any one of q,, g,, and g3, but no more than one at a time, can be a generalized
coordinate for P, and P, in A.”

4.7 Determine the number of generalized coordinates of each of the following
systems in a reference frame A4: (a) Two rigid bodies attached to each other by
means of a ball-and-socket joint, but otherwise free to move in 4. (b) A rigid
body B carrying a rotor that is free to rotate relative to B about an axis fixed in
B while B is free to move in A. (c) A rigid body B carrying a rotor that is made to
rotate relative to 4 at a prescribed, time-dependent rate while B is free to move
in A. (d) The system of two particles in Problem 4.2. (¢) The system of two particles
in Problem 4.3. '

Results (a)9;(b)7;(c)6;(d)2;(e) 1

4.8 When the disk C of Problem 2.7 moves subject to the configuration constraint
that C must remain in contact with H, then q,, ..., g5 are generalized coordinates
for C in A. Show that u,, ..., us, defined as

w24 b;, (i=1,23) u="-a, u;=4%"-a

are generalized speeds for C in A, provided that |q,| # =/2 rad.
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4.9 Referring to Problem 2.9, and defining generalized speeds u,, u,, uy as
(@u; 2 %0®b, (i =1,2,3)and (b) u; 2 “0®-b, (i = 1, 2, 3), determine Z,, Z,,
Z 5 such that Egs. (2.12.1) are satisfied.

Results
(@) Z, = —Qc;s,
Z, = Qc,C;83 + €38¢)
Z3 = Q¢ c 03 — 838;)
DINE =L = Z ., =1

4.10 Referring to Problem 2.7, and considering only motions of rolling of C on H,
let uy, ..., us be generalized speeds defined as in Problem 4.8. Determine A,,
and B, (r = 4, 5;s = 1, 2, 3) such that Egs. (2.13.1) are satisfied.

Results
Ay =0 A4, = Rcos g, tan ¢, A4z = —Rcos q,
Ag; =0 As, = Rsin ¢, tan g, As3 = —Rsin g,
B4 -— B5 - O

4.11 Figure P4.11 shows two sharp-edged circular disks, C; and C,. each of
radius R, mounted at the extremities of a cylindrical shaft S of length 2L, the axis
of § coinciding with those of C; and C,. The disks are supported by a plane P
that is fixed in a reference frame A, and they can rotate freely relative to S.

Six generalized speeds suffice to characterize all motions of C,, C,.and S in
A. Defining these as
4L A4

S* A

®’ - n,

AySp,

1, vWien, u, 2 1%+ n, Us

> >

A A

uy £ 1o - n, us £ 4

©° Ny Ug

Figure P4.11
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where n,, n,, and n; are mutually perpendicular unit vectors, with n, normal to
P, as shown in Fig. P4.11, and S* is the mass center of S, show that when C, and
C, roll on P, then u,, us, and ug each can be expressed in terms of u, u,, and
u; by means of an equation having the form of Eq. (2.13.1). Determine A, and
B,(r=4,56;s=1,2,3).

Results ‘
Asy = —1/R As2 = L/R Ay =0

Asy = —1/R As; = —L/R As3 =0
Agy = Ag2 = Ag3 = 0
B4 = Bs = B6 == 0

-

( 4.12 Referring to Problem 4.11, suppose that motors connecting S to C; and C,
Qtﬁ/ used to cause C, and C, to rotate in such a way that

S,

(!)C‘ = an3 5

C:
©“ =Q,n,

where Q, and Q, are prescribed functions of the time ¢. Show that the system
formed by S, C,, and C, possesses one degree of freedom in A4 if C, and C, roll
on A4, and determine A4,; and B, (r = 2, ..., 6) such that u,, ..., us satisfy Egs.
(2.13.1).

Results
A1 =0 B, = HR/L)Q,; — Q,)
A3y = —1/R By = —3(Q, + Q,)
Ay = —1/R B, = %(91 - Qz)
As; = —1/R Bs = %(Qz - Q)
Ag; =0 Bg =0

4.13 Referring to Problems 2.7, 3.3, 3.6, and 4.8, determine the holonomic partial
ular velocities of C in A4, the holonomic partial velocities of C* in 4, and the
holonomic partial velocities of € in A.

Results Table P4.13

Table P4.13

r Aer AV'C‘ A vrC

1 b, Rb, 0

2 b, —Rtan g,b, —Rtan g, b,
3 b, 0 Rb,

4 a, a,

5

y y
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4.14 With u,, ..., us defined as in Problem 4.8, and considering only motions of
rofting of C on H, determine the nonholonomic partial angular velocities of C in
A, the nonholonomic partial velocities of C* in A4, and the nonholonomic partial
velocities of € in A. Do this by inspecting expressions for @€, 4v¢", and 4v¢ then
check the results by using Egs. (2.14.15) and (2.14.17) in conjunction with in-
formation available in Problems 4.10 and 4.13.

Results Table P4.14

Table P4.14

r A € a5 C Az €
1 b, Rb,

2 b, 0 0
3 b, —Rb,

*4.15 The configuration of a system S in a reference frame A is characterized by
generdlized coordinates qy, ..., q,. Taking u, £ 4, (r = 1,...,n), and letting
be a vector fixed in a rigid body B belonging to S, show that

aq’=m,x|$ r=1,...,n)

where o, is the rth partial angular velocity of B in A.

4.16 Referring to Problem 2.9, and defining generalized speeds u,, u,, u; as
(@ wi="w® b, (i=1223), (b) u; 24w’ b, (i=1223), and (¢) w;=g;
(i = 1, 2, 3), determine the partial angular velocities *@,® (r = 1, 2, 3) in each
case.

If o, is defined as Ma® + b, (i = 1, 2, 3), where Ma® denotes the angular accelera-
tion of B in N, then o; can be expressed as a function of q,, q,, g3, Uy, 45, U3, and
iy, U,, ;. Which of the three definitions of u; (i = 1, 2, 3) given above leads to
the simplest expressions for «; (i = 1, 2, 3)?

Results
(@ "of=>b (r=1223)
b)) "o =h», r=123)
() “w,® =c,b, +s;83b;, + s,¢3by
Nw,? = c3b, — s3b;
NmsB = bl

Definition (a) leads to the simplest expression for o; (i = 1, 2, 3).
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*4.17 Referring to Problem 3.15, determine the partial angular velocities f@,4,

o5 fw, , and fw,? (r = 1, 2, 3) and the partial velocities £v,4", £v,®*, Ey,*", and

B2 (r = 1, 2, 3).

Results Tables P4.17(a), P4.17(b)

Table P4.17(a)

r Egy A Eq B Eq € E@. D

1 a; c;b, + s,b; c;b;+s,b; cib; + s;bs

2 0 b, b, b,

3 0 0 0 0
Table P4.17(b)

’ Ey 4 Ey B* Ey C* Ey D*

1 —L,a, Zgh, Zob,  Zy3by + Zy5b, + Z by
2 0 Lgh, Zyb, Z4b, — p\by

3 0 0 b, b,

4. lijn Problem 4.8, five generalized speeds are defined for C in A. An alternative
set of generalized speeds can be introduced by defining u;, ..., us as

S

u, £ 4, r=1,...,5)

When C rolls on H, these generalized speeds satisfy constraint equations of the
form of Egs. (2.13.1), with A,; = —R cos q;, As; = —Rsing,,and 4,, = B, =0
forr = 4, Sand s = 1, 2. Furthermore, the velocity of C* in 4 is given by

Ay — —R[(u, sin g, + uz)b; + u,bs]

To verify that it can be far more laborious to work with the right-hand members
of Egs. (2 15.7) than with the left-hand members, determine 4¥,€* - 4a* (r = 1, 2, 3),
where #a“" is the acceleration of C* in 4, by (a) forming 4¥, C‘ by inspection of the
expression given above for 4v¢*, forming 4a¢" by dlfferentlatmg 4yC* with respect
to time ¢ in 4, and then dot-multiplying 43¢ with 4a" (r = 1, 2, 3), and (b) using
the right-hand members of Egs. (2.15.7).
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Results
47, - 42" = R%(u, sin q, + 2u,u, cos q, + i3) sin q,
Az . 2r. .
¥, - 42 = R*[u, — u, cos q,(u, sin q, + u3)]
Ag C*. A

¥, - 42 = R*(u, sin q, + 2u,u, cos g, + i)

PROBLEM SET 5
(Secs. 3.1-3.5)

5.1 Regarding Fig. P5.1 as showing two views of a body B formed by matter
distributed uniformly (a) over a surface having no planar portions and (b) through-
out a solid, determine (by integration) the coordinates x*, y*, z* of the mass
center of B.

Figure P5.1

Results Table P5.1

Table P5.1
x* y' z*
(m) (m) (m)
@ 3 -
®»  # -4

5.2 Regarding Fig. PS.2 as showing two views of a body B formed by matter
distributed uniformly (a) over a surface having no planar portions and (b) through-
out a solid, determine (without integration) the X-coordinate of the mass center
of B.
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A L Y

ap
X Z

/ R
Figure P5.2

LR + 2r L R? 4 2rR + 3r?

Results (a) SR (b) 4 RR+mR+1

*5.3 Prove the following theorems (known as “theorems of Pappus” or “Guldin’s
rules™):

When a plane curve C of length L is revolved about a line lying in the plane
of C and not intersecting C, the area of the surface of revolution thus generated
is equal to the product of L and the circumference of the circle described by the
centroid of C.

When a plane region R of area A is revolved about a line lying in the plane of
R and not passing through R, the volume of the solid of revolution thus generated
is equal to the product of 4 and the circumference of the circle described by the
centroid of R.

Use these theorems to locate the centroids of a semicircular curve and a
semicircular sector, keeping in mind that the surface area and the volume of a
sphere of radius R are equal to 4nR? and 4nR?3/3, respectively.

5.4 Parts A, B, C, D of the assembly shown in Fig. P5.4 are made of steel (7800
kg/m?), sheet metal (17.00 kg/m?), aluminum (2700 kg/m?), and brass (8400 kg/m?),

atb

Figure P5.4




PROBLEM SET 5 287

respectively. (a) For a = b = 0.3 m, determine the coordinates x*, y*, z* of the
mass center of the assembly. (b) For a = 0.3 m, determine to three significant
figures the range of values of b such that x* = 0.400.

Results (a) 0.434m,0.135m, —0300m (b)0.136 m < b < 0.138 m

5.5 Show by means of an example that I, as defined in Eq. (3.3.1) can be, but need
not be, parallel to n,.

5.6 Unit vectors n,, n,, and n, are respectively parallel to the axes 0X, OY, 0Z
of a rectangular Cartesian coordinate system, and each unit vector points in the
positive direction of the axis to which it is parallel. Letting S be a set of v particles,
m; the mass of particle P;, and x;, y;, and z; the coordinates of P; (i = 1,...,v),
express I, the moment of inertia of S about the X-axis, and I,, the product of
inertia of S relative to O for n, and n,, in terms of the masses and coordinates of
Py;..., P,. Then answer the following questions: (@) Does it matter whether
n,, n,, and n, form a right-handed or a left-handed set of unit vectors? (b) Would

xs HMys

the results be altered if 0X, OY, and OZ were not mutually perpendicular?

v

Results I, = Y m(y? + z.) I,=—) myz (@No (b)Yes
i=1

i=1

5.7 Show by means of examples that products of inertia can be positive, negative,
or zero, and that radii of gyration can be equal to zero.

*5.8 A body B of mass m is modeled as matter distributed uniformly along a
helix H constructed by drawing a straight line L on a rectangular sheet of paper
having the dimensions shown in Fig. P5.8 and then bending the paper to form a
right-circular cylinder. Letting n, and n, be unit vectors directed as shown, deter-
mine I, and I, the inertia vectors of B relative to the mass center of B for n, and
n,, respectively.

Results 1, = ma®n, + [mab/Q2n)In, x n, I, = (m/2)(a* + b*/6)n,

2ma

Figure P5.8
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5.9 A line L, passes through a point O and is perpendicular to the unit vector n,
of a set of mutually perpendicular unit vectors ny, n,, and n;. Under these circum-
stances, I,, the moment of inertia of a body B about line L,, depends on the
orientation of L, in the pJane that passes through O and is perpendicular to nj.

Express the maximum and minimum values of I, in terms of I', I, and I,
the inertia scalars of B relative to O for n, and n,, and, letting cos ¢ n, + sin 6 n,
be a unit vector parallel to L,, show that

21,

tan 20 =
an 11_12

when I, has a maximum or minimum value.

11+12 11_122 2 b=
4 2
5

5.10 In Fig. P5.10, n,, n,, and ny are mutually perpendicular unit vectors, and B*
designates the mass center of a body B. The inertia scalars of B relative to point O
for n,, n,, and n; are shown in units of kg m? in Table P5.10.

Result

Table P5.10

1 2 3

3m 1 260 7 — 144
2 72 325 96
3ROy 96 169

Figure P5.10

Determine the moment of inertia of B with respect to a line that is parallel to
line PQ and passes through point O.

Result 340 kg m?

5.11 Referring to Problem 5.10, and letting e, e,, and e; be unit vectors defined as

¥4
e; = —ny e, & n e3én2

form the inertia matrix of B relative to O for e, e,, and e;.
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Result

169 144 -96
144 260 72

—96 72 325

*5.12 Solve Problem 5.10 by performing multiplications of a row matrix with the
matrix constructed in Problem 5.11.

5.13 If n,, n,, n; and n,’, n,’, n;’ are two sets of unit vectors, the unit vectors of
each set are mutually perpendicular, and C;; is defined as
Cij a n;* nj, (l’.] = 1’ 2, 3)

then the 3 x 3 matrix C having C;; as the jth element of the ith row called a
direction cosine matrix for the two sets of unit vectors. Letting CT denote the
trarispose of C, show that I and I’, the inertia matrices of a set S for a point O
for n;, n,, n; and n,’, n,’, ny', respectively, are related to each other as follows:

I=_C"IC

*5.14 The time-derivative of a dyadic D in a reference frame A is defined as

44D, & 2 d
— A a;.—(a;*D-a;
dt igl jgl aial dt (al D a])

where a,, a,, a5 are mutually perpendicular unit vectors fixed in 4. Show that the
time-derivatives of D in two reference frames 4 and B are related by
“dD _ %dD

- A B -D A B
it dt+me x ‘®

where “4@? is the angular velocity of B in A.

PROBLEM SET 6
(Secs. 3.6-3.9)
6.1 A point O of a rigid body B is fixed in a reference frame A. Show that H, the

angular momentum of B relative to O in 4, is given by Eq. (3.5.28) if I denotes the
inertia dyadic of B relative to O and o is the angular velocity of B in A.
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*6.2 A rigid body B moves in a reference frame A with an angular velocity .
Show that the central angular momentum of B in A is parallel to o if and only if ®
is parallel to a central principal axis of B.

6.3 Letting H%?, H%5", and H5" denote, respectively, the angular momentum
of a set S of particles relative to a point O in a reference frame A, the central angular
momentum of S in A4, and the angular momentum in A, relative to O, of a particle
whose motion is identical to that of the mass center S* of S and whose mass is
equal to the total mass of S, show that

HS/O = HS/S‘ + HS"'/O

*6.4 Letting EH/C", EH”/“*, and “H?“* denote angular momenta, show that

EHC/C‘ — EHD/C‘ + AHB/C‘

if A, B, C, D, E, and C* are defined as follows: A, a rigid body; B, a set of particles;
C, the system formed by 4 and B; D, a rigid body that has the same motion as
A and the same mass distribution as C; E, a reference frame; C*, the mass center
of C.

*6.5 The mass center of a rigid body B is fixed in a rigid body A, but B is otherwise
free to move relative to A. Letting C be the system formed by 4 and B, show that
H, the central angular momentum of C in a reference frame E, is given by

H= IB'A(I)B+IC.E(1)A

where Iz and I are the central inertia dyadics of B and C, respectively, while
40® and Ew” are the angular velocities of B in A4, and A in E, respectively.

6.6 The body B of Problem 5.10 has a mass of 12 kg. Determine the moment of
inertia of B about line PQ, and find the product of inertia of B relative to B*
for n; and n,.

Results 3316/25 kg m?; 0

6.7 Three identical uniform, square plates, each of mass m, are attached to each
other as shown in Fig. P6.7. Determine the value of 6 for which the radius of
gyration of this assembly with respect to line L has a minimum value, and find
this value.

Results 340°; 0.696b
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Figure P6.7

6.8 A thin-walled, right-circular, cylindrical shell has a radius R and height H.
Determine the radius of gyration of the shell with respect to a line that passes
through the mass center and is perpendicular to the axis of the shell.

Result (R?/2 + H?*/12)1/?

6.9 Verify each of the following statements and provide an illustrative example:
(a) A central principal axis of a body is a principal axis for each point of the axis.
(b) If a principal axis for a point other than the mass center passes through the
mass center, it is a central principal axis. (c¢) A line that is a principal axis for two
of its points is a central principal axis. (d) The three principal axes for a point on a
central principal axis are parallel to central principal axes. (e) If two principal
moments of inertia for a given point are equal to each other, then the moments
of inertia with respect to all lines passing through this point and lying in the plane
determined by the associated principal axes are equal to each other. (f) If the
particles of a set S lie in a plane P, then the line L normal to P and intersecting P
at a point O is a principal axis of S for O, and the moment of inertia of S about L
is equal to the sum of the moments of inertia of S about any two orthogonal
lines that lie in P and intersect at O.

6.10 Determine the smallest angle between line AB and any principal axis for
point A of the thin, uniform, rectangular plate represented by the shaded portion
of Fig. P6.10.

Result 30.02°
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3r 3r Figure P6.10

6.11 For I; (j,k = 1,2, 3) as in Eq. (3.5.22), show that no one of I};; (j = 1, 2, 3)
can exceed the sum of the other two, and that —1,,/2 < I,; < 1,,/2, —1,,/2 <
I3, < 1,,/2,and —15;3/2 < I, < I33/2.

*6.12 Defining C,, C,, and C; as
C,AL+1,+1,
C, 211, + LI+ I, — I5° — 1,3 — I,
Cs & LI Ty + iqlanday — Iidss — L1y = 31457

>

where I; £ I;; and I, is the inertia scalar of a set of particles relative to a point
for unit vectors n; and m; (j, kK = 1, 2, 3), show that the values of C,, C,, and C;
are independent of the way n,, n,, and n; are chosen, so long as these vectors are
mutually perpendicular.

Suggestion: Verify that Eq. (3.8.7) can be written

123 3[4 Cllz2 o CZI Rt C3 =0

6.13 Four identical particles are placed at the points O, P, Q, R of Fig. P5.10.
Determine the minimum radius of gyration of this set of particles, and find the
smallest angle between the associated principal axis and line OP.

Results 1.436 m, 67.64°
6.14 Two identical, thin, uniform, right-triangular plates are attached to each other

as shown in Fig. P6.14. When a/b is given, k, the minimum radius of gyration of
this assembly, can be expressed as k = nb. Determine n for a/b = 2 and a/b = 0.5.
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Figure P6.14

Results 1, [35 — (241)Y/3]'2)24

*6.15 Letting E be an inertia ellipsoid of a set S of particles for a point O, and
letting R be the distance from O to a point P on the surface of E, show that I,
the inertia vector of S relative to O for n,, a unit vector directed from O to P, is
perpendicular to E at P.

Note: If n., n,, n, are mutually perpendicular unit vectors, the position vector
r°f from a point O to a point P of a surface ¢ is expressed as

r°” = xn, + yn, + zn,

and the equation of ¢ is written f(x, y, z) = 0, then V£, a vector defined as

af af of
a—xnx = @n_‘, S 6.2'“:

and called the gradient of f, is perpendicular to ¢ at P.

vra

*6.16 For a set S of particles P,, ..., P, moving in a reference frame A4, a quantity
G, known as a Gibbs function for S in A, is defined as

v
Y. ma?
=1

where m; and a; are the mass of P; and the acceleration of P; in A, respectively.

Letting B be a rigid body, express the Gibbs function for B in 4 in terms of
the acceleration a of the mass center of B in A, the angular velocity  of B in A,
the angular acceleration a of B in A4, the mass m of B, and the central inertia dyadic
I of B.

G 42

=

Result G = Y(ma* + a*1'a + 20 0 x -0 + 0’01+ 0)
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PROBLEM SET 7

(Secs. 4.1-4.3)
7.1 Two forces, A and B, of equal magnitude act along the lines PQ and RS in
Fig. P7.1 and are directed as there indicated. Determine the angle 8 (0 < 6 < 180°)

between the resultant of this force system and the moment of the force system
about point O.

Result 117.12°

Qo
10 m
A
P( R
S B
Tm
Sm
12m
0.
4m 6m
Figure P7.1

7.2 Referring to Problem 7.1, let A and B each have a magnitude of 10 N, and
let C be a force applied at point O in such a way that A, B, and C form a couple.
Determine the magnitude of the torque of this couple.

Result 90.56 N m
7.3 Show by means of an example that there exist sets of bound vectors such that

the moment of the set of vectors about a point differs from the moment of the
resultant about that point, no matter where the resultant is applied.
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7.4 Show that the moments of a set S of bound vectors about all points of any
line parallel to the resultant of S are equal to each other.

7.5 Letting M be the moment about a point O of a set S of bound vectors, and
resolving M into two components, one parallel to R, the resultant of S, the other
perpendicular to R, show that the magnitude of the first of these is independent
of the location of O.

7.6 If a set S of bound vectors is not a couple, the points about which S has a
moment M* of minimum magnitude lie on a line L* that is parallel to R, the
resultant of S. L* is called the central axis of S.

Letting M be the moment of S about a reference point O selected arbitrarily,
show that

‘ R-M
and that L* passes through the point P* such that the position vector p* from O
to P* is given by

RxM
TR
(Note that p* is perpendicular to L*; thus, the distance from O to L* is equal
to [p*|.)

*

7.7 Letting M denote the minimum of the magnitudes of all moments of the force
system described in Problem 7.1, and R the magnitude of the resultant of this force
system, determine M/R and find the distance from O to the central axis of the
force system.

Result 6 m; 11.72 m

7.8 A set of bound vectors consisting of a couple together with a single bound
vector is called a wrench if the single bound vector is parallel to the torque of the
couple. When the set of two forces of Problem 7.1 is replaced with a wrench
consisting of a couple C together with a force F, what is the magnitude of the
torque of C, and what is the distance from point O to the line of action of F if
A and B each have a magnitude of 10 N?

Suggestion: Show that if the resultant of a set S of bound vectors is not equal
to zero, then S can be replaced with a wrench consisting of the resultant of S,
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placed on the central axis of S, and a couple whose torque is equal to S’s moment
of minimum magnitude.

Results 4128 Nm; 11.72 m

7.9 Show that a set of bound vectors whose lines of action intersect at a point O
can be replaced with the resultant of the set, applied at O.

7.10 Show by means of an example that there exist sets of bound vectors, other
than couples, that cannot be replaced with their resultants.

7.11 Letting S be a set of bound vectors whose lines of action are coplanar and
whose resultant is not equal to zero, show that S can be replaced with its resultant,
placed on the central axis of S.

7.12 Letting each of the forces in Problem 7.1 have a magnitude of 10 N, replace
this set of forces with two forces A’ and B’, with A’ acting along line OP. Determine
the magnitudes of A’ and B, and find the distance d from O to the line of action
of B'.

Results |A'| = 4961 N; |B’'| = 5.838 N;d = 15.51 m

*7.13 Let S be a set of coplanar forces F; (i = 1, ..., n) applied at points P;
(i =1,...,n), respectively, and let p; be the position vector from a point O lying
in the plane of the forces to P;. Let S’ be the set of forces F, (i = 1, ..., n) such
that F, is obtained by rotating F; about P, through an angle 6 (in the plane of
the forces). Then S can be replaced with a single force R, and S’ with a single
force R’, and the lines of action of R and R’ intersect at a point Z called the astatic
center of S.

Determine N and v such that z, the position vector from O to Z, can be
expressed as

z=R x N+ Rv

Express the resultsin terms of p;and F;(i = 1, ..., n),and note that zis independent
of 6.

Suggestion: Take advantage of the fact that if a and b are the position vectors
from a point O to points A and B, respectively, and lines L, and Ly lie in the
plane P determined by O, A and B, with L, perpendicular to a at A, and Lg
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perpendicular to b at B, then ¢, the position vector from O to C, the intersection of
L, and Lg, is given by
(> —a-b)a x k
axk-b

c=a+

where k is a unit vector normal to P.

PROBLEM SET 8
(Secs. 4.4-4.11)
8.1 Referring to the example in Sec. 2.9, let line Y be vertical, and let P, and P,

have masses m; and m,, respectively. Define three sets of generalized speeds
Uy, Uy, Uz AS

ul éAv”"ax uzéAvPl'ay u3éq.3
up 4 ee, oy, AP, us 2 g,

A s A s A s
U =4q, u; =4(q> U3 =(qs

where a, and a, are unit vectors directed as shown in Fig. 2.9.2, e, and e, are unit
vectors directed as shown in Fig. 2.6.1, and q,, q,, and g5 are two distances and
an angle, as indicated in Fig. 2.6.1. Assume that the panes of glass forming B are
perfectly smooth, so that any forces they exert on P, and P, are parallel to b,
in Fig. 2.6.1; and, regarding the mass of R as negligible, let the contact forces
exerted by R on P, and P, be equal to Ce, and — Ce,, respectively, where C is a
function of q,, q,, g3, uy, uy, us.

Letting S be the set of two particles P, and P,, form expressions for the
generalized active forces F,, F,, F, for S in reference frame A4, doing so for each
of the three sets of generalized speeds defined above.

Results
F,=0 Fy = —(my +my)g F3 = —Lmygc,
Fy = —(m, + my)gs; F, = —(m; + my)gc; F3 = —Lm,gc,
F, =0 F, = —(m; + my)g F3 = —Lm,gc,

8.2 Referring to Problem 8.1, suppose that P, is replaced with a sharp-edged
circular disk D (of mass m,) whose axis is normal to the rod R and parallel to the
plane in which R moves, as indicated in Fig. 2.13.1; further, that D comes into
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contact with the two panes of glass at the points D, and D, . (The same assumptions
were made in the example in Sec. 2.13.) Assume that D can be regarded as a particle
on which the panes of glass exert contact forces equivalent to a force Ye, + Ze,
applied at D*. With u,, u,, u; defined as

A AP,

ug 2 4i.e, w24

vii-e, us £ ¢,

and letting S be the set of two particles P, and D, determine (a) the generalized
active forces Fy, F,, and F; for S in 4 and (b) the generalized active forces F,
and F, for S in A. To find the results for (b), use Eqgs. (4.4.1), then check the results
by using Eqgs. (4.4.3) together with the results from (a).

Results
(@ F, = —(m; + my)gs;

F,=—(m; + mygcs;+ Y
F3 = —L(mygcs — Y)

() F,=—(m; + my)gs,
Fy = —mygcs

8.3 Referring to Problem 2.7, suppose that C is of uniform density, so that C*
is the mass center of C, and let m be the mass of C. Let P,a, + P,a, + P,a, be
the contact force exerted by H on C at point P, and introduce generalized speeds
Uy, ..., Us aS
uiéA(Dc'bi (i= 1, 2, 3)
Uy a 4a Us a qs

Determine (a) the generalized active forces F, ..., Fs for C in 4, assuming
that slipping is taking place at P, and (b) the generalized active forces F,, F,, F,
for C in A, assuming that C is rolling on H.

Results
(@ F, = —Rmygs, .
F, = —Rtan g,(c,P, + s,P))
F3 = R(c,P, +s,P)

F,=P,
Fs =P,

(b) Fl = —Rmgs,
F,=0
Fy=0

8.4 Referring to Problem 4.11, suppose that P is horizontal, C; and C, roll on
P, and motors connecting S to C, and C, cause C, and C, to rotate relative to S.
To account for the actions of the motors, let S exert contact forces on C, and C,,
and replace the set of all such forces acting on C; with a couple of torque M;
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together with a force K; applied at the center of C;, with M; and K, (i = 1, 2)
given by

M, = ayn, + a,n, + o304
M, = Bin, + B,n; + B3ny
K; =y + 7,0, + y;305
K, = 06;n; + 6,0, + 9315
Determine the generalized active forces F,, F,, and F in A for the system
formed by S, C,, and C,. (Keep the law of action and reaction in mind.)

~

Results F = —(a3 + B3)/R F, = L(as — B3)/R Fy= —(a3 + B3)

8.5 When the motors considered in Problem 8.4 are used to cause C, and C, to
rotate’in such a way that

S N

@’ = Q,n, @0 = Q,n,

where Q, and Q, are prescribed functions of the time ¢, then the system formed by
S, C,, and C, possesses one degree of freedom in A if C, and C, roll on P, as was
pointed out in Problem 4.12. Show that the associated nonholonomic generalized
active force is equal to zero if P is horizontal.

8.6 In Fig. P8.6, which deals with the system previously considered in Problems
4.3 and 4.6, a, points vertically downward, while a, and a, are horizontal. Define
a generalized speed u, as u; £ §,, let m, and m, be the masses of P, and P,,

P.
> Figure P8.6
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respectively, and assume that the links supporting P, and P, are so light in com-
parison with P, and P, that the masses of the links can be neglected. Determine
(F)),, the contribution of gravitational forces to the generalized active force F;
for the particles P, and P, in A, on the basis of the following considerations.

The system S formed by P, and P, possesses only one degree of freedom
in A. Hence, a single generalized coordinate, such as gq,, suffices to characterize
the configuration of S in A. However, it is convenient to introduce the pseudo-
generalized coordinates q, and g5 (see Fig. P8.6), which must satisfy the con-
figuration constraint equations

LICI + L2C2 - L3C3 = 0
LISI + L252 - L353 - L4 = 0

and to let u, and u, be pseudo-generalized speeds defined as u, £ §, and u; £ §.
Differentiation of the constraint equations with respect to time then permits one
to express u, and uj as in Egs. (2.13.1), and S then can be treated as if it were a
simple nonholonomic system.

Result

F) = —aL sin(q; — q,)
(Fp), gL{|mSy + m;yS; _—sin(q2 4

8.7 Figure P8.7 shows 33 pin-connected rods, each of mass m and length L,
suspended from a horizontal support. Contact forces of magnitudes Q, R, and S
are applied to this system, as indicated in Fig. P8.7.

Using as generalized speeds the quantities L4,, Lg,, and Lq3, where q,,
q,, and q; are the angles shown in Fig. P8.7, determine the generalized active
forces F,, F,, and F;.

Results
F, =(—0Q + R + S)c; — 30mgs,
F, = (Q — R)c; — 19mgs,
F; = Rc; — 8mygs;
. 5@L
q N
92
Y]

VAV \

R Figure P8.7
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8.8 A rigid block B of length 2b and mass m is supported by two elastic beams,

each of length L and flexural rigidity EI. The beams are “built in” both at their
supports and at the points P, and P, (Fig. P8.8).

a

o'

/ Y.
4 2
/ /
Z
7 2
Y ® Z
Y, 7
4 2 i S 7
7 2
7 i %
6 b l b , P,
Figure P8.8

Confining attention to planar motions of B during which g, and ¢, , the vertical
beam displacements of P; and P,, respectively, remain small, one can treat B
as a holonomic system possessing two degrees of freedom, and one can replace
the set of contact forces exerted on B by the beam at the left with a couple of
torque M,P, together with a force V,a applied at P,, where & and B are unit
vectors directed as shown, and M, and V] are given by

! 12EI <£q2 - q _ﬁ)

2.3 S
12E1 Lg, —q,
Wy by e
E il (q‘ 2 2

The set of contact forces exerted on B by the beam at the right can be replaced
similarly.

Taking for generalized speeds, u, and u,, the time-derivatives of ¢, and ¢,,
respectively, determine the generalized active forces F; and F,.

p, meb ity Se B0 p R D ] e
t =73 T T en) T 2 p)%2| T

3
12EI[ L L R mg
P [E(IJ“%)"‘_(”E*W)"Z]“L?

8.9 The ends 4 and B of a uniform rod R of mass m are supported by a circular
wire W that lies in a fixed vertical plane and has a radius r. At the center of W, 4
and B subtend an angle 26 (Fig. P8.9).

Results
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L, vertical

Figure P8.9

(@) Letting u, be a generalized speed defined as u; £ §,, where q, is the angle
shown in Fig. P89, and assuming that friction forces exerted on R by W at 4
and B are negligible, determine the generalized active force F,.

(b) Letting —sT,a, and —sTzb, be friction forces exerted on R by W
at A and B, respectively, where T, and T are non-negative quantities and s £
uy/|u, |, while a, and b, are unit vectors directed as shown in Fig. P8.9, determine
the generalized active force F,.

(c) The forces exerted on R by W at A and B in the radial directions at these
points can be expressed as N, a; and Ngb;, respectively. To bring these into
evidence in expressions for generalized active forces, let C be a reference frame in
which the unit vectors ¢, and ¢; shown in Fig. P8.9 are fixed, introduce generalized
speeds u, and u; such that the velocity of the center of R in C is given by
u,¢, + u3c;, and determine the generalized active forces F,, F,, and F5.

Results
(@) F, = —mgr cos 0sin q,
(b) F, = —r[s(T, + Tg) + mg cos Osin q,]
(¢ F,= —r[s(T, + Tg) + mgcosfsingq,]
F, = —s(Ty + Tg)cos @ + (N, — Npg) sin & — mg sin q,
F3 =T, — Tg)sinf + (N, + Ng) cos 8 — mg cos q,

8.10 Figure P.8.10 is a schematic representation of a reduction gear consisting
of a fixed bevel gear A, moving bevel gears B, C, C', D, D', and E, and an arm F.
C and D are rigidly connected to each other, as are C’' and D'. The number of
teeth of each gear is shown in Table P8.10.
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Figure P8.10

Table P8.10

A B C (& D e E

60 30 30 30 61 61 20

Couples of torques Tzn and Tgn, where n is a unit vector directed as shown in
Fig. P8.10, are applied to the shafts carrying B and E, respectively. Letting u,
be a generalized speed defined as u; £ “®®-n, and assuming that rolling takes
place at all points of contact between gears, determine the generalized active

force F.

Result F, = Ty + 244T;

8.11 A uniform sphere C of radius R is placed in a spherical cavity of a rigid body
B, and B is free to move in a reference frame A, as indicated in Fig. P8.11. The
radius of the cavity exceeds R only slightly, and the space between B and C is
filled with a viscous fluid.

Figure P8.11
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Regarding the system S formed by B and C as possessing nine degrees of

freedomin 4, let u,, ..., uo be generalized speeds defined as
4B - b, i=1223)
u; é A(!)C'bi_;; (l = 4, 5, 6)
vebi_s i=17289)

where 4®® and “w° are, respectively, the angular velocities of B and C in A, v is
the velocity of the center of C in 4, and by, b,, b, are mutually perpendicular unit
vectors fixed in B. Assume that the force do exerted on C by the fluid across a
differential element d X of the surface C is given by

de = —cBFda

where c is a constant, Bv? is the velocity in B of any point P of C lying within dZ,
and da is the area of dX; further, that at P the force exerted on B by the fluid
across a differential element of the surface of the cavity is equal to — de.

Letting F,, ..., Fy be the generalized active forces for S in A4, determine the
contributions to F, and F,, of forces exerted on B and C by the fluid.

Results $ncR*(us — u,); S$ncR*(u;, — uy)

8.12 Referring to the example in Sec. 4.8, suppose that Q slides on P subject to
the laws of Coulomb friction, and let u’ be the coefficient of kinetic friction for 4
and P. Under these circumstances, the quantities Q,, Q,, and Q, appearing in
Eq. (4.8.14) can be expressed as functions of u', R, M, g, e, f,0,u,,u,,and a nonholo-
nomic generalized active force F; associated with a generalized speed u introduced
for the purpose of bringing Q, into evidence. Taking u; 2 f@” - a;, determine

these functions.

Results
Q, = (eMgcos0 — Fa)/[f - IllRuz/(“z2 + fzuxz)l/z]
0, = —puyQ,/(u? + f2u,?)'?
Qs = —.“'ulan/(“z_2 + f2u )

8.13 Figure P8.13 shows two views of a piston P of mass M in a cylinder C.
Ry, R,, and R; are piston rings of thickness ¢, and t is so small in comparison with
R, the internal radius of C, that the contacts between R,, R,, R; and C can be
regarded as taking place along circles of radius R. The axis of C is horizontal
and parallel to a unit vector i, and P is subjected to the action of a set of contact
forces equivalent to a force Ei applied to P at P*, the mass center of P.

Two generalized speeds, u, and u,, defined as

Uy Loci u, Avkei
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Z

]

Figure P8.13

where @ is the angular velocity of P in C and v* is the velocity of P* in C, character-
ize motions of P in C if P is free to rotate and translate. A third generalized speed,
u;, definéd as

us L yk. ]
where j is a unit vector directed vertically downward, can be introduced to bring
into evidence radial contact forces exerted on R;, R,, and R; by C.

Assuming that n, the contact pressure (force per unit of length) at a point Q
situated on any one of R,, R,, or R; as shown in Fig. P8.13, is given by

n=a+ﬁcos(g) (—n<b6<n

where o and B are constants, and letting u’ be the coefficient of kinetic friction for
C and R,, R,, R;, determine the generalized active forces F,, F,, and F; for
motions during which u; = 0. :

Results
F, = —6y'R3(na + 2B)u1[(Ru1)2 +u?]7 2
F, = —6y/R(na + 2B)uy[(Ruy)? + u2]1" 2 + E
F; = —4RB + Mg

*8.14 Referring to Problem 3.15 (see also Problem 4.17), let A*, B*, C*, D* be
the mass centers of 4, B, C, D, respectively, and designate as m,, mg, mc, mp, the
masses of A, B, C, D, respectively. The pinion gears have negligible masses. To
drive the robot arm, forces are transmitted from E to A via a motor (not shown in
Fig. P3.15). The set of all such forces is equivalent to a couple of torque T*4
together with a force K¥/4 applied to 4 at a point on the axis of the hub. The set of
forces exerted by A on B by means of the motor connecting 4 to B at P is equivalent
to a couple of torque T4/® together with a force K#/* applied to B at P. Finally,
the set of forces exerted by B on C through the rack-and-pinion drive is equivalent
to a couple of torque TC together with a force K*€ applied to C at C*.
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Expressing TE/4, KE/4 T4/ KA/B TBIC and K®/C as, respectively,

TE/A = Tle/Aal + 'TZE/Aaz + 'I"3£'/Aa3
KE/A == KIE/Aal + KZE/Aaz + K3E/Aa3
TA/B = TlA/Bbl + TzA/Bbz + T3A/Bb3 .
KA/B = KIA/Bbl + KZA/Bbz + K3A/Bb3
TB/C = ']"IB/Cbl + TZB/Cbz + EB/Cb3
KB/C = KIB/cbl + KZB/CbZ + K3B/Cb3
and letting g be the local gravitational acceleration, determine the generalized

active forces F,, F,, and F; for the robot arm in E, where F; is associated with the
generalized speed u; (i = 1, 2, 3) defined in Problem 3.15.

Results
Fl = TIE/A
F, = T,""® — g[(mgLg + mcZy + mpZ,4)c; — mppysy]

F3 = K5P€ — g(mc + mp)s,

8.15 Letting S be the set of two particles P, and P, considered in Problem 8.1,
form expressions for the generalized inertia forces F,*, F,*, F;* for S in 4, doing
so for each of the three sets of generalized speeds defined in Problem 8.1. Comment
briefly on the relative merits of the three sets of generalized speeds.

Results

F* = {—(m; + my)(ti; sec wt + 2wq, tan wt)
+ my[(@® + uz®)cy + 138,31} sec wt

Fy* = —(my + my)iy + Lmy(uz’sy — ti5c3)

Fy* = —m, L[L(t; + w®s5c;) — (i, sec wt + 2wq, tan wt)sy + #,C3]
Fi* = —(my + my)u; — w?qic3 — uyus) + Lmy(w’cy? + u3?)

Fy* = —(my + my)(i; + uzuy + 0?q,53) — Lmy(iiy + w?s;c3)

Fy* = —m, L[, + uyu; + w?qs; + L(li3 + w?s3¢3)]
Fi* = —(my + my)ihy ~ 0%q,) + Lmy(wcs + tiys; + us’cs)
Fy* = —(my + myi, + Lmz(u3zs3 - 11303)

F3* = —m, L[L(u; + wzs3bc3)' — (i — 0?qy)s3 + ;3]
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8.16 Making the same assumptions asin Problem 8.2, use Egs. (4.11.1) to determine
the generalized inertia forces F,* and F,* for S in A. Check the results by using
Egs. (4.11.4) in conjunction with results from Problem 8.15, and comment briefly
on the relative merits of Egs. (4.11.1) and Egs. (4.11.4).

Results
Fi* = (my + my)(w?q,c; — ;) — myuy/L + my Lov’cs?
Fy* = —my(i; + w?qys3 — uyuy/L)

8.17 The system S considered in the example in Sec. 4.8 and shown in Fig. 4.8.1
has the following inertia properties: A has a mass m, and moment of inertia I,
about a line parallel to a, and passing through the mass center A* of A, which is
situated on line DE at a distance a from point D. The wheels B and C each have a
mass mg and moment of inertia J about the line joining the wheel centers (which
are the wheels’ mass centers and are separated by a distance 2b), and each wheel
has a moment of inertia K about any line that passes through the center of the
wheel and is perpendicular to the line joining the wheel centers.

Defining generalized speeds u; and u, as in Egs. (4.8.9), and u, as in Problem
8.12, determine the generalized inertia forces F',*, F,* and F3* for S in F.

Results
Fi* = —(I4 + 2Jb*/R* 4+ 2K + m4a® + 2mgb®)u, — m au,u,
Fy* = —(my + 2mg + 2J/R?)u, + myau,?
F*=0

*8.18 The equations that follow furnish useful expressions for T*, the inertia
torque for a rigid body B in a reference frame A. Establish the validity of each of
these equations.

(a) When o, the angular velocity of B in A4, can be expressed as @ = wn,,
where n, is a unit vector fixed in A4, then

T* = —wl,n, + (0?1, — &l y)n, — (W1, + ol
where n, and n, are unit vectors perpendicular to n, and to each other, and are
oriented such that m, = n, x n_; I, is the central moment of inertia of B with
respect to a line parallel to n,; I, is the central product of inertia of B for n, and
n,; and I, is the central product of inertia of B for n.and n,.

(b) If by, b,, b, form a right-handed set of mutually perpendicular unit vectors
fixed in B, and w; £ b, (i = 1, 2, 3), where @ is the angular velocity of B in A,
then -

T* = —[11,@y + 11,0, + 11305 + (I330; — [, 03)w,
+ Ip3(w,% — w3?) + (I33 — I3)w,w;]b,
—[y20; + 13303 + 13,0, + (11,03 — 1 30,)0,
+ Iy (w3 — 0,2) + (I — I33)030,]b,
—[U3303 + 13,0, + 13,0, + (1330, — I3,0,)w;
+ 112(({)12 — ) + (I3, — I)w,w,]b,

where I, is the central inertia scalar for b;and b, (j, k = 1, 2, 3).
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(c) If H is the central angular momentum of B in A4, then

4dH

T* =
dt

*~8.19 (F.*)p, the contribution of a rigid body B to the generalized inertia force
F.*(r =1,...,p)in a reference frame A4, can be expressed as

F¥p=6,T+72-R* (=1...,p) (@

where @, and R* are defined as in connection with Egs. (4.11.7), but T¢ and ¥,2
differ from T* and ¥,*, respectively, being defined as follows: Let Q be a point of B,
r¢f: the position vector from Q to a generic particle P; of B, m; the mass of P;,
and a, the acceleration of P; (i = 1, ..., p) in reference frame A. Then

8
T2 2 — Y mr? x a ()]

i=1

while ¥,2 is the rth nonholonomic partial velocity of Q in A. Furthermore, T2
[compare with T* as given in Eq. (4.11.8)] can be expressed as

T?= —mr?®" xa? —a-I12 -0 xI2:0 (c)

where m is the mass of B, r?%" is the position vector from Q to B*, ais the accelera-
tion of Q in A, @ and  are, respectively, the angular acceleration of B in 4 and the
angular velocity of B in A4, and I is the inertia dyadic of B relative to Q.

Establish the validity of Egs. (a) and (c), and devise an example to illustrate
the utility of these relationships.

*8.20 Referring to Problem 3.15 (see also Problems 4.17 and 8.14), let 4, B, C,
and D have the following mass distribution properties. The central principal
axes of A are parallel to a,, a,, a; (see Fig. P3.15), and the associated moments of
inertia have the values A4,, 4,, A5, respectively. The central principal axes of B
and C are parallel to b,, b,, b, (see Fig. P3.15), and the associated moments of
inertia have the values B,, B,, B; and C,, C,, Cj;, respectively. Central inertia
scalars D;; (i, j = 1, 2, 3) for D are defined as

Dijébi'lb’bj (l,]=1,2,3)

where I? is the central inertia dyadic of D.
Letting T *, Tg* Tc* and Tp* denote the inertia torques for 4, B, C, and
D in E, express T ,* in terms of a,, a,, a5, and Tg*, Tc*, Tp* in terms of by, b, bs.
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To facilitate the writing of results, introduce k, ..., k;s and Z;s, ..., Zs4 as
k; 2B, — B, k, 2 By — B, k; £ B, — B, ky 2 C, — C,4

ks £ Cy - C, ke £ Cy — C,y ks £ D33 — Dy, ks £ D1y — D33
ko £ D,, — Dy, kio 2 B, + k, ki 2 By — ks ki, 2C, + ky
k13%c3_k6 kl4éDll_k7 klséD3l+Dl3 leéD33+k9

Zys £ ¢,B, Zy6 £ Z3kyo Zy, £ 2,2, Zys & =235k,

Zsg a s1B; Z4o & Zyky, Z4y = ¢, Cy Z, & Z3ky,
Zys a —Z37ks Zsa £ $,C; Zys 4 Zykys Zye 4 le
Zyr & uy? Z,22Z,° Z49 2 Dyscy + Dy3sy

N
3
>

kiaZs + kysZy — D12Z37 + Dy3(Za7 — Zys) Zsy £ Dy3sy + Dy
Zs; 2 D3(Z4g — Zyo) + kg Z34 Zs3 2 D335y + D3scy

Zsa B kysZy+ kygZy + Dy3Z37 + Dy5(Zos — Z41)

Results

T*= —u,A,a,

Tg* = —(ﬁlz$5 + Z3e)by — (2B, + Z3g)b, — (11,239 + Zyo)b,

Tc* = — (1241 + Z42)by — (U,C; + Zy3)b, — (4,244 + Z45)bs

Tp* = —(U1Z49 + D13 + Zso)by — (U, Z5; + 1u;,D,; + Zs,)b,
— (U Zs3 +1, D35 + Zsy)by '

*8.21 Referring to Problem 3.15 (see also Problem 4.17, 8.14, and 8.20), determine

the generalized inertia forces F*, F,*, and F3* for the robot arm in E, where

F;* is associated with the generalized speed u; (i = 1, 2, 3).

Results
F}

—ty[Ay + ¢1(Z3s + Zay + Zao) + 81(Z39 + Zya + Zs3)
+myL® +mpZt + mcZyo? + mp(Z13* + Z,5* + Z167)]
—ty[c;Dy; + 84D3; + mp(Z13Z14 — Z16P1)] — ismpZ,
—[c1(Z36 + Zaz + Zso) + 51(Zao + Zas + Zs4) + mpZeZ;s
+meZ10Zyr + mp(Z132Z33 + Z15Z33 + Z162Z34)]

F)* = —iy[Zsy + mp(Z14Z13 — P1Zy6)] — 4,[B, + C, + D,; + mpLy®
+ meZo? + mp(Zys® + piP)] +ismppy — [Z3g + Zyy + Zs,
+mpLpZy; + McZoZyo + MN(Z14Z3; — p1Z3,)]

F3* = —umpZ,6 + tiymppy — Us(mec + mp) — (mcZg + mpZs,)
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*8.22 Letting S be a simple nonholonomic system possessing generalized co-
ordinates ¢, ..., g, and generalized speeds uy,...,u, in a reference frame A,
and letting G be the Gibbs function for S in 4 (see Problem 6.16), show that the
generalized inertia forces F*, ..., F,* for S in 4 can be expressed as

~ oG

F'*=_5_12, r=1,...,p
if G is regarded as a function of qy, ..., g, 4y, ..., u,,and i, ..., u,. [The formula
developed in Problem 6.16 can be used in conjunction with the present result to
find the contribution of a rigid body B to F,* (r = 1,..., p). When using the
formula for this purpose, one can omit the term @?® - I - @, for this term does not
contain any of 4, ..., #,, and hence cannot contribute to dG/ou, (r = 1, ..., p).]

PROBLEM SET 9
(Secs. 5.1-5.3)

9.1 A system S of two particles P, and P, of masses m; and m, moves in such a
way that the distance r between P, and P, is free to vary with time. Assuming
that no forces act on P, and P, other than the gravitational forces exerted by the
particles on each other, show that —Gm,;m,/r + C, where G is the universal
gravitational constant and C is any function of time, is a potential energy of S.

9.2 A uniform thin rod R of cross-sectional area A is partially immersed in a fluid
of mass density p. R can move in such a way that q,, the distance from the immersed
end of R to the surface of the fluid, and q,, the angle between the axis of R and
the local vertical, are free to vary. Letting § be the set of buoyancy forces exerted
on R by the fluid, show that gpA(q,%/2) sec q, is a potential energy contribution
of # for R.

*9.3 Referrmg to Problem 2.7, suppose that C is of uniform density and has a
mass m, and let y be the set of gravitational forces acting on C. Verify that mgR cos q,
is a potential energy contribution of y for C, and show that this function is a poten-
tial energy of C in 4 when C is rolling on H, but not when slipping is taking place
at P, unless the contact between H and P is frictionless. (Expressions for generalized
active forces are available in Problem 8.3.)

9.4 Show that —g(m,L,c; + m,Lsc3) is a potential energy of the system of
two partlcles considered in Problem 8.6. Verify that the expression for (F,),
found in Problem 8.6 can be obtained by replacing F, with (F,),, and V with
—g(m,L,c, + myLjcs), in Egs. (5.1.14).
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9.5 Referring to Problem 8.7, determine with the aid of Eq. (5.2.2) a potential
energy contribution V, of the gravitational forces acting on the 33 bars; use Egs.
(5.1.2) with V replaced with V, and F, replaced with (F,), to find the contributions
(F,), of the gravitational forces to the generalized active forces F, (r = 1, 2, 3).
Comment briefly on the relative merits of the method used to obtain these contri-
butions in Problem 8.7, on the one hand, and the method employed in the present
problem, on the other hand.

9.6 Construct a potential energy V of the system described in Problem 8.8.

Result
6EI | P L L mg
Vo= e o 2 ZXp s e R
I3 [(1 top Tt 6b2>(q1 +4:°) -3 (l + 3b)q1qu > @1+ 42)

9.7 Referring to Problem 8.9, suppose that the plane containing W is made to
rotate with a prescribed angular speed about a vertical line passing through the
center of W. Show that —mgr cos 6 cos g, is a potential energy of R so long as the
contacts between R and W at 4 and B are perfectly smooth.

*9.8 Referring to the example in Sec. 4.8 (see Fig. 4.8.1), let q, be the angle between
n, and a, (see Fig. 4.8.2) as before; define g, and g, as

4 £p'n, g3 2 p-n,

where p is the position vector from a point fixed in F to point D; and introduce
wheel rotation angles g, and g5 as shown in Fig. P9.8, where L and L are lines
fixed in B and C, respectively. Assume that no friction forces come into play at

Figure P9.8
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point Q in Fig. 4.8.1, and that B and C are driven by motors attached to A4 in
such a way that the sets of contact forces exerted by 4 on B and by 4 on C are
equivalent to couples of torques Ty and T, respectively, with

TB = TBa3 TC — TC23

where Ty and Ti- are functions of g, ..., ¢gs.
Show that V(q,, ..., gs, t) is a potential energy of S in F if

ov. b (oVv oV b
B AT S Y o ¥ T ) " LL
94, "R (5‘14 5‘15) R (Tc — Tp) — Mge sin e,
v av 1{oVv oV i
04, cy + a4, s; + R <5q4 et 56]5) R( c B) g sin 0s,

9.9 In Fig. P9.9, P is a particle fixed in a reference frame 4, and B* is the mass
center of a rigid body B; a, a,, a; form a right-handed set of mutually perpen-
dicular unit vectors such that a, points from P to B*; b, b,, b; form a similar
set of unit vectors parallel to central principal axes of B.

Assume throughout what follows that the set y of all gravitational forces
exerted by P on B can be replaced with a couple of torque T given by

3Gm

T - —RT 21 X l » 81
together with a force F applied at B* and given by
GmM
o s

where G is the universal gravitational constant, m is the mass of P, R is the distance
from P to B*, 1 is the central inertia dyadic of B, and M is the mass of B.

(a) If a,, a,, and a, are fixed in 4 and the orientation of B in A is specified
in terms of three angles ¢, g,, g5 like those used in Problem 1.1 to orient D in 4
(see Fig. P1.1), then V,, a contribution of 7, the set of gravitational forces exerted

a

L7}
a

Figure P9.9
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by P on B, to a potential energy of B in A4, can be expressed in terms of q,, 45, g3
so long as B* is kept fixed in 4. Defining generalized speeds u,, u,, u; for Bin A4 as
£ AgpB . b, (i=123)

ui =
and letting I; £ b;-1-b; (j = 1,2, 3), determine V,.

(b) Use the result of part (a) to determine (F,),, (F,),, (F3),, the contributions
of y to the generalized active forces for B in A corresponding to generalized speeds

Uy, Uy, uz defined as
uiéq.i (l: 1’2’3)

(c) Assuming that a,, a,, and a, are fixed in A4, but that B* can move in 4
along line PB*, which means that B has four degrees of freedom in A, show that

¥, does not exist.

Results
3Gm
(U, = I3)s;? + Iy — I5)e;%s3%]

-~ T 2R®

@ V=

(b) (F),=0
3Gm
(F3), = Fszcz(llcf + 15832 — 1)

3Gm
—5 I — 12)02233C3

(F3)y = R

*9.10 Referring to Problem 9.9, and assuming that, as in part (c), B* is free to
move in A4 along line PB*, suppose that y is replaced with a couple of torque T

given once again by
3G
T=2"",4  xI-a,;

R3

together with a force F applied at B*, but that F is given by

M
Fo— @ +0
where
3 1
f é m—z{z [11(1 - 3C112) + 12(1 e 3C122) + 13(1 - 3C132)]a1

+ (I,C31C11 + 1,C5,C15 + 13053 Cy3)a,

+ (I,C3,Cyy + 1,C5,Cyp + 13C33C13)33}
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with C;; £ a;-b; (i, j = 1, 2, 3). Find an expression for a contribution of y to a
potential energy of B in A.

Result

gadii GmM

y

Gm
+ ﬁj(ﬂl — 1, + 1)

where V is the potential energy contribution found in part (a) of Problem 9.9.

9.11 A simple pendulum of mass m and length L is attached to a linear spring of
natural length L’ and spring constant k = 5mg/L, as shown in Fig. P9.11. A
potential energy V of this system can be expressed as

V=mgL} agq'

i=1

where a,, a,, ... are constants. Determine ay, ..., d,.

T

7

Figure P9.11

The generalized active force F corresponding to g can be expressed as

where by, b,,... are constants. Determine b,, b,, and by, both by using the
potential energy V and without reference to potential energy, and comment
briefly on the relative merits of the two methods.

Results a, = 0,a, = 3,a; =0,a, = —§;b;, = —6,b, = 0,b; =3

9.12 Three corners of a cube C are attached to fixed supports by means of identical,
linear springs of spring constant k. When the springs are undeformed, their axes
coincide with the edges of C, as indicated in Fig. P9.12.

To bring C into a general position, the center of C is displaced to a point whose
coordinates relative to fixed axes X, X,, X5 (see Fig. P9.12) are aq,, aq,, aq;,
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X

X

Figure P9.12

and three axes C,, C,, C3, fixed in C and initially aligned with X, X,, X, re-
spectively, are brought into new orientations by means of successive right-handed
rotations of C of amounts g, about C,, g5 about C,, and g, about C,.

Dropping all terms of third or higher degreeing; (i = 1, ..., 6), find a potential
energy contribution of the forces exerted on C by the springs.

Result 3ka’[(q, — qs — q6)* + (a2 — 46 — 44)* + (43 — 44 — 45)*]

9.13 Two blocks are connected to each other and to a fixed support by means of
springs and dashpots, as shown in Fig. P9.13. The springs have natural lengths
L, and L, and the force transmitted by each dashpot is proportional to the speed
of the piston relative to the cylinder, the constants of proportionality having the
values o and .

L, rq, | | L, q2|

Figure P9.13

ANANNNNNNNNNNONNNNNNNNNNNNNNNN
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Using as generalized coordinates the lengths q, and ¢, indicated in Fig.
P9.13, and letting u, = ¢, (r = 1, 2), determine a dissipation function & for the
set of forces exerted on the blocks by the dashpots.

Result F = L[ou,® + 20u,u, + (o + Puy*]

*9.14 A rigid body B moves in a reference frame 4 while B is immersed in a fluid
that exerts on B forces equivalent to a couple having a torque —am, together with
a force — fv, applied at a point P of B, where o and g are constants, and ® and v
are the angular velocity of B in 4 and the velocity of P in A4, respectively. Show
that %, a dissipation function for the forces exerted on B by the fluid, can be
expressed as

F = H(aow? + Bv?)

Suggestion: Take advantage of the fact that here partial derivatives of @
with respect to generalized speeds are partial angular velocities of B [see Egs.
(2.14.1)]; a similar statement applies to partial derivatives of v and partial velocities
of P [see Egs. (2.14.2)].

PROBLEM SET 10
(Secs. 5.4-5.6)

10.1 Referring to the example in Sec. 2.9, and letting P, and P, have masses
m, and m,, respectively, express the kinetic energies K5 and 2K5 of S in 4 and B,
respectively, in terms of m,, m,, L, w, 44, q,, 43, and the first time-derivatives of
q1, 92, 93, the generalized coordinates shown in Fig. 2.10.1.

Results

1
4KS = BKS + 5 w?[myq,* + my(q, + Lcj3)?]

! 2 S S P P
PK® = 2 (my + m)(dy* + ¢2") - m2L<q'ls3 — 4263~ 5 43)‘13

10.2 Referring to Problem 2.7, suppose that C is uniform, has a mass m, and is
rolling on H. Express the kinetic energy K of C in A in terms of R, m, u,, u,,and u;.

Result K = (mR?/8)(5u;? + uy® + 6u3?)
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10.3 Referring to Problem 3.10, determine the kinetic energy K of the system
formed by the shaft and the four spheres for an instant at which the shaft has an
angular speed o, assuming that the spheres each have a mass m, are uniform and
solid; the shaft has a moment of inertia J about its axis; f = 30°; and pure rolling
is taking place at the contacts between the spheres and the race R.

Result K = 3[J + 18mr?(2 + /3)/5]w?

*10.4 A point O of a rigid body B is fixed in a reference frame 4. Show that K,
the kinetic energy of B in A, can be expressed as K = K, with K, given by Eq.
(5.4.3) if I denotes the inertia dyadic of B relative to O and w is the angular velocity
of Bin A.

10.5 Figure P10.5 shows a uniform right-triangular plate of mass m and sides of
lengths a and b, supported as follows: Vertex A is fixed and vertex B is attached
to an inextensible string fastened at C, a point vertically above A, the length of
the string being such that line AB is horizontal.

/ horizontal

9,

Figure P10.5

Letting ¢, and g, measure angles as indicated in Fig. P10.5, determine the
kinetic energy K of the plate.

Result

2 2
K= % |i<a2 + %szz)qﬁ + abcy 4,4, + %qzz]
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*10.6 At a certain instant, a rigid body B has a rotational kinetic energy K, and
a central angular momentum H. Show that
1 H? 1 H?

27, = Ko=<737

min

where I, and I, are, respectively, the maximum and the minimum central
moments of inertia of B.

*10.7 Letting K€, EKP, and K2 denote kinetic energies, show that
EKC=EKD AKB+ZmE A, AP.

if A, B, C, D, E, Ev4:, and 4vP: are defined as follows: A, a rigid body; B, a set of
B particles Py, ..., Pﬁ of masses m;, ..., my, respectively; C, the system formed
by A and B; D, a rigid body that has the same motion as -4 and the same mass
distribution as C; E, a reference frame; Ev4, the velocity in E of 4;, the point of 4
with which P; coincides; 4vfi, the velocity of P; in A.

*10.8 The mass centers of k rigid bodies By, ..., B, are fixed on a rigid body A4,
but B, is otherwise free to move relative to 4. Letting C be the system formed by
A and By, ..., By, show that

EKC — EKD + AKB + EmA . Zk: lBj.A(DBj
i=1
where D designates a rigid body that has the same motion as 4 and the same mass
distribution as C; B is the set of rigid bodies By, ..., B ; E is any reference frame;
EKC EKD AKB are, respectively, the kinetic energies of Cin E, D in E, and Bin A4;
Eo* is the angular velocity of A in E; I? is the central inertia dyadic of B;; 40® is
the angular velocity of B;in A.
Use this result to determine the kinetic energy K given in Eq. (5.4.28).

10.9 If S is a set of v particles P,, ..., P, moving in a reference frame 4, and Q is
a point moving in A, then the kinetic energy of S relative to Q in A4, denoted by
K52 is defined as

13 )
KS/Q é i Z mivPl/Q
i=1

where m; is the mass of P,, and v’/ called the velocity of P; relative to Q in A4, is
the difference between v’, the veloc1ty of P, in A, and v, the velocity of Qin A4;
that is

VI AP _ye  (i=1,...,v)
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Letting S* be the mass center of S, show that K5, the kinetic energy of S in 4,
is given by
K5 = K55 4+ K5

where K" is the kinetic energy in A of a particle whose mass is equal to the total
mass of S and whose velocity in A is equal to the velocity of $* in A.
Comment on the relationship between these facts and Eqgs. (5.4.2)-(5.4.4).

*10.10 Referring to Problem 3.15 (see also Problems 4.17, 8.14, 8.20, and 8.21),
determine K, the kinetic energy of the robot arm in E, and V,, a potential energy
contribution of the set of gravitational forces acting on the robot arm.
Results
K = $[A,u,? + (B; + C)Z,* + (B, + Cu? + (By + C3)Z,?
+ Z(Dy,Z, + Dyyuy + Dy32Z,) + uy(DyyZy + Dyyuy + Dy Z))
+ Zy(D31Zy + Dyyuy + D33 Z5) + myZs® + my(Z,* + Zg?)
+mAZyy? + Z15% + us?) + mp(Z172 + Z1g® + Z,97)]
V,=gl(mgLg + mcZy + mpZ,4)s; + mpp;c,]

10.11 Letting (m,;)p denote the contribution of a rigid body B to the inertia coeffi-
cient m,,, show that
m,)g=mV, ¥, + @, 1- &, (r,s=1,...,p)

where m is the mass of B, ¥, is the rth nonholonomic partial velocity of the mass
center of B in 4, @, is the rth nonholonomic partial angular velocity of B in A,
and I is the central inertia dyadic of A.

Suggestion: First show that

P; ol

'V',. =V,+0),,Xl‘,-

where P; is the ith particle of B and r; is the position vector from the mass center
of BtoP, r=1,....,p;i=1,...,v).
10.12 Determine the inertia coefficients for the system considered in the examples
in Secs. 4.8 and 5.4.
Results
R2
mg, = IA + mAaz + m3<7 + 3b2)
myp, =My + 3mB

m; =my =0
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10.13 When the inertia coefficient m, differs from zero, dynamic coupling is said
to exist between the generalized speeds u, and ;.

Suppose that the mass center of a rigid body B is fixed in a reference frame
A, and let by, b,, b; be mutually perpendicular unit vectors parallel to central
principal axes of B. Bring B into a general orientation in A by aligning b;, b,, b,
with a,, a,, a5, respectively, where a; (i = 1, 2, 3) is a unit vector fixed in A4, and
then subjecting B to successive rotations characterized by the vectors g,b,, g, b,,
qib;. Define generalized speeds u,, u,, uz as (@) u, £ 4, (r = 1,2,3) and (b)
u, 2 @b, (r = 1, 2, 3), where o is the angular velocity of B in 4. Determine which
of the generalized speeds are coupled dynamically.

Results (a) u, and u,, u, and u5; (b) None

10.14 Referring to Problem 8.16, determine F,* by using Egs. (5.6.6). Comment
briefly on the relative merits of using Egs. (5.6.6), on the one hand, and Egs. (4.11.1),
on the other hand, to determine F,*.

10.15 For the system considered in Problem 8.7, determine the generalized inertia
force F* by using (a) Eqgs. (4.11.7), (b) Egs. (5.6.8), and (c) the formula given in
Problem 8.22. Comment briefly on the relative merits of the three methods.

Result m[ —29u, + 19(c;c, — $;8)u, — 8(s38; + C3Cy )i
—19(s;¢; + ;8. )(uz?/L) — 8(s,¢3 — ¢;83)(u3%/L)]

*10.16 A rigid body B forms a portion of a simple nonholonomic system consisting
of v particles. Letting m be the mass, I the central inertia dyadic, v the velocity of
the mass center, and o the angular velocity of B, show that the contribution of B
to the left-hand member of Eq. (5.6.1) ismv - ‘v", + oI é),, where ¥, and @, have the
same meanings as in Egs. (2.14.3) and (2.14.4), and the dots over these symbols
denote time-differentiation in A.

PROBLEM SET 11
(Secs. 6.1-6.3)

11.1 Referring to the example in Sec. 2.9 (see also Problems 8.1 and 8.15), let line
Y be vertical, let P, and P, have masses m; and m,, respectively, and assume that
the mass of R is negligible. Letting 4 be fixed relative to the Earth, and treating
the Earth as a Newtonian reference frame, determine f,, f,, and f; such that the
dynamical equations governing u,, u,, and u;, defined as

uy & AWPiee,  u, a4PIee, w3 L g,y



PROBLEM SET 11 321

where e, and e, are unit vectors directed as shown in Fig. 2.6.1, can be expressed as
u=fi (=123)

Results
fi = —gs3 + ©*q,C3 + uyus + (0%c3? + uz*)Lm, /(my + m,)
fr = —gc; — (0?q;5;3 + uzuy)
fi —w?s;¢y

11.2 For the system S formed by the particle P,, disk D, and rod R considered in
Problems 8.2 and 8.16, make the same assumptions as in Problem 11.1 regarding
the line Y and the reference frame 4. Determine f; and f, such that the dynamical
equations governing u, and u, can be expressed as

u;, = f; i=12)

Results .

1 m
fi = —gs3 + 0’qc5 + m(mszzcsz - Tluzz)

fo = —gcs — w?qys; + Lo
L

11.3 Regarding the Earth E, Moon M, and Sun § each as a particle, let Q be
the mass center of E and S, and let Fg, F),, Fg, and F, be reference frames in which
E, M, S, and Q, respectively, are fixed and whose relative orientations do not vary
with time. Furthermore, assume that Fgcan be chosen in such a way that E moves
in Fgon a circular path centered at S and traced out once per year.

Assuming that F, is a Newtonian reference frame, assess the advisability of
regarding Fg, Fy, and Fg as Newtonian reference frames for the purpose of
analyzing motions of E, M, e, and m, where e and m designate a low-altitude
satellite of E and a low-altitude satellite of M, respectively. In making these assess-
ments, assume that S, E, M, e, and m are at all times coplanar, and let the distances
and angular speeds indicated in Fig. P11.3 have the following values:

Rsg=45x10°m  Rgg=1.5x 10"' m
Rpy =40 x 1083 m Rg, = 7.0 x 10° m
Ry, = 2.0 x 10°m
wg =2 x 1077 rad/s wy =24 x 10”7 rad/s
w,=12 x 107 *rad/s ®, =10 x 10™* rad/s

Results Table P11.3
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Figure P11.3
Table P11.3
Moving Approximately Newtonian

object reference frame
E Fg
M Fg
e F S F E»> F M
m Fg, Fg, Fy

11.4 The dynamical equations governing the generalized speeds u, and u, in-
troduced in the example in Sec. 4.8 are to be formulated under the assumptions
made in Problems 8.12 and 8.17. Determine f, and f, such that these equations

can be expressed as
w=f (=12

Results

= Qs + Mgesin §cos q; — mau,u,
Y7 I, + 2Jb%/R? + 2K + mua® + 2mgb?

7, = Q, + Mgsin 6sin q; + m au,?
2 m, + 2mg + 2J/R?
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where
0, = —puyQ,y
(u? + fPu?)'?
0, = —puy fQ
= —s— =1
(u? + fuH)'?
with

eMgcos 0
f = WRuy [(uz? + f*u,?)'?

Q.=

11.5 Referring to Problem 2.7 and letting C be a uniform disk rolling on H,
determine f, f,, and f; such that the dynamical equations governing u,, u,, and
u5 as defined in Problem 8.3 can be written

y=f (=123

Results

fi = $(u;? tan q, — 6u,u; — 4gs,/R)
f2 = 2uzu; — ugu, tan g,

fi= %uluZ

11.6 A couple of torque Ta, is applied to the link of length L; of Problem 4.3.
Determine f; such that the dynamical equation governing u, as defined in Problem
8.6 can be written u;, = f. .

Result

~—

fi= {[T+ (Fl)y] sin’(q, — g3)
: L, ‘
+ myLyLy sin(g, — q3) [L—3 uy(uy — uy) cos(qy — q,)
+ u3(uz — uy) cos(q, — 43)]}/{['"1 sin’(q; — q,)
+ m, sin®(q; — ‘h):Ile}

where (F 1), is the generalized active force contribution found in Problem 8.6.
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*11.7 Referring to Problem 3.15 (see also Problems 4.17, 8.14, 8.20, 8.21 and
10.10), show that the dynamical equations of motion of the robot arm can be
expressed as '

3
Y Xoi, =Y, (s=1,23)

where X,; = X,, (r,s = 1,2, 3; r # 5). Determine X,;and Y (r,s = 1, 2, 3).

Results
X, =—[A;+¢ci(Zss + Zyy + Zyo) + 51(Z3g + Zys + Zs3) + m4L
+mgZe® + meZio* + mp(Z13* + Zys® + Z16°)]

Xi2=X3=—[Zs; + my(Z13Z14 — Z16P1)]

Xi3=X31=—mpZs

X32 = — [B; + C3 + Dyy + mpLy? + mcZg* + mp(Z14*> + p,?)]

X33 = X3, =mpp,

X33 = — (mc + mp)

Yy =¢i(Z36 + Zaz + Zso) + $1(Zao + Zus + Zsy) + mpZeZ;;
+meZi0Zy7 + mp(Z13Z33 + Zy5Z33 + Z162Z34) — T\

Y, =Z3g + Zas + Zs; + mpLlpZy;, + mcZyZse + mp(Z14 232 — p1Z34)
— T,"% + g[(mgLp + mcZy + mpZ,4)c; — mpp;8,] .

Yy = mcZys + mpZy, — K3P€ + g(me + mp)s,

*11.8 Referring to Problem 3.15 (see also Problems 4.17, 8.14, 8.20, 8.21, 10.10,
and 11.7), suppose that D* lies on line B*C* and that each central principal axis
of D is parallel to one of by, b, , b;. Show that under these circumstances the dynam-
ical equations of motion reduce to

=y =123

*11.9 Show that Egs. (6.1.1) can be written

F,+F*+ ) (Fs+FMA,=0 (r=1,...,p

s=p+1

where F,, ..., F, are holonomic generalized active forces for S in N, F*,..., F,*
are holonomic generalized inertia forces for S in N, and 4,,, ,,..., A, , have
the same meaning as in Egs. (2.13.1). '
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11.10 Figure P11.10 represents a one-cylinder reciprocating engine consisting
of a counter-weighted crank A, connecting rod B, piston C, and cylinder D.
A*, B*, and C* are the mass centers of 4, B, and C, respectively, and A, B, and
C have masses m,, mg, and m, respectively. The central radii of gyration of 4
and B with respect to axes normal to the middle plane of the mechanism have the
values k, and kg, respectively.

The system S formed by A, B, and C possesses one degree of freedom in a
reference frame in which point O and the axis of the cylinder are fixed; the angle
q, shown in Fig. P11.10, and u, defined as u; £ §,, can serve, respectively, as a
generalized coordinate and as a generalized speed associated with this degree
of freedom. However, it can be convenient, for example, for the purpose of bringing
certain interaction forces into evidence (see Sec. 4.9), to introduce additional
generalized speeds, u, and u;, as

*
B A v(.

u, £ o+ ny us ‘N,

Moreover, it is then helpful to define, in addition, an angle ¢, as indicated in Fig.
P11.10.

Let the set of contact forces exerted on A4 by the crankshaft on which 4 is
mounted be equivalent to a couple of torque o;n; + x,n, + a3n;, together with
aforce Pyn; + P,n, + P;n; applied at O, and let the set of contact forces exerted
on C by exploding gases and by the cylinder D be equivalent to a couple of torque
Biny + Bon, + fany, together with a force Q,n; + Q,n, + Q;ny applied at C*.
Finally, let the set of forces exerted by B on 4 be equivalent to a couple of torque
y0y + P3N, together with a force Ryn; + R,n, + Ryn; applied at point P.

After verifying that u, and u; must satisfy the motion constraint equations

Uy = — — Uy

L LLLL

ASANNNT AN SN

\/:Jc [

777277777777 772 77777777

Figure P11.10
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write dynamical equations governing all motions of S (a) by using Egs. (6.1.2)
with r =1, 2, 3 and (b) by using the equation in Problem 11.9 with p = 1. Neglect
gravitational forces, and verify that the result of part (b) can be obtained from those
of part (a) by using the first two equations of part (a) to eliminate R from the
third equation.

Results
(@) my[(a*)?* + k,*Jiy, = a; + a(R ¢, — Rysy)
mp{[(b*)* + kgl — b*s,u3} = b(R,c, + R;s,)

. * . * 2
(mp + mc)iy — mgb*s,tt; = Q3 — Ry — mgb*c,u,

*)2 2
(b) mAL(@*)* + k*Jiy + "2 <{b*sz(slc2 +oisy) - ¢ [&);_"B]}uz
2

m b* )
+ [_ m_z (sic2 + €;8,) + (y - 1)0152 - 5102]“3>

=a, + a(s;c, + clsz)(m,,b*uz2 - Qg)
C2

11.11 When a rigid body B moves in a Newtonian reference frame N under the
action of a set of contact and distance forces equivalent to a couple of torque T
together with a force F applied at the mass center B* of B, the vectors T and F
always can be expressed as

™Mo

T: T;bl F=ZF,~n,-

1 i=1

]

i

where by, b,, and b; form a dextral set of mutually perpendicular unit vectors
parallel to central principal axes of B (but not necessarily fixed in B) and n, n,,
and n; are any three noncoplanar unit vectors fixed in N; the angular velocity
o of B in N and the velocity v of B* in N can be written

o= iwibi v=) um
Letting w,, w,, w;, vy, v,, v3 play the roles of generalized speeds, use Egs.
(6.1.2) to show that the associated dynamical equations are
Loy — (I, — L)w,w03 = Ty
Loy — (I3 — I)wsw, =T,
Iyoy — (I) — IL))w,0, =T

F1=ml31 F2=ml32 F3=ml}3
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where I is the moment of inertia of B about a line passing through B* and parallel
to b;, and o; £ a-b;, with a the angular accelerdtion of B in N. The first three
equations are known as Euler’s dynamical equations, and the last three equations

express Newton’s second law of motion for the mass center of a rigid body.

11.12 Referring to Sec. 5.6, show that one can use Egs. (6.1.1) or Egs. (6.1.2) to
generate dynamical equations involving the kinetic energy K of a system S in a
Newtonian reference frame, as follows.

For a holonomic system withu, 2 ¢, (r = 1, ..., n),

4K K
dr 04, 0q,
These equations are known as Lagrange’s equations of the first kind.
For a holonomic system with u, defined as in Egs. (2.12.1), so that Egs. (2.14.5)
apply,

=F, (r=1,...,n)

- <d6K oK

Ea—q‘s—aqs)VVS,=F, (r=l,..‘,n)

s=1

For a nonholonomic system withu, 2 ¢, (r = 1,..., n),

d 0K 0K = (daK 0K

dtdog, aq,

)

_— + C, =F, r=1,...,
dt aqr aqr s=p+1 ) ( p)

whereC, (s=p+ 1,...,n;r = 1,..., p) has the same meaning as in Egs. (5.1.13).
For a nonholonomic system with u, defined as in Egs. (2.12.1), so that Egs.
(2.14.5) apply,

* (d oK 0K " ~
SZ.I (dtaqs aqs) (VV”+I¢=;+1 VVskAkr) - Fr (r— 1"-"P)
where 4,, (k=p+1,...,n; r=1,...,p) has the same meaning as in Egs.
(2.13.1). These last two sets of equations are called Passerello—Huston equations.
Considering the comment following Eq. (5.6.9), your own comments made
in connection with Problems 10.14 and 10.15, and your solution of Problem 4.18,
comment on the advisability of involving kinetic energy in the process of formulat-
ing dynamical equations.

11.13 When a system S possesses a potential energy V in a Newtonian reference
frame N, a quantity %, called the Lagrangian or the kinetic potential of S in N,
is defined as

LaK-V

where K is the kinetic energy of S in N.
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Supposing that S is a holonomic system with generalized speeds defined as
u, 2 ¢, (r=1,...,n), where q,,..., q, are generalized coordinates for S in N,
show that %, regarded as a function of q,,..., q,, 4;,.-.,dn, and the time ¢,
satisfies the equations

di¥ 0¥
Eia—q,r—a—q’=0 (r=1,...,n)

These equations are called Lagrange’s equations of the second kind.

11.14 Referring to the example in Sec. 4.8 (see also Problems 8.12 and 8.17),
express Q, as a function of u', R, M, g, e, f, 0, uy, and u,.

Result Q, = eMg cos 0/[f — wRuy/(us® + f2u,?)!"?]

PROBLEM SET 12
(Secs. 6.4-6.7)

12.1 Referring to the discussion in Sec. 6.4 of motions of the bar B depicted in Fig.
6.4.3, suppose that h = 3R/4 and Q> = 2g/R. Find a value of g, other than zero
such that the equation q; = g, describes a possible motion of B, and determine
N such that the circular frequency of small amplitude oscillations of B that ensue
subsequent to a small disturbance of this motion is equal to N(g/R)'/2.

Results G, = cos”*(9/10) N = (19/85)!/2

12.2 In Fig. P12.2, 4, B, and C are the outer gimbal, the inner gimbal, and the
rotor of a gyroscope, and P is a particle of mass m attached to the rotor axis at a
distance h from the center of C. By means of an electric motor (not shown) that
may be regarded as consisting of two parts, one rigidly attached to B, the other
to C, C is driven relative to B in such a way that the angular velocity of C in B is
given by '

B(DC = Sb 1
where sis a constant and b, is a unit vector directed as shown. The inertia properties
of A, B, and C are characterized by the five quantities I, J,, J,, K, and K, defined

in terms of the central inertia dyadics I, I, and I of A4, B, and C, respectively, as
follows:

Iéal'lA'al J’ébr'ln'br Krébr‘lc'br (r=1,2)
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q a, (vertical)

Y

v

\\

Figure P12.2

where a; and b, are unit vectors directed as shown, and b,,b,,and by £ b, x b,
are parallel to central principal axes of both B and C. Moreover, by Iz by =
Jl and b3'lc°b3 = Kz.

The system formed by 4, B, C, and P can move in such a way that q,, the angle
between a, and b,, remains equal to zero while the angular velocity of 4 is given
by

4 = pa,
where p is a constant. Letting ¢,* be a perturbation of q,. determine »? such that
q,* is governed by the (linearized) differential equation
i* + o*q* =
Result
plp(J, + K, — J, — K, — mh?) + sK,] — mgh
J, + K, + mh?

w? =

12.3 The system S depicted in Fig. P12.3 consists of a rod A4 of mass m 4, one end
of which is pinned to a fixed support at a point O while the other end supports
a uniform plate B of mass my in such a way that B can rotate freely about the axis
of A. The distances from O to A* and B*, the mass centers of 4 and B, respectively,
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Figure P12.3

are L, and Lg, respectively. Finally, A has a moment of inertia 4, about any line
normal to A and passing through 4*, and the central principal moments of inertia
of B have the values B,, B, and B;, where the subscripts refer to the unit vectors
b, b,, and b; shown in Fig. P12.3.

S can move in such a way that the angles ¢, and ¢, (see Fig. P12.3) are given
for all values of the time t by

41 = qy 4, =0
where §, is a function of t. Letting ¢, * and ¢,* be perturbations such that

4, =4, + ¢,* q; = q,*

formulate differential equations linearized in ¢,*, ¢,*, ¢;* and ¢,* Use these
equations to verify that §,, ¢,*, and ¢,* satisfy the differential equations

g, +asing, = 0

41" + acos §iq;* =~ 0 q2* — Bga* = 0

where o and f are constants, and determine these constants. Answer the following
questions regarding the differential equations: (a) Are all of the equations linear
differential equations? (b) Are the last two equations linear differential equations?
(¢) Is one or more of the equations a differential equation with constant coeffi-
cients? (d) Are the last two equations differential equations with constant coeffi-
cients?

Results
g(myL 4 + mpLp) B, — B,
e p 2 fe gt
A, + B, + myL,” + mpgLy B,

(a) No; (b) Yes; (¢) Yes; (d) No




PROBLEM SET 12 331

12.4 Consider a holonomic system S that consists of particles P,,..., P, and
possesses generalized coordinates ¢, ..., g, in a Newtonian reference frame N.
Define generalized speeds u,, ..., u, for Sin N as

u, =g, r=1,...,n)

and suppose that when vFi, the velocity of P; in N, is expressed as [see Eq. (2.14.2)]

n
vPi= % vPiy v i=1,...,v)

r=1

thenv i =0(@(=1,...,v)and v, i=1,...,v;r = 1,...,n) depends on the
time ¢ solely because ¢4, ..., q, depend on t. Finally, assume that S possesses a
potential energy V in N, that S can remain at rest in N, and that q,, ..., ¢, have
been chosen in such a way that, when S is at rest in N, the dynamical equations
governing all motions of S in N are satisfied by g, = 0 (r = 1, ..., n). Show that
under these, circumstances the dynamical equations of S in N, when linearized in
g,and g, (r = 1, ..., n), can be written

Z (Mrsqs + Krsqs) =0 (r = l, e n)
s=1

where M, (r,s = 1....,n) are the values of the inertia coefficients of S in N
(see Sec. 5.5) when q; = --- = g, = 0, and K,, denotes the value of §*V/dq, dq,
(r,s=1,...,n)whengq; =--- =¢q, = 0.

Suggestion: Refer to Eq. (5.1.2) for F, (r = 1, ..., n), and make use of the facts
that

v _ av(0) " 9%V (0)

+ = 9 b
aq, aq, s=zl 0q, 0q, s r=1 ")
while
LR ()]
R V,()qs+... i=1...,v;r=1,...,n)
s=1 aqs

from which it follows that the linearized velocity of P; is given by

Vi Y w0y, (=1,...,v)
r=1

*12.5 Referring to Problem 9.9, letting A be a Newtonian reference frame, and
using as generalized speeds for B in A the quantities ¢,, §,, and ¢, form linearized
dynamical equations governing g, 4., g3. Do this by employing the result de-
veloped in Problem 12.4.
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Result
4, =0
. I; -1,
G, + 3Gm q, <0
2 I,LR? T2
) 1, -1
qd3 — 3Gm II—3R3—2q3 I~ 0

12.6 Two uniform bars, B, and B,, each of length L and mass m, are supported
by pins, as indicated in Fig. P12.6, and are attached to each other by a light,
linear spring of natural length L/4 and spring constant mg/L. Formulate equations
that govern the angles g, and g, (see Fig. P12.6) when B, and B, are at rest, and
verify that two sets of values satisfying these equations are q, = 35.55°,q, = 44.91°
and g, = —114.69° q, = —94.77°.

Figure P12.6

Suggestion: Introduce the stretch of the spring as a pseudo-generalized coordi-
nate g, that must satisfy the configuration constraint equation

(‘13 + %) = LZI:(I -5’ + (% - Sz) + (¢, — Cz)z]

After defining generalized speeds u,, u,, and u; (u; is a pseudo-generalized speed)
as

u2q (=123

and differentiating the configuration constraint equation to obtain a motion
constraint equation having the form of Egs. (5.1.13), use Egs. (6.5.4).
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Results

q 1 q

q 1 3
(f + Z)SZ + 2q_£ (Clsz - §C2) = 0

12.7 Two particles, P, and P,, of masses m, and m,, respectively, are supported
by a light linkage, as indicated in Fig. P8.6, where a, and a, are unit vectors directed
vertically downward and horizontally, respectively. Assuming that this system
is at rest, verify that the parameters L,, L,, Ly, L,, m;, and m, are related to the
variables q,, q,, and g5 as follows:
Llcl + L2C2 - L3C3 = 0
LISl + LzSz hd L3S3 - L4 = 0

sind, —41) _

mSy + myS3 —
sin(q, — q3)

12.8 Referring to Problem 8.7, formulate three equations relating Q, R, S, q,,
4., 43, and m when all rods are at rest.

Result
(—Q + R+ S)c; — 30mgs, =0
(Q — R)c, — 19mgs, =0
Rc; — 8mgs; =0

*12.9 Referring to Problem 8.10, formulate an equation relating Ty to T; when
B,C,C',D,D', E, and F are at rest.

Result Ty + 244T =0

12.10 Referring to Problem 3.11, and letting TN, T'N, and tn be the torques of
couples applied to A, 4', and D, respectively show that T, T', and ¢ satisfy the
equations

ta

=T = — —
T 2d

when the system is at rest.
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12.11 Figure P12.11 shows four bars, each of length L, connected by hinges and
linear springs, the springs having spring constants k, and k, and equal natural
lengths L/2. Neglecting gravitational effects, show that when this system is at
rest, then

ky _ 1= 321 — cos g)] '

ky 1 — 321 + cos )] '

Figure P12.11

12.12 Referring to Problem 12.2, consider the steady motion characterized by
the equations

41 = 4, o’ = pa,

where g, and p are constants. Under these circumstances, p is called the rate of
precession of the gyroscope, and the motion is termed a steady precession. Deter-
mine the relationship among m, h, J, J,, K, K, g4, s, and p that prevails during
steady precession.

Result p>(J, + K, — J, — K, — mh*)cos g, + psK, — mgh = 0
12.13 In Fig. P12.13, A, ..., E are uniform, square plates, each having a mass m

and sides of length L. These plates are attached to each other and to a uniform
square plate F having a mass 5m and sides of length L, by means of smooth hinges.

Figure P12.13
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A vertical shaft, to which C is attached rigidly, passes through an opening in F,
thus leaving F free to move up and down. Finally, two light, linear springs, each
having a natural length L and spring constant k, connect the plates as shown.

One possible motion of this system is the following: The shaft is made to
rotate with a constant angular speed Q, and q (see Fig. P12.13) remains constant.
Show that

g 3+4cosq

LQ? 6 cot g (4 kL . )

under these circumstances.

PROBLEM SET 13
(Secs. 7.1-7.7)

13.1 Referring to Problem 8.6,let L, = L, =2 m, L, = Ly = 3 m, m; = 4 kg,
m, = 5 kg, and suppose that the system is released from rest when g, = 45°.
Determine the value of ¢, for the first instant at which g, vanishes.

Note: It can be verified that g, and g, have the values 82.281° and 52.719°,
respectively, when q; = 45° and that g, = 73.126°, q; = 16.874° when q, = 0.

Result —1.87 rad/s

13.2 Letting g, ..., q, be generalized coordinates of a holonomic system in a
reference frame N, show that H, the Hamiltonian of S in N (see Sec. 7.2), can be
expressed as
" 0F
H=Y —¢,—-%
r=zl aqr‘

where £ is the Lagrangian of S in N (see Problem 11.13), regarded as a function
ofqgys..-»qns41s---54n,and t.

Suggestion: Take advantage of the fact that [see Egs. (5.5.7)-(5.5.9)] K,, K,
and K, can be written, respectively, as

KO =A K1 = z Brdr K2 = Z Z Crsqrqs
r=1s=1

r=1

where 4, B,, and C, are independent of §;, ..., §,,and C,;, = C,, (r,s = 1,..., n).

13.3 The axis of a circular disk B of radius R (see Fig. P13.3) is fixed, and B is
made to rotate about this axis with a constant angular speed w. A vane V is fixed
on B, the equation of the center line of V' being r = R sin 2q, where r is the distance
from the axis of B to P, a generic point of the center line, and q is the angle between
line OP and a line OQ that is fixed on B. Finally, a particle is free to move in V.
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Figure P13.3

If the axis of B is vertical, and if the particle is inserted into V at O with a very
small velocity (essentially zero), the particle moves toward the periphery of B
and arrives there with a velocity having a magnitude ». Determine v.

Result v = 2Rw

13.4 If the plane H in Problem 8.3 is perfectly smooth, the equations of motion of
C possess an integral of the form

UyCy + O3S, = f

where o is a definite constant and f is an arbitrary constant. Determine o.

Result oo =2

*13.5 Referring to Problem 3.15 (see also Problems 4.17, 8.14, 8.20, 8.21, 10.10,
11.7, and 11.8), determine H - a,, where H is the angular momentum of the robot
arm in E with respect to a point on the hub axis of A.

Result
H-a,=-mL,Zs — Lp(mpZg + mcZy, + mpZyg) + c;[ —mpLpZyg
—mMcZoZyy + mp(pyZyo — Z14Z1g) + (By + C1)Z,]
+ silmp(=p2Zy7 + p1Z1s) + (Bs + C3)Z,] + 2492,
+Zsuy + Zs3Z, + Ay
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*13.6 If # is the kinetic potential of a holonomic system S whose first k of n
generalized coordinates are ignorable (see Sec. 7.3), and if o, are the associated
constant values of 0.2/04, (r = 1, ..., k), then the quantity £ defined as

k
Qég— Zasqs

and called the Routhian of S, may be regarded as a function of p,,..., pp_k,
P1s -+ - » Pn—k> and t, where p, is defined as

pr_qk+r (r=19""n_k)
Show that & satisfies the equations

dom_od
dtdop, Op,

=0 r=1...,n—k)

13.7 Show without explicit use of differential equations of motion that the re-
lationships

(a® + b%s;°)q,* + b?q,* + 3abc, 4,4, — 4gc, = a

and

2(3a® + b%s,%)4, + 3abc, 4, = B

where a and B are constants, are integrals of the equations of motion of the tri-
angular plate in Problem 10.5.

13.8 Figure P13.8 shows a gyroscopic device consisting of a frame F, a torsion
spring assembly S, a gimbal ring G, and a rotor R. These parts have the following
inertia properties:

The point of intersection of the spin axis and the output axis is the mass center
of R, and R has a moment of inertia J about the spin axis, and a moment of inertia
I about any line passing through the mass center of R and perpendicular to the
spin axis. The mass center of G coincides with that of R, and the spin axis, the output
axis, and a line perpendicular to both of these and passing through their inter-
section all are principal axes of G, the corresponding moments of inertia being A,
B, and C. Finally, the mass center of F lies on the input axis, and F has a moment
of inertia D about this axis.

Consider the following class of motions of the device: F is free to rotate about
the input axis, which is fixed; G can rotate about the output axis, but a resisting
torque of magnitude kq, is associated with such rotations; and R is made to rotate
with constant angular speed Q in G (by means of a motor connecting R to G).
Assuming that at time ¢ = O the frame F is at rest, ¢, = n/2 rad, and ¢4, = 0, de-
termine the value of the spring constant k such that §, vanishes for ¢t > 0 when
q, = m/4 rad.
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Spin axis

—

Al
7

\
axis ‘

Input axis
Figure P13.8

(4JQn)?
3A4+C+1+J+2D)

Result

13.9 Referring to the example in Sec. 7.4, suppose that the set of friction forces
exerted on S by T is treated as equivalent to a couple of torque —cu,e, (see Fig.
7.4.1), where c is a positive constant. Takingu, = u, = Oand us = 4¢(R — r)/(mr?)
at t = 0, show that u, approaches a limiting value u,* as t approaches infinity,
and plot u, /u,* versus ct/(mr?).

Result Figure P13.9

uyfug®

0.5

Figure P13.9
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13.10 Considering the system S introduced in Problem 12.3, and letting
u, £ g, (r = 1, 2), (a) formulate exact dynamical equations of S. (b) Taking m, =
0.01 kg, mg = 0.1 kg, L, =0.075m, Ly =02m, 4, =50 x 10"°kgm? B, =
2.5 x 107*kgm?, B, = 50 x 1075 kg m? and By = 2.0 x 10~ * kg m?, perform
a numerical simulation of the motion of S for 0 < ¢t < 10s, using for initial con-
ditions u,(0) = u,(0) = 0, q,(0) = 45°, q,(0) = 1°, and plot g, versus t. Leaving
all other quantities unchanged, but taking ¢,(0) = 0.5°, make another plot of q,
versus ¢, and display the two curves on the same set of axes. (c¢) Repeat part (b)
with ¢,(0) = 90°.

Compare the set of two curves generated in part (b) with the set obtained in
part (c), and briefly state your conclusions.

Results
(@) uy = [2uyuz8,¢,(By — By) — (myL, + mgLg)gs;1/(A; + Bic,? + B;s,?
+ myL* + mgLg?);
U, = —“1252C2(Bl — B,)/B;
(b) Fig. P13.10(a)
(c) Fig. P13.10(b)

q)(0) = 45°

——
o>

0.5

——
?
—
e o

—
—
e —
R
—

qy(deg) 0

—
-
<::'§

< _

1(s)

Figure P13.10(a)
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1500 -

q,(0) = 90°

1000

500

9y(deg) 0

—1000

-

—1500
0
t(s)

Figure P13.10(b)

*13.11 Referring to Problem 3.15 (see also Problems 4.17, 8.14, 8.20, 8.21, 10.10,
11.7, 11.8, and 13.5), take L, =03 m, Ly =05 m, Lp,= 1.1 m, p;, =02 m,
p; =04m,p; = 0.6m,A, = 11kgm?, B, = 7kgm? B, = 6kgm? B, = 2kgm?,
C,=5kgm?% C,=4kgm? Cy=1kgm? D, =2kgm? D,, = 2.5 kg m?,
D;; = 1.3kgm? D,, =06kgm?, D,, =075kgm?, D;;, = —1.1kgm?, m, =
87 kg, my = 63 kg, mc = 42kg, my, = 50 kg. (a) Setting u,(0) = 0.1 rad/s, u,(0) =
0.2rad/s,u;(0) = 0.3 m/s,q,(0) = 30°¢,(0) = 0.1 m, q;(0) = 10°, T,¥4 = T,48 =
K4P/€ = 0, determine the value of K + V, (see Problem 10.10)att = Oand t = Ss,
and the value of H - a, (see Problem 13.5)att = O and t = 5s; (b) setting T,*2 =
10 N m and K,%€ = 20 N, but leaving all other quantities as in (a), determine the
value of K + V,att =0and t = 5s,and the value of H-a, att =0andt = 5s;
(c) the robot arm can be brought from an initial state of rest in E to a final state
of rest in E such that q,, q,, and g; have the specified values g,*, g,*, and g5*,
respectively, by using the following feedback control laws:

T1£M = —ﬁE/Aul - )’EM(% - q3%)
T4 = —p*Pu, — y*®(q, — q,*) + gl(mgLp + mcZy + mpZ,4)c, — mppys,]

K€ = — Uy — y¥(q; — 45*) + glmc + mp)s,
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50

q, (deg) 30

20

t(s)

Figure P13.11(a)

0.7

0.6 |-

g, (m)

t(s)
Figure P13.11(b)
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0=

80 -

q; (deg)

t(s)

Figure P13.11(¢c)

Here, pE/4, yE/4, pA/B y4/B  BBIC and yP/C are constant “gains,” and the terms in-
volving g in the expressions for T,*/® and K,%/€ serve to counteract the effects of
gravity. Using these control laws, the parameter values employed previously,
and u,(0) = u2(0) = u3(0) = 0,4,(0) = 30°%¢,(0) = 0.1 m, g3(0) = 10°g,* = 60°,
g,* = 0.4 m, g;* = 70°, f¥4 = 464 N m s, y5/4 = 306 N m, 4% = 216 N m s,
y4/B = 285 N m, B5C = 169 N s, y¥€ = 56 N, plot the values of q,, q,, and q,
fromt—Otot— 15s.

Results
@K + V,: 66600 Nm,66600Nm
Hy: 52.643Nms, 52643 Nm's
®)K + V,: 66600 Nm, 31166 Nm
H,: 52643Nms, 52643 Nm's
(c) Figures P13.11(a), P13.11(b), P13.11(c)
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13.12 Referring to the example in Sec. 7.6, replace the set of forces exerted on the
left half of C by the right half with a couple together with a force o,n, + o,n,,
applying this force at the right end of the left half of C. For the values of m,, mg,
me, L,q,(0),and u,(0) used in the example in Sec. 7.6,show that 6, = —(g/16)tan q,,
and determine o, fort = 5.

PP, Figure P13.12

Suggestions: Regard C as composed of two identical bars, C, and C,, each of
length L and mass m/2, which can slide relative to each other as indicated in Fig.
P13.12, and let P, and P, be the points of C, and C,, respectively, corresponding
to the midpoint of C. Note that during the motion of interest the velocity of P,
in C, and the angular velocities of C, and C, can be expressed as

CiyP2 — yn, of = @ = yn,
where v and y are functions of g, and u,. Introduce u, as u, £ @®-n,, and verify
that the velocities of P, and P, are given by

vP' = 2Lu,e, + L(uy — u;)s;n,
and

vP2 = 2Lu,e, — L(uy, — u;)s;n,

Result 6, = —0.173 N

13.13 The system described in Problem 8.7 is at rest with q, = q, = g5 = 45°.
Letting B designate the third bar from the left in the middle row of bars (the row in
which the bars make an angle g, with the vertical), determine the magnitude of
the reaction of B on the pin supporting the upper end of B.

Suggestion: Regard the upper end of B as disconnected from the pin that
supports this end, and note that the six bars shown in Fig. P13.13(a) are movable
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Lus
us % ug Lu,
/ b
A U, ‘ —= U, ‘ %u‘
Lu,
_l; "4‘ ; T U
(a) )
R,
R,
L
L mg
L
‘ % ‘ 2 Img Img
L mg
L L -
L2_ ' 2 1 mg 1 mg
(c) ()}

Figure P13.13

under these circumstances, whereas the rest of the bars are not movable so long
as q,, q,, and g; have fixed values. Introduce generalized speeds u, and us such
that bars B and C have counterclockwise angular velocities, as indicated in Fig.
P13.13(a). Record the velocities of the mass centers of the movable bars and the
velocity of the upper end of B as in Fig. P13.13(b), and use this sketch to depict
partial velocities associated with u, as in Fig. P13.13(c). Record the gravitational
forces acting on the six bars, as well as the horizontal and vertical reaction force
components at the upper end of B as in Fig. P13.13(d). Refer to Figs. P13.13(c) and
P13.13(d) to perform by inspection the dot-multiplications required to form the
generalized active force F,, thus verifying that F, = L(—R, + 4mg). Make a
sketch similar to Fig. P13.13(c) to depict the partial velocities associated with us,
and use this sketch in conjunction with Fig. P13.13(d) to form an expression for
the generalized active force Fs. Finally, appeal to Egs. (6.5.2) to find R, and R,.

Result /113mg/2

*13.14 Referring to the example in Sec. 6.6, verify that there exist values of 6
(0 < 0 < m/2) such that the steady motion there considered cannot occur. For
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0 < h/R < 2, show that these values of 6 correspond to the shaded region of Fig.
P13.14.

)
9
’,

80 |-

g
T

0 (deg)

h/R

Figure P13.14

13.15 Taking LQ?/g = 3, determine two pairs of constant values of ¢, and g,
such that the equations of motion of the system considered in the example in Sec.
6.7 are satisfied, and sketch the system in the configuration associated with each
pair of values.

Results q, = 56.18°, q, = 226.30°; q, = 74.25°, q, = 78.34°; Fig. P13.15

~

56.18° 226.30° 74.25°
78.34°

Figure P13.15
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PROBLEM SET 14
(Secs. 7.8-7.10)

14.1 A rigid body B forms part of a simple nonholonomic system S possessing
n — m degrees of freedom in a Newtonian reference frame N. Letting L and H
denote, respectively, the linear momentum of B in N and the central angular
momentum of B in N, show that the contribution of B to the generalized momenta
Dis -+ s Du—m Can be expressed as

P)p=® H+ V* L r=1,....,n—m)

where @, and ¥,* are, respectively, the rth nonholonomic partial angular velocity
of Bin N and the rth nonholonomic partial velocity of the mass center of B in N.

14.2 A rigid body B is a part of a simple nonholonomic system S possessing
n — m degrees of freedom in a Newtonian reference frame N, and a subset ¢ of
the contact forces acting on particles of S consists of forces applied to B and forming
acouple of torque T. Show that (1,),, the contribution of the forces of o to the gener-
alized impulse I,, is given by

a,), = @5, flszt r=1,....n—m)

where ®,5(t,) is the value at time t, of the rth nonholonomic partial angular
velocity of B in N, and ¢, differs so little from ¢, that the configuration of S in N
does not change significantly during the time interval beginning at ¢, and ending at
ts.

14.3 Referring to Problem 4.11, let P be a horizontal plane, and let 4 be a Newton-
ian reference frame. Show that when C, and C, roll on P, $* moves on a circle,
and determine the radius of the circle when the system is set into motion by a blow
applied to S along a line that intersects the axis of S at a distance s from S*. Assume
that no slipping occurs, and express the result in terms of the radius R and length
L shown in Fig. P4.11, as well as the mass mg of S, the mass m of each of C, and
C,, the central transverse moment of inertia J of S, and the axial moment of
inertia I of each of C, and C,, letting C, and C, each have a transverse central
moment of inertia I/2.

I+ J + 2(mc + I/RY)L?
s[ms + 2(m¢c + 1/R?)]

Result

14.4 Four identical uniform rods, each of length 2L, are connected by smooth
pins so as to form a square, and are resting on a smooth, horizontal surface when
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Figure P14.4

one of the rods is struck, the line of action of the blow passing through one corner
of the square, as shown in Fig. P14.4. Determine the distance s such that the system
moves as if it were a rigid body subsequent to being struck.

Result h = 4L)/3

14.5 In Fig. P14.5, n,, n,, and n; are mutually perpendicular unit vectors fixed
relative to a horizontal plane H in such a way that n, is perpendicular to H. S is a
thin, uniform spherical shell that, at a certain instant, strikes H at a point 4 of H,
the velocity v* of the center of S and the angular velocity o of S at this instant being
given by

v¥ = 10(—n, + n;) m/s

® = 100(n; + 2n, + Sn,) rad/s

Thereafter, S bounces from A to B, from B to C, and so forth.

- ®

Figure P14.5

Letting the coefficient of restitution for § and H have the value 0.5, taking the
coefficients of static friction and kinetic friction equal to 0.25 and 0.20, respectively,
and setting b = 0.03 m, determine the distance from 4 to C.

Result 13.90 m
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14.6 In Fig. P14.6(a), A and B are uniform rods, each having a length of 2mand a
mass of 3 kg. The two rods form a double pendulum moving in such a way that,
at a certain instant, the free end of B strikes a horizontal surface H while the
angular velocities of A and B have magnitudes of 0.1 rad/s and 0.2 rad/s, respec-
tively, and are directed as shown.

(a) If e, the coefficient of restitution for B and H, has the value 0.5, what is the
minimum value that y, the coefficient of static friction for B and H, must have in
order for B not to be sliding on H at the instant of separation?

(b) If e = 0.5, u = 0.25, and u’ = 0.20, where y’ is the coefficient of kinetic
friction for B and H, what are the angular velocities of 4 and B immediately after
impact? Draw a sketch of the system, showing the angular velocities of A and B.

(c) For each of the sets of values of e, u, and y' in Table P14.6(a), determine
whether or not slipping is taking place at the instant of separation, whether the
kinetic energy increases or decreases during the collision, and the amount of kinetic
energy change.

Results (a) 0431 (b) Fig. P14.6(b) (c) Table P14.6(b)

0.255 rad/s
0.2 rad/s 0.309 rad/s
Figure P14.6(a) Figure P14.6(b)
Table P14.6(a) Table P14.6(b)
e u W e u s Slipping Kinetic energy change

0.5 0.25 0.20 0.5 0.25 0.20 Yes 0.03 N m decrease

0.5 0.50 0.40 0.5 0.50 0.40 No 0.16 N m increase

03 050 040 03 050 040 No 0.12 N m decrease

0.7 0.51 0.50 0.7 0.51 0.50 Yes 0.49 N m increase
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14.7 A system moving in accordance with Eq. (7.10.1) is said to be performing
undamped free vibrations if

n=ft)=0
Making use of Euler’s identities
et = cos q + isingq

where i is the imaginary unit and g is any real quantity, verify that under these
circumstances x can be expressed as

x = x(0) cos pt + %) sin pt

Show that T, called the period of the motion and defined as the shortest time
between two instants at which x attains stationary values (values such that x = 0)
of the same sign, is given by

_217.'
p

T

Taking x(0) = 0, plot x/x(0) versus pt for 0 < pt < 20.

Result Figure P14.7

Figure P14.7

14.8 A system moving in accordance with Eq. (7.10.1) is said to be performing
underdamped free vibrations if

O<n<l1 f@®=0
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Show that during such vibrations

x(0) + npx(0)

o1 =2y Sinled - nz)uz,]}e_n,,,

X = {x(O) cos[p(1 — n»)'t] +

and verify that the period T, defined as in Problem 14.7, is given by

2n
p(l _ n2)l/2

T =

0.5

x:x(0) 0

—0.5

pt

Figure P14.8(a)

0.5

x/x(0) 0

-0.5

0 5 10 15 20

Figure P14.8(b)
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Show that J, the logarithmic decrement, defined as the natural logarithm of
the ratio of x(t) to x(¢t + T), can be expressed as
6 =npT
Taking x(0) = 0 and n = 0.2, plot x/x(0) versus pt for 0 < pt < 20. Repeat
with n = 0.1.

Results Figures P14.8(a), P14.8(b)

14.9 A system moving in accordance with Eq. (7.10.1) is said to be performing
critically damped free vibrations if

n=1 f@®)=0
Referring to Problem 14.8, use a limiting process to verify that
x = {[xX(0) + px(0)]t + x(0)}e™ ™

and show that there exists at most one value of t such that x has a stationary value.
Taking x(0) = 0, plot x/x(0) versus pt for 0 < pt < 20.

Result Figure P14.9

0.5~

x/x©0 0

S 10 «15 20

Figure P14.9

14.10 A system moving in accordance with Eq. (7.10.1) is said to be performing
overdamped free vibrations if

n>0 f®=0
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After verifying that x is given by

{[X(0) — a, x(0)]e** — [X(0) — a;x(0)]e"'}

X =
a; —a;

where a, and a, are real quantities given by Egs. (7.10.3), show that, once again
(see Problem 14.9), there exists at most one value of ¢ such that x has a stationary
value.

Taking x(0) = 0 and n = 3, plot x/x(0) versus pt for 0 < pt < 20.

Result Figure P14.10

1.0

0.5

x/x(0) 0

pt
Figure P14.10

14.11 A system moving in accordance with Eq. (7.10.1) is said to be performing
damped harmonically forced vibrations if

n>0  f(@t) = bsin(wt + ¢)

where b, w, and ¢ are constants called, respectively, the amplitude, the circular
frequency, and the phase angle of the forcing function.
Show that x can be written as

x=xS+xT

where x5 and xp, respectively called the steady-state response and the transient
response, are given by

e = b(B, sin wt + B, cos wt)
T - ) + Qnpoy

and

= o e — a,e
T 2p(n* = 1)
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with a; and 8; (i = 1, 2) defined as

b
a; 2 x(0) — ay;x(0) + m (a; sin ¢ + wcos ¢)

. b .
a, £ x(0) — a,;x(0) + m(% sin ¢ + w cos ¢)

B, & 2npw sin ¢ + (p*> — w?) cos ¢

B, & (p* — w?)sin ¢ — 2npw cos ¢

x/x(0) or

Figure P14.11(a)

x/x(0) 0

Figure P14.11(b)
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and g; (i = 1, 2) given by Egs. (7.10.3). Verify that

lim x; =0

t—= o0

and that the absolute value of the maximum value of xg, called the steady-state
amplitude, is given by

|(Xmax| = [BILP* — @*)* + 2npw)*]~1/?
Taking x(0) = 0, n = 0.3, b = x(0)p?, ¢ = 0, and w = 2p, plot x/x(0) versus
pt for 0 < pt < 20. Repeat with w = p.

Results Figures P14.11(a), P14.11(b)

14.12 A system moving in accordance with Eq. (7.10.1) is said to be performing
undamped harmonically forced vibrations if

n=0  f(t) = bsin(wt + ¢)

where b, w, and ¢ are constants (see Problem 14.11).
After verifying that, so long as w differs from p, x is given by

X(0) . b . .
x = x(0) cos pt + *0) sin pt + — > [(sm ot — @ sin pt) cos ¢
p D @ p

+ (cos wt — cos pt) sin qS]

show by means of a limiting process that resonance, that is, the response obtained
when w = p, is characterized by

_ x(0) bcos¢
x = x(0) cos pt + [—p— + 22

] sin pt — %cos(pt + ¢)

Taking x(0) = 0, b = x(0)p?, w = p,and ¢ = 0, plot x/x(0) versus pt for 0 < pt <
150.

When the behavior of a system is characterized by a curve such as the one in
Fig. P14.12(b), beats are said to be taking place. Show that setting x(0) = 0,
¢ = n/2, and b = x(0)p? leads to

e - 01352}

Taking @ = 0.9, plot x/x(0) versus pt for 0 < pt < 150 to verify that the above
equation describes beats under these circumstances.

Results Figures P14.12(a), P14.12(b)
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x/x(0) or

—6

(=]
w
s
>
sL

Figure P14.12(a)

Ll ol

x/x(0) 0
-12 L 1 j 1 J
30 60 90 120 150
pt
Figure P14.12(b)

14.13 A variable-speed motor is supported by a horizontal floor. When in opera-
tion, it performs vertical vibrations giving rise to the following observations.

When the rotor is turning at a constant angular speed, the amplitude of the
vertical displacement of the motor casing from the casing’s rest position is greatest
if the angular speed is equal to 1000 rpm; the greatest amplitude has a value of
0.011 m. Once the motor has been turned off, so that the rotor remains at rest
relative to the stator, vibrations with decaying amplitude take place with a fre-
quency of 16 Hz.

Determine at what constant angular speeds below 3000 rpm the motor may
not be operated if the amplitude of the vertical displacement is not to exceed
0.005 m. For operation in the permitted range of angular speeds, find the maximum
value of the ratio of F to the weight of the motor, F being the magnitude of the
force transmitted to the floor by the motor casing.
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Figure P14.13(«)
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Figure P14.13()
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Suggestion: Regard the motor as consisting of a rigid stator that carries a rotor
whose mass center does not lie on the axis of rotation of the rotor, and let the
motor be supported by a linear spring S and linear damper D, as indicated in
Fig. P14.13(a), where G, designates the mass center of the stator, R is the distance
from A, the axis of rotation of the rotor, to G,, the mass center of the rotor. Let
h be the static displacement of A from the position A occupies when S is unstretched,
and let x be the displacement of A from the static equilibrium position of 4 to the
position of A at any time. Verify that x is governed by the equation

’

X + 2npx + p*x = R(ﬁ) ? cos wt

where M and M’ are the masses of the entire motor and of the rotor, respectively,
w is the (constant) angular speed of the rotor, p> = g/h, and 2np = C/M, C being
the damping constant associated with D. Plot the displacement amplification factor
a, defined as a £ |x,, |/h, and the force amplification factor B, defined as g £
F .../(Mg), as functions of w/p for 0 < w/p < 3 [see Fig. P14.13(b)].

Results 775 < w < 1731 rpm; [F/(Mg)]max= 7-1

*14.14 Referring to Problem 3.15 (see also Problems 4.17, 8.14, 8.20, 8.21, 10.10,
11.7,11.8, 13.5, and 13.11), (a) let I denote the moment of inertia of 4, B, C, and D
with respect to the hub axis of A4, let J be the moment of inertia of B, C, and D
with respect to the joint axis at P, and take M = m. + mj,. Show that (see Problem
11.7)1 = - X,,,J = —X,,,and M = — X ;5. (b) For the parameter values and
values of q,(0), g,(0), and ¢g5(0) used in Problem 13.11, determine I, J, and M. (c)
Taking T,%/4 as in Problem 13.11 with g;* = 0, and permitting only g, to vary,
show that the equation of motion governing q;, linearized in g5, can be written

% + 2npx + p*x =0
where x = q3, 2np = BE4/I, and p? = y¥/4/I; proceeding similarly in connection
with q, and g, , show that this equation applies also when x = q,,2np = p4/8/J, and
p? = y*¥8/J, in the case of q,, and when x = q,, 2np = BP/M, and p? = yP/°/M,
in the case of g, . (d) Referring to Problem 14.8, show that

[T

and determine & and n such that x(t + T)/x(t) = 1/100. (¢) Taking T = 10 s,
determine BE/4, yE/4, BA/B y4/B BBIC and yP/C, each to the nearest whole number.
(f) Using the parameters and initial conditions employed in part (c) of Problem
13.11, but assigning to pE/4, yE/4, BA/B 4/B_ BBIC and yP/C the values found in part
(e) of the present problem, plot the values of q,, g,,and g3 fromt = 0tot = 15s.
(9) Recompute, to the nearest whole number, the values of 4/, y4/E and BB/C
with T = § s. Compare the values of BE/4, yE/4, B4/B (4/B  BBIC and yB/C now in
hand with their counterparts in part (c) of Problem 13.11. Compare Figs.
P13.11(a)-P13.11(c) with Figs. P14.14(a)-P14.14(c). What do you conclude?
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93 (deg)

t(s)
Figure P14.14(c)

Results (b) I = 503.61 kgm?> J=11737kgm? M =92kg
(d) 6 = 4.60517 n = 0.591155
(e) ¥4 =464Nms ¥4 =306Nm B4 =108 Nms
Y82 =71Nm  pBC=85Ns 8¢ =56N
(f) Figures P14.14(a), P14.14(b), P14.14(c)
(9 pY® =216 Nms y¥2B=285Nm  BPC =169 Ns

14.15 When a force ukL sin(ewt)n, is applied to the particle P, of the system con-
sidered in the example in Sec. 7.10, the differential equations governing the motion
of S are Egs. (7.10.51), with M and K as given in Egs. (7.10.59) and (7.10.61),
respectively, and
F = pkL[sin(ewot) 0 0 0 0 0 0 0 0 0 O 01”7

Taking ¢,(0) = ¢,(0) =0 (r=1,...,12), u =001, and ¢ = 0.1, plot q,/L
versus wt for 0 < wt < 60, using 1, 3, and 12 modes. Next, using 12 modes, plot
q1/L versus ot for 0 < wt < 60 with u = 0.01 and ¢ = 0.2586. Comment briefly

on the difference between the two g,/L versus wt curves obtained with 12 modes
for ¢ = 0.1 and ¢ = 0.2586.

Results Figures P14.15(a), P14.15(b)
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APPENDIX

I
INERTIA PROPERTIES OF UNIFORM BODIES

The information presented in Figs. A1-A28 applies variously to bodies modeled
as matter distributed uniformly along a curve, over a surface, or throughout a
solid. In each case, the mass center of the body under consideration is identified
by the letter C, and the length of the curve (Figs. A1-A4), area of the surface (Figs.
A5-A20), or volume of the solid (Figs. A21-A28) used to model the body is re-
corded. To distinguish figures dealing with surfaces from those involving curves
or solids, shading is employed in Figs. A5-A20. For example, Figs. A18 and A24
apply to a spherical shell and a solid sphere, respectively.

The symbols I,, I, and I,, in Figs. A1-A28 are defined as I; £ n;-I-n,
(j=1,2)and I;, £ n, - 1-n,, where I is the central inertia dyadic (see Sec 3. 6)
of the body under consideration and n, and n, are orthogonal unit vectors shown
in the figures. These unit vectors are parallel to central principal axes (see Sec.
3.8), except in the cases for which a product of inertia is reported (Figs. AS, A6,
A12, A13, A17). A unit vector n;, defined as n; £ n;, x n,, is parallel to a central
principal axis in all cases; and I, the associated central principal moment of
inertia, is given by I; = Iy + I, for the bodies in Figs. A1-A17, but not for those
in Figs. A18-A28. In connection with Figs. A18-A25, I, is equal to I, ; to obtain
1, for the bodies in Figs. A26-A28, replace ¢ with a in the expression for I,. Finally,
the symbol m denotes in every case the mass of the body under consideration.

361



362 INERTIA PROPERTIES OF UNIFORM BODIES

Straight Line

td
&

-—
iR Y P
a

L2

Length: L
L=0

12
L= % Figure A1

Circular Arc

— T

R sin @ l

L= m_fz (l - _Si;:o) Figure A2

Semicircle

n

Figure A3



APPENDIX I 363

Circle
L]
— —,
Length: 27R
lL=L= ﬂ&z
e i) Figure A4
Trapezoid

e a b sin 6(a + 2¢)
S a+to)
(2c + a)b cos 6+ a + ac + 2
3a+0)
r a 1
Areas (@a+ c)bsin 6
_ m (bsin6)?
= ﬁ m—- (a2+4ac+t'2)
L= —2— [b%a®+ dac + A cos? 6
27 18+ o
—b(@ + 3a’c — 3ac? — 3)cos B
+ &'+ 2a% + 2ac3 + ]
b sin 6
IIZ:—jL:(a:—l—n‘-)i (a* + dac + A)(2b cos 6 + ¢ — a) Figure A5
Parallelogram
L)
bj2
— 1

(a+ b cos 6)/2 '

-
a
Area: ab sin 6
Fie= mb? sin 6
! 12
.8 m(a® + b% cos® 6)
2 12

mb? sin 6 cos 6

I, == 12 Figure A6



364 INERTIA PROPERTIES OF UNIFORM BODIES

Rectangle

n

T

b/2
—11
b2

a/2 al2
Area: ab

1, Bi%:

4

~

Figure A7

Circular Sector

L]

Area: OR?

L= "‘—fz(l + si;620_ 16 sin’ 9)

12="'—f2(1—‘—“‘—2i’)

26 Figure A8

Semicircle

m

I“l
4R/(3m)

L ale Figure A9



Circle

n,

—

Figure A10
Circular Segment
n,
—- 1
| 2Rsin® 0

3(6 — sin 6 cos 6)

Area: Rz(p - #)

mRzl:l + 2sin’ 6 cos 6 16 sin® 6 ]

6—sinfcosb 98— sin 6 cos 6)>
_ mR® 3— 2sin’ 6 cos 6
L="T2\37 §=simbcos b Figure A1l

Triangle

L

—

a

b

. 2L
Area: 3
2
— mc
h="g

_ m@—ab+b)
i ciamy s

me(b — 2a)

lig= —=g Figure A12

APPENDIX 1 365



366 INERTIA PROPERTIES OF UNIFORM BODIES

2/3

c/3

L |

Right Triangle

n;

1

e —
b/3
b
Area: %‘
2
e 2
2
L="2
llz_mT[;ﬁ

Isosceles Triangle

n

2

b/2 b/2
. be
Area: >
2
= me
h="s
= mb?
I 7
Ellipse
ny

a a
Area; mab
_ mb?

I, .
2

— ma

I 5

Figure A13

Figure A14

Figure A15



APPENDIX 1 367

Semiellipse

L

t

Ui 92
L= ma?
T Figure A16
Semiparabola
n,
e
i y=mxt
b i
i g
fe——x | T b(n+ 1)
22nF 1
ain+ 1)/(n+2)
a 1
. _ab
Area: ST
T mbin+ ) +4n+ 1)
: 123n+ D@n + 1)2
= ma*(n + 1)
2T ¥+ 22
foiE — ____mabn
& 4n+2@2n+1) Figure A17
Sphere
ny
‘ e
Area: 47 R?
2mR?

el s Figure A18



368 INERTIA PROPERTIES OF UNIFORM BODIES

Hemisphere

L

r‘

Area: 2w R?

hL== Figure A19

Area: mR(h* + R%)!2

=m(R R
=3 9)

mR?

k=3 Figure A20

Right Circular Cylinder

R SE e

h/2

—n,

Volume: mhR?

s m(3R + h?)
=

2 Figure A21

= mR?



Right Circular Cone

n,

3h/4

S —n,
h/4
ThR?

Volume: -

_ 3m@R*+ K
30

f

h=" . Figure A22

Hemisphere

n;

3RS -

N>

2R
3

= 83mR?

320

_ 2mR?
h="5 Figure A23

Volume:

A

#nl

N’

4R’

Volume: 3

h=n== Figure A24



370 INERTIA PROPERTIES OF UNIFORM BODIES

Paraboloid of Revolution

n,

a

2
mwab
Volume:

. mb?
= 3
_ m(a2 + 3b2)
I‘7 -

2 18 Figure A25

Rectangular Parallelepiped

m

b2 n

b2 .

c/2
c/2

al2 al2

Volume: abc
m(b2 +c?)
12
m( + a?)
12

=

L=

Right Rectangular Pyramid

L)

1

b
C
A
/
a
Volume: #

[ = mB6+4ch

! 80

L= m(t2+a2)

Figure A26

Figure A27



APPENDIX 1 371

Ellipsoid
n;
a
’ l
b~ O n
3 Z —
Volume: fl’i}'ﬁf

;= meitd
'__5_

— mc+d)
h==— Figure A28






INDEX

Acceleration, 28
angular, 26, 27
Coriolis, 32
local gravitational, 101
of one point moving on a rigid body,
32
and partial velocities, 50
of two points fixed on a rigid body,
30
Action and reaction, law of, 97
Addition theorem for angular velocities,
24
Amplification factor, 357
Amplitude, 352
steady-state, 354
Angular acceleration, 26
scalar, 27
Angular momentum, 69, 196, 230, 289,
290, 346
central, 23, 69, 206, 318
principle of, 197, 230
Angular speed, 21
Angular velocity, 15, 16
addition theorem for, 24
definition of, 16
holonomic partial, 46

Angular velocity (Cont.):
nonholonomic partial, 46
partial, 15, 45, 46
simple, 20, 21
simplification of expressions for, 42
Approximations, 244
Astatic center, 296
Astronomical reference frame, 159
Attitude, 267
Auxiliary reference frames, 24

Balancing, static, 58
Ball-and-socket joint, 280
Beams, elastic, 301
Beats, 354

Bevel gear, 272, 302
Binormal, vector, 263
Bouncing, 240

Bound vector, 91
Buoyancy forces, 310

Cartesian coordinates, 35
Cavity, spherical, 303
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Central angular momentum, 23, 69,
206, 318

Central axis, 295, 296

Central inertia dyadic, 69, 70

Central inertia scalars, 71, 308

Central principal axes, 77

Central principal moments of inertia, 77

Central principal planes, 77
Central principal radii of gyration, 77
Centroid, 60
Characteristic equation, 78
Circular frequency, 242, 352
Circular orbit, 266
Circular wire, 302
Closed-form solutions, 201
Coefficient:
inertia, 151, 319, 320
. of kinetic friction, 118, 233
of restitution, 232
of static friction, 118, 232
Collisions, 231
inelastic, 232
perfectly elastic, 232
Component of a vector, 3
Cone:
right-circular, 184, 274
truncated, 272
Configuration, 34
Configuration constraints, 15, 34
Conservation:
of angular momentum, 230
of energy, 230
of mechanical energy, 194
principle of, 194, 230
Constant:
damping, 108
gravitational, 93
spring, 100, 142, 334
Constraint equations:
holonomic, 35
nonholonomic, 43, 191
rheonomic, 35
scleronomic, 35
Constraint forces, 217
Constraint torques, 217
Contact forces, 99
Contributing interaction forces, 108

Contributions, potential energy, 141, 319

Control laws, 340

Coordinates:
Cartesian, 35
curvilinear, 53
cyclic, 196
generalized (see Generalized coordi-
nates)
ignorable, 196
normal, 244
orthogonal curvilinear, 54
pseudo-generalized, 300, 332
Coriolis acceleration, 32
Coulomb friction forces, 118
Couple, 94
simple, 94
torque of, 94
Coupling, dynamic, 320
Critical damping, fraction of, 242
Critically damped free vibrations, 351
Cube, 314
Curvature, principal radius of, 264
Curvilinear coordinates, 53
orthogonal, 54
Cyclic coordinates, 196
Cylinder, 304, 325
and piston, 304, 325

Damped harmonically forced vibrations,
352
Damper:
nutation, 205
viscous fluid, 108
Damping, critical, 242
Damping constant, 108
Dashpot, 205, 315
Degrees of freedom, 43
Derivative:
first, S
notation for, 8
ordinary, 6, 10, 12-14
of products, 9
representations of, 7
second, 10
of sums, 9
total, 12
Differential equation:
dynamical, 191
kinematical, 40, 191, 266
linear, 241



Differential equation (Cont.):
of motion, 204
numerical integration of, 204
Differentiation:
ordinary, 9
successive, 10, 11
of sums, 9
in two reference frames, 23
of vectors; 1
Direction cosine matrix, 289
Disk, sharp-edged circular, 265, 297
Displacement amplification factor, 357
Dissipation functions, 146, 316
Distance forces, 99
Door, 18 .
Double pendulum, 108, 278
Dyadic, 66, 67
central inertia, 69, 70
inertia, 68-70
scalar postmultiplication of, 67
scalar premultiplication of, 67
time-derivative of, 289
unit, 67
Dynamic coupling, 320
Dynamical differential equations, 191
Dynamical equations, 158, 324
additional, 169
Euler’s, 327
Kane’s, 159
linearization of, 171

Eigenvalues of a symmetric matrix, 79,
242
Eigenvectors of a symmetric matrix, 79,
242
Ellipsoid, inertia, 87, 293
Energy:
conservation of, 230
kinetic (see Kinetic energy)
mechanical, 194
conservation of, 194
potential, 130, 131, 180
Energy integrals, 193
Engine, reciprocating, 325
Equivalence, 95
Euler’s dynamical equations, 327
Exact closed-form solutions, 201
Extension of a spring, 142

INDEX 375

Feedback control laws, 340
First derivatives, 5
Fluid damper, viscous, 108
Force amplification factor, 357
Forces:
acting on a rigid body, 106
buoyancy, 310
constraint, 217
contact, 99
contributing interaction, 108
Coulomb friction, 118
distance, 99
gravitational, 312
inertia, 124, 125
generalized (see Generalized inertia
forces)
noncontributing, 102, 114
terrestrial gravitational, 110
Forcing function, 242
Formulation of equations of motion, 158
Foucault pendulum, 159, 171
Fraction of critical damping, 242
Free vector, 91
Free vibrations (see Vibrations)
Freedom, degrees of, 43
Frequency:
circular, 242, 352
natural, 242
Friction, coefficients of, 118, 232, 233

Gains, 342

Gear, 272
bevel, 272, 302
pinion, 305
reduction, 302

Generalized active forces, 99
contribution of a rigid body te, 106
holonomic, 99
nonholonomic, 99

Generalized coordinates, 15, 37
number of, 39, 280

Generalized impulse, 225, 346

Generalized inertia forces:
contribution of a rigid body to, 124,

308

and Gibbs function, 310
holonomic, 124
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Generalized inertia forces (Cont.):
and kinetic energy, 152
nonholonomic, 124

Generalized momentum, 225, 346

Generalized speeds, 15, 40

Gibbs function, 293, 310
contribution of rigid body to, 293
and generalized inertia forces, 310

Gimbal, 22, 328

Gimbal ring, 2, 22, 337

Gradient, 293

Gravitational acceleration, local, 101

Gravitational constant, 93

Gravitational forces, 312
terrestrial, 110

Gravitational torque, 312

Guldin’s rules, 286

Gyration, radius of (see Radius, of

gyration)

Gyroscope, 2, 4, 22, 328

Gyrostat, 197

Hamiltonian, 193, 335

Harmonic oscillator, 193

Helix, 287

Holonomic constraint equation, 35

Holonomic partial angular velocity, 46

Holonomic partial velocity, 46

Homogeneous kinetic energy functions,
150

Hooke’s joint, 95

Ignorable coordinates, 196
Impulse:
generalized, 225, 346
normal, 232
tangential, 232
Inelastic collision, 232
Inertia:
maximum moment of, 87, 288
minimum moment of, 87, 288
moment of, 62
principal moments of, 77
product of, 62, 287, 292
Inertia coefficient, 151, 319, 320
Inertia dyadic, 68-70
Inertia ellipsoid, 87, 293

Inertia forces, 124, 125
generalized (see Generalized inertia
forces)
Inertia matrix, 66
Inertia properties of uniform bodies, 361
Inertia scalars, 61, 62
central, 71, 308
evaluation of, 73
Inertia torque, 125, 307, 308
and angular momentum, 308
Inertia vector, 61
Initial perturbations, 214
Integrals:
energy, 193
of equations of motion, 131, 190, 191
momentum, 196
Integration, numerical, 204
Interaction forces, 108

Kane’s dynamical equations, 159
Kinematical differential equations, 40,
191, 266
Kinetic energy, 147
and generalized inertia forces, 152
relative, 318
of a rigid body, 147, 317
of robot arm, 319
rotational, 147, 318
translational, 147
of a triangular plate, 317
Kinetic energy functions, 150
Kinetic friction, coefficient of, 118, 233
Kinetic potential, 196, 327, 337

Lagrange’s equations, 51
of the first kind, 327
of the second kind, 328
Lagrangian, 327, 335
Law of action and reaction, 97
Limit, 6, 16
Line of action, 90
Linear differential equations, 241
Linear momentum, 92, 196, 346
principle of, 197
Linear spring, 142
Linearization of dynamical equations,
171



Linkage, 279, 299
planar, 268
motion analysis of, 268
Local gravitational acceleration, 101
Logarithmic decrement, 351
Lumped-mass model, 249

Mass center, 57, 59
of a uniform body, 60
Mass distribution, 57
Mass matrix, 242
Matrix:
direction cosine, 289
mass, 242
_ modal, 243
stiffness, 242
symmetric, 79, 242
Maximum moment of inertia, 87, 288
Mean solar time, 159
Measure number of a vector, 3
Mechanical energy, 194 .
conservation of, 194
Minimum moment of inertia, 87, 288
Modal matrix, 243
Modal truncation, 244
Mode, normal, 244
Moment:
of inertia, 62
bounds, 62
maximum value of, 87, 288
minimum value of, 87, 288
principal, 77
of minimum magnitude, 295, 296
about a point, 90
Momentum:
angular (see Angular momentum)
generalized, 225, 346
linear, 92, 196, 346
Momentum integrals, 196
Motion constraints, 43
Motions resembling states of rest, 186

Natural frequency, 242
Newtonian reference frame, 158, 159,
321
secondary, 166, 167
systems at rest in a, 179
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Newton’s second law, 327
Noncontributing forces, 102, 114
Nonholonomic constraint equations, 191
Nonholonomic partial angular velocity,
46

Nonholonomic partial velocity, 46
Nonholonomic system, 43

simple, 43, 51
Nonlinear, nondifferential equations, 222
Normal coordinates, 244
Normal impulse, 232
Normal mode, 244
Numerical integration, 204
Nutation damper, 205
Nutation generator, 217

Orbit:
circular, 266
of a satellite, 17
Ordinary derivative, 6, 10, 12, 13
evaluation of, 14
Orthogonal curvilinear coordinates, 54
Orthogonality, 246
Oscillator, harmonic, 193
Overdamped free vibrations, 351

Pappus, theorems of, 286
Parallel axes theorems, 70
Parallelepipeds, 259
Partial angular velocity, 15, 45
holonomic, 46
nonholonomic, 46
Partial derivatives:
first, 5
second, 10
Partial differentiation, 5
successive, 10, 11
Partial velocity, 15, 45
acceleration and, 50
holonomic, 46
nonholonomic, 46
Passerello-Huston equations, 51, 327
Path point, 266
Pendulum:
double, 108, 278
Foucault, 159, 171
simple, 314
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Perfectly elastic collision, 232
Period, 349
Perturbations, 171

initial, 214
Phase angle, 352
Pinion gears, 305
Piston, 304, 325
Piston rings, 304
Planar linkages, 268
Postmultiplication, scalar, 67
Potential energy, 130, 131

principle of stationary, 180
Potential energy contributions, 141, 319
Precession, 334
Premultiplication, scalar, 67
Pressure, 119
Principal axis, 77, 291

central, 77
Principal moments of inertia, 77
Principal normal, vector, 263
Principal plane, 77
Principal radius:

of curvature, 264

of gyration, 77
Principle:

angular momentum, 197, 230

of conservation of mechanical energy,

194

energy conservation, 230

linear momentum, 197

of stationary potential energy, 180
Product of inertia, 62, 287

bounds, 292
Pseudo-generalized coordinates, 300,

332

Pseudo-generalized speeds, 300, 332
Pure rolling, 272

Rack-and-pinion drive, 276, 305
Radius:
of curvature, 264
of gyration, 62, 287
minimum, 290, 292
principal, 77
of a shell, 291
Reciprocating engine, 325
Reduction gear, 302
Reference frames, 12, 23
astronomical, 159

Reference frames (Cont.):

auxiliary, 24

inertial, 159

Newtonian, 158, 159, 321

secondary, 166, 167
systems at rest in a, 179

Replacement, 95
Resonance, 354
Rest:

motions resembling states of, 186

in a Newtonian reference frame, 179
Resultant, 90, 91
Rheonomic constraint equation, 35
Rigid body:

acceleration of one point moving on a,

32
acceleration of two points fixed on a,
30 ’

angular acceleration of a, 26

angular velocity of a, 15

forces acting on a, 106, 124, 308

kinetic energy of a, 147, 317

rotational motion of a, 15

time-derivative of vector fixed in a, 16

velocity of one point moving on a, 32

velocity of two points fixed on a, 30
Robot arm, 276, 284, 305, 308, 309

dynamical equations for, 324

feedback control laws, 340

kinetic energy of, 319

potential energy contribution of, 319
Rolling, 271, 303, 323

cone, 274

pure, 272

without slipping, 102, 271
Rotational motion of a rigid body, 15
Rotor, 2

of a gyroscope, 22
Routhian, 337

Satellite, 17

Scalar angular acceleration, 27
Scalar postmultiplication, 67

Scalar premultiplication, 67

Scalar triple product, 261
Scleronomic constraint equation, 35
Second derivatives, 10
Serret-Frénet formulas, 263

Shear, 119



Sidereal:

day, 159

time, 159
Simple angular velocity, 20, 21
Simple couple, 94
Simple nonholonomic system, 43, 51
Simple pendulum, 314
Slipping, 102, 271
Smooth surfaces, 102
Solar time, 159
Space curve, 263, 269
Spherical cavity, 303
Spring:

extension of, 142

linear, 142

torsion, 108, 142
Spring constant, 100, 142, 334
Spring modulus, 108, 142
Square of a vector, 10
Static balancing, 58
Static friction, coefficient of, 118, 232

Stationary potential energy, principle of,

180

Steady motion, 183, 334, 344
Steady precession, 334
Steady-state amplitude, 354
Steady-state response, 352
Stiffness matrix, 242
Successive differentiation, 10

in various reference frames, 11
Symmetric matrix:

eigenvalues of, 79, 242

eigenvectors of, 79, 242
Symmetry considerations, 78

Tangent, vector, 263
Tangential impulse, 232
Terrestrial gravitational forces, 110
Thrust bearing, 272
Time-derivative:

of a dyadic, 289

of a vector fixed in a rigid body, 16
Topspin, 239
Torque, 94

constraint, 217

gravitational, 312

inertia, 125, 307, 308
Torsion, 264
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Torsion spring, 108, 142

Total derivative, 12

Transient response, 352
Translational motion of a point, 15
Triple product, scalar, 261
Truncation, modal, 244

Truss, 249

Undamped free vibrations, 349

Undamped harmonically forced vibra-
tions, 354

Underdamped free vibrations, 349

Unit dyadic, 67

Unit vectors, mutually perpendicular, 3

Universal gravitational constant, 93

Variable-speed motor, 355
Vector:
bound, 91
free, 91
square of, 10
unit, 3
Vector binormal, 263
Vector functions, 2, 10
Vector principal normal, 263
Vector tangent, 263
Velocity, 28
angular (see Angular velocity)
of approach, 231
holonomic partial, 46
nonholonomic partial, 46
of one point moving on a rigid body,
32
partial (see Partial velocity)
of separation, 231
of two points fixed on a rigid body,
30
Vibrations:
critically damped free, 351
damped harmonically forced, 352
overdamped free, 351
undamped free, 349
undamped harmonically forced, 354
underdamped free, 349
Viscous fluid damper, 108

Wrench, 295
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