THE DIAMETER OF INHOMOGENEOUS RANDOM GRAPHS

NICOLAS FRAIMAN AND DIETER MITSCHE

ABSTRACT. In this paper we study the diameter of inhomogeneous random
graphs G(n, k,p) that are induced by irreducible kernels k. The kernels we
consider act on separable metric spaces and are almost everywhere continuous.
We generalize results known for the Erdés-Rényi model G(n,p) for several
ranges of p. We find upper and lower bounds for the diameter of G(n, k,p) in
terms of the expansion factor and two explicit constants that depend on the
behavior of the kernel over partitions of the metric space.

1. INTRODUCTION

In this work we study metric properties of inhomogeneous random graphs, where
edges are present independently but with unequal edge occupation probabilities.
We study the behavior of the diameter for different ranges of the mean edge density.
Under weak assumptions we find tight asymptotic bounds of the diameter for
connected graphs in this random graph model.

Let S be a separable metric space and p a Borel probability measure on S. Let
k:8 xS = [0,1] be a measurable symmetric kernel. The inhomogeneous random
graph with kernel x and density parameter p (depending on n) is the random graph
G(n,k,p) = (V, E) where the vertex set is V = {1,...,n} and we connect each
pair of vertices i,j € V independently with probability p;; = «(X;, X;)p, where
Xi,..., X, are independent p-distributed random variables on S.

We study the asymptotic expansions for distances in the graph G(n, k,p) by
associating to G(n, k,p) two graphs induced by the kernel k. Given two subsets
A,BCS, let

ke(A, B) = essinf{k(z,y) : x € A,y € B},
ku (A, B) = esssup{k(z,y) : x € A,y € B}.

A finite partition A = {A;,..., A, } of S is called essential, if it has no measure
zero sets and it covers all of S except possibly a measure zero set, that is u(A;) >0
and p(S\ U™, A;) = 0. All partitions considered in the manuscript are essential
partitions. For a finite partition A = {A;,..., A, } of S, we define the lower partition
graph P;(A) induced by A as the graph with vertex set A and where (A;, A;) is an
edge if x¢(A;, A;) > 0. Analogously, we define the upper partition graph P,(A) as
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the graph with vertex set A and where (A;, A;) is an edge if k,(A;, A;) > 0. Note
that in both graphs we allow loops if k¢(A;, A;) > 0 (ky(A;, A;) > 0, respectively).
We only consider finite partitions with at least three parts (we see below that we
need this assumption for a claim about the diameter of the lower partition graph
when refining a partition).

A kernel % on (S, ) is reducible if there exists a set A C S with 0 < u(A) <1
such that x = 0 almost everywhere on A x (S\ A). Otherwise & is irreducible.

Throughout the paper we always assume that n is sufficiently large. We say that
a sequence of events holds with high probability, if it holds with probability tending
to 1 as n — co. Since we are interested in results that hold with high probability
(rather than almost surely), we can work with essential partitions. Throughout the
paper we denote by w an arbitrary function tending to infinity with n; however, in
all statements below the statement is stronger (the conditions are less restrictive,
respectively), if w — oo at a slower speed.

For two vertices u,v € V belonging to the same connected component of a
graph G = (V| E), denote by dg(u,v) the graph distance between u and v, that is,
the number of edges on a shortest path between them. For a connected graph G,
let diam G = max,, , dg(u, v). We study the diameter of G(n, s, p) by studying the
diameters of the induced graphs Py(A) and P, (A).

We define the following two constants:

Ay = iI&f diam P;(A) and A, :=supdiam P, (A),
A

where A ranges over all partitions with no measure zero sets. Next, we define the

expansion factor
5 [ logn —‘ .
log np

This quantity is about the diameter of G(n,p), where G(n,p) is the Erdés-Rényi
graph, as first shown by [5]. In order to simplify the statements of our results, we
consider values of n and p for which

?
(1) @—wlogn%oo and

(np)®~1

1
— —logn — —o0,
n w
In fact, there is no need to have the same w in both conditions, but since both
conditions of are less restrictive if w — oo at a slower rate, we may as well
assume that it is the same w. For the relation of ® to the diameter of the Erdés

and Rényi model G(n, p), recall the following lemma, first proved by [5]:

Lemma 1 ([6], Corollary 10.12). Let np > w(logn)® and let k = k(n) € N. Assume
(np)*/n — 2logn — oo and (np)*~'/n — 2logn — —oc. Then, with high probability
diam(G(n,p)) = k.

Observe that if np > w(logn)?, and n and p satisfy the conditions given in ,
then the assumptions of Lemma [I] are satisfied. In this case, for k as in Lemma
clearly k = ®. (Our results hold also for the ranges in between with the obvious
changes. Since this is handled as in G(n, p), we focus on the one—value case for the
sake of clarity).

Throughout the paper we assume the following regularity conditions hold:
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Regularity conditions (R). Let G € G(n, k,p) with £ being irreducible, contin-
uous (u ® p)-almost everywhere. Moreover, np > w(logn)?, and we assume that
the hypotheses given in hold. We also assume that p < 1, so that with high
probability ® > 2. We also consider only kernels so that A, > 2.

In Section Bl we show our first main result:

Theorem 1. Suppose that regularity conditions (R) hold and suppose Ay < oo.
Then
Au < AK < Au + 23

both bounds being tight.

Remark 1. The assumption Ay < 0o is needed to get the desired inequalities: For
instance, consider the case S = [0, 1] with Lebesgue measure p and for x <y, let
k(z,y) = f(x) for some function f that tends to 0 as x — 0 (for x > y, Kk here
and below is extended by symmetry). Then for any finite partition A, we have
diam P, (A) =1 and diam Pp(A) = oo, since the part containing 0 is not connected
to any other part in Py, but the part containing 0 as well as all other parts are
connected between themselves by an edge in P, and hence Ay = oo whereas A, = 1.

Our second main result is the following:

Theorem 2. Suppose that reqularity conditions (R) hold. With high probability,
the following statements hold:

(i) If ® < A, then
A, < diam G(n, k,p) < Ay.
(i) If A, < P < Ay, then
¢ < diam G(n, k,p) < Ay.
Moreover, if there exists a partition A and A; and A;, with no walk of length
exactly @ between them in P,(A), then
® 4+ 1 < diam G(n, , p).
(iii) If 3 < Ay <P =0(1), then
¢ < diamG(n,k,p) < &+ 1.
Moreover,
diam G(n, k,p) = @ + 1,
if and only if there exists a partition A and A; and A;, with no walk of length

exactly @ between them in P, (A).
(iv) If 3 < Ay < o0 and ® = w(l), then

¢ < diam G(n, k,p) < &(1+ o(1)).

Remark 2. Continuing Remark[d], if A, =1 and Ay = oo, the value of p can be
chosen so that any value in [2,00) is attained for diam G(n, k,p): indeed, using the
notation of Remark if for x <y, we have say f(z) = 2'/* (note that  is bounded,
irreducible and continuous, f(x) is monotonically increasing on [0,1], and f(x) = 0
as x — 0), then with high probability we have diam G(n, k,p) = oo: indeed, first
note that with high probability we find one vertex u such that X,, < Clogn/n for
C being large enough. Next, such a vertez is isolated, since the expected number



4 NICOLAS FRAIMAN AND DIETER MITSCHE

of meighbors of such a vertez is at most n(C'logn/n)* 18" — 0, and the result
follows from Markov’s inequality. On the other hand, if for x <y, f(zx) = z*/?~¢
for some small e > 0 (again K is irreducible, continuous and bounded, and again
f(zx) is monotonically increasing on [0,1], and f(x) — 0 as x — 0) and p = O(1),
then with high probability diam G (n, k,p) = 2: to see this, first note that with high
probability for all uw, X, > 1/nlogn. Next, with high probability all vertices are at
distance 2 from each other; indeed, if for all u, X,, > 1/nlogn, for a fized pair of
vertices, the probability of having no common neighbor is at most
(1 _ (1/(n log n))Q(%_E)p)n 2 < €_n25+o(1>’

and by a union bound over all (Z) pairs of vertices, we see that with high probability
each pair of vertices has a common neighbor. By suitable choices of p any value
in [2,00) can be obtained (the same example can be used to show that all pairs of
vertices are at distance at most k for any k > 3, and some are actually at distance
exactly k).

1.1. Background and history. A discrete version of this model was introduced
by Soéderberg [19]. The sparse case (when the number of edges is linear in the
number n of vertices) was studied in detail by Bollobés, Janson and Riordan [7].
Among other things they give an asymptotic formula for the diameter of the giant
component when it exists. Connectivity at the intermediate case was analyzed by
Devroye and Fraiman [I1]. The dense case (when the number of edges is quadratic
in n) is closely related with the theory of graph limits started by Lovdsz and Szegedy
[15] and further studied in depth by Borgs, Chayes, Lovész, S6s and Vesztergombi
[8, @] among others. For a thorough introduction to the subject of graph limits see
the book by Lovédsz [14]. Recently, the authors of [I2] studied the clique number of
dense inhomogeneous graphs.

The diameter of random graphs has been studied widely. In particular, for the
Erdds-Rényi model, Bollobés [5] generalized the results of Klee and Larman [13]
characterizing the case of constant diameter. Later, Chung and Lu [I0] proved con-
centration results in various different ranges. More recently, Riordan and Wormald
[18] completed the program to study the missing cases for the Erdds-Rényi model.

The critical window, when p = 1/n + en~*3, for G(n,p) is much harder to
analyze. Nachmias and Peres [16] obtained the order of the diameter, namely
n'/3. Addario-Berry, Broutin and Goldschmidt [1, 2] proved convergence, in the
Gromov—Hausdorff distance, of the rescaled connected components to a sequence of
continuous compact metric spaces. In particular, the diameter rescaled by n~1/3
converges in distribution to an absolutely continuous random variable with finite
mean. Their approach was extended by Bhamidi, Sen and Wang [4] to the Norros—
Reittu [I7] random graph model, and then further generalized by Bhamidi, Broutin,
Sen and Wang [3].

1.2. Structure of the paper. In Section [2| we introduce all concepts, additional
definitions and results needed to prove Theorem [2] In Section [3] we prove Theorem []
on the behavior of the upper and lower diameters A, and A,. In Section [@ we prove
that the number of vertices that are at a fixed distance from a given vertex grows
exponentially as a function of the distance. Finally, in Section [f] we combine the
results of the previous sections to give the proof of Theorem
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2. FRAMEWORK

In this paper we follow the notation from [7] with minor changes. We also use
the following standard notation: for functions f(n) and g(n) we write f = O(g) if
|f1/1g] is bounded and f = o(g) if |f|/|g] — 0. We say that f = Q(g) if g = O(f),
and f = 0O(g) if both f = O(g) and f = Q(g) holds.

Given a subset A C S we write V(A) for the set of vertices with type in A, i.e.,
V(A ={veV:X,eA}.

The asymptotic expansions for distances in the graph G(n, k,p) are obtained
by looking at the lower and upper partition graphs P;(A) and P,(A) of a finite
partition A = {A;,..., A} of S, as defined in the introduction. These graphs are
finite graphs that describe approximations of x that may be successively refined.
More formally, we have the following definition:

Definition 1. We say that a partition A is a refinement of B, denoted by A < B,
if for every A € A there exists B € B such that 4 C B. Note that in this case, for
each B; € B there exists m; € N and A?), . ,A&Z € A such that B; = ug’glAFJ)
p-almost everywhere.

Let us examine the effect of a refinement on the partition graphs: it is clear
that k. (B;, B;) > 0 if and only if there exist A;, A; with A; C B, and A; C B, such
that ,(A;, A;) > 0. This implies that P,(B) is obtained from P,(A) by contracting
the vertices A; C B; into one vertex B;. In particular,

diam P, (B) < diam P, (A).

On the other hand, x¢(B;, Bj) > 0 if and only if for all A; C B; and A; C B; we
have x¢(A;, A;) > 0. This implies that the graph obtained by splitting each vertex
B; into the parts of A that it contains is a subgraph of P;(A). In particular,

diam P;(B) > diam Py(A).

(If we had not made our assumption on considering partitions with at least three
parts, then the claim could be false when splitting a partition with one or two parts).
Note also that if A < B and A; C B; and A; C Bj, we always have

dp,(a)(Ais Aj) < dp,w)(Bi, Bj),
dp,s)(Ai, Aj) > dp, @) (Bi, Bj).

When studying A, and A, we want to avoid trivial cases where they are infinite
because there is a structural obstruction for connectivity given by k. If & is reducible
then the whole graph G(n, ,p) is disconnected since almost surely there are no
edges between the sets V(A) and V(S \ A). Since we want to work with connected
graphs, we restrict our attention to the irreducible case.

3. UPPER AND LOWER DIAMETERS

In this section we study the behavior of the diameters A, and A,. The goal is
to prove Theorem [l We split the proof into two lemmas. We suppose in the two
lemmas and the claim of this section that regularity conditions (R) hold.
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Given two partitions A and B, we define their common refinement as
AVB:={ANB:pu(ANB) >0, for A€ A and B € B}.

(Recall that since we consider essential partitions only, AV B still remains an essential
partition of S.)

Lemma 2. If Ay < oo, then A, < Ay.

Proof. Since Ay < 00, there exists a partition A such that diam Py(A) = Ay. Let B
be an arbitrary partition. Consider the common refinement A V B. Since P;(A V B)
is a subgraph of P, (A V B) we have that

diam P, (A vB) < diam P;(A V B).
Moreover, we also have that
diam P, (B) < diam P,(A V B) and diam Pp(A Vv B) < diam P,(A),

because A V B is a refinement of both A and B. Combining these three inequalities
we get that diam P,(B) < diam P,(A) < diam Py(A) = Ay < co. Therefore, the
inequality also holds after taking the supremum over all partitions. In particular,
we can choose B such that diam P,(B) = A,,, and the desired inequality follows. O

In particular, the above bound gives an easy way to determine A, and Ay in
the case they are equal. It suffices to find a partition A for which diam P,(A) =
diam P;(A) holds.

We can also show the following bound.

Lemma 3. If Ay < oo, then Ap < Ay + 2.

Proof. We state the following claim which we prove below.

Claim 1. Suppose A, < co. Given a partition B, let Bs, By € B. There exists a
refinement A < B such that there exist Ay, Ay € A with As C Bs, Ay C By such
that dpe(A) (As,Af) < A,.

Assuming the claim, the lemma follows easily: indeed, start with a partition B
with diam Pp(B) < oco. Consider all pairs

L= {(Bi,[}’j) eEBxB: dPe(IB)(Bi,Bj) > A, + 2}

If 9B = () then we are done, as Ay < maxp, 5,eB dp,®)(Bi, Bj) < Ay + 2. Therefore
suppose P # (. Since diam Py(B) < oo, given (B;,B;) € P there exist By and By
such that r¢(B;, Bs) > 0 and k¢(By, B;) > 0.

Since Ay < oo, by Lemma [2] we have A, < Ay < oo. Thus, by Claim [I} there
exists A < B such that dp,a)(As, Ar) < A, for some A, Ay with A, C B, and
Ay C By. Then, for any A;, A; € A such that A; C B; and A; C B; we have that
ke(Ai, Ag) > 0 and re( Ay, Aj) > 0, and therefore dp,(a)(As, Aj) < Ay + 2.

We construct such a partition A for each pair in 3. Since P is finite, con-
sider a common refinement C of all of these partitions. It is clear that C has
maxc, c;eC dpz((c)(ci,cj') < A, + 2, and since Ay < maxc, c;eC dpz((c)(C,-,Cj), the
lemma follows. O
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We first give a high-level strategy of the proof of Claim[f} we first check whether
in the partition B we find r < Ay, x1 € By, 2; € By for i =2,...,7, £,41 € By such
that x(x;, x;41) > 0 for some 6 > 0 for all = 1,...,r (this corresponds to a path
of length r < A, from B, to By in the upper partition graph). If this is the case,
we easily find the partition A by considering parts that contain small enough balls
around the 7 4+ 1 elements z;. Otherwise, we refine B by partitioning each minimal
length path from By to Bf; we split each vertex B; of the path into 3 parts: one
part containing those elements z; € B; for which there exists a sequence of x; € By,
xj € Bjforj=2,...,i—1with k(xj,z;41) > 6 forsome d > 0forall j=1,...,i—1
(this corresponds to a minimal length path from B to this part of B;), one part
containing those elements x; € B; for which there exists a sequence x; € B;, x; € B;
for j =i+1,...,r (for some r < A,), z,41 € By with k(x;,x;41) > 6 for some
0 > 0 for all j = 4,...,r (this corresponds to a minimal length path from this
part of B; to By), and one part containing the remainder of ;. Crucially, in the
upper partition graph the distance of the minimal length path then must increase
in this refinement. For the common refinement of all partitions corresponding to all
minimal length paths, the argument is repeated, and since A, is finite, after finitely
many steps we must find the desired path or reach a contradiction. We now give
the detailed proof.

Proof of Claim [1} Eliminate from S all points where & is not continuous. Note
that the removed set has measure zero and does not affect the calculations of
essential infima and suprema.

Next, suppose there exists § > 0 and suppose that in the remaining set there
exist x1,...,%r41 with r < A, with z1 € By := B, 241 € Bry1 := By, x; € B;
fori=2,...,r and k(z;,2;41) > 6 for i = 1,...,r. By continuity of k, there exist
€i,€i+1 > 0 such that for any y in the ball B(z;,¢;) and z in the ball B(x;11,€:11)
we have k(y,z) > §/2. Consider the partition A < B in the following way: all
parts except for B; with ¢« = 1,...,r 4+ 1 remain unchanged: for i = 1,...,7 + 1,
B; is split into A; = B; N B(x;,¢;) and A}, = B; \ B(x;,&;). Since in A we have
dp,a)(As, Ap) <r < Ay, we found the desired partition A.

Otherwise, there exists no such path of length » < A,,. Consider any shortest
path By := Bs, Ba, ..., Bry1 := By of length r <A, in P,(B). Fori=1,...,r+1
let
.Af = {ZZ? eB;: 3(331,...,17i Z.’L’) S (61,...,31) | /Q(ZEj,l‘j.H) > 0,7 = 1,...,i—1}
be the sets of vertices of BB; to which there is a path that starts at Bs. Similarly, let
Al = {zeBi:3wi=x,...,0041) € Biy...,Bry1) | 6z, 2501) > 0,5 =1i,...,7}
be the sets of vertices of B; from which there is a path that finishes at By. Note
that for all ¢ = 1,...,r + 1, we must have A N A{ = (), as otherwise we would
have a path of length r between Bs and By in Pp(B), and we would be in the first
case addressed in this claim. Consider the partition A < B induced from splitting
B; into A3, Af and B; \ (A$ U AJ). Since some of these sets might be empty we
consider the partition obtained after removing sets of measure zero. Note that for
the new partition A, the shortest path starting from Aj and ending at Af 41 and
using only elements A$, A/, B; \ (A3 U A7) for some i = 1,...,7 + 1 must have
length dy > r + 1 in the upper partition graph corresponding to A; := A (indeed, if
there exists ¢, and z € A, y € A{H with x(z,y) > 0, then there would exist § > 0
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and x1 € By,..., 241 € Bryq with k(x;, ;1) > d for i = 1,...,r, and we would
be in the first case). If there are several shortest paths of length r in P, (B) between
Bs and By, do independently the same refinement and obtain for each such path a
refined partition A; < B. Note that there are only finitely many partitions, since
there are only finitely many shortest paths of length r in P,(B). As before, when
refining, distances in the upper partition graph either stay the same or increase. We
may thus take a partition C which is a common refinement of all A;, and we have
for all Cs,Cy € C with Cs C B, and Cy C By, dp,(c)(Cs,Cy) > dy. If di > Ay, we
found a new partition C with diameter bigger than A, contradicting the definition
of A,. Otherwise we apply the claim with partition C playing the role of partition
B. Note that there are only finitely many elements C,,Cy with C; C B; and C¢ C By.
For a fixed pair of such elements C,,C; repeat the argument of the proof of the
claim (yielding a sequence of refined partitions corresponding to all shortest paths
of length d; between them), giving either the desired path or a partition being a
common refinement of all these partitions. Taking then again the refinement of
all refined partitions corresponding to all pairs Cy,Cy yields a new refinement D in
which all pairs are at distance do > d; + 1, and the claim can then be applied with
D playing the role of C. Since A, < oo, after finitely many iterations we must have
found the desired path of length at most A,,, and the claim follows. O

The first part of Theorem [I] follows now easily by combining Lemma [2| and
Lemma [3| For the second part, to show that both bounds can be attained, on the
one hand consider a constant kernel defined as k(x,y) =1 for all z,y. Clearly, for
any partition A of &, the upper and lower partitions corresponding to A are the
same graphs, and therefore for such a kernel Ay, = A,. On the other hand, to show
that Ay = A, + 2 can be attained, consider the following example: fix k£ > 2 and let

k+1
S=100,1/2]U | J{i} Uk +3/2,k+2]
i=1
1 k+1
=——|2x 0; + 2
=113 ( [0,1/2] T ; —+ [k+3/2,k+2]>
where §; is the Dirac measure and A; is the Lebesgue measure restricted to the
interval I (by suitable rescaling of intervals we could clearly have the same example
in [0, 1]); p is then the new measure obtained from the combinations of Dirac and
Lebesgue measures. Define « for x < y as follows (and extend by symmetry):

1 ify=z+1and z € {1,...,k},
1 ifx€[0,1/2] and y =1,
K if x €[0,1/2] and y = 2,
MY =V ko w ife—kandye kt3/2.k+2),
1 ife=k+landye[k+3/2,k+2],
0 otherwise.

It is easy to see that Ay = k+ 2 and A, = k: indeed, for any partition A, since
A is finite, there must exist an element Ay of A such that u(Ag N [0,e]) > 0 for
all € > 0. Therefore, essinf,c 4, k(x,2) = 0. Analogously, there must also exist an
element Ay o of A such that p(Agi2N[k+2—¢,k+2]) > 0 for all € > 0. Therefore,
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1 2 3 4 k—1 k k+1

[0,1/2] [k+3/2,k+2]

FIGURE 1. The partition graphs P;(A) and P,(A) only differ in
the dotted edges at the endpoints.

essinfyc 4., K(x, k) = 0. This implies that there cannot be a path of length strictly
less than k + 2 between Ao and Ag4o in P;(A), and hence Ay > k + 2. To show
that A, < k, consider any partition A and consider two parts A;, A; such that
there exist € > 0 with p(A; N[0,¢]) = u(A;N[0,e]) =pu(AiN[k+2—-¢,k+2]) =
w(A; Nk +2—¢e,k+2]) =0. Then, clearly there exists a path of length at most k&
in P,(A) between A; and A;. Next, suppose that A is such that p(AgN[0,€]) >0
for all € > 0. Then, esssup,¢ 4, #(7,2) > 0. Similarly, suppose that A2 is such
that p(Agt2 N[k +2 —¢,k]) > 0 for all ¢ > 0. Then, esssup,cy4,,, £(z, k) > 0.
Therefore, we can connect Ag (A2, respectively) with any other element of A in
P,(A) in at most k steps, and thus A, < k. In fact, A, = k and Ay =k + 2 by
taking the partition A = {[0,1/2],{1},...,{k+ 1}, [k + 3/2,k + 2]}.

The proof of Theorem [I]is complete.

4. EXPANSION OF NEIGHBORHOODS

In this section we prove that the number of vertices at distance k from a given
vertex grows exponentially with k, showing that there exist pairs of vertices that
are not too close. The main tool we use is a guided exploration process together
with concentration inequalities. In all lemmas of this section we assume as before
that regularity conditions (R) hold.

Definition 2. Given a partition A, a configuration of points Xi,..., X, is called
A-balanced if for each part A € A we have |V (A)| > u(A)n/2.

Lemma 4. A randomly chosen configuration X, ..., X, is A-balanced with proba-
bility 1 — e~ (),

Proof. Consider a fixed part A of A. Every element X; belongs to A with probability
1(A), and therefore, the expected number of X; in u(A) is nu(A). Moreover, all
elements are independent, and the result follows by Chernoff bounds together with
a union bound over all parts A. O

Let x = {X1,..., X} be a randomly chosen configuration in S™ (that is, each
X is chosen independently according to p). We write P, (-) = P (- | x) as shorthand
notation. We need a few definitions: let

Kmin = min{rg(A;, Aj) : (A;, Aj) is an edge of Py(A)}
and for a partition A = {A4;,..., 4, } set
IAll, = min{pu(A;) : A; € A}
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Definition 3. For a given a partition A, we define the critical length as
L. =max{t: Hrninp(ﬁ,ninHAHan/lG)t <1}

Also, a sequence Ag, A1, ..., Ay is an expansion walk in Pp(A) if ke( A, Aip1) >0
for all ¢, and the sequence does not repeat parts after the L.-th step, that is, As # A,
for s #t and s > L..

Remark 3. Note the following bounds on L.

(i) & —3< Le.
By the second assumption of , (np)®~1/n < (logn)/w. Also k < 1, thus
@_3n10g7; logn <1
w(np)? = w(np)
where the last inequality follows from our assumption of np > wlog® n.
(i) If elog (np) > wn then L, < ® — 1.
By the first assumption of , (np)® > wnlogn, and therefore
K:minp(nmin||AH;an/16)q> = Q (W”p log n(ﬁrninHA”u/IlG)q)) > 17
where the last inequality follows from the fact that ® = O(logn/log(np)) and
the assumption elog® (np) > wn.
(i) If elog”("P) < wn then L, < ®(1 + a(n)) with a(n) = o(1) Nw(1/log(np)).
By the same argument, for such a function a(n),

Aminp (minl| ],/ 16)* D) = © ((p)™ ) log (i | 4]/ 16) "))

-0 (eé-a(n) 1Og(np)ef®(logn/ IOE("Z’))) > 1.

IN

Féminp(“min||A||unp/16)q)_3 < ’fminp(“minHAHu/16)

Given an expansion walk, we define a guided exploration process on the set of
vertices. At each step ¢ we maintain a partition of the vertex set into three subsets
Ty, By, N; (active, explored, and neutral): explored vertices and edges incident to
them are discarded in step ¢ (and from step ¢ on), edges between active and neutral
vertices have not been exposed yet, and edges between two neutral vertices have not
been exposed yet either. In step ¢ edges between active vertices and (some) neutral
vertices are exposed in a fixed order. Our guided exploration process has two phases.
While ¢ < L. + 1, we obtain a set I'; C V(A;) such that |T'y| = (Kmin|| Al np/16)
(we assume for simplicity that kmin|/Al|,np/16 is an integer). In this phase, we
expand the size of the previous subset by a factor of kmin||A|,np/16 at each step.
In the second case, for t > L.+ 1, we obtain subsets of linear size and we visit a
new part at each step.

More precisely, let u € V(Ap). Define Ty = {u}, By = E1 = 0, and Ny = V\{u}.
To define T'; recursively for ¢ > 1, we consider the vertices in V(A;) \ E; in order
until we reach a certain size. Denote the desired size at step t by
() = (Kmin]| Al pnp/16)t, if t < L.+ 1,
1 IA]l.n/16, otherwise.
(We suppose for simplicity that s(t) is an integer for all t.) Define I'? = () and let
the event Fy = ). For s < s(t), let

uf =min{v € V(A) \ (B, UT{ 1) s dg(v,Ty_1) = 1},



THE DIAMETER OF INHOMOGENEOUS RANDOM GRAPHS 11

if such an element exists, and let T§ = I'{ ™' U {ug}. Otherwise, we fail at step t
while trying to add the s-th element and we stop the process. Denote this event by
Fi,s- Define the event of failing by step t as

t—1 s(t)
F=JFul Fs
j=1 s=1

Finally, if F; does not hold, let

r, ="\ B,
Ny =N\ (Tr U Ey),
Et+1 = Et U Pt.

(Recall that, for ¢ > L., we only visit parts that have never been visited before,
that is, for ¢t > L., A; # Ay for any t' # t, and thus all vertices in V(A;) are
neutral.)

Remark 4. Note that since there are only finitely many elements in each partition,
for every expansion walk of length q, we have ¢ — L. < L for some constant L > 0.
Note also that if F; does not hold, then || = s(t).

In the following lemma we show that if in one step of the expansion walk the
set of neutral vertices (restricted to a certain part in the expansion walk) is still
large enough, we expand well from an active set (by definition of the exploration
process, the active set is always restricted to one part in the expansion walk).

Lemma 5. Let A be a partition of S and x be A-balanced. Fiz an expansion walk
Ao, Ax, ..., Ag in Pp(A). Let u € V(Ag) and t € N. Consider the t-th step of the
exploration process. Then,

PX(E|fﬁ4)§e*WV?

Proof. Since x is A-balanced, in particular we have |V (A;)| > u(A;)n/2. Moreover,
for t > L., by definition of an expansion walk, |N; N V(A;)| = |V (A;)|, and for
t < L, INyNV(A)| > p(A)n/4 > ||Al|n/4, since by definition of L. and our
assumption on np > wlog” n,

L.

IVEDY ! <2 o Al
t<L. 5—0 /iminp(/imin||‘I%H;an/]-6)S KminP log n 4

For t > L. + 2, each of the vertices in |N;—1 NV (A;)| is connected to at least
one vertex in I';_; with probability at least 1 — (1 — kg(A;_1,.A;)p)/T*=1!, and this
lower bound holds independently for all vertices. For ¢t < L.+ 2, note that for every
vertex v € N;_1, for all but at most a o(1)-fraction of the pairs (v, w) with w € Ty
there is no knowledge about the presence of the edge vw (we say, the pair has not
been exposed yet): indeed, since for all t < L. + 2, |Ty_1| = o(n) and np > wlog®n,
all but a o(1)-fraction of the vertices in |I';—1| have not been active at time ¢ — 2,
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and the vertex pairs incident to them have not been exposed yet. Hence, each such
vertex is also connected to at least one vertex in I';_; with probability at least
1— (1= re(Ai_1, Ap)p)Te=110=e)  Note that

1— (1 —ke(A—1, A)p) Tl > 1 — (1 — kgginp) T2
In the case when t < L. + 1, we have
Kminp|Lt—1| = Kminps(t — 1)
= KminP(Fmin||Al| 1p/16) 7
< Famin (Kmin||A[]np/16)7 < 1,
by definition of L.. Thus, we have
1— (1 = Kinp) "1 > o pl Ty ] /2.

The number of neighbors of T';_; in N;_1 N V(A;) stochastically dominates a
binomial random variable with parameters ||A||,n/4 and Kminp|T'i—1]|/2. The desired
concentration then holds by applying Chernoff bounds for binomial random variables.

In the case when t > L. + 1, we have
KminP|Ti—1] = Fminps(t — 1) > Fminp(Kmin [|A] ;np/16)F< T > 1
by definition of L.. Hence, in this case,
1— (1= kg(Ap_1, Ag)p)Te-110=0) > 1 gmrelAiaApIlea|(—o(1)
>1— e~ fminP|Li—1[(1—0(1))
>1-— et
>1/2.

The number of neighbors of T';_; in N;_1 N V(A;) stochastically dominates a
binomial random variable with parameters ||A||,n/4 and 1/2, and again the desired

concentration then holds by applying Chernoff bounds for binomial random variables.
O

We immediately obtain the following lemma.

Lemma 6. Let A be a partition of S. Fiz an expansion walk Ao, Ai,..., Ay in
Py(A). Let ue V(Ag). Then

P (1] < s(a)) < e o',
Proof. First assume that x is A-balanced. By Lemma [5| we have that

q
Py (F5) <> Py (FfIFi1)
t=1

< zq: o—5(t)/2
t=1
L.+1 q

< e CmnlAlne/10/2 3 omlaln/32
t=1 t=L,+2

=) 4 (g — L, —1)e 2" < (1/2)e 18",
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where the last inequality follows from the fact that ¢ — L. < L for some constant L
(see Remark , and due to the assumption of np > wlog®n. Now, denote by B the
event that y is A-balanced. We have

P (1| < 5(9) = E (P, (1] < s()) (L5 + 1) ).

where the expectation is taken with respect to the configuration x. By the first part
of this lemma and by Lemma [4]

P (\Fq| < s(q)) —E (PX (|rq| < s(q)) 15) I E (PX (|Fq| < s(q)) 1Bc)

< (1/2)e """ L P (B)
< (1/2)6_ log® n + e—Q(n)
< e—log?’n. O

Lemma 7. Let A be a partition such that A,, As, A; is an expansion walk in Py(A)
and there is an expansion walk of length q from A; to A,.. Then, there exists a
constant ¢ > 0 such that for u € V(A;),w € V(A;),

P (dG«(u) w) >q+ 2) < e_(min{(cnp)q+2/n,log3 n})

Proof. Let I'(u) and I'(w) be the associated guided exploration processes starting

from u and w, respectively. Note that by Lemma [6] with probability at least
1—e" log® n7

Tq(u)] = s(q).
Also, with probability at least 1 — e~ 198" " |I'y (w)| = Al uEminnp/16. Assume that
both |I'y(u)| = s(¢g) and |I'1(w)| = ||A||xEminnp/16. For u = w the statement is

trivial, thus assume u # w. If w € I'y(u) for some ¢ < g, then the statement trivially
holds as well, so assume also this is not the case.

Case 1: Ty, 1(u) € A, and |Ty_1(u)| = Q(|A4s|/log® n). In this case, by our
assumption of np > wlog® n, with probability at least 1 — e‘logS”, dg(u,w) < ¢
indeed, the probability that there is no edge between I';_q (u) and I'; (w) is at most
(1- nminp)Q(”2p/ log® n) < e—2((np)*/log® n) < e~ log’ " and the statement follows.

Case 2: Ty_1(u) € A and [Ty_1(u)| = o(]A;s|/log® n). In this case (or also,
if in previous steps of the expansion walk starting from u some edges between
vertices in A, and A, were exposed), I';_1(u) is a randomly chosen subset of A,
independently of T'y (w), since by assumption w ¢ T';(u). Then, by our assumption of
np > wlog® n, with probability at least 1 — e~ 108" ", ITy—1(u) NT1(w)| = o(IT1(w)]),
and at most a o(1)-fraction of pairs of vertices in I';(u) and I'; (w) has been exposed.
(The same clearly holds if no edge between vertices of As and A, has been exposed
in the expansion walk starting from w.) Thus, the probability that there is no edge
between I';(u) and I'i (w) is at most

(1 — /gminp)(l'f'o(l))S(Q)HAH;LKminnP/lﬁ < e—(min{(cnp)‘”z/n,c(np)z})

for a sufficiently small constant ¢ > 0.

In all cases, noting that (np)? > wlog®n, the lemma follows by summing the
failure probabilities. [
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5. BOUNDING THE DIAMETER

We dedicate this section to the proof of Theorem [2l We break up the proof
of the theorem into seven lemmas where we study the behavior of the diameter of
G(n, k,p) depending on the relationships between ®, A, and A;. Once more, we
assume in all lemmas that regularity conditions (R) hold.

Lemma 8. With high probability, diam G(n, k,p) > A,.

Proof. Consider a partition A attaining A,. With probability 1, there is no edge
between any pair of vertices w,x and any two elements A, Ay € A, such that
w € V(Ag),z € V(Ap), and Ay, Ay ¢ E(P,(A)). Note that with probability
1 — e~ we can find two vertices u,v € V(A;), V(A;) such that A; and A; are at
distance A, in P,(A), and hence the lemma follows. O

Lemma 9. Suppose Ay > ®. With high probability, diam G(n, k,p) < Ay.

Proof. We may assume A, < 0o, as otherwise there is nothing to prove. Consider
a partition A attaining Ay, and consider two arbitrary vertices u € V(A4;) and
w € V(A;j). There exists A, € A such that A,, Ay, A; is an expansion walk of
length 2 in Py(A), and such that there exists an expansion walk of length ¢ from A;
to A,., for some & — 2 < ¢ < Ay — 2: we may assume the upper bound, since if no
such walk of length at most Ay — 2 would exist, then also no path of length at most
Ay — 2 between A; and A, would exist, and then A; and A; would be at distance
bigger than Ay, contradicting the fact that the maximal distance between A; and
A; in P;(A) is at most Ay. On the other hand, we clearly may assume the lower
bound, since for ¢ < ® — 3 we may reuse partitions to make the walk longer: more
precisely, if the expansion walk had length ® — 3 or less, by making zigzags between
the first two partitions of the walk we can make the walk longer and end up with a
walk of length ® — 2 or ® — 1; indeed, note that A, > 3, hence there exist at least
four partitions, and the last two partitions of the walk can be chosen to appear
only once; all other partitions can be reused, since by Remark i), ®-3< L. By
Lemma [7]

P (do(u,0) > g+ 9) < e~ (nl(em™ 2 miog ) o

where the second inequality uses the fact that ¢ +2 > ® and (cnp)®/n > wlogn
which follows from the first assumption of , noting that ® = O(1). By a union
bound over all pairs of vertices, the statement follows. (Il

Lemma 10. With high probability, diam G(n, k,p) > ®.

Proof. Since k < 1, we can couple G(n, s, p) so that it is a subgraph of G(n, 1, p).
This can be done, for instance, by using uniform random variables U;; € [0, 1] and
letting each edge be present if U;; < «(X;, X;)p in G(n,k,p), and if U;; < p in
G(n,1,p). Note that G(n,1,p) is nothing but G(n,p). Recall that by Lemma
we have diam G(n,p) = ®. Hence, with high probability we have diam G(n, k,p) >
diam G(n,p) = ®. O

Lemma 11. Suppose ® > A,. If there exists a partition A and i < j, such that
there exists no path of length exactly ® between A; and A; in P,(A), then with high
probability diam G(n, k,p) > ® + 1.
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Proof. Fix an arbitrary partition A and let ¢ < j as in the statement of the lemma.
First recall that since k < 1, by the same argument as in Lemma G(n, k,p) can
be coupled to be a subgraph of G(n,p). Let Y be the random variable counting the
number of vertices y € V(A;) such that there exists z € V(A;) at distance bigger
than ® — 1 in G(n, k,p), and let Z be the same random variable in the coupled
G(n,p), so that Y > Z.

Our proof is based in the second moment method, using ideas similar to
Theorem 10.10 of [6]. From now on we consider the coupled G(n,p) graph. First we
want to bound from below the first moment of Z. Denoting by B the event that x
is A-balanced, we have that

(2) EZ > E(Z|B)P (B).
Note that P (B) = 1 + o(1) since P (B¢) < e~ Now we condition on the point

configuration x, which we can assume to be A-balanced. For y € V(A4;), let R, be
the event that there exists z € V(A;) such that dg(y, z) > ®. We have

E.Z= Y Py(Ry).
UEV(.Az)
Given a vertex v € V(G), define
Bw) ={u:dg(u,v) <P -2} and S(v)={u:dg(u,v) = —2}.
We say that the event £, holds if we have
[B(y)| < 2(np)** and  [S(y)| = (1 +0(1))(np)*~>.

To bound the probability of R, from below, we note that

Py (Ry) 2 Py (Ry | £)) Py (&)
Conditional under &,, for a vertex z € V(A;) outside of B(y), the probability that
it does not connect to any vertex in S(y) is

(1 — p)re)(mp)®

Since (np)®~2 = o(n) and x is A-balanced, almost all vertices of V/(A;) are outside
B(y). Moreover, since the edges for different vertices z € V(A;) outside of B(y) are

all independent,

c ° np)®—2 [V(A;)[(140(1))
P (R |€,) = (1— (1 —p)renen®?) .

From the second assumption in Condition of (np)®~1/n < logn/w we have
(1 _p)(1+0(1))(’np)q)_2 > (1 _ p)(1+o(1))logn/(wp) > efclogn/w > 1/\/57

where the second inequality follows from the fact that 1 —p > =P for ¢ small
enough and p < 1/2. Thus, 1 — (1 — p)+oW)P)* ™ < o=1/vA Then, we have
that P, (R; | Sy) < e~V Since P, (Eyc) < e~(0gm)*/w for any arbitrarily slowly
growing function w by our assumption that np > wlog®n (the desired concentration
for |B(y)| and |S(y)| for a fixed y follows by expanding neighborhoods inductively
using a breadth first search, and then Chernoff bound is applied), we have P, (£,) =
14 0(1), and thus P, (R,) =1+ o(1).

So, if x is A-balanced, we have that E,Z = (1 + 0o(1))|V(A;)|. This implies
E(Z[B) =E(E\Z|B) = (1+0(1))E|V(A;)].
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Going back to (2), we have

EZ > (1+0(1)E[V(Ai)| = (1 + o(1))u(Ai)n — oo.

We bound the second moment trivially from above as follows:
Ex22 = Z Z Py(RyNRy) < |V(-Ai)|2-
yeEV(A;) y' €V (A;)
Therefore, averaging over x we get
EZ? =E (E,Z%) < E[V(A)]> = u(A:)*n” + p(A) (1 — pu(A:))n.

Thus, by the Cauchy-Schwartz inequality we have

(B2’ (1+o()u(A)’

BZ2 ~ a(A2n + p(A)(1— p(An -

P(Z>0)>

By the coupling we are using, P (Y > 0) — 1 also. (In fact, Y = Q(n) with
probability tending to 1.) Therefore, with high probability there exists a remote
pair of vertices u € V(A;) and v € V(A,) with d(u,v) > ®. Since there is no path
of length exactly ® between A; and A; in P,(A), with high probability, v cannot
be reached by u in ® steps. Hence, the distance between u and v is at least ® + 1,
and the lemma follows. O

Lemma 12. Suppose 3 < Ay, < & = O(1). With high probability, diam G(n, k,p) <
d+1.

Proof. Following the notation and proof of Lemma [0} in this case there exists an
expansion walk of length ¢ = ® — 2 or ¢ = ® — 1 from A; to A, (the lower bound is
as in Lemma [0} If the upper bound did not hold, then there would be no expansion
walk of length at most ® — 1 between 4; and A,, hence also no path of length at
most ® — 1 of length A,, and then A; and A; would be at distance bigger than
® 41 > Ay, contradicting the fact that the maximal distance between A4; and A;
in Pp(A) is at most Ay). Moreover,

P (do(u,w) > g +2) < e~ (minllenn) ™ mdog’n}) < ppw

still holds, since ® = O(1) and thus (cnp)®/n > cw’logn for some constants
¢, > 0 and some function w’ tending to infinity with n, so that g—¢'w'logn
The statement follows as before. g

=n"v.

Lemma 13. Suppose Ay < ® = O(1). If there exists a partition A such that for
any i < j, there exists a path of length exactly ® between A; and A; in Py(A), then
with high probability diam G(n, k,p) < ®.

Proof. Following the notation and proof of Lemma [0} in this case there exists an
expansion walk of length exactly ¢ = ® — 2 from A; to A,.. The argument is then
as in Lemma [12 O

Lemma 14. Suppose 3 < Ay < 0o and ® = w(1l). Then diam G(n, k,p) < ®(1 +
o(1)) with high probability.
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Proof. The argument is as in Lemma@ Recall that (np)®/n > wlogn which follows
from the first assumption of and recall also that np > wlog®n. Let f be a
function so that f = o(1) Nw(1/loglogn). Observe that

(enp)®I+) in > ¢®(enp)fPwlogn > wlogn,

since (c(cnp)?)® > (c(logn)3/)® which follows from the fact that 3floglogn = w(1)
and thus 3f loglogn + logc > 0.

Thus, for ¢+ 2 = [®(1 + f)] (note that since ® = Q(1), ¢+ 2 = ®(1 + o(1)),
by Lemma [7]

P (do(u,w) > g +2) < ¢~ (mnllenn)*/miog? n)) o

— )

and the lemma follows. O

Remark 5. Note that for ® = w(1) an upper bound of diam G(n, k,p) < ®+1 does
not hold in general. An inhomogeneous random graph G(n, k,p) with constant kernel
Kk = ¢ < 1 has diameter equal to the diameter of the Erdds-Rényi model G(n,cp),
and the diameter of G(n,cp) can already be bigger than ® + 1 (for ¢ sufficiently
small). For a more precise upper bound of a concrete inhomogeneous random graph
we would need information about £ and about ||Al,.

Finally, combining all the lemmas above we obtain the proof of the three
statements in Theorem

Proof of Theorem [2l By combining Lemma nd [9] (using also Lemma [2) (i)
follows. The first part of (i) follows by Lemma [10] and Lemma [9} and the second
part follows by adding Lemma The first part of (iii) follows by Lemma
and [12} for the second part Lemm and Lemma [13]is used. Finally, (iv) holds by
Lemma [10] and Lemma [T4 O
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