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COMMON BEHAVIOUR OF SOLUTIONS
OF SOME COLLECTIONS OF HILL’S EQUATIONS

1. Consider Hill’s equation see [ 3], [8]

(1) 3" +[2% + a(t)]y = o,
where Q{t+m) = Q(t), QeLZ(O,sr). A 1s a real parameter
and A1,

Solutions of (1) are understood in the sense of Cara~-
theodory (see [1]). If Q has the properties stated above,
then (1) has continuously differentiable soluntions ¥4 and y,
which are uniquely determined by the conditions:

(2) 31(011) = 1’ 33(0,1) = O’ 32(0.1) = 0, yé(o.ﬁ) =z 1o

These solutions are referred to as normalized solutions of (1).
As in [ 3] we have

(3) y1(t'1) = 2 uk(t’A). yz(t.ﬂ) = Z vk(tga),
k=0 k=0

where

(uo(t,?‘) = ¢os 1t,

uk(t,l) = -—1—3 sin A(t-8) Q(s) uk_1(s,2) ds,
(4) < o k’1,2,o-o

Voltsd) = -;- sin A%,

%
vk(t,.’l) = - %.r sinA(t-8) Q(s) vk_.l(s,ﬂ)de,
~ 0 k’1,2,ooo
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2 Pham ba Trung

For simplicity of notations in the sequel we shall write
y1(t), yz(t),... understanding that these functions are not
only dependent on t but also on A, Putting M = || Q]|

2
we have for t e[O,n] and k = 0,1,2,400 L°{o,m)
1 4 k
K L2 k .2
t < Iy t ’ t < -M—t
e e < g
(5)
k k
2 k .2
M- % ’ M~ ¢
v (t)i< v (%) <
_] k()< ke BRATIES =
Therefore
| v,(t)| <Dy, | ()] < p,4,
(6)
| yo(6)] <7t Iy’z(t)|<D1,
o . X
2
M~ T
Where D = Z and
17 k=0 Vi

|y1(t) - cos 1t|<D27\'1,
(7)
|75(¢) - cos at| <D,271,

where D, = D, M. Let A(A) = y1(rr) + J5(m)s As above we
have

(8) |A(2) = 2008 A7 < DA™,

Theorem 1. For every £€(0,1) there exists D>0

{depending on € and M but not on A) such that for each o/ 20
and each A »1, the inequality

(9) [a(A)] € 201 - €24

implies, for all real values of t,
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Some collections of Hill's equations 3

EAGIES ELN GRS Fad
(10)
| 3,6 <D APV, | 3508) <D A8,
where
o = 1 for o 22,
P— % for O a<2,.

Proof. Since |A(A)]<2, by Floquet’'s theorem,
the characteristic equation 22 -A(?\)Q + 1 = 0 corresponding
to (1) hsve two solutions of modulus 1

g = A +\/./é\2(z) 4 gpg . A = NEG) - 4

and the equation (1) have two linsarly independent solutions
of the type

f1(t) = exp{iwt) q1(t),

(11)
£,(t) = exp(-iwt) g,(t),

where g = exp iww and 949 9, 8re periodic functions with
period M, By the linear independence of ¥4 and 3o there exist
Cq4q9 S92 Cpq and 855 such that

(12) f,l(t) = Cqq y1(t) + eyp ye(t),
' fz(t) = €y y1(t) + 050 yz(t).

Put & = y,(n), 6; = yi(7)y 85 = y,(n) and §; = y5(n). From
{2), (11), (12) it follows that Ciqs Cqp 18 & nontrivial so-
lution of the system

014(8y = @) + 048, = 0,

(13)
01997 + 042085 -g) = 0

and Coqs Cpp is a nontrivial solution of the system
0,
0.

(14) cy1(8y = 8) + 0,550,
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By (7), (8) we get

(15) 18, ~e] <|8; - cosam| +-;_—IA()\) - 2 coBAT| +

4 - 2203 0,7 + L le-gl.

Similarly, we have

18, -2l<3 0,27 + 1 [e-3),
(16) | 8, -q]g%nzx"’ +31e-2l,
&, '§|<%D27‘-1 *% le-g] .

By Liouville’s theorem we obtain 8,8, - 8,8/ = 1. It §,8,<0

then [676,]>1> Aa o If §,8,>0, then by (9) [818,]>

(8 S ) 2 €2
21 - 1 : 2 )ed. « Henoe [6‘ 6‘2] d always holds, and then
-($+1) (-5 1)
[ 851 > el 2t o 1841 > €A 2" . Suppose
1
(17) IJ l/ (2+ ).

Since determinants of systems (13) and (14) equal zero, we
have oy = B8y, 015 = Bylg=81)y opq = Rpb,, 055 = Ry(E-6),
where R,, R, are some constants, Thus by (6}, {12) we get
for t e [0,77]
(18) L%, ()< Dya”" [£,(t)] < DA77

|_'R_1T 1 = E34 o T ’
where Dy = D, (2D +1}. Up to now we have estimated values of

the functions £, and £, only on the interval [0,7], but by
(11) we see that .(18) is still valid for the whole real line,
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Some collections of Hill’s equations 5

By (12) we have

£.(t) £,(t%)
(8) = —1— D'-S)—i——--( -d,) },
¥, 5,5 ¢! €=% ) Tx] €=%' TR,

(19)

1 1
y2(t} = e Q [‘RE f2(t) "_1 f1(t)} 3

From (9) we get

(20) [g~§|=‘\/4-A2(A)>287\- ’

and, from {6), {15)={20)

ol

7,(£)]<D A%, |3,(¢)] <D 281,
1 2

where D = DBE,-1 (—%—D2&Z"1 + 1}. By analogous arguments we obtain

|3506)] <D A%+, 34000 <2 AP,

o
For the case ]3'[ -2 proof is similar,
By V[0,1] we denote the set of all functions of bounded
variation and by H (O »7) Sobolev space. Boundary values of
functions in H (O ) are understood in the sense of trace

(see [4]).
For e HB(O,ﬂ) we define constants ¢ m b9
’

A
Onmﬂf[q(n)(t)]mdt’ n,III=0, 1. 2’ 3.
4]

m

Theorem 2, Suppose that J‘Q(t)dt = O,
0

© 1f Qe V[0,7], then

(21) A(A) = 2co8 Aw + O(A™2).
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2° 1f GeH(0,m) and ¢(0) = (), taen

(22) AL = 2c08 AT+ 27227 ¢, sin AT+ 0(27Y) =

i}

2cos(Am- 272277 ¢ o)+ 0(A7H),

3° If ( e H2(G,m, ("€ V[0,7], «(0) = q() and ¢'(C) =
= ¢’ (m), then

(23) A(R) = (2 - 2'6 2'6 cg ,) cos AT+
14

-2 4=3 -4 =3 -5 . =7, _
+ [2 A co'ei-(Z 0:31'2 -2 CO,B)A ] sinAmw+0{A~") =
= Zcos[ln- 273 -3 ¢, 2% (o~4 c0’3-2'5 01’2)A'5]+ o(a™h.

Proof. The proof is not difficult, but very la-
borius - see [5], pp.54-84.

2+ Now we consider the nonhomogencous equation correspond-
ing to (1)

(24) 2z’ + [32 + G(t)]z = Pa(t).

where pA(t+n) = p)(t), p,€ L2(O,n). We shall use the notations
introduced in ssotion 1, In particular, by ¥4 and Y, we denote
the normalized solutions of (1), Let 2, be the solution of
(24) satisfying

(25) 245(0) = z;(0) = o,
and let

(t) (t) 0 10
Y(t) =[y1 32 ]’ P*(t) =[ }o B =[ jlv
¥y (%) 35(%) A p, (%) 0 1

m
B, = gllpl(t)]dt.

- 1100 -



Some collections of Hill s equations 7

Yheorem 3. For every £¢(0,1), there exists K>0
independent of A such that for each o 20, for each A 21 and
for all t e(=-co, +0o) we have

. ¥ (¥+1)
(26) lzgte) <x 2", |2p(t) <k B A
if A(A) setisfies (9), where

2{x=-1) for o222,
¥ = 3
so=1 for Oga<a,
Froof., By (9) the corresponding homogensous equa~-
tion has no periodic solutions with psriod W. Therefore (24)
has the unique periodic solution with period 7 (see [2],

Pe251)s Denoting by 2z tiais periodic solution we have

z(%) z(0) F -1
(27) t) + fY(t) Y™ ' (=) p(s)as,
2/ (t) 6 A

z'(0)
where
2(0)
z'(0)

Consequently

I

Jx
[E - Y(n)] 1 y(m) {Y”(ﬂ p;(t)dt.

4 m
z(0) ‘?Zi}ﬂ [(1-81) fpl(t) ¥ (tldt + 52]"3(“ h(t)d{],
0 0

s n
2/(0) =—5keaT {-8; !p)(t) yo(t)at + (85-1) fpa(t)nq(t)dt:] .
0

By {6), (9) we geat

(28) lz(O)]§%8'2 Dy p))\“""”, ]z'(o)[<%5"2 Dy PA%
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Ysing -the periodicity of 2z and (6), (27), (28), we have
-2 o-1)
[ 2(t)]<D,(D3€7° + 2p,) P, Al ,
(29)

| 2/ ()| €D,(Dye™% + 2D,) ¥, 2%,

It is easy to see that
2o(t) = 2(t) = 2(0) y,(*] - 2/(0) 3,(%)

is the solution of {24) satisfying (25)« By (10}, (28}, (29)
we get (26) with K = D1(D38'2 + 2D7) + D Dye”2,

3« Now we consider the following collection of equations

{30) y”+[A§+Q(t)y] =0, N=1,2,000

with An = nh, where h is a positive constant. Putting
yn1(t) =31(t9}\n)9 ynz(t) =y2(t’7\n)'

Ak(?\n) = uk(TI.?\n) + V{c(n,ln)

we have A(%) = 'ym(Tr) + YT = 1{2:0 Ap(rg)e
By (5) it is easy to see that )
(31) S8y (a) = ozt
k=i

The following four theorems establish estimetions for A()n).
These egtimations are not only dependent on Q but also on
property of number h,

Let

Q, = Q(t) dt.

B
ST
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Some collections of Hill's equations 9

Theorem 4. 1r
(i) h is a rational number,
(ii) “m # 0,
(iii) qev[o,n],
then there exist € > 0 and n, such that for n >n, vie have

2
[alag)] <2 <1 -;—2>

n

Proof. Let h = p/qg be a fraction in its lowest
terms. For n # mq, mel, i,.e. )n is not integral, we have

]AO(Rn)' =2 l cos Egllg 2cos% .

In view of (31) for £<1 - cos %r and for sufficiently large n

we get
A< 2(1 = e2)galr - 2272,

For n = mq, meN, i,e, }‘n is an integer, we have

Ag(A,) = 2cos AT = (-1)BP 2,
T

A(A,) = -)\;1 sin J\nnfq(t)dt = 0,
0
Ay(Ap,) =
t

r 1
= A;z fQ(t1)dt1 f Q(tz)sin?\n(t1-t2) sin }\n(n-t1+t2)dt2 =
0 0
=%7«;2 fQ(t1)dt1 J G(t,) cos A (r=2t,+t,)dt, +
0 0 .

A 1
-% Af cos ?\nwa(t1)dt1 j Q(t2)dt2.
0 0
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Since & €V[0,7], then (see [7], p.168)

m t,
fQ(t1)dt1 ! c,,(tz)cos An(r-2t1+2t2)dt2 = 0(2;1)..
0 0 '

Putting F(t) = £ G(s)ds yields

¥y T
[ <t pat, j (tylaty = fa(t) F(t) 0% = F (fr®
0 0

= Q m .
0
So
Sy (=1)BPH o 22 -3
A2(}\n) = )n T an + 0(2n )
anc then
2, =2
[A(A )€ 201 = €°25°)
JTCem
for €< and for sufficlently large n.
v8'
Theorea 56 If
(1) h is a rational number,

(ii) Qm : O’
(iii) qeH?(o,m), Q" ev[o,n], ¢(0) = Q(w) and ¢'(0) = Q'(m),
then for n>no

(32) |atg)] < 201 - €750,

Proof. Let h = p/q be & fraction in its lowest
terms. For n # mq, me N the proof is the same as in Theorem 4.
Let n = mq, then sin A w7 = 0. By Theorem 2 we have

-—6 "6

(2 = 27270, 5) oo A+ o(a77) =

A(ay)

A6« oag").

m -7
(=1)"P 2(1 = 2 9,2 n

-7c

So, for £<2 0.p @nd for sufficiently large n we get (32).
]
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Some collections of Hill's equations 11

Theorem 6, ir
(1) h 1is an irrational number such thet there exist r>0

and §¢(0,3] satisfying
nh - a|>r 0% for all n,mel,
(i1) Gy = O,
e 3
(i11) «evVv[o,m] for <%,
¢en'(0,m) and ¢(0) = () for 2¢y<2,
CeH2(0,m), (e vio,m], «(0) = «(m) and ¢'(0) = &' () for
2< 7 €3, with ¢y < grh3 for § = 3,
’

then there exist £ >0 &nd n, suck that for n>no

(33) [A(a )] < 201 - £22727),

Proof, Let 2< ¥<3. Put nh = m, + r,, where m, is

é% o By (23) we havs

satisfies r n~0 ¢ lrnl

an integei and r,

AlAy,) = 2cos[nnh - 2*3c0'27\;3 + 0(2;5)] + 0(3\;7) =
= 2cos[nmn + e, - 2'3c0’27\;3 + O()\;s)]‘ + 0(7\;7).
Therefore

2
Al <2 [1 =4 e a¥ - 2720 2237 + o(agT).

Thus, with e<%:nhxr for 2 ¥<3 and with e<1§ (rh3r '2-300,2)
for ¥ = 3 we have (33) for sufficiently large n.
For the cases 75'<—23- and %gr(&’ the proofs are similar to
the above, using (21) and (22) instead of (23).
Remark, The set of irrational numbers which do
not setisfy condition (i) has measure zero {ses [6], p.12).
Theorem T, If
(i) h 1is an irrational number such that

|nh - m]>% for gl n,meN,
(i1) Q<]gy|<2rh,
(111) «ev[o,r],
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then tinere exist £>0 and n, such that for n >no

(34) lalg)] <201 - 2272),
hig
«(t) =~ ¢, gives é Q1(t)dt=0.

Proof. Putting Q1(t)
We shanll write (30) in the form

O, n = 1,2,.00,

(35) v o+ [7\'“2 + Q1(t)]y

where 2;2 = Aﬁ + Qe The values A(Zh) of equations {35} equal
the values A(An) of (30). We have

- 1 -1 -3
Ag =My + 35 Gphp o+ O(A7).

1
<

Put nh = m  + T , where m, is integer and r, satisfy rn”

n
< ]rn]<% « By (21) we have

A(AL) = 2co8 2;1r+ 0(2;3) =

_ 1 L=l -3
= 2cos(ﬂmn + T, + 5 W QuAy )} o+ O(?\n ).

From this we get B

|aAg)l €2 [1 = 3 en™ = Twfaglazh] + oa7?).
1
2

Thus, for ¢<3 (rh -
we have (34),

Remark, In Theorems 4-7 we proved that for the
collection of equations (30) with certain assumptions, for
suffioiently large n we have inequalities of the form (9)
and so we get estimations of the solutions of the form (10).
To get (10) for all ne N we have only to assume that the equa-
tions (30) are stable for all neN, for example using stabi-
lity criterion of V.A. Jakubovié (see [8]) we have only to
assume that |Q(t)| is sufficiently small,

lle) and for sufficiently large n
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The following examples show the existence of irrationsal
numbers h such that not all equations (30) are stahle even
if |Q(t)] is erbitrarily smsll.

Example 1. Let h be a poeitive irrational num-
ber such that the inequality

(36) lan - o] n~(*3), 450,

haes infinitely many solutions n,m in the set of natural num-
bers, Then, for each & >0 there exists a function Q satisfy-
ing |Q(t)] <& and Gp # O such that not all equations (30) sre
stable.

Select

0 for o<t<§,
Q) = x
q for Z<t<m,

and Q(t+m) = Q(t).
We have (mee [2], p.239)

(37) Al2y) n%h? + q +

ST

2co8 ph % cos

2,2
-—2en’h” +q sin nh%r sin %Vnzha«rq =
nhVnzh2 +q

2008 (nh +\/n2h2 + q)

+

nf=

2
N "
- Vn"h%+q -mh)- 0 opp % sin %Vnzhz«m.
nh \/n2h2+q

Choosing gq 8o that

(38) % (nh +\/n2h2+q>= mT, mEN,

we have g = 4m{m-nh). By (36) we can choose n,,m, so that

q = 4m°(m°-n°h) and |[q|<E.
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Since h is irrational, by (38) we have

b w22
sin noh > sin-E\/noh +q >0 for m, = 2k-1, keN,

(39) v 5
sin nh 3 sin 5\/n§h +q <0 for m =2k, kel

Now the desired conclusion follows from (37)-(39).
Example 2. Let h be 8 positive irrational num-
ber such that the inequality

0<nh-n<n™>"¥, y>o0,

has infinitely many solutions n,m among natural numbers. Then

for each £ >0 there exists a function ¢ satisfying [Q(t)]|<e

and ¢, = O such that not all equations (30) are stable.
Choose

q for O0<t<%,

Q(t) = T
o for Z<t<w,
and G(t+m = Q(t), The proof is similar to that of Bxample 1.
In a similar way we can gonsider the collection of solu~-
tions

2
yII + [:(_2%1_ h) + Q(t)}y = O. n=1,2,...
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