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Guide t o  t h e  Reader -- 

These n o t e s  presuppose  t h e  t h e o r y  of complex 

semis imple  L i e  a l g e b r a s  th rough  t h e  c l a s s i f i c a -  

t i o n ,  a s  may be found ,  f o r  example, i n  t h e  books 

of  E. B, Dynkin, M, Jacobson,  o r  J.-P. S e r r e ,  o r  

i n  t h e  n o t e s  of  kinai ire Sophus Lie .  An appen- 

d i x  d e a l i n g  w i t h  t h e  most f r e q u e n t l y  needed 

r e s u l t s  abou t  f i n i t e  r e f l e c t i o n  g r o u p s  and r o o t  

sys tems  h a s  been i n c l u d e d .  The r e a d e r  i s  a 

a d v i s e d  t o  r e a d  t h i s  p a r t  f i rs t .  T h i s  h e  

can do r a t h e r  q u i c k l y .  
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Lec tu re s  on Chevalley Groups 

51. A b a s i s  f o r %  - 

We s ta r t  wi th  some b a s i c  p r o p e r t i e s  of semisimple L ie  

a l g e b r a s  over  $? , and e s t a b l i s h  some n o t a t i o n  t o  be used 

throughout.  The a s s e r t i o n s  no t  proved h e r e  a r e  proved i n  t h e  

s tandard  books on Lie  a l g e b r a s ,  e .g . ,  t hose  of Dynkin, Jacpbson 

o r  Sophus Lie  ( ~ G m i n a i r e ) .  

Let  be a semisimple L ie  a l g e b r a  over  Q , and % 
a Car tan suba lgebra  of . Then % i s  n e c e s s a r i l y  Abelian 

and = % f o x  where a e and 
a fo  a 

= [X e x 1  [ H , X ]  = a ( H ) X  f o r  a l l  H e% . Note t h a t  %= 
0 - 

The a s s  a r e  l i n e a r  f u n c t i o n s  on x, c a l l e d  r o o t s .  We adopt 

t h e  convention t h a t  x,, = 0 i f  y i s  no t  a  r o o t .  Then 
Y 

c Xu, Z@I c  he rank  of L , say.  The 

r o o t s  g e n e r a t e  %" a s  a  v e c t o r  space over  

Write v f o r  % " Q ' t h e  v e c t o r  space  over Q genera ted  

by t h e  r o o t s .  Then dim V = 4 . Let y e V . Since  t h e  Q 
K i l l i n g  form i s  nondegenerate t h e r e  e x i s t s  an H~ e such t h a t  

Y 
f ? 

(H,H;)  = y ( H )  f o r  a l l  H e %. Define ( y , F )  = ( H  , H z )  f o r  
Y 

a l l  y ,  6 e V . Thi s  i s  a  symmetric, nondegenerate ,  p o s i t f v e  

d e f i n i t e  b i l i n e a r  form on V . 
Denote t h e  c o l l e c t i o n  of a l l  r o o t s  by C . Then C i s  a 

subse t  of t h e  nonzero e lements  of V s a t i s f y i n g :  

( 0 )  C g e n e r a t e s  V a s  a  v e c t o r  space  over Q . 



(1) a e x = +  - a e C  and ka 4 C  f o r  k 

+ 
an  i n t e g e r  # - 1 . 

( 2 )  2 ( a , p ) , / ( p , ~ )  e 7 f o r  a l l  a ,  f3 e C . 
(VJrite < a , @  > =  2 ( a , f 3 ) / ( p , p )  . These a r e  c a l l e d  

Car tan  i n t e g e r s ) .  

( 3 )  C i s  i n v a r i a n t  under  a l l  r e f l e c t i o n s  

wa(o E. C) (where wa i s  t h e  r e f l e c t i o n  i n  t h e  

hyperplane or thogona l  t o  a , i .e.  , 
wav = v - 2 ( v , a ) / ( a , a )  a )  . 

Thus C i s  a r o o t  system i n  t h e  s ense  of  Appendix I. 

Conversely,  if C i s  any r o o t  system s a t i s f y i n g  c o n d i t i o n  (21 ,  

t h e n  C i s  t h e  r o o t  system of some Lie  a lgeb ra .  

The group W gene ra t ed  by a l l  wa i s  a f i n i t e  group 

(Appendix 1.6) c a l l e d  t h e  Weyl group. If la l ,  ...., a & ]  is 

a s imple  system of r o o t s  (Appendix I . 8 ) ,  t h e n  W i s  gene ra t ed  

by t h e  wa i = 1 . . , n )  (Appendix 1.16) and every  r o o t  i s  
i 

congruent  under W t o  a s imple  r o o t  (Appendix 1 .15 ) .  

0 
Lemma 1:. Fcr  each r o o t  c. , l e t  Ha e % be such t h a t  

v 0 
(H,H,)  = o(H) f o r  a l l  H e 3.. Define Ha = 2 / ( o , a )  Ha and 

H .  = H ( i  = 1 . . . , 4 , )  . Then each Ha i s  an  i n t e g r a l  l i n e a r  
1 "i 

combination of t h e  H i  . 
Proof :  Wri te  wi f o r  w, e W . Define an  a c t i o n  of W on 

0 v i 0 
by w.H = H  - < a . , a i >  Hi . 

1 j j J 



Then 

Then s i n c e  t h e  wi g e n e r a t e  W , wH i s  an  i n t e g r a l  l i n e a r  
j 

combination of t h e  Hi f o r  a l l  w E W . Now i f  a i s  a n  

a r b i t r a r y  r o o t  t h e n  a = wa f o r  some w e W and some j . 
j 

Then Ha = Hwa = wHa = WH = an  i n t e g r a l  l i n e a r  combination 
j j j 

of t h e ,  Hi . 
For  e v e r y r o o t  a choose X a e  a , X a # O D  

If a + p # 0  d e f i n e  N 
a,B IXa ,Xpl = Na, @ Set 

N a , ~  
= O  i f  c + ' p  i s  not  a r o o t .  

If a and ? a r e  r o o t s  t h e  a - s t r i n g  of r o o t s  through p 

i s  t h e  sequence p - r a ,  ... , p ,  ... , (3 + q ~  where p + ia  

a r e  no t  r o o t s .  

Lemma 2 :  The Xa can be chosen so t h a t :  



( a )  [Xc7X-al = Ho . 
+ 

( b )  If c; and p a r e  r o o t s ,  fl { - a , and ; :  
. . 

P - r a ,  ... , p ,  ... P + qa i s  t h e  a - s t r i n g  of 

r o o t s  through p then  N~ - 
a , ?  

- q ( r + l ) l c + ~ 1 ~ / 1 ~ 1 ~  . 
m o o f : ,  See t h e  first p a r t  of  t h e  proof of Theorem 1 0 ,  p. 147 i n  - 

, , . . . , . . , . . 

Lernma.3: If a ,  0 and a + p a r e  r o o t s ,  t h e n .  q ( r + l ) / a + 8 ( 2 / ~ b  

Proof:  We u s e  two f a c t s :  - 
(::) r - q = <  j3,a > . 

(For wa maps p - ra t o  j3 + qa so  @ + qa = w , ( p  - r a )  = 

P - ra - 2 ( p  - r a , a ) / ( a , a ) a  = p - < @ , a  > c + r a )  . 
(::::%) I n  t h e  a - s t r i n g  of  r o o t s  through p a t  

most two r o o t  l e n g t h s  occur.  

P P 
p and C = C n V , t hen  C i s  a  rocit ' system and every  r o o t  

P 
i n  t h e  a - s t r i n g  of r o o t s  through !3 belongs  t o  X . Now 

0 v q  i s  two dimensional ;  so a  system of simple r o o t s  f o r  C 

P ? 
under t h e  Weyl group of C t o  a  simple r o o t ,  C and hence 

t h e  a - s t r i n g  of r o o t s  th rough  p h a s  a t  most two r o o t  l e n g t h s )  



/ 

We must show t h a t  q la+p12 / /S12  = r  + 1 . Now by ( * ) :  

. . = <  P , C  > + 1 - q ( u l L / [ p l L  - q <  a , ~  > 

= (< p,a > + l )( l  - q l a 1 2 / ~ p 1 2 )  .. 
2 Set  A = <  $ , a > +  1 and B = l  - q [ a 1 2 / l e l  .. 

We must show A = 0  o r  B = 0  . 
If ( a [  > - l p l  t h e n  I< P,a >( = 2 1 i ( B , a ) [ / ( a 1 2  < 

21 ( f 3 , a ) l / l g12  = I <  a ,$  21 . By Schwarzvs i n e q u a l i t y  
2 < @,a > < a , @  > = 4  ( a , ~ )  / l a1  l$ l  <_ 4 wi th  e q u a l i t y  i f  and on ly  

if  a  = kp . Since  a  and p a r e  r o o t s  and G # - + $ we 

have a  # k@ so < $ ,a  > < a , @  > <  4 , Then s i n c e  

; I <  @ , a > I <  I < a , P  >I we have < @ , a > = -  1, 0 ,  o r  1 . If 

< p,a > = - 1 t h e n  A = 0  , If < @,a > 2 0  t h e n  

I@ + 2al > I p  + a1 > I @ 1 . Since  t h e r e  a r e  on ly  two r o o t  l e n g t h s  

+ 2a i s  n o t  a r o o t  and hence q  = 1  . Since  I f !  + a (  > la1 

and I @  + a 1  > I D (  and a t  most two r o o t  l e n g t h s  occur  la1 = 1 0 1  , 
Hence B = 0  . 

If l a i  < 1 @ I  , t h e n  ( a  + p ( <_ 1 p l  ( s i n c e  o the rwi se  t h r e e  

r o o t  l e n g t h s  would occu r ) .  Hence ( a , @ )  < 0  s o  < a,g > < 0  . 
Then I @  - a1 > > la1 s o  P - a  i s  not  a r o o t  and hence r = O .  

A s  above < a , @  > < @,a> < 4 and I< a,p >( < (< P,a > I  so  

< a , @  > = - 1, 0 ,  o r  1 . Hence < a,P > = - 1 . Then by ('::) 

2 
q  = - < @,a > = <  p,a >/< a,P > = l p l  / / a t 2  . Hence B = 0 ,  
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We c o l l e c t  t h e s e  r e s u l t s  i n :  

: The Hi  (i=l, 2 ,  A * . ,  chosen a s  i n  Lemma 1 t o g e t h  

i n  Lemma 2 form a  b a s i s  f o r  Z? r e l a t i v e  t 

e q u a t i o n s  of s t r u c t u r e  a r e  a s  f o l l o w s  ( a n d ,  i n  p a r t i c u l  

( a )  [ H i , ~ i l  = 0 
" 

( b )  I H i , X a l  = < a , a i  >Xa 

( c )  [X,,X-,I = H = an  i n t e g r a l  l i n e a r  combination a 

(a [X,,XBl = - -I- ('+1IX 
a+P 

if a+$ i s  a  r o o t .  

if a + 13 # 0 and a+p i s  no t  a  r oo t .  

Proof: ( a )  h o l d s  s i n c e  i s  a b e l i a n .  ( b )  h o l d s  s i n c e  

C H ~ , X , ]  = a(HB)X, = < a ,  @ >X ( c )  f o l l o w s  from t h e  cho i ce  of a 

t h e  Xa and t h e  Hi and from Lemma 1. ( d )  f o l l o w s  from 

Lemma 2 ( b )  and Lemma 3.' . ( e )  h o l d s  s i n c e  [xa,yB] = 0 if 

a+p i s  n o t  a  r o o t .  

sis i s  c a l l e d  a Chevalley b a s i s .  It i s  

unique up t o  s i g n  changes and automorphisms of x. 
and Ha span a  3 -d imens i lna l  suba lgebra  

isomorphic t o  s t2 (2x2 m a t r i c e s  of t r a c e  0). 



1 ( c  ) A s  an  example l e t  A = s&,,, . 

For i ,  1 ,  ..., ,Z+1 , i # j , defdne a = a ( i , j )  by 

( i ,  j )  : d i a g ( a l ,  . . . , -> ai - a . Then t h e  a ( i ,  j )  a r e  
j 

t h e  r o o t s .  Let Ei be t h e  ma t r ix  u n i t  wi th  1 i n  t h e  ( i , j )  , j 
p s i t i o n  and 0 elsewhere. Then 

Exercise:  If on ly  one r o o t  l e n g t h  occu r s  t h e n  a l l  c o e f f i c i e n t s  

Let  & be a Lie  a l g e b r a  over a f i e l d  k and Yu an  a s s o c i a -  

t i v e  a lgeb ra  over  k . We say  t h a t  cg : -> i s  a homomorphism 

couple (Q,cp) such t h a t :  
I 

I 
I (1) % i s  an  a s s o c i a t i v e  a lgeb ra  wi th  1. 



§ A b a s i s  f o r  a 
Let be a  Lie  a l g e b r a  over a  f i e l d  k and .a an  a s soc i a -  

t i v e  a lgeb ra  over  k . We say  t h a t  cp : -> %, i s  a  homomorphism 

i f :  

(1) 9 i s  l i n e a r .  

(2) VCX,YI = cp(~)w(Y) - cp(Y)cp(X) f o r  a l l  X, Y E: 2 
A u n i v e r s a l  enveloping a lgeb ra  of a  L ie  a l g e b r a  ;e i s  a  

couple (%,cp) such t h a t  : 

(1) % i s  an a s s o c i a t i v e  a lgeb ra  wi th  1. 

( 2 )  i s  a homomorphism of i n t o %  . 



I 

i ( 3 )  If (a() i s  any  o t h e r  such coup le  t h e n  t h e r e  e x i s t s  

a  unique  homomorphism 6 :a-> a such t h a t  63 o rn = 

and @ 1 = 1 .  

For t h e  e x i s t e n c e  and un iqueness  of (3, 9 )  s e e ,  e . g . ,  Jacobson,  

Lie Algebras .  
-c. 

~ i r k h o f f - W i t t  Theorem: Let  be  a  L i e  a l g e b r a  ove r  a f i e l d  k  

and (?A! ,rp) i t s  u n i v e r s a l  enve lop ing  a l g e b r a .  Then : 

( a )  q i s  i n j e c t i v e .  

( b )  If i s  i d e n t i f i e d  w i th  i t s  image i n  and if 

X1,X2, ..., Xr i s  a  l i n e a r  b a s i s  f o r  , t h e  

monomials kl k2 kr X1 X 2  . , . X r  form a  b a s i s  f o r  % 
(where  t h e  ki a r e  nonnega t ive  i n t e g e r s ) .  

The proof h e r e  t o o  can be  found i n  Jacobson.  

Theorem 2:  A s s m e  t h e  b a s i s  e lements  iHi,Xa] of a r e  a s  

i n  Theorem 1 and a r e  a r r anged  i n  some o r d e r ,  For  each c h o i c e  of 

+ numbers n i ,  ma E. 2 ( i  = 1 , 2 ,  . , ; a  e ) form t h e  p roduc t ,  
m 

i n  ?!, , of a l l  (:: ) and xZ/ma? a c c o r d i n g  t o  t h e  g iven  o r d e r ,  

The r e s u l t i n g  c o l i e c t i o n  i s  a  b a s i s  f o r  t h e  z - a l g e b r a  2 
gene ra t ed  by a l l  ~:/m! ( m  e z+ ; a e E )  . z 

Remark: The c o l l e c t i o n  i s  a  c - b a s i s  f o r  by t h e  Birkhoff-Witt  

Theorem. 



The proof of Theorem 2 w i l l  depend on a sequence of lemmas. 

Lemma 4: Every polynomial over  @ i n  .t v a r i a b l e s  H1, . . . H* 

which t a k e s  on i n t e g r a l  v a l u e s  a t  a l l  i n t e g r a l  v a l u e s  of t h e  

v a r i a b l e s  i s  an i n t e g r a l  combination of t h e  polynomials 

fi (" ) where ni e Zi and n i < - degree of t h e  polynomial 
i =1 

i n  Hi (and converse ly ,  of c o u r s e ) .  

Proof: Let  f be such a polynomial.  We may w r i t e  - 
r 

f = Z f ( y') , each f j  be ing  a polynomial i n  H1, . .., . 
j=o j 

We r e p l a c e  HL by HL + 1 and t a k e  t h e  d i f f e r e n c e .  If we do t h i s  

r t imes  we g e t  f r  . Assuming t h e  lemma t r u e  f o r  polynomials i n  

8-1 v a r i a b l e s  (it c l e a r l y  ho lds  f o r  polynomials i n  no v a r i a b l e s ) ,  

hence f o r  f r  , we may s u b t r a c t  t h e  te rm f r  ) from f and 

complete t h e  proof by induc t ion  on r . 
Lemma 5:  I f  a i s  a r o o t  and we w r i t e  X ,  Y ,  H f o r  

X - a ~  'a t h e n  

Proof:  The case  m = n = 1 , XY = YX + H , t o g e t h e r  wi th  

n-1 induc t ion  on n y i e l d  x ( y n / n ? )  = (yn/n!)x + ( Y  / ( n - l ) ? ) ( ~ - n + l )  . 
Thi s  equat ion and induc t ion  on m y i e l d  t h e  lemma, 

Coro l l a ry :  E a c h ( I a  ) i s  i n  2 z* 



proof:  S e t  rn=n i n  Lemma 5 ,  w r i t e  t h e  r i g h t  s i d e  a s  
n -1  H- 2n+2 j 

+ r ( y n - j / ( n -  j ) ?  ) ( ) ( X n - J / ( n -  j ) ?  ) , t h e n  u s e  i n d u c t i o n  

on n  and Lemma 4. 

~ernrna 6 :  ~ e t  x z b e  t h e  -&span of t h e  b a s i s  {Hi,Xa] of  x .  
Then under  t h e  a d j o i n t  r e p r e s e n t a t i o n ,  ex tended  t o  Q, e v e r y  

~: / rn?  p r e s e r v e s  2 
Z' and t h e  same h o l d s  f o r  

any number o f  f a c t o r s .  

P roof :  Making ~:/m? a c t  on t h e  b a s i s  of - 
(xrn/m! a Xg = 2 ( r + l )  ( r + 2 )  . (r+m-l)/m!Xp+m, if B # - a  

( s e e  t h e  d e f i n i t i o n  of r = r ( a , p )  i n  Theorem 1 1 ,  

X a * X  -a = Ha , (x : /~)*x -a = - Xa , X a OH.  = - < a ,a i  >XG , 
and 0 i n  a l l  o t h e r  c a s e s ,  which p r o v e s  2 i s  p r e s e r v e d .  The 

second p a r t  f o l l o w s  by i n d u c t i o n  on t h e  number of f a c t o r s  and :  

x Lemma 7: Le t  U and V be -modules and A and B a d d i t i v e  

subgroups  t h e r e o f .  If A and B a r e  p r e s e r v e d  by e v e r y  ~:/m! 

t h e n  s o  i s  A Q B  ( i n  U@V) . 

Proof :  S i n c e  X a c t s o n  U@V as  X @ 1 + 1 @ X  i t f o l l o w s f r o m  

m- j t h e  b inomia l  expans ion  t h a t  x m / m ?  a c t s  a s  I: x J / j ?  @ X  / ( m - j ) ?  , 
whence t h e  lemma. 

Lemma 8 :  L e t  S  be a s e t  of r o o t s  such  t h a t  ( a )  a E S  => - a 4 S 

and ( b )  a ,  p c S , a + E X a + 6 E S  ( e , g .  t h e  s e t  of 

ma p o s i t i v e  r o o t s ) ,  a r r a n g e d  i n  some o r d e r .  Then { Xu /mG1 lma > 01 
GES 



is a  b a s i s  f o r  t h e  z - a l g e b r a  a g e n e r a t e d  by a l l  ~ : /m?  

proof :  By t h e  Birkhoff -Wit t  Theorem a p p l i e d  t o  t h e  L i e  a l g e b r a  f o r  - 
which ( x a ( u  e S ]  is  a  b a s i s  we s e e  t h a t  eve ry  A e a i s  a  

complex combination of t h e  g iven  e lements .  We must show a l l  co- 

ma e f f i c i e n t s  a r e  i n t e g e r s .  Wri te  A = c  Xa /ma! + t e r m s  of  a t  

most t h e  same t o t a l  degree .  We make A a c t  on X Q ~ G  
(x ma c o p i e s )  and l ook  f o r  t h e  component of A.@ X -a @ @X-a  

a- 

ma c o p i e s  

i n  %@ %'@ * . Any t e rm  of A o t h e r  t h a n  t h e  f i rs t  l e a d s  t o  

a ze ro  component s i n c e  t h e r e  a r e  e i t h e r  n o t  enough f a c t o r s  ( a t  l e a s t  

one i s  needed f o r  each X ) o r  b a r e l y  enough bu t  w i t h  t h e  wrong -a 

d i s t r i b u t i o n  ( s i n c e  X * X  i s  a  nonzero  element o f  
P -a 

% on ly  if 

p = a )  , whi l e  t h e  f i r s t  l e a d s  t o  a  non-zero component o n l y  if 

t h e  X a q s  and t h e  X ? s  a r e  matched up ,  i n  a l l  p o s s i b l e  permu- -a 

t a t i o n s .  It f o l l o w s  t h a t  t h e  component sought  i s  cHa 8- @JHa . 
Now each Ha i s  a  p r i m i t i v e  element o f  yz ( t o  s e e  t h i s  imbed a 

i n  a  s imple  sys tem of r o o t s  and t h e n  u s e  Lemma 1). S i n c e  A 

p r e s e r v e s  yz@ zz@ by Lemma 6 it f o l l o w s  t h a t  c  e 2 , 
whence Lemma 8. 

Any fo rma l  p roduc t  of e lements  of  & of t h e  form ("i - ') n 

o r  ~ : /m?  ( m ,  n  e z+ ; ' k e 1) w i l l  be c a l l e d  a  monomial and t h e  

t o t a l  degree  i n  t h e  X V s  i t s  degree .  



~emrna 9: If 6, y c .X and m ,  n  e z+ , t h e n  (xm/m? ) (x;/n? ) i s  Y 
an i n t e g r a l  combination of ( ~ ; / n ?  ) ( x m / m ?  ) and monomials of lower 

Y 

degree. 

proof: This  h o l d s  i f  P = y obviously  and i f  p = - - y by Lemma 5. 

Assume B # 2 y . By Lemma 8 app l i ed  t o  t h e  s e t  S  of r o o t s  of t h e  

form i y  + jfl i ,  j e , arranged i n  t h e  o rde r  5, y ,  8 + y ,  . . . 
we see  t h a t  (xY/m!) ( xn /n? )  is  an i n t e g r a l  combination of t e rms  of  B 
t h e  form d  

(x;/b? ) (x;/c? ) ( ~ ~ + ~ / d ?  ) . The map X,-> a ( a  E S )  

l e a d s  t o  a  g rad ing  of  t h e  a lgeb ra  a with  v a l u e s  i n  t h e  a d d i t i v e  

group genera ted  by S  . The l e f t  s i d e  of t h e  preceding equa t ion  

has  degree  np + my . Hence so does each term on t h e  r i g h t ,  

whence b ,  c ,  a r e  r e s t r i c t e d  by t h e  cond i t i on  bp + cy 

+ d(B+y) + = n P  + my , hence a l s o  by b  + c  + 2d + 9 = n  + rn . 
Clear ly  b  + c  + d + . . t h e  o rd ina ry  degree  of t h e  above te rm,  

can be a s  l a r g e  a s  n  + m on ly  i f  b  + c  = n + m and d  = = 0 

by t h e  l a s t  c o n d i t i o n ,  and t h e n  b  = n and c  = m by t h e  f irst ,  

which proves  Lemma $. 

Lemma 10 :  If a and a r e  r o o t s  and f i s  any polynomial ,  then  

Proof:  By l i n e a r i t y  t h i s  need on ly  be proved when f i s  a  power 

of H and t h e n  it  e a s i l y  f o l l o w s  by induc t ion  on t h e  two exponents 
B 

s t a r t i n g  wi th  t h e  equat ion X H = ( H g  - a ( H D ) ) X a  . a 5 
Observe t h a t  each a ( H B )  is  an i n t e g e r .  

Now we can prove Theorem 2. By t h e  c o r o l l a r y  t o  Lemma 5 



(ti) i s  i n  z' hence s o  i s  each of t h e  proposed b a s i s  

elements. We must show t h a t  each element o f  a z  i s  an i n t e g r a l  

combination of t h e  l a t t e r  e lements ,  and f o r  t h i s  it s u f f i c e s  t o  

show t h a t  each monomial is. Any monomial may, by induc t ion  on t h e  

degree ,  Lemma 9 ,  and Lemma 1 0 ,  be expressed a s  an i n t e g r a l  combina- 

t i o n  of monomials such t h a t  f o r  each a t h e  X, t e rms  a l l  come 

toge the r  and i n  t h e  o rde r  of t h e  r o o t s  p re sc r ibed  by Theorem 2 ,  

then a l s o  such t h a t  each a i s  r ep re sen ted  a t  most once,  because 
m+n 

m+n)! . The H t e rms  may now be 

brought t o  t h e  f r o n t  ( s e e  Lemma l o ) ,  t h e  r e s u l t i n g  polynomial 

expressed a s  an i n t e g r a l  combination of (::)'s by Lemma 4 ,  

each Hi t e rm s h i f t e d  t o  t h e  p o s i t i o n  p re sc r ibed  by Theorem 2 ,  

and Lemma 4 used f o r  each Hi s e p a r a t e l y ,  t o  y i e l d  f i n a l l y  an 

i n t e g r a l  combination of b a s i s  e lements ,  a s  r equ i r ed .  

Let  be a semisimple Lie  a lgeb ra  having Car tan subalgebra  

. Let V be a r e p r e s e n t a t i o n  space f o r  . \lie c a l l  a  

vec to r  v e V a  weight v e c t o r  i f  t h e r e  i s  a l i n e a r  f u n c t i o n  h 
P 

an % such t h a t  Hv = x ( H ) v  f o r  a l l  H E%. If such a v # 0 

e x i s t s ,  we c a l l  t h e  corresponding h a weight of t h e  r e p r e s e n t a t i o n .  

Lemma 1 1 :  If v i s  a weight v e c t o r  belonging t o  t h e  weight h , 
then  f o r  a a r o o t  we have X v i s  a weight v e c t o r  belonging 

a. 

t o  t h e  weight h + a , i f  X,v # 0 . 

Proof:  I f  H ex, then  HXav = X,(H + o ( H ) ) v  = ( h  + a)(H)X,v . 



Theorem 3 :  If i s  a  semisimple L ie  a l g e b r a  having Car tan 

subalgebra  Dk( , then  

( a )  Every f i n i t e  d imensional  i r r e d u c i b l e  2 -module V 

+ + c o n t a i n s  a  nonzero v e c t o r  v  such t h a t  v  i s  a 

weight v e c t o r  belonging t o  some weight h and 

x ,v+ = o ( a  > O) . n 

( b )  It t h e n  fo l l ows  t h a t  if Vh i s  t h e  subspace of V 

c o n s i s t i n g  of weight v e c t o r s  belonging t o  h , t hen  

dim Vh = 1 . Moreover, every weight  ,u h a s  t h e  form 

h - Ca , where t h e  a q s  a r e  p o s i t i v e  r o o t s .  Also,  

V = CV ( a weight ) . 
,rl 

+ ( c )  The weight h and t h e  l i n e  con ta in ing  v  a r e  

un ique ly  determined.  

( d )  X ( H ~ )  &' f o r  a > o . 

( e )  Given any l i n e a r  f u n c t i o n  h s a t i s f y i n g  ( d ) ,  t hen  t h e r e  

i s  a  unique f i n i t e  d imensional  f -modu le  V i n  which 

A. i s  r e a l i z e d  a s  i n  ( a ) .  

Proof: ( a )  There e x i s t s  a t  l e a s t  one weight  on V s i n c e  % a c t s  

a s  an Abelian s e t  of  endornorphlsms. lie i n t roduce  a  p a r t i a l  o r d e r  

on t h e  weigh ts  by ,u < v i f  v - ;!, = CG ( a  a  p o s i t i v e  r o o t ) .  

S ince  t h e  weigh ts  a r e  f i n i t e  i n  number, we have a  maximal weight h . 
Let v+ be a  nonzero weight v e c t o r  belonging t o  h . Since  

h + a is  no t  a  w e i g h t , f o r  ct > 0 , we have by Lemma 11 t h a t  

xav+ = o ( a  > O )  . 



( b )  and ( c )  Mowle t  w = Q v + +  Z v . ~ e t  x- (x+) 
rL , < 

be t h e  Lie  suba lgebra  of  gene ra t ed  by X_ wi th  o < 0 ( a  > 0 )  . 
\j. 

Let a- , x0 , and %+ be t h e  u n i v e r s a l  enveloping a l g e b r a s  

of x- , %, and x+ r e s p e c t i v e l y .  By t h e  Birkhoff-Wit t  

m ( a ) ]  ?u h a s  a b a s i s  theorem, 2- has  a b a s i s  [ Xa 
a < O  

p ( c  ) ] and 2 , t h e  [ fi H r i ]  , 2' h a s  a b a s i s  [ Xa 3 i=l a. > 0 

u n i v e r s a l  enveloping a l g e b r a  of  , h a s  a b a s i s  

Hence, % =%- v 2  f Now W is  i n v a r i a n t  under /2C- . Also,  

V = X v +  =a-bk" v+ =%- V+ s i n c e  V i s  i r r e d u c i b l e ,  %+v+ = 0 9 

and Q0v+ = @ V+ . Hence V = W and ( b )  and ( c  ) fo l low.  

( d )  H i s  i n  t h e  3-dimensional suba lgebra  gene ra t ed  by n 

Ha; X a ,  X-a . Hence, by t h e  t h e o r y  of r e p r e s e n t a t i o n s  of  t h i s  

suba lgebra ,  h ( H  ) a z +  (See Jacobson,  Lie Algebras ,  pp. 83-65. ) 
C" 

( e )  See SBminaire "Sophus L I E , "  Expos6 no 17. 

Coro l l a ry :  If , :  i s  a weight and a a r o o t ,  t h e n  : ( (Ha)  a  E . 

Proof:  Th i s  fo l l ows  from ( b )  and ( d )  of Theorem 3 and 

B ( H , )  = < R,a > E Z  f o r  C ,  B F E . 
+ 

Remark: h, v a r e  c a l l e d  t h e  h i g h e s t  weigh t ,  a  h i g h e s t  weight 

v e c t o r ,  r e s p e c t i v e l y .  

By Theorem 2 ,  we know t h a t  t h e  - a lgeb ra  Uz 
by ~:/m! ( a  E ,Y, m F z+) h a s  a H - b a s i s  





We see  t h a t  f k ( P )  = 1 and f k  t a k e s  t h e  va lue  zero a t  a l l  o t h e r  

po in t s  of & ' w i t h i n  a box wi th  edges 2k and c e n t e r  P . For 

k s u f f i c i e n t l y  l a r g e ,  t h i s  box conta ins  S . 
If V i s  a v e c t o r  space over and M i s  a f i n i t e l y  

I generated ( f r e e  Abel ian)  subgroup of V which has  a z - b a s i s  

which i s  a c - b a s i s  f o r  V , we say M is  a l a t t i c e  i n  V . 
We can now s t a t e  t h e  followj..ng c o r o l l a r i e s  t o  Theorem 2. 

Corol lary  1: 

( a )  Every f i n i t e  dimensional  f -module V c o n t a i n s  a 

l a t t i c e  M i n v a r i a n t  under a l l  ~: /m?  ( a  a X ,  m a z+) ; 

. . . . , M is  i n v a r i a n t  under /Z1 z- 
'{b) Every such l a t t i c e  i s  t h e  d i r e c t  sum of i t s  weight 

components; i n  f a c t ,  every such a d d i t i v e  group is. 

Proof: (al ;  By t h e  theorem o f  complete r e d u c i b i l i t y  of r e p r e s e n t a -  

t i o n s  of semisimple L ie  a l g e b r a s  over a f i e l d  of c h a r a c t e r i s t i c  

I (See Jacobson, - Lie  Algebras ,  p.  7 4 ) ,  we may assume t h a t  V i s  
+ i r r e d u c i b l e .  Using Theorem 3 ,  we f i n d  v and s e t  M = 2- v+ . z 

M i s  f i n i t e l y  genera ted  over  2 s i n c e  only  f i n i t e l y  many monomials 

i n  + a- f a i l  t o  a n n i h i l a t e  v . Since z ?A!-V+ = v and s i n c e  2- 
spans over  (f , we see  t h a t  M spans  V over  . Before 

z 
completing t h e  proof of ( a ) ,  we w i l l  f i r s t  show t h a t  i f  

Tcivi = 0 with  c .  EQ , vi E M and vl # 0 , t h e n  t h e r e  e x i s t  
1 

ni a z, nl # 0 , such t h a t  Zcini = 0 . To s e e  t h i s ,  l e t  

be such t h a t  t h e  component of uvl i n  V+ is  nonzero. 
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4- 
Then Eciuvi = 0 imp l i e s  Zcini = 0 where n . v  1 i s  t h e  component 

of uvi i n  v+ . We have ni o by Lemma 12 and nl # 0 by - 

choice of u  . F i n a l l y ,  suppose a  b a s i s  f o r  M i s  no t  a b a s i s  f o r  

y . Le 4 be minimal such t h a t  t h e r e  e x i s t  vl ,  ..., vL F M 

G 4 
t h a t  c i n i = O .  We see  t h a t  0 = nl L: civi = I: ci(nlvi - n . v  ) , 

i=l i=2 1 1  

we have a c o n t r a d i c t i o n  t o  t h e  choice of vl,  v2 ,  ..., vL . Hence, 

M i s  a  l a t t i c e  i n  V . 
( b )  Let M be any subgroup of t h e  a d d i t i v e  group of V 

S = { pXlh a weight ,  h # p ]  . Let f be as i n  Lemma 13 with  

and u  a c t s  

on V l i k e  t h e  p r o j e c t i o n  of V onto V . Thus, i f  v  e M , t h e  
Y 

pro jec t ion  of v  t o  V is  i n  M , and M i s  t h e  d i r e c t  sum of 
f i  

i t s  weight components. 

Corol lary  2 :  Let be f a i t h f u l l y  r ep resen ted  on a f i n i t e  dimensional  

vec tor  space V . Let M be a l a t t i c e  i n  V i n v a r i a n t  under 

f o r  a l l  weights  L of t h e  given r e p r e s e n t a t i o n ] .  I n  p a r t i c u l a r ,  



4 i s  independent of  PI - (But ,  o f  course ,  i s  n o t  inde- 
Giw z z 
$endent o f  t h e  :*apresen ta t ion .  ) 

. .. .. 
,.: .. 

::.:: proof :  We re~all thz-5 a s s o c i a t e ?  w i th  t h e  r ep re sen t? - t i on  on V , 
:, .--- 

...* ...,. .I* 

, 

theye  i s  a  rep*-r: ;sntat ion on t h e  dua l  space v". o f  V c a l l e d  
...,.. <+.' : .I. Jr 

&: t h e  . . c o r ~ t r a g r e d i e n t  ---<. r e p r e s e n t a t i o n  given by < x,.&y-.> = - < &x,yq' > 
@?!: 
[& 'I. .a, 

; : h e r e  x e V , y .c V = 4, e 
0' I .. .. 

2 and where < x,ya  i denotes  t h e  
.I, '8. 

J, 

value of t h e  l i n e a r  f u n c t i o n  y  a t  x , If I( is t h e  d u a l  fi 8 

4 
.1.1,; : . . 
: ?*,:>: l a t t i c e  i n  V '  0.1 1 ; i . e . :  < M,I<'' "/. c , - A > . . !  c iC~. . -  - 4 & 

&:*, - 
.'- 

%r .... prese rves  PC if and on ly  i f  ; p r e s e ~ ~ r e s  5 We know t h a t  
:.:. -;. .,, , 

., F, TJ 0 v* i s  isc:::or-phic with EI?<('\T? ;fiG ;ithat, t;he tensor. product  
"'. 

of t h e  t x o  r ; - :p~e. ;zn- t .c . t l s~s  co:-re sponds t o  t h e  i - e p ~ e s e n t a t i o n  

Y ; ,: z n d ; ~ > j  
$:- 4,: A --+- [ & > A :  i C L  2 cu - ,  - of i n  End(Vj (See Jacobeoa,  

., .. .I, 

"I C, 3 Lie Al~ebx.2.:: . LLOC: E M )  - ?  1.'' j-s 2 l ~ t t i c e  i n  r n d ( V )  .- ----y .- 

s ince  t h e  te i izor  x - c u ~ c t  oi' i:-~:o l a t t i c e s  i s  a l a t t i c e ,  Also, 
2 4' 4 

x z 
i s  a l a t t i c e  I n  s i n c e  C End(M) 2nd dim A > dim 

---4 A-, . z z- c 
7 .  

. 7 - > :  because z.:tl.. i:- . i: ::;,s i n  dz . Since p re se rves  z - 2 .  r, 
.' . .,. -r, ! 

1.1 and 14. " , ( A >  ,! --  (,, .G2 . .e " c: - - # , * L )  .,- :7  rn <I, ?,< . ./,> N::: 
.d 

Sy Lenlna 7 ,  and hence 
<-- .3 w 

2.L z 
k - ~ r a c a - r x r n -  t ;iL .latt i ~e 2' . - -  / /  > T - -  4 --- ,,he ad jo in ,  yn-nncnnt .rt 4 r n  

11 
- -  a 

spans x Ox' over  y f o r  n  2 h , n 2 1 , t h e n  
2: 

ad (x2  -G. /2!) (xa/n)  -- X -a /n e LIZ . Hence - ( a d  xa/n12 ( X  / n )  -a - 2 X u /n3 s . The, 2/n3 c (l,), xhich  i m p l i e s  2/n2 e H 
and n  = I  . Hence, C r  nL:=Z'x . 

a L a 



Example: Let  be t h e  3 dimensional  L ie  a l g e b r a  genera ted  by 
g ' 

X ,  Y ,  and H wi th  [x,Y] = H ,  [ H , X ]  = 2X, and [ H , Y ]  = - 2Y . 
i Let V = and l e t  M be t h e  l a t t i c e  i n  2 spanned by X ,  Y ,  

1 and H . Then s i n c e  t h e  on ly  weights of t h e  a d j o i n t  r e p r e s e n t a t i o n  
+ 

a r e  - a ,  0 with  a ( ~ )  = 2  ,g7=zx +ZY + Z ( H / 2 )  . Now cz? 
1- 

D is isomorphic with  xq = st2 on a  2  dimensional  v e c t o r  space V . 
r, n 1 I 

l! Here H corresponds t o  1 1 and t h e  weights  a r e  T D , O  

wi th  B ( H )  = 1 .  Hence x q  = ZX+ Z Y  + & - I  and z 
We a r e  now i n  a  p o s i t i o n  t o  t r a n s f e r  our  a t t e n t i o n  t o  a n  

k a r b i t r a r y  f i e l d  k  . We have a l r e a d y  de f ined  t h e  l a t t i c e s  

f M = V/, fl M , and Xa . Consider ing t h e s e  
M p  E ,  p 

t l a t t i c e s  as-z-modules  and cons ider ing  k as a  z - m o d u l e ,  

we can form t h e  t e n s o r  products ,  vk = M  a k , x k  =xz@zk ,  

k 
z 

X k =  y z ~ z k ,  V I t = %  O z k ,  and k x i = Z x a  @ k .  We z 
then have : 

j Corol la ry  3 :  

1 k  k  
( a )  vk = iV,< ( d i r e c t  sum) and dimkViL = d i m Q  v ,t: 

k 
( b )  = ~ k ~ _ k  +% ( d i r e c t  sum), each 

I Proof 

k X, # 0, d i r n k x k  = dimc%, an 

Th i s  fo l lows  from C o r o l l a r i e s  1 and 
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, 6 7. The Cheval ley groups .  We wish t o  s tudy  automorphisms of vk 
y 

of t h e  form exptXa ( t  a k ,  c e C) , where 

8 , ~ h e  r i g h t  s i d e  of t h e  above e x ~ r e s s i o n  i s  i n t e r ~ r e t e d  a s  fo l l ows .  

Since  x ? / ~ . P  a -u7, we have an  a c t i o n  of ~ n / n ?  on M . Thus, 
C ' n n i we g e t  a n  a c t i o n  of h X,/nj on M Q zZ [ A ]  . s i n c e  X: a c t s  

rX3 - - 
n  n  ns ze ro  f o r  n s  s u f f i c i e n t l v  l a r g e .  we s e e  t h a t  C h X /n:? a c t s  

on M Bp7 [h] and hence on M Oh [h] B z k  . Following t h i s  
@- 
& last  a c t i o n  by t h e  homomorphism of M @ Z [A]  O Z k  i n t o  
4 
.& z C3 

n  n  I ,  vk = M O H k  g iven  by A -> t , we g e t  an  a c t i o n  of C t xa/n? 
I- n=O 

We w i l l  w r i t e  ~ , ( t )  f o r  exptX, and 'Fa f o r  t h e  g roup  

[ ~ , ( t )  1 t a k]  ( c l e a r l y  ~ , ( t !  i s  a d d i t i v e  i n  t ) .  Our main 

o b j e c t  of s t u d y  i s  t h e  group G gene ra t ed  by a l l  a, ( a  a X) . 
We w i l l  c a l l  it a  Cheval ley group.  

~3 - /H \ Q 

Exerc i se  : I n t e r p r e t  C  t" ( _ 1 ( H  a A, , t E: k ,  t # -  1 ) .  

Lemma 14:  Let  be an  a s s o c i a t i v e  

L 

a l g e  b r a ,  A and l e t  

dA be t h e  d e r i v a t i o n  of a , dA = -LA - rA where 

L B = AB,  r A B  = BA , B a a . suppose exp dA,  exp CAP exp rA,  A 

and exp A have meaning and t h a t  t h e  u s u a l  r u l e s  of exponen t i a t i on  

apply.  Then exp dA = r 'exp A exp(-A) (= con juga t ion  by exp A ) .  

Proof:  exp dA = exp -LA exp ( - - rA)  = 2 . r exp A exp(-A) ' 



Lemma 15: Let a ,  f3 be r o o t s  wi th  a  + 6 # 0 . Then i n  t h e  r i n g  

of formal  power s e r i e s  i n  two v a r i a b l e s  t ,  u  ove r% , [[t,u]] , 
we have t h e  i d e n t i t y  

z Z 

( e x p  tX,,  exp;:ul( ) = n exp c  t i u J  X B ij i a+  j-0 

where ( A , B )  = ABA-~B- '  , where t h e  product on t h e  r i g h t  i s  

taken over  a l l  r o o t s  i.a + jfi ( i ,  j e z+) arranged i n  some f i x e d  

order ,  and where t h e  c  ? s  a r e  i n t e g e r s  depending on a ,  P ,  and 
ij 

t h e  chosen o r d e r i n g ,  bu t  no t  on t o r  u . Furthermore Cll = N 
a7P 

proof: I n  %[ [ t , u ] ]  s e t  f ( t , u )  = 

( ~ X P  t X a ,  exp u x p )  exp ( - c  i j t i u j  x ~ ~ + ~ ~  1 

where c i j  E: . We s h a l l  show t h a t  we may choose t h e  c i j q s  

i n  such t h a t  f ( t , u )  = 1  . 
d We no te  t h a t  t (exp  t X a )  = t Xa exp t X a  . 

Thus, us ing  t h e  product r u l e  we g e t  

+ I: (exp t X , ,  exp u X ) 
B 



We b r i n g  t h e  te rms  - t X a  and ( * ) - ~ ~ ~ k t ~ u % ~ ~ + ~  t o  t h e  f r o n t  

us ing,  e .g . ,  t h e  r e l a t i o n s  
I 

(exp u  X 9 ) ( - ' t~ , )  = (exp ad u  X B ) ( - t  X 0- exp u  X R  

( s e e  Lemma 14)  and 

We g e t  an  express ion  of t h e  form A f ( t  , u )  wi th  A F f [[t ,u]] . 
Because f ( t , u )  is homogeneous of degree 0 r e l a t i v e  t o  t h e  

grading t -> - a , u  -> - 0 , x - > Y ,  A i s  a l s o ,  and from 

formulas  such a s  t hose  above we see  t h a t  ckL i s  involved i n  t h e  

term (:::) above but o therwise  on ly  i n  terms of  degree  > k + % 

i n  t and u  . Thus A = C k .e 
( - C k ~  + P ~ L ) ~  X k a + ~ R  wi th  pkL 

k , L 2 l  

a polynomial i n  c i j s s  f o r  which i + j < k + C . 
Now we may i n d u c t i v e l y  determine v a l u e s  of ckL e @ 

us ing  t h e  $e&eagra~h+-c  o rde r ing  of t h e  c  ? s such t h a t  A = 0 . 
i j 

d Then t f ( t , u )  = 0 impl i e s  f ( t , u )  = f (0,u) = 1 . 
To show t h a t  t h e  c  ? s  a r e  i n t e g e r s ,  we examine t h e  

i j 
i j  c o e f f i c i e n t  of t u  i n  t h e  d e f i n i t i o n  of f ( t , u )  . This  co- 

e f f i c i e n t  i s  -c X + ( t e rms  coming from exponen t i a l s  of 
i j  ia+Jf3 

m u l t i p l e s  of Xkc+&@ wi th  k  + % < i + j )  . Using induc t ion ,  we 

see  t h a t  c  X 
ij i a+ jp  f7L . Hence, c i j  F , by Theorem 2. € Z  

If i = j = 1 , t h e  c o e f f i c i e n t  is - ell Xa+@ + N X 0 ,p  a+p ' 
so  t h a t  c  = N 

11 a,P 



Examples: ( a )  If a + @ i s  no t  a r o o t ,  t h e  r i g h t  s i d e  of  t h e  

formula i n  Lemma 1 5  i s  1 . ( b )  If a + 0 i s  t h e  o n l y  r o o t  of  t h e  
+ ' form i a  + J B  , t h e  r i g h t  s i d e  i s  exp N t u  , and N = - [ r + l )  , 

a 7 0  a7B 
with r = r ( a , p )  a s  i n  Theorem 1. ( c )  If a l l  t h e  r o o t s  have one 

+ l e n g t h ,  t h e  r i g h t  s i d e  i s  1 i n  ca se  ( a )  and exp ( -  t u )  i n  c a s e  ( b ) .  

Co ro l l a ry :  If exp tXa , e t c .  i n  t h e  formula i n  Lemma 1 5  are r e p l a c e d  

by xa(t) , e t c . ,  t h e n  t h e  r e s u l t i n g  equa t i on  h o l d s  f o r  a l l  t ,  u  e k . 
We c a l l  a  s e t  S  of r o o t s  c l o s e d  i f  a, e S  , a + P e C 

i m p l i e s  a + e S  . The f o l l o w i n g  a r e  examples o f  c l o s e d  s e t s  of 

r o o t s :  ( a )  P  = s e t  of  a l l  p o s i t i v e  r o o t s .  ( b )  P  - { a ]  , a a 

simple r o o t .  ( c )  Pr = [ a l h t  a > r ,  - r > - 1 . 
We s h a l l  c a l l  a  s u b s e t  I o f  a  c l o s e d  s e t  S a n  i d e a l  i f  

a e I , l3 e S  , a + p e S  i m p l i e s  a + e I . We s e e  t h a t  

( a ) ,  ( b )  and ( c )  above a r e  i d e a l s  i n  P  . 

Lemma 16: Le t  I be an  i d e a l  i n  t h e  c lo sed  s e t  S  . Let  X s  and 

y I  denote  t h e  g roups  gene ra t ed  by a l l  (0. e S  and a 8 I , 
r e s p e c t i v e l y ) .  If a E S i m p l i e s  - a 4 S  , t h e n  i s  a  normal 

subgroup of xS . 
Proof :  T h i s  f o l l o w s  immediately from Lemma 15.  

Lemma 1 7 :  Le t  S  be a  c l o s e d  s e t  of r o o t s  such t h a t  a e S  i m p l i e s  

- a 4 S  , t h e n  e v e r y  element of  Ys can be w r i t t e n  un ique ly  a s  

, Xa(ta)  where ta e k  and t h e  product  i s  t a k e n  i n  any 
a e S  

f i x e d  o r d e r .  



Proof: We s h a l l  first prove t h e  lemma i n  t h e  case  i n  which t h e  I - 
I order ing  i s  c o n s i s t e n t  w i th  h e i g h t s ;  i . e . ,  h t  a < h t  fl i m p l i e s  a < P . 

If a l  is  t h e  f irst  element o f  S , then  S - { a , ]  i s  an  
- - 

i d e a l  i n  S . ~ e n c e  XS = X X s -b l l  . Using i n d u c t i o n  on al 

the  s i z e  of S , we s e e  Xg = rt X ' a  ' 

Now suppose y e Ks , y = rt ya(tc) . Since  xk 
a l # O ,  

t h e r e  i s  a weight v e c t o r  v e M corresponding t o  a weight h such 

t h a t  Xa v # 0 . Now yv = v + t Xa v + z where v e Vh , 
1 "1 1 

t X v 6 V h h  , and z i s  a sum of terms from o t h e r  weight 
a1 1 

spaces.  Hence t e k i s  uniquely  determined by y . Since  
a1 

, we may complete t h e  proof of  t h i s  s- {a,) 
case by induc t ion .  

The proof Lemma 17 f o r  an  a r b i t r a r y  o rde r ing  fo l lows  immediately 

from: 

Lemma 1g: Let be a group wi th  subgroups X , x2, . . . , X r 
such t h a t :  

( a )  X = yl g2 . . .x r7  wi th  uniqueness o f  express ion .  

( b )  . . . . i s  a normal subgroup of  X f o r  
1 i + l  r 

If p i s  any permutat ion of 1, 2 ,  ... , r then  X- = x  X 
p l  p2 P' 

with uniqueness  of express ion .  



Corol la ry  1: The map t -> xa( t )  i s  an isomorphism of t h e  

a d d i t i v e  group of 'k onto . 

Coro l l a ry  2 :  Let P be t h e  s e t  of a l l  p o s i t i v e  r o o t s  and l e t  

U = X . Then U = with uniqueness of express ion ,  where a 
t h e  product is taken  over  a l l  a  e P arranged i n  any f i x e d  order .  

I 
Corol lary 3 :  U is unipoten t  and i s  superdiagonal  r e l a t i v e  t o  an 

appropr i a t e  choice of  a b a s i s  f o r  vk . S i m i l a r l y ,  U- = g- 
is unipotent  and i s  subdiagonal r e l a t i v e  t o  t h e  same choice of b a s i s .  

Proof: Choose a  b a s i s  of weight v e c t o r s  and o rde r  them i n  a  manner 

cons i s t en t  with  t h e  fo l lowing  par t ia l  o rde r ing  of t h e  weights :  

p precedes v i f  - I i s  a  sum of p o s i t i v e  roo t s .  

Corol lary 4 :  I f  i 1 l e t  Ui be t h e  group generated by a l l  a 

with h t  a 2 i . We have t h e n :  

( a )  Ui i s  normal. i n  U . 

I 
( b )  ( U , u i )  C Ui+l , i n  p a r t i c u l a r ,  ( U , U )  C U2 . 

( c )  U i s  n i l p o t e n t .  

Corol lary 5 : If P = QUR with Q and R c losed  s e t s  such 

tha t  Q n R = f l ,  tHen U = x g X R  and XQnx 
R = l .  (e .g . ,  

if a i s  a simple r o o t ,  one can t a k e  Q = { a ]  and R = P - { a )  . 



Example: If = , we have seen t h a t  t h e  r o o t s  correspond 

t o  p a i r s  ( i ,  j ) i # j , t h e  p o s i t i v e  r o o t s  t o  p a i r s  ( i ,  j ) i < j , 
- and t h a t  we may t a k e  X i j  - E i j  , t h e  u s u a l  m a t r i x  u n i t .  Thus, 

xi j ( t )  = 1 + t E i j  . We s e e  t h a t  U = { a l l  u n i p o t e n t ,  superd iagona l  

m a t r i c e s ) ,  U- = { a l l  x n i p o t e n t ,  subdiago.na1 m a t r i c e s ) ,  and t h a t  

G is SLL+l , t h e  group of  L + 1 squa re  m a t r i c e s  of de te rminan t  1. 

Thb n o n t r i v i a l  commutator r e l a t i o n s  a r e  : ( Xi ( t  ) , X j k ( u )  ) 

= X i k ( t u )  i f  i ,  k  a r e  d i s t i n c t .  

.@. 
Lemma 1 9 :  For any r o o t  a and any t e k"' d e f i n e  

w a ( t )  = - t a t  and h a ( t )  = w a ( t ) w a ( l ) - l  . 

Then : 

( a )  w a ( t ) X  w ( t)- l  = c t -  < Q ' a > ~ w  where 
13 a  

; a 
+ 

c  = c ( a , f i )  = -  1 i s  independent of 

t , k  and t h e  r e p r e s e n t a t i o n  chosen,  and 

c ( a , g )  = c ( a ,  - ? )  . 

P k  
( b )  If v e v k  t h e r e  e x i s t s  v  Vw ,,, 

kf ar' 

independent of t such t h a t  

w ( t ) v  = t - <p,  a> 
a v .  

( c )  h a ( t )  a c t s  vvd iagona l ly3  on vk a s  m u l t i p l i c a t i o n  
1C 

by . 



(Note t h a t  wa i s  being used t o  denote both t h e  def ined  

automorphism and t h e  r e f l e c t i o n  i n  t h e  hyperplane or thogonal  

t o  a ) .  

Proof: We prove t h i s  assuming k = . The t r a n s f e r  of c o e f f i -  - 
c i e n t s  t o  an  a r b i t r a r y  f i e l d  i s  almost immediate. 

We show f i r s t  t h a t  w ( t  ) H w G ( t  )-l = wcH f o r  a l l  H B x. 
01. 

By l i n e a r i t y  it s u f f i c e s  t o  prove t h i s  f o r  Ha , f o r  if 

a(H)  = 0 t hen  X commutes wi th  H so  t h a t  both s i d e s  equa l  H . a 
If H = H  a t h e  l e f t  s i d e ,  because of Lemma 2 and t h e  d e f i n i -  

t i o n s  of X ( t )  and w (t.) , i s  an element of t h e  t h r e e  
C: a 

dimensional  a l g e b r a  < X , Y a ,  H > whose va lue  depends on 
C? a 

c a l c u l a t i o n s  w i t h i n  t h i s  a l g e b r a ,  no t  on t h e  r e p r e s e n t a t i o n  

chosen. Taking t h e  u sua l  r e p r e s e n t a t i o n  i n  s L  
2 ' we g e t  

s o  t h a t  t h e  d e s i r e d  equa t ion  fq l lows .  

We next  prove ( b ) .  From t h e  d e f i n i t i o n s  of Y,(t)  

and wa ( t  ) it fo l lows  t h a t  i f  

i v v = w a ( t ) v ,  t h e n  v a =  X t v i  where V .  B V,l+ia 
c 5 

1 
i - I .  

( t h e  sum i s  a c t u a l l y  f i n i t e  s i n c e  t h e r e  a r e  on ly  f i n i t e l y  many 

we igh t s ) .  Then f o r  H e %, Hvit = Hw ( t ) v  = w ( t ) w  ( t)- '  ~ w ~ ( t ) v  = 
0: a Ci 

w ( t )  ( w  H)v = ?:{w H ) V "  = ( w  , ! r )  (H)vx . Hence vi? corresponds 
a. a  a C. 

t o  t h e  weight w ,:: = ,!: - < tt,ci. > c! . Thus t h e  on ly  nonzero term 
C! 

i n  t h e  sum occurs  f o r  i = - < !!,a > . 



29 

By ( b )  a p p l i e d  t o  t h e  a d j o i n t  r e p r e s e n t a t i o n  

= c t  - <R,a> X where c  e (? and i s  independent  
WCL " 

of t and of t h e  r e p r e s e n t a t i o n  chosen.  Now w a ( l )  i s  an  

automorphism of  yz and X i s  a  p r i m i t i v e  e lement  of 
Y x z 

+ f o r  a l l  y s o  c  = - 1 . Hw,B = wa(l)HRwcL(1)- '  = 

so  c ( a , p )  = c ( c , - 0 )  , ~ h i c h ~ p r o v e s  ( a ) .  

Note t h a t  w a ( t ) - '  = w a ( - t )  s o  t h a t  h c L ( t )  = wa(-t)- 'wa(-1) . 
- <,!$,a> v By ( b )  w ( - t ) v  = ( - t )  and w  ( - 1 ) v  = (-1) - <$,a> 9 

a v .  
C. 

Hence w (-t)-l  w ( - 1 ) v  = t 
<;<, a> 

a  Q 
v  , prov ing  ( c  1. 

Lemma 20 :  W r i t e  
@0 

f o r  w a ( l )  . Then: 

h  ( t )o- l  = h  ( t )  = a n  e x p r e s s i o n  a s  a  
( a )  g C1 wup 

produc t  of h v s  , independent  o f  t h e  r e p r e s e n t a t i o n  

space .  

-1 ( b )  o x R ( t ) w c  = X, O ( ~ t )  w i t h  c  a s  i n  
C! , a - 

Lemma 13(a). 

( c )  h c ( t )  x R ( u ) h a ( t )  -1 = Y, ( t < R  ,a> u )  . 
k Proof:  To prove  ( a )  we a p p l y  bo th  s i d e s  t o  v  e V . 
,! l 

< w f r R >  -1 
- I . = ,  t Ql h  (t)iuo c'.' 

a v  (by  Lemma 19 ( c )  a p p l i e d  
u ?  



Lemma 1 9 ( a )  cu X LO-'- = cX a ?  a wo p . E x p o n e n t i a t i n g  t h i s  g i v e s  ( b ) .  

By Lemma 1 9 ( c )  a p p l i e d  t o  t h e  a d j o i n t  r e p r e s e n t a t i o n  

<p , a> 
h a ( t ) x n h a ( t )  -1 = t X R  . E x p o n e n t i a t i n g  t h i s  g i v e s  ( c ) .  

Denote by ( R )  t h e  f o l l o w i n g  s e t  o f  r e l a t i o n s :  

i' j ( x  ( t ) ,  x R ( u ) )  = xia+jB ( c i j t  u 1 ( a  + f~ # 0 )  a  

w i t h  t h e  
'i j 

a s  i n  Lemma 15.  

( t )  = xa(t)x (- t- l )ra(t)  . a  -a 

LD h  ( t  )w-l = some e x p r e s s i o n  a s  a p roduc t  of  a 9 a  

h g s  ( independen t  of t h e  r e p r e s e n t a t i o n  s p a c e ) .  

( R 7 )  -1 
b c x e ( t ) w a  = ( c t )  c  a s  i n  Lemma l F ( a ) .  

wa p 

S i n c e  a l l  t h e  r e l a t i o n s  i n  ( R )  a r e  independent  of  t h e  

r e p r e s e n t a t i o n  s p a c e  chosen,  r e s u l t s  proved u s i n g  o n l y  t h e  

r e l a t i o n s  ( R )  w i l l  be independent  of t h e  r e p r e s e n t a t i o n  space  



Resu l t s  proved us ing  o t h e r  informat ion w i l l  be l a b e l e d  ( U )  

( u s u a l l y  f o r  un iqueness ) .  

Lemma 21: Let  U be t h e  group genera ted  by a l l  ( a  > 0 )  , 
. ~ a 

H t h e  group genera ted  by a l l  h a ( t )  and B t h e  group genera ted  

by U and H . Then: 

( a )  U i s  normal i n  B and B = UH . (E 

( b )  U n H = l .  ( u  

Proof :  S ince  conjuga t ion  by h a ( t )  p r e s e r v e s  

is  normal i n  B and ( a )  holds .  Re la t ive  t o  an a p p r o p r i a t e  

b a s i s  of V any element of U n H  i s  both d i agona l  and u n i p o t e n t ,  

hence = 1 . 

Example: I n  SLn H = !diagonal  m a t r i c e s ] ,  U = { u n i p o t e n t  

superd iagona l  m a t r i c e s ] ,  B = {superdiagonal  m a t r i c e s ] .  

Lemma 22:  Let N be t h e  group genera ted  by a l l  w a ( t ) ,  H be 

t h e  subgroup genera ted  by a l l  h ( t  ) , and W t h e  Weyl group. 
a. 

I Then : 

1 ( a )  H i s  normal i n  N . (El  

( b )  There e x i s t s  a  homomory,hism cp o f  W onto  N/H 

su-ch t h a t  y(wa) = H w a ( t )  f o r  a l l  r o o t s  a . (E) 
( c )  i s  an isomorphism. ( u )  



Proof :  S i n c e  by ( ~ 6 )  c o n j u g a t i o n  by w p r e s e r v e s  H and by 
0: 

( R 4 )  and ( R 5 )  w a ( t )  = h , ( t )  w, , ( a )  h o l d s .  S i n c e  

H w a ( t )  = H w a ( t )  w a ( l ) "  w a ( l )  = H w a ( l )  , H w a ( t )  i s  independen t  
A 

of t . Wri te  w = H w a ( t )  . Then s i n c e  w a ( l )  e 3 and a a 
A ~ 2  

w a ( - 1 )  f w, , 1 w ( l ) w ( - 1 )  e w . Aence ( )  d = 1  . 
a CS 

-1 #\ h A - 1  
Also - 

p - w r j ( l )  € GB s o  LO UI 0 v'awowa 

But 
Wa 0: 

( b y  ( R 3 ) )  

A A 4-1 A 
Thus ( )  w ,w w  = w a g a  . By Appendix I V .  40 t h e  r e l a t i o n s  

wa.fl 
( * )  fo rm a d e f i n i n g  s e t  f o r  W . Thus t h e r e  e x i s t s  a homo- 

A morphism p : W -> N/H such  t h a t  q3wa = w, = Hw, ( t  ) . y i s  

c l e a r l y  o n t o .  

Suppose w  e k e r  cp . If w = w w .. . , a p r o d u c t  of 
a 2  

r e f l e c t i o n s ,  t h e n  wa ( l ) w a  (1) . . . = h  e H . C o n j u g a t i n g  xa 
1 2 

by wa ( 1 ) ~ ~  (1) ... we g e t  Xwa and c o n j u g a t i n g  by h  we 
1 2 

Y f  
g e t  % a  . Hence %wa = ;C f o r  a l l  r o ~ t s  G . S i n c e  wa = a a 

f o r  a l l  a i m p l i e s  w = 1 t h e  proof  i s  completed by :  

Lemma 23: If c and p a r e  d i s t i n c t  r o o t s  t h e n  x c  # &  

Proof :  We know t h a t  i s  n o n t r i v i a l .  If a and 9 have  

t h e  same s i g n ,  t h e  r e s u l t  f o l l o w s  f rom Lemma 17. I f  t h e y  have 

o p p o s i t e  s i g n s ,  t h e n  one i s  s u p e r d i a g o n a l  u n i p o t e n t ,  t h e  o t h e r  

s u b d i a g o n a l  ( r e l a t i v e  t o  a n  a p p r o p r i a t e  b a s i s ) ,  and t h e  r e s u l t  



aga in  fo l lows .  

Convention: If n  e  N r e p r e s e n t s  w e  W (under .rp : W --> N,/H) 

we w i l l  w r i t e  wB (Bw)  i n  p l a c e  of nB (Bn) . 

Lemma 24:  If a is  a  s imple  r o o t  t hen  

B u BwaB i s  a  group. 

Proof :  Let  S  = B u BwaB . Since  B i s  a group and 

q(wa) = r n ( w a ) - l  , S  i s  c lo sed  under i n v e r s i o n ,  and s i n c e  

s2 C - BB LJ BBw B u BwcBB u BwaBwaB C  S  u BwaBwaB it s u f f i c e s  t o  
G - 

show waBwa C S  . We first  show t h a t  -a C S  . If 1 # y  B -a 

t h e n  t h e r e  e x i s t s  t e kS such t h a t  y  = x  ( t )  -a 

-1 -1 = x , ( t  ) w a ( - t  )xa(tml)  e B w a B .  Hence C S .  N o w l e t  P  -a - 
-1 be t h e  c o l l e c t i o n  of a l l  p o s i t i v e  r o o t s .  Then waBwa = waBwa 

= w  x X HW-I = w X w - I  -1 
a  a P-{a) c x- a  a  a wa ~ - I a ] ~ o  - Wa HW;' = ' -a p- ia j  H 

( s i n c e  wa p r e s e r v e s  P-{a)  by Appendix 1.11) C SB = S  . 

I Lemma 25: If w e  14 and a  i s  a  simple r o o t ,  t h e n :  

( a )  If wa > 0 ( i . e .  i f  N(wwa)  = N ( w )  + 1 

( s e e  Appendix 11 .17 ) )  t h e n  BwB-BwaB C  - - BwwaB . (El 

.,. ( b )  I n  any ca se  BwBmBwaB C  BwwaB u BwB . - ( E )  



Proof:  ( a )  BwB*Bw,B = B w  Y Hw B = a & { a ]  a, 

BW Y a W-'W W-l w W - ~ H W ~ B  = B W W ~ B  a CL p-ia]  a a 

y w B and c1 Hwa B )  . ( f o r  w y a w m 1  B , wa p - I a ~  a 

( b )  I f  wa > 0 ( a )  g i v e s  t h e  r e s u l t .  If wa < 0 se t  
0 0 0 

w = T  . Then w a >  0 and w = w w a  . By ( a )  BwB*BwaB= 
0 0 0 

Bw w B -  Bw,B = Bw B-BwaB-BwaB = Bw B ( B  IJ BW,B) (by Lemma 24) = a 
0 P 

Bw B u Bw waB = BwB u BwwaB . 

Coro l l a ry :  If w e tJ and w = w w ... i s  an express ion  of 
a B 

minimal l e n g t h  of w a s  a product of simple r e f l e c t i o n s  then 

BwB = BwaBBw B o g *  . 
P 

Lemma 26: Let  G be t h e  Chevalley group ( G  = < la11 a > ) . 
a 

Then G is genera ted  by a l l  Fa , wa f o r  a a s imple  roo t .  ( E )  

Proof :  We have mu% U J - ~  = X .  
P a 

. Since  t h e  simple r e f l e c t i o n s  
wa @ 

g e h e r a t e  W and every r o o t  i s  conjugate  under W t o  a simple r o o t  

t h e  r e s u l t  fol lows.  

Theorem 4: (Bruhat , Cheval ley)  

P 
( b )  ,BwB = Bw B => w = wq . 
Thus any system of r e p r e s e n t a t i v e s  f o r  N/H i s  a l s d  

a system of r e p r e s e n t a t i v e s  f o r  B \ G  / B . 



I f o r  G . Since  U BwB i s  c losed  under m u l t i p l i c a t i o n  by t h e s e  
we W 

gene ra to r s  (by  Lemma 2 5 )  and r e c i p r o c a t i o n  it i s  equa l  t o  G . 
v 9 

( b )  Suppose BwB = Bw B wi th  w,  w e W . 
0 

We w i l l  show by induc t ion  on N ( w )  t h a t  w = w . (Here N ( w )  
0 

i s  as  i n  t h e  Appendix 11.) I f  N ( w )  = 0 t h e n  w = 1 so w e B . 
v v 0 

Then w Bw ' - l = B  so w P = P  and w = 1  ( s e e  Appendix 11.23) .  

Assume ~ ( w )  > 0 and choose a simple so t h a t  N(wwa) < N(w)  . 
0 0 0 9 

Then wwa e Bw BBwaB 5 Bw B u Bw waB = BwB u Bw waB . Hence 
I 

- 9 I by induc t ion  ww = w o r  wwa - w wa . But wwa = w i m p l i e s  
I G 

0 0 

wa = 1 which i s  impossible .  Hence wwa = w w so w = w . a 

Remark: The groups B ,  N form a B - N p a i r  i n  t h e  sense  of 

J. T i t s  (Annals of Math. 1964).  We s h a l l  n o t  ax iomat ize  t h i s  

concept but  adapt  c e r t a i n  arguments,  such a s  t h e  l a s t  one, t o  t h e  

presen t  con tex t  . 
0 

Theorem 4  : For a  f i x e d  w e W choose ww r e p r e s e n t i n g  w i n  N . 
-1 Se t  Q = P n w ( - P )  , R = P n w - l  P ( a s  b e f o r e  P denotes  t h e  

s e t  of  p o s i t i v e  r o o t s ) .  Write U f o r  Y Q .  Then: 
W 

( a )  B w B = B w  U . 
W W (E) 

( b )  Every element of BwB h a s  a  unique express ion  

i n  t h i s  form. 

I 



Proof: ( a )  BwB = Bw X R X Q ~  (by  Lemma 17 and Lemma 21) 
_C__ 

= ~ 4 w - l ~  X Q ~  = B W X ~ H  ( s i n c e  wjERw-' c B )  = B w w x ~  

0 0 
( b )  If b w  x  = b o w x  t h e n  

W 

P -l 
b-lbq = w xx  w -1 w w . R e l a t i v e  tQ an a p p r o p r i a t e  b a s i s  t h i s  i s  bo th  

superd iagona l  and subdiagonal  u n i p o t e n t ' a n d  hence = 1 . 
0 v 

Thus b = b  , x = x  . 

Exerc i s e :  ( a )  Prove B is  t h e  normal ize r  i n  G of U and 

a l s o  of B . ( b )  Prove N i s  t h e  no rma l i ze r  i n  G of H if 

I 
k h a s  more t h a n  3 elements.  

Examples: Le t  . X=stn - SO t h a t  G = S L n  , and B ,  H,  N 

I a r e  r e s p e c t i v e l y  t h e  superd iagona l ,  d i agona l ,  monomial.subgroups, 

I. and W may be i d e n t i f i e d  w i th  t h e  group of pe rmuta t i ons  of 

1 t h e  coord ina tes .  Going t o  G = GLn f o r  convenience,  we g e t  from 

I Theorem 4: ( * )  t h e  permutat ion m a t r i c e s  Sn form a  system of 

' r e p r e s e n t a t i v e s  f o r  B\G/B . We s h a l l  g i v e  a s imple  d i r e c t  proof 
Assume g iven  x e G . 

of t h i s .  Here k can be any d i v i s i o n  r i n g .  / Choose b  e B t o  

I maximize t h e  t o t a l  number of z e r o s  a t  t h e  beg inn ings  of  a l l  of 

( t h e  rows of  bx . These beg inn ings  must a l l  be of d i f f e r e n t  

I l e n g t h s  s i n c e  o therwise  we could  s u b t r a c t  a m u l t i p l e  o f  some row 

I from an e a r l i e r  one,  i. e. , modify b  , and i n c r e a s e  t h e  t o t a l  

I number of zeros .  It f o l l o w s  t h a t  f o r  some w 6 Sn , wbx i s  

I P 
superd iagona l ,  whence x  e B W - ~ B  . Now assume BwB = Bw B 



9 9 
with w ,  w e Sn . Then w-lbw i s  superd iagona i  f o r  some b e B . 

P 
Since w ,  w a r e  permutat ion m a t r i c e s  and t h e  ma t r i c  p o s i t i o n s  

where t h e  i d e n t i t y  i s  nonzero a r e  inc luded  among t h o s e  of b  , 
, -1 q P 

we conclude t h a t  w w i s  superd iagona l ,  whence w = w , 
which proves ) . Next we w i l l  g ive  a  geometr ic  i n t e r p r e t a t i o n  

of t h e  r e s u l t  j u s t  proved. Let V be t h e  under ly ing  v e c t o r  space.  

A f l a g  i n  V i s  an  i n c r e a s i n g  sequence of subspaces  . . ,  

V1 C V2 C - * *  C Vn , where dim Vi = i Assoc ia ted  wi th  t h e  

chosen b a s i s  {vl ,  . . . , vn]  of V t h e r e  i s  a  f l a g  F1 C * C Fn 

de f ined  by Fi = < vl ,  ..., v > c a l l e d  t h e s t a n d a r d  f l a g .  Now 
- i 

G a c t s  on V and hence on f l a g s .  B i s  t h e  s t a b i l i z e r  of t h e  

s t anda rd  f l a g ,  so  B \G / B i s  i n  one-to-one correspondence 

with t h e  s e t  of  G-orbi ts  of p a i r s  of f l a g s .  Define a  simplex 

t o  be a s e t  of p o i n t s  [ pl, . . . , pn ] of V such t h a t  
. . 

dim < pl, ..., p > = n . A f l a g  V1 C a * -  C Vn i s  s a i d  t o  be n  

i n c i d e n t  wi th  t h i s  simplex if Vi = < pTl, . . . , P r i  > f o r  some 

T 6 Sn . Hence t h e r e  a r e  n! f l a g s  i n c i d e n t  wi th  a  given simplex. 

It can be shown, by induc t ion  on n ( s e e  S t e i n b e r g ,  

T.A.M.S. 1951),  t h a t  ($:) given any two f l a g s  t h e r e  i s  a  simplex 

i n c i d e n t  w i th  both .  Thus a s s o c i a t e d  t o  each p a i r  of  f l a g s  

t h e r e  i s  a n  element of Sn , t h e  permutat ion which t ransforms 

one t o  t h e  o t h e r .  Hence B\ G/ B corresponds t o  Sn . Thus 

) i s  t h e  geometr ic  i n t e r p r e t a t i o n  of t h e  Bruhat decomposi- 

t i o n .  



( b )  C o n s i d e r  x = [X  e simern/~~ +  AX^ = 01 

where A i s  f i x e d  and n o n s i n g u l a r  ( i  . e . ,  c o n s i d e r  t h e  i n v a r i a n t s  

of t h e  automorphism X -> A(-xt )A- ' )  . If rn = 2n and A i s  

skew t h i s  g i v e s  a n  a l g e b r a  of t y p e  C i f  m = 2n and A i s  
n  j 

symmetric t h i s  g i v e s  a n  a l g e b r a  of  t y p e  D and i f  rn = 2n+l  
n  ' 

and A i s  symmetric t h i s  g i v e s  an  a l g e b r a  o f  t y p e  Bn . If we 

t a ~ e  A = [fl i n  t h e  f i r s t  c a s e  

-1 ' 

and A = I1 - 1  i n  t h e  second and t h i r d  c a s e s  a n  e lement  

Y E i s  s u p e r d i a g o n a l  i f  and o n i y  i f  ady p r e s e r v e s  X xa a> 0 

( w i t h  t h e  u s u a l  o r d e r i n g  of r o o t s ) .  E x p o n e n t i a t i n g  we g e t  t h e  

i n v a r i a n t s  of  X z> AX- It A - l  ( t h a t  i s  X A X ~  = A )  . I n  t h e  first 

c a s e  we g e t  GC Spm i n  t h e  second and t h i r d  c a s e s  G C SO, 

( r e l a t i v e  t o  a  form of maximal i n d e x ) .  ( F o r  t h e  proof t h a t  e q u a l i t y  

h o l d s  s e e  Ree, T.A.M.S. 1957.) The autornorphisrn cr above pre- 

s e r v e s  t h e  b a s i c  i n g r e d i e n t s  B , H , N of t h e  Bruhat  decomposi- 

t i o n  of SLm . From t h i s  a  Bruha t  decomposi t ion  f o r  Spm and 

'Om can  b e  i n f e r r e d .  By a s l i g h t  m o d i f i c a t i o n  of  t h e  p rocedure ,  

we can  a t  t h e  same t i m e  t a k e  c a r e  of u n i t a r y  g roups .  



( c )  If i s  of t y p e  G2 it i s  t h e  d e r i v a t i o n  a l g e b r a  

of a s p l i t  Cayley  a l g e b r a .  The c o r r e s p o n d i n g  g r o u p  G i s  t h e  

g roup  of autornorphisrns o f  t h i s  a l g e b r a .  

S i n c e  t h e  r e s u l t s  l a b e l l e d  (E) depend o n l y  on t h e  r e l a t i o n s  

( R )  (which a r e  independen t  of  t h e  r e p r e s e n t a t i o n  chosen)  we may 

e x t r a c t  from t h e  d i s c u s s i o n  s o  f a r  t h e  f o l l o w i n g  r e s u l t .  

v 
P r o p o s i t i o n :  L e t  G be  a g roup  g e n e r a t e d  by e l e m e n t s  l a b e l l e d  

0 

x , ( t )  ( a r E  z, t E k )  such t h a t  t h e  r e l a t i o n s  ( R )  h o l d  and l e t  

9 P 
U ,  H , ... be  d e f i n e d  a s  i n  G .  

v 
(1) Every  e lement  of U can  b e  w r i t t e n  i n  t h e  

v 
form TT x a ( t a )  . 

a> 0 

( 2 )  F o r  each w E W , w r i t e  w = w w 
a P " '  

0 Y 9 
a p r o d u c t  of  r e f l e c t i o n s .  D e f i n e  w w  = u a m B  . * .  

v 9 v 
(where  w a  = w a ( l )  ) . Then e v e r y  e l ement  of G 

0 0  7 V  
c a n  be  w r i t t e n  u  h  w W v  

v P ? v 0 v 
(where  u  E U h  E H , v E UW) . 

v 
C o r o l l a r y  1: Suppose G i s  as  above and cp i s  a  homomorphism 

0 
of  G ?  o n t o  G such  t h a t  cp(xa( t ) )  = x a ( t )  f o r  a l l  a and t . 
Then: 

( a )  Uniqueness  of e x p r e s s i o n  h o l d s  i n  (1) and ( 2 )  above. 



( b )  k e r  cp c e n t e r  of G '  c H '  . 

P q b 

Proof : ( a ) Suppose rr xa ( ta ) = fT xa ( ta ) . Applying cp we 

Tu - N 

ge t  x t = fT x t and by Lemma 17 ta - ta f o r  a l l  a . 
0 P Y  P P , , Y N ?  V m P  

Hence c p I ~  i s  an  isomorphism. Now i f  u h ww v = u h ww v 
0 D P rJ 

by apply ing  cp we g e t  v ( u  ) y ( h  ) u w  cp(v ) = o(Gq )rn(xq) ww ' ~ ( v  
0 0 F v 

By Theorem 4 and Lemma 21 cp(u ) = m ( " u  ) and cp(v ) = c p ( ?  ) . 
9 - 0  ,q P P -9 0 Y r n P  

Hence u = u and v = v s o  h w w  = h  w 
W 

so  h = h  . 
< 

0 P O  P O  
( b )  Let  x = u h wwv o k e r  cp . Then 

P 0 P 0 0 

1 = m(u )m(h ) wwrp(v ) o U H o w U w  ; so w = 1 , ww = 1, rp(u ) = 1 , 
0 P 0 Y 0 0 

m(v ) = 1  . Hence u = v  = 1 s o  x = h  =rr h c ( t a )  . Then 
P 0 

u )  by ( R B ) .  Applying qo we s e e  
a 

1 0 
t h a t  t <?,a> = 1 . Hence x commutes w i th  x R ( u )  f o r  

a a 
9 

a l l  B and u , so i s  i n c e n t e r  of G '  . To complete t h e  proof 

it is enough t o  show t h a t  c e n t e r  of G C H ( f o r  we have shown 
P 

k e r m C H  ) .  If x = u h w w v  e c e n t e r  of G and w # 1  

t hen  t h e r e  e x i s t s  a > 0 such t h a t  wa < 0 . Then = x a ( l ) x  
0 

which c o n t r a d i c t s  Theorem 4 . Hence w = 1 so x = uh . 
Let  wo be t h e  element of W making a l l  p o s i t i v e  r o o t s  nega t ive .  

Then x = x a i l  i s  both superdiagonal  and subdiagonal .  S ince  
Wo 0 

h i s  d i agona l ,  u i s  d iagona l ,  and a l s o  un ipo ten t .  



Hence u  = 1 and x  = h  e H . 

Coro l l a ry  2 :  Cente r  G C H .' 

C o r o l l a r y  3 :  The r e l a t i o n s  ( R )  and t h o s e  i n  H on t h e  h , ( t )  

form a  d e f i n i n g  s e t  of  r e l a t i o n s  f o r  G . 

0 
Proof:  If tKe r e l a t i o n s  i n  H a r e  imposed on H t h e n  m i n  

Coro l l a ry  1 becomes an  isomoqphism by ( b ) .  

0 
C a r o l l a r y  4:  If G i s  c o n s t r u c t e d  a s  G from - , k, ... 

Y 
bu t  u s i n g  a  perhaps  d i f f e r e n t  r e p r e s e n t a t i o n  space V i n  p l a c e  

0 
of V , t hen  t h e r e  e x i s t s  a  homomorphism of G on to  G 

0 
such t h a t  y ( x , ( t )  ) = x , ( t )  i f  and only  i f  t h e r e  e x i s t s  a  

0 0 
homomorphism 9 : H -> H such t h a t  0 h a ( t )  = h  ( t  ) f o r  a l l  

C: 

a and t . 

Proof:  C l e a r l y  i f  y e x i s t s  t hen  8 e x i s t s .  Conversely assume 
P 

8 e x i s t s .  Matching up t h e  g e n e r a t o r s  of H and H , we s e e  
D 

t h a t  t h e  r e l a t i o n s  i n  H form a  s u b s e t  of t h o s e  i n  H . By 

Coro l l a ry  3 and t h e  f a c t  t h a t  t h e  r e l a t i o n s  ( R )  a r e  t h e  same 
. . 

P '3 Y 
f o r  G and G , t h e  r e l a t i o n s  on x a ( t ) ,  . i n  G form 

a  s u b s e t  of t h o s e o n  x a ( t ) ,  ... i n  G . Thus e x i s t s .  



So f a r  t h e  s t r u c t u r e  of H h a s  played a  minor r o l e  

i n  t h e  proceedings.  To make t h e  preceding r e s u l t s  more p r e c i s e  

we w i l l  now determine it. 

We r e c a l l  t h a t  H i s  t h e  group genera ted  by a l l  

h a ( t )  ( a  E. X ,  t e k )  and ( " * )  h , ( t )  a c t s  on t h e  weight space V 
,cr. 

a s  m u l t i p l i c a t i o n  by t < ' ' Y ~  > . Also,  we r e c a l l  t h a t  by 

Theorem 3 ( e ) ,  2 l i n e a r  f u n c t i o n  ,u, on % i s  t h e  h i g h e s t  weight of 

+ some i r r e d u c i b l e  r e p r e s e n t a t i o n  provided < I : ,  a  > = ,!a(Ha) e Z 
f o r  a l l  a > 0 . C l e a r l y ,  it s u f f i c e s  t h a t  < ::, ai  > o Z+ 

f o r  a l l  s imple  r o o t s  ai . Define hi, i = 1, 2 ,  ... , L by 

< hi, a > = G i j  . We s e e  t h a t  hi occu r s  as t h e  h i g h e s t  weight 
j 

of some i r r e d u c i b l e  r e p r e s e n t a t i o n ,  and we c a l l  hi a  fundamental  

weight.  

Lemma 27: 

( a )  The a d d i t i v e  group genera ted  by a l l  t h e  weights  of 

a l l  r e p r e s e n t a t i o n s  forms a l a t t i c e  L1 having {h i ]  a s  

a  b a s i s .  

( b )  The a d d i t i v e  group genera ted  by a l l  r o o t s  i s  a  sub- 

l a t t i c e  Lo of L1 . Moreover, (< a i ,  a >) i ,  j = 1, 2 ,  ..., 4, 
j 

i s  a  r e l a t i o n  m a t r i x  f o r  L~ 'LO , which i s  t h u s  f i n i t e .  

( c )  The a d d i t i v e  group genera ted  by a l l  weigh ts  of  a  

f a i t h f u l  r e p r e s e n t a t i o n  on V forms a  l a t t i c e  L between v 
Lo and Ll . 



Proof:  Pa r t  ( a )  i s  immediate from t h e  d e f i n i t i o n  of t h e  fundamental  

weights.  ( b )  I f  a  i s  a  simple r o o t  and ai = C c i j  h . ( c i j  e c )  i J 

t h e n  < a i y  ak > = cik and a i  = X  < ai ,  a  > X. . ( c )  I f  a 
j J 

i s  a r o o t ,  t h e n  s i n c e  Xa # 0 t h e r e  e x i s t s  0 # v E V f o r  some 
,l I 

weight ;r with  0 # Xav E V,,,+a . Hence a = ( / s  + a )  - p E 

and Lo C_ LTi 2 L1 . -, 

Remark: A l l  l a t t i c e s  between Lo and L1 can be r e a l i z e d  as 

i n  Lemma 27 ( c )  by an a p p r o p r i a t e  choice  of  V . I n  p a r t i c u l a r ,  

hJ = Lo if V corresponds t o  t h e  a d j o i n t  r e p r e s e n t a t i o n ,  and 

LV = L1 i f  V corresponds t o  t h e  sum of t h e  r e p r e s e n t a t i o n s  

having t h e  fundamental weights  a s  h i g h e s t  weights.  

Lemma 2 8  ( S t r u c t u r e  of H ) :  

( a )  For each a  , h a ( t )  i s  m u l t i p l i c a t i v e  as  a f u n c t i o n  of t . 
( b )  H i s  an Abelian group genera ted  by t h e  h i ( t ) 9 s  

(wi th  h i ( t )  = h  ( t ) )  . 
a 4 

& 
( c )  h i ( t i )  = 1 i f  and only  if 

i =1 

t. 4, < p , a i >  
( d l  The c e n t e r  of G = { h i ( t i ) ]  .n ti = 1 

i= 1 i = l  

f o r  a l l  p E L") hence i s  f i n i t e .  

Proof: ( a ) ,  ( b ) ,  and ( c )  f o l l o w f r o m  (::) above. ( a )  and ( c )  a r e  
11. ( Ha ) kr(XniHi ) 

1 immediate and ( b )  r e s u l t s  from t 
< /.(,a > = t i  = t 

Eni < ! h a  > i if Ha = Xn. H 
1 i *  For ( d ) ,  we no te  



4, 4, < @,ai>= 1 
t h a t  rr hi(tik,) commutes w i t h  x  ( u )  i f  and bnly  i f  rr ti 

i = l  B i=l 

by Lemma 1 9 ( c ) .  

Coro l l a ry :  

( a )  If LV = Ll , t h e n  every h  e H can be w r i t t e n  uniquely  

( b )  I f  LV = Lo  , t h e n  G h a s  c e n t e r  1 . 

P 
C o r o l l a r y  5 (To Theorem 4 ) :  Let  G be a  Cheval ley group a s  

0 
u s u a l  and l e t  G be ano the r  Cheval ley group c o n s t r u c t e d  from 

0 
t h e  same and k  a s  G bu t  u s i n g  V i n  p l a c e  of  V . If 

0 
L v 9 2  LV , then'  t h e r e  e x i s t s  a  homomorphism m: G -> G such 

P P 
t h a t  c p ( x a ( t ) )  = x a ( t )  f o r  a l l  a ,  t and k e r  o L Center  of G , 

P v 
where x a ( t )  cor responds  t o  x a ( t )  i n  G . If L 

t h e n  o i s  a n  isomorphism. 

P 
Proof :  There e x i s t s  a  homomorphism 8 : H -> H such t h a t  

0 

@ h i ( t )  = h i ( t )  by Lemma 2 8 ( c ) .  I f  a i s  any r o o t  and 
m 
11 

Ha = I: niHi , ni e 2 , t hen  h a ( t  ) = h i ( t  ) and s i m i l a r l y  

v ? 
f o r  h i  ( t  ) . Hence 8 h a ( t  ) = h a ( t  ) . By Coro l l a ry  4 t o  Theorem 4 , 

P 
9 e x i s t s .  By Coro l l a ry  1, k e r  cq - C C e n t e r  of G . If L. = L v v' '. 

v P 
we have a  homomorphism I : G -> G suTh t h a t  i ( x a  ( t )  ) = x a ( t )  . 
Hence, $om = i d G ?  : go$ = i d G  , and i s  an  isomorphism. 



We c a l l  t h e  Cheval ley groups  Go and G cor responding  1 

t o  t h e  l a t t i c e s  L o  and L1 t h e  ad , jo in t  group and t h e  u n i v e r s a l  

group r e s p e c t i v e l y .  If G = GV i s  a Chevalley group cor responding  

t o  t h e  l a t t i c e  LV , t hen  by Coro l l a ry  5,  we have c e n t r a l  

homomorphisms a and , p  such t h a t  a : G1 -> G and p : GV -> G v 0 -  

We c a l l  k e r  a t h e  fundamental  group - of 5 , and we s e e  

k e r  p = c e n t e r  of  G . 

Exerc i s e :  The c e n t e r  of  t h e  u n i v e r s a l  group, i . e . ,  t h e  fundamental  

group of t h e  a d j o i n t  group i s  isomorphic t o  H O ~ ( L ~ / L ~ ,  k*) .  

E.g., i f  k = , t h e  l a s t  group i s  isomorphic w i th  L ~ / L ~  . 
Also i n  t h i s  case  t h e  Cente r  of GV L ~ / L ~  , and t h e  

fundamental  group o f  N 

GV = L1/L;, 

I n  t h e  fo l l owing  t a b l e ,  we l i s t  some in fo rma t ion  known 

about  t h e  l a t t i c e s  and Cheval ley groups  o f  t h e  v a r i o u s  L ie  

a l g e b r a s  x:  
Type of 

Spin  4n 



Here GV i s  a  Cheval ley group o t h e r  t h a n  Go and G1 , 
i s  t h e  c y c l i c  group o r  o r d e r  n  , 

'On is t h e  s p e c i a l  o r thogona l  

group, Spinn i s  t h e  s p i n  group,  Spn i s  t h e  s i m p l e c t i c  group,  and 

PG deno te s  t h e  p r o j e c t i v e  group of G . 
To o b t a i n  t h e  column headed by L1/LC one r educes  t h e  

r e l a t i o n  m a t r i x  (< ai, a  >) t o  d iagona l  form. To show, f o r  
j 

example, t h a t  SLn i s  t h e  u n i v e r s a l  group of 2 = s&, of t ype  

j An-1 ) 
we l e t  wi be t h e  weight  oi : d i a g ( a l ,  . . . , a n )  -> ai . 

,,; . 
g, 
7,. <*, 

,,?-4t 

Then if hi - 
.1.'.,', :.. . 

- cu +m2 + * * .  +W 1 i l S i < , n -  1 ,  we have 

h i ( H j )  = h i  ( E  - Ej+l,j+l 
j j 

) = Fij . Hence t h e  fundamental  w e i g h t s  

a r e  i n  t h e  l a t t i c e  a s s o c i a t e d  w i th  t h i s  r e p r e s e n t a t i o n .  S i n c e  t h e  

c e n t e r  of SLn is g e n e r i c a l l y  c y c l i c  of  o r d e r  n  , it f o l l o w s  t h a t  

L ~ / L ~  is  isomorphic t o  Z i n  t h i s  case.  

I 
Exerc i s e :  If G i s  a  Cheval ley group,  G1, G 2 ,  ..., Gr subgroups  

I of G corresponding t o  indecomposable components of 2. , then :  

( a )  Each Gi i s  normal i n  G and G = G1G2 ' . *  Gr . 
( b )  G i s  u n i v e r s a l  ( r e s p e c t i v e l y  a d j o i n t )  i f  and on ly  i f  

each G, is. 

( c )  I n  each case  i n  ( b ) ,  t h e  product  i n  ( a )  i s  d i r e c t .  

C o r o l l a r y  6 :  If a is a  r o o t ,  t h e n  t h e r e  e x i s t s  a  homomorphism 

va : SL2 



= x 
-a ( t 4  [ O  -1 yI=- 0 a ' 

ker  aa = 11) o r  {+ 1 )  s o  t h a t < x a ,  i s  isomorphic t o  

e i t h e r  SL2 o r  PSC2 . 

Proof: Let be of rank 1 spanned by X ,  Y and H wi th  

[X, Y] = H , [ H ,  X ]  = 2X and [H,  Y] = - 2Y . Now 2)- has  a  

. . r e p r e s e n t a t i o n  x -> i], Y - H - -:]as st2 on a  

9 
vec to r  space V and a r e p r e s e n t a t i o n  X -> XG , Y -> X -a , H -> Ha 

on t h e  same v e c t o r  space V a s  t h e  o r i g i n a l  r e p r e s e n t a t i o n  of x .  
Since SL2 i s  u n i v e r s a l ,  t h e  r equ i red  homomorphism CQ e x i s t s  and 

has  k e r  u C {t 1) by Corol la ry  5. 

Exercise:  If G i s  u n i v e r s a l ,  each aCl i s  an isomorphism. 

9 4  S i m p l i c i t y  of G . The main purpose of t h i s  s e c t i o n  i s  t o  

prove t h e  fo l lowing  theorem: 

Theorem 5 (Cheval ley,  Dickson) : .  Let  G be an a d j o i n t  group and 

assume is  simple ( X  indecomposable). If ( k l  = 2 , assume 2? 
i s  no t  of type  A1, B 2 ,  o r  G2 . If ( k t  = 3 , assume i s  no t  

of type A1 . Then G i s  simple. 

Remark: The c a s e s  excluded i n  Theorem 5 must be excluded. If 

lkl = 2 , t hen  G h a s  a3 , Q6 , SU ( 3  ) a s  a  normal subgroup 3 



: %&"', 

9 4  S i m p l i c i t y  of G . The main purp6se of t h i s  s e c t i o n  i s  t o  97 

prove t h e  fo l lowing  theorem: 

Theorem 5 (Cheval ley ,  Dickson):  Let  G be an  a d j o i n t  group and 

assume 2 i s  simple (I) indecomposable). If 1 kl = 2 , assume 2 
i s  not  of t ype  A1, B2 ,  o r  G 2  . If 1 kl = 3 , assume i s  n o t  

of type A1 . Then G i s  simple. 

Remark: The c a s e s  excluded i n  Theorem 5 must be excluded. If 

lkl = 2 , t h e n  G h a s  a3 , , SU3(3) a s  a normal subgroup 



of index  2 i f  i s  of type  A1, B 2 ,  G; r e s p e c t i v e l y .  If 

(kI = 3  and xis of type  A1, t h e n  a i s a  normal subgroup 4 
of G of index  2. Here a deno te s  t h e  a l t e r n a t i n g  group. 

A proof of  Theorem 5 e s s e n t i a l l y  due t o  Iwasawa and T i t s  

w i l l  be given h e r e  i n  a sequence of lemmas. 

Lemma 29: Le t  G be a Chevalley group. If w E: W , w = w w ... 
a B 

i s  a minimal express ion  a s  a product  of  simple r e f l e c t i o n s ,  then  

-1 w, , w g ,  ... e G1 , t h e  group genera ted  by B and wBw . 

Proof: We know w - l  a < 0 by t h e  rninimality of  t h e  express ion  - 
( s e e  Appendix 11.19 and 11.22) .  Hence i f  p = - w - l  a > 0 , t h e n  

G~ 2 W x B W  - 1  WP - - X  -a . ~ h u s ,  wa e G~ . Since  

-1 -1 wawBw wa GI and s i n c e  l e n g t h  waw < l e n g t h  w , we may complete 

t h e  proof by induc t ion .  

Lemma 30: If G aga in  i s  any Chevalley group,  i f  T i s  a subse t  

of t h e  s e t  of s imple  r o o t s ,  i f  WT i s  t h e  group gene ra t ed  by a l l  

w a e T , and i f  G = 'd BwB , t h e n  a '  7~ we 

( a )  GT i s  a group. 

( b )  The 2' groups s o  ob ta ined  a r e  a l l  d i s t i n c t .  

c )  Every subgroup of G con ta in ing  B i s  equa l  t o  one of them. 

Proof:  P a r t  ( a )  f o l l o w s  from BwB BwaB C - B wwaB W BwB . 
0 

( b )  Suppose T , 7~ a r e  d i s t i n c t  s u b s e t s  of t h e  s e t  of simple 



r o o t s ,  say  a E rT a 4 1~ . NOW W, a = - a and wa = a + cg8 
Be* 

i f  w B WT . Thus waa # wa , s i n c e  simple r o o t s  a r e  l i n e a r l y  

independent.  Hence, wa t$ WT , W*, # W, , and GT, # GT s i n c e  

d i s t i n c t  e lements  o f  t h e  Weyl group correspond t o  d i s t i n c t  double 

cose t s .  ( c )  Le t  A be  any subgroup con ta in ing  B . S e t  

r = [a la s imple ,  we B A ]  . We s h a l l  show A = G* . C l e a r l y ,  

A 3 G, , S i n c e  G = BwB and A 2 B , we need on ly  show 
weW 

w B A i m p l i e s  w E G, t o  g e t  A C G, . Let w B A , 

w = w w ..., a minimal exp re s s ion  of w a s  a  product  o f  s imple  
a B 

r e f l e c t i o n s .  By Lemma 29, w,, wg,  ... B A . Hence, a ,  p,  ... r , 

w e  W' , and w B GT , 

A group con juga te  t o  some GT i s  c a l l e d  a  p a r a b o l i c  

subgroup of  G . We s t a t e  wi thout  proof some f u r t h e r  p r o p e r t i e s  

of p a r a b o l i c  subgroups which f o l l o w  from Lemma 29. 

(1) No two G,'s a r e  conjugate .  

( 2 )  Each p a r a b o l i c  subgroup i s  i t s  own normal ize r .  

3 G n G*' = 
7T G * ~ * q  

( 4 )  B U B w B  ( w  B W )  i s  a group i f  and on ly  i f  w = 1 o r  w 

i s  a  simple r e f l e c t i o n ,  

Example: If G = SLn , t h e n  r cor responds  t o  a p a r t i t i o n  

of t h e  n  x n  m a t r i c e s  i n t o  b locks  w i th  t h e  d i agona l  b locks  being 

square  m a t r i c e s ,  C l e a r l y ,  t h e r e  a r e  2n-1 p o s s i b i l i t i e s  f o r  such 



p r t i t i o n s .  G i s  t h e n  t h e  s u b s e t  of SL, of m a t r i c e s  whose 
TT 

subdiagonal  b locks  a r e  z e ro .  

~ e m m a 3 1 :  Let  c?, . b e  s imple  and l e t  G be  t h e  a d j o i n t  Cheva l l ey  

group. If N f 1 i s  a normal subgroup of G , t h e n  NB = G . 
proof: We f i r s t  show N ( B . Suppose N c B and 1 f x E N , 
-I - 
~ . = u h ,  U E U ,  h  E H . If u  f 1 , t h e n  f o r  some 

w E W w xwa1 4 B , a c o n t r a d i c t i o n .  ' If u  = 1, t h e n  h  # 1 . 
v 

Since  G i s  a d j o i n t ,  it h a s  c e n t e r  1 , and h x a ( t ) h - I  = x , ( t  ) 
v v 

.Irith t # t f o r  some t ,  t E k , a E Z .  Hence ( h ,  x a ( t ) )  
v T 

= x a ( t  -t) E N , x a ( t  -t) f 1 , and w e  a r e  back i n  t h e  f i r s t  case .  

We now prove t h e  lemma. By Lemma 3 0 ( c ) ,  NB =. G f o r  
'T 

some IT . We must show n- c o n t a i n s  a l l  s imple  r o o t s .  Suppose it 

does no t .  S i n c e  N d _  B , we s e e  .s f @ . Also s i n c e  Z  i s  

indecomposable, we can f i n d  s imple  r o o t s  a,f3 w i t h  a E s , B & q  

and a n o t  o r t hogona l  t o  P . Let  blwab2 E N ,  bi E B , t h e n  

bwa E N w i t h  b  = b2bl E B . Then w bw w - l ~  N n (Bw w BVBwgwawg B) P a p  a P 

by Lemma 2 5 ( b ) .  . Hence e i t h e r  w w E W o r  w w w E W . 
a  P T B a P  n- 

NOW w w w  = W  where 
= wBa 

= a  - <  a ,  p >  p . S i n c e  
P U P  Y 

I < a ,  $ > f 0  , y i s  n o t  a s imple  r o o t  and N(wgwawg) f 1 , s o  

I t h a t  N ( w  w w ) > 3 by Appendix 11.20. Hence w w and 
$ a @  - a  P 

w w w a r e  b o t h  e x p r e s s i o n s  of minimal l e n g t h .  By Lemma 29, 
a P a  
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% , a  c o n t r a d i c t i o n .  Thus, ?r i s  t h e  s e t  of  a l l  simple r o o t s  

P 
a 32: If and G a r e  as i n  Theorem 5 ,  t h e n  G = G , t h e  

ed group of G . 
Before proving Lemma 32,  we first show t h a t  Theorem 5 

w s  from Lemmas 3 1  and 32. Let  N # 1 be a a normal subgroup 

. By Lemma 31,  NB = G s o  G/N 2 B/B n N . Now G/N e q u a l s  

e r i v e d  group and B/B nN i s  so lvab le .  Hence G/N = 1 

.-,5c,. 
:$;?r . ., . 
. .: 
, (. I n s t e a d  of  proving Lemma 32 d i r e c t l y ,  we prove t h e  

..>: . . -  
, .:, . .  
,,,*,.. , 

; following s t r o n g e r  stat ernent : 

0 
; lemma 32 : If i s  a s  i n  Theorem 5 then  G = G h o l d s  i n  any 

group G i n  which t h e  r e l a t i o n s  ( R )  ho ld ,  i n  f a c t  i n  which t h e  

r e l a t i o n s :  

hold. 

Proof: S ince  G i s  gene ra t ed  by t h e  j f avs  we must show t h a t  - 
0 

every a G . We w i l l  do t h i s  i n  s e v e r a l  s t e p s ,  exc lud ing  a s  

we proceed t h e  c a s e s  a l r e a d y  t r e a t e d .  The f irst  s t e p  t a k e s  u s  

almost a l l  t h e  way. 

( a )  Assume lkl > 4 . We may choose t E kQ , t2 # 1 . 



2 Then ( h a ( t )  2 x,(u)) = ~ , ( ( t  -1)~) : Since a and .u a r e  
0 

a r b i t r a r y ,  every g, - C G . 
By ( a )  we may henceforth assume t h a t  t h e  rank t is 

a t  l e a s t  2 and t h a t  (k( = 2 or 3  . By the  co ro l l a ry  t o  

Lemma 1 5 ,  we may wr i t e  t he  r i g h t  s i de  of ( A )  as x 
B + Y ( ~ B , Y  t u )  mq , 

the f a c t o r  with i = j = 1 having been i so l a t ed .  We w i l l  use the  

f a c t  ( * )  t h a t  No = + (r  + 1 )  with r = r ( j 3 , y )  a s  i n  
. , Y  - 

Theorem 1, t h e  maximum number of t imes one can sub t r ac t  y from f3 

and s t i l l  have a  root .  

(b) Assume t h a t  a i s  a  r oo t  which can be w r i t t e n  f3 + y 

so t h a t  no o the r  pos i t i ve  i n t e g r a l  combination of B and y i s  

.a roo t  and N # 0 . Then a C G' , as fo l lows  a t  once from 
B , Y  

( A )  with n9 = 1 . This  covers the  fol lowing cases:  

(1) If a l l  r o o t s  'have t h e  same length:  

types  A 4 ,  DL, E L  . 
( 2 )  B C ( * > 3 )  , a long ; B2, a long, lkl  = 3  . 
( 3 )  C L  ( & 2 3 ) ,  a s h o r t ;  o r  a l o n g a n d  lkl = 3  . 
(4)  Fq 

( 5 )  G2 , a long. 

To see  t h i s  we use t h e  f a c t  t h a t  a l l  r o o t s  of t h e  same 

length a r e  congruent under t he  Weyl group, imbed a i n  an  

appropr ia te  roo t  system based on a p a i r  of simple r o o t s ,  and 

use (*).  I n  a l l  cases  but  the  second cases  i n  ( 2 )  and ( 3 )  



t h i s  system can be chosen of t ype  A2 w i th  p and y r o o t s  

of t h e  same l e n g t h  a s  a , whi le  i n  t h o s e  c a s e s  it can be chosen of  

type B2 w i th  P and y s h o r t  r o o t s .  

Because oi t h e  exc lus ions  i n  t h e  theorem, t h i s  l e a v e s  

t h e  fo l l owing  c a s e s :  

( 6 )  B t ( t >  -- 2 )  a s h o r t .  

( 7 )  G l ,  o: s h 3 r t J  jkl = 3 .  
,- 

( 8 )  ct  i t  2 3 )  ? a long ,  / k l  =- 2 . 
Y 

( c )  If ( 6 )  o r  ( 7 )  h ~ l l d s ~  t h e n  x a  - c G ~ n b o t h  of 

.L 7 .,?ese c a s e s  we can f i n d  r o o t s  5 ,  y so  t h a t  a = p + y , a l l  

o t h e r  r o o t s  i p  + j y  ( i , j  p o s i t i v e  i n t e g e r s )  a r e  l ong ,  and 

N # 0 : i n  (6 )  we can choose long  and y s h o r t ,  i n  ( 7 )  
B Y  

P 
both s h o r t .  Then us belongs  t o  G by c a s e s  a l r e a d y  t r e a t e d ,  

X hence so dces  , by ( A ) .  

P 
( d )  If ( 8 )  h o l d s ,  t h e n  C G . Choose r o o t s  8 ,  y 

wi th  l o n z ,  y s h o r t ,  and a = p + 2y . Since  p+Y C G y  

because + "f is  s h o r t ,  ou r  a s s e r t i o n  w i l l  f o l l o w  from C12 # 0 

i n  (A), hence from t h e  nex t  leirma. 

Lemxa 33 : If p and Y form a simple system of t y p e  D2 wi th  

$ l ong  and y s h o r t ,  t h e n  i x p ( t ) ,  x y ( u ) )  = ~ @ + ~ ( f -  t u )  x P+2y(' tu') . 



By Lemma 14 ,  we have 

-1 
x Y iu)Xg ?(u) = exp ( a d  uXy)  X P 

-7 = X  + u N  i- u 2  
B Y , fl iip+y N ~ ,  B ' ~ Y ,  B+Y /2 

Here N y  , = - + 1 and N = + 2 s i n c e  p 
V,P+y - 

- 

The proof of Theorem 5 i s  now compl 

Coro l la ry :  If C i s  indecomposa.ble and of 

it a  roo 

we mul t ip ly  t h i s  equat ion by -t , exponent ia te ,  observe t h a t  t h e  

t h r e e  f a c t o r s  on t h e  r i g h t  s i d e  cormute, and t h e n  s h i f t  t h e  first 

of them t o  t h e  l e f t ,  we g e t  Lemma 33, 

I n  t h e  course  of  t h i s  d i s c u s s i o n ,  we have e s t a b l i s h e d  

t h e  fol lowing r e s u l t ,  

rank > 1 and i f  

is any r o o t ,  t h e n  t h e r e  e x i s t  r o o t s  9 and y and a p o s i t i v e  

i n t e g e r  n  such t h a t  a = R + nv and c,- # 0 i n  t h e  r e l a t i o n s  

I 7 
( A )  of Lemiia 32 . 

C o r o l l a r ~  (To Theorem 5 ) :  If [kl >_ 4 and G i s  a Chevalley group 

based on k , thel, evt;, y d l v a b l e  no:-ilLdl subgroup of G i s  c e n t r a l  

and hence f i n i t e .  

Proof:  S ince  t h e  c e n t e ~  of a  Chevalley group i s  always f i n i t e  

by Lemiia 2 8 ( d j j  we need on ly  prove t h e  first s ta tement .  Also we may 

assume G = G g  , t h e  a d j o i n t  group,  s i n c e  by Coro l l a ry  5 t o  
v 

Theorem 4  , t h e r e  i s  a homomorphisrn Q of G onto G .wi th  
0 



e r  y c e n t e r  of G and G o  has  c e n t e r  1. Now we may w r i t e  

= G G * * Gr where Gi i 1 2  

A 

a product  of some of t h e  G i f s  . 

= 1, 2 . , r i s  t h e  a d j o i n t  

rcup corresponding t o  an  indecomposable subsystem of C . By 

heoren 5, each Gi i s  simple.  Thus any normal subgroup of  G is  

If it  a l s o  i s  s o l v a b l e ,  t h e  

:$ product i s  empty and t h e  subgroup i s  1. 
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g5. Chevallzy g ~ o u p s  and a l g e b r a i c  groups.  
> - 
' I 5 3 

The s i g n i f i c a n c e  of t h e  r e s u l t s  s o  f a r  t o  t h e  t h e o r y  of semi- 

simple a l g e b r a i c  groups w i l l  now be i n d i c a t e d .  

Let  k  be an  a l g e b r a i c a l l y  c losed  f i e l d .  A s u b s e t  V C kn - 
s s a i d  t o  be a l g e b r a i c  if  t h e r e  e x i s t s  a  subse t  ? C k[xl,. , . ,%I - 

n 
such t h a t  V = [v = (vl,. . . ,vn) E k I p(vl , .  . . ,vn)  = 0 f o r  a l l  

p e p ] .  The a l g e b r a i c  s u b s e t s  of  kn a r e  t h e  c l o s e d  s e t s  of 

t h e  Z a r i s k i  t o p q ~ o ~ y  on kn . For v c kn s e t  Ik(V] = 

(p E k[%, . . . ,x n ]Ip(vl , .  . . ,vn) = 0 f o r  a l l  (vl , .  . . ,vn) E V) . 
Le t  r = nz + 1 . Define D(x) E k[x0;xijll < i, < - by 

D(x )  = 1 - xo d e t ( x i j )  . Then G L , ( ~ )  = [v E krlD(v) = o ]  is an 

a l g e b r a i c  subse t  of kr . G i s  a rnatr ic a e b r a i c  .. . group if G 

is a  subgroup of GL,(k) f o r  some n  and some a l g e b r a i c a l l y  
2 

c losed  f i e l d  k  , and G i s  an  a l g e b r a i c  subse t  of  kn +l . 
If ko is  a  s u b f i e l d  of k  , G is  de f ined  over ko if Ik(G) - -  
has a b a s i s  of  polynomials wi th  c o e f f i c i e n t s  i n  ko . 
Examples : ( a )  YLn( k )  , ( b  ) Superdiagonal  subgroup,  

( c )  Diagonal subgroup,  ( d )  :I) = Ga = a d d i t i v e  group,  

= G  = m u l t i p l i c a t i v e g r o u p ,  ( f )  Sp2, , n 

h )  any f i n i t e  subgroup, 

The groups i n  ( a )  - ( e )  a r e  defined over t h e  prime f i e l d .  Whether 

S P ~ ~ ,  son a r e  o r  not  depends on t h e  c o e f f i c i e n t s  of  t h e  d e f i n i n g  

forms, The groups i n  ( h )  a r e  no t  connected i n  t h e  

Z a r i s k i  topology ,  t h e  o t h e r s  a r e .  
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A map of a l g e b r a i c  groups cp: G -> H is a  homomorphism 

if it is  a  group homomorphism and each of t h e  matric c o e f f i c i e n t s  

rp(g) i j  i s  a  r a t i o n a l  func t ion  of t h e  g i j  . H homomorphism 

e p :  G -> H is an isomorph* if t h e r e  e x i s t s  a  homomorphism 

y / :  H-> G such t h a t  cpy = idH and Y/rp = i% . A homomor- 

phism cp : G -> H is  defined over k if each of t h e  r a t i o n a l  0 

funct ions above has i t s  c o e f f i c i e n t s  i n  ko 

Except f o r  t h e  l a s t  a s s e r t i o n ,  t h e  following r e s u l t s  a r e  proved 

i n  ~ e s i n a i r e  Chevalley (1956-8) , ~x~ose' 3 .  

(i) Let G be a  matr ic  a lgebra ic  group, Then t h e  fol lowing 

a r e  equivalent  : 
%' 
. r r  

L A  ( a )  G is connected ( i n  t h e  Zar i sk i  topology) .  
d-. 

<+ ( b )  G is i r r e d u c i b l e  ( a s  an a l g e b r a i c  v a r i e t y ) .  

( c )  I k ( G )  is a  prime i d e a l .  

(ii) The image of a n  a lgebra ic  group under a  r a t i o n a l  homo- 

morphism is  a lgebra ic  . 
(iii) A group generated by connected a l g e b r a i c  subgroups i s  

a l g e b r a i c  and connected (e .g.  ( a )  - ( g )  a r e  con- 

nec ted) .  It is  defined over t h e  pe r fec t  f i e l d  ko 

if each of t h e  subgroups is .  

If G is  an a l g e b r a i c  group, t h e  r a d i c a l  of G ( r a d  G )  is 

t h e  maximal connected so lvable  normal subgroup. G is semisirpple 

if (1) r a d  G = (1) and ( 2 )  G i s  connected, 



For t h e  remainder of t h i s  s e c t i o n  we assume t h a t  k i s  alge-. 

b r a i c a l l y  c losed ,  k is  the" prime f i e l d ,  G i s  a Chevalley 
, 

0 

; - grciup b a s e d  on lc and M t h e  l a t t i c e .  (Since a change of b a s i s  
, t . .  . . 

in M is given by polynomi.als with i n t e g r a l  c o e f f i c i e n t s  we may 

speak of a b a s i s  over M , )  

?heorem 6:: With t h e  preceding no ta t ions  : 

( a )  G is  a semisimple a l g e b r a i c  group r e l a t i v e  t o  M . 
( b )  B is a maximal connected so lvab le  subgroup (Bore1 &- 

F O U P  

, ( c )  H t  is a maximal connected diagonal izable  subgroup 
i 

(maximal t o r u s ) .  

( d )  N is t h e  normalizer of H and N/H 2 W . 
( e )  G ,  B ,  H ,  and N a r e  a l l  def ined over ko r e l a t i v e  t o  

M .  

Remark: B and H a r e  determined by t h e  a b s t r a c t  group G ;  

1 ( a )  B i s  maximal so lvab le  and has no subgroups of f i n i t e  

( b )  H is maximal n i l p o t e n t  and every subgroup of f i n i t e  l a d e x  
. . 

i s  of f i n i t e  index i n  i t s  normalizer. 

Proof of Theorem 6: ( a )  Map Ga -> #, by x,: t -> x,(t) . 
This is a r a t i o n a l  homomorphism. So s i n c e  Ga i s  a connected 



, ~ g e b r a i c  group s o  i s  Xa . Hence G is  a lgebra ic  and connected.. 

Let R = r a d  G . Since R is  so lvable  and normal it i s  f i n i t e  

by t h e  Corol lary t o  Theorem 5. Since R is a l s o  connected 

R s 1 , and hence G i s  semisimple. 

4, 
(b  and c )  H is t h e  image of Gm under (t1,-*-,tC) -> 

4 fl h i ( t i )  and hence i s  a l g e b r a i c  and connected; so B = U H  is 
i-1 
connected, a l g e b r a i c ,  and so lvable .  Let G1 3 B . Then 

# 
G1 3 B wa B (some simple r o o t  a) , s o  G1 > <xa, #-a> , and - - 
hence by Corol la ry  6 of Theorem 4' G1 is not  so lvab le  and hence 

( b )  holds.  H is  a  maximal connected diagonal izable  subgroup of 

B ( f o r  any l a r g e r  subgroup must i n t e r s e c t  U n o n t r i v i a l l y )  . 
Hence H is  a  maximal connected diagonal izable  subgroup of G 

(by a  theorem i n  Chevalleyts jgminaix-e); 3 0  ( c )  holds .  

1 ( d )  is c l e a r .  To prove ( e )  it s u f f i c e s  by (iii) t o  prove: 

Lemma 34: Let %, = [ x a ( t ) l t  E kl  and ha = [ h a ( t ) l t  E k"] 

Then: ( a )  Fa is  defined over ko and xa: G -> $a is a 

an isomorphism over ko . 
( b )  3, i s  defined over ko and ha: Gm ->h is  a a 

homomorphism over ko . 
Proof: Let {vi]  be a  b a s i s  of  M formed of weight vec to r s .  - 
Choose vi s o  t h a t  Xavi # 0 , then wr i t e  Xavi = 2 c .  .V , and 

15 j 

choose v  s o  t h a t  c i j  # 0 . If vi is  of weight p , t hen  
j - 

2 2 v is of weight p + a .  Since x,(t) = 1 +  t X a +  t xa/2  + * * =  
j 

it follows t h a t  if a i j  is  t h e  (i ,  j )  matr ic  coordinate (i  # j )  



func t ion  t h e n  a i j ( % ( t ) )  = c  .t . A l l  o t h e r  c o e f f i c i e n t s  of 
i~ 

x,(t) a r e  polynomials  over  k  i n  t , hence a l s o  i n  
0 a i j  

This s e t  of polynomial r e l a t i o n s  de f ines  ) (a  a s  a  group over 

1 k, . Now b-a : x a ( t )  -> t is an  i n v e r s e  of  ia , s o  t h e  
i j i j 

map x, i s  an isoinorphism over ko . The proof of ( b )  i s  l e f t  

a s  an  e x c e r c i s e .  

We can r ecove r  t h e  l a t t i c e s  
=o 

and L  from t h e  group G 

A 
a s  fo l l ows .  Le t  ;i e L . 3 e f i n e  : H --> G by $(wi(ti) ) = m 

~ t ~ ~ ( ~ i )  . This  i s  a  c h a r a c t e r  def ined  over ko . $1 g e n e r a t e s  
A 

a  l a t t i c e  L  , t h e  c h a r a c t e r  group of H . The X,'s a r e  de te r -  

. mined by H a s  t h e  unique minimal un ipo t en t  subgroups normalized 
A 

by H . If h  = m h i ( t i )  t h e n  h  x,(t)hel = x a ( e ( h ) t )  where 
A A A - a ( h )  = ntia(Hi) . a is  c a l l e d  a g l o b a l  . Define Lo - 

A A h 
t h e  l a t t i c e  gene ra t ed  by a l l  a . Then Lo C L . 

A 
S x e r c i s e :  There e x i s t s  a  W-iscmorphism: L  -> L such t h a t  

h A h A 
Lo -> L !J ----> ;-c , and a -> a . (The a c t i o n  of W on L  

0 '  

is  g iven  by t h e  a c t i o n  of N/H on t h e  c h a r a c t e r  g r o u p ) .  

We summarize our r e s u l t s  i n :  

Ex i s t ence  Theorem: Given a  r o o t  system C , a  l a t t i c e  L  wi th  -.-- 

Lo C L C L1 (where Lo and L1 a r e  t h e  r o o t  and weight l a t t i c e s ,  

r e s p e c t i v e l y ) ,  and an a l g e b r a i c a l l y  c lo sed  f i e l d  lc , t h e n  t h e r e  

e x i s t s  a  semisiinple a l g e b r a i c  group G def ined  over k such t h a t  

L and L  a r e  r e a l i z e d  a s  t h e  l a t t i c e s  of g l o b a l  r o o t s  and char- 
0 

a c t e r s  , r e s p e c t i v e l y ,  r e l a t i v e  t o  a  maximal t o r u s .  Furthermore 
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G ,  ga,. .. can be t aken  over  t h e  prime f i e l d .  

The c l a s s i f i c a t i o n  theorem, t h a t  up t o  k-isoixorphism every 
'% 

!!- semisimple a l g e b r a i c  group over k has  been ob ta ined  above,  i s  
.& ... , 
<??? 

$! much more  d i f f i c u l t .  (See Grninair ChevaJJey, 1956-8). 
.+. g,. 

\ " .g, 

# We r e c a l l  t h a t  ?kF - %- n ez 
:? ., 

- 
*jq, 
'+,, .., . ,  + = {H E % [ p ( H )  E 72 f o r  a l l  p E L j  . 
.+:, . .. ... ,: 

--< 

: Lemma 35; Le t  k be a l g e b r a i c a l l y  c lo sed ,  G a  Chevalley group 
.... . . 
,..... .., .. ... . t 1 t t 
;- over H H  a b a s i s  f o r  . Define hi by h i (v )  
;,.; 

I.. fl(Hi) z 
= t 4, v f o r  v  E V . Then t h e  map rp: Gm -> H g iven  by 

" I-'- 
1 1 

( tl, >t4) -> ) is  an  isomorphisin over k of a lge-  
j= 0 

b r a i c  groups.  

T t 
Proof:  Wri te  Hi = X n .  .H n E . Given i t j  ] we can f i n d  - 1 i j  

I1 .L 

{ t i ]  such t h a t  tT. = Tti iJ ( f o r  d e t ( n . . )  # 0 and kq. i s  
J -! 1 J  

I 
t 1 

d i v i s i b l e ) .  Then n h  . (t . )  a c t s  on V as m u l t i p l i c a t i o n  by 
i J J  P 
J 

$(Hi) 
= pi , i . e .  a s  n h i ( t i )  . This shows t h a t  cp 

J 1 

maps G~ onto  i! . Clea r ly  rp i s  a  r a t i o n a l  ii1agi2ing def ined  m 
over  k  . Let {pi]  be t h e  b a s i s  of L dual  t o  { H i ]  l ( i . e .  

0 

t , P ( H j )  np ;;. (H . )  = 6 .  . )  . Wri te  p i =  .Z n p .  Then n(n"t 
1 J 1 3  , L E L P  

., , j j 1 
I -. 1 

= ti 2 S O  CP e x i s t s  and is  de f ined  over lc . 
0 

Theorem 7: Let  k  be an  a l g e b r a i c a l l y  c losed  f i e l d  and ko t h e  

prime s u b f i e l d .  Le t  G be a Chevalley group p a r a n e t r i z e d  by k 

and viewed a s  an a l g e b r a i c  group def ined over ko a s  above. 

Then; 



62 

( a )  U-HU is an  open s u b v a r i e t y  of G def ined  over ko . 
( b )  If n  i s  t h e  number of p o s i t i v e  r o o t s ,  t h e n  t h e  map 

kn k*.L 
CP: x kn -> U-HU def ined  by 

v' x a ( t a ) n h i ( t i )  YO xa( ta)  is  an isomorphism of 
a 0 a 
of v a r i e k i e s  over k  . 

0 

Proof :  ( a )  We cons ider  t h e  n a t u r a l  a c t i o n  of G on An - 
r e l a t i v e  t o  a  b a s i s  (Yl , Y 2 , .  . . , Y r )  over k  made up of products  

0 
t 1 

of His  and Xas such t h a t  Y1 = Ax,(u > 0 )  . For x E G w e  

s e t  xYi = Z, a .  . (x)Y and t h e n  d = afl 
1~ j 

, a  f u n c t i o n  on G over 

ko . We c la im t h a t  x E U-HU = U-B i f  and on ly  i f  d ( x )  # 0 . 
Assume x E U-B . Since  B f i x e s  Y1 up t o  a  nonzero m u l t i p l e  

and if u  E U- t h e n  uX, E Xa + % + x kXg , it fo l lows  
h t ( p )  < h t ( a )  

t h a t  d ( x )  # 0 . If x E U- w B wi th  w E W ,  w # 1 , t h e  same 

cons ide ra t ions  show t h a t  d ( x )  = 0 . I f  wo E E makes a l l  posi -  

t i v e  r o o t s  n e g a t i v e  t h e n  by t h e  equa t ion  woU'- w B = B wow B and 
1 

Theorem 4 t h e  two cases  above a r e  exc lus ive  and exhaus t ive ,  

whence ( a ) .  

( b j  The map cp i s  composed of t h e  two maps 

Y'=  (y1y\Y2, Y3) : ( t a l a  > 0 x (ti) x ( t a l a  > 0 -> U- x H x u , 
and 8: U- x H x U -> U-HU . We w i l l  show t h a t  t h e s e  a r e  i so-  

morphisms over ko . For y2 t h i s  fo l lows  from Lemma 35. Con- 

s i d e r  y3 . Le t  [vi ]  be a  b a s i s  f o r  V , t h e  under ly ing  vec tor  

space ,  made up of weight v e c t o r s  i n  t h e  l a t t i c e  i , and f i j  t h e  



?. 

norresponding coo rd ina t e  f u n c t i o n s  on End V , For each r o o t  a 
-qm 

choose i = i ( a ) ,  j = j(a) ni = n ( a )  a s  i n  t h e  proof of Lemma 

34. s e t  x = 1.1.- x g ( t g )  . Choosing an o rde r ing  of t h e  p o s i t i v e  
8 > 0  

r o o t s  c o n s i s t e n t  wi th  a d d i t i o n ,  we s e e  a t  once t l i a ' ~  
f i ( a )  , j ( a )  ( X I  = 

n ( a ) t a  + an i n t e ~ r a l  polynomial in t h e  e a r l i e r  t t s  and t h a t  

f i j ( x )  is an i n t e g r a l  polynomial i n  t h e  t f s  f o r  a l l  i , j  . 
Thus v3 is  an isomorphism over k , and s i n i l a r l y  f o r  Yl . 

0 

To prove 0 i s  an  isomorphism we order  t h e  vi so  t h a t  U-,H;U 

c o n s i s t  r e s p e c t i v e l y  of subdiagonal  un ipo t  en t  , d iagona l ,  super-  
:, .<.,<...., . .. . 
, .:._ -c  d iagonal  un ipo ten t  ma t r i ce s  ( s e e  Lemma 18, Cor. 3 ) ,  and t h e n  w e  

. .. 
, . .  

. may assume t h a t  t h e y  c o n s i s t  'of a l l  of t h e  i n v e r t i b l e  mat r ices  of 

t h e s e  t y p e s .  Le t  x = u-hu be i n  U-HU and l e t  t h e  subdiagonal  
- 

e n t r i e s  of u , t l ie  d iagona l  e n t r i e s  of h  , t h e  s u ~ e r d i a a o n a l  

e n t r i e s  of u  be l a b e l l e d  t i  wi th  i > j i = j i < j r e -  

I s p e c t i v e l y .  We order  t h e  i n d i c e s  s o  t h a t  i j  precedes  kg i n  

I case  i 5 k,  j 5 * and i j  # kt . Then i n  t h e  t h r e e  cases  above 

I f .  .(x) = t .  i t . .  , r e s p .  
t i j ~  

t .  . t .  . , i n c r e a s e d  by a n  
1 J 1 J  J J  11 1J 

i n t e g r a l  polynomial i n  t ' s  preceed ing  t i j  . We may now induc- 

t i v e l y  s o l v e  f o r  t l ie  t f s  a s  r a t i o n a l  forms over i n  t h e  

f l s  , t h e  d i v i s i o n  by t h e  forms r e p r e s e n t i n g  t l ie  t . . I s  be ing 
J J 

j u s t i f i e d  by t h e  f a c t  t h a t  t h e y  a r e  nonzero oil UoHU . Thus 8 

i s  an  isomorphism over ko and ( b )  fo l lows .  

minors Call 1 , /::: 21 
c o n s i s t s  of a l l  ( a i j  ) such t h a t  t h e  

a r e  n ~ n s i n g ~ l a r .  
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k Remark : It e a s i l y  fo l lows  t h a t  t h e  L i e  a lgeb ra  of G i s  d 

We can now e a s i l y  prove t h e  fo l lowing  important  f a c t  ( b u t  

w i l l  r e f e r  t h e  r e a d e r  t o  ~ g m i n a i r e  Bourbaki ,  Exp 219 i n s t e a d ) .  

Let  G be  a Chevalley group over Q , viewed a s  above a s  an  

a l g e b r a i c  maLric group over $ , t h e  prime f i e l d ,  and I t h e  cor- 

responding i d e a l  over 22 ( c o n s i s t i n g  of a l l  polynomials  over 

which van ish  oil G )  . Then t h e  s e t  of ze ros  of I i n  any a lge -  

b r a i c a l l y  c l o s e d  f i e l d  k i s  j u s t  t h e  Chevalley group over k 

of t h e  same t y p e  (same r o o t  sys tem and same weight l a t t i c e )  a s  

G . Thus we have a f u n c t o r i a l  d e f i n i t i o n  i n  t e rms  of equa t ions  

of a l l  of t h e  semisimple a l g e b r a i c  groups of any g iven  t y p e .  

1 
Co ro l l a ry  1: Let  k,ko , G  ,V  be as above. Let  G be  a Chevalley - - -. 
group construcZzd u s i n g  V '  i n s t e a d  of V b u t  wi th  t h e  same . 

I 
Assume t h a t  LV > LVT . Then t h e  homomorphir;ia ~ 3 :  G -> G 

I 
t a k i n g  x,(t) ---3 x,(t) f o r  a l l  a and t i s  a homomorphism 

I of a l g e b r a i c  groups over ko . 

1 Proof: Consider f i r s t  cp I U-HU . By Theorem 7 we need on ly  show 

t h a t  cp [ H  i s  r a t i o n a l  over ko The nonzero coo rd ina t e s  of 
1 

T P  ( H i )  1 
h i ( t i )  a r e  TT -L ( E LV1) . The nonzero coo rd ina t e s  i 

A H i )  
of h . .  a r e  t i  ( i i  E LV) . Each of t h e  former i s  a 

1 1  

1 monomial i n  t h e  l a t t e r  (because  LVl C LV) , and hence i s  r a t i o n a l  - 
1 

over k . Now f o r  w E W, uW ( r e s p .  w ,) can be chosen wi th  
0 

c o e f f i c i e n t s  i n  ko ( f o r  w a ( l )  = ( 1 )  ( - 1 )  a (1)) , s o  t h a t  

1 cp J(J:U-B i s  r a t i o n a l  over ko . Since  B.LB C w w  -'u-B , we con- 

c lude  t h a t  i s  r a t i o n a l  over ko 
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Coro l la ry  . . 2:  The homomorphism c p  .: SL -- 
a 2 > < K a , ) ( - a >  (of 

1 
Corol la ry  6 t o  Theorem 4 ) i s  a  homomorphism of a l g e b r a i c  groups 

over lco . 
Proof :  This  i s  a  s p e c i a l  case  of Coro l la ry  1. 
7 

C o r o l l a r y L :  Assume Z,V, and 4 a r e  f i x e d ,  t h a t  V i s  uni-  

v e r s a l ,  k  C 1; a r e  f i e l d s  and Gk and GK a r e  t h e  corresponding 

Chevalley groups.  Then Gk = GK n GLM, . 
Proof :  C l e a r l y  G C GK n GLM, . Suppose x E G K n G L M j k  . 

1c - 
I 

Then x = uhw,v ( s e e  Theorem 4 ) with  W w  d e f i n e d  over t h e  

prime f i e l d .  We must show t h a t  xu,' E G k  , i . e .  uhu- E G k  
- -..1 

where u  = U W v w W  . Write  uhu- = ('17 h i ( t i I a F  x,(%) a > oAa 1 0  
with  ta, ti E K . Applying cp-' of Theorem 7 ,  we g e t  

> 0 X ( t i)  X ( t a l a  < 0 Since  uhu- i s  de f ined  over k 

and cp-' i s  def ined  over ko , a l l  t,, ti E k . Hence 

uhu- E Gg . 
Remark: Suppose k = (t and G is  a  Chevalley group over  k  . 
Then G has  t h e  s t r u c t u r e  of a  complex L ie  group,  and a l l  t h e  

preceding s t a t emen t s  have obvious mod i f i ca t ions  i n  t h e  language 

of L i e  g roups ,  a l l  of which a r e  t r u e .  For example, a l l  complex 

semisimple L ie  grougs a r e  inc luded  i n  t h e  c o n s t r u c t i o n ,  and 

i n  Theorem 7 i s  an isomorphism of complex a n a l y t i c  manifolds .  
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I 36. G e n e r a t o r ~ m d  r e l a t i o n s  

I n  t h i s  s e c t i o n  we g i v e  a p resen ta t ion  of t h e  u n i v e r s a l  

I '  Chevalley grou;3 i n  terms of  gene ra to r s  and r e l a t i o n s .  If C 

! i; a r o o t  System and k a f i e l d  we consider  t h e  group genera ted  

by t h e  c o l l e c t i o n  of symbols [xa ( t )  la e Z,  t e k ]  s u b j e c t  t o  

t h e  fol lowing r e l a t i o n s  , t aken  from t h e  corresponding Chevalley 

I groups : 

x a ( t )  is a d d i t i v e  i n  t . 
If u and p a r e  r o o t s  and a + B # 0 , t h e n  (x,(t) , x g ( u ) )  = 

i j lT Xis+ j p (c i  jt u  ) , where i and j a r e  p o s i t i v e  i n t e g e r s  

and t h e  c  i j a r e  a s  i n  Lemma 15. 
-2 wa(t)x,(u)wL(-t) = x-,(-t u )  f o r  t E. k" , where w,(t)  = 

-1 x,(t)x,(-t )\(t) f o r  t E k': . 
h,(t) i s  m u l t i p l i c a t i v e  i n  t , where h L ( t }  = w u ( t ) w a ( - l )  

f o r  t E, k'" . 
The r e a d e r  i s  r e f e r r e d  t o  t h e  l e c t u r e r f s  paper i n  Colloque la 
t h k o r i e  - des groupes al,q/ebriqies, Bruxel les  , 1962. 

I Theorem 8 : Assume t h a t  C i s  or thogonal ly  indecomposable. Then: 

( a )  The r e l a t i o n s  ( R )  (see 3~ ) a r e  consequences of ( A )  

and ( B )  i f  rank  C > - 2  and of ( 8 )  and ( B 1  ) if  

rank  C = 1 . 
( b )  I n  e i t h e r  case  i f  we add t h e  r e l a t i o n  ( C ]  we ob ta in  a  

*I . complete s e t  of r e l a t i o n s  f o r  t h e  u n i v e r s a l  Chevalley 

I group cons t ruc ted  from C and k  . 



The proof depends on a sequence of lemmas. 

t 
Throughout we l e t  G be t h e  group gene ra t ed  by 

1 ' 

Ix,(t) la E C ,  t E k ]  s u b j e c t  t o  r e l a t i o n s  (A) and ( B )  i f  

r a n k  C > - 2 o r  (A) and ( B ' )  i f  r a n k C  = 1, G be  the. uni-  

v e r s a 1  Chevalley group cons t ruc t ed  from C and k , and 
t 1 

n: G -> G be  t h e  homomorphism d e f i n e d  by n ( ~ a ( t )  ) = x,(t)  

f o r  a l l  a E C, t E k . 
I.,emma 36: Let  S be a s e t  of r o o t s  such t h a t :  

( a )  a E S i m p l i e s  -a $ S . 
( b )  a ,  p E S and a + /3 E C imp l i e s  a + P E S . 

t 
Le t  X I s  be  t h e  subgroup of G gene ra t ed  by 

l x A ( t )  l a  E 3 ,  t E k] . Then n maps y t s  i somorph ica l l y  on to  

t h e  corresponding group i n  G . 
9 

Proof :  Using (11) and ( B )  we can reduce  every element of l s  

t 
t o  t h e  form xa( tF, )  (t, E k )  and  we know by Lemma 17  t h a t  

a c 3  
every  element of g s  can be  w r i t t e n  un ique ly  i n  t h i s  form. 

Lemma 3'7.: The fo l l owing  a r e  consequences of ( A )  and ( B )  i f  

r a n k  C > - 2 and of ( A )  and ( B ' )  i f  r a n k  C = 1 : 

t 0 1 1 

( a )  wa ( t )xB(u )wa( - t )  = x r ( c t  - 'La>u) 

1 t ? P 
( b )  w a ( t ) w  ( u )wa( - t )  = wa(ct- < B j a > ~ )  P 

where Y = w,B, c  = c ( a , p )  = 2 i s  independent of t 

and u , and  c ( a , p )  = c(a , -B)  . 



I ( d )  , h i ( t ) ~ g ( u ) h ; ( t ) - ~  = x ' ( t -  <kba>ul 
B 

I t ' <B,a>u) 
( e l  h i ( t ) w g ( ~ ) h : ( t ) - l  = w g ( t  

<p a>]-l h t  (t<Pya>u)hT (t  ? ( f )  h i ( t ' ) h L ( ~ ] h ; , ( t ) - ~  = B . 
Proof:  - ( a )  assume a # +p . Let  S be t h e  s e t  of r o o t s  of t h e  

form ia + j p  where i and j a r e  i n t e g e r s  and j > 0 . By 

( B )  X's i s  normalized by ' and xt, and hence by 
t t I t T 

w a ( t )  Thus w,(t)xB(ujwa(-t)  E g S  . By Lemma 36 we need 

on ly  prove t h a t  r e l a t i o n  ( a )  ho lds  i n  G . But i n  G ( a )  fo l lows  

f rom t h e  r e l a t i o n s  ( R )  . Now assume a = and r a n k  C 2 2 . 
I n  t h i s  case  we u s e  t h e  f a c t  ( s e e  t h e  Coro l la ry  t o  Lemma 33) 

( There exist  r o o t s  6  and 7 and a p o s i t i v e  i n t e g e r  j such 

t h a t  a = 6 + jr and 

t t t ( c  tmun)  and c l j #  0 .  
( X  9 ! Xm*+nr m,n 

Y *  n , ~  > o / 

S e t  T = {mwa6 + nwarlm,n p o s i t i v e  i n t e g e r s ]  Transforming both 

s i d e s  of t h e  above equat ion by w A ( t )  and apply ing  t h e  case  of 

( a )  a l r e a d y  proved we s e e  t h a t  t h e  t r ans fo rm of every te rm except 
I 1 1 j 1 

( C  .t uJ) E K T  . Hence ~ , ( t ) x g + ~ ~ ( c ~ t  u  )w , ( - t )  & XT , X*+j7 13 
s o  by t h e  e a r l i e r  argument, wi th  T i n  p l a c e  of S  , ( a )  ho lds .  

I 
If a = p and r a n k  C = 1 t h e n  ( a  j holds  by (B ) . Since  

t 1 
w a ( t ) - '  = w a ( - t )  , t h e  case  a = -B fo l lows  from t h e  case  a = . 

I 
( b )  -. .(f) f o l l o w  from ( a )  and t h e  d e f i n i t i o n s  of w , ( t )  

t 
and h,( t)  . 

Part ( a )  of Theorem 8 fo l lows  from p a r t s  ( a )  - ( d )  of  Lemma 37. 
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1 

Lemma 3 8 :  Let  h i  be  t h e  group gene ra t ed  by a l l  h , ( t )  , 
1 %(. = h' , and H~ t h e  gr,oup gene ra t ed  by a l l  ha . Then: 

1 a i 
T 1 

( a )  Each ka is  normal i n  H . 

Proof :  ( a )  f o l l o w s  from Lemma 37 ( f )  . 
L 

( b )  Let  $ be any r o o t ,  and w r i t e  B = w a  w i th  ai i 

s imple  and w E M . Let  w = w,. .. be  a  minimal exp re s s ion  f o r  

w a s  a  product  of s imple  r e f l e c t i o n s .  S e t  I= wa$ . Then 
T t 

$(t) = w a ( l ) h g ( c ( - l )  -<Bya>t )hk(c  (-1) - < B , a > l - l w T ( - l )  a by ~ e m a  

37 ( c )  , and hence by Lemma 37 ( e )  

t 
h A ( t )  = h r ( c ( - l )  - < B , a > t ) h k ( ~ ( - l )  -<B ,a>)-lwT a ya>)w~(-l)  

E %$*hi . By i n d u c t i o n  on t h e  l e n g t h  of w , ( b )  f o l l o w s ,  

Proof  of T h e o r e m u :  - --- Let  G" be  t h e  group gene ra t ed  by 
I 1 

{x,(t) l a  E 2, t E k ]  s u b j e c t  t o  t h e  r e l a t i o n s  ( A ) ,  ( B )  if 

r a n k  C > 1 o r  ( B f )  i f  r a n k  C = 1 , and ( C )  . Let  
I t  r f 11 

w a y  h ( t ) , .  be  d e f i n e d  a s  u s u a l  i n  t e rms  of t h e  x a ( t )  . 
'IT i t  

We wish t o  prove t h a t  .T, : G -> G i s  an isomorphism. Le t  
.O S I t  

x E ke r  n . By Coro l l a ry  1 of t h e  p r o p o s i t i o n  i n  3 3 ,  x E H . 
i 9 91 

ByLemma 36 and ( C )  Y =  n h i ( t i )  (ti E ki'] . Applying 3 we 

o b t a i n  1 = 17. h i ( t i )  . Since  G is  u n i v e r s a l  each ti = 1 , 
s o  x = l ,  

F f i m l r l - s :  ( a )  I n  ( A )  and ( B )  it i s  s u f f i c i e n t  t o  u se  a s  gen- 
- 7 2  --. -%.. 

e r a t o r s  x,(t) where a i s  a  l i n e a r  combination of 2 s imple  
< 

r o o t s  and t h e  r e l a t i o n s  ( 1 )  and ( B )  which can be  w r i t t e n  i n  



t e rms  of such elements.  

( b )  It i s  s u f f i c i e n t  t o  assume ( C )  f o r  one r o o t  i n  

each o r b i t  under W . 

E x e r c i s e :  If C i s ' i .ndecomposable ,  prove t h a t  it i s  s u f f i c i e n t  

t o  assume ( C )  f o r  any l o n g  r o o t  a . 
We w i l l  now show t h a t  i f  k i s  an a l g e b r a i c  ex t ens ion  of a 

f i n i t e  f i e l d  t h e n  ( 1 )  and ( B )  imply ( C )  . 
f 1 

Lemma 39: Le t  a be  a  r o o t  and G a s  above. I n  G s e t  

f (t , u )  = h,(t)h,(u)h,(tu)-' . Then: 

2 2 ( a )  f ( t  ,u v )  = f ( t  ,u ) f ( t  , v )  . 
.I. 

( b )  If t ,u g e n e r a t e  a  c y c l i c  subgroup of  kq' t h e n  

f (t  , u )  = f ( u , t )  n 

2 ( c )  If f ( t , u )  = f ( u , t )  , t h e n  f ( t , u  ) = 1 . 
( d )  If t Y u #  0 and t + u =  1 , t h e n  f ( t , u )  = 1 .  

1 
Proof:  S ince  f ( t  , u )  E ker  n, f (t , u )  E cen te r  of G Se t  

h , ( t )  = h ( t )  . 

n ( b )  Le t  t = vm, u  = v with  m,n E . Then 
1 

h(t) = h ( ~ ) ~ c ,  h ( u )  = h(v)"d wi th  c ,  d  E c e n t e r  G , s i n c e  



1 G '  is a  cen t ra l  extension of G . Thus h ( i ) ,  h ( u )  c~mmute  and 

I, 
I 

f ( t , u )  = f ( u , t )  . 
2  - (by  Lemma 37 ( f )  ) , 

(c) h ( t )  = h ( u ) h ( t ) h ( u ) - l  = h ( t u  ) h ( u  ) 
2  s o  t h a t  f ( t  ,u ) = 1 . 

( d )  Abbrevia te  x a ,  xWa,  Wa ha t o  x ,  y ,  w,  h ,  respec-  

t i v e l y .  We have: 

2  (1) w ( t ) x ( u ) w ( - t )  = y ( - t  u )  

1 
( 3  w ( t )  = y ( - t - l ) x ( t ) y ( - t - l )  (by ( 1 1 ,  ( 2 L  ( 3 ) ) -  

Then h ( t u ) h ( u ) - l  = v ( t u ) w ( - u )  by d e f i n i t i o n  of h  

-1 -2 
= x ( t ) x ( - t ) w ( t u ] w ( - u )  = x ( t ) w ( t u ) y ( t  u  ) w ( - U )  (by  (1)) 

-1 -1 -1 -1 = x ( t ) ~ ~ ( - t  u  ) x ( t u ) y ( - t  u )y  ( t - 1 ~ - 2 j ~ ( - ~ )  (by  ( 3 r  ) I  
-1 *-1 = x ( t ) y ( - i  v. ) x ( ~ u ) ~ ( u - ~ ) w ) - u )  (by  ( A )  

-1 -1 -1 -2 -1 -2 -2 f o r  y ( - t  u  ) y ( t  u  ) = y ( t  u  ( 1 - u ) )  = y ( u  ) )  

-1 --1 = x ( t ) y ( - t  u ) w ( - u ) y ( - t ~ - ~ ) x ( - l )  ( by  (1) and ( 2 ) )  

I = ~(t)~(-t~~]x(t]x(--1)~(l)x(-l) = w ( t ) w ( - 1 )  = h ( t )  , proving ( d )  . 
Lemma 40:  I n  a f i e l d  k of f i n i t e  odd o r d e r  t h e r e  e x i s t  elements 

I t , u  such t h a t  t and u  a r e  no t  squa re s  and t + u  = 1 . 
Proof :  If I k[ = q  t h e r e  a r e  ( q + 1 ) / 2  s q u a r e s .  S ince  

( (q+1)/2)#  t h e  squa re s  do n o t  form a n  a d d i t i v e  g roup ,  s o  we can 

I f i n d  a , b  , c  s o  t h a t  a  + b  = c  where a  and b  a r e  squares  



and c  i s  n o t .  Then t a k e  t = a / c ,  u  = b/c . 
Theorem 9: Assume t h a t  C i s  indecomposable and t h a t  k  i s  an  

a l g e b r a i c  ex t ens ion  of a  f i n i t e  f i e l d .  Then t h e  r e l a t i o n s  ( A )  

and ( B )  ( o r  (By) i f  r ank  C = 1) s u f f i c e  t o  d e f i n e  t h e  cor-  

responding u n i v e r s a l  Chevalley group ,  i . e .  t h e y  imply t h e  r e l a -  

t i o n s  ( C )  . 
Proof:  Let  t ,  u  e k"' . We must show f ( t  , u )  = 1 where f i s  - 
a s  i n  Lemma 39. By Lemma 39 (b  and c )  i f  e i t h e r  t o r  u  i s  a  

I .  
squa re  f ( t , u )  = 1 . Assume t h a t  bo th  a r e  no t  squa re s .  By Lemma 

40 ( a p p l i e d  t o  t h e  f i n i t e  f i e l d  gene ra t ed  by t and u )  

2 4. 

t = r tl, u = with  r 7 s ~ k * , t l + u l = 1 , t l  and ul u1 
2 2 no t  squa re s .  T h e n  f ( t , u )  = f ( t , s  ul) = f ( t , u l )  = f ( r  t l , u l )  

= f( t17u1) = 1 by Lemma 39 (a  and d ) .  

Example: If n  > - 3  and k  i s  a  f i n i t e  f i e l d ,  t h e  symbols 

x i j ( t )  (1 i j n ,  i # j t E k )  s u b j e c t  t o  t h e  r e l a t i o n s :  

( a )  x i j ( t ) x i j ( u )  = x i j ( t + u )  

( B )  (xi j ( t )  y x j  k ( ~ )  ) = x i k ( k )  i f  i k  a r e  d i s t i n c t ,  

(x i j  ( t  ) ,xkL (c) ) = 1 if  j f  k ,  i f & ,  

d e f i n e  t h e  group SLn(k)  . 



s7. C e n t r a l  at ensions .  

T 
Our o b j e c t  i s  t o  prove t h a t  i f  n ,  G , and G a r e  a s  i n  

P 36, t h e n  (n , G ) i s  a u n i v e r s a l  c e n t r a l  ex tens ion  o f  G i n  a 

sense  t o  b e  def ined .  The r e a d e r  i s  r e f e r r e d  t o  t h e  1ec tu re rTs  

paper i n  Colloque s u r  l a  t h e o r i e  des  groupes a lg8br iques ,  -- - 
Bruxe l l e s ,  1962 and f o r  g e n e r a l i t i e s  t o  S c h u r f s  papers  i n  J. Reine 

Angew. Math. 1904, 1907, 1.911. 

t 
D e f i n i t i o n :  A c e n t r a l  ex tens ion  of a group G i s  a couple ( n ,  G ) 

1 1 
where . G f s a group,  n i s  a homomorphism of  G on to  G ,  and 

ke r  n C c e n t e r  o f  G' . - 
Examples : 

( a )  n, G I ,  G a s  i n  36. 

t 
(b )  n : G -> G t h e  n a t u r a l  homomorphism o f  one Chevalley 

group onto ano the r  cons t ruc t ed  from a s m a l l e r  weight 

l a t t i c e .  E. g.  , x : SLn -+P PSI,,, n : Spn ->PSpn , 
and n : Spinn  -+ SOn . 

f 
( c )  n : G -> G a t o p o l o g i c a l  covering o f  a connected 

t o p o l o g i c a l  group; i. e. , x i s  a l o c a l  isomorphism, 

c a r r y i n g  a neighborhood of 1 isomorphica l ly  onto one 

of  G .  We n o t e  t h a t  n i s  c e n t r a l  s i n c e  a d i s c r e t e  

normal subgroup of  a connected group i s  n e c e s s a r i l y  

c e n t r a l .  To s e e  t h i s ,  l e t  N be a d i s c r e t e  normal 

subgroup of  a connected group G and l e t  n EN. Since  

t h e  map G -> N given  by g -> gng-' , ~ E G ,  has  a 



-1 d i s c r e t e  and connected  image, gng = n f o r  a l l  

g  E G -  

D e f i n i t i o n :  A c e n t r a l  e x t e n s i o n  ( n , ~ )  of a  g roup  G i s  
1 

u n i v e r s a l  if f o r  any c e n t r a l  ex t ens ion  ( n  , E ' )  of  G t h w e  
Y t 

e x i s t s  a  unique  homomorphism cp 2 E-> E such t h a t  n Cp = n , 
i. e .  , t h e  f o l l owing  diagram i s  commutative : 

We a b b r e v i a t e  u n i v e r a l  c e n t r a l  e x t e n s i o n  by u. c. e. We 

deve lop  t h i s  p r o p e r t y  Xn a  sequence  o f  s t a t e m e n t s .  

(i) If a u.  c .  e .  e x i s t s ,  it 1s unique up t o   isomorphism^ 

t F 
Proof: .  If ( n , ~ )  and ( n  , E )  a r e  u.c.e.  of G ,  l e t  

? ? 
rp : E-> E '  and rpi : E ->E b e  such  t h a t  n g ~  = n and 

1 P 1 ? 
ncq = n . Now rp'p : E ->E and n(.p cp) = n.  Hence cp y 

i s  t h e  i d e n t i t y  on E by t h e  l ~ n i q u e n e s s  of cp i n  t h e  d e f i n i t i o n  

of a  u. c .  e .  S i m i l a r l y  ?;ji i s  t h e  i d e n t i t y  on E~ . 
(ii) I f  ( n , ~ )  i s  a  u .c .  e. o f  G t h e n  E = E and hence 

G = G ,  where H i s  t h e  d e r i v e d  group o f  H. 

1 1  
Proof :  Consider  t h e  c e n t r a l  ex t ens ion  ( n  , E ) where 

E' = E x  E / & E  and n r ( a , b ' )  = n ( a ) ,  a E E ,  b E E / O E .  N o w i f  
t 

y l ( a )  = ( a , l )  and y 2 ( a )  = ( a , a + B  E ) ,  t h e n  a p- = n ,  1 = 1 , 2 ,  
1 

and hence if1 = y2 . Thus, E l D  E = 1 and E = a E .  



(iii) I f  G = D G  and ( s , ~ )  i s  a  c e n t r a l  ex t ens ion  o f  G ,  

t h e n  E = C ,  f i  E where C i s  a  c e n t r a l  subgroup o f  E on which 

rr i s  t r i v i a l .  Moreover, Q E = & E . 
Proof :  We have n B E  - dg( r rE)  = & G  = G. Hence, E = C J ~ E  where - 
C = k e r n .  Also,  B E  = & ( c ~ E )  = D * E .  

( i v )  If G = f! G ,  t h e n  G possesses  a  u. c .  e  . 
Proof:  For each x  G we . i n t r o d u c e  a  symbol e ( x )  . Let F  b e  - 
t h e  group gene ra t ed  by Ee (x) ,x G ]  s u b j e c t  t o  t h e  c o n d i t i o n  - 

t h a t  e ( ~ ) e ( ~ ) e ( x y ) - l  commutes w i th  e ( z )  f o r  a l l  x , y , z  G . 
If n : e ( x )  -> x ,  t h e n  by us ing  i n d u c t i o n  on t h e  l e n g t h  of  an  

express ion  i n  F,  we s e e  t h a t  n extends  t o  a  c e n t r a l  homo- 

morphism of  F on to  G. 

( a )  ( n , ~ )  covers  a l l  c e n t r a l  ex t ens ions  o f  G. To s e e  
1 t 

t h i s ,  l e t  ( E  , n ) be  any c e n t r a l  ex t ens ion  of G. Choose 
t 1 1 t 

e (x) E E' such t h a t  n. e  (x) = x.  b ince  n  i s  c e n t r a l ,  t h e  
1 

e ( x ) ~ s  s a t i s f y  t h e  c o n d i t i o n  on t h e  e ( x ) t s .  Hence, t h e r e  i s  
1 1 

a  homomorphism rp : F -> E such t h a t  rp e ( x)  = e (x )  , and 
1 

t h u s  n  rp = n. . 
(b )  If E = D F  and TI; a l s o  denotes  t h e  r e s t r i c t i o n  of  

n  t o  E ,  t h e n  ( n , ~ )  covers  a l l  c e n t r a l  ex t ens ions  uniquely .  

By (iii) , we have t h a t  ( n , ~ )  covers  a l l  c e n t r a l  ex t ens ions .  If 
t f 1 1  

( n , ~  ) i s  a  c e n t r a l  ex t ens ion  of  G and i f  a cp = n = 71 rp , 
t -1 

t h e n  cp(x)cp ( x ) - l E  c e n t e r  o f  E . T h u s , ' y :  x--> tp(x)cp (x) 

i s  a  homomorphism of E i n t o  an Abelian group. S ince  E = k ) ~ ,  
? 

i s  t r i v i a l  and rp = cp 



Remark: P a r t  ( a )  shows t h a t  i f  G i s  any group t h e n  t h e r e  i s  

a  c e n t r a l  ex tens ion  cover ing a l l  o t h e r s .  

. t  
( i v )  If ( 7 1 , ~ )  i s  a  c e n t r a l  e x t e n s i o n o f  G which covers  

a l l  o t h e r s  and i f  E = BE, t h e n  ( n , ~ )  Is  a  u. c .  e. 

(v If n : E  -> F and Y : F -> G a r e  c e n t r a l  ex t ens ions ,  t h e n  

s o i s  y n : E - > G  , provided E  =BE. 

Proof:  If a  k e r  n ,  l e t  g, b e  t h e  map rg : x -> ( a , x )  = - 
-1 -1 axa x  , x E E . Now cp(x) E c e n t e r  o f  E, s i n c e  

n ( a , x )  = (na,m) = 1 because n a  E c e n t e r  o f  F. Now 7 i s  

a  homomorphism, s o  ep  i s  t r i v i a l ,  and a  c e n t e r  o f  E. 

( v i )  Exerc i se :  I n  v , ( n , ~ )  i s  a  u. c. e  of  F if and on ly  

i f  ( I f r n , ~ )  i s  a  U.C. e. o f  G. 

D e f i n i t i o n :  A group G i s  s a i d  t o  b e  c e n t r a l l y  c l o s e d  i f    id,^) 

i s  a  u. c. e .  o f  G. 

( v i i )  Coro l la ry :  If ( n , ~ )  i s  a  u. c. e. o f  G ,  t h e n  E i s  

c e n t r a l l y  c losed .  

( v i i i )  I f  E i s  c e n t r a l l y  c l o s e d ,  t h e n  every c e n t r a l  ex tens ion  

y:  F +  E of E s p l i t s ;  i . e ,  t h e r e  e x i s t s  a  homomorphism 

9 : E -3 F such t h a t  fp = i d  . 

. 

(1x1 ( n , ~ )  i s  a  u. c. e. of G i f  and only i f  every  dlagram 

o f  t h e  form E - - -  

, nJ ' i t  

G G ! 

P >  



t 9 
can be  uniquely completed, where ( n  , E ) i s  a  c e n t r a l  ex tens ion  

of G' and f i s  a  homomorphism. 

Proof: One dir 'ect ion i s  immediate by tak ing  G' = G and 7 = i d .  - 
Conversely, suppose t h e  diagram i s  given and (y , E )  i s  a  u. c. e. 

t t t  
Let H be  t h e  subgroup of  G y E' , H = [ ( x , e  I f x =  n e  1. If 

? 
U/: H->G i s  given by ( x , e  1 = x ,  then  Y i s  c e n t r a l .  S ince  

( n , ~ )  i s  a  u. c. e. of G, t h e r e  i s  a  unique homomorphism 

0 : E + H  such t h a t  Q = a .  Now t h e  homomorphism rp : E+E' , 
P 1 1 7 1 = Y  @ , w h e r e y l  : H + E  IS g i v e n b y y  ( x , e )  = e  , 

1 1 1 1 1 
s a t i s f i e s  r n =  p y e = n  y/ e = n r p .  If f r r = n r p  , t hen  

? 1 t 
l e t  0' : E -> H be given, by 0 ( e l  = (rr(e) , y  (e )  1. Since y/ 9 = z , 

t 
wG have d = 9 and p = y t g 1  =y18 = p , proving t h e  uniqueness 

Def in i t ion  : A l i n e a r  ( r e s p e c t i v e l y  p r o j e c t i v e )  r e p r e s e n t a t i o n  of 

a  group G i s  a homomorphism of  G i n t o  some GL(v)  ( re-  

s p h ~ t i v c ~ -  FGL(V) ). 

Since GL(v) i s  a  c e n t r a l  extension of PGL(V) we have 

t h e  fol lowing r e s u l t  : 

(r) Corol lary:  If ( 7 1 , ~ )  i s  a  U. c.e. of G p  t hen  every 

p r o j e c t i v e  r e p r e s e n t a t i o n  of  G can be  l i f t e d  uniquely t o  a  

l i n e a r  r e p r e s e n t a t i o n  of E. 

(x') Topologica l  - s i t u a t i o n :  If G i s  a t o p o l o g i c a l  group one , '  

can r e p l a c e  t h e  condi t ion  G = DG by G i s  connected, t h e  

cond i t ion  ( n , ~ )  i s  a  u .c .e .  by (x,~) i s  a  u n i v e r s a l  coveringgroup 

i n  t h e  t o p o l o g i c a l  sense ,  and t h e  condi t ion  G i s  c e n t r a l l y  c losed 



by G i s  simply connected i n  t h e  above d i scuss ion  and o b t a i n  s imilar  

r e s u l t s .  

Def in i t i on :  I f  ( n , ~ )  i s  a  U.C. e  o f  t h e  group G ,  t h e n  we c a l l  

k e r  n t h e  Sch~r m u l t i p l i e r  o f  G.. - 
If we w r i t e  ke r  n = M ( G )  t o  i n d i c a t e  t h e  dependence on G ,  

1 
then  a  homomorphism. :' G 4 G l eads  t a  a corresponding one 

f M(?) :. M ( G )  -> M(G ) by ( i X  ! . Thus M i s  a f u n c t o r  from t h e  

category of  groups G such t h a t  G =a G t o  t h e  category o f  

Abelian groups w i t h  t h e  fo l lowing  proper ty :  i f  q) i s  onto ,. t h e n  

so i s   go). 

Remark: Schur used d i f f e r e n t  d e f i n i t i o n s  (and terminology) s i n c e  

he considered only  f i n i t e  groups bu t  d i d  not r e q u i r e  t h a t  G = & G .  

If G = d4 G our d e f i n i t i o n s  a r e  equiva len t  t o  h i s .  One of  Schurr s 

r e s u l t s ,  which we s h a l l  not  u s e ,  i s  t h a t  i f  G i s  f i n i t e  t h e n  so 

i s  M ( G ) .  

Theorem 10: Let C b e  an indecomposable r o o t  system and k a  

f i e l d  such t h a t  ]k l  > 4 and,  i f  rank  'E = 1, t h e n  ] k l  $ 9. 

If G i s  t h e  corresponding u n i v e r s a l  3hevaUey group 
? 

( a b s t r a c t l y  def ined  by t h e  r e l a t i o n s  ( A ) ,  ( B )  , (B 1, ( c )  of 36)  , if 

7 
G' i s  t h e  group def ined  by  t h e  r e l a t i o n s  ( A ) ,  ( B ) ,  ( B  ) (we use  (B') 

on ly  if rank  C = 1) , and i f  n i s  t h e  n a t u r a l  homomorphism from 
1 

G~ t o  G ,  then  ( n , ~  ~ s a  u.c.e. o f  G. 

Bemark: There a r e  except ions  t o  t h e  conclusion.  E.g.. SL2(4) and 

SL (9 )  a r e  such. Indeed sL2 ( 4 )  2 PSL ( 5 )  and sL2 ( 5 )  i s  a centra l  
2  2 



ex tens ion  of P S L ~ ( ~ ) .  For ~ ~ ~ ( 9 1  s e e  Schur. It can be  shown 

t h a t  t h e  number of couples  (C,k)  f o r  which t h e  conc lus ion  f a i l s  

i s  f i n i t e .  

t t 
Proof:  S ince  l k l  > 4 ,  G = B G ,  G = & G  , -  and u . c . e .  e x i s t  - 
f o r  bo th  G and G I .  The conclusion becomes GT i s  c e n t r a l l y  

c losed ,by  t h e  above remarks. We need on ly  show that every c e n t r a l  
t 

extens ion  (y ,E )  of G' s p l i t s ,  i . e . ,  t h e r e  e x i s t s  9 : G-> E 

s o  t h a t  y 0 = i d  , ; i. e . ,  t h e  r e l a t i o n s  d e f i n i n g  G' can be  
G 

l i f t e d  t o  E. 

We may assume E = B E ;  bu t  t h e n  ( n * , ~ )  i s  a c e n t r a l  

ex tens ion  o f  G by ( v  1. We need on ly  show 

( 1 )  If (y , E )  i s  a  c e n t r a l  ex tens ion  of  G ,  t h e n  t h e  
t 

r e l a t i o n s  ( A ) ,  ( B ) ,  ( B  ) can be  l i f t e d  t o  E. 

Let C = k e r  , a  c e n t r a l  subgroup o f  E. We have: 

( 2 )  A commutator ( x , y )  w i t h  x , y  E E depends on ly  on 

t h e  c l a s s e s  mod C t o  which x  and y belong.  

Choose a  E k" s o  t h a t  c  = a 2  - I f  0. Then i n  G 

( h a ( a )  , x a ( t ) )  = x a ( c t )  f o r  a l l  a  E Z ,  t E k. We d e f i n e  

' P X a ( t )  E E  ( a E Z ,  t E k )  s o  t h a t  rpx ( t )  = x a ( t )  and s o  
a 

t h a t  

( 3 )  ( r p h a ( a ) ,  c p x a ( t ) )  = y x a  ( c t )  and t h e n  p h t s  (and 

l a t e r  po w 1s) i n  terms of t h e  rp xTs by t h e  same formulas  which 

d e f i n e  t h e  h t s  and t h e  w f s  i n  terms of  t h e  x f s .  Note t h a t  

t h i s  cho ice  i s  no t  c i r c u l a r  because o f  ( 2 ) .  We s h a l l  show t h a t  
T 

t h e  r e l a t i o n s  ( A  ( B  , ( B  ) hold  wi th  p x  f s  i n  p l a c e  of  x t s .  



s e t  h x, (t)h- '  = x a ( d t )  w i t h  d  E K" . Conjugating ( 3 )  by 

yh, we g e t  ( c p h a ( a ) , y x a  ( d t ) )  = c ~ h y x a ( c t ) c p  ( h ) - I  , and t h e  l e f t  

s i d e  e q u a l s  cp x a  ( c d t  ) = ( h  x a (  c  t) h-l)  by ( 3 ) .  S i m i l a r l y  we have 

- 
(4') Cp n  q~ xu (t)(cpn)- '  = cp(nxa ( t ) n  ') f o r  a l l  n  E Ny a E E ,  

t E k .  

( 5 )  If a and j3 a r e  r o o t s ,  a + B  0 ,  and a + j 3  i s  n o t  

a r o o t ,  t h e n  rp x a ( t )  and rp x g ( u )  commute f o r  a l l  t , u  E k. S e t  

must show f ( t , u )  = 1. C l e a r l y ,  from t h e  d e f i n i t i o n s  we have 

( 6 )  f i s  a d d i t i v e  i n  b o t h  p o s i t i o n s .  

( 5 a )  Assume a f  f3 . I f  ( a , ~ )  = 0 ,  t h e n  f ( t , u )  

= f ( t v 2 , u ) ( v f 0 )  by Lemma 20 (c )  and by  (4) w i t h  h = h a ( v ) .  If 

d ( a , $ )  > 0 ,  t h e n  f ( t , u )  = f  ( t v  ,u) where d = 4 - <a,@> <f3,a> 

by Lemma 2 0 ( c )  and by ( 4 )  w i th  h = ha (v2 )  h (v -( @ , a >  
P . I n  

d bo th  c a s s ,  f ( t ( l - v  ) , u )  = l by (6) f o r  some d  = 1 , 2 ,  o r  3. 

d Choose v so v  - I #  0.  Then we g e t  f z l .  

(5b)  Assume a = j3 and r ank  C > 1. I f  t h e r e  i s  a  r o o t  

s o t h a t  < a , r > =  1, s e t  h = h  ( v )  i n t h e p r e c e d i n g  

argument and o b t a i n  (:K) f (t , u )  = f  ( t v  , u v ) .  Choose v  s o  t h a t  

v -  v 2 f 0  and 1 - v  + v 2 f  0 .  By (o) and (61, 

f ( t ( v - v  2 ,  , u )  = f ( t  ,U/ (V-v i )  = f (t , U / V ) f  ( t , ~ / ( l - - V ) )  = f ( v t  , u ) f ( ( l -Y)  t , u )  

= f (t  , u )  , whence f[ t( l -v+v2) , u )  = 1 and f 1. I f  t h e r e  i s  no 



such  d\ , t hen  Z.  i s  of t ype  Cn and a  i s  a  long  r o o t .  I n  

th i s  c a s e ,  however, a = 8 + 2  f w i t h  and r o o t s .  Thus, 

( y x g ( t ) ,  y x Y  ( u ) )  = g r f x b + y ( +  t u )  x 8+2 ( k t u 2 )  w i t h  g  E C ,  

by Lemma 33. Since cp x a  ( v  ) commutes w i t h  a l l  f a c t o r s  bu t  t h e  

l as t  by (5-a ) ,  i t  a l s o  cOI?-Imutes w i t h  t h e  l a s t .  

( 5c )  Assume a = p and r ank  C = 1. A t  l e a s t  we have 

2  f ( t , u )  = f ( t v  , u v 2 ) ,  t , u ~ k ,  v ~ k ' "  , us ing  h = h a ( v )  i n  t h e  

argument above. We may a l s o  assume t h a t  [ k  1 i s  no t  a prime. 
\ 

If it were,  t h e n  x a ( t )  and x a ( u )  would b e  powers of x a ( l )  

and ( 5 )  would be immediate. Re fe r r ing  t o  t h e  proof of (5b ) , we 

s e e  it w i l l  s u f f i c e  t o  b e  a b l e  t o  choose v  so  t h a t  v ,  1 - v  

2  a r e  squares  and v - v 2  # 0 ,  1- v + v  # o .  I f  k i s  f i n i t e  o f  

c h a r a c t e r i s t i c  2, t h i s  i s  p o s s i b l e  s i n c e  a l l  e lements  o f  k a r e  
2 

squares .  Otherwise ,  s e t  v  =(2w/(l+w2)) . Then 
2 % 

1 - v  = ((1-ut?)/(l+w2)) , and we need on ly  choose w so  t h a t  

1 + w 2  # o ,  v - v 2 f  0 ,  and 1 - v + v 2 #  0. S ince  a t  most 13 

va lues  of w a r e  t o  b e  avoided and ] k l  >_ 25 i n  t h e  p r e s e n t  c a s e ,  

this t o o  i s  poss ib l e .  Th i s  completes t h e  proof o f  ( 5 ) .  

( 7 )  p re se rves  t h e  r e l a t i o n s  ( A ) .  The element -.a 
x = y X U  ( t c - l ) g x a ( u c - l ) ( r x  a  ((t+u)c-'1) i s i n  C ,  a n d h e n c e  

t h e  t ransform of x  by h a ( a )  i s  x i t s e l f .  However, by (31, 

(4.1, ( 5 )  t h i s  t r ans fo rm i s  a l s o  x  cp xa ( t )  cp x,(u) 6 x  ( t + u ) r l  . 
31 

( 8 )  prese rves  t h e  r e l a t i o n s  (B). We have 

where f ( t , u )  E C. One proves f = 1 by induc t ion  on n ,  t h e  



number o f  r o o t s  of t h e  form i a +  j P  i , j aF . If n  = 0 ,  t h i s  

i s  j u s t  ( 5 ) .  If n  > 0 ,  t h e  i n d u c t i v e  hypo the s i s  and (7 )  imply 

f s a t i s f i e s  ( 6 ) ,  and t h e n  t h e  argument i n  ( 5 a )  may be used. 

t t. 
( 9 )  p, p r e s e r v e s  t h e  r e l a t i o n s  (B ) . This  f o l l o w s  from ( 4  ) ! ,  

This  completes t h e  proof o f  t h e  theorem. 

E x e r c i s e :  Assume i s  t h e  o r i g i n a l  Lie  a l g e b r a  w i t h  c o e f f i c i e n t s  

t r a n s f e r r e d  by means o f  a  Cheval ley  b a s i s  t o  a  f i e l d  k whose 

c h a r a c t e r i s t i c  does  n o t  d i v i d e  any N # 0. Also assume C 
a, 0 

i s  indecomposable o f  r ank  > 1. Prove: 

( a )  The r e l a t i o n s  [Xa,Xp] = N X a + P  # 0 ,  form a  
a,B a + $  ' 

d e f i n i n g  s e t  f o r  1 . Hint:  d e f i n e  Ha = [Xu,  X-,] 

and show t h a t  t h e  r e l a t i o n s  o f  Theorem 1 hold .  

( b )  = & de , t h e  de r rved  a l g e b r a  o f  2 . 
( c )  Every c e n t r a l  e x t e n s i o n  of % s p l i t s .  

Hint :  p a r a l l e l  t h e  proof  of  Theorem 10. 

t 
C o r o l l a r y  1: The r e l a t i o n s  (A) ,(B), ( B  ) can be  l i f t e d  t o  any 

c e n t r a l  e x t e n s i o n  o f  G. 

C o r o l l a r y  2 :  

( a )  G' i s  c e n t r a l l y  c losed .  Each o f  i t s  c e n t r a l  e x t e n s i o n s  

s p l i t s .  I t s  Schur m u l t i p l i e r  i s  t r i v i a l .  It y i e l d s  t h e  

u .  c. e .  o f  a l l  t h e  Cheval ley  groups  o f  t h e  g i v e n  t y p e ,  

and cove r s  l i n e a r l y  a l l  of t h e  p r o j e c t i v e  r e p r e s e n t a t i o n s  

o f  t h e s e  g roups .  

( b )  If k i s  f i n i t e  o r  more g e n e r a l l y  an  a l g e b r a i c  ex t ens ion  
1 

o f  a  f i n i t e  f i e l d ,  t h e n  ( a )  ho lds  w i t h  G r e p l a c e d  by G. 



P r o o f :  This  f o l l o w s  from v a r i o u s  of  t h e  g e n e r a l i t i e s  a t  t h e  
7- 

b e g i n n i n g  o f  t h i s  s e c t i o n .  

E .g . ,  i f  k i s  f i n i t e ,  lk l  > 4 and s L 2 ( 9 )  i s  exc luded ,  

t h e n  SLn(k)  ,  pi ( k )  , and Spi.nn(k) a l l  have  t r i v i a l  Schur 

m u l t i p l i e r s ,  and t h e  n a t u r a l  c e n t r a l  e x t e n s i o n s  SLn 4 PSL, , 
SP, 4 ' '~~ , S p i n n 4 S O n  a r e  a l l  u n i v e r s a l .  

? 
C o r o l l a r y  1: Assume G ,  G , and n a r e  as above. If k* i s  

i n f i n i t e  and d i v i s i b l e  (u  E k* ,  n  E Z i m p l i e s  t h e r e  e x i s t s  

v  E k' w i t h  vn = u ) ,  t h e n  t h e  Schur  m u l t i p l i e r  of  G; i . e . ,  

C = k e r  n , is a l s o  d i v i s i b l e .  

Proof :  Elements  o f  t h e  fo rm f ( t , u )  = h a ( t ) h a ( u ) h  ( t u ) - l  i n  G ~ '  - r:. 

a E g e n e r a t e  C.  We have f (t ,vw2) = f (t , v ) f  (t  ,$) by Lemma 
n  

3 9 ( a ) .  By i n d u c t i o n ,  we g e t .  f (t,$n) = f (t,$) f o r  a r b i t r a r y  n.. 

S i n c e  f o r  u  E k" we can f i n d  .w E k" such  t h a t  u  = w2n , t h e  

proof  i s  complete.  

C o r o l l a r y  3 a :  If kt  i s  i n f i n i t e  and d i v i s i b l e  by a  s e t  of pr imes  

i n c l u d i n g  2 ,  t h e n  C i s  a l s o  d i v i s i b l e  by t h e s e  pr imes .  

C o r o l l a r y  3q:  If k" i s  i n f i n i t e  and d i v i s i b l e ,  t h e n  any c e n t r a l  

e x t e n s i o n  of G by a  k e r n e l  which i s  a  reduced g roup  (no d i v i s i b l e  

subgroups  o t h e r  t h a n  1) i s  t r i v i a l ;  i. e. , it s p l i t s .  

Proof :  Let  ( E  be  a c e n t r a l  e x t e n s i o n  o f  G w i t h  k e r  
? t 

reduced.  S i n c e  , (n,G ) i s  a U.C. e ,  we have FO $ G 4 E so  

t h a t  ?y ~q = TC . S i n c e  C = k e r  TI IS d i v i s i b l e r  s o  i s  

tp C C k e r  y . Hence cp C = 1 and k e r  eo 2 k e r  n . Thus, t h e r e  - .-. 
i s  a homomorphism 0 : G -> E s o  t h a t  8 n = cp . T n e r e f o r e ,  



- y e g = n  on G' and ye - 1  on I,. 

G o r o l k r y  22:  If k" i s  i n f i n z t e  and d i v i s i b l e ,  t h e n  any f i n i t e  

d imensional  p r o j e c t i v e  r e p r e s e n t a t i o n  o f  G can b e  l i f t e d  

un ique ly  t o  a  !.Ti_~?~;-lr ? e p ~ ~ ~ e ~ + , ~ . t i _ o n .  

J - Proof :  Assume 0- : G -> P G L ( V ) .  S ince G - G ,  we have 

o- : G -> PsL(V). Let f : SL(V)  -+ PSL(V) b e  t h e  n a t u r a l  

p r o j e c t i o n .  S ince  dim V i s  f i n i t e ,  we have k e  i s  f i n i t e  

and t h u s  k e r  p i s  reduced.  Consider t h e  c e n t r a l  ex t ens ion  

( y ,  E )  o f  G where ~ = { i x , y )  lox = p y ,  X E G ,  y E S L  :v)T-C A -  G X S L ( V )  

and y/ ( x , y )  = x ,  ( x , y )  E E .  Now he r  ? = I  X k e r p  i s  roduced,  

s o  by Coro l l a ry  3 b ,  we have 0 : G -> E w i t h  = 1 on G. 

1f Y s  (x ,Y)  = Y~ (x ,Y) E E ,  t h e n  Q' = Y'CI : G+SL(V)  c GL(V) 

I Example ; Corol la ry  3c  says ,  f o r  example, t h a t  every f i n i t e  
--.l 

dimensional  r e p r e s e n t a t i o n  o f  s L n ( C  ) can be  l i f t e d  t o  a  l i n e a r  

one.  (The nove l ty  i s  t h a t  t h e  r e p r e s e n t a t i o n  i s  no t  assumes t o  b e  

cont inuous.  ) 

Theorem 3 . 1  :. 11 2 1s an lnaclcomposable r o o t  sys tem,  i f  
--.---P, -. 

c h a r k =  p d O : ,  and i f  G ::BG ( i . e .  t:e exclude lkl  = 2 ,  .Z. o f  

B 0.r t y p e  A x ,  2 2 and /i; 1 = 3 E o f  t y p e  A ~ ) ,  t h e n  

( n , ~ '  ) uniquely  C O V b r S  a l l  c c n t r a l  e:ctensions o f  G f o r  which 

t h e  k e r n e l  has  no p - t o r s i o n ,  

Proof :  By Tneorem 1-0; ~ . I P  could assume J k  1 5 4 o r  /k ( = 9. -- 
However, t h e  proof  does not  use  t h l s  assumption o r  Theorem 10. 

If , E i s  a c e n t r a l  ex t ens ion  o f  G such t h a t  C = k e r  



h a s  no p- to rs ion ,  t h e n  we w i s h  t o  show ( A ) ,  ( B ) ,  and ( B ' )  can 
\ 

be l i f t e d  t o  E. 

(1) Assume, C i s  divisib!e by p. Choose cpxa ( t )  6 E 
P  

so  t h a t  Ycp x,( t )  =.: a (t! and (ysa(t)) = l , a E z ,  t E k  . We 
0 

cla im r e l a t i o n s  ( A ) ,  ( B )  and ( B  ) hold  on t h e  cp x i s .  

( l a )  If a,p a r e r o o t s ,  a + B  not  a r o o t ,  and a + ~ f  0 ,  

t h e n  rp x a ( t !  and ipx ( u )  B commute, t , u E k .  We have 

9 x, ( t )  xp ( u )  y x a ( t  1 - l  = f cpxa(u) wi th  f E C. Taking p-th 

. powers, we g e t  1 = f P  which i m p l i e s  f = 1 s i n c e  C has  no 

p- tors ion.  

( l b )  The r e l a t i o n s  ( A )  hold .  Taking p-th powers of  

v x a  ( t )  $ x a ( u )  = f y a ( t + u )  , f E C ,  we g e t  f = 1 as be fo re .  
Y 

( L C )  Exe rc i s e :  Re la t io i l s  ( B )  and ( B  ) a l s o  hold.  

( 2 )  General  c a s s .  , 

(2a )  C can be  embedded i n  a  group C '  which i s  d i v i s i b l e  by 

p  and has  no p- to rs ion .  We have a  homomorp'hism 9 of a f r e e  

Abel ian group I: o r t o  C. Now FQ Q i s  a  d i v i s i b l e  group,  and we 
z 

can i d e n t i f y  F i 3 7 -C Pa Q . Hence z 2 
C = ~ / k e r  8 C F @  Q / k e r  8 = D, s a y ,  and D i s  a d i v i s i b l e  group.  

2.- 
Moreover, s i n c e  C has no p - to r s ion ,  C r! D = 1 where D i s  

P  P  
t h e  p-component o f  D -  Thus, C p r o j e c t s  f a i t h f u l l y  i n t o  

D / D ~  = C '  which i s  d i v i s i b l e  and has no p- to rs ion .  
7 ? 

(2b)  Conclusion of p roo f .  Form E = E C , t h e  d i r e c t  
P 0 9 

product  of E and C w i t h  C amalgamated, and d e f i n e  : E --> G 

P F 
by y 7 ( e c ' ) =  W ( e ) ,  e E  E ,  c  EC . 



Now (y", E') s a t i s f i e s  t h e  assumptions of  (1) so  t h e  r e l a t i o n s  
T f 

( A ) ,  ( B )  , (B' ) can be l i f t e d  t o  E . However, by Lemma 32 , t h e  

l i f t e d  group i s  i t s  own der ived  group and hence conta ined  i n  E. 

Coroll.ary 1: Every pro j e c t i v n  r e p r e s e n t a t i o n  of G' i n  a  f i e l d  of  

c h a r a c t e r i s t i c  p  can b e  l i f t e d  t o  a  l i n e a r  one. 

Coro l la ry  2 :  The Schur m u l t i p l i e r  o f  G '  i s  a  p-group. 

Proofs :  These a r e  easy  exe rc i se s .  
f 

Since  t h e  k e r n e l  of t h e  map n .: G .->G above t u r n s  o u t  t o  

be  t h e  Schur m u l t i p l i e r  of G ,  i t s  s t r u c t u r e  f o r  k a r b i t r a r y  i s  

o f  some i n t e r e s t .  The r e s u l t  i s :  

 heor or em 12:  (Moore, ~ a t s u m o t o )  Assume C i s  an  indecomposable 

r o o t  system and k a  f i e l d  w i t h  Ik 1 > 4 . I f  G i s  t h e  u n i v e r s a l  

Chevalley group based on E and k ,  i f  G '  i s  t h e  group d e f i n e d  
? 

by ( A ( B , ( B  a n d i f  n i s t h e n a t u r a l m a p  from G t o  G 

w i th  C = k e r  n; , t h e  Schur m u l t i p l i e r  of G ,  t h e n  C i s  isomorphic 

t o  t h e  a b s t r a c t  group A genera ted  by t h e  symbols f (t , u )  (t ,u  E k") 

s u b j e c t  t o  t h e  r e l a t i o n s :  

( a )  f  ( t , u ) f  ( t u , v )  = f ( t , u v ) f ( u , v ) ,  f  ( 1 , ~ )  = f ( u , ~ )  = 1 

and i n  t h e  ca se  Z i s  no t  of t ype  Cn ( n  2 1) (cl = A ~ )  t h e  



I (ab ) f  i s  b i m u l t i p l i c a t i v e  . 

I n  t h i s  case r e l a t , i o n s  ( a )  - ( e l  may be replaced by ( a b ' )  and 

( c l )  f  i s  skew 

The isomorphism i s  given by ? : f ( t  , u ) ->ha( t )ha (u )ha ( tu ) - l  , a  a 

f i x e d  long roo t .  

Remark: These r e l a t i o n s  a r e  s a t i s f i e d  by t h e  norm r e s i d u e  symbol 

- in  c l a s s  f i e l d  theory ,  which i s  a  s i g n i f i c a n t  aspect  of Moorets work. 

P a r t i a l  Proof:  

(1) I f  fi i s  t h e  group generated ( i n  G' ) by a l l  h a ( t )  , a 

a  a  f i x e d  long r o o t ,  t hen  C % . We know t h a t  a  

h a ( t ) h a ( u ) h a ( t u ) - l  , a E C ,  t E k9, form a genera t ing  s e t  f o r  C .  

Using t h e  Weyl group we can narrow t h e  s i t u a t i o n  t o  a t  most two 

r o o t s  a , p  w i t h  a  long,  p s h o r t ,  and (a,B) >0. Hence, 

<B,a> = 1 and (h u ( t )  , h p ( u ) )  = h B ( t  

)-' by Lemma 37 ( f )  . This  shows a = 

w i l l  s u f f i c e .  

( 2 )  i s  a  mapping onto C. This  fo l lows from (1). 

( 3 )  i s  a  homomorphism. We must show t h a t  t h e  r e l a t i o n s  

hold i f  f  (t , u )  i s  replaced by h a ( t  )ha ( u ) h  ( t u ) - l  . The r e l a t i o n s  a  

( a )  a r e  obvious. A s p e c i a l  case  (u  =I) of ( e )  has been shown 

. ,--.mp,-,7,.-. . .- , 
!,.. -.: . . . 

. F?- . . . , 
, . 



i n  Lemma 3 9 ( d ) .  The o t h e r  r e l a t i o n s  b , c , d f o l l o w  from 

t h e  commutator r e l a t i o n s  connecting t h e  h f s  and t h e  w's. 

( 3 ' )  Assume X i s  no t  of t y p e  Cn. I n  t h i s  ca se  

t h e r e  i s  a r o o t  Y' so  t h a t  a > = 1 Thus f (t , v )  

= hd' ( ~ ) f  (t , ~ ) h  ( U ) - l  = h ( t u )  h (U)-' ha ( U V )  h ( t U V ) - l  = f  (t ,u) -lf (t,Uv) a a a 
o r  f ( t , u v )  = f ( t , u ) f ( t , v ) .  By r e l a t i o n  ( c )  , f ( u v , t ) = f ( u , t ) f  ( v y t ) .  

(4) rp i s  an isomorphism. This i s  done by c o n s t r u c t i n g  a n  

e x p l i c i t  model f o r  G' . 

Now l e t  G b e  a connected t o p o l o g i c a l  group. A coverinG 

o f  G i s  a couple ( n , ~ )  such t h a t  E i s  a connected t o p o l o g i c a l  

' group and n i s  a homomorphism o f  E onto G which maps a 

neighborhood of  1 i n  E homeomorphically on to  a neighborhood o f  

1 i n  G ;  i . e . ,  which i s  a l o c a l  isomorphism. A cover ing  i s  

u n i v e r s a l  i f  i t  covers  a l l  o t h e r  c o v e r i n g  groups.  If  id,^) i s  

a u n i v e r s a l  cover ing ,  we say t h a t  G i s  s imply connected. 

Remarks .: 

( a )  A cover ing ( n , ~ )  of a connected group i s  n e c e s s a r i l y  

c e n t r a l  a s  was noted a t  t h e  beginning of  t h i s  s e c t i o n .  

( b )  If a u n i v e r s a l  covering e x i s t s ,  t hen  it  i s  unique and 

each o f  i t s  coverings of o theT cover ing groups i s  unique. 

This fo l lows  from t h e  f a c t  t h a t  a  connected group i s  

gene ra t ed  by any neighborhood of 1 . 



( c )  If G i s  a Lie  group,  t h e n  a u n i v e r s a l  cover ing f o r  

G e x i s t s  and s imple  connectedness i s  equ iva l en t  t o  t h e  

p r o p e r t y  t h a t  every cont inuous  loop  can b e  shrunk t o  a 

p o i n t  ( s e e  Cheval ley,Lie  - Groups o r  Cohn, - Lie ~roups . )  

Theorem 13:  If G i s  a u n i v e r s a l  Chevalley group over  a viewed 

a s  a L ie  group,  t h e n  G i s  simply connected. 

Before  proving Theorem 1 3 ,  we s h a l l  f i r s t  s t a t e  a lemma 

whose proof we l e a v e  a s  an e x e r c i s e .  

Lemma 41: I f  tl,t 2 , . . .  , t a r e  complex numbers such t h a t  
. - 

n 
Iti\ < € , A =  1 , 2 , = . . , n  and X ti = 0 ,  t h e r e  e x i s t  ti and t .  

i =l 3 
* s u c h  t h a t  ]ti+ t-1 < E .  

3 

Proof of Theorem 13:  Let  ( n , ~ )  be  a cover ing o f  G. Local ly  n 

i s  i n v e r t i b l e  so  we may s e t  = hL on some neighborhood o f  1 

i n  G. We s h a l l  show t h a t  rp can b e  extended t o  a homomorphism 

o f  G on to  E 3  i . e . ,   id,^) covers  n , .  It  s u f f i c e s  t o  show 

t h a t  rp can b e  extended t o  a l l  o f  G so  t h a t  t h e  r e l a t i o n s  

A , , B , C  h o l d o n  t h e  y x t s .  

Consider t h e  r e l a t i o n s  

(A $D a ( t )  rpxa(u) = rpxa (t+d a E C .  

S i n c e  y i s  l o c a l l y  an isomorphism, t h e r e  i s  E > 0 such that  

( A )  ho lds  f o r  It1 E, lul E .  If t E K ,  t = C t , ,  ] t i ]  < E , 
t h e n  s e t  rp x ( t )  = rpxa ( t i ) .  Using i n d u c t i o n  and Lemma 4.1, we a 
s e e  t h a t  cp x u  ( t )  i s  w e l l  de f ined .  C l e a r l y ,  ( A )  t h e n  ho lds  f o r  

a l l  t , u  E k .  A l t e r n a t i v e l y ,  we could  n o t e  t h a t  X a i s  topolcg ic -  

a l l y  equ iva l en t  t o  and hence simply connected. Thus, m 



extends  t o  a  homomorphism of  X a  i n t o  E and ( A )  holds .  ' 

Clea r ly  t h e  ex t ens ion  o f  $9 t o  i s  unique. a  

To o b t a i n  t h e  r e l a t i o n s  (B), l e t  a ,p  b e  r o o t s  a  f 2 f3 , 
l e t  S be t h e  s e t  of r o o t s  of t h e  form l a  + j p  (1, j EZ'), and 

l e t  X be t h e  corresponding un ipo ten t  subgroup o f  G. 

Topo log ica l ly ,  * i s  equ iva l en t  t o  cn f o r  some n ,  and i s  

hence simply connected. A s  be fore  P, can b e  extended t o  a  

homomorphism of XS i n t o  E, and t h e  r e l a t i o n s  (B) ho ld .  

This ex t ens ion  i s  c o n s i s t e n t  w i t h  t h o s e  above, by t h e  uniqueness 

o f  t h e  l ~ ~ t t e r .  

. We now cons ide r  h a ( t )  = x a ( t ) x  -a (-- t- ' )xa(t)  wa( -1)  = 

x (-1) -1 a w a ( - l )  x , ( t -1 )xda( l - t  ) xu i t - $  where xY = y -1 x y .  

Hence, if t i s  near  1 i n  , t h e n  y ha ( t )  i s  near  1 i n  E. 

Thus, ~ o h , ( t )  i s  m u l t i p l i c a t i v e  near  1 and hence Abelian every-- 

where ( r e c a l l  t h a t  -+' i s  c e n t r a l ) .  We then  have 

pa ( u )  
-1 

= yh a  (t )?ha (u)rpha (t  ) =r?ha( t2u) (oha( t2) - l  by Lemma 3 7 ( f ) .  

S ince  a 'has square  r o o t s ,  we have 
?ha 

i s  m u l t i p l i c a t i v e ,  i. e . ,  

( c )  ho lds .  

Examples: SLn( Q ) ,  Sp ( a; ) ,  and Spinn(  ) a r e  simply n  

connected.  These ca ses  can a l s o  b e  proved by i n d u c t i o n  on n. 

(See Cheval ley,  - Lie Groups, Chapter 11. ) 

Remarks : 

( a )  If i s  r ep l aced  by i n  t h e  preceding d i s c u s s i o n ,  

t h e n ,  r e l a t i o n s  ( A ) ,  (B) can be l i f t e d  e x a c t l y  a s  before .  Also 

c~h, i s  s t i l l  m u l t i p l i c a t i v e  i f  one of  t h e  two arguments i s  



p o s i t i v e .  Fu r the r  ke r  n i.s genera ted  by y h a  (-1)2, a a f i x e d  

long r o o t ,  and,  i f  t.ype Cn ( n  > - 1) i s  excluded,  t hen  

8 n (-114 = 1 o r  ( - 1 )  = 1. Prove a l l  of  t h i s .  
a 

( b )  Moore has  c9:lstructed a u n i v e r s a l  cover ing of G and 

has  determined t h e  fundamental  group i n  case  k i s  a p-adic f i e l d ,  

us ing  a p p r o p r i a t e  mod i f i ca t ions  of t h e  d e f i n i t i o n s  (here  G i s  

t o t a l l y  discnnnectec'.. ) 

9 
.(c) Let G be  a Chevalley group over  k ,  G t h e  correspond-- 

i n g  u n i v e r s a l  group,  and n : G '  4 G t h e  n a t u r a l  homomorphism. 

If k i s  a l g e b r a i c a l l y  c lo sed  and i f  on ly  a p p r o p r i a t e  cover ings  a r e  
t 

al lowed,  t h e n  (n,G ) i s  a u n i v e r s a l  covering o f  G i n  t h e  s ense  

of a l g e b r a i c  groups.  

We c l o s e  t h i s  s e c t i o n  wit..ll a r e s u l t  I n  which t h e  c o e . f f i c i e n t s  

may come from any r i n g  ( a s s o c i a t i v e  w i t h  1). The development i s  

based i n  p a r t  on a l e t t e r  from J. Milnor. Let R b e  t h e  r i n g ,  and 

l e t  G L ( R )  be  t h e  group of  i n f i n i t e  ma t r i ce s  which a r e  equa l  t o  

t h e  i d e n t i t y  everywhere except  f o r  a f i n i t e  i n v e r t i b l e  b lock  i n  

t h e  upper  l e f t  hand cc::;i:;.-. T:lus, GL (R! C G L ( R )  , n = 1 , 2  ,. , . . Le-5 E(R) n 

b e  t h e  subgroup of G L ( R )  gene ra t ed  ?y t h e  elementary ma t r i ce s  

l + t E  ( t E ~ , i : ! j ~ i , j = I - ~ 2 , ~ , * ) ,  where E . - -  i s  t h e u s u a l m a t r i x  i s  1 3  
u n i t .  For example, i f  R i s  a f i e l d ,  t h e n  E ( R )  = S L ( R ) ,  a  

simple group whose double cose t  decomposition invo lves  t h e  i n f i n i t e  

symmetric group. Indeed,  if R i s  a Eucl idean domain, t hen  



Lemma 42 : 

( a  E ( R )  =e GL(R)  

(b) E ( R )  = B'E(R) 

Proof :  The r e l a t i o n  (1 + t Eik , 1 + E  ) = 1 + t E - - shows (b )  
7 k J  1 3  
and hence a l s o  E ( R )  DGL(R). If x , y  5 GL,(R)-, t h e n  

x<ly-l E E ( R )  because  i n  GL2,(R) we have 

We c a l l  K ~ ( R )  = G L ( R ) / E ( R )  t h e  Whitehead group o f  R. This concept  

i s  used  i n  topology.  The c a s e  i n  which R = H[G] i s  o f  p a r t i c u l a r  

i n t e r e s t .  

R* 
Example: I f  R i s  a Euc l idean  domain, t h e n  IC1(R) = , t h e  

group o f  u n i t s .  (See IvIilnor, Whitehead Torsion_. ) 

By Lemma 42 and ( i v ) ,  E ( R )  has  a u . c . e .  ( ~ , u ( R ) ) .  S e t  

K 2 ( R )  = k e r  a . This  n o t a t i o n  i s  p a r t l y  motived by the  fo l l owing  

exac t  sequence. 

1 -> K~ ( R )  -> U ( R )  ->GL(R) - > K ~ ( R )  -> 1. 



K2 
i s  a  f u n c t o r  from r i n g s  t o  Abelian groups w i t h  t h e  fo l lowing  

t 
prope r ty  : if R -> R i s  o n t o ,  t h e n  so i s  t h e  a s s o c i a t e d  map 

Remark: K 2  i s  known t o  t h e  l e c t u r e r  i n  t h e  fo l lowing  cases :  

( a )  I f  R i s  a  f i n i t e  f i e l d  ( o r  an  a l g e b r a i c  ex t ens ion  
4 

~ f  a  f i n i t e  f i e l d ) ,  t h e n  K2 = 1. 

( b )  If R i s  any f i e l d ,  s e e  Theorem 12.  

( c )  If R = Zy t h e n  J K ~ ~  = 2. 

Here ( a )  fo l lows  from Theorem 9 and t h e  next  theorem, and a  proof  

of ( c )  w i l l  b e  sketched a f t a r  t h e  remarks fo l lowing  t h e  c o r o l l a r i e s  

t o  t h e  next  theorem. 

Theorem I-,!+: Let U ( R )  be  t h e  a b s t r a c t  group gene ra t ed  by t h e  

symbols x. . ( t )  ( t  R ,  i $ j, i ,  j = 1 , 2 , .  . . ) s u b j e c t  t o  t h e  
1 J  

r e l a t i o n s  

(A) x. . (t,) i s  a d d i t i v e  i n  t .  
1 J  

If x : u ( R )  + E (R) i s  t h e  homomorphism g iven  by x. ( t )  ->l+ t E. . , 
1 J  1 J  

t h e n  ( ~ , u ( R ) )  i s  a  u. c. e .  f o r  E ( R ) .  

Proof :  ( a )  x i s  c e n t r a l .  I f  x k e r n  , choose n  l a r g e  enough - 
so t h a t  x i s  a  product  o f  x. -1s w i t h  1, j < n. Let  Fn b e  

1 J 

t h e  subgroup of  U ( R )  gene ra t ed  by t h e  xknTs (K # n ,  k = 1 , 2 ,  . . ) 
Now by ( A )  and ( B )  , any element o f  Pn can be expressed a s  



T[r x k n ( t k ) .  S i n c e  i n  E ( R )  t h i s  form i s  u n i q u e ,  n lpn  i s  a n  
* 

isomorphism. Also by ( A )  and ( B )  , x. . ( t )  Pn x. . (t)-' C - P n  i f  
1 J  1 3  - 

i n .  Thus, x P n x  -1 E P ,  . If y E P n  , t h e n  n ( x , ~ )  = 1, 
* 

and s i n c e  n I P ,  i s  a n  isomorphism we have ( x , y )  = 1. I n  

p a r t i c u l a r ,  x commutes w i t h  a l l  x k n ( t ) .  S i m i l a r l y ,  x commutes 

with a l l  x n k ( t )  and hence  w i t h  a l l  x. . ( t )  = (xi,(t) x - ( l )  1. 
1 J  ' nJ 

Thus,  x i s  i n  t h e  c e n t e r  o f  u ( R ) .  

( b )  n i s  u n i v e r s a l .  From ( B )  , it f o l l o w s  t h a t  U ( R )  = ~ u ( R ) .  

Hence it s u f f i c e s  t o  show i t  c o v e r s  a l l  c e n t r a l  e x t e n s i o n s .  Lct  

( Y  , A )  b e  a  c e n t r a l  e x t e n s i o n  o f  E ( R )  and  l e t  C b e  t h e  c e n t e r  

o f  A .  We must show t h a t  we can l i f t  t h e  r e l a t i o n s  ( A )  and  ( B )  

t o  A .  F i x  i ,  j i j and choose p  f i,  j. Choose 

Yi. J 
( t )  E Y-' x. - ( t )  s o  t h a t  ($1  (y .  ( t )  

1~ IP Y~~ 
(1)) = y i j ( t ) .  We 

w i l l  p rove  t h a t  t h e  y f s  s a t i s f y  t h e  e q u a t i o n s  ( A )  and ( B ) .  

( b l )  If i &  j, k f  , t h e n  y i k ( t )  and y q J  - ( u )  commute. 

Choose q  k ,  and w r i t e  y 4  j ( u )  = 3 ( y X q ( u )  , y q J ( 1 ) ) ,  c  E C -  

S i n c e  y i k ( t )  commutes up t o  a n  element o f  C w i t h  y l  ( u )  
9  

and y q j  (1) , it commutes w i t h  y ~  . ( u )  . Hence 
J  

(b2)  i y i j ( t )  1 ,  i ,  j f i x e d ,  i s  Abel ian .  

( b 3 )  The r e l a t i o n s  ( A )  hold .  The proof  i s  e x a c t l y  t h e  

same a s  t h a t  of  s t a t e m e n t  ( 7 )  i n  t h e  p roof  o f  Theorem 10.  

( b 4 )  y i j ( t )  i n  ( $ 1  i s  independent  of t h e  c h o i c e  o f  p. 

If q f  p , i , j ,  s e t  w  = y q p  (1) y p q ( - l ) y q p  (1).  T r a n s f o r m n g  (*) 

by w  and u s i n g  ( b l )  we g e t  (*I w i t h  q  i n  p l a c e  of p. 

( b 5 )  The r e l a t i o n s  ( B )  ho ld .  We w i l l  u s e :  

( I f ,  a , b  , c  a r e  e lements  o f  a  group such t h a t  a 



commutes w i t h  c  and such thAt ( b , c )  commutes wi th  ( a $ )  and c ,  

t h e n  ( a ,  ( b , c ) )  = ( ( a , b )  , c ) .  S ince  a  commutes w i t h  c ,  ( a , ( ~ , c j )  

( ( a ,  ( b c c  The o t h e r  cond i t i ons  i n s u r e  ( ( a , b ) ,  ( b , c ) c ) =  ( ( a , b )  , c ) -  

Now assume i, j ,k a r e  d i s t i n c t .  Choose q f i ,  j , k ,  so t h a t  

This completes t h e  proof of  t h e  theorem. 

Let u n ( R )  denote  t h e  subgroup o f  U ( R )  gene ra t ed  by y .  . ( t )  
1 J  

Coro l l a ry  1: If n  > - 5 ,  t h e n  U n ( R )  i s  c e n t r a l l y  c lo sed .  

Coro l l a ry  2: If R i s  a  f i n i t e  f i e l d  and n  2 5 t h e n  S L ~ ( R )  

i s  c e n t r a l l y  c losed.  

Proof :  Th i s  f o l l ows  from Coro l l a ry  1 and t h e  equa t ions  

E n  ( R )  = S L ~ ( R )  = u,(R).  

Remarks: ( a )  It f o l l o w s  t h a t  i f  R i s  a  f i n i t e  f i e l d  and i f  

S L ~ ( R )  i s  not  c e n t r a l l y  c l o s e d ,  t h e n  e i t h e r  ]R = 9 ,  n  = 2  o r  

I R  1 5 4  and n 5 4 .  The exac t  s e t  of  excep t ions  i s  : b~~  ( 4 )  ; 

S L 2 ( 9 ) ,  SL3 (21 ,  SL3 (41 ,  SL 4  ( 2 )  

* E x e r c i s e :  Prove t h i s .  

( b )  The argument above can be phrased i n  terms of  r o o t s ,  e t c .  

A s  s u c h ,  i t  c a r r i e s  over  ve ry  e a s i l y  t o  t h e  case  i n  which a l l  r o o t s  

have one l eng th .  The on ly  o t h e r  excep t ion  is  ~ ~ ( 2 ) .  

( c )  By a  more complicated ex tens ion  of t h e  argument, it can 

a l s o  be  shown t h a t  t h e  u n i v e r s a l  Chevalley group of t y p e  B o r  Cn n  



o v e r  a  f i n i t e  f i e l d  ( o r  an a l g e b r a i c  ex t ens ion  of  a  f i n i t e  f i e l d )  

i s  c e n t r a l l y  c lo sed  i f  n  i s  l a r g e  enough. Hence, only  a  f i n i t e  

number o f  u n i v e r s a l  Chevalley groups  w i t h  Z indecomposable and 

k f i n i t e  f a i l  t o  b e  c e n t r a l l y  c losed .  

Now we s k e t c h  a  proof t h a t  K2 ( a) i s  a  group of  o r d e r  2. 

The n o t a t i o n  U , U n ,  ... above w i l l  b e  used. The proof  depends on 

t h e  fo l l owing  r e s u l t :  

(1) For n  > 3 ,  SL,(Z) i s  gene ra t ed  by symbols 

*i j 
(I, j = 1 , .  . n  i j s u b j e c t  t o  t h e  r e l a t i o n s  

-1 x i j  X i j  , h . .  = w - .  2  
1 J  

t h e n  h. _ = 1 . 
1 J  ' 1 J  

I d e n t i f y i n g  x - w i t h  t h e  u s u a l  x - - ( 1  and us ing  
1 J  1 J  

X i j  ( t )  = X .  - (l)t , we s e e  t h a t  t h e  r e l a t i o n s  ( B )  h e r e  imply 
1 J  

t h o s e  of Theorem 14.  S ince  t h e  l a s t  r e l a t i o n  may be  w r i t t e n  

h ( - 1  = h ( 1  and + 1 a r e  t h e  on ly  u n i t s  of  , we have 
1 J  1 J  - 

S L , ( ~ )  de f ined  by t h e  u s u a l  r e l a t i o n s  A B  c o f  86. 

Perhaps t h e r e  a r e  o t h e r  r i n g s ,  e .g. ,  t h e  p-adic i n t e g e r s ,  f o r  

which t h i s  r e s u l t  ho lds .  For t h e  proof of (1) s e e  W. Magnus, 

Acta Iqath. 64 (1934) ,  which g i v e s  t h e  r e f e r e n c e  t o  N ie l s en ,  who 

proved t h e  key ca se  n  = 3  (it t a k e s  some work t o  c a s t  N i e l s e n l s  

r e s u l t  i n t o  t h e  above fo rm) .  The case  n  = 2, w i th  ( B )  r e p l a c e d  by 

-1 
= X 

-1 
2l , i s  s i m p l e r  and i s  proved i n  an appendix 



t o  Kurosh, Theory - of  Grpups. 

Now l e t  xi , w , h - r e f e r  t o  elements o f  U n (  Z ) . 
1 J  

( 2 )  If C i s  t h e  k e r n e l o f  nn : U (a)-> S L n ( z )  and  n  n  
I 

2 2  2  n  2 3 ,  t h e n  Cn i s  gene ra t ed  by h12 , and (h12) = 1. 

I. A s  u s u a l ,  we on ly  r e q u i r e  ' ( c )  when 1, j = 1,2, and h12 E Cn 

S e t t i n g  2  = 1 amounts t o  d i v i d i n g  by <h12> , which t h u s  equa ls  
h12 

1 
'n . The r e l a t i o n  h h  h-l = hT2 , which may b e  deduced from 23 1 2  23 

( B )  as i n  t h e  proof of Lemma 37 ,  t h e n  y i e l d s  h 
= h;; . 12 

Assume not .  There i s  a  n a t u r a l  map u n ( Z )  -> U (W), n 

? c ~ ~  4 x ( 1 .  This maps onto  h12(-1)2 , which ( s e e  
1 J  h12 

Remark ( a )  a f t e r  t h e  proof o f  Theorem 13) g e n e r a t e s  t h e  k e r n e l  o f  

u -> SLn( @). Thus S k (  R) i s  c e n t r a l l y  c l o s e d ,  hence 

simply connected. S ince  SLn( R )  can b e  c o n t r a c t e d  t o  SOn 

(by t h e  p o l a r  decomposit ion,  which w i l l  b e  proved i n  t h e  next  s e c t i o n )  

I which i s  no t  simply connected s i n c e  Spin, -+ SOn i s  a n o n t r i v i a l  

I cover ing ,  we have a  c o n t r a d i c t i o n .  

I It now fo l lows  from ( 2 )  , (3) and Theorem 14 t h a t  J K ~  ( 2) I = 2.  

By Coro l la ry  1 above t h e  same conclusion ho lds  w i t h  S L ( . ~ )  

r ep l aced  by any SLn( I) w i t h  n  > - 5. 

Exerc i se :  Let SAn b e  5 4 ,  x t r a n s l a t i o n s  o f  t h e  under ly ing  space ,  

k wi th  k aga in  a  f i e l d .  I . . ,  SAn i s  t h e  group of  a l l  n  



( n + l )  (n+ l )  mat r ices  of  t h e  form [ ; :] where x E a h ,   YE^" 

SAn i s  g e n e r a t e d b y  x ( t ) ,  t E k ,  i f  j, i = 1 , 2  ,... 
i J  , n ,  

j = 1 . . . 1 .  Prove: 

( I )  If t h e  r e l a t i o n  

( c )  hi (t ) i s  m u l t i p l i c a t i v e .  

i s  added t o  t h e  r e l a t i o n s  ( A )  and (B)  o f  Theorem 1&, a  

complete s e t  of  r e l a t i o n s  f o r  SAn i s  obtained.  

(2) If k i s  f i n i t e ,  ( c )  may be omitted.  

( 3 )  If n  i s  l a r g e  enough, t h e  group de f ined  by ( A )  and (B) 

i s  a u. c. e .  f o r  SAn . 
( 4 )  Other analogues of  r e s u l t s  f o r  SLn. 

We remark t h a t  S A Z ( c )  i s  t h e  u n i v e r s a l  cover ing group of  t h e  

inhomogeneous b r e n t  z group, hence i s  of  i n t e r e s t  i n  quantum 

mechanics. 



5 8.  V a r i a n t s  of t h e  Bruhat lemma. Let  

k ,  B . . . a s  u sua l .  We r e c a l l  (Theorems 

G be a Chevalley group,  

4 and 4'): 

(a )  G = U BwB , a d i s j o i n t  union. 
wew 

( b )  For each w E. W , BwB = BwUW , with  uniqueness  of express ion  

on t h e  r i g h t .  Our purpose i s  t o  p re sen t  some analogues  of ( b )  wi th  

a p p l i c a t i o n s .  

For each simple r o o t  a we s e t  G = <x a a YX-a a 

group of rank 1, Ba = B n G a  , and assume t h a t  t h e  r e p r e s e n t a t i v e  

of w, i n  N/H , a l s o  denoted w a  , i s  chosen i n  GGL . 
Theorem 1 5 :  For each simple r o o t  a l e t  Ya be a system of 

r e p r e s e n t a t i v e s  f o r  B~\G, - B,) , o r  more g e n e r a l l y  f o r  B BwaB . \ 
For each w e W choose a minimal express ion  = w a w ~  wg as 

a product  of r e f l e c t i o n s  r e l a t i v e  t o  simple r o o t s  a ,  $ . . Then 

B w B = BYaYD ... Y.. w i th  uniqueness  of express ion  on t h e  r i g h t .  
0 

Proof:  Since G - BG = B w B 
C, a a a '  t h e  second case  above r e a l l y  

is  more g e n e r a l  t h a n  t h e  f i rs t .  We have 

BwB = BvlGBwGwE ( b y  Lemma 2 5 )  

= Bw BY ... Y8 
CL 

( b y  i n d u c t i o n )  

= BY Y ... Y8 
G P  

(by  t h e  choice  of Y ) . 
CL 



- 9 P F  9 9 9 
NOW assume bycyB YyY8 - b  Yayp Y y Y z  w i th  b ,  b  e B , 

v 9 0 0 -1 
e t c .  Then by ... yy = b  yo ... y  ymym 

-1 
a We have ymy, e B 0 0 

o r  B w ~ B  . The second ca se  can no t  occur  s i n c e  t h e n  t h e  l e f t  s i d e  

would b e  i n  Bww-B and t h e  r i g h t  s i d e  i n  BwB (by  Lemma 2 5 ) ,  
0 

9 
From t h e  d e f i n i t i o n  of Y, it fo l l ows  t h a t  y j  = yC, , and t h e n  

0 

- v 
by i n d u c t i o n  t h a t  

Y~ 
- yy  , . whence t h e u n i q u e n e s s  i n  

Theorem 1 5 ,  

Lemma 43: Let  : SL2 -> G be  t h e  canonica l  homomorphism c CI 
0 

( s e e  Theorem 4 , Cor. 6 ) .  Then Ya s a t i s f i e s  t h e  c o n d i t i o n s  of 

Theorem 1 5  i n  each of t h e  fo l l owing  ca se s ,  

( b  k = Q ( r e s p . R  ) and Ya i s  t h e  image under qa 

of t h e  e lements  of SU2 ( r e s p .  SO2) ( s t a n d a r d  compact fo rms )  of 

( c )  I f  e i s  a p r i n c i p a l  i d e a l  domain (commutative 
J, -0- 

with  l ) ,  e i s  t h e  group of u n i t s ,  k i s  t h e  q u o t i e n t  f i e l d ,  

and YCI i s  t h e  image under ma of t h e  e lements  of SL2(a)  of 
Ta b l  

wi th  b  > 0  , t h e  form 

t h e  form with  c  running through a  s e t  of r e p r e s e n t a t i v e s  

-- a - 

a  -6 
- 

I 

.I, 

f o r  - o ) /  , and f o r  each c  , a  running over  a s e t  of 

r e p r e s e n t a t i v e s  f o r  t h e  r e s i d u e  c l a s s e s  of o mod c  . 
0 

Proof :  We have ( a )  by Theorem 4 a p p l i e d  t o  Gc . To v e r i f y  

( b )  and ( c  ) we may assume t h a t  Ga i s  SL2 and BCI t h e  



superd iagona l  subgroup B2 s i n c e  k e r  cpu C B2 . Any element of  

SL*(Q) can be conver ted t o  one of SU2 by adding a m u l t i p l e  of 

t h e  second row t o  t h e  f i rs t  and normal iz ing t h e  l e n g t h s  of  t h e  

rows. Thus SL2 (Q) = B2 (C) .  SU2 . Then B2(Q) \ sL~(Q) 

N (B2(C) f) SU, )\su, , whence ( b )  . Now assume [: SL2(k)  

w i t h  k a s  i n  ( c ) .  We choose a ,  c  i n  o r e l a t i v e l y  prime and 

such t h a t  pa + qc = 0 ( u s i n g  unique f a c t o r i z a t i o n ) ,  and t h e n  

b ,  d i n  o so t h a t  ad  - bc = 1 . Mul t ip ly ing  t h e  p reced ing  

m a t r i x  on t h e  r i g h t  by 11 we g e t  an  element of B~ ( k )  . 
Thus S L ~ ( ~ )  = B2(k)SL2(a)  , and ( c )  fol lows.  

P 
Remarks: ( a )  The case  ( a )  above i s  e s s e n t i a l l y  Theorem 4 s i n c e  

wUw = wa% a . w p x P  . . . w6X i n  t h e  n o t a t i o n  of Theorem 1 5 ,  by 

1 Appendix I1 25, o r  e l s e  by i nduc t ion  on t h e  l e n g t h  of t h e  express ion.  

( b )  I n  ( c )  above t h e  cho ice  can be made p r e c i s e  i n  t h e  fo l l owing  

ca se s :  

(1) a =a; choose a ,  c  s o  t h a t  O < _ a  < c  . 
( 2 )  o = F[X] ( F  a f i e l d ) ;  choose so  t h a t  c  i s  monic 

and dg a < dg c . 
( 3 )  o =.z (p -ad ic  i n t e g e r s )  ; choose c a power of p 

P 
and a an  i n t e g e r  such t h a t  0 < - a < c . 

7~~~K+i+;~p~+~p?:~.%:3 
, : ..- 



I n  what fo l l ows  we w i l l  g i v e  s e p a r a t e  bu t  p a r a l l e l  

developments of t h e  consequences of  ( b )  and ( c )  above. I n  ( b )  

we w i l l  t r e a t  t h e  ca se  k = @ f o r  d e f i n i t e n e s s ,  t h e  c a s e  k = 

being s i m i l a r .  

Lema  44: Let  and [ X a ,  H ~ ]  be a s  i n  Theorem 1. 

( a )  There e x i s t s  a n  i n v o l u t o r y  seniantomorphism 5 of z' 
( r e l a t i v e  t o  complex con juga t ion  of @ ) such t h a t  

%X, = -X - and qj Ha - - Ha f o r  every r o o t  a . -a 

( b )  On 2 t h e  form { X ,  Y] de f ined  by ( X ,  6 , Y )  i n  

t e rms  of t h e  K i l l i n g  form i s  nega t ive  d e f i n i t e .  

Proof :  Th i s  b a s i c . r e s u l t  i s  proved, e.g., i n  Jacobson,  L i e  

a l g e b r a s ,  p. 147. 

Theorem 16: Let G be a Cheval ley group over  @ viewed a s  a 

Lie  group over d . 
( a )  There e x i s t s  an  a n a l y t i c  automorphism r of G 

such t h a t  c x , ( t )  = x  (-t) and oh ( t )  = h ( z  -l) f o r  a l l  o: and 
-Ci G Q 

( h )  The group K = G of f i x e d  p o i n t s  of  c i s  a 
ff 

maximal compact subgroup of G and t h e  decomposit ion G = BK 

ho lds  (Iwasawa decomposi t ion) .  

Proof: Let be i n  Lemma 44 composed wi th  complex 

con juga t  i o n ,  and p t h e  r e p r e s e n t a t i o n  of used t o  d e f i n e  G . 



P 
Applying Theorem 4 , COP. 5 t o  t h e  Cheva l l ey  g roups  ( b o t h  e q u a l  t o  

G) c o n s t r u c t e d  from t h e  r e p r e s e n t a t i o n s  JD and yo 7 of , 1 

we g e t  a n  automorphism of  , G which a s i d e  f rom complex c o n j u g a t i o n  

s a t i s f i e s  t h e  e q u a t i o n s  of  ( a ) ,  hence composed w i t h  c o n j u g a t i o n  

s a t i s f i e s  t h e s e  e q u a t i o n s ,  From Theorem 7 adap ted  t o  t h e  p r e s e n t  

s i t u a t i o n  ( s e e  t h e  remark a t  t h e  end o f  3 5 )  it f o l l o w s  t h a t  r 

i s  a n a l y t i c ,  whence ( a ) .  We o b s e r v e  t h a t  i f  G i s  d e f i n e d  by t h e  

a j o i n t  r e p r e s e n t a t i o n  o f  x,  t h e n  o- i s  e f f e c t e d  by c o n j u g a t i o n  

by t h e  serniautomorphism o;; of Lemma 44 . 

LMuna 45:  Le t  K = Gr , Ka = Kn G,  f o r  each s imple  r o o t  c . 

( a )  K c = " E  SU2 ( s e e  Lemma 4 3 ( b ) ) ,  hence YG C Kc . 
A 

( b )  B ~ =  H ~ =  ( h  e H I  1 )  1 = 1 f o r  a l l  6 L 

( g l o b a l  w e i g h t s  ) 3 

= h i ( t i )  ( s e e  Lemma 2 8 )  1 ( t i /  = 1 1  

= maximal t o r u s  i n  K . 

P r o o f :  The k e r n e l  of  q, : SL2 -> G i s  c o n t a i n e d  i n  15 1) , c:. c. 

and cr p u l l s  back t o  t h e  i n v e r s e  t r a n s p o s e  c o n j u g a t e ,  s a y  5 , 
on SL2 . S i ~ l c e  t h e  e q u a t i o n  r2 x = - x h a s  no s o l u t i o n s  

we g e t  ( a )  . 
P ( H  ) S i n c e  c h a ( t )  = hc(T -') , p ( h  ( t ) )  = t c c 

A 
( h e r e  y and . a r e  c o r r e s p o n d i n g  w e i g h t s  on qt! and H )  , 
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and the h,(t) g e n e r a t e  H , we have c(o-h) = - p(h) -' f o r  a l l  
f i  

h E H , s o  t h a t  o-h = h if  and only  if ( j ~ ( h ) (  = 1 f o r  a l l  
A A H i )  

weights P - If h = h i ( t i j  , t h e n  c ( h )  = 'G 
i . Since 

t h e r e  a r e  4 l i n e a r l y  independent weights  :: , we s e e  t h a t  if  
f i  f i  

I P ( ~ ) [  = 1 f o r  a l l  p , t h e n  [tiln = 1 f o r  some n > 0 , whence 

Iti/ = 1 , f o r  a l l  i . If G i s  u n i v e r s a l ,  t hen  Bb i s  t h e  

product  of t h e  4 c i r c l e s  i h i ( - )  j , hence is  a t o r u s ;  if  n o t ,  

we have t o  t a k e  t h e  quo t i en t  by a f i n i t e  group,  t h u s  s t i l l  have a 

t o r u s .  Now if h E Hg is  g e n e r a l  enough, s o  t h a t  t h e  numbers 
f i  
a ( h )  (a E X) a r e  d i s t i n c t  and d i f f e r e n t  from 1 , t hen  Gh , t h e  

c e n t r a l i z e r  of h i n  G , is H , by t h e  uniqueness i n  Theorem 
: 

4 , s o  t h a t  Hc i s  i n  f a c t  a maximal Abelian subgroup of Gr , 
which proves  t h e  lemma. 

Exe rc i s e :  Check ou t  t h e  e x i s t e n c e  of h and t h e  p r o p e r t y  Gh = H 

above. 

Now we cons ider  p a r t  ( b )  of Theorem 16. By Theorem 1 5  and 

Lemmas 4 3 ( b )  and 45 ( a )  we have G = BK . By t h e  same r e s u l t s  

(BwB) C BrK u...Kg , a compact s e t  s i n c e  each f a c t o r  i s  ( t h e  
CT- 

compactness of t o r i  and SU2 i s  be ing  u s e d ) .  Thus K = G, i s  

compact. (Th i s  a l s o  fo l lows  e a s i l y  from Lemma 44 (b )  1 L e t  K1 

be a compact subgroup of G ,  K1 2 K . Assume x E K1 . Wri te  

x = by wi th  b E B ,  y E K , and then  b = uh wi th  u E U ,  

h E H . Since  c , n  K1 i s  compact, a l l  e igenvalues  b ( n  ) 

n = 0 1 2  , a r e  bounded, whence h E K by Lemma 4 5 ( b ) .  

Then a l l  c o e f f i c i e n t s  of a l l  un a r e  bounded s o  t h a t  u = 1 . 



Remark: It can be  shown a l s o  t h a t  K i s  se i -~ i s imple  and  t h a t  a - 
complete s e t  of semis imple  compact L i e  groups  i s  g o t  f r om t h e  

above c o n s t r u c t i o n .  

C o r o l l a r y  . . .  1: Let  G '  b e  of t h e  same t y p e  a s  G w i th  a weight  
f t 1 

l a t t i c e  c o n t a i n i n g  t h a t  of G ,  K = G r ,  and  n: G -> G t h e  
f 

n a t u r a l  p r o j e c t i o n .  Then 7tK = K . 
Proof :  - Thi s  f o l l o w s  f rom t h e  f a c t  proved i n  Lemina 45 t h a t  K 

i s  g e n e r a t e d  by t h e  groups  q,SU2 . 
Examples: ( a )  If G = SLn(C) , t h e n  K = Sun . -- 

( b )  If G = SOn(fJ , t h e n  K f i x e s  s i i nu l t aneous ly  

t h e  forms C x x i n + l - i  and C x . 7  , hence  equa l s  SO (K )  (com- 
1 i n 

p a c t  fo rm)  a f t e r  a change o f  c o o r d i n a t e s .  Prove t h i s .  

( c )  If G = S P ~ ~ ( ~ ' )  , t h e n  K f i x e s  t h e  forms 
n - -  ' ( ~ i y 2 n c l - i  y .  ) and L' x i q  , and  is  isoinorphic t o  
1 - X2n+1-i 1 

SUn(IL)) (compact fo rm,  = q u a t e r n i o n s ) .  For t h i s  s e e  Cheva l l ey ,  

L ie  g roups ,  p. 22. 

I ( d )  Tile have isomorphisms and c e n t r a l  ex t ens  i o n s  , 
I 

SU2( l~ )  ---> SO (p) , S U ~ ( ~ ) '  --a> S O  (R , 5 4 

snL(E) -> so6(R) (compact f o r m s ) .  

I This  f o l l o w s  f rom ( a ) ,  ( b )  , ( c )  , C o r o l l a r y  1 and t h e  equ iva lences  



-2: - .  Tlie group . K  is connected.  

Proof :  A s  a l r e a d y  remarked, K is  gene ra t ed  by t h e  groups 
C__n 

v,SU2 . Since  SU2 is  connected,  s o  is K . 
Corol la ry  3 : If T denotes t h e  maximal t o r u s  H6 , t h e n  T\K 
P 

is homeomorphic t o  ~ \ f i  under t h e  n a t u r a l  map. 

Proof:  .-- The limp 6 -> B \ ,  k  -> Bk , is cont inuous  and con- 

s t a n t  on t h e  f i b r e s  of T\ , hence l e a d s  t o  a  cont inuous  map of 

T\r i n t o  B\G which is 1 - 1 and on to  s i n c e  T = B n K and 

G = BK . Since  T ( is compact, t h e  map i s  a  homeomorphism. \t 
C o r o l _ l a r y :  ( a )  G i s  c o n t r a c t i b l e  t o  I( . 

( b )  If G is  u n i v e r s a l ,  t hen  K is s imply con- 

nec ted .  

A A fi 
Proof :  Let  i1 = ih E Hl,u(h) > 0 f o r  a l l  p E L ]  . Then we have 
__r_ 

H = AT , s o  t h a t  G = BK = UAK . On t h e  r i g h t  t h e r e  is unique- 

ness  of exp re s s ion .  S ince  K is compact it e a s i l y  fo l l ows  t h a t  

t h e  n a t u r a l  map UA x K -> G is  a  homeomorphism. S ince  UA 

i s  c o n t r a c t i b l e  t o  a  p o i n t ,  G i s  c o n t r a c t i b l e  t o  K . If a l s o  

G i s  u n i v e r s a l ,  t h e n  G i s  s imply connected by Theorem 1 3 ;  

hence s o  is  I i  . 
Coro l l a ry  5 : For w E Y s e t  ( B W B ) ~  = BwB A K = , and l e t  

a,B,. . . ,6  be  a s  i n  Theorem 1 5 .  Then K = V lcw and 
W 

$ = TY,. . .Y , with  uniqueness of express ion  on t h e  r i g h t .  6 

Proof :  This fo l lows  from Theorem 1 5  and Lerrma 4.3 ( b )  . 



Remark: Observe t h a t  K is e s s e n t i a l l y  a c e l l  s i n c e  each ya 
is homeomorphic t o  & ( cons ide r  t h e  va lues  of a i n  Lemma 4 3 ( b )  ) . 
A t r u e  c e l l u l a r  decomposition is  ob ta ined  by w r i t i n g  T a s  a 

union of c e l l s .  perhaps  t h i s  decomposition can be  used  t o  g i v e  

an  e lementary  t r ea tmen t  of t h e  cohornology of K . 
Coro l l a ry  6: B\F and T\K have a s  t h e i r  ~ o i n c a r g  polynomials  

C t2N(w) . They have no t o r s i o n .  
w &I? 

Proof :  We have B\BWB homeomorphic t o  wUw , a c e l l  of  r e a l  

dimension 2N(w) . Since  each dimension is even,  it fo l lows  t h a t  

t h e  c e l l s  r e p r e s e n t  independent elements of t h e  homology group 

and t h a t  t h e r e  is  no t o r s i o n  ( e s s e n t i a l l y  because t h e  boundary 

o p e r a t o r  lowers  dimensions by e x a c t l y  1) , whence Cor . 6. d l t e r -  

n a t e l y  one may u s e  t h e  f a c t  t h a t  each Y, is homeomorphic t o  & . 
Remark: The above s e r i e s  w i l l  be summed i n  t h e  nex t  s e c t i o n ,  

where it a r i s e s  i n  connect ion wi th  t h e  o rde r s  of  t h e  f i n i t e  

Chevalley groups .  

Coro l l a ry  7: For w E W l e t  w = w,. . .w be  a minimal expres-  6 

s i o n  a s  b e f o r e  and l e t  S denote  t h e  s e t  of elements of W each 

of which is a produ.ct of some subsequence of t h e  e;cpression f o r  
- 

w . Then % ( t o ~ o l o g i c a l  c l o s u r e )  = u II . 
w t  ES w f  

P roo f :  If TG = T 17 K, , we have K, = TaYa U T CL by Lemma 4.5 ( a )  
- 

and TaYa = K, by t h e  corresponding r e s u l t  i n  SU2 . Now 

BwB = B*T,Y,.. . T6Y6 by Lemma 4 3 ( b ) .  Hence % = T-TaY a . 0 . T 6 Y 6  , 
- 

s o  t h a t  Kw > TKu ... K , and we have e q u a l i t y  s i n c e  each f a c t o r  - 6 



on t h e  r i g h t  is  compact, s o  t h a t  t h e  r i g h t  s i d e  i s  compact, hence 
8 1  

c losed .  S i n c e  K ,,K C K K i ,  
a. e 

if w E \i and a i s  s i m -  
W W w w,?, 

u 
p l e ,  by Lemma 2 5 ,  Cor. 7 fo l lows .  

Coro l l a ry  8:  ( a )  T = K1 . is  i n  t h e  c l o s u r e  of every Kw . 
( b )  $ i s  c lo sed  if  and only if  w = 1 . 

Coro l l a ry  9: The s e t  S of Cor. 7 depends on ly  on w , not  on 

t h e  minimal exp re s s ion  chosen,  hence may be w r i t t e n  S(w) , 

- - Proof :  Because Kw d o e s n ' t  depend on t h e  exp re s s ion .  

Lemma 46: Let  wo be  t h e  element of W which makes a l l  p o s i t i v e  

r o o t s  nega t ive .  Then S(wo) = W . 
Proof :  Assume w E W , and l e t  w = wl...w be  a  minimal expres-  - rn 

s i o n  as a  product  of s imple  r e f l e c t i o n s  and s i m i l a r l y  f o r  

wmlw = wmcl.. .wil . Then wo = w ~ .  . .wm.. .wn 
0 

i s  one f o r  w 
0 

s i n c e  if N is t h e  number of p o s i t i v e  r o o t s  t h e n  m = N ( w )  , 
n = N - N ( w )  , and m + n = N = N ( w o )  . Looking a t  t h e  i n i t i a l  

segment of w w e  s e e  t h a t  w & S ( w O )  . 
0 

Coro l la ry  1 0 :  If wo i s  a s  above and w = w w . . .w  i s  a o  P 6 

minimal exp re s s ion ,  t h e n  

( a )  K = Kw . 
0 

( b )  K = KLK $. . .  K6 ' 

Proof : ( a )  By Cor . 7 and Lemma 46. 

( b )  By ( a )  K = TK,Kr.Kg . We may w r i t e  T = T y  

( y s i m p l e ) ,  t h e n  absorb  t h e  T X l s  i n  a p p r o p r i a t e  K 1s t o  'd 
g e t  ( b ) .  



Exefcise  : If G is any Chovalley group and wo ,a ,P , . . . a r e  a s  

above, show t h a t  G = BGaG B . . .  G 6  . 
Remarks: ( a )  If and S U 2  a r e  r ep laced  by and S O 2  i n  

accordance wi th  Lemma 4 3 ( b ) ,  t h e n  everything above goes through 

except f o r  Cor. 4 ,  Cor. 6 and t h e  f a c t  t h a t  T is no longer  a 

t o r u s .  ' I n  t h i s  case each K, i s  a c i r c l e  s i n c e  S O 2  i s .  The 

corresponding angles  i n  Cor . 1 0 ( b )  , which we have t o  r e s t r i c t  

s u i t a b l y  t o  g e t  uniqueness ,  may be c a l l e d  t h e  Euler  angles  i n  

analogy wi th  t h e  c l a s s i c a l  case: 

G =  S L ~ ( N ,  K =  sOj(R) , 
Ka ,Kg = { r o t a t  i ons  around t h e  z-axis , x-axis 1 , 

( b )  If K, is  r ep laced  by BwB = B K ,  i n  Cor. 7, t h e  
- 

formula f o r  BwB is  obtained.  (Prove t h i s .  ] If ( o r  R) is 

rep laced  by any a l g e b r a i c a l l y  c losed  f i e l d  and t h e  Z a r i s k i  topol-  

ogy is  used ,  t h e  same formula holds ,  So a s  not t o  i n t e r r u p t  t h e  

present  development, we g i v e  t h e  proof l a t e r ,  a t  t h e  end of t h i s  

s e c t i o n .  

Theorem 17 :  ( C a r t a n ) .  Again l e t  G be a Chevalley group over 
/r 

(C o r  R,, K = G6 
a s  above, and A = {h E H I I ~ ( h )  > 0 f o r  a l l  

( a )  G = KAK (Cartan decomposit ion).  

( b )  I n  ( a )  t h e  A-component is determined uniquely up t o  

conjugacy under t h e  Weyl group. 



1 1 0  

Proof: ( a )  assume x E G . By t h e  decompositions H = AT and - 
G = BK (Theorem 1 6 ) ,  t h e r e  e x i s t  elements i n  .KxK U4 . 
Given such an element y  = ua , we w r i t e  a = exp H ( H  E w6 , 
uniquely determined by a )  , then  s e t  1 a ( = 1 H I  , t h e  K i l l i n g  

norm i n  %*. This norm is i n v a r i a n t  under W . We now choose 

y t o  maximize 1 a [ ( r e c a l l  t h a t  K i s  con2ac t ) .  We must show 

t h a t  u  = 1 . This fo l lows  from; ( )  i f  u  + 1 , t hen  [a1 

can be increased .  We w i l l  reduce ( * )  t o  t h e  rank  1 case .  Write 

u  = up (up E EB)  . We may assume uU $ 1 f o r  some simple 
B>O 

a: choose a of minimum h e i g h t ,  s a y  n , such t h a t  ua + 1 , 
then  if  n  > 1 , choose fl s imple  s o  t h a t  ( u , @ )  > 0 and 

h t  vi a < n , t h e n  r e p l a c e  y  by ~ ~ ( l ) ~ w ~ ( l ) - '  B and proceed by 
7 1 

induct ion  on n . We w r i t e  u  - u ua with u  E # p-Ial  ( h e r e  

P is t h e  s e t  of p o s i t i v e  r o o t s ) .  Then we w r i t e  a  = exp H , 
7 

choose c  s o  t h a t  H = H - cH, is orthogonal t o  Ha , s e t  
7 1 1 7 

= exp cHu E r i r ) ~ ~ ,  a = exp H E A, a = a,a . Then a  

commutes with  G, elementwise and is orthogonal t o  aU r e l a t i v e  

t o  t h e  b i l i n e a r  form corresponding t o  t h e  norm introduced above. 

By ( )  f o r  groups of r ank  1, t h e r e  e x i s t  y ,  z E K, such t h a t  
1 7 1 7 

Yu,auZ = aa E -1 n GO. and 1 a  > a . Then yuaz = yu uuaaa z  
7 - 1 7  7 

= yu y a,a . Since  Ga normalizes XP- { a ]  ( s i n c e  and 
1 1 1 2  

y-a d o ) ,  ) ; u , ~ - ' E u .  Since /a,a I = 1a:12 + l a ' [ '  

r ank  1 case.  This  c a s e ,  e s s e n t i a l l y  G = SL2 , w i l l  be l e f t  a s  

an exe rc i se .  



( b )  .issume x E G ,  x = klakZ a s  i n  ( a ) .  Then 

-1 2 -1 
6 X  = kla k2 , s o  t h a t  x 6 x - l  = kla kl . Here r a  = a -1 - 

fi  --------I /., A fi 
s i n c e  ,u(o-a) = $(a)  = a ( a - l )  f o r  a l l  ;A E L . 

Lemma 47: If elements of H a r e  conjugate  i n  G (any Chevalley 

group) , t h e y  a r e  conjugate  under t h e  Weyl group. 
t 

This e a s i l y  fo l lows  from t h e  uniqueness in Theorem 4 . 
, By t h e  lenma x above uniquely  determines a2 up t o  con- 

jugacy under t h e  Weyl group., hence a l s o  a s i n c e  square-roots  

i n  A a r e  unique.  

Remark: We can g e t  uniqueness i n  ( b )  by r e p l a c i n g  A by 
A 

A + =  ja E Ala(a) > 1  -= f o r  a l l  G >  0 )  This fo l lows  fromAppen- 

d i x  I11 33. 

Coro l l a ry :  Let  P c o n s i s t  of t h e  elements o f  G which s a t i s f y  

-I crx = x and have a l l  e igenvalues  p o s i t i v e .  

( a )  11. C P . 
( b )  Zvery p E P is conjugate  under K t o  some a E A , 

unique ly  determined up t o  conjugacy under 11 ( s p e c t r a l  theorem).  

( c )  G = KP , with  uniqueness on t h e  r i g h t  ( p o l a r  decom- 

p o s i t  i o n )  , 

Proof :  ( a )  This  has  been noted i n  ( b )  above. 

( b )  \ie can assume p = ka E KA , by t h e  theorem. Apply 

-1 u- : p = ak-I . Thus k commutes wi th  a 2  , hence a l s o  wi th  

a . (S ince  a i s  d iagona l  ( r e l a t i v e  t o  a b a s i s  of weight vec- 

t o r s )  and p o s i t i v e ,  t h e  ma t r i ce s  commuting wi th  a have a c e r t a i n  



2 block  s t r u c t u r e  which does not  change when it i s  r e p l a c e d  by a . ) 
1 1 
1. A. 

' 2  Then k = i and lc = a -' pa -' E P , s o  t h a t  k is un ipo ten t  by 

t h e  d e f i n i t i o n  of  P . Since  K is  compact, k = 1 . Thus 

p = a .  The uniqueness i n  ( b )  fol.l.ows a s  be fo re .  

( c )  If x E G , t h e n  x - k a k  a s  i n  t h e  theorem, s o  1 2  

t h a t  x = kl 1c2 l<ila k2 E KP . Thus G = KP . Xssuriie klpl = k2p2 

with  ki E K and p E P . By ( b )  we can assume t h a t  p2 E A . i 
-1 

Then p1 = k;1k2p2 . 4s i n  ( b )  we conclude t h a t  kl k2 = 1 , 
whence t h e  uniqueness i n  ( c ) .  

Example : If G = SLn (a) , s o  t h a t  K = Sun (@) , 
A = { p o s i t i v e  diagonal  mat r ices  3 ,  
P = !posit ive-def i n i t e  Hermitean matr ices  1 ,  
then  ( b )  and ( c )  reduce t o  c l a s s i c a l  r e s u l t s .  



We now cons ider  t h e  ca se  ( c )  of Lemma 43.  The development 

i s  s t r i k i n g l y  p a r a l l e l  t o  t h a t  f o r  ca se  ( b )  j u s t  completed a l -  

though t h e  r e s u l t s  a r e  b a s i c a l l y  a r i t h m e t i c  i n  one c a s e ,  geomet r ic  
4. -4. 

i n  t h e  o t h e r .  Throughout we assume t h a t  a ,e ,k,Y, a r e  a s  i n  

Lemma 4 3 ( c )  and t h a t  t h e  Chevalley group G under d i s cus s ion  is 

based on k . We w r i t e  Ge f o r  t h e  subgroug of elements of G 

whose c o o r d i n a t e s ,  r e l a t i v e  t o  t h e  o r i g i n a l  l a t t i c e  M , a l l  l i e  

i n  e . 
48: If is a s  i n  Theorem 4 '  , Cor. 6,  t hen  

Proof : If e is  a Euc l idean  domain t h e n  9L2 ( e )  is gene ra t ed  

by i t s  un ipo t en t  superd iagona l  and subdiagonal  e lements ,  s o  t h a t  

t h e  lemma f o l l o w s  from t h e  f a c t  t h a t  x , ( t )  a c t s  on M a s  an 

i n t e g r a l  polynomial i n  t . I n  t h e  g e n e r a l  c a se  it fo l lows  t h a t  

i f  p i s  a prime i n  s and e is t h e  l o c a l i z a t i o n  of e a t  
P 

p ( a l l  a/b E k such t h a t  a  ,b E 8 with  b prime t o  p )  t hen  

v,SL2(e) CG, - Since  n o  = e , e.g .  by unique f a c t o r i z a t i o n ,  
2 P P 

we have our r e s u l t .  

Remark: A v e r s i o n  of Lemma 48 i s  t r u e  i f  e i s  any commutative 

a b  r i n g  s i n c e  vc;[, i s  g e n e r i c a l l y  e x p r e s s i b l e  a s  a polynomial 

i n  a ,b  , c ,  d wi th  i n t e g r a l  c o e f f i c i e n t s  (proof  omi t t ed )  . The 

proof j u s t  g iven  works i f  e is any i n t e g r a l  domain f o r  which 

e = n e ( p  = maximal i d e a l ) ,  which i nc ludes  roost of t h e  i n t e r -  
P 

e s t i n g  c a s e s .  



. . . . . . . . . 
Lemma 49: Wri te  K = G e ,  KU = Gan K . 

( a )  B 0 K = ( u ~ K ) ( H ~ K )  . 
( b )  UnK= [ n x q ( t a ) [ t a & @ I  

a>O 
A f i  

( c )  H n K = (h E ~ l z ( h )  E eii f o r  a l l  p E L] 

( d )  ~ P ~ S L ~ ( ~ )  = Ka . Hence Ya C K, . 
Proof:  ( a )  If b  = uh e B f l  K , t h e n  i t s  diagonal  h  , r e l a t i v e  
_1 

t o  a b a s i s  of M made up of weight v e c t o r s  ( s e e  Lemma 18, Cor. 

3 ) ,  must be i n  K , hence u  must a l s o .  

( b )  If u  = rr x,(t,) E U n K , t hen  by i n d u c t i o n  on 

h e i g h t s ,  t h e  equa t ion  xa ( t )  = 1 + t X u  + . . . and t h e  p r i m i t i v i t y  

of Xa i n  End ( M )  (Theorem 2 ,  Cor. 2 )  we g e t  a l l  ta E e . 
( c )  If h  E HA K ., i n  d iagona l  form as above,  t h e n  

A A 
p ( h )  must be i n  e f o r  each weight p of t h e  r e p r e s e n t a t i o n  

.b .a. 

d e f i n i n g  G , i n  f a c t  i n  e s i n c e  t h e  sum of t h e s e  weights  is 

0 ( t h e  sum is  i n v a r i a n t  under W )  . If we w r i t e  h  = rr h i ( t i )  
.I- 

and use  what has j u s t  been proved,  we g e t  t: E e'p f o r  some 
.I. 

n  > 0 , whence ti E e' by unique f a c t o r i z a t i o n .  

( d )  Se t  S, = y,SL2(e) . By Lemma 49,  S, C K, . Since 

G'L = B,V Bay, by Lemma 4 3 ( c )  and Y,C S, , t h e  r e v e r s e  inc lu-  
.I- 

s i o n  fo l lows  from: Ban K C S, . NOW if x  = ~ ~ ( t ) h , ( t ' ~ )  s B,T) K r 
.I- 

t h e n  t E @ and t"' E e*. by ( a ) ,  ( b )  ) ( c )  a p p l i e d  t o  Ga , S O  

t h a t  x E 6 c u ( e )  ~ - ~ ( e ) >  = Sa , whence (d.) . 
Theorem 18: Let  e ,k,G and K = G be a s  above. Then G = BK 

8 

(Iwasawa decomposit ion) . 
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Proof :  By Lemmas 4 3 ( c )  and 4 .9(d) ,  BwB = BY,. . . .Y6 C BK f o r  - 
every w s W , s o  t h a t  G = BK . 
Coro l l a ry  1 : Wri te  Kw = BwB K . 

( a )  K = U K, . 
w&ilJ 

( b )  Kw = (B n K)Y,. . . . Y 6  , with  B f i  K g iven  by Lemma 49,  

and on t h e  r i g h t  t h e r e  is  uniqueness of express ion .  

Remark: This  normal form i n  K = G has  a l l  components i n  G 
8 8 

whereas t h e  u s u a l  one ob ta ined  by imbedding Go i n  G doesn ' t .  

Coro l la ry  2 :  1; is genera ted  by t h e  groups % . 
Proof :  By Lemiila 49 and Cor. 1. 

Coro l l a ry  3: If e i s  a  Euclidean domain, t h e n  K i s  genera ted  

by (x,(t)lci E Z, t e 41 . 
Proof: S ince  t h e  corresponding r e s u l t  holds  f o r  SL2(e)  , t h i s  

fo l lows  from Lemma 4 9 ( d )  and Cor. 2. 

Example: Assume e = Z ,  k = $ . We g e t  t h a t  Gz is gene ra t ed  

by [ x , ( l ) ]  . The normal form i n  Cor. 1 can be used t o  extend 

Nie l sen ' s  theorem ( s e e  (1-) on p. 96)  from SL~(Z) t o  Gz whenever 

C has r a n k  > P-7 2 , is  indecomposable, and has a l l  r o o t s  of equal  

l e n g t h  ( W .  Wardlaw, Thes i s ,  U .  C .  L. A. 1966).  It would be  n i c e  

i f  t h e  form could be used t o  handle  3L (z) i t s e l r "  s i n c e  N i e l s e n T s  3 
proof is q u i t e  involved.  The case  of unequal r o o t  l e n g t h s  i s  a t  

p re sen t  i n  poor shape.  In  analogy with  t h e  f a c t  t h a t  i n  t h e  

e a r l i e r  development K is  a  s imple  compact group if C is in- 

decomposable, we have here  : Every normal subgroup of G i s  z 
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f i n i t e  o r  of f i n i t e  index  if X is  indecomposable and has 

r ank  > - 2 . The proof i s n ' t  easy.  

Exerc i se :  Prove t h a t  Gz/.@Gz i s  f i n i t e ,  and i s  t r i v i a l  if 

X i s  indecomi,osable and no t  of t ype  .il ,B2 o r  G2 . 
Returning t o  t h e  gene ra l  s e t  up ,  i f  p i s  a prime i n  Q , 

we w r i t e  I [ -  f o r  ' t h e  p-adic norm def ined  by 101- = 0 and 
i' P 

- 2-r r I x l P  - i f  ;r = p a/b wi th  a and b prime t o  p . 
Theorem 1 9 :  (Approximation theorem) : Let . e and k be  a s  

above, a p r i n c i p a l  i d e a l  domain and i t s  quo t i en t  f i e l d ,  S a 

f i n i t e  s e t  of i n e q u i v a l e n t  primes i n  e , and f o r  each p e S ,  

t E k . Then f o r  any E > 0 t h e r e  e x i s t s  t E k such t h a t  
P 
It - tplp < tz f o r  a l l  p E S and ltlc <_ 1 f o r  a l l  primes 

(31s 

Proof:  We may assume every t E e . To s e e  t h i s  w r i t e  
P 

t = pra/b a s  above. By choosing s > -r and c and d s o  t h a t  
P 

a  = cpS + db and r e p l a c i n g  a/b by d , we may assume b = 1 . 
If we t h e n  m u l t i p l y  by a s u f f i c i e n t l y  high power of t h e  product  

of t h e  elements of S , we achieve r 2 0 , f o r  a l l  p E S . If 

we now choose n s o  t h a t  2--n i? < E ,  e = :, , ep = e/'i3n , t h e n  
P &S 

f 
P' g~ 

s o  t h a t  f .  pn + g e = 1 , and f i n a l l y  t = '2 g e t , 
2 P P P P P  

we ach ieve  t h e  requirements  of t h e  theorem. 

Now g iven  a ma t r ix  x = ( a  ) over k , we d e f i n e  i j 

Ixlp = maxla 1 . The fo l lowing  p r o p e r t i e s  a r e  e a s i l y  v e r i f i e d .  
ij P 



( 2 )  lxylp < l : qp l~ lp  
( 3 )  If lxilp = lyilp f o r  i = 1 , 2  ,..., n , then  

fi  

xi - yilp < m a ~ ~ l ~ ~ l  P o " * * ~ ~ i [ p * * ~ o  IynIPIxi -- yiIp 

Theorem 20: (Approximation theorem f o r  s p l i t  groups ) : Let 

e ,k,S , E  be a s  i n  Theorem 1 9 ,  G a Chevalley group over k , and 

x E G f o r  each p E S . Then t h e r e  e x i s t s  x E G s o  t h a t  
P 

I x  - x p l p  < E f o r  a l l  p E S and IxIq 5 1 f o r  a l l  q S . 
Proof: Assume f i rs t  t h a t  a l l  x a r e  contained i n  some Xu, 

P 
x = xa(tp) with t E k . If x = x a ( t ) )  t c k ) t h e n  

P P 
lxlq i m a x  ltls, 1 because x a ( t )  is an i n t e g r a l  polynomial i n  

t and s i m i l a r l y  ixxil - Ilp <-- It - 
tPIP 

, so t h a t  

I x  - x p l p  5 [ x p ( p l t  - t p l p  by (1) and (21 above. Thus our r e s u l t  

fol lows from Theorem 19  i n  t h i s  case.  In  t h e  genera l  case we 

choose a sequence of r o o t s  al ,a2,. . . SO t h a t  x - p - xplxp2*" 

with x E Xu f o r  a l l  p E S . By t h e  first case t h e r e  e x i s t s  
p i  i 

x i ' % a :  s o  t h a t  

if ~ E S  and l x i I q < 1  if  q f S .  W e s e t  x 3 x 1 x  *... . 
Then t h e  conclusion of t h e  theorem holds by ( 3 )  above. 

With Theorem 2 0  a v a i l a b l e  we can now prove: 

Theorem 21: (Elementary d i v i s o r  theorem) : Assume e ,k,G, K = G 
8 

a r e  a s  before.  Let A+ be t h e  subse t  of H def ined by: 
4 A 
a ( h )  E e f o r  a l l  p o s i t i v e  r o o t s  a . 



+ 
( a )  G = K4 K (Car tan  decomposi t ion) .  

+ 
I ( b )  The A component i n  ( a )  is un ique ly  determined 

mod H K , i . e .  mod u n i t s  ( s e e  Lemma 49) ; i n  o t h e r  words, t h e  
A 

) s e t  of numbers ( h )  1 p weight of  t h e  r e p r e s e n t a t i o n  d e f i n i n g  

I G ]  is.  

Example: The c l a s s i c a l  ca se  occurs  when G = SLn(k) , K = SLn(e) , 
and A' c o n s i s t s  of t h e  d iagona l  elements d i ag  (al ,a2,  . . . , an)  

such t h a t  a i  is  a  m u l t i p l e  of  ai+l f o r  i = 1 , 2 , .  . . . 
Proof of theorem: -= - F i r s t  we reduce t h e  theorem t o  t h e  l o c a l  case ,  

i n  which e has  a  s i n g l e  prime, modulo u n i t s .  Assume t h e  r e s u l t  

t u r e  i n  t h i s  case .  Assume x E G . Let  S b e  t h e  f i n i t e  s e t  

of primes a t  which x f a i l s  t o  be  i n t e g r a l .  For p E S , we 

w r i t e  e f o r  t h e  l o c a l  r i n g  a t  p  i n  e , and d e f i n e  
P  K~ 

and 
+ 

A i n  terms of e a s  K and A+ a r e  d e f i n e d f o r  e . By t h e  
P  P 

? 

l o c a l  case  of t h e  theorem we may w r i t e  x = c  a  c '  w i th  
P P P  

P 
c  c  E K and a  E A+ , f o r  a l l  p  E S . Since  we may choose 

P '  P  P  P  
a  s o  t h a t  $(a ) is always a  power of p and t h e n  r e p l a c e  a l l  

P  P  
a  by t h e i r  p roduc t ,  a d j u s t i n g  t h e  c f s  acco rd ing ly ,  we may 

P  + 
assume t h a t  a  is  independent of p  , is  i n  , and is i n t e -  

P  
1 

g r a l  o u t s i d e  of S . We have c  a c  x- l  = 1 with  a = a f o r  
P  P 

1 
P 

p  E S . By Theorem 20 t h e r e  e x i s t  c ,  c  E G s o  t h a t  

I c  - c P I P  < [ c p l p  f o r  p  E S and I c l q < l  f o r  q # S , t h e  
t t ' -1 

same equa t ions  ho ld  f o r  c  and c  , and [ cac x - 1lp 5 1 f o r  
P 

a l l  p  E S . By p r o p e r t i e s  ( l ) ,  ( 2 ) ,  ( 3 )  of  I I i3 , it is now 
I 
I 

1 r -1 
1 e a s i l y  v e r i f i e d  t h a t  I c 1 5 1, 1 cpl <- 1 and / cac ,x - 11, <_ 1 , 
I 
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whether p is i n  S or  not .  Thus c E K ,  c E K and 
i -1 + 

cat x E K , s o  t h a t  x c KA K a s  requi red .  The uniqueness i n  

Theorem 21 c l e a r l y  a l s o  fol lows from t h a t  i n  t h e  l o c a l  case.  

We now consider t h e  l o c a l  case ,  p being t h e  unique prime 

i n  e . The proof t o  fo l low is qu i t e  c lose  t o  t h a t  of Theorem 

17. Let h be t h e  subgroup of a l l  h E H such t h a t  a l l  $(h) 

a r e  powers of p , and rede f ine  A+ , cas t ing  out u n i t s ,  s o  t h a t  

i n  a d d i t i o n  a l l  % ( h )  ( 2  > 0) a r e  nonnegative powers of p . 
5 For each a E A t h e r e  e x i s t s  a unique '  H E ?kX , 

t h e  22-module generated by t h e  elements Ha of t h e  Lie  algebra 
A 1 , such t h a t  ;;(a) = p p ( H )  f o r  a l l  weights p . 

na -8- 

Proof: Write a = 7 ha(cap ) with c, E eSr,  na - E Z. Then 
,!: ( Ha A . Since p ( a )  is a power of p t h e  c, , 

being u n i t s ,  nay be omit ted,  s o  t h a t  % ( a )  = P p ( H )  with 

H = I: n,H, . If H'  is a second p o s s i b i l i t y  f o r  H , then 
t t 

p(H ) = p(H) f o r  a l l  f i  , s o  t h a t  H = H , 

H If a and H a r e  a s  above, we w r i t e  H = l o g  a ,  a = p , 
P 

and introduce a norm: la1 = [ H I  , t h e  Ki l l ing  norm. This norm 

is i n v a r i a n t  under t h e  Weyl group. Now assume x E G . We want 
+ 

t o  show x E Kii K . From t h e  d e f i n i t i o n s  if T = 1-1 K then  

H = AT , Thus by Theorem 18 t h e r e  e x i s t s  y = ua E K x K  with 

u E U ,  a E .i . There is  only a f i n i t e  number of p o s s i b i l i t i e s  

f o r  a :  if a = , then  [p(H) I ,u a weight i n  t h e  given rep- 

r e s e n t a t i o n )  is  bounded below (by -n i f  n i s  chosen s o  t h a t  

t h e  matr ix  of *"x is  i n t e g r a l ,  because (pi ' ( t i)]  a r e  t h e  



diagona l  e n t r i e s  of y )  , and a l s o  above s i n c e  t h e  sum of t h e  

weights is 0 , s o  t h a t  H is conf ined t o  a  bounded r e g i o n  of 

t h e  l a t t i c e  . We choose y  = ua above s o  a s  t o  maximize 

l a [  . If u  = n ' u ,  (u, E )(- ) , we s e t  supp u  = {aJu ,  + 11 a 

and t h e n  minimize supp u s u b j e c t  t o  a  l ex icograp l i i c  o rde r ing  

of t h e  suppor t s  based on an  o rde r ing  of t h e  r o o t s  c o n s i s t e n t  
t 

wi th  a d d i t i o n  ( t l ius  supp u  < supp u  means t h a t  t h e  f i r s t  a 

i n  one bu t  n o t  i n  t h e  o t h e r  l i e s  i n  t h e  second) .  We c la im 

u = 1 . Suppose no t .  We cla im ( * )  u, K and aulu,a k K  f o r  

a E supp u  . If u, were no t  i n  K , we could move it t o  t h e  

extreme l e f t  i n  t h e  express ion  f o r  y  and t h e n  remove it. The 

new terms in t roduced  by t h i s  s h i f t  would, by t h e  r e l a t i o n s  ( B ) ,  

correspond t o  r o o t s  h i g h e r  t h a n  u , s o  t h a t  supp u  would be 

diminished,  a  c o n t r a d i c t i o n .  S i m i l a r l y  a s h i f t  t o  t h e  r i g h t  

y i e l d s  t h e  second p a r t  of ( * ) .  Now a s  i n  t h e  proof of  Theorem 

17 we may con jugat  e y by a product  of  wg (1) ' s  ( a l l  i n  K )  t o  

g e t  u, $ 1 f o r  some s imple  u. , a s  w e l l  a s  ( )  We w r i t e  
T 

a  = pH , choose c  s o  t h a t  H = H - cHa is  or thogona l  t o  H, , 
cHu t H ' T 

s e t  a,= p , a  = p , a =  a,a . We only k n o w t h a t  

2c = <H,Hu> r 2 ,  s o  t h a t  t h i s  may involve  an  a d j u n c t i o n  of 

P  'I2 which must even tua l ly  be  removed. If we bea r  t h i s  i n  mind, 

t hen  a f t e r  reduc ing  (,:) t o  t h e  r a n k  1 case ,  e x a c t l y  a s  i n  t h e  

proof of Theorem 17,  what remains t o  be  proved is t h i s :  

[ t-I rPC 1 
Lemma 51 : Assume y  = ua = ' 

t : 
I , w i th  2c E Z ,  t E k ,  

~ o ~ J I  P-c] 



1 2 1  

t e and tp-" e . Then c can be increased  by an  i n t e g e r  

by m u l t i p l i c a t i o n s  by elements of K . 
-n J. 

Proof:  Let  t = ey - with e E e"' . Then n E z, n > 0 and 

n + 2c > 0 by t h e  assumptions,  s o  t h a t  c + n > c ,  c + n > -c 

and ( c  + n [  > ( c (  . If we mul t ip ly  y on t h e  l e f t  by 

on t h e  r i g h t  by [1-e'1pn+2c , both i n  K , we g e t  
L o  p - 

which proves t h e  lemma, hence t h a t  u = 1 . Thus y = a E A ,  so 

I t h a t  x E &iK . Thus G = KAK . F i n a l l y  every element of A is 

conjugate  t o  an element of A+ under t h e  Weyl group,  which is  

f u l l y  r ep resen ted  i n  K (every  w , ( l )  E K )  . Thus G = KA'K . 
+ 

It remains t o  prove t h e  uniqueness of t h e  X component. If 

G' is  t h e  u n i v e r s a l  group of t h e  same type  a s  G and n is t h e  

n a t u r a l  homomorj~hism, it follows from Lemna 49(d) and Theorem 18, 
t 1 + 

( Cor. 2 t h a t  n K  = K and from Lemma 49 t h a t  n maps A is  o- 
+ 

morphical ly  onto 11 . Thus we may assume t h a t  G is u n i v e r s a l .  

Then G is  a d i r e c t  product of i ts  indecomposable f a c t o r s  s o  

t h a t  we may a l s o  assume t h a t  G is indecomposable. Le t  hi be  

t h e  ith fundamenCa1 weight ,  Vi an  L-module with  hi a s  

h ighes t  weight ,  Gi t h e  corresponding Chevalley group,  

n :  G - > G  i i t h e  corresponding homomorphism, and pi 
t h e  

I T 
corresponding lowest  weight. Assume. now t h a t  x = cac E G , 

t + A -n 
with c ,  c  E ii and a E '1 Se t  ,ui(a) = p . Each weight 

on Vi is ,ti i nc reased  by a sum of p o s i t i v e  r o o t s ,  Thus ni i - 
11 i is  t h e  s m a l l e s t  i n t e g e r  such t h a t  p nia is i n t e g r a l ,  i .e. such 



I n 1 
t h a t  p in .x  i s  s i n c e  n. c and n - c  a r e  i n t e g r a l ,  t h u s  is 

1 1 1 

unique ly  determined by x . Since {pi]  i s  a b a s i s  of  t h e  l a t -  

t i c e  of weights (pi  = w h . )  , t h i s  y i e l d s  t h e  uniqueness i n  t h e  
0 1 

l o c a l  ca se  and completes t h e  proof of Theorem 21. 

Coro l l a ry  1 If e is not  a f i e l d ,  t h e  group K i s  maximal i n  

i ts commensurability c l a s s .  

t 
Proof;  Assume K i s  a subgroup of G con ta in ing  K p roper ly .  

f t 
By t h e  theorem t h e r e  e x i s t s  a E A /I K , a K . Some e n t r y  of 

I t h e  d iagona l  m a t r i x  a i s  n o n i n t e g r a l  s o  t h a t  by unique f a c t o -  

( r i z a t i o n  I K ~ / K I  i s i n f i n i t e .  

I Remark: The case  e = Z is  of some importance h e r e .  

Coro l l a ry  2: If e = Zp and k = $ (p-adic i n t e g e r s  and 
P 

numbers) and t h e  p-adic topology is used ,  then  K is a maximal 

compact subgroup of G . 
Proof :  We w i l l  u s e  t h e  f a c t  t h a t  i s  compact. (The proof - P 
i s  a good e x e r c i s e . )  We may assume t h a t  G is u n i v e r s a l .  Le t  
- 
k be t h e  a l g e b r a i c  c l o s u r e  of k and t h e  corresponding 

Chevalley group. Then G = n SL(V,k) (Theorem 7 ,  Cor. 3 ) ,  s o  

t h a t  K = r )  SL(V,e) . Since  e i s  compact, s o  is  End(V,e) , 
hence a l s o  i s  K , t h e  s e t  of s o l u t i o n s  of a system of polynomial 

- 
equa t ions  s i n c e  G is  an  a l g e b r a i c  group,  by Theorem 6. If K' 

is a subgroup of G con ta in ing  K p r o p e r l y ,  t h e r e  e x i s t s  

a E fIfn K ' ,  a K , by t h e  theorem. Then [ [ a n l p  in  E z] is  
1 

not  bounded s o  t h a t  K i s  no t  compact. 



Remark: We observe t h a t  i n  t h i s  case  t h e  decompositions G = BK 
4- 

and G = KA K a r e  r e l a t i v e  t o  a maximal compact subgroup j u s t  

a s  i n  Theorems 1 4  and 1 7 .  Also i n  t h i s  case  t h e  c l o s u r e  formula 

of Theorem 16,  Cor. 7 h o l d s .  

Exerc i se  ( o p t i o n a l )  : Assume t h a t  G i s  a Chevalley group over 

&, o r  $ and t h a t  K i s  t h e  corresponding maximal compact 
P 

subgroup d i s cus sed  above. Prove t h e  commutativity under convolu- 

t i o n  of t h e  a l g e b r a  of f u n c t i o n s  on G which a r e  complex-valued, 

cont inuous ,  wi th  compact s u p p o r t ,  and i n v a r i a n t  under l e f t  and 

r i g h t  m u l t i p l i c a t i o n s  by elements of K . (Such f u n c t i o n s  a r e  

sometimes c a l l e d  zonal  func t ions  and a r e  of importance i n  t h e  

harmonic a n a l y s i s  of G . ) Hint:  prove t h a t  t h e r e  e x i s t s  an 

antiautomorphism P of G such t h a t  vxa( t )  = I ( t )  f o r  a l l  --a 

a and t , t h a t  9 prese rves  every double cose t  r e l a t i v e  t o  

K , and t h a t  v p re se rves  Haar measure. .1. much h a r d e r  e x e r c i s e  

is t o  determine t h e  exac t  s t r u c t u r e  of t h e  a l g e b r a .  

Next we cons ider  a double cose t  decomposition of K = G 
8 

i t s e l f  i n  t h e  l o c a l  case .  We w i l l  u s e  t h e  fo l l owing  r e s u l t ,  t h e  

f i rs t  s t e p  i n  t h e  proof of  Theorem 7. 

Lernma 52: Le t  be  t h e  L i e  a l g e b r a  of G ( t h e  o r i g i n a l  L i e  

a lgeb ra  of 81 wi th  i t s  c o e f f i c i e n t s  t r a n s f e r r e d  t o  k )  , N t h e  

number of p o s i t i v e  r o o t s ,  and Y Y ,  . . . Y ] a b a s i s  of  nN 
made up of p roduc ts  of  XaTs and H i ' s  w i th  Y1 = /\ Xa . For 

a>O 
x E G w r i t e  xY1 = Z c . ( x ) Y  . Then x E U-HU if and on ly  if  

J j 



Theorem 22: ilssurne t h a t  e i s  a  l o c a l  p r i n c i p a l  i d e a l  domain, 

t h a t  p  is  i-ts unique prime, and t h a t  k  and G a r e  a s  before .  

( a )  BI = U-H U is a  subgroup of Ge . p e e  

( b )  Ge = U BIwBI ( d i s j o i n t )  , i f  t h e  r e p r e s e n t a t i v e s  f o r  
wew 

W i n  G a r e  chosen i n  Ge . 
( c )  BIwBI = B WU I w,e wi th  t h e  l a s t  component of t h e  r i g h t  

uniquely  determined mod Uw . 
2 P 

Proof:  Let  denote t h e  r e s i d u e  c l a s s  f i e l d  e/pe, G;; t h e  
- 

Chevalley group of t h e  same t y p e  a s  G over e , and B--,Hz ,... 
t h e  u s u a l  subgroups.  By Theorem 18, Cor. 3 r e d u c t i o n  mod p 

y i e l d s  a  hoinomorphisrn n of G onto G-- . 
8 8 

(1) nal(u=H-u-) C U-HU . We cons ider  G a c t i n g  on nNl  as 
8 8 8  - 

i n  Lemma 52.  A s  i s  e a s i l y  s e e n  Ge a c t s  i n t e g r a l l y  r e l a t i v e  t o  

t h e  b a s i s  of Y l s  . Now assume nx E U=H-U- . Then cl(rur) $; 0 
0 0 8 

by t h e  lemma a p p l i e d  t o  G- , whence c l (x)  + 0 and x e U-HU e 

a g a i n  by t h e  lemrI?a. 

( 2 )  -1la,rx: ker  n C U-HU . - 
-1 ( 3 )  BI = n B- . 

S 
.\ssurne x E T C - ~ B ~  . Then :c E U-BU by (1). 

From t h i s  and x E Ge it fo l lows  a s  i n  t h e  proof of Theorem 7 ( b )  

t h a t  x E U i H e U e  , and t h e n  t h a t  x E BI . 
( 4 )  Completion _ ----_- of proof :  - By ( 3 )  we have ( a ) .  To g e t  ( b )  we 

simply apply n 1  t o  t h e  decomposition i n  Ge r e l a t i v e  t o  Bg . 
We need only rei-rlark t h a t  a  choice  a s  i n d i c a t e d  i s  always p o s s i b l e  

s i n c e  each w , ( l )  E G e  . From ( b )  t h e  equa t ion  i n  ( c )  e a s i l y  



fo l lows .  (Check t h i s .  ) Assume blwul = b wu with bi E B I ,  
2 2 

E U -1 -1,-1 
Ui . Then bl b2 = wulu2 E BI 0 U- = U" , whence 

W,@ 8 P 
-1 

U1"2 U ~ , P  and ( c )  fo l lows .  

Remark: The subgroup BI above i s  c a l l e d  an Iwahori subgroup.  

It was in t roduced  i n  an i n t e r e s t i n g  paper by Iwahori  and Matsumoto 

(Pab l .  Math. I.H.E.S. No. 25 (1965) ) .  There a  decomposition 

which combines t h o s e  of Theorems 2 1 ( a )  and 2 2 ( b )  can b e  found.  

The presen t  development is completely d i f f e r e n t  from t h e i r s .  

There is  an  i n t e r e s t i n g  connect ion between t h e  decomposition 

G = U B ~ W B ~  above and t h e  one,  Go = ~ ( B w B ) ~  , t h a t  Ge i n h e r i t s  
8 

as a subgroup of G , namely: 

Coro l la ry :  Assume w E W , t h a t  S(w) is a s  i n  Theorem 16 ,  Cor. 

9,  and t h a t  n  : Ge -> G- i s ,  a s  above,  t h e  n a t u r a l  p r o j e c t i o n .  
8 

r 
Then n(BIwBI) = BgwBG , and ~ ( B w B ) ~  = u BGw Be . Hence 

- w'  ES ( w )  
i f  e is  a  t o p o l o g i c a l  f i e l d ,  e .g .  a , R  o r  b9 , t h e n  n(BwB)@ 

is t h e  t o p o l o g i c a l  c l o s u r e  of n(BIwBI) . 
- 

Proof:  The f i r s t  equa t ion  fo l lows  from n  'B; = BI , proved 

above. Wri te  w = w w a P " '  a s  i n  Lemma 2 5 ,  Cor. Then 

( + )  (BwB),  = ( B W & B ) ~ ( B W  B ) @ .  . . P by Theorem 18,  Cor. 1. Now 

( B W ~ B ) ~  > xCa(p) and ~ ~ ( 1 )  and is a  union of B double c o s e t s .  - 6 

Thus n (BwaB)B  > - B~ !J BZ; wuBG = Be G a j S  . The r e v e r s e  ineqca l -  

i t y  a l s o  holds  s i n c e  (BwUB),  C B G - 0 a , e  by Theorem 18 ,  Cor. 1. 

From t h i s ,  (::), t h e  d e f i n i t i o n  of S ( w )  , and Lemma 25,  t h e  r e -  

qu i red  express ion  f o r  n(BwB)@ now fo l lows .  



Appendix. Our purpose i s  t o  prove Theorem 23 below which g ives  

t h e  c lo su re  of BwB under very  g e n e r a l  cond i t i ons .  We w i l l  
T r 

w r i t e  w <_ w i f  w E S ( w J  with S(w) a s  i n  Theorem 16 ,  Cor, 
t 

9 ,  i . e .  if w is a  subexpress ion ( i , e .  t h e  product  of a  subse- 

quence) of some minimal express ion  of w a s  a  product  of s imple  

r e f l e c t i o n s .  

Lemma 53 : The fo l lowing  a r e  t r u e .  

1 
( a )  If w is  a  subexpress ion  of some min imal .express ion  

f o r  w , i t  i s  a  subexpress ion of a l l  of thein. 
T 

( b ]  I n  ( a )  t h e  subexpress ions  f o r  w can a l l  be taken  t o  

be minimal. 

( c )  The r e l a t i o n  < - i s  t r a n s i t i v e .  

( d )  If w E W and u is  a  s imple  r o o t  such t h a t  w a  > 0 

( r e s p .  w - l a  > 0 )  , t h e n  wwa > w ( r e s p a  waw > w )  . 
( e )  wo > w f o r  a l l  w E W . 

Proof : ( a )  This  was proved i n  Theorem 1 6 ,  Cor . 7 and 9 i n  a  
. -  

r a t h e r  roundabout way. It is a  d i r e c t  consequence of t h e  fo l lowing  

f a c t ,  which w i l l  be proved i n  a  l a t e r  s e c t i o n :  t h e  e q u a l i t y  of 

two minimal express ions  f o r  w ( a s  a  product  of s imple  r e f l e c -  

t i o n s )  is a  consequence of t h e  r e l a t i o n s  w1w2.. . = w2w1.. . 
(wl ,w2 d i s t i n c t  s imple  r e f l e c t i o n s ,  n terms on each s i d e ,  

I n = orde r  w1w2) . 
T 

( b )  If w = w1w2. . . W  i s  an  express ion  a s  i n  ( b )  and r 

it is  no t  minimal, t hen  two of t h e  terms on t h e  r i g h t  can be  

cance l l ed  by Appendix I1 21. 

- - , .  - e - 



( c )  BY ( a )  and ( b ) .  

( d )  If wu > 0 and w1w2.. .ws i s  a  minimal express ion 

f o r  w , t h e n  wl. . .w w i s  one f o r  wwU, s a, 
by Appendix I1 1 9 ,  s o  

t h a t  ww, > w , and '  s i m i l a r l y  f o r  t h e  o t h e r  ca se .  

( e )  This  i s  proved i n  Lemma 46 .  

*I Now we cone t o  our main r e s u l t .  

Theorem 23 : Let  G be a  Chevalley group.  Assume t h a t  k  is.  a  

nond i sc re t e  t o p o l o g i c a l  f i e l d  and t h a t  t h e  topology i n h e r i t e d  by 

G a s  a ma t r i c  group over k  is used.  Then t h e  fo l lowing  condi- 

I 
r 

( b )  w < w .  - 

Proof :  Let  Y1 be a s  i n  Lemma 52 and more g e n e r a l l y  

Yw = /'\ Xwa f o r  w E W . For x E G l e t  c w ( x )  denote t h e  
a>O 

c o e f f i c i e n t  of Yw i n  xY1 . We w i l l  show t h a t  ( a )  and ( b j  a r e  

equ iva l en t  t o  : 

( c )  cwf  is no t  i d e n t i c a l l y  0 on BwB . 
( a )  => ( c ) .  We have xg(t)X, = X, + I t J x  with  X of weight 

j j 
(0 o r  a  r o o t )  u + j B  , and nwXa = cXhram ( c  f 0) if  nw rep re -  

s e n t s  w i n  W i n  N / H  . Thus ( * )  BwBY1 C - k'"~, + higher  

terms i n  t h e  o rde r ing  g iven  by sums of p o s i t i v e  r o o t s .  Thus cwT 
f 

is  not  i d e n t i c a l l y  0 on Bw B , hence a l s o  not  on BwB , by ( a ) .  

( c )  => ( b ) .  We use  downward induc t ion  on ~ ( w ' )  . If t h i s  is 
1 

maximal t h e n  w = w , t h e  element of W making a l l  p o s i t i v e  
0 



r o o t s  n e g a t i v e ,  and t h e n  w = w by ( c )  and (::) above. Assume 
0 

1 ,  w T  + wo . Choose r. s imple  s o  t h a t  w T - l a  > 0 , hence 
I 1 

N(wuw ) > N ( w  ) , Since  c 1 (BwB) + 0 and BwabwB C 
W - 

B W B ~ B W ~ W B  , we s'ee t h a t  c  ' ( B w B )  ) 0 o r  c r(Bw,wB) $ 0 ,  . wuW Wc;W 
s o  t h a t  wan' . < -. w o r  wawl <_ waw . I n  t h e  f irst  case  w '  < w 

by Lemma 5 3 ( c )  and ( d )  . I n  t h e  second case  i f  wc.'a < 0 t h e n  

W,W < w by Lefiuna 53 (d )  which p u t s  u s  back i n  t h e  f i r s t  c a s e ,  

while i f  n o t  we nay choose a minimal express ion  f o r  w s t a r t i n g  

wi th  w, and conclude t h a t  w' < - w . 
( b )  => ( a ) .  By t h e  d e f i n i t i o n s  and t h e  u s u a l  c a l c u l u s  of double 

c o s e t s ,  t h i s  i s  equ iva l en t  t o :  if  a is s imp le ,  t h e n  = 

B u BwaB . The l e f t  s i d e  is conta ined  i n  t h e  r i g h t ,  an  a l g e b r a i c  

group,  hence a c lo sed  s u b s e t  of  G . Since  Bw,B c o n t a i n s  

- 1 and t h e  topology on k is  not  d i s c r e t e ,  i t s  c l o s u r e  

con ta ins  1 , hence a l s o  B , proving t h e  r e v e r s e  i n e q u a l i t y  and 

completing t h e  proof of  t h e  theorem. 

Remark: I n  case  k above is &,a o r  a , t h e  theorem reduces  
P 

t o  r e s u l t s  ob t a ined  e a r l i e r .  I n  ca se  k is  i n f i n i t e  and t h e  

Z a r i s k i  topology on k and G a r e  used it becomes a r e s u l t  of 

Chevalley (u-npubl ished) .  Our proof i s  q u i t e  d i f f e r e n t  from h i s .  
I 

Exerc i se :  ( a )  If w E W and a i s  a p o s i t i v e  r o o t  such t h a t  

w a  > 0 , prove t h a t  wwu > w (compare t h i s  w i th  Lemma 5 3 ( d ) ) ,  
r 

and converse ly  i f  w <_ w t h e n  ( )  t h e r e  e x i s t s  a sequence of 

p o s i t i v e  r o o t s  , ,  . . a such t h a t  i f  wi = w, r then  ! 



1 1 f 
w wl.. . wielui > 0 f o r  a l l  i and w wl . . .w r = w . Thus w < w 

and ( )  a r e  e q u i v a l e n t .  

1 
(b) It seems t o  us l i k e l y  t h a t  w < -.. w i s  a l s o  equiv- 

a l e n t  t o :  t h e r e  e x i s t s  a  permutat ion n of t h e  p o s i t i v e  r o o t s  
1 

such t h a t  w nii -= wu is a  sum of p o s i t i v e  r o o t s  f o r  every 
t 

a >  0 ; o r  even t o :  C ( w  a - wu) is  a  s u n  of p o s i t i v e  r o o t s .  
u>o 



I 1 , Theorem 2 4 :  Let W be a f i n i t e  r e f l e c t i o n  group on a r e a l  space 

V of f i n i t e  dimension G , S t h e  a lgebra  of polynomials on V , 

I ( S )  t h e  subalgebra of i n v a r i a n t s  under W . Then: 

( a  J I ( S )  is  genera ted  by 6 homogeneous a l g e b r a i c a l l y  in- 

dependent elements Il , . . . , I& . 
( b )  The degrees of t h e  I . f s  , say  dl ,..., d4 , a r e  uniquely 

J 
determined and s a t i s f y  z ( d j  - 1) = N , t h e  number of 

j 
p o s i t i v e  r o o t s .  

I ( c )  For t h e  i r r e d u c i b l e  Weyl groups t h e  dits  a r e  a s  fo l lows:  

Our main goal  is : 

Theorem 25 : ( a )  Let G be a u n i v e r s a l  Chevalley group over a 

f i e l d  k of q elements and t h e  diTs a s  i n  Theorem 24. Then 



di 
[ G I  = qN ( q  - 1) with N = Z(di - 1) = t h e  number of p o s i t i v e  

1 
r o o t s .  

( b )  If G is  simple i n s t e a d ,  then  we have t o  d iv ide  by 

c  = I H O ~ ( L ~ / L * ,  k") 1 , given a s  fol lows : 

Remark: We s e e  t h a t  t h e  groups of type B& and C have t h e  

same order .  If 4 = 2 t h e  r o o t  systems a r e  isomorphic s o  t h e  

groups a r e  isomorphic. We w i l l  show l a t e r  t h a t  if 4 > - 3 t h e  

groups a r e  isomorphic if and only i f  q is even. 

The proof of Theorem 25 depends on t h e  fol lowing i d e n t i t y .  

Theorem 26: Let  W and t h e  di 's  be a s  i n  Theorem 24 and t 

di an indeterminate .  Then Z tN'W' = ( 1  - t )/(l - t )  . 
WEW i 

We show first t h a t  Theorem 25 is a  consequence of Theorems 

24 and 26. 

Lemma 54: If G is  a s  i n  Theorem 2 5 ( a )  then 

1 
Proof: Reca l l  t h a t ,  by Theorems 4 and 4 , G = BwB ( d i s j o i n t )  

WEJ 
and BwB = UHwU, with uniqueness of expression. Hence 

I G I  = [UIIHIo Z I U w [  . Now by Corol lary 1 t o  t h e  propos i t ion  of 
w&W 

& 
N ( w )  . BY Lemma 28, IHI = ( q  - 1) . 3 3 ,  I U [  = qN and [U,I = q 
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Corollary: U i s  a p-Sylow subgroup of G , if p denotes t h e  

c h a r a c t e r i s t i c  of k . 

Proof: p [ q N ( W )  unless  N ( w )  = 0 . Since N ( w )  = 0 if and o d y  

N ( w )  if w = l , p ) j ~ q  

Proof of Theorem 25: ( a )  fol lows from Lemma 54 and Theorem 26. 

( b )  fol lows from t h e  f a c t  t h a t  t h e  center  of t h e  u n i v e r s a l  group 

is  isomorphic t o  H O ~ ( L ~ / L ~ ,  k*) and t h e  values of L ~ / L ~  found 

i n  S 3 .  
Before g iv ing  general  proofs of Theorems 24 and 26 we g ive  

independent ( case  by case )  v e r i f i c a t i o n s  of Theorems 24 and 26 

f o r  t h e  c l a s s i c a l  groups. 

Theorem 24: Type A&: Here W SL+l permuting 4, + 1 l i n e a r  

funct ions  [ ,i ,. .. . . ,LJ 4 +1 such t h a t  q = E Wi = 0 . I n  t h i s  case 

t h e  elementary symmetric polynomials C2,. . . ,6 4+1 a r e  inva r i an t  

and genera te  a l l  o the r  polynomials inva r i an t  under W . 
Types B4,  C&: Here W a c t s  r e l a t i v e  t o  a s u i t a b l e  b a s i s  

1 ,  . . . , by a l l  permutations and s i g n  changes. Here t h e  ele-  

2 2 
mentary symmetric polynomials i n  W 1, . . . ,W4 a r e  i n v a r i a n t  and 

genera te  a l l  o ther  polynomials inva r i an t  under W . 
Type Dk: Here only an even number of s i g n  changes can occur. 

2 
Thus we can r e p l a c e  t h e  l a s t  of t h e  i n v a r i a n t s  f o r  B4, W1.. . 4 

& 

Theorem 26: Type A& : Here W = SL+l and N ( w )  is  t h e  number 
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- of invers ions  i n  t h e  sequence ( w ( l , . . w (  + 1)) . If we w r i t e  

2 t N ( ~ )  then  PLcl(t) = P C ( t ) ( l  + t + t +.. .+ t &+l) P J t )  = 
W€W="S~*~ 

1 a s  we s e e  by cons ider ing  s e p a r a t e l y  t h e  4 i- 2 va lues  t h a t  
L + 1  

w ( d + 2 )  c a n t a k e o n .  H e n c e t h e f o r m u l a  P L ( t )  = n ( 1 - t 5 ) / ( 1 - t )  
5=2 

fo l lows  by induct ion .  
I 

Exercise:  Prove t h e  corresponding formulas f o r  types  Bd,  Cd and 

D4 . Here t h e  proof is s i m i l a r ,  t h e  induc t ion  s t e p  being a b i t  

) more complicated. 

P a r t  ( a )  of Theorem 24 fo l lows  from: 

Theorem 27: Let  G be a f i n i t e  group of automorphisms of a r e a l  
I 

v ec to r  space V of f i n i t e  dimension 4 and I t h e  a lgebra  of  

I polynomials on V i n v a r i a n t  under G . Then: 

* I ( a )  If G i s  genera ted  by r e f l e c t i o n s ,  t hen  I is genera ted  

I by 4 a l g e b r a i c a l l y  independent homogeneous elements (and 1) . 

I ( b )  Conversely, if I is genera ted  by a l g e b r a i c a l l y  

I independent homogeneous elements (and 1) t h e n  G i s  genera ted  

I by r e f l e c t i o n s .  

Example: Let 4 = 2 and V have coord ina tes  x,y . If 

, G = {+ - i d .  ] , t hen  G is not a r e f l e c t i o n  group. I is  generated 

2 by x , xy, and y2 and no smal le r  number of elements s u f f i c e s .  

I -  Notation: Throughout t h e  proof we l e t  S be t h e  a lgebra  of a l l  

I ,  polynomials on V ,  So t h e  i d e a l  i n  S genera ted  by t h e  homoge- 

I neous elements of I of p o s i t i v e  degree,  and Av s t a n d  f o r  



average over G ( i . e .  AvP = [GI- '  C gp)  
g EG 

Proof of ( a )  : (Chevalley,  - Am. J, P -- of Math. 1955. ) 

(1) Assume 11, 12,. . . a r e  elements of I such t h a t  I1 ' 

i s  not  i n  t h e  i d e a l  i n  I generated by t h e  o the r s  and t h a t  

P1, P2 , .  . . a r e  homogeneous elements of S such t h a t  C PiIi = 0 . 
Then P1 E So . 
Proof: Suppose I1 E i d e a l  i n  S generated by 12,. . . . Then 

= Z R i I i  f o r  some R 2 ,  ... E S s o  t h a t  I1 = AvIl 
'1 i* 
= Z T A ~ R ~ ) I ~  belongs t o  t h e  i d e a l  i n  I genera ted  by 12, ..., 

i22  
a con t rad ic t ion .  Hence I1 does not belong t o  t h e  i d e a l  i n  S 

generated by I*, . . . . 
We now prove (1) by induct ion on d = deg P1 . If d = 0, 

P1 = 0 E So . Assume d > 0 and l e t  g E G be a r e f l e c t i o n  i n  

a hyperplane L = 0 . Then f o r  each i , L ( (Pi - gPi) . Hence 

C((Pi - g P i ) / ~ ) I i  = 0 , s o  by t h e  induct ion assumption 

P1 - gP1 E So , i . e .  P1 5 gP1 (mod So)  . Since G is genera ted  

by r e f l e c t i o n s  t h i s  holds f o r  a l l  g E G and hence 

P1 AvPl (mod So)  . But AvPl E So s o  P1 E So . 
We choose a minimal f i n i t e  b a s i s  Il , . . . ,In f o r  So formed 

of homogeneous elements of I . Such a b a s i s  e x i s t s  by H i l b e r t t s  

Theorem. 

( 2 )  The IiTs a r e  a l g e b r a i c a l l y  independent. 

Proof : I f  t h e  Ii a r e  not a l g e b r a i c a l l y  independent,  l e t  

H ( I 1 , .  . . ,In) = 0 be a n o n t r i v i a l  r e l a t i o n  with a l l  monomials i n  



t h e  I i rs  of t h e  same minimal degree i n  t h e  underlying coord ina tes  

xl, .  - .  >x& . Let Hi = H ( I 1 , . .  , I n ) I i  . By t h e  choice of H 

no t  a l l  Hi a r e  0 . Choose t h e  n o t a t i o n  s o  t h a t  

[ H ~ ,  . . . ,Hm] ( m  < n )  bu t  no subse t  of it genera tes  t h e  i d e a l  i n  
m 

I genera ted  by a l l  t h e  Hi . Let H. = V j , i  Hi f o r  
J i=l 

j = m + I ,  ..., n where V e I and a l l  terms i n  t h e  equat ion 
j ,i 

a r e  homogeneous of t h e  same degree.  Then f o r  k = 1, 2 , .  . . , 4 
n 

we have 0 = bH/bxk = X Hi ?di/bxk 
i=i 

rn n 
= c H ~ ( ~ I ~ / ~ x ~  + . z v j  , i  ?dj/bxk) . BY ( 1 )  q / b x k  

i=l j = m + l  
n 

+ z V 31 -/bxk E so . N u l t i p l y i n g  by xk 
j , l  J 

, summing over k , 
j = m + l  

u s ing  E u l e r t s  formula,  and w r i t i n g  , 

d j  
= deg I we g e t  

n .  n j 

dl=l + 
d . 1  = C A i I i  where Ai belongs t o  t h e  i d e a l  

"~1 J j i=l j = m + l  
i n  S gene ra t ed  by t h e  xk . By homogeneity iil = 0 . .  Thus Il 

i s  i n  t h e  i d e a l  genera ted  by 12, . . . ,I , a con t rad ic t ion .  n 

( 3 )  The IiTs gene ra t e  I a s  an a lgebra .  

Proof:  Assume P e I is homogeneous of p o s i t i v e  degree.  Then 

P = C P i I i ,  P i  E S . By averaging we can assume t h a t  each 

Pi E I . Each Pi i s  of degree l e s s  than  t h e  degree of P , SO 

by induct ion  on i t s  degree P i s  a polynomial i n  t h e  I i ' s  . 

- Proof :  By ( 2 )  n 5 4 . By Galois  theory  m(1) is of f i n i t e  

index i n  R (xl,  x 2 , .  . . ,xn) , hence has  transcendence degree 4, 

over  R, whence n > - 4, . 



By (21 ,  ( 3 )  and ( 4 )  ( a )  ho lds .  

i Proof of ( b )  : (Todd, Shephard Can. J. Math. 1954. ) - - - 
Let  11, . . . ,IZ be a l g e b r a i c a l l y  independent g e n e r a t o r s  of ' 

I of degrees  d l  d , r e s p e c t i v e l y .  
G 

di ( 5 )  n(l - t )-l = Av d s t ( 1  - gt)-l , as a formal  i d e n t i t y  
i=l F, EG 

Proof:  Le t  cl , .  . . ,E& be t h e  e igenva lues  of g and xl, . . . ,x4 

t h e  corresponding e igenfunc t ions  . Then d e t  ( 1  - gt )-l 

-, 1 
* + . . . ) . The c o e f f i c i e n t  of tn is  = ( 1  + E . t  + E i t  

I 

C p1 p2 
E,  el> . . . j i . e .  t h e  t r a c e  of  g a c t i n g  on t h e  

space  of homogeneous polynomials i n  xl,. . . ,x4 of degree  n , - - 
YlXP2 s i n c e  t h e  monomials xl ... f 0 r m . a  b a s i s  f o r  t h i s  space .  By 

averag ing  we g e t  t h e  dimension of t h e  space  of i n v a r i a n t  homogeneous 

polynomials of degree  n . This  dimension is  t h e  number of mono- 

p1 p2 mials Il I2 . . . of degree n , i . e . , t h e  number of s o l u t i o n s  of 

t h e  c o e f f i c i e n t  of 

( 6 )  di = [ G I  and Z(di - 1) = N = number of r e f l e c t i o n s  

4 
Proof:  Wehave  d e t ( 1 - g t )  = f i 1 - t )  if g = 1  , 

) r e f l e c t i o n ,  

a  polynomial no t  d i v i s i b l e  by 

(1 - t )  
44 -1 otherwise  . 



S u b s t i t u t i n g  t h i s  i n  ( 5 )  and mult iplying by (1 -' t )' , we have 
di-1 

(1 + t + ... + t ) = 1 ~ [ - ~ ( 1  + ~(1- t ) / ( l+t)  + ( 1 - t 1 2 p ( t ) )  

where P ( t )  is regu la r  a t  t = 1 . S e t t i n g  t = 1 we g e t  

d  = G - . Dif fe ren t i a t ing  and s e t t i n g  t = 1 we g e t  

( 7 )  Let G~ be t h e  subgroup of G generated by i t s  r e f l e c -  
t 

t i o n s .  Then G = G and hence G i s  a  r e f l e c t i o n  group. 

1 1 T T t 
Proof: Let Ii, di , and N r e f e r  t o  G . The Ii can be 

I expressed a s  polynomials i n  t h e  Ii with t h e  determinant of t h e  

I corresponding Jacobian not 0 . Hence a f t e r  a  rearrangement of 
1 

t h e  Ii, b1~/b1; # 0 f o r  a l l  i . Hence di >_ di . But 
1 1 t 

C(di - 1) = N = N = C(di - 1) by ( 6 ) .  Hence di - - di f o r  a l l  
t 1 1 

i , s o ,  again by ( 6 ) ,  J G I  = n d i =  T d i  = IG I , s o  G =  G . 

I Corol lary:  -The degrees dl, d2 ,  ... above a r e  uniquely determined 

I 
! and s a t i s f y  t h e  equations ( 6 ) .  

Thus Theorem 24(b)  holds .  

I Exercise:  For each r e f l e c t i o n  i n  G choose a  r o o t  a . Then 
b(I1, 1 2 > * * * )  

de t  q, X 2 , * . * )  
= T r a  up t o  m u l t i p l i c a t i o n  by a  nonzero number. 

I Remark: The theorem remains t r u e  if i s  replaced  by any f i e l d  

1 ,, of c h a r a c t e r i s t i c  0 and i k e f l e c t i o n h '  is replaced  by ~automorphism 

. . I -  of V with f i x e d  poin t  s e t  a  hyperplaneif ,  

( _ I  

For t h e  proof of Theorem 24(c )  (determinat ion of t h e  di) 

we use :  

- -- - - .^-__C-. . , ..-. - ., * - 
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P r o p o s i t i o n :  Let  G and t h e  di be a s  i n  Theorem 27 and 

w = w1. . .wL , t h e  product of t h e  s imple  r e f l e c t i o n s  ( r e l a t i v e  t o  

an  order ing  of V ( s e e  Appendix 1.8) ) i n  any f i x e d  o r d e r .  Le t  

h  be t h e  order  of w . Then: 

( a )  N = Ch/2 . 
( b )  w con ta ins  u = exp 2ni/h a s  a n  e igenvalue ,  bu t  no t  1 . 

m. 
( c )  If t h e  e igenvalues  of w a r e  iIJ '11 < _ m i  < - h  - 1 1  

t h e n  {mi + 1 1  = idi] . 
Proof :  This  was f i rs t  proved by Coxeter (Duke - .  m. J .  - 1 9 5 1 ) ,  

case  by c a s e ,  u s i n g  t h e  c l a s s i f i c a t i o n  theo ry .  For  a proof n o t  

u s ing  t h e  c l a s s i f i c a t i o n  theo ry  s e e  S te inbe rg ,  T.A.M.S. 1959, f o r  

( a )  and ( b )  and Coleman, Can. J_. Math. 1958, f o r  ( c )  us ing  ( a )  

and ( b ) .  

This  can  be  used t o  determine t h e  di f o r  a l l  t h e  Chevalley 

groups.  As an example we determine t h e  di f o r  P8 . Here 

4 = 8,  N = 1 2 0  , s o  by ( a )  h  = 30 . Since  w a c t s  r a t i o n a l l y  

bn( ( n ,  30) = 1 1  a r e  a l l  e igenvalues .  Since ' ~ ( 3 0 )  = 8 = 

t h e s e  a r e  a l l  t h e  e igenvalues .  Hence t h e  di a r e  

1, 7,  11, 1 3 ,  17,  1 9 ,  23, 29 a l l  increased  by 1 , a s  l i s t e d  

prev ious ly .  The proofs  f o r  G2 and Fq a r e  e x a c t l y  t h e  same. 

E6 and E7 r e q u i r e  f u r t h e r  argument. 

Exe rc i se  : Argue f u r t h e r .  

Remark: The di ls  a l s o  e n t e r  i n t o  t h e  fol lowing r e s u l t s ,  r e l a t e d  

t o  Theorem 2b: 



( a )  Le t  ,f. be  t h e  o r i g i n a l  L i e  a l g e b r a ,  k a f i e l d  of charac- 

t e r i s t i c  0 , G t h e  corresponding a d j o i n t  Chevalley group.  The 

a l g e b r a  of polynomials  on i n v a r i a n t  under G is g e n e r a t e d  

by 4, a l g e b r a i c a l l y  independent elements of degree  dl, a . . , d4 , 
t h e  d i t s  a s  above. 

This  i s  proved by showing t h a t  under r e s t r i c t i o n  from R t o  

% t h e  G-invar iant  polynomials  on a r e  mapped i somorphica l ly  

on to  t h e  W-invariant polynomials on p. The corresponding 

r e s u l t  f o r  t h e  u n i v e r s a l  enveloping a l g e b r a  of  t h e n  fo l lows  

e a s i l y  . 
( b )  If G a c t s  on t h e  e x t e r i o r  a l g e b r a  on f , t h e  a l g e b r a  of 

i n v a r i a n t s  is an  e x t e r i o r  a l g e b r a  gene ra t ed  by 4, independent 

homogeneous e lements  of degrees  (2di - 1 1  . 
/ 

This  is more d i f f i c u l t .  It impl ies  t h a t  t h e  Po inca re  polyno- 

mia l  (whose c o e f f i c i e n t s  a r e  t h e  B e t t i  numbers) of t h e  correspond- 

i n g  compact semisimple L i e  group ( t h e  group K c o n s t r u c t e d  from 
2di-1 

(C i n  5t3) is (1 + t 1 

Proof of Theorem 26: (Solomon, Jou rna l  - of Algebra ,  1966.) 

Le t  be  t h e  s e t  of s imple  r o o t s .  If n C l e t  W - 71 

be t h e  subgroup gene ra t ed  by a l l  wa, a E n . 
(1) If w E Wn t h e n  w permutes t h e  p o s i t i v e  r o o t s  wi th  

suppor t  no t  i n  n . 

Proof : If p is a p o s i t i v e  r o o t  and supp p n t h e n  

f3 = Z e,a wi th  some e, > 0, a p n . Now w p  is  $ p l u s  a 
a e T T  
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vec tor  with  support  i n  n , hence i t s  c o e f f i c i e n t  of a is p o s i t i v e ,  

s o  wp  > 0  . 
( 2 )  C o r o l l .  If w e  Wn t h e n  N ( w )  is  unambiguous ( i .a.  
-7 

it is t h e  same whether we consider  w E W o r  w e  Wn) . 
1 

( 3 )  For ncn def ine  W = Iw E W l w r r >  0 )  . Then: - 
t I1 

( a )  Every w E W can be w r i t t e n  uniquely w = w w 
t t it 

with w E Wn and w E W . 
'It 

t it 
( b )  I n  ( a )  N ( w )  = N ( w  ) f N ( w  ) . 

t t 
Proof: ( a )  For any w E W l e t  w E W w be such t h a t  N ( w  ) 

'IG 
t t 

is  minimal. Then w a > 0  f o r  a l l  a e  n by Appendix I I . l 9 ( a  ) . 
1 1 t t i? t tt 

Hence w E Wn s o  t h a t  w E W& . Suppose now w = w w = u  u  
t t It I1 t ;I 8-1 1 

with w , u  E W: and w , u  E Wn . Then w w u  = u  . 
" i'-ln > 0 

t a ?  i 7  - 
Hence w w u  . Now w ( I T )  < 0 s o  w u  'n has support  

i f  

i n  'It . Hence w ui7-ln C '~t S O  by Appendix 11.23 ( a p p l i e d  t o  Wn) - 
it i t - 1  1 t It i? 

w u  = l .  Hence w = u ,  w = u  . 
( b )  fo l lows  from ( a )  and (1). 

( 4 )  Let  W(t)  = I: tN("), W , ( t )  = X tN(w) . Then 
wEW w EW, 

C ( - l ) n ~ ( t ) / ~ i  ( t )  = tN , where N is t h e  number of p o s i t i v e  a 7C 

r z o t s  and (-11% = (-1) l n l  . 
Proof :  We have,  by ( 3 ) ,  W ( t ) / ; " J  ( t )  = C , n 

tN(w) . Therefore  
weWn 

t h e  con t r ibu t ion  of t h e  term f o r  4 t o  t h e  sum i n  ( 4 )  i s  cwtN(W)  

where cw = C - 1 )  . If w keeps p o s i t i v e  exac t ly  k  elements 
C7-r 

wn>o 



of rr t h e n  c w =  r(l - ilk = 0 i f  k f 0 I 

Therefore  t h e  on ly  c o n t r i b u t i o n  i s  made by wo , t h e  element of 

w which makes a l l  p o s i t i v e  r o o t s  nega t ive ,  s o  t h e  sum i n  ( 4 )  i s  

equal  t o  tN a s  r e q u i r e d .  

Coro l l a ry :  ( - W  = 1 

Exerc i se :  Deduce from ( 4 )  t h a t  i f  a and p a r e  complementary 

s u b s e t s  of t h e n  Z (-l)n-OL/~n(t) = E (- l)"-p/~n(t- l)  . 
n2 7 0 P  - 

S e t  D = (v E VI(v ,  a) > - 0 f o r  a l l  a E , and f o r  each 

n c TT s e t  D~ = iv E V I  ( v ,  a )  = o f o r  a l l  a E n ,  ( v ,  8 )  > o - 
f o r a l l  $ ~ n - n ]  . D is  a n o p e n f a c e o f  D .  

Tt 

( 5 )  The fo l lowing  subgroups of W a r e  equal :  

( $ 1  Wn 

( b )  The s t a b i l i z e r  of  Dn . 
( c )  The po in t  s t a b i l i z e r  of Dn . 
( d )  The s t a b i l i z e r  of any po in t  of D, . 

Proof:  ( a )  C ( b )  because n  is or thogonal  t o  Dn . ( b )  C ( c )  - - 
because D . is  a  fundamental domain f o r  W by Appendix 111.33. 

C l e a r l y  ( c ) C  =- ( d )  . ( d ) C  - ( a )  by Appendix 111.32. 

( 6 )  I n  t h e  complex cu t  on r e a l  k-space by a  f i n i t e  number 

of hyperplanes  l e t  ni be  t h e  number of i - c e l l s .  Then 

k ~ ( - 1 ) ~ n ~  = (-1) . 
Proof :  This  fo l lows  from E u l e r ' s  formula ,  bu t  may be proved 



d i r e c t l y  by induct ion.  I n  f a c t ,  if  an  ex t r a  hyperplane H is 

added t o  t h e  conf igura t ion ,  each o r i g i n a l  i - c e l l  cut i n  two by 

H has corresponding t o  it i n  H an (i  - 1 ) - c e l l  separa t ing  t h e  

two p a r t s  from each o the r ,  s o  t h a t  ~ ( - 1 ) ~ n ~  remains unchanged. 

( 7 )  I n  .the complex K cu t  from V by t h e  r e f l e c t i n g  hyper- 

planes l e t  n,(w) (n C n, w E W )  denote t h e  number of c e l l s  W- - 
congruent t o  D, and w-fixed. Then Z (-l)"nn(w) = det  w . a-r - 
Proof: Each c e l l  of K is W-congruent t o  exac t ly  one Dn . By 

( 5 )  every c e l l  f i x e d  by w l i e s  i n  Vw(Vw = {v E Vlwv = v ] )  . 
Applying (6)  t o  Vw and us ing  dim D, = 4 - In1 we g e t  

Z (-l)nnn(w) = (-1) L-k , where k = dim V, . But w is orthog- a 
oiyal, s o  t h a t  i t s  poss ib le  eigenvalues i n  V a r e  + 1, - 1 and 

p a i r s  of conjugate complex numbers. Hence (-l)C-k = det  w . 
If X- is a charac ter  on W1 , a subgroup of W , then  X' 

W denotes t he  induced charac ter  defined by ( 3 )  X ( w )  

= IW1l-l X X(xwxol) . (See, e .g. ,  W.  F e i t ,  Characters - of 
xew 

f i n i t e  -.) 
-3- 

( 8 )  Let X be a charac ter  on W and Xn = ( X ( W , ) ~ ( ~ , T T )  . 
Then Z ( - l ) * K n ( w )  = X ( w )  det  w f o r  a l l  w E M .  

m - . . 
Proof: -- Assume f i r s t  t h a t  X 5 1 . Now xwxnl E Ifn if and only 

if --l P.? 
,. . . ~ e s  4 (by ( 5 ) )  which happens i f  and only i f  w 

flxe.9 X-'D . Therefore 1,(w) = n,(w) by ( )  . By ( 7 )  t h i s  
'7l 

gives  t h e  r e s u l t  f o r  X z  1 . If X is  any charac ter  t hen  
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x7T 
= 1 S O  (8 )  ho lds .  

( 9 )  Le t  M be  a f i n i t e  dimensional  r e a l  W-module, I , ( M )  
A 

be t h e  subspace of Wn-invariants,  and I ( M )  be  t h e  space  of , 

A 
Then I: ( - l )ndim I n ( M )  = dim I ( M )  . 

CT - . . 
Proof :  I n  (8 )  t a k e  X t o  be t h e  c h a r a c t e r  of  M , average over 

w E W , and u s e  

(10) If p = Ta , t h e  product  of t h e  p o s i t i v e  r o o t s ,  then  

p is skew and p d i v i d e s  every skew polynomial on V . 
Proof :  We have w,p = -p = ( d e t  wa)p if a is a s imple  r o o t  by 

Appendix 1.11. Since  W is gene ra t ed  by s imple  r e f l e c t i o n s  p 

is skew. If f is skew and a a r o o t  t h e n  w,f = ( d e t  w,)f = -f 

s o  a ( f  . By unique f a c t o r i z a t i o n  p l f  . 
( 1 )  Let  P ( t )  = T(l - tdi) /( l  - t )  and f o r  n C T  - l e t  

idni] and Pn be de f ined  f o r  Yn a s  [di]  and P a r e  f o r  W . 
N Then I: ( - l ) % p ( t ) / ~ , ( t )  = t  . 

CTT - d -1 
Proof:  We must show ( * )  I: (-~)*T(I - t 

C n a  i 
= tNn(l - tdi)^l . Let S = I: Sk b e  t h e  a l g e b r a  of polynomials 

i k= 0 
on V , graded a s  u s u a l .  A s  i n  ( 5 )  of t h e  proof of Theorem 27 

t h e  c o e f f i c i e n t  of tk on t h e  l e f t  hand s i d e  of ( * )  is  

Z (-1)"dim I,(Sk) . S i m i l a r l y ,  u s i n g  ( l o ) ,  t h e  c o e f f i c i e n t  of a A 

tTI on t h e  r i g h t  hand s i d e  of ( a )  is  dim I ( S k )  . These a r e  equal  



(12)  Proof of Theorem 26. We w r i t e  (11) a s  

(t and ( 4 )  a s  

P 

(tN - (- l )n-) /~(t)  = C ( - l ) / ~ ( t )  . Then, by induct ion  on 
' al- 

Remark: S tep  ( 7 ) ,  t h e  geometric s t e p ,  r ep resen t s  t h e  only simpli-  

f i c a t i o n  of Solomon~s o r i g i n a l  proof.  



0 Isomorphisms and automorphisms . I n  t h i s  s e c t i o n  we d i scuss  
slC- 

t h e  isomorphisms and automorphisms ,of  Chevalley groups over  per- 

f e c t  f i e l d s .  This  assumption of p e r f e c t n e s s  is no t  s t r i c t l y  

necessary b u t  it s i m p l i f i e s  t h e  d i scuss ion  i n  one o r  two p l aces .  

We begin  by proving t h e  e x i s t e n c e  of c e r t a i n  autoinorphisms r e l a t e d  

t o  t h e  e x i s t e n c e  of symmetries of t h e  under ly ing  r o o t  systems.  

Lemma 55: Let  C b e  a n  a b s t r a c t  indecomposable r o o t  sys tem with  
.I. 

not  a l l  r o o t s  of one l e n g t h .  Let  C" - [a' = 2a/ (a ,a) 1 a E C ]  be 

t h e  a b s t r a c t  sys tem ob ta ined  by inve r s ion .  Then : 
.b 

( a )  c - ~  is  a r o o t  system. 

( b )  Under t h e  map * l o n g  r o o t s  a r e  mapped onto s h o r t  r o o t s  

and v i c e  v e r s a .  F u r t h e r ,  ang le s  and s imple  systems of 

r o o t s  a r e  p reserved .  

(4  If P = ( a o + o ) / ( $ o , ~ o )  wi th  a. l o n g ,  D o  s h o r t  t h ~ n  

t h e  map a -> if a is  l o n g ,  

i f  a. is s h o r t ,  

extends  t o  a homothety. 

.a. J, 

Proof:  ( a )  ho lds  s i n c e  <a",$'> =. <@,a> . ( b )  and ( c )  a r e  c l e a r .  

The r o o t  sys tem C* ob ta ined  i n  t h i s  way from C is c a l l e d  

t h e  r o o t  sys tem dua l  t o  C . 

Exerc i se :  Le t  a = C n . a  be  a r o o t  expressed i n  terms of t h e  
1 i 

s imple  ones. Prove t h a t  a is long  i f  and only i f  p [ n i  when- 

ever  ai i s  s h o r t .  

Examples : ( a )  For n > 3 ,  Bn n l d  Cn a r e  dua l  t o  each o the r ;  
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B~ and F4 a r e  i n  d u a l i t y  with themselves (wi th  p  = 2 )  a s  is 

G2 (with  p  = 3 )  . 
( b )  Let a ,  B ,  a + j3, a + 28 be t h e  p o s i t i v e  r o o t s  

.I- 4- 

f o r  X of type  B2 . Then t h o s e  f o r  X q  a r e  a+., B", (a + p ) *  
<c 4: .*a .J- 

= 2 a  + $  , and ( a  + 2 8 ) *  = a' + p* . If we i d e n t i f y  d with  

f3 and $" with G we g e t  a  map of B2 onto i t s e l f .  a --> $ ,  

p - > a , u + P - > a + Z P ; a + i g - > a + g  . This i s  t h e  map 

given by r e f l e c t i n g  i n  t h e  l i n e  L i n  t h e  diagram below ( L  is 

t h e  b i s e c t o r  of <(a,$) ) and a d j u s t i n g  l eng ths .  

Theorem 26: Let E ,  E" a n d  p  be as above, k a  f i e l d  of char- 

a c t e r i s t i c  p  ( p  is  e i t h e r  2 o r  3 ) ,  G ,  G* u n i v e r s a l  Chevalley 

groups c o n s t m c t e d  from ( C  , k )  and (x", k )  r e s p e c t i v e l y .  Then 
JI 

there exists a hoinomorphism 9 of G i n t o  G'  and s i g n s  
c 

f o r  a l l  a E Z such t h a t  Y!xa(t))  = pl(cati if a is  long ,  

xa*( cat ) i f  a is  s h o r t .  

If k is p e r f e c t  then  Y i s  an isomorphism of a b s t r a c t  groups. 

Examples : ( a )  If k is p e r f e c t  of c h a r a c t e r i s t i c  2  then  

'pin2n+lt ''2n+l ( s p l i t  f o r m s ) ,  and Sp2n a r e  isomorphic. 
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( b )  Consider C 2 ,  p  = 2 ,  E = 1 . The theorem a s s e r t s  
CI, 

1 t h a t  on U we have an  endomorphism ( a s  be fo re  we i d e n t i f y .  C 

2  and C*) such t h a t  (1) V ( x a ( t ) )  = x p ( t ) , V ( x p ( t ) )  = xa(t ) ,  
2 

9 ( x a + p ( t ) )  ' xa+z8 ( t  ) q ( ~ ~ + ~ ~  ( t ) )  = ~ ~ + ~ ( t )  . The on ly  non- 

t r i v i a l  r e l a t i o n  of t y p e  ( B )  on U is  ( 2 )  ( x a ( t ) ,  x g ( u ) )  

= ( t u 2 )  by Lemma 33. Applying CP t o  ( 2 )  g i v e s  

This is v a l i d ,  s i n c e  it can b e  ob ta ined  from ( 2 )  by t a k i n g  i n v e r s e s  

2 and r e p l a c i n g  t by u  , u by t . 
I ( c )  The map CP i n  (b) is o u t e r ,  f o r  i f  we r e p r e s e n t  1 G a s  Sp a n d i f  t + O , * , ( t ) - l h a s  r a n k 1  whi le  4 

t x g ( t )  - 1 has  r a n k  2  . 
I ( d )  If i n  ( b )  ( k l  = 2 ,  CP l e a d s  t o  an o u t e r  automor- 

1 
I 

phism of S6 s i n c e ,  i n  f a c t ,  Sp4(2)  'X S6 . To s e e  t h i s  r e p r e s e n t  

S6 a s  t h e  Weyl group of t y p e  A5 . This  f i x e s  a  b i l i n e a r  form 

- 1 0 0 0  

with  ma t r ix  I: -; li !] 
-1 - 

r e l a t i v e  t o  a  b a s i s  of s imple  r o o t s .  This  is s o  because ,  up to mul- 

l t i p l i c a t i o n  by a  s c a l a r ,  t h e  form is j u s t  C x . x . ( a . , a . )  = 
2 

1 3  1 J 
I X  xiail . 

I Reduce mod 2  . The l i n e  through al + a + a becomes i n v a r i a n t  3 5 

i and t h e  form becomes skew and nondegenerate on t h e  q u o t i e n t  space.  

Hence we have a homomorphism y : S6 -> s p 4 ( 2 )  . 1t is  e a s i l y  
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seen  t h a t  ks r  f/ s o  ker Y/ = 1 . Since  IS61 = 6! = 720 

= 24(22 - l ) ( z 4  - 1) = [ s p 4 ( 2 )  1 ,  is an isomorphism. 

-' may be desc r ibed  a s  fo l lows .  sp;(2) a c t s  on t h e  

under ly ing  p r o j e c t i v e  space  p3 which conta ins  15  p o i n t s .  Given 

1 a p o i n t  p t h e r e  a r e  8 p o i n t s  no t  or thogonal  t o  p . These s p l i t  

i n t o  two fou r  po in t  s e t s  S1, S2 such t h a t  each of {p ]  y S1 

and {p ] U S2 c o n s i s t s  of mutually nonorthogonal p o i n t s  and t h e s e  

a r e  t h e  only f i v e  element s e t s  con ta in ing  p with  t h i s  p roper ty .  I 
There a r e  15=2 /5  = 6 such 5 element s e t s .  Spq(2)  a c t s  f a i t h -  

f u l l y  by permutat ion on t h e s e  6 s e t s ,  s o  Sp4(2)  -> S6 i s  de- 
I 

f i n e d .  Under t h e  o u t e r  automorphism t h e  s t a b i l i z e r s  of p o i n t s  1 
and l i n e s  a r e  in terchanged.  Each of t h e  above f i v e  p o i n t  s e t s  

corresponds t o  a s e t  of f i v e  mutual ly  skew i s o t r o p i c  l i n e s .  

Proof of Theorem 26: If p = 2 each E, = 1 . We must show 

t h a t  a s  de f ined  on t h e  x,(t) by t h e  given equa t ions  p re se rves  

( A ) ,  ( B ) ,  and ( C )  . Here ( A )  and ( C )  f o l l o w  a t  once. The 

n o n t r i v i a l  r e l a t i o n s  i n  ( B )  a r e :  

i f  u , B  a r e  s h o r t ,  o r thogonal ,  and a+p rZ , 
i f  [cLI>IBI  and <(a,B) = 135' . 

I (The l a s t  equa t ion  fo l lows  from Lemma 3 3 .  I n  t h e  o t h e r s  t h e  r i g h t  

hand s i d e  i s  of t h e  form ~ , + ~ ( N , , ~ t u )  . )  If p = 2 t h e  second 

equa t ion  can be  omi t ted  and t h e r e  a r e  no ambigui t ies  i n  s i g n .  

Becuase of t h e  c a l c u l a t i o n s  i n  Example ( b )  above CP prese rves  



I t h e s e  r e l a t i o n s .  Thus cp extends t o  a  homomorphismm 

There remains only t h e  case G 2 ,  p  = 3 . The proof i n  t h a t  

case depends on a  sequence of lemmas. 

Lemma 56:  Let G be a  Chevalley group. Let a ,  f3 be d i s t i n c t  

simple r o o t s ,  n  t h e  order of w w i n  W , s o  t h a t  B \ 

W W W  0 . .  = W W W  p a p * "  (n  f a c t o r s  on each s i d e )  i n  W . 
Then: ( a )  wa( l )wB(l )wa( l )  . . . = w B ( l ) w a ( l ) w p ( l )  . . . ( n  f ac to r s  

on each s i d e )  i n  G , 

( b )  Both s i d e s  map X, t o  - (where w = w w ...) . 
a B 

Proof: We may assume G is un ive r sa l .  For s i m p l i c i t y  of n o t a t i o n  
1 

we assume n  = 3 . Consider x = wa(l)wg(l)wa(l)wg(-l)wa(-l)wg(-1) . 
Let Ga = <yay X-a> . Then t h e  product of t h e  f i rs t  f i v e  f a c t o r s  

of x is i n  w , ( l ) w  ( 1 ) G  w ( - l )w, ( -1)  = G w w  a 
8 a B 

= GB and hence 
a 0 

x e G  8 Simi la r ly  x  E G, . By t h e  uniquenkss i n  Theorem 4' , 
x E H . By t h e  u n i v e r s a l i t y  of G ,  x = 1 . Let 

y = w , ( l ) w g ( l ) w a ( l )  . Then yX, = C X - ~  where c  = - +1 . Since 

[X, ,X,] = Ha is  preserved by y  , yX-, = cXP (same c a s  above).  

Exponentiating and us ing  w,( l )  = x a ( l ) x  ( - l ) x a ( l )  we obta in  -a 

c  = -1 , proving ( b )  . 
Lemma 57: If a ,  b  a r e  elements of an a s s o c i a t i v e  a lgebra  over 

a  f i e l d  of c h a r a c t e r i s t i c  0 , if  both commute with [a ,b]  and 

if  exp makes sense  then exp(a + b )  = exp a  exp b  exp(-[a,b]/2) . 
2 Proof: Consider f ( t )  = exp(-(a+b)t)exp a t  exp b t  e ~ ( - [ a , b l t  /2) 1 



F 
a formal power s e r i e s  i n  t . D i f f e r e n t i a t i n g  we g e t  f ( t )  

= (-(a+b)  + a - [b , a ] t  + b - [ a , b ] t ) f ( t )  = 0 . Hence f ( t )  

= f ( 0 )  = 1 . 
Now assume G 

of c h a r a c t e r i s t i c  

a s  shown. 

is  a Chevalley group of type 

0 , and t h a t  t h e  corresponding 

G2 over a f i e l d  

r o o t  system is 

(1) Let y = wa(l)w (1) be an element of G corresponding 
$ 

t o  w = w w ( r o t a t i o n  through 60' (clockwise) ) . Then t h e  
a F3 

Chevalley b a s i s  of % can be ad jus ted  by s i g n  changes s o  t h a t  

yxx = -x WY f o r  a l l  . 
Proof:  Let yX = cbXwb, c X  = +1 . Then ( * )  c = c Y - Y - 8 '  and 

(*u) c c c 2 = -1 . (by Lemma 5 6 ( h ) ' .  Adjust t h e  s igns  of Xm 
b w k w  

and Xw2, s o  t h a t  cL -. - C~~~ - -1 , and ad jus t  t h e  s igns  of X 
-> 1;:a 

and XeW2, i n  t h e  same way. It is c l e a r  from ( " )  and ( a * )  t h a t  

= -1 f o r  a l l  i n  t h e  w-orbit through a . Simi la r ly  we 

may make 
I C4 

= -1 f o r  a l l  b/ i n  t h e  w-orbit through $ . 
( 2 )  (a)  I n  (1) we have Nwzywg = -Nk, 6 f o r  a l l  I f ,  6 . 



( b )  We may a r r ange  s o  t h a t  N = 1 and N 
a+B , B  = 2 .  

a ,  B 
It t h e n  fo l lows  t h a t  N - Q ,a+2@ - ,a+2@ 

= 3 and 

N","+3~ 
= l .  

Proof:  ( a )  f o l l o w s  from apply ing  y  . t o  [Xg,X61 and u s i n g  (1). 

I n  t h e  proof of ( b )  we use  (:K) i f  y, 6 a r e  r o o t s  and 

{ + i s (  - r < i < q] is t h e  ' 6-s t r ing  through Y, t hen  

N ~ ,  6 
= - +(r + 1) , and N 

XJ 6  
and N &'+6 ,-6 have t h e  same s i g n  

( f o r  t h e i r  product  is  q ( r  + 1)) . By changing t h e  s i g n s  of a l l  

Xr f o r  i n  a  w-orbit we can preserve  t h e  conclusion of (1) 

and a r r a n g e  t h a t  N ~ , 8  = '3 Na+B,B  
= 2 . By ( a )  and ( * )  we have 

- 
N ~ , a + 2 ~  - N a + p , ~ + 2 p  = jN-a-8, 2a+3p = - 3 ~ 8 , ~  

= 3 . Now 

X 11 = C x ~ C X ~ + 2 B y  @ ,CxaJx811 , s o  t h a t  N a+2P , ~ ~ a , a + 3 ~  
- N - 'alB u+2p,a+g Hence N 

a ,a+3P 
= N = l .  

a 9 P 
( 3 )  1f (1) and ( 2 )  h o l d  t hen :  

3  2  ( a ]  (x,(t) ,x$(u)  ) = xa+B(tu)xa+3p (- tu  ) x ~ + ~ $ ( - ' u  )x2a+3s ( t 2 U 3 )  . 
2 

( b )  ( ~ ~ + ~ ( t )  , x B ( u )  ) = xa+2B(2tu)xa+3B(-3tu lX2a+38 ( 3 t 2 u )  

Proof :  ( a )  By ( 2 )  x  (u)X, = (exp ad uX )Xu = Xa - uX 8 8 a+P 
2 3  

+ 'a+2p + . PIul t ip lying by -t and exponent ia t ing  we 
I 3 

g e t  x (u)x , ( - t )x  (-u) = exp(-tXa-tu Xa+3B 
2  

B B ) e x ~ ( t u X ~ + ~ - t u  XM2$ 1 
3 2 

1 = ) x ~ + ~ ~ ( " ~ u  )x2a+3p(-t2u3/2)xa+B(tu)xa+2B(-tu )x2a+38 (3t2u3/2)  2 

1 by Lemma 57, which y i e l d s  ( a )  . The proof of ( b )  is s i m i l a r .  I n  



( c  ) - (e) t h e  tern on Che wight hand a* ecz;E?.~pon& to #e w h  

r o o t  of t h e  form i y  + j 6  . The c o e f f i c i e n t  i s  N 
Y, 

. We have 

taken t h e  oppor tuni ty  of working out  a l l  of t h e  n o n t r i v i a l  r e l a -  

t i o n s  of U exp1 , i c i t l y .  However, we w i l l  only use  them i n  

c h a r a c t e r i s t i c  3  when they  s i m p l i f y  considerably.  

( 4 )  ( a )  There e x i s t s  an automorphism 8 of G such t h a t  

i f  w is r o t a t i o n  through 60' then  6xy(t)  = sT (-t) f o r  a l l  

Y & C , t  E k .  

( b )  If c h a r a c t e r i s t i c  k  = 3  , t hen  t h e r e  exists an 

endomorphism CP of G such t h a t  i f  r is t h e  permutat ion of 

t h e  r o o t s  given by r o t a t i o n  through 30' then - 
y x a ( t )  = I s y ( - t )  if is l o n g ,  

lxr , ( t3)  i f  is s h o r t .  

Proof : fa'] Take 8 ta be the imer aut;omorphism by the element 

Y of (1). 

( b )  The r e l a t i o n s  ( A )  and (C) a r e  c l e a r l y  preserved.  

2  3 Now on t h e  gene ra to r s  CP = f3 0 y/ , where \t/i x a ( t )  -> x,(t ) , 
hence C P 2  extends t o  an endomorphism of G . This impl ies  t h a t  

i n  v e r i f y i n g  t h a t  t h e  r e l a t i o n s  ( B )  a r e  preserved by cp it 

s u f f i c e s  t o  show t h i s  f o r  one p a i r  of r o o t s  ( F , 6 )  with <(X,6) = 

each of t h e  ang les  30°, 60°, 90°, 120°, 150'. For i f  R(Y,6) 

i j is t h e  r e l a t i o n  ( x $ t )  , x 6 ( u )  ) = ~ ~ ~ + ~ ~ ( c ~ ~ t  u ) , if 
1 1  <(x , 6  ) = < ( ) f , 6 )  , and if CP preserves  R(X,6) t h e n  CP pre- 

1 
se rves  R($ , 6  ) . To show t h i s  it is enough t o  show t h a t  CP 

I preserves  R ( r y , r 6 )  . If CP does not  preserve  R ( r x , r 6 )  then  
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p2 does no t  p reserve  R ( y , 6 )  , a  c o n t r a d i c t i o n  s i n c e  C P 2  = 0 o  

I extends t o  an  endomorphism. It remains t o  v e r i f y  ROf,6) f o r  

p a i r s  of r o o t s  (y,6) with < ( y , 6 )  = 30°, 60°, 90°, 120°, 1 5 0 ~ .  

For < ( ~ , 6 )  = 30°, 60°, 90' we t a k e  x= a, 6  = a + 8 ,  2 a +  3f3, 

a + 2p r e s p e c t i v e l y .  Here we have commutativity bo th  b e f o r e  and 

a f t e r  app ly ing  9 ( s i n c e  ( e )  becomes t r i v i a l  s i n c e  c h a r a c t e r i s t i c  

k  = 3 )  . For < ( x , 6 )  = 120' t a k e  ( ~ , 6 )  = (a ,  a + 3B) . Then 

9 conver ts  ( c )  t o  ( x a + @ ( - t ) ,  x g ( - u ) )  = ~ ~ + ~ ~ ( - t u )  which is  ( b ) ,  

a  v a l i d  r e l a t i o n .  For <()( ,6)  = 150' we t a k e  ( x , 6 )  = ( a , $ )  

I We compare t h e  cons t an t s  Nx, 6  
f o r  t h e  p o s i t i v e  r o o t  system 

1 r e l a t i v e t o  (a,p) a n d t h e p o s i t ~ i v e r o o t s y s t e m r e l a t i v e t o  

(-a, a + $ ) . Corresponding t o  
Na,$ 

= 1 we have N -a ,u+f3 = 1 

and corresponding t o  Na+s, B = 2  we have 
N~ ,a+@ 

= -2 . By 

changing t h e  s i g n  of X~ f o r  a l l  s h o r t  r o o t s  we r e t u r n  t o  

I 
t h e  o r i g i n a l  s i t u a t i o n .  S ince  wa maps t h e  f i rs t  system onto 

t h e  second,  
I 

if is  s h o r t ,  

extends  t o  a n  automorphism of G , and s o  t o  prove t h a t  CP pre- 

s e r v e s  R ( r , 6 )  it is  s u f f i c i e n t  t o  prove t h a t  7 o  9 does ,  i . e .  
r 

t h a t  ( a )  i s  preserved  by x x ( t )  -> ( t )  if i s  long ,  k11:(t3) if i s  s h o r t .  

(Note t h a t  war  i s  t h e  r e f l e c t i o n  i n  t h e  l i n e  b i s e c t i n g  <(a ,p))  , 

I I . e . ,  t h a t  t h e  fo l lowing  equa t ions  a r e  c o n s i s t e n t :  
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( a  ) fo l lows  from ( a )  by r e p l a c i n g  t by u3, u by t , and 

t a k i n g  i n v e r s e s .  This proves ( 4 )  . 
We now complete t h e  proof of Theorem 28. The on ly  remaining 

case  of t h e  f irst  s ta tement  is G of t ype  G2, p = 3 . If 
\b 

G = G q  t h i s  fo l lows  from ( 4 )  above. I n  f a c t ,  whether G = G* 

o r  not  is  immater ia l  because ( )  a u n i v e r s a l  Chevalley group 

is determined by C and k independent ly  of % o r  t h e  Chevalley 

b a s i s  of . ( )  fo l lows  from Theorem 29 below. 

Assume now t h a t  k i s  p e r f e c t .  Then CP maps one s e t  of 

gene ra to r s  one t o  one on to  t h e  o t h e r  s o  t h a t  CPel e x i s t s  on t h e  

gene ra to r s .  S ince  CP p reserves  ( A ) ,  ( B )  , and ( C )  s o  does 
.I< 

rp-I . Hence e x i s t s  on G' , i . e .  V is  an isomorphism. 

Remark: If k is  no t  p e r f e c t ,  and rp : G -> G , t h e n  TG is  

t h e  subgroup of G i n  which a is paramater ized by k i f  a 

is l o n g ,  by kP if e is s h o r t .  Here kP can be r e p l a c e d  by 

any f i e l d  between kp and k t o  y i e l d  a r a t h e r  weird s imple  

group. 

t 
Theorem 29: Let  G and G be Chevalley groups cons t ruc t ed  

from ( L ,  = { X a , H a [ a  E X ] ,  L ,  k )  and 
t 1 7 t ( L ~ ,  = [X,' 'Ha'  la E X ] ,  L , k )  , r e s p e c t i v e l y .  Assume 

t 
t h a t  t h e r e  e x i s t s  an isomorphism of X onto  X t a k i n g  

t 1 
a -> a such t h a t  L maps onto  L Then t h e r e  e x i s t s  an 

t 
isomorphism CP : G -> G and s i g n s  &,(a E X )  such t h a t  

rpxa(t) = x a t ( c a t )  f o r  a l l  a E Z, t E k . Furthermore we may 

t a k e  ea = +1 if  a or  -a is s imple .  
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Proof:  By t h e  uniqueness theorem f o r  L ie  a lgeb ras  wi th  a  given 

r o o t  system t h e r e  e x i s t s  an isomorphism : f ----> J' S U C ~  

t h a t  Y/xa = YH, = Ha' with  ~ ~ s  base f i e l d  f o r  % 

(o f  c h a r a c t e r i s t i c  0 )  and ea = 1 if a or -a i s  s imple .  

(For t h i s  s e e ,  e  .g. Jacobson,  L i e  Algebras . )  By Theorem 1, - 
= +(r  + 1) = Nut , p r  By induc t ion  on h e i g h t s  every 

N a , ~  - 
€a - 

= Let r be a  f a i t h f u l  r e p r e s e n t a t i o n  of R' used t o  

c o n s t r u c t  G' . Then g o  \1/ i s  a  r e p r e s e n t a t i o n  of L which 

can be  used t o  c o n s t r u c t  G . Then x a ( t )  = xC. l (&&(t ) )  , S O  t h a t  

'? = i d .  meets our requirements .  

Remarks: ( a )  Suppose k  i s  i n f i n i t e  and we t r y  t o  prove T'heorem 

28 w i t h  t? rep laced  by t . Then we must f a i l .  For then  t h e  
.!. 

t r a n s p o s e  of v /  ii , mapping c h a r a c t e r s  on H". t o  t h o s e  on H , 
.*I 

.. 
'maps ' onto  t: i n  t h e  i n v e r s i o n a l  manner of Lemma 55, hence 

can n o t  be a  homomorphism. This  e x p l a i n s  t h e  r e l a t i v e  t r ea tmen t  

of long  and s h o r t  r o o t s .  

( b )  If k  is a l g e b r a i c a l l y  c lo sed  and we view G and 
-81 

G-'. a s  a l g e b r a i c  groups t h e n  'P is  a  homomorphism of a l g e b r a i c  

groups and an  isomorphism of a b s t r a c t  groups,  bu t  no t  an  isomor- 

phism of a l g e b r a i c  groups ( f o r  t a k i n g  pth r o o t s  (which i s  nec- 

e s s a r y  f o r  t h e  i nve r se  map) is  no t  a r a t i o n a l  o p e r a t i o n ) .  

( c )  For t ype  G2 , c h a r a c t e r i s t i c  k  = 3 ( a  s i m i l a r  

r e s u l t  ho lds  f o r  C2 and Fq , c h a r a c t e r i s t i c  k = 2 )  , i n  zk 
t h e r e  i s  an  endomorphism such t h a t  



.P : Xa -> {-xra i f  a is long  

7-dimensional i d e a l  spanned by a l l  X and H 
3- Cor s h o r t .  

This l e a d s  t o  an a l t e r n a t e  proof of t h e  ex i s t ence  of V . 
Coro l l a ry :  ( a )  Let  C be an  indecomposable r o o t  sys tem,  CT 

a n  a n g l e  p re se rv ing  permutation of t h e  s imple  r o o t s ,  c r f  1 . 
If a l l  r o o t s  a r e  equa l  i n  l e n g t h  then  r extends t o  a n  automor- 

phism of  C . If n o t ,  and if p is  def ined  a s  above,  t hen  cr 

must in t e r change  long  and s h o r t  r o o t s  and s extends  t o  a per- 

mutat ion cr of a l l  r o o t s  which a l s o  in te rchanges  l o n g  and s h o r t  

r o o t s  and is such t h a t  t h e  map a -> r a  if  a is  l o n g ,  

a -> p r a  if a is  s h o r t  is an isomorphism of r o o t  systems. 

The p o s s i b i l i t i e s  f o r  cr a r e :  

( i ) .  1 r o o t  l e n g t h :  

L L  
A n ( n > 2 ) :  0-0 ... 0-0 

0-0- b o o  
'- 

(ii) 2 r o o t  l e n g t h s ,  6" = 1 i n  a l l  c a se s .  



( b )  Let k  be a  f i e l d  and G a Chevalley group con- 

s t r u c t e d  from ( C  , k )  . Let a be a s  i n  ( a ) .  If two r o o t  l eng ths  

occur assume k  is per fec t  of c h a r a c t e r i s t i c  p  . If G -is of 

type DZn , and c h a , r a c t e r i s t i c  k f 2 , assume 6 L  = L . Then 

t h e r e  e x i s t s  an e;?.5cmorphism 9 of G and s igns  E, = 1 

if a or  4 i s  s imple)  such t h a t  

y x a ( t )  = bc(I(~at) if  a is  long o r  a l l  r o o t s  a r e  of one l e n g t h ,  

( t p )  if  a is  s h o r t .  

Proof: ( a )  is c l e a r .  ( b )  If G is un ive r sa l  t h e  exis tence  of 

PP fol lows from Theorems 28 and 29. If G is  not  u n i v e r s a l  l e t  
t 

n: G -> G be t h e  u n i v e r s a l  covering. To show t h a t .  rp can 

be dropped from G I  t o  G it is necessary t o  show t h a t  

PP ker n C ker n . Now ker n C center  G '  and unless  G is of - - 
? 

type D2n with c h a r a c t e r i s t i c  k 9 2 t h e  center  of G is 

c y c l i c ,  s o  t h e  r e s u l t  fo l lows.  Now suppose G is of type  D2, 
1 t ? 

and c h a r a c t e r i s t i c  k  + 2 . I f  C = cen te r  of G , then  C 

is canonica l ly  isomorphic t o  H ~ ~ ( L ~ / L ~ ,  k*) = ( L ~ / L ~ ) '  , giving  
? 

a  correspondence between subgroups C of C and l a t t i c e s  L 

between Lo and L1 sucn t h a t  Y C  C C if and only i f  r L  C L . - 
Since ker n corresponds t o  L  and r L  = L , t h e  r e s u l t  fol lows.  

t h a t  
Remark: The preceeding a - ~ ~ r n e n t  showdfor  DZn i n  c h a r a c t e r i s t i c  

k  f 2 an  autcmo~phi.sm of G f i x i n g  H and permuting t h e  

,'s according t o  cr can e x i s t  only if r L  = L . 
* 

Remark: Automorphisms of G of t h i s  type  a s  well  a s  t h e  i d e n t i t y  

a r e  c a l l e d  graph -- automorphisms. - 



Exercise:  ( a )  Prove cp above is outer .  

( b )  By imbedding A2 i n  G2 a s  t h e  subgroup genera ted  

by a l l  X , such t h a t  a i s  long ,  show t h a t  i ts graph automor- 

phisms can be r e a l i z e d  by inner  automrphisrns of 
G2 . Simi la r ly  

f o r  D4 i n  F4, Dn i n  Bn , and E6 i n  E7 . 
Lemma 58: Let G be a Chevalley group over k ,  fa E k" f o r  a l l  

simple a . Let f be extended t o  a homomorphism of Lo i n t o  

k* . Then t h e r e  e x i s t s  a unique automorphism V of G such 

t h a t  r~x,(t) = x,(fat)  f o r  a l l  a E Z . 
Proof: Consider t h e  r e l a t i o n s  ( B )  , (xa( t} ,  xg(u) ) 

i j 
= IT xia+ja ( c i j t  u ) . Applying P we ge t  t h e  same t h i n g  with 

t rep laced  by fa t ,  u r ep laced  by f u ( f o r  fia+jp i j 
$ 

= f f ) .  
a $ 

The r e l a t i o n s  ( A )  and ( C )  a r e  c l e a r l y  preserved.  The unique- 

ness  is  c l e a r .  

Remark: Automorphisms of t h i s  t y p e  a r e  c a l l e d  dia,gonal automor- 

phisms . 
Exercise:  Prove t h a t  every diagonal automorphism of G can be 

r e a l i z e d  by conjugat ion of G i n  G(F) by an element i n  H(E) . 
Example : Conjugate SLn by a diagonal element of GLn . 

If G is r e a l i z e d  a s  a group of matr ices  and is an 

2' automorphism of k then  t h e  map g : x,(t) ---> x,(t ) on gen- 

e r a t o r s  extends t o  an  automorphism of G . Such an automorphism 

is  c a l l e d  a f i e l d  automorphism. 

Theorem 30: Let G be a Chevalley group such t h a t  C is  



..< . ,.. . 
I.. 

indecomposable and k is pe r fec t .  Then any automorphism of G 

can be expressed a s  t h e  product of an inner ,  a diagonal ,  a graph 

and a f i e l d  automorphism. 

Proof: Let 6 be any automorphism of G . 
(1) The automorphism T can be normalized by m u l t i p l i c a t i o n  

by an inner  automorphism s o  t h a t  c r U  = U ,  CT U- = U- . I f  t h i s  

is done then  cr H = H and t h e r e  e x i s t s  a permutation g of t h e  

simple r o o t s  such t h a t  r a  = xya and cr z-, = )( f o r  

a l l  simple u . 
Proof: If k is  f i n i t e ,  U is a p-Sylow subgroup ( p  = char- 

a c t e r i s t i c  k )  by t h e  co ro l l a ry  of Theorem 25, s o  by Sylowfs 

Theorem we can normalize c r ' b y  an inner  automorphism s o  t h a t  

c r U  = U . If k is i n f i n i t e  t h e  proof of t h e  corresponding 

statement is  more d i f f i c u l t  and w i l l  be given a t  t h e  end of t h e  

proof ( s t e p s  ( 5 )  - ( 1 2 ) ) .  For now we assume o U  = U . 
U- is conjugate t o  U , s o  cr Urn = UWUWU-l f o r  s ome 

w E W ,  u E U . Since U- 0 u = 1, U W U W U - ' ~ ~  U = 1 and hence 
-- --1 w u w - l n  U = 1 . Thus w = w S O  6 ~ -  = UU u . Normalizing 

0 

r by t h e  inner  automorphism corresponding t o  u -1 we g e t  

< U  = U ,  o-U- = U- . Now B = U H  = normalizer of U ,  B- = U-H = 

normalizer of U- . Hence < f i x e s  B f\ B- = H . Also r 

permutes t h e  ( B  , B )  double cose ts .  Now B U BwB (0 f 1) is a 

group i f  and only if  w = wa, a simple. Therefore 6 permutes 

t h e s e  groups. Now ( B  u BwaB) T\ U- = . Since f o r  B LJ BwaB 

-1 
= BW;' u Bw,Bwa = BW:' " B# -a y and 
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B A U - =  1, B X - , ~ U - =  X - a  , wa must show Bwa -1 n ,-- is empty. 

-1 Thus it s u f f i c e s  t o  show BWZ'W~ TI u-wo = Bw, wo 0 woU i s  empty. 

This  holds  by Theorem 4. Therefore  t h e  ,Ts , a s imple ,  a r e  

permuted by o- a n d  s i m i l a r l y  f o r  t h e  ,Ts . The permutat ion 

i n  both  cases  i s  t h e  same s i n c e  % a  and X-B commute (a ,  B 

s imp le )  if and on ly  i f  a + B . 
I ( 2 )  The automorphism cr can be f u r t h e r  normalized by a  

d iagona l  automorphism s o  t h a t  o-xa(l)  = x (1) f o r  a l l  s imple  
Pa 

u . It is t h e n  t r u e  t h a t  o - x - ~ ( ~ )  = x (1) and o - w a ( l )  

- (1) . Fur the r  7'" 
- ?a J prese rves  ang le s .  

I n  t h e  proof of ( 2 )  we use :  

Lemma 59: Let  a be  a  r o o t ,  t E kZc, u  E k . Then 

-1 
x a ( t ) x - , ( u ) x a ( t )  = Xma ( u ) x , ( t ) ~ _ ~ ( u )  i f  a n d o n l y  i f  u =  -t , 
i n  which c a s e  bo th  s i d e s  equa l  w , ( t )  . 

I Proof :  It s u f f i c e s  t o  v e r i f y  t h i s  i n  SL2 , where it is  immediate. 

Proof of ( 2 ) :  We can ach ieve  c x a ( l )  = x (1) f o r  a l l  s imple  
f " 

r o o t s  a by a  d iagona l  automorphism. By Lemma 59 w i t h  t = 1 

0-x (-1) = x -a (-1) and hence o - w a ( l )  = w (1) . Suppose a 
7" ,Pa, 

and $ a r e  s imple  r o o t s .  Then <(a,p)  = n - / w h e ~ e  n  = 

I o r d e r o f  w w  i n  W =  o r d e r o f  w a ( l ) w ( l ) m o d H =  o r d e r o f  
a B B 

o - ( w , ( l ) w g ( l ) )  mod H = order  of i n  W . Hence <(a,P) 

= <( a B )  . P v' 
( 3 )  o- can be f u r t h e r  normalized by a  graph automorphism 

s o  t h a t  
' f = l *  



Proof :  By t h e  Coro l la ry  t o  Theorem 2g a  graph au-tomorphism e x i s t s  

corresponding t o  t' provided t h a t  p  = 2 if Z is of t ype  C2 

o r  F4 , o r  p = 3 if I: is of t ype  G2 , o r  g L  = L if z 
is of t y p e  D2n and char k f 2 , i n  t h e  n o t a t i o n  t h e r e .  Suppose 

C is  of t y p e  C2 o r  F4 and f 1 . Then t h e r e  e x i s t  s imple 

r o o t s  a and p, a l o n g ,  j3 s h o r t ,  such t h a t  (Y. + B and 

a + 28 a r e  r o o t s ,  ga = 8 ,  gB = a , and w a ( l )  X p w a ( - l )  = a+B . 
Applying O- we get c X a + 2 ~  = 7 = X a + Z B  ' Since 

x a  a n d v a + 2 8  commute s o  do xB and Xacg . Hence 

= +2 . Hence c h a r a c t e r i s t i c  k = 2  s o  t h e  r e q u i r e d  o = N , + B , B  - 
graph automorphism e x i s t s .  S i m i l a r l y  it e x i s t s  if C is of 

t ype  G2 . F i n a l l y ,  if I: is of t ype  D2n , c h a r a c t e r i s t i c  

k f  2  , a n d  P i s  extended i n  t h e  obvious way, t h e n  g L  = L by 

t h e  remark a f t e r  Coro l la ry  ( b )  t o  Theorem 28, s o  t h a t  t h e  graph 

automorphism e x i s t s  by t h e  c o r o l l a r y  i t s e l f .  

( 4 )  6 can now be  normalized by a f i e l d  automorphism s o  

t h a t  cr = 1 ( i . e .  if o- s a t i s f i e s  o-U = U, CU-= U-, 

b x a ( l )  = x a ( l )  f o r  a l l  s imple  r o o t s  a t h e n  6 i s  a  f i e l d  

automorphism.) . 
Proof : F i x  a  s imple  r o o t  a and de f ine  f : k  -> k  by 

' o-xa(t) = x a ( f ( t ) )  We w i l l  show t h a t  f i s  an autornorphism 

1 of k . We have f a d d i t i v e ,  on to ,  f (1) = 1 and by Lemma 59 
I r w , ( t )  = w a ( f ( t ) )  . Therefore  6 h , ( t )  = h a ( f ( t ) )  . Since  t h e  

ke rne l  o f  t h e  map t -> h,( t )  is contained i n  [;tl) and 

h, ( t )  is m u l t i p l i c a t i v e ,  f i s  m u l t i p l i c a t i v e  up t o  s i g n .  



Assume f ( t u )  = a f ( t ) f ( u )  (where a = a ( t , u )  = +l and t ,  u +  0 ) .  

We must show a = 1 . Then af ( t ) f ( u )  + f ( u )  = f ( t u )  + f ( u )  

= f ( ( t  + 1 ) u )  = b f ( t  + l ) f ( u )  (where b = b ( t  + 1 , u )  = - +1) 

= b ( f  ( t )  + 1)f  ( u )  = b f ( t ) f  ( u )  + b f ( u )  . Hence (b  - a ) f  ( t )  

= 1 - b . Thus if a = b, then  a = b = 1 . If a f- b , then 

b $ 1 s o  t h a t  a = 1 again.  Hence f is an automorphism. 

Let $ be another  simple r o o t  connected t o  a i n  t h e  Dynkin 

diagram ( 8  if one e x i s t s  ) . Let g be t h e  automorphism of k 

corresponding t o  $ . Then r f i x e s  xa+p . Consider 

(xa ( t ) ,  xe(u)  ) = X ~ + ~ ( L ~ U ) .  . . (+  o r  - is independent of t ,u) . 
Applying T ,  first with u = 1 then with t = 1, u replaced  by 

t we g e t  

6 ( x a ( t ) ,  ~ ~ ( 1 ) )  = ( x u ( f ( t ) ) ,  x p ( l ) )  = xa+$(+f ( t ) ) " -  

6 ( x a ( 1 ) ,  x B ( t ) )  = ( ~ ~ ( 1 ) )  x B ( g ( t ) )  = x ( + ~ ( t ) ) * - *  . I n  e i t h e r  
a+B 

case t h e  Ya+$ term on t h e  r i g h t  is  ~ x , + ~  (tt ) . Hence 

f ( t )  = g ( t )  

Since C i s  indecomposable t h e r e  is a s i n g l e  automorphism 

f of k s o  t h a t  6 x a ( t )  = x a ( f ( t ) )  f o r  a l l  simple a . 
Applying t h e  f i e l d  automorphism f-l  t o  G w e  g e t  t h e  normal- 

i z a t i o n  f = 1, i . e .  f i x e s  every x a ( t ) ,  w G ( t )  f o r  a 

simple. These elements genera te  G s o  6 = 1 . 
We now assume k is i n f i n i t e  and consider t h e  normalization 

r U  = U of (1) . 
( 5 )  Assume t h a t  k is i n f i n i t e ,  t h a t  A and M a r e  i ts 

a d d i t i v e  and m u l t i p l i c a t i v e  groups,  t h a t  A. and Mo a r e  i n f i n i t e  



I subgroups such t h a t  A/Ao i s  f i n i t e  and M/Mo i s  a  t o r s i o n  
, , 

group. If M A C H t hen  A. = A . o o m  0 

Proof :  Let  F be t h e  a d d i t i v e  group genera ted  by Mo . Then , F 

is a  f i e l d  f o r  it i s  c losed  under m u l t i p l i c a t i o n  and a d d i t i o n  and 

i f  f E F,  f $ 0 t hen  f-' E F f o r  some r > 0 s o  f-l 

- - fr-lf-r E F . Now f o r  a  E A ,  a  + 0, Fa r )  A. is  n o n t r i v i a l  

s i n c e  Fa is i n f i n i t e  and A/Ao is  f i n i t e .  Thus f a  E A. f o r  

some f $ 0 . Hence a  E FAo C Uo . - 
(6 )  If B ,  U a r e  a s  u s u a l ,  k is  i n f i n i t e  and Bo is  a  

subgroup of f i n i t e  index i n  B , t h e n  DBo = U . 
Proof:  F i x  u and i d e n t i f y  x, with A ( t h e  a d d i t i v e  subgroup 

of k )  and x,fl Bo with  A. i n  ( 5 ) .  S e t  Mo 
2 

= {t21h,(t)  E ha " Bo] . Now ( 4 )  h,(t)x,(u)h,(t)-l  = x,(t U) 

s o  M A C A, . Mo is i n f i n i t e  and M / M ~  is  t o r s i o n  s o  by ( 5 )  
0 0 ,  x a ~ ~ o  = itcr, i . e .  y a  c Bo . BY (*)  D B ~  > - x a  . ~ h u s  

B B ~  2 U . Since B,/U is  a b e l i a n  B B ~  C U . 
( 7 )  If A is a  connected s o l v a b l e  a l g e b r a i c  group t h e n  

A is a connected un ipo ten t  group. 

This  fo l lows  from: 

Theorem (Lie--KolchinL Every connected s o l v a b l e  a l g e b r a i c  group 

A is  r e d u c i b l e  t o  superdiagonal  form. 

P roof :  'We use  induc t ion  on t h e  dimension of t h e  under ly ing  space 

V and t h u s  need only t o  f i n d  a  common e igenvec tor  and may assume 

V is i r r e d u c i b l e .  Let  A1 = P A  . By induc t ion  on t h e  l e n g t h  



of t h e  der ived s e r i e s  of A t h e r e  e x i s t s  v E V ,  v $ 0 such 

t h a t  xlv = X ( % ) v  f o r  a l l  rl E A1, X a r a t i o n a l  charac ter  

on A1 . Let VX be t h e  space of a l l  such v . A normalizes 

A1 and hence permutes t h e  
V~ 

, which a r e  f i n i t e  i n  number. 

Since A is connected t h i s  is t h e  i d e n t i ~ y  permutation. Since 

V is i r r e d u c i b l e  t h e r e  is only one vx and it is a l l  of V , 
i . e . ,  A1 a c t s  by s c a l a r s .  Since A1 = DA each element of A1 

has determinant 1 s o  t h e r e  a r e  only f i n i t e l y  many s c a l a r s .  

Since A1 is connected a l l  s c a l a r s  a r e  1 , t h a t  is  A1 a c t s  

t r i v i a l l y .  Thus A / / A ~  is  abe l i an  and a c t s  on V1 and hence has 

a common eigenvector .  

An a l g e b r a i c  v a r i e t y  is complete if  whenever it is imbedded 

densely i n  another  v a r i e t y  it is t h e  e n t i r e  v a r i e t y .  (For  a more 

exact d e f i n i t i o n  s e e  Mumford, Algebraic Geometry) . 
Examples: The a f f i n e  l i n e  i s  not complete. It can be imbedded 

i n  t h e  p r o j e c t i v e  l i n e .  The fol lowing a r e  complete : 

( a )  A l l  p r o j e c t i v e  spaces.  

( b )  A l l  f l a g  spaces.  
- 

( c )  \ where G is a connected l i n e a r  a l g e b r a i c  group 

and B is a maximal connected so lvable  subgroup. 
/ 

(See Seminaire Chevalley, Exp 5 - 1 0 . )  

We now s t a t e ,  without proof ,  two r e s u l t s  about connected 

a l g e b r a i c  groups a c t i n g  on complete v a r i e t i e s .  

(8)  Bore l l s  Theorem: A connected so lvable  a l g e b r a i c  group 

a c t i n g  on a complete v a r i e t y  f i x e s  some po in t .  This is an extension 



165 

of t h e  Lie-Kolchin theorem, which may be r e s t a t e d :  every connected 

s o l v a b l e  a l g e b r a i c  group f i x e s  some f l a g  on t h e  underlying space. 

We need a  refinement of a  s p e c i a l  case  of it. 

Theorem: (Rossn l i ch t ,  Annal i ,  1957. ) If 4 is a  connected 
P 

unipoten t  group acking on a  complete v a r i e t y  V , if everything 

is def ined over a  p e r f e c t  f i e l d  k , and if V conta ins  a  po in t  

over k , t h e n  it conta ins  one f i x e d  by A . 
Notation: Let  G be  a  Chevalley group over an i n f i n i t e  f i e l d  

k ,  t h e  a l g e b r a i c  c losu re  of k ,  g, B cons t ruc ted  over IT , 
and Ck t h e  s e t  of elements i n  whose coordinates  l i e  i n  k  . 

- 
(9 )  The map G k  -> (8\€) is  onto.  

- t 
Proof;  Assume Bx is  def ined  over k ,  x  = wu a s  i n  Theorem 4 . 
We can t a k e  w a  pr8duct of w a ( l )  7s def ined  over k  . There- 

f o r e  u is def ined  over k where u- = wuw-' E u-' . Now U- 
- 

is def ined  over k  . Since  u- = Bu- I\u , u- is def ined  over 

k  and hence x  is  def ined  over k  a l s o .  
- 

(10)  Bk = HkG 

Proof:  See t h e  proof of Theorem 7, Corol la ry  3. 
- 

(11)  If 4 is a  connected unipoten t  subgroup of G defined 

over k , it is  G-conjugate t o  a  subgroup of . 
- 

Proof :  We make B a c t  on B\E by r i g h t  m u l t i p l i c a t i o n .  By (8)  
- 

t h e r e  e x i s t s  Bx def ined  over k  f i x e d  by A . By ( 9 )  we can 
- - 

choose x  E Ek , and t h e n  by (10) x  E G . We have Bxa = Bx 

f o r  a l l  a E A ,  i . e . ,  xax-' E B f o r  a l l  a  E d , S O  t h a t  
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xtlxX1 C . Since  A is un ipo ten t  x i i l  C ti . - - 
( 1 2 )  I f  k  is  i n f i n i t e  and p e r f e c t ,  t h e  normal iza t ion  

c r U  = U of (1) can be a t t a i n e d .  

- 
Proof:  wB is s o l v a b l e  s o  o-B ( t h e  s m a l l e s t  a l g e b r a i c  sub- 

- 
group of G con ta in ing  TB) is s o l v a b l e .  Hence (s)o , t h e  

connected component of t h e  i d e n t i t y ,  i s  s o l v a b l e  and of f i n i t e  
- 

index i n  B . (x)o = f o r  some 
0 

of f i n i t e  index 
- Bo 

i n  B . Le t  A = D o - B ~  . By ( 7 )  A i s  connected,  un ipo ten t  

and def ined  over k  . By ( 6 )  o-U C A . By (11) t h e r e  e x i s t s  - 
x E G such  t h a t  x lx- l  C . Hence x c r ~ x - l  U , i . e .  , t h e  

normal iza t ion  6 U  C U has  been a t t a i n e d .  Then U C rX1lJ . - - 
But U is maximal w i th  r e  spect  t o  being n i l p o t e n t  and conta in ing  

no elements of t h e  c e n t e r  of G . (Check t h i s . )  Therefore  

rw1u = U s o  6 U  = U . 
Corol la ry :  If k  is  f i n i t e  Aut G/Int G is s o l v a b l e .  

Exerc i se :  Le t  D be t h e  group of d iagona l  automorphisms modulo 

t h o s e  which a r e  i n n e r .  Prove : 

( a )  D 2  horn(^^, k*)/ [Homomorphisms extendable  t o  Ll j . 
..e = - k:::/ kip where t h e  ei a r e  t h e  elementary d i v i s o r s  

of L1/LO . 
( b )  If k i s  f i n i t e ,  D C , t h e  cen te r  of t h e  correspond- 

i n g  u n i v e r s a l  group.  

( c )  D = 1 if  k  is a l g e b r a i c a l l y  c losed  o r  i f  a l l  ei = 1 . 



semi l inea r  mapping of t h e  under ly ing  space  composed wi th  e i t h e r  

t h e  i d e n t i f y  o r  t h e  i n v e r s e  t r anspose .  I . e . ,  every automorphism 

is induced by a c o l l i n e a t i o n  o r  a c o r r e l a t i o n  of t h e  under ly ing  

p r o j e c t i v e  space.  . 

( b )  Over o r  0 every automorphism of 2 F4 9 

o r  G2 is i n n e r .  

( ( s o )  . , 

( c  ) The t r i a l i t y  automorphism e x i s t s  

f o r  Spin* and PSO8 , but  not  f o r  So8 i f  c h a r a c t e r i s t i c  

( d )  Aside from t r i a l i t y  every automorphism of  SOn 

o r  PSOn ( s p l i t  form) is induced by a c o l l i n e a t i o n  of t h e  under- 

l y i n g  p r o j e c t i v e  space  P which f i x e s  t h e  b a s i c  quadr ic  

Q: Z ~ ~ x ~ + ~ - ~  = 0 . If n is even,  t h e r e  e x i s t  two f a m i l i e s  of  

( n  - 2) /2  dimensional subspaces of P e n t i r e l y  w i t h i n  Q (e.g. ,  

i f  n = 4 t h e  two f a m i l i e s  of l i n e s  i n  t h e  quadr ic  s u r f a c e  

x1X4 + x x = 0 )  . The graph automorphism occurs  because t h e s e  
2 3 

two f a m i l i e s  can be  in te rchanged .  

Theorem 31: Let G ,  G '  b e  Chevalley groups r e l a t i v e  t o  ( X  ,k) , 
1 1  1 

( Z  , k  ) with  E ,  ,Z indecomposable, k ,  kT p e r f e c t .  Assume 

G and G' a r e  isomorphic.  I f  k is f i n i t e ,  assume a l s o  char- 
t 

a c t e r i s t i c  k = c h a r a c t e r i s t i c  k . Then k is isomorphic t o  
t t 

k t  , and e i t h e r  X is  isomorphic t o  X o r  e l s e  X, X a r e  of 

C (n  > 3 )  and c h a r a c t e r i s t i c  k = c h a r a c t e r i s t i c  t y p e  Bn,  n .- 
k t = 2 .  

Proof :  A s  i n  ( 1 )  and ( 2 )  of t h e  proof of Theorem 30 we can 



1 
normalize cr s o  t h a t  o-U = U , o-x,(l) = x (1) , where now 

7 Pa t P 
is an angle  preserving map of C onto C . ~ e n c e  C C or  

t 
e l s e  C, C a r e  Bn, Cn(n > 3)  . A s  i n  ( 3 )  c h a r a c t e r i s t i c  k  = 

t 
c h a r a c t e r i s t i c  kt  = 2 i n  t h e  second case. A s  i n  (4.) k * k . 
Corol lary:  Over a  f i e l d  of c h a r a c t e r i s t i c  f 2 t h e  Chevalley 

C ( n  > 3)  a r e  not isomorphic. groups of type  B n >  n  - 
* Exercise:  If rank Z ,  rank 1' > - 2 then  t h e  assumption char- 

a c t e r i s t i c  k  =' c h a r a c t e r i s t i c  kt  can be dropped i n  Theorem 

31. (Hint: if p = c h a r a c t e r i s t i c  , k  and rank C >_ 2 then  

p makes t h e  l a r g e s t  prime power cont r ibut ion  t o  [ G I  . If you 

get s t u c k  s e e  Ar t in ,  Comm. Pure and A P P ~ .  Math., 1955) (There - -- 
t 

a r e  exceptions i n  case rank C ,  rank C > - 2 f a i l s ,  e.g., 

SL2(b) PSL2(5) SLg(2) N ~ S L 2 ( 7 ) * )  



5 11. Some tw i s t ed  Groups. I n  t h i s  s e c t i o n  we s tudy  t h e  group 
Go_ 

of f i x e d  p o i n t s  of a Cheval ley group G under an automorphism r .  

We cons ide r  on ly  t h e  s i m p l e s t  c a se ,  i n  which r f i x e s  U ,  H ,  U-, N ,  

hence a c t s  on W = N/H and permutes t h e  Xcvs . Before  launching 
I" 

i n t o  t h e  g e n e r a l  t h e o r y ,  we cons ide r  some examples: 

( a )  G = SLn . If cr i s  a n o n t r i v i a l  g raph  automorphism, 
0 '-' -' (where x i s  t h e  t r a n s p o s e  it h a s  t h e  form o - x = a x  a 

x and We s e e  t h a t  r f i x e s  x 

0 
if and on ly  if xax  = a . If a i s  skew, we g e t  Gb= Spn . 
If a i s  symmetric, we g e t  G, = SOn (split form) . The group 

'02 n i n  c h a r a c t e r i s t i c  2 does  no t  a r i s e  h e r e ,  b u t  it can be  

recovered as a subgroup of S02n+1, namely t h e  one iFsuppor tedn by 

t h e  long  r o o t s .  

Let  t - be an  i n v o l u t o r y  automorphism of k having - ko 

as  f i x e d  f i e l d .  If r i s  now modified so  t h a t  c r x  = ax 9 - l a - l  
9 

t hen  Gg= Sun (spl i t  fo rm) .  This  l a s t  r e s u l t  h o l d s  even i f  k i s  

a d i v i s i o n  r i n g  provided t -> t i s  an  anti-automorphism. 

I f  V i s  t h e  v e c t o r  space  over  genera ted  by t h e  r o o t s  and 

W i s  t h e  Weyl group,  t h e n  c a c t s  on V and W and h a s  f i x e d  

po in t  subspaces  Vc and W,. wr i s  a r e f l e c t i o n  group on Vr 

wi th  t h e  corresponding ivroots t f  being t h e  p r o j e c t i o n  on V b  of 

t h e  o r i g i n a l  r o o t s .  To s e e  t h e s e  f a c t s ,  we w r i t e  n = 2m -t- 1 o r  



n = 2rn and u s e  t h e  i n d i c e s  m ,  - (rn - 1 ) .  l - 1, m with  t h e  

index 0 omi t ted  i n  ca se  n = 2m . If wi is  t h e  weight on H 

def ined  by ui: d i ag (a -m,  . . . a, -> a i , t hen  t h e  r o o t s  a r e  

Wi - ~ ( i  # j )  and C T ~  = -ki . Vr is  t h u s  spanned by 
T - bi - WWi - Uili > 0]  . Now w E Wr i f  and only if w commutes 

wi th  r , i .e . ,  i f  and on ly  i f  w(Di - Wj ) = Wk == 5 impl ies  

w( l J i  - LJj) = Ck - W-& . We s e e  t h a t  Wr is t h e  oc t ahed ra l  

group a c t i n g  on vo- by a l l  permut:.fions and s i g n  changes of t h e  
1 

b a s i s  [wi] . The p r o j e c t i o n  of wi - ~ . ( i ,  j # 0 )  on V6 
J 

is 

( k >  0 )  . If e i t h e r  i = 0 o r  j = 0 : t h e  p r o j e c t i o n  of 

&Ii - 9 1 t i s  3 Y c ( k  > 0 )  . The p r o j e c t e d  system is of t y p e  Cm 

i f  n = 2m o r  BCm ( a  combination of Bm and Cm) i f  

( b )  G = SO2, ( s p l i t  form,  char  k 2 )  . We t a k e  t h e  
n 

group d e f i n e d b y  t h e  form f = 2 C x . x  . lie w i l l  t a k e  t h e  1 - i  
l'i 

graph  autonorphism t o  be  r x  = a a x T - l a  -1 -1 
1 .  al il*. - 1  

( a = [ l . . * l \ , a l : l  J l  lol 1). Thecor re spond ing  

' 3  
? n 

form f i x e d  by elements of Gc 
2 2 i s  f = 2 L: xix + xl + xml 

i= 2 -i 
1 

Thus, Gr f i x e s  f - f = (xl - x ) and hence t h e  hyperplane -1 

x1 - x-l = 0 
GO- 

on t h i s  hyperplane is  t h e  group . 
If we now combine c wi th  t -> a s  i n  ( a ) ,  t h e  form 

i1  n -- ..-" - 
f T  is  r e p l a c e d  by f = .Z + x .z.) + x x 

-1 1 1 1 + X-lX-l ' 
i = 2  



If we make t h e  change of coord ina tes  xl r ep laced  by xl + tx-l 

X-l rep laced  by xl + F X - ~  ( t  E k ,  t # F) , we s e e  t h a t  f is  
n 2 2 I! r ep laced  by 2 C ~ ~ x - ~  + 2(x1 + + bxWl) and f i s  r e -  

n i = 2  

+ 2bx ) , where a = t + and b = tF  . Since t h e s e  two -1 1 

forms have t h e  same ma t r ix ,  G~ is sozn over k r e  t h e  new 
0 

ve r s ion  of f . That i s ,  G, is SOZn(ko) f o r  a form of index 

n - 1 which has  index n over k . 
Example: If n = 4 ,  k = a , and ko = R, GT is t h e  Lorentz 

2 2 2 2 
group ( r e  f = xl - x2 - x3 - x4) . If we observe t h a t  D2 

corresponds t o  A1 x lil , we s e e  t h a t  SL2(a) and t h e  O-com- 

ponent of t h e  Lorentz  group a r e  isomorphic over t h e i r  c e n t e r s .  

Thus, SL2(c) is t h e  u n i v e r s a l  covering group of t h e  connected 

Lorent z group. 

Exercise  : Work out 
D3 - A3 

i n  t h e  same way. 

For o t h e r  examples s e e  E. Cartan,  Oeuvres compl\etes, No. 38, 

e s p e c i a l l y  a t  t h e  end. 

Aside from t h e  s p e c i f i c  f a c t s  worked out i n  t h e  above exam- 

p l e s  we should note  t h e  fo l lowing .  I n  t h e  s i n g l e  r o o t  l e n g t h  

case ,  t h e  f i x e d  p o i n t  s e t  of a graph automorphism y i e l d s  no new 

group, only a n  imbedding of one Chevalley group i n  another  (e .g .  

Spn o r  SOn i n  SLn) . To g e t  a new group ( e .g .  Sun) we must 

u se  a f i e l d  automorphism a s  we l l .  

Now t o  s t a r t  our  gene ra l  development we w i l l  consider  f irst  
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t h e  e f f e c t  of twis t ing  a b s t r a c t  r e f l e c t i o n  groups and roo t  systems. 
I 

Let V be a f i n i t e  dimensional r e a l  Euclidean vec tor  space and 

l e t  C be a f i n i t e  s e t  of nonzero elements of V s a t i s f y i n g  

1 (1) a E Z implies ca 1 C if  c > 0 ,  c # 1 . 
( 2 )  w,Z = C f o r  a l l  a E C where wu is  t h e  r e f l e c t i o n  i n  

t h e  hyperplane orthogonal t o  a . 
(See Appendix I ) .  We pick  an  ordering on V and l e t  P ( r e -  

- s p e c t i v e l y  TT) be t h e  p o s i t i v e  ( r e s p e c t i v e l y  s imple)  elements 

of C r e l a t i v e  t o  t h a t  ordering.  Suppose u- is an automorphism 

of V which perriutes t h e  p o s i t i v e  mul t ip les  of t h e  elements of 

each of Z ,  P , and . It is not r equ i red  t h a t  c f i x  C , 
although it w i l l  i f  a l l  elements of C have t h e  same l eng th .  

Let J' be t h e  corresponding permutation of t h e  r o o t s .  Note t h a t  

b- is  of f i n i t e  order  and normalizes W . Let V6 and W6 

denote t h e  f i x e d  poin ts  i n  V and W r e s p e c t i v e l y .  If is 

t h e  average of . t he  elements i n - t h e  . cr -o rb i t  of a , then  

(f3,z) = ( p , a )  f o r  a l l  p E Vc . Hence t h e  p ro jec t ion  of a on 
- 

vr is a . 

i Theorem 32: Let C,  P ,  n, 6 e t c .  be a s  above. 

I ( a )  The r e s t r i c t i o n  of Wg t o  Vc is f a i t h f u l .  

I ( b )  WgIVc is a r e f l e c t i o n  group. 

( c )  If Cc denotes t h e  p ro jec t ion  of Z on Vg , then 

X, is t h e  corresponding liroot systemii; i. e .  , 
- 

Iw~l  vcr 9 a E Cr ] generates  WrI Vg and wECr - - Cg . 
However, (1) may f a i l  f o r  Zc . 
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_ L  -,_ 
( d )  If i s  t h e  p r o j e c t i o n  of j 1 on Vc ,  t h e n  nb 

i s  t h e  corresponding 99simpie systernX9; i. e ,  if m u l t i p l e s  a r e  c a s t  o u t  

( i n  ca se  (1) f a i l s  f o r  -ITc) , t h e n  ng is  l i n e a r l y  independent and 

t h e  p o s i t i v e  e lements  of % a r e  p o s i t i v e  l i n e a r  combinat ions  of 

e lements  of TT, . 
Proof : Denote t h e  p r o j e c t i o n  of V on Vc by v  -> 7 . Thi s  

commutes w i th  6 and wi th  a l l  e lements  of Wb. 

- 
(1) If a e C ,  t hen  G $ O  ; indeed a > O  i m p l i e s  a >  0 .  

If a i s  p o s i t i v e ,  so  a r e  a l l  v e c t o r s  i n  t h e  G-orbi t  of a . Thus, 
- - 

t h e i r  average o i s  a l s o  p o s i t i v e .  If a < 0  , t h e n  = - (-a) < 0  . 
( 2 )  Proof of ( a ) .  If w e  Wr, w # l  , t h e n  w a  < 0 f o r  

some r o o t  a > 0  . Thus, G = z <  0  and a >  0  . So wlvCf 1 . 
3 Let vi -  be a ~ o - o r b i t  02 s i i r~p le  r o o t s ,  l e t  11 r b e  t h e  

group gene ra t ed  by a l l  w a ( a  e r ) ,  l e t  Pr be t h e  corresponding 

s e t  of p o s i t i v e  r o o t s ,  and l e t  wr be t h e  unique element of Plr 

- so  t h a t  wrPT - - P, ., 
- Then wr e W6 and wr ( v b  - wE(vg  f o r  any 

r o o t  a e Pr . To s e e  t h i s ,  f i r s t  cons ide r  owrdl  c W ,  . Since  

-1 = m r d l ~ r  = Pr ; t hen  u- wro- .' w r by uniqueness ,  and w  r e Wc . 
S  i n c  e  J p e r m - t e s  t h e  e l e l a n t s  0;' 7 i  i n  a s i n g l e  o r b i t ,  t h e  

p r o j e c t i o n s  on Vr of t h e  el.emeiits of' P, a r e  a l l  p o s i t i v e  

m u l t i p l e s  cf each othc:;, It f o l l o : ~ ~  that ,  i f  i s  any element 
-- 

of pr , t h e n  I ~ -  r a = - a . if  v c Vg wi th  ( v , a j  = 0  , t h e n  

0 = ( v , p )  = ( v , p )  f o r  p e .rr . Bence w v  = v  . r 

Thus wr I V~ = WE / V~ . 



(4)  If v i s  a g - o r b i t  of  r o o t s  and w e Wg t h e n  a l l  

e lements  of  wv have t h e  same s ign .  Th i s  fo l lows  from w r a  = r w a  

f o r  a  e X , w B Wr. 

( 5 )  {wala  a - o r b i t  of simple r o o t s ]  g e n e r a t e s  Wg . 9 
Let  w E W, w i t h  w # 1 and l e t  a be a s imple  r o o t  such t h a t  

wa < 0 . Let a be t h e  9 - o r b i t  con ta in ing  a . By ( 4 ) ,  wPn < 0 

( i . e . ,  w p < O  f o r  a l l  $ E PT) . Now wwnPa>O and wn permutes 

t h e  elements of P  - Pa . Hence, N(wwl,) = N(w) - N(wa) ( s e e  

Appendix 11.17). Using induc t ion  on N(w) , we may t h u s  show t h a t  

w is a product  of  w,qs . 
(6) If wo i s  t h e  element of  W such t h a t  woP = - P , 

t h e n  wo E Wr . T h i s  f o l l o w s  from o-wodlp = - P a n d  t h e  uniqueness  

of Wo . 
( 7 )  {wpalw E Wg , n a p - o r b i t  of  s imple  r o o t s ]  i s  a p a r t i t i o n  

of Z . If t h e  wPTqs a r e  c a l l e d  p a r t s ,  t h e n  a ,  p belong t o  t h e  
- 

same p a r t  if and on ly  if a = c p  f o r  some c > 0 . To prove ( 7 ) ,  

we cons ider  a o 13 , a > 0 . Now woa < 0 and wo = w1w2 ... wr 

where each wi = w f o r  s o m e  - o r b i t  of  s imple  r o o t s  a (by ( 5  ) n P 
and (6) ) . Choose i so  t h a t  w ~ + ~  . . . wra > o and 

wiwi+l . . . wra < 0 . If wi = w, , t h e n  w ~ + ~  ... w a e PT ; .r 

i . e . ,  a i s  i n  some p a r t .  S i m i l a r l y ,  i f  a  < 0 , a i s  i n  some 

p a r t .  Now assume a ,  belong t o  t h e  same p a r t ,  s ay  t o  wPa . 
- 

We may assume a ,  $ e Pa . Then a and f3 a r e  p o s i t i v e  m u l t i p l e s  



of each o the r ,  a s  has been noted i n  (3 ) .  Conversely, assume 

( 8 )  Eo cons i s t s  of a l l  16 such t h a t  w c !lo 

and a , is  a root  whose support l i e s  i n  a  simple Q-o rb i t . '  
J 11 

Now has i t s  support  i n  n and hence so does s ince  a maps 

simple r o o t s  not i n  n t o  pos i t i ve  mul t ip les  of simple r o o t s  not  i n  

.a . We see  then  t h a t  @ e P, , and t h a t  any p a r t  containing a 

a l s o  conta ins  f3 , The p a r t s  a r e  j u s t  t h e  s e t s  of P such t h a t  
- 8 = ca , c > 0 and hence f o r m  a  pa r t i t i on .  

( 8 )  ( 6 l w  s Wb, a has  support i n  a p - o r b i t  of simple 

r o o t s )  = z ~ .  

(9) P a r t s  (b) and ( c )  fol low from ( 3 ) ,  ( 5 ) ,  and ( 8 ) .  

(10) Proof of ( d ) .  We s e l e c t  one root  a from each 9 - o r b i t  

and form fa ]  . This  s e t ,  cons i s t ing  of elements whose supports  i n  

a r e  d i s j o i n t ,  is independent s ince  is. If a > 0 then 

it is  a pos i t i ve  l i n e a r  combination of t h e  elements of . Hence 
- 
a is  a pos i t i ve  l i n e a r  combination of t h e  elements of if,. 
Remark: To achieve condit ion (1) f o r  a roo t  system, we can 

s t i c k  t o  t h e  s e t  of sho r t e s t  p ro jec t ions  i n  t h e  var ious  d i rec t ions .  

( a )  Ear b of order  2 ,  W of type AZn-l , we ge t  Wg of type 

Cn . For W of type A2,, we ge t  Wg of type BCn . 
( b )  For o- of order 2 ,  W of type Dn , we ge t  Wb of 

type BnWl 



(c) For r of o r d e r  3 ,  W of t y p e  D4 , we g e t  Wr of 

t y p e  G2 . To s e e  t h i s  l e t  a ,  P ,  y, F be t h e  simple 

r o o t s  w i th  6  connected wi th  a ,  p ,  and y . Then 

< E ,  F > = -  1 ,  < 8, a  > = - 3  , g i v i n g  W6 of t y p e  G2 
n 

( d )  For r of o r d e r  2 ,  W of type  E6, we g e t  Wc of 

t y p e  F,+ . 

( e )  For CI- of o r d e r  2 ,  W of t y p e  C 2 ,  we g e t  Wr o f t y p e  A 1 .  

( f )  For  b of o r d e r  2 ,  W of t y p e  G2 , we g e t  Wr of 

t y p e  A1 

( g )  For  r of o r d e r  2 ,  W of t y p e  F4 , we g e t  Wc of  

t y p e  Dl6 ( t h e  d i h e d r a l  group of o r d e r  16) .  To s e e  

t h i s  l e t  0--@&9---0 be t h e  Dynkin diagram of 
C B Y 6  F4 ' 

and r a  =v2 6 , 6 8  =G y . Since  a = l / 2 ( a  +dT  6) , 
- P = l / 2 ( ~  + f l y )  , we have < p,z > = - 1,< a 3  > 
= - ( 2  + \/2) . T h i s  corresponds  t o  an a n g l e  of  7 n / 8  

- 
between a and . Hence Wr i s  of t y p e  B16 . 
A l t e r n a t i v e l y ,  we no t e  t h a t  "0 makes s i x  p o s i t i v e  

r o o t s  n e g a t i v e  and t h a t  t h e r e  a r e  24 p o s i t i v e  r o o t s  i n  



a l l ,  So t h a t  wo = (w-v,r-)& . Hence, 2 2  
a P = WF 

8 - = - I  - 1 and W, i s  of type  8 Note 
0: P 

t h a t  t h i s  i s  t h e  on ly  case  of those  we have considered 

i n  which Wc f a i l s  t o  be c r y s t a l l o g r a p h i c  (See Appendix V ) .  

I n  ( e ) ,  ( f ) ,  ( g )  we a r e  assuming t h a t  m u l t i p l e s  have been 

c a s t  out .  

The p a r t i t i o n  of C i n  ( 7 )  above can be used t o  d e f i n e  an 
- equivalence r e l a t i o n  R on C  by a r p i f  and o n l y  i f  a i s  a  

- 
p o s i t i v e  m u l t i p l e  of where a i s  t h e  p r o j e c t i o n  of a on Vc . 
L e t t i n g  C/R denote  t h e  c o l l e c t i o n  of equivalence c l a s s e s  we have 

t h e  fo l lowing  : 

C o r o l l a r y :  If C is  c r y s t a l l o g r a p h i c  and indecornposable, t hen  

an element of C/R i s  t h e  p o s i t i v e  system of r o o t s  of a system of 

one of t h e  fo l lowing  t y p e s :  

( b )  A2 ( t h i s  occu r s  on ly  i f  Z i s  of t ype  A Z n )  . 
( c )  C2 ( t h i s  occu r s  i f  C i s  of type  C2  

o r  Fq ) 

( d l  G2 

Now l e t  G be a Chevalley group over a  f i e l d  k of c h a r a c t e r -  

i s t i c  p  . Let r be an automorphism of G which i s  t h e  product  

of a graph automorphism and a f i e l d  automorphism 8 of k and 



such t h a t  i f  9 i s  t h e  corresponding permutat ion of t h e  r o o t s  

t h e n  

(1) if f prese rves  l e n g t h s ,  t h e n  o rde r  8 = orde r  $ -  

(2) if p doesn ' t  p reserve  l e n g t h s ,  t hen  p82 = 1 (where 

p  i s  t h e  map x -> xP) . 
(Condition (1) f o c u s e s  our  a t t e n t i o n  on t h e  on ly  i n t e r e s t i n g  case ,  

Observe t h a t  9 = i d . ,  8 = i d .  i s  allowed. 

Condi t ion ( 2 )  could be r ep l aced  by €I2 = p thereby  extending t h e  

development t o  fo l low,  s u i t a b l y  modified,  t o  imper fec t  f i e l d s  k. ) 

We know t h a t  p  = 2  i f  G is  of t y p e  C2 o r  F4 and p  = 3 if 

G i s  of t y p e  G2 . Reca l l  a l s o  t h a t  r x a ( t )  

if lal 2 IgaI - where 

( e  t p e )  if Jal < I 

= + 1 and ea = 1 if 5 a i s  simple. (See t h e  proof of €a - 
Theorem 29. ) 

Now r p r e s e r v e s  'U, H ,  B ,  U-, and N ,  and hence N/H W . 
The a c t i o n  t h u s  induced on W i s  concordant wi th  t h e  permutation J= 
of t h e  r o o t s .  S ince  J prese rves  a n g l e s ,  it a g r e e s  up t o  p o s i t i v e  

m u l t i p l e s  wi th  an i somet ry  on t h e  r e a l  space genera ted  by t h e  r o o t s .  

Thus t h e  r e s u l t s  of  Theorem 32 may be  appl ied .  Also we observe 

t h a t  if n i s  t h e  o rde r  of g , t hen  n  = 1, 2 ,  o r  3 ,  s o  t h a t  

t h e  l e n g t h  of each - o r b i t  i s  1 o r  n  . 9 



Lemma 60: U e ,  = 1  over each - o r b i t  of l e n g t h  n  . 9 
Proof:  S ince  cs" a c t s  on each Xa ( 2  u s imple)  a s  a  f i e l d  

automorphism, it does  so  on a l l  of G , whence t h e  lemma. 

Lemma 61: If a e  k / ~  , then  ya 
,r # 1  

Proof:  Choose a e  a  so  t h a t  no j3 e  a can be added t o  it t o  

y i e l d  ano the r  r o o t .  If t h e  o r b i t  of a h a s  l e n g t h  1, s e t  

x = x a ( l )  if ea = 1 , x = x,(t)  wi th  t e  k , t # 0  and 

t + te = 0  if ea # 1 . Then x  e X a j r .  If t h e  l e n g t h  i s  n , 
2 we s e t  y  = x c ( l ) ,  t hen  x  = y0by.r  y . - .  over  t h e  o r b i t ,  and use  

Lemma 60. 

Theorem 33 : Let  G ,  6-, e t c .  be a s  above, 

( a )  For  each w e  % , t h e  group Uw = U n  w-lu-w i s  f i x e d  

by cr . 
( b )  For each w e  W, , t h e r e  e x i s t s  nw e  Nr , indeed 

n  e  < U r , U > >  , s o  t h a t  n$ = w . 
W 

( c )  If n w ( w e W r )  i s a s i n ( b ) , t h e n  

G 0- = w d i r  u BO- nwUw, O- wi th  uniqueness  of express ion  

on t h e  r i g h t .  

Proof :  

( a )  Th i s  i s  c l e a r  s i n c e  U and W-'U-W a r e  f i x e d  by c, 

( b )  We may assume t h a t  w = w f o r  some p - o r b i t  o f  simple 
7T 

r o o t s  7~ . By Lemma 61, choose x E $ -a,cr ;c # 1 , where a  E C/R 



corresponds  t o  n . Using Theorem 4? we may w r i t e  x = un v  f o r  
W 

some w F W where u  F U , v P UW , and nwH = w . . Now x = 6 x  

= cru*crnwo-v and by Theorem 4 and t h e  uniqueness  i n  Theorem 41, 

we have r w  = w , c n w  = n  
W '  

c u  = u  , and c r v  = v  . Thus, 

n ,e  < U C T , U & >  . Since  w f  1 , w F Wr, and w e  W a ' we have 

w a < O  f o r s o m e a e v ,  w < O ,  and w =  
w7r 

( c )  Let  x e G c ,  say  x F BwB . Since  c ( B w B )  = B 6 w B  

we have w P Wr . Choose nw as i n  ( b ) :  and w r i t e  x = bnwv wi th  

b e B  and v e U  
W 

Applying 0- we g e t  b F Bc and v  F U w , r  
Uniqueness f o l l o w s  f rom Theorem 49 . 
C o r o l l a r y :  The conc lu s ions  of  Theorem 33 a r e  s t i l l  v a l i d  i f  G, 

? 0 F 
and 8, a r e  r e p l a c e d  by GT= 4 U- > and Br= G T\ Bc. Also 03 0- 0- 

0 - 0 
s i n c e  Br=U$,,  we can r e p l a c e  Hr by H r - G r T \ H r . ,  

Lemma 6 2 :  Let  a  g e n e r i c a l l y  deno te  a c l a s s  i n  C/R . Le t  S  be  

a union of c l a s s e s  i n  C/R which i s  c losed  under a d d i t i o n  and 

such t h a t  i f  a  C S t h e n  -a % S . Then ys , r=  
a LS a , c  

w i t h  t h e  product  t a k e n  i n  any  f i x e d  o r d e r  and t h e r e  i s  uniqueness  

of  exp re s s ion  on t h e  r i g h t .  I n  p a r t i c u l a r ,  U, = Ha cr and 
a >  0 3 

U = , f o r  a w F WE. 
WpO- a > o  

Proof:  We a r r ange  t h e  p o s i t i v e  r o o t s  i n  a manner c o n s i s t e n t  w i th  

t h e  o r d e r  of t h e  ,aVs; i . e . ,  t h o s e  r o o t s  i n  t h e  f irst  a a r e  f i rs t ,  

e t c .  Now ES = f a  i n  t h e  o r d e r  j u s t  de sc r ibed  and w i th  
a > o  



u n i q u e n e s s o f  express ion  on t h e  r i g h t  by Lemmal7. Hence 
a >  0 

i n  t h e  g iven  o r d e r  and a g a i n  wi th  uniqueness of express ion  on 

t h e  r i g h t .  The lemma f o l l o w s  by cons ider ing  t h e  f i x e d  p o i n t s  of 

1 5 on both s i d e s  of t h e  l a s t  equat ion.  

c o r o l l a r y : '  If a ,  b  a r e  c l a s s e s  i n  ,Y/R with a  # + b  , t hen  

( X a ,  xb) C TT Kc , where t h e  r o o t s  on t h e  r i g h t  a r e  i n  t h e  c lo sed  

subsystem gene ra t ed  by a and b  , t h o s e  of a and b  excluded, 

The cond i t i on  on c  can be s t a t e d  a l t e r n a t e l y ,  i n  t e rms  of Xr, 

t h a t  7 i s  i n  t h e  i n t e r i o r  of t h e  ( p l a n e )  convex cone genera ted  

by and 6 , 

Remark: The exac t  r e l a t i o n s  i n  t h e  above c o r o l l a r y  can be q u i t e  

complicated bu t  g e n e r a l l y  resemble t h o s e  i n  t h e  Chevalley group 

whose Weyl group i s  Wc . For example, if G i s  of t ype  A j  and 

0-01) a = , b  = ( a , y !  , c  = 6 i s  of o r d e r  2 ,  say a P Y '  

( a  + f 3 ,  j3 + y ]  , d = {a + P + y] , and i f  we s e t  x a ( t )  = x B ( t )  
8 ( t  E ke) , x b ( u )  = xa (u )x  ( U  ) ( U  6 k )  , and s i m i l a r l y  f o r  c  and d ,  

Y 
8 

we g e t  ( x a ( t ) ,  x b ( u ) )  = xc (+  t u ) x d ( +  t uu ) . I n  C 2 ,  t h e  cor res -  

ponding r e l a t i o n  i s  
n 

I If G i s  of t y p e  X and T i s  of o r d e r  n  , we say Gc 

( i s  of t y p e  "X . E.g., t h e  group considered i n  t h e  above remark is  

of t y p e  2 ~ 3  . The group of t y p e  2 ~ 2  i s  c a l l e d  t h e  Suzuki group 

2  and t h e  groups of t ype  G2 and 2 ~ 4  a r e  c a l l e d  Ree groups. We 



wrue G@X and G Y n~ . c 

Lemma 63: Let  a  be a c l a s s  i n  Z/R , t h e n  
a70- 

has  t h e  

fo l lowing  s t r u c t u r e  : 

( a )  If a-A1, then  3 
a 7 r  

= [ x a ( t )  It E kg] 

( b )  If a m ~ y ,  t h e n  = {x. ox. . .  
a , 6  Ix = x , ( t ) ,  a e a ,  t E k] 

2 ( c )  If a&A2, a  = { a , p , u  + p ] ,  t hen  €3 = 1 and 

8 
% a , r  = { x a ( t ) x g ( t  )xa++u) ltte + u + ue = 01 

If ( t , u )  deno te s  t h e  g iven  element,  t hen  

0 t P P 8 0 
( t , u ) ( t  , u  ) = (t + t , u + u - t t ) . 

2 ( d )  If a-C2, a =  [a ,p ,c  + P ,  c + 2?] , then 28 = l  

and X 8 
= [ x a ( t ) x g ( t  ) x ~ + ~ ~ ( u ) x ~ + ~  8 a 7 (7 

(tl* + u ) I t , u  E k )  . 
9 0 

If ( t , u )  deno te s  t h e  given element,  ( t , u )  ( t  , u  ) 
0 0 

= ( t + t  , u + u  + t2@t9) . 
( e )  If a-427 a =  [a ,p,a  + P ,  a + 2p, c + 30, 2a + 3 p ] ,  then  

2  8 8 
39 = 1 and %? = ( x a ( t ) x g ( t  ) x ~ + ~ ~ ( u ) x ~ + ~ ( u  - t l + e )  

a,('- 

( t  ,u ,v )  deno te s  t h e  given element then  

P t V  v 9 P 1 P 
v )=  ( t  + t , u  -u + t t 3 @ , v  + v - t u +  t Zt3Q ( t , u , v ) ! t  , U  , J * 

Note t h a t  i n  ( a )  and ( b ) ,  i s  a  one parameter group f o r  t h e  
a 7 c  

f i e l d s  kg and k r e s p e c t i v e l y .  



Proof:  ( a )  and ( b )  a r e  easy and we omit t h e i r  proofs.  For ( c )  , 
normalize t h e  paramet r iza t ion  of Fa+* SO t h a t  N = 1 , Then 

a,P 
€3 0 Q 

r X a ( t )  = x g ( t  1, r x  ( t )  = x a ( t  ) , and o - x ~ + ~ ( u )  = x (-u ) . B a+b 

Write x  E: 2 
a , r  

a s  x  = x a ( t ) x  ( v ) x  ( u )  and compare t h e  B a+$ 

c o e f f i c i e n t s  on both s i d e s  of x  = o-x t o  g e t  ( c ) .  The proof o f  

( d )  i s  similar t o  t h a t  of ( c ) .  For ( e ) ,  first normalize t h e  s i g n s  

a s  i n  Theorem 28, and t h e n  complete t h e  proof a s  i n  ( c )  and ( d ) .  

Exerc i se :  Complete t h e  d e t a i l s  of t h e  above proof.  

Remark: The r o l e  of t h e  group SL2 i n  t h e  un twis ted  case  i s  t aken  

by t h e  groups SL2(kg) , SL2(k) , SU ( k , @ )  ( s p l i t  form) , t h e  3 
Suzuki group,  and Ree group of type  G2 . 
Exerc ise :  Determine t h e  s t r u c t u r e  of Hr i n  t h e  case  G i s  

un ive r sa l .  

Lemma 64: If G i s  u n i v e r s a l ,  t h e n  G, i s  genera ted  by U, and 

U- except perhaps f o r  t h e  case  2  G c w  G2 w i th  k  i n f i n i t e .  r 

P Y 0 
Proof: Let  Gr = < U ,UL> and l e t  HE = H,_A G6 . By t h e  

0- 
3 

c o r o l l a r y  t o  Theorem 33, it  s u f f i c e s  t o  show Hc C Gr ; i . e . ,  
9 

(") Hr - 
- Hr . Since G is u n i v e r s a l ,  H i s  a d i r e c t  product 

of [ kala simple]  ( s e e  t h e  c o r o l l a r y  t o  Lemma 28). These groups 

a r e  permuted by o- e x a c t l y  as t h e  r o o t s  a re .  Hence it i s  enough 
. . 

t o  prove ( a )  when t h e r e  i s  a  s i n g l e  o r b i t ;  i . e ,  , when Gc is  one 

of t h e  t y p e s  SL2, 2 ~ 2 . ,  2c2 3 o r  2 ~ 2  . For SL2, t h i s  i s  c l ea r .  



(1) For x e  Ug- [ l ] ,  w r i t e  x = u n u  wi th  u .  a U- i = 1 , 2  
1 2  1 Cr 

Y 0 
and n  = n ( x )  e N ~ G ~ .  Then Hr i s  genera ted  by [ n ( x ) n ( ~ ~ ) - ~ l x ~  

i t  
a  f i x e d  cho ice  of x ]  . To s e e  t h i s  l e t  Hr be t h e  group so  gener-  

I1 V?' F P  
a t e d .  Consider Gr= UkHp Uzc n ( x o )  U& . Thi s  s e t  i s  c lo sed  under 

m u l t i p l i c a t i o n  by U&. It i s  a l s o  c losed  under r i g h t  m u l t i p l i c a -  

t i o n  by n ( x o ) - l  . Thi s  f o l l o w s  from n(xo)- '  = n ( x - l )  
0 

-1 -1 -1 = 77 
= n(xo  ) n ( x o )  n ( x o )  and n (xo )u@xo)  U, c G, s i n c e  

x  = u , ( n ( ~ ) n ( ~ ~ ) - ~ ) n ( ~ ~ ) ~ ~  f o r  x  a U - [ I )  . We s e e  t h a t  
0- 

11 0 F? - - P 
Gr - Gb , whence Her - Hc . 

( 2 )  If a and fl a r e  t h e  s imple  r o o t s  of A 2 ,  C 2 ,  o r  G2 

l a b e l e d  a s  i n  Lemma 63 ( c ) ,  ( d ) ,  o r  ( e )  r e s p e c t i v e l y ,  t h e n  Hr 
.b 8 i s  isomorphic t o  kSr v i a  t h e  map cp: t -> h , ( t ) h g ( t  ) . 

I ( 3 )  Let  h be t h e  weight such t h a t  < h,a > = 1 , < h,fl > = O  , 

I l e t  R be  a  r e p r e s e n t a t i o n  of xk (ob ta ined  from one of 2f by 

s h i f t i n g  t h e  c o e f f i c i e n t s  t o  k )  having h as h i g h e s t  weight  and 

l e t  vC be a  corresponding weight  vec to r .  Le t  p be t h e  lowest  

weight  of R and l e t  v- be a  corresponding weight  v e c t o r .  For 

+ x  e U r -  1 1 )  , w r i t e  xv- = f ( x ) v  -+ t e rms  f o r  lower weights.  
9 

Then f ( x )  # 0 and Hp i s  isomorphic under c p  i n  ( 2 )  t o  t h e  
.@I 

subgroup m of k q  gene ra t ed  by a l l  f ( x ) f ( x o ) - l  . To prove ( 3 ) ,  

l e t  x  a u r -  [ l ]  and w r i t e  x  = u  n ( x ) u 2  a s  i n  (1). We s e e  1 + + xv- = n ( x ) v  + t e rms  f o r  lower weigh ts ,  so  n ( x ) v -  = f ( x ) v  

8 and n ( x ) n ( x o ) - l v t  = f ( x ) f  (xo)-'v+ . If n ( x ) n ( x o ) - I  = h  a ( t ) h p ( t  ) , 
t hen  by t h e  cho ice  of h , f ( x ) f ( x o ) - ' = t  ( s e e  Lemma 1 9  ( c ) ) .  ( 3 )  



then  fo l lows  from (1). 

.I. 

( 4 )  The case  Gcd 2 ~ 2  .. Here f ( x )  = -ue and m = kq. . To 

see  t h i s ,  we no te  t h a t  t h e  r e p r e s e n t a t i o n  R of ( 3 )  i n  t h i s  case  

e i s  R : X ~ - > S L ~ ( ~ ~  a n d i f  x = x a ( t ) x  ( t  ) x  ( u )  P a+$ 

t u + t t  8- 

t h e n  x  -> [ 1 to . Thus, f ( x )  = u  + tte = - u  
8 

0  1 - 

by Lemma 63 (c) . .  Thus, m i s  t h e  group genera ted  by r a t i o s  of 

8 - 4 1  

elements ( -u  ) of k -  whose t r a c e s  a r e  norms ( t tB) . Let 
.I, 8 Q u o  kq. . ~f u  # u  , s e t  ul = ( u  - u e ) - l  , and i f  u  = u  , 

.I, 8 - choose ul o k.'. s o  t h a t  ul - - ul . Then uul and u1 a r e  

v a l u e s  of f ( t h e i r  t r a c e s  a r e  0  o r  l ) ,  so  t h a t  u  e m and 
.Ir 

m = k-'. . 
( 5 )  The c a s e  G; 2 ~ 2  . Here f ( x )  = t 2+2e + u2@ + t u  

4, 

and m = k"' . To see  t h i s ,  first no te  t h a t  s i n c e  t h e  c h a r a c t e r i s t i c  

k .  of k i s  2, t h e r e  i s  an i d e a l  i n  lvsupportedi '  by s h o r t  r o o t s .  

The r e p r e s e n t a t i o n  R can be taken a s  xk a c t i n g  on t h i s  i d e a l ,  

+ - 
and v  = X 

a+B 
while  v  = X . L e t t i n g  x =  -a - B  

8 x a ( t ) x  P ( t  ) x ~ + ~ ~ ( ~ ) x ~ + ~  he + t I+@) we can determine f ( x )  . By t a k i n g  

8 28 t = 0  i n  t h e  express ion  f o r  f ( x )  and w r i t i n g  v  = ( v  ) we 
. f* 

s e e  t h a t  m = k"' . 
( 6 )  The case  G p  2 ~ 2  . Here f ( x )  = t 4+6@ - 1+3@ - 2  

+ t 3+3e u  + t 1+3e~38 + tv3' - tuv  . The group rn i s  generated 

by a l l  v a l u e s  of f f o r  which ( t , u , v )  # ( 0 7 0 , 0 ) ,  and it c o n t a i n s  



k32 * and -1 ; hence m = k  , i f  k  is f i n i t e .  Here t h e  

r e p r e s e n t a t i o n  R can be t aken  t o  be t h e  a d j o i n t  r e p r e s e n t a t i o n  

on gk , V+ = '2a+3@ and v- = X-2a-38 . L e t t i n g  x  be a s  

i n  Lemma 63 ( e l ,  and working modulo t h e  i d e a l  i n  Xk "supportedw 

by t h e  s h o r t  r o o t s ,  we can compute f ( x )  . S e t t i n g  t = u = 0 9 

2  we see t h a t  - v  E m , hence - 1 e m and k*2 C m . If k  i s  
I 

f i n i t e  m = k fo l lows  from ( * )  - 1 6 k*2 . To show ( * )  , suppose 

- e2  t2 = -  1 with t e k .  Then t2 '=-  1 , so  t o = +  t and t = t  . 
e 2 3  3 2  Since 3e2 = 1 , we s e e  t = ( t  ) = t . But t3 = t t = - t , 

s o  t = 0 , a  con t rad ic t ion .  This  proves t h e  lemma. 

0 0 
Coro l l a ry :  If G i s  u n i v e r s a l ,  t h e n  Gr= Go_ and Hr= H, 

except poss ib ly  f o r  2 ~ 2  wi th  k  i n f i n i t e  i n  which case  
0 d 

G ~ G ~  = H ~ H ~  = k*/m with m as i n  (6)  above. 

J- 

Remarks: ( a )  It is not known whether m = kq. always i f  Gg 2 ~ 2  . 
One can make t h e  changes i n  v a r i a b l e s  v  -> v  + t u  and t h e n  

u -> u  - t1+3e t o  convert  t h e  form f i n  ( 6 )  t o  t 4+6 e - u 1+3 8 

2 2  - v2 + t u + t v j e  . Both before  and a f t e r  t h i s  s i m p l i f i c a t i o n  

t h e  form s a t i s f i e s  t h e  condi t ion  of homogenity: 

f ( t  , u ,v )  = t4+6ef ( l , u / t  1+3e, v/ t  2+3e) if t + 0 . 
( b )  A c o r o l l a r y  of ( 3 )  above, i s  t h a t  t h e  forms i n  ( 5 )  and 

( 6 )  a r e  d e f i n i t e ,  i . e . ,  f = 0 imp l i e s  t = u (= v )  = 0 . A 

d i r e c t  proof i n  case  f i s  a s  i n  ( 5 )  can be made as fo l lows:  

Suppose O = f ( t , u )  = t 2+28 + u2@ + t u  wi th  one of t ,  u  nonzero. 

I 



If t = 0 , t hen  u = 0 , so  we have t # 0 . We see  

f ( t , u )  = t 2+2e f ( l , u / t  2w1) using 2e2 = 1 . Hence we may assume 

t = 1 . Thus, 1 + u 2e + u = 0 o r  (by applying 8) ue = 1 + u . 
Hence u e 2 = l + u e = u  and u = u  2e2 = U  2  . Thus, u  = 0 o r  1, a 

cont radic t ion .  A d i r e c t  proof i n  case f is as ( 6 )  appears  t o  be 

q u i t e  complicated. 

( c )  The fo'rm i n  ( 5 )  l e a d s  t o  a geometric i n t e r p r e t a t i o n  of 

2 ~ 2  . Form t h e  graph v = t 2+2e + u2' + t u  i n  k3 of t h e  form 

f (x)  . Imbed k3 i n  p3(k)  , p r o j e c t i v e  3-space over k , by 

adding t h e  p lane  a t  co , and ad jo in  t h e  poin t  at  o i n  t h e  

d i r e c t i o n  (0 ,0 ,1 )  t o  t h e  graph t o  ob ta in  a  subset  Q of p3(k) . 
Q i s  then  an ovoid i n  p3(k)  ; i .e .  

(1) No l i n e  meets Q i n  more than two po in t s ,  

( 2 )  The l i n e s  through any point  of Q not meeting Q again  

always l i e  i n  a plane. 

The group 2 ~ 2  i s  then  r e a l i z e d  a s  t h e  group of p r o j e c t i v e  

3 t ransformations of P ( k )  f i x i n g  Q . For f u r t h e r  d e t a i l s  a s  

wel l  a s  a  corresponding geometric i n t e r p r e t a t i o n  o f  2 ~ 2  see  

J. T i t s ,  Sdminaire Bourbaki, 210 (1960). For an exhaust ive t reatment  
5 3  

of 2 ~ 2  , e s p e c i a l l y  i n  t h e  f i n i t e  case,  see  Luneberg, Springer  

Lecture Notes 1 0  (1965). 

Theorem 34: Let G and c be a s  above with G universa l .  

Excluding t h e  cases :  ( a )  ' ~ ~ ( 4 )  , ( b )  2 ~ 2 ( 2 )  , ( c )  ' ~ ~ ( 3 )  , 
P 

( d )  2 ~ 4 ( 2 )  , we have t h a t  Gd i s  simple over i ts  center .  



Sketch of p roof :  Using a c a l c u l u s  of double c o s e t s  r e  B6 , which 

can be developed e x a c t l y  as  f o r  t h e  Chevalley groups wi th  Wr i n  

p l ace  of W and R ( o r  Z, ( s e e  Theorem 32)  ) i n  p l a c e  of E , 
and Theorem 33,  t h e ' p r o o f  can be reduced e x a c t l y  as  f o r  t h e  Chevalley 

P 
- DG; . groups t o  t h e  proof o f :  Gr - If k h a s  Igenough" 

P 
elements ,  s o  does  Hr by t h e  Coro l l a ry  t o  Lemma 64 and t h e  a c t i o n  

9 
of Hr on X can be used t o  show f l ~ ;  . Thi s  

a ,= a,'='- 

t a k e s  c a r e  o f  n e a r l y  everything.  If k h a s  !?fewn elements  t h e n  

t h e  commutator r e l a t i o n s  w i t h i n  t h e  xaqs and among them can be 

used. T h i s  l e a d s  t o  a number o f  s p e c i a l  c a l c u l a t i o n s .  The d e t a i l s  

a r e  omitted.  

Remark: The groups i n  ( a )  and ( b )  above a r e  so lvab le .  The group 

i n  ( c )  c o n t a i n s  a normal subgroup of index  3 isomorphic t o  A 1 ( 8 ) .  

The group i n  ( d )  c o n t a i n s  a Stnewts s imple  normal subgroup of i cdex  2, 

(See J. T i t s ,  ;?Algebraic and a b s t r a c t  s imple  groups, fv  Annals of 

Math. 1964.) 

9 
Exerc i se :  Center  of Gr = (Cente r  of GIr. 

We now a r e  going t o  determine t h e  o r d e r s  of  t h e  f i n i t e  

Chevalley groups of t w i s t e d  type .  Let  k be a f i n i t e  f i e l d  of 

a c h a r a c t e r i s t i c  p . Let  a be  minimal such t h a t  8 = p (1. e. ,  
a 

such t h a t  te = tP f o r  a l l  t P k )  . Then 1 kl = p2a f o r  
2 2~ ja f o r  3 ~ 4  ; and ( k t  = p  2a+l 
A n 3  n 7  2E6 ; i k l  = p 

2 2 f o r  2 ~ 2  , F q ,  G2. We c a n w r i t e  r%(t) = x  ( eat s ( a )  ) 
Ya 



where q ( a )  i s  Some power of p l e s s  than  ( k l  If q i s  t h e  

geometric average of q ( a )  over each 9 - o r b i t  t h e n  q = pa except  

when GT i s  of t y p e  2 ~ 2  , ' F ~  , o r  2 ~ 2  i n  which c a s e  

Let  V be t h e  r e a l  Euclidean space genera ted  by t h e  r o o t s  and 

l e t  be t h e  automorphism of V permuting t h e  r a y s  through 
0 

t h e  r o o t s  a s  g permutes t h e  r o o t s .  S ince  '5 normal izes  W , 
we s e e  t h a t  o" a c t s  on t h e  space I of polynomials i n v a r i a n t  

0 

under W .  S ince  r0 a l s o  a c t s o n  t h e  subspace of I of 

homogeneous e lements  of a g iven p o s i t i v e  degree ,  we may choose 

t h e  b a s i c  i n v a r i a n t s  
I j  

, j = 1 , . . . , 4 ,  of Theorem 27 such 

t h a t  ro I = a .I f o r  some e e ( h e r e  we have extended t h e  
j J j j 

base  f i e l d  %? t o  Q ) . A s  be fo re ,  we l e t  d j  be t h e  degree  

of I j  , and t h e s e  a r e  uniquely  determined. S ince  a;, a c t s  

on V , we a l s o  have t h e  s e t  i f o j  1 j = 1, . . . , 41 of e igenva lues  

of r0 on V . We r e c a l l  a l s o  t h a t  N denotes  t h e  number of 

p o s i t i v e  r o o t s  i n  C . 
Theorem 35: Let  w ,  q ,  N, e and d j  be a s  above, and 

j ' 
assume G i s  u n i v e r s a l .  We have 

( b )  The o rde r  of t h e  corresponding simple group i s  

ob ta ined  by d i v i d i n g  1 Gr I by I Cr I where 

C i s  t h e  c e n t e r  of G , 



~ e m m a . 6 5 :  Let  r ,  H , - U ,  e t c ,  be as  above. 

where N ( w )  i s  t h e  number of p o s i t i v e  r o o t s  i n  C made nega t ive  

by w . 
proof :  ( a )  It s u f f i c e s  t o  show t h a t  (xa,rl = qIa l  f o r  

a e C/R by Lemma 62. This  is  so  by Lemma 63. ( b )  Let  a be a 

4 - o r b i t  o f  s imple r o o t s .  S ince  r h a ( t )  = h p a ( t q ( a ) )  , t h e  
J 

c o n t r i b u t i o n  t o  I H, I made by e lements  of Hr "supportedsv by a 

m i s  ( nq(a))- 1 = q  - 1 i f  m =  la1 , Since  t h e  e v s  
a ea 0 j 

corresponding t o  a a r e  t h e  r o o t s  of t h e  polynomial X" - 1 , 
( b )  fo l lows .  ( c )  T h i s  fo l l ows  from ( a ) ,  ( b ) ,  and Theorem 33. 

Coro l l a ry  : U, i s  a  p-Sylow subgroup. 

Lemma 66: We have t h e  fo l l owing  formal  i d e n t i t y  i n  t :  

Proof:  We modify t h e  proof of Theorem 26 a s  fo l l ows :  

( a )  T t h e r e  i s  r ep l aced  by ro here.  

( b )  X t h e r e  i s  r ep l aced  by Xo h e r e ,  where Zo 

i s  t h e  s e t  of u n i t  v e c t o r s  i n  V which l i e  i n  t h e  

same d i r e c t i o n s  of t h e  r o o t s .  



( c )  Only t h o s e  s u b s e t s  a of rr f i x e d  by % a r e  con- 

s ide red .  

( d )  ( - l l n  i s  now def ined t o  be (-ilk where k i s  t h e  

number of '  ro o r b i t s  i n  a . 
( e )  W ( t )  i s n o w d e f i n e d  t o  be C  t N ( w )  

we w, 

With t h e s e  modi f ica t ions  t h e  proof proceeds e x a c t l y  a s  b e f o r e  

through s t e p  ( 5 ) .  S t e p s  ( 6 ) - ( 8 )  become: 

( 6 ' )  For a C rr , w 6 W , l e t  NT be t h e  number of c e l l s  

i n  K congruent t o  Da under W and f i x e d  by w . Then 
? ? 

~ ( - 1 ) ~ N ~ = d e t  w .  (H in t :  If V = V  
Wo- 

and K i s  t h e  complex 
? ?O 

on V c u t  by K , then  t h e  c e l l s  of K a r e  t h e  i n t e r s e c t i o n s  wi th  

V ?  of t h e  c e l l s  o f  K f i x e d  by w% . ) 
0 

( 7  ) Let  be a  c h a r a c t e r  on < W , %  > and d. t h e  

r e s t r i c t i o n  of X t o  < W a , r o  > induced up t o  < W , r o  > . Then 

A 

( 8 '  ) Let M be a  < W, % > module, l e t  I ( M )  be t h e  space 

of skew i n v a r i a n t s  under W , and l e t  I a ( M )  be t h e  space of 

i n v a r i a n t s  under Wn . Then 

The remainder of t h e  proof proceeds a s  before .  

Lemma 67:  The e qs form a  permutation of t h e  e 's. 
j 0 j 



I Proof:  S e t  t = 1 i n  Lemma 66. Then (::) 1 h a s  t h e  same m u l t i p l i c i t y  

among t h e  e Os as among t h e  e  v s  . This  i s  so s i n c e  o the rwi se  
j 0 j 

I t h e  r i g h t  s i d e  of t h e  express ion  would have e i t h e r  a  r o o t  o r  a  
2  po le  a t  t = 1 . Assume 1 , then  e i t h e r  c0 = 1 and a l l  

e q s  not  1 a r e  -1 o r  e l s e  %3 = 1 and a l l  e v s  not  1 a r e  

cube r o o t s  of 1, coming i n  conjugate  complex p a i r s  s i n c e  c0 is 

r e a l .  Thus i n  a l l  c a s e s  (+ )  imp l i e s  t h e  lemma. 

Proof of Theorem 35: ( a )  f o l l o w s  from Lemmas 65,  66, 67. Now l e t  
0 0 

C be t h e  c e n t e r  G r .  C l e a r l y  C - 3 C 
0- 

Using t h e  c o r o l l a r y  

t o  Theorem 33 and an argument similar t o  t h a t  i n  t h e  proof of 
v 0 

Co ro l l a ry  l( b) t o  Theorem 4  , we s e e  C c HrC H . Since  H _ 
0 0 

a c t s  vTdiagona l ly ,  we have C C C , hence C = C 
0-3 proving ( b ) .  

* 
Coro l l a ry :  The v a l u e s  of I Gr I and ( cr I = I  om ( L ~ / L ~ , ~  )r ( 

a r e  a s  fo l lows :  
1 

G r e . q ~  # 1 I G ,  I lcr I 
d 

Chevalley None ( q N ~ ( q  jW1) I H O ~ ( L ~ / L ~ ,  k*) 1 
group ( s  = 1) 

d 
2 ~ n ( n  > 2)  -1 if  d  . i s  odd Replace q  j-1 by 

3 
Same change; i ,  e. 

d .  d .  
q  J-(-l) J i n  ( a )  ( n + l  , q+l  ) 

2  
E6 same a s  2~ n Same change a s  2~ n  ( 3 ,  q + l )  

2~ n  -1 f o r  one d 3 .=n Replace one qn-1 by ( 4 ,  qn+l )  
qn+l i n  (>::) 

2  a , u  f o r  d 12 2  6 
j 

9 ( q  - 1 N q  -1) 1 

= 494 4  ( 9  +q +1) 



Here d denotes  a p r i m i t i v e  cube r o o t  of 1 . 
R o o f  (except  f o r  I Cg I ) : We cons ider  t h e  c a s e s :  

Go- e . ? s  # 1 IGT I I C r  I 

*A n  We first no te  (::) -1 e W% . To prove ( $ 1  we - 

2c2 

2  
G2 

* ~ 4  

use  t h e  s t anda rd  c o o r d i n a t e s  {wi ( 1 - < i < - n  + 1) f o r  An . Then 

% i s  g iven  by wi -> - Wn+2-i . Since  W a c t s  v i a  a l l  permuta- 

t i o n s  of [ a i ] ,  we s e e  -1 o W o; . A l t e r n a t i v e l y ,  s i n c e  W is 

t r a n s i t i v e  on t h e  simple systems (Appendix I I . 2 4 ) ,  t h e r e  e x i s t s  w, e W 

such t h a t  w -  = . Hence, - w o ( - 1 )  = 1 o r  o- ; i . e . ,  -1 e W 
0 

o r  -1 e Vir0 . Since  t h e r e  a r e  i n v a r i a n t s  of odd degree  (di  = 2 , 3 ,  ...), 

- 1 4 W . By (n) % f i x e s  t h e  i n v a r i a n t s  of even degree  and 

changes t h e  s i g n s  of t h o s e  o r  odd degree .  

-1 f o r  d  = 4  
j 

-1 f o r  d  = 6 
j 

-1 f o r  d  = 6 ,12  
j 

2  
E6 . The second argument t o  e s t a b l i s h  (:::) i n  - -- 2 ~ 2 n + 1  

t h e  ca se  2 ~ n  may be used h e r e ,  and t h e  same conc lus ion  holds .  

4 ( q  2  - 1 ~ ~ 4 + 1 )  

6 2  6 
q  ( 9  - U ( q  +1) 

24 2  6 8 q ( q  -1) ( q  + l )  ( q  -1) 

( q12+1 

*D ( n  even o r  odd) .  R e l a t i v e  t o  t h e  s t anda rd  c o o r d i n a t e s  n  - 
[vil 1 5 i < n )  , t h e  b a s i c  i n v a r i a n t s  a r e  t h e  first n-1 e lementary 

1 

1 

1 



2  symmetric polynomials  i n  f v i ]  t o g e t h e r  w i th  vi , and W a c t s  

v i a  a l l  permutat ions  and even number of s i g n  changes. Here ro 

v  - > - v  can be  t aken  t o  be t h e  map vi -> v  (1 < i n  - 1) , i n 

Hence, on ly  t h e  l a s t  i n v a r i a n t  changes s i g n  under ro . 
' D ~  . The degrees  of  t h e  i n v a r i a n t s  a r e  2 ,  4 ,  6 ,  and 4. By - 

2  Lemma 67 ,  t h e  f i t s  a r e  1, 1, , w . Since  5 i s  r e a l ,  w and 
V 

2 4 2 W must occur i n  t h e  same dimension. Thus, we r e p l a c e  ( q  -1)  

4 2  i n  t h e  u sua l  formula b y  ( q4- w ) ( q  - w ) = q 8 + q 4 +  1 .  

2  2 ~ 2  , G2 , I n  both  c a s e s  t h e  e i q s  a r e  1, -1 by Lemma 67. 

S ince  < W , r o  > i s  a f i n i t e  group,  it f i x e s  some nonzero q u a d r a t i c  

form, s o  t h a t  E: = 1 f o r  d  = 2  . 
j j 

2 ~ 4  . The degrees  of  t h e  i n v a r i a n t s  a r e  2 ,  6 ,  8, 1 2  and - 
t h e  e i q s  a r e  1, 1, -1, -1 . A s  be fo re  t h e r e  i s  a q u a d r a t i c  

J 

i n v a r i a n t  f i x e d  by r- . Consider I = C a' + 
u a l ong  r o o t  0 s h o r t  r o o t  

We c l a im  t h a t  I i s  a n  i n v a r i a n t  of  degree  d f i x e d  by % and 

t h e r e  i s  a q u a d r a t i c  i n v a r i a n t  f i x e d  by which does  n o t  d i v i d e  

I . The first p a r t  i s  c l e a r  s i n c e  W and 4 prese rve  l e n g t h s  

and permute t h e  r a y s  through t h e  r o o t s .  To see  t h e  second p a r t ,  

choose c o o r d i n a t e s  lvi 1 i = 1, 2 ,  3 ,  41 so  t h a t  t h e  l ong  r o o t s  

( r e s p e c t i v e l y ,  t h e  s h o r t  r o o t s )  a r e  t h e  v e c t o r s  ob t a ined  from 

2vl, v1 + v2 + v3 + V4 ( r e s p e c t i v e l y ,  vl + v 2 )  by a l l  permuta- 

2  2  t i o n s  and s i g n  changes. The q u a d r a t i c  i n v a r i a n t  i s  v2 + v2 + v3 + v  2  
1 4 



To show t h a t  t h i s  does  not  d i v i d e  I , cons ide r  t h e  sum of t hose  

t e rms  i n  I which involve  on ly  v  and v2 and n o t e  t h a t  t h i s  1 
2 2  i s  not  d i v i s i b l e  by vl + v2 . Hence, I can be t aken  as  one of t h e  

b a s i c  i n v a r i a n t s ,  and e = 1 i f  d == 8 , . 
j j 

Remark: ( 2 ~ 2 )  i s  no t  d i v i s i b l e  by 3 . Aside from c y c l i c  groups  

of prime o r d e r ,  t h e s e  a r e  t h e  on ly  known f i n i t e  s imple  groups  

wi th  t h i s  p roper ty .  

Now we cons ide r  t h e  automorphisms of t h e  t w i s t e d  groups. A s  

f o r  t h e  un twis ted  groups d i agona l  automorphisrns and f i e l d  auto-  

morphisms can be  def ined .  

P 
Theorem 36: Let  G and 0- be as i n  t h i s  s e c t i o n  and G, t h e  

subgroup of G ( o r  Gr ) genera ted  by Ur and UL . A s sume 
9 

t h a t  6 is  no t  t h e  i d e n t i t y .  Then every automorphism of G, 

i s  a  product  of a n  i n n e r ,  a d i agona l ,  and a f i e l d  automorphism. 

Remark: Observe t h a t  graph automorphisms a r e  missing.  Thus t h e  

t w i s t e d  groups  cannot themselves  be t w i s t e d ,  a t  l e a s t  no t  i n  t h e  

s imple  way we have been cons ider ing .  

Sketch of proof :  A s  i n  s t e p  (1) of t h e  proof of Theorem 30, t h e  

automorphism, c a l l  i t  , may be normalized by a n  i n n e r  au to-  

morphism s o  t h a t  it f i x e s  UC and U& ( i n  t h e  f i n i t e  ca se  by 

Sylowls  theorem, i n  t h e  i n f i n i t e  ca se  by arguments from t h e  theory  
v 

of  a lgeb ra i c  g roups) .  Then it a l s o  f i x e s  Hr, and it  permutes 

t h e  X a q s  ( a  s imple ,  a  E Z/R; hence fo r th  we w r i t e  f o r  
a  

3 ) and a l s o  t h e  X rs  accord ing  t o  t h e  same permutat ion,  a , T  -a 



i n  an  ang le  p reserv ing  manner ( s e e  s t e p  ( 2 ) )  i n  t e rms  of t h e  

corresponding simple system nr of V . By checking cases  
0- 

- 1 .  one s e e s  t h a t  t h e  permutation i s  n e c e s s a r i l y  t h e  i d e n t i t y :  i f  k 

i i s  f i n i t e ,  one need on ly  compare t h e  v a r i o u s  (Xal V S  w i th  each 

o t h e r ,  whi le  if k i s  a r b i t r a r y  f u r t h e r  argument i s  necessary  

(one can,  f o r  example, check which Cqs a r e  Abelian and 

which a r e  n o t ,  t h u s  r u l i n g  ou t  a l l  p o s s i b i l i t i e s  except f o r  

2 2 ~ 3  , E6 , and 3 ~ 4  , and then  r u l e  out  t h e s e  c a s e s  ( t h e  first 

two t o g e t h e r )  by cons ider ing  t h e  commutator r e l a t i o n s  among t h e  

$,?s) . AS i n  s t e p  ( 4 )  of t h e  proof of Theorem 30,  we need 
? 

only  complete t h e  proof of our  theorem when Go_ 
i s  one of t h e  

0 
groups Ga = < X , X > , i n  o t h e r  words, when Gb a -a i s  of one 

of t h e  t y p e s  A1, 2 ~ 2 ,  "C2 o r  2 ~ 2  (wi th  2 ~ 2 ( 2 )  and 2 ~ 2 ( 3 )  

excluded,  but  - no t  A1(2), A1(3), o r  2 ~ 2 ( 4 ) ) ,  which we hencefor th  

assume. The case  A1 having been t r e a t e d  in 5 10 ,  we w i l l  t r e a t  

1 only  t h e  o t h e r  c a s e s ,  i n  a sequence of s t eps .  We w r i t e  x ( t  , u )  

o r  x ( t , u , v )  f o r  t h e  g e n e r a l  element of U, a s  g i v e n  i n  

Lemma 63 and d ( s )  f o r  h a. ( s ) h g ( s e )  . 

I (1) We have' t h e  equa t ions  



This  fo l lows  from t h e  d e f i n i t i o n s  and Lemma 2 0 ( c )  . 
( 2 )  Let U1, U2 be t h e  subgroups of Ur obta ined  by 

s e t t i n g  t = 0 , then  a l s o  u = 0 . Then U T 3  U1 3 U2 = 1 i a  the 

lower c e n t r a l  s e r i e s  Ug 2 (Ur, Ur ) 3 ( Uc , (Ur , U, ) ) 3 . . . 
f o r  Ur if t h e  type  i s  2 ~ 2  o r  2 ~ 2  , while  Ur  3 U1 3 U2 3 1 

2 i s  i f  t h e  type  i s  G2 . 
Exerc ise :  Prove t h i s .  

( 3 )  If t h e  case  * ~ * ( 4 )  is excluded, t hen  

st. 

d ( s ) x ( t , .  .. )d(s)- '  = x ( g ( s ) t  ,...) , with g:  ks -> kq' 

a  homomorphism whose image gene ra t e s  k a d d i t i v e l y .  

Proof: Consider 2 ~ 2  . By (1) we have g ( s )  = s '-' , s o  t h a t  

g ( s )  = s  f o r  s e ke . Since Ck: kg] = 2 , we need on ly  show 

t h a t  g t a k e s  on a  va lue  ou t s ide  of ke . Now i f  g doesn ' t ,  

then  s 3 = ( s2-e)6 so  t h a t  s E kg , f o r  a l l  s e kS , 
whence we e a s i l y  conclude ( t h e  r e a d e r  i s  asked t o  supply t h e  

proof)  t h a t  k  has  a t  most 4  e lements ,  a  con t rad ic t ion .  For 

2 ~ 2  and 2 ~ 2  t h e  proof i s  s i m i l a r ,  but  e a s i e r .  

v 
( 4 )  The automorphism cp ( o f  Gr ) can be norna l ized  by 

a  diagonal  and a  f i e l d  automorphism t o  be t h e  i d e n t i t y  on U T / u l  . 
Proof:  S ince  cp f i x e s  U , it a l s o  f i x e s  U1, hence a c t s  

on ug/ul . Thus t h e r e  is  an a d d i t i v e  isomorphism 

f :  k  -> k such t h a t  cp x ( t  ,... ) = x ( f ( t ) ,  . . . I  . 



By mul t i p ly ing  cp by a  d iagona l  automorphism we may assume 
9 

f ( 1 )  = 1 . Since  rp f i x e s  HT , t h e r e  i s  an isomorphism 
.Q. : kC -> k-l- 

such t h a t  cpd(s) = d ( i (  s )  ) . Combining t h e s e  

equa t ions  w i th  t h e  one i n  ( 3 )  we g e t  

.I. 

f ( g ( s ) t )  = g ( i ( s ) ) f ( t )  f o r  a l l  s e k." , t e k . 

S e t t i n g  t = 1  , we g e t  ( f ( g ( s ) )  = g ( i ( s ) )  , s o  t h a t  

f ( g ( s ) t )  = f ( g ( s ) ) f ( t )  . If t h e  case  2 ~ 2  ( 4 )  is  excluded,  t h e n  

f i s  m u l t i p l i c a t i v e  on k by ( 3 ) ,  hence i s  an  automorphism. The 

same conc lus ion ,  however, h o l d s  i n  t h a t  c a se  a l s o  s i n c e  f f i x e s  

0 and 1 and permutes t h e  two e lements  of  k no t  i n  kg . 
O u r  o b j e c t  now is  t o  show t h a t  once t h e  no rma l i za t i on  i n  

(4 )  h a s  been a t t a i n e d  i s  n e c e s s a r i l y  t h e  i d e n t i t y .  

( 5 )  cp f ixes  each element of u1/u2 and U2 , and a l s o  
1 

some w e Gc which r e p r e s e n t s  t h e  n o n t r i v i a l  element of t h e  Weyl 

group. 

Proof :  The first p a r t  e a s i l y  f o l l o w s  from ( 2 )  and ( 4 ) ,  t h e n  

t h e  second f o l l o w s  a s  i n  t h e  proof of  Theorem 3 3 ( b ) .  

2  ( 6 )  If t h e  t ype  i s  2 ~ 2  o r  G2 , t h e n  i s  t h e  i d e n t i t y .  

Proof:  Consider t h e  type  2 ~ 2  . From t h e  equa t ion  ( b )  of ( 4 )  and 

t h e  f a c t  t h a t  f = 1  , we g e t  g ( s )  = g ( i ( s ) )  , i . e . ,  s 2-28 

= i(s)2-2e , and t h e n  t a k i n g  t h e  1 + F, t h  power, s = i ( s )  ; 

i n  o t h e r  words cp f i x e s  every d ( s )  . By ( 4 )  and ( 5 ) ,  

cpx(t , u )  = x ( t , u  + .! ; ( t ) )  wi th  j an a d d i t i v e  homomorphism. 



Conjugating t h i s  equa t ion  by d ( s )  = q d ( s )  , us ing  ( l ) ,  and 

comparing t h e  new equa t ion  w i th  t h e  o l d ,  we g e t  j(s2-2et) 

= s2'j ( t  ) , and on r e p l a c i n g  s by s 1+0 , j ( s t )  = s1+2ej(t) . 
Choosing s 0 ,  1, which i s  p o s s i b l e  because * c 2 ( 2 )  ha s  been 

excluded,  and r e p l a c i n g  s by s + l  and by 1 and combining 

t h e  t h r e e  equa t ions ,  we g e t  ( s  + s2') j ( t )  = 0 . Now s + s2@ $; 0 , 
s i n c e  o therwise  we would have s + s2' = ( s  + s 2  2e)2' t hen  s = s , 
c o n t r a r y  t o  t h e  cho ice  of s . Thus j ( t )  = 0 . I n  o t h e r  words 

rp f i x e s  every element of  Ur , If t h e  t ype  i s  2 ~ 2  i n s t e a d ,  
0 

t h e  argument i s  similar, r e q u i r i n g  one e x t r a  s t e p .  S ince  Gc 

is  genera ted  by Ur and t h e  element w o f  ( 5 ) ,  i s  t h e  

i d e n t i t y .  

The preceding argument, s l i g h t l y  modif ied ,  b a r e l y  f a i l s  f o r  

2 ~ 2  , i n  f a c t  f a i l s  j u s t  f o r  t h e  smallest ca se  2 ~ 2 ( 4 )  . The 

proof t o  f o l l o w ,  however, works i n  a l l  cases .  

( 7 )  If t h e  t y p e  i s  2 ~ 2  , t h e n  i s  t h e  i d e n t i t y .  

Proof:  Choose w as  i n  ( 5 )  and,  assuming u  $I. 0 , w r i t e  
0 P P 

w x ( t , u ) w  - l = x n x  wi th  x , x  e Ur, n e  Hr w .  A s imple  
;' 

c a l c u l a t i o n  i n  SL3 shows t h a t  x  = x(at5-', :::) f o r  some a 4 k 

depending on w bu t  no t  on t o r  u  . (Prove t h i s . )  If now 

we w r i t e  cpx( t ,u)  = x ( t , u  + j ( t ) )  , apply  rp t o  t h e  above 
-I 

equa t ion ,  a n d u s e  ( 4 )  and ( 5 ) ,  w e g e t  t c - ' = t ( u +  j ( t ) )  , 
so t h a t  j ( t )  = 0 and we may complete t h e  proof a s  before .  



It i s  a l s o  p o s s i b l e  t o  determine t h e  isomorphisms among t h e  

v a r i o u s  Cheval ley groups ,  bo th  t w i s t e d  and untwis ted.  We s t a t e  

t h e  r e s u l t s  f o r  t h e  f i n i t e  groups ,  omi t t i ng  t h e  p roofs .  

Theorem 37 : ( a ) '  Among t h e  f i n i t e  simple Cheval ley groups ,  t h e i r  

t w i s t e d  ana logues ,  and t h e  a l t e r n a t i n g  groups  q ( n  > 5 )  , a complete 

list of isomorphisms i s  g iven  a s  fo l lows .  

( 1 )  Those independent of  k . 

( 3 )  J u s t  s ix o t h e r  c a s e s ,  of  t h e  i n d i c a t e d  o rde r s .  

A1(4) -- Al(5) ~0~ 60 

A1(7) A2(2)  168 

A1(9)1. 46 360 

~ ~ ( 2 ) ~ a ~  20160 



( b )  I n  a d d i t i o n  t h e r e  a r e  t h e  fo l lowing  c a s e s  i n  which t h e  

Chevalley group j u s t  f a i l s  t o  be simple. 

The der ived  group of B2(2)  N 360 

The i n d i c e s  i n  t h e  o r i g i n a l  group are 2,  3 ,  2, 2 ,  respec t ive ly . .  

Remarks: ( a )  The e x i s t e n c e  of t h e  isomorphisms i n  ( 1 )  and ( 2 )  

is  easy ,  and i n  ( 3 )  is proved, e .g . ,  i n  Dieudonne' (Can. J. Math.1949). 

There a l s o  t h e  f i r s t  c a se  of ( b ) ,  cons idered  i n  t h e  form 

B2(2) S6 (symmetric group) is proved. 

( b )  It is n a t u r a l  t o  i nc lude  t h e  simple groups i n  1 
t h e  above comparison s i n c e  they  are t h e  de r ived  groups  of t h e  

Weyl groups of type  A n m l  and t h e  IfJeyl groups i n  a sense  form 

t h e  s k e l e t o n s  of t h e  corresponding Chevalley groups.  We would 

l i k e  t o  p o i n t  o u t  t h a t  t h e  Weyl g roups  W(En) a r e  a l s o  almost  

simple and a r e  r e l a t e d  t o  e a r l i e r  g roups  as  fo l lows .  

P ropos i t i on :  We have t h e  isomorphisms: 

~ W ( E ~ )  w B 2 ( 3 )  N 2 ~ 3 ( 4 )  

~ ~ w ( E ~ ) / c  N D4(2) , with C t h e  c e n t e r ,  of o r d e r  2. 



Proof : The proof i s  s i m i l a r  t o  t h e  proof of S6 = W ( A 5 )  PJ B2(2) 

given n e a r  t h e  beginning of 3 1Q. 

Aside from t h e  c y c l i c  grouns of prime o rde r  and t h e  groups 

considered above, only  11 o r  12 o t h e r  f i n i t e  simple groups a r e  

a t  p r e sen t  ($qag,1368) known. We w i l l  d i s c u s s  them b r i e f l y .  

(a) The f i v e  Mathieu groups Mn ( n  = 11, 12 ,  22, 23, 24) .  

These were d i scovered  by Mathieu about a hundred y e a r s  ago and p u t  

on a  f i r m  f o o t i n g  by W i t t  ('Hamburger Abh. 12  ( 1 9 3 8 ) ) .  They a r i s e  

as h igh ly  t r a n s i t i v e  permutation groups on t h e  i n d i c a t e d  numbers 

of l e t t e r s .  The i r  o r d e r s  a r e :  

( b )  The first Janko group J1 discovered by Janko 

(J .  Algebra 3  (1966) )  about f i v e  y e a r s  ago. It i s  a  subgroup of 

G (11) and can be r ep re sen ted  a s  a  permutation 2 

group on 266 l e t t e r s .  Its o rde r  i s  

I The remaining groups were a l l  uncovered l a s t  f a l l ,  more o r  l e s s .  



( c )  The groups  J2 and j 2  1/2 of Janko. The e x i s t e n c e  of  

J2 was put  on a  f i r m  b a s i s  f i r s t  by H a l l  and Wales us ing  a  machine, 

and t h e n  by T i t s  i n  t e rms  of a  9sgeometry.7? It h a s  a  subgroup of 

index  100 isomorphic t o  & ~ ~ ( 2 )  ,W 2 ~ 2  ( $ )  , and i s  i t s e l f  of index 

416 j n  G2(4) . The group J2 1/2 h a s  no t  y e t  been pu t  on a f i r m  

b a s i s ,  and it appea r s  t h a t  it w i l l  t a k e  a g r e a t  d e a l  of work t o  

do so  (because  it does  n o t  seem t o  have any ' I largeF7 subgroups) ,  

bu t  t h e  evidence f o r  i t s  e x i s t e n c e  i s  overwhelming. The o r d e r s  a r e :  

0 
( d )  The group H qf D.  Higman and Sims, and t h e  group H 

of G. Higman. The f i r s t  group c o n t a i n s  M2* a s  a subgroup of index 

100 and was c o n s t r u c t e d  i n  t e rms  of t h e  automorphism group of a  

graph wi th  100 v e r t i c e s  whose e x i s t e n c e  depends on p r o p e r t i e s  

of S t e i n e r  systems. I n s p i r e d  by t h i s  c o n s t r u c t i o n ,  G. Higman 

t h e n  cons t ruc t ed  h i s  own group i n  t e rms  of a  very  s p e c i a l  geometry 

inven ted  f o r  t h e  occas ion ,  The two groups  have t h e  same o r d e r ,  

and everyone seems t o  f e e l  t h a t  t h e y  a r e  isomorphic,  bu t  no one 

has  y e t  proved t h i s .  The o rde r  i s :  

( e )  The ( l a t e s t )  group S of Suzuki.  Th i s  c o n t a i n s  G2(4) 

a s  a subgroup of index  1782, and i s  con t ruc t ed  i n  t e rms  of a graph 

whose e x i s t e n c e  depends on t h e  imbedding J2 C G2(4) .  It posse s se s  



an  i n v o l u t o r y  automorphism whose s e t  o f  f i x e d  p o i n t s  i s  e x a c t l y  J2 . 
Its  o r d e r  i s :  

( f )  The group M of  McLaughlin. T h i s  g roup  i s  c o n s t r u c t e d  

i n  t e rms  of  a  g raph  and c o n t a i n s  ' ~ ~ ( 9 )  a s  a  subgroup o f  i ndex  

275. I ts  o r d e r  i s :  

Theorem 38: Among a l l  t h e  f i n i t e  s imple  g roups  above ( i . e . ,  a l l  

t h a t  a r e  c u r r e n t l y  known), t h e  o n l y  c o i n c i d e n c e s i n  t h e  o r d e r s  

which do n o t  come f rom isomorphisms a r e :  

( a )  Bn(q)  and Cn(q)  f o r  n  2 3 and q  odd . 
( b )  A2(4)  and ~ ~ ( 2 ) ~ ( 2 8  . ' 

'3 
( c )  H and H if t h e y a r e n v t  isomorphic.  

That t h e  g roups  i n  ( a )  have t h e  same o r d e r  and a r e  n o t  

i somorphic  h a s  been proved e a r l i e r .  The o r d e r s  i n  ( b )  a r e . b o t h  

equa l  t o  20160 by Theorem 25,  and t h e  g roups  a r e  no t  i somorphic  

s i n c e  r e l a t i v e  t o  t h e  no rma l i ze r  B of a  2-Sylow subgroup t h e  

first group h a s  s i x  doub le  c o s e t s  and t h e  second h a s  24. The proof  

t h a t  ( a ) ,  ( b )  and ( c )  r e p r e s e n t  t h e  on ly  p o s s i b i l i t i e s  depends on 

a n  e x h a u s t i v e  a n a l y s i s  of t h e  g roup  o r d e r s  which can n o t  be 

under taken he r e .  



2 .  R e p r e s e n t 3 t i . n ~ .  In  t h i s  s e c t i o n  we consider  t h e  i r r e d u c i b l e  

r e p r e s e n t a t  ions  of t h e  i n f i n i t e  Chevalley groups.  A s  we s h a l l  s e e ,  

h e r e  t h e  t h e o r y  i s  q u i t e  complete. A 1 1  r e p r e s e n t a t i o n s  a r e  assumed 

t o  be f i n i t e -d imens iona l  and t h e  s t a n d a r d  terminology is used.  I n  

1 p a r t i c u l a r  1 must a c t  a s  t h e  i d e n t i t y ,  and t h e  t r i v i a l  0-dimen- 

s i o n a l  ( b u t  no t  t h e  t r i v i a l  1-dimensional)  r e p r e s e n t a t i o n  is  ex- 

cluded fr'om t h e  l i s t  of i r r e d u c i b l e  r e p r e s e n t a t i o n s .  We s t a r t  

w i t h  a  g e n e r a l  lemma. 

Lemma 6 8 ;  Let  K be an  a l g e b r a i c a l l y  c lo sed  f i e l d ,  B and C 

a s s o c i a t i v e  a l g e b r a s  wi th  1 over K , and A = B @ C . 
( a )  If ( B  , V )  and (Y,W) a r e  ( f i n i t e -d imens iona l )  i r r educ -  

i b l e  modules f o r  B and C , t hen  (u.,U ) = ( B  @ Y, V @W) is one 

f o r  A .  

( b  ) Conversely,  every i r r e d u c i b l e  A-module ( a  , U )  i s  

I r e a l i z a b l e ,  un ique ly ,  a s  a  . t enso r  product  a s  i n  ( a ] .  

Proof:  ( a )  By Burns ide l s  Theorem ( s e e ,  e .g . ,  Jacobson,  Lec tures  

i n  Abs t r ac t  a l g e b r a ,  Vol. 2 ) ,  BB = End V and %C = End W , whence 

I aA = End U and ( a , U )  i s  i r r e d u c i b l e .  

( b )  Let  V be  an  i r r e d u c i b l e  B-submodule of U . Such 

e x i s t  s i n c e  U is f in i t e -d imens iona l .  Let  L be  t h e  space  of 

B-homomorphisms of V i n t o  U . This  is  nonzero and is a  C-module 

under t h e  r u l e  c4, = a ( c )  o  4 , (Check t h i s . )  Let  ( Y , W )  be an 

i r r e d u c i b l e  submodule. The map : V @ W -> U de f ined  by 

v  @ f -> f ( v )  i s  e a s i l y  checked t o  be an  A-homomorphism. V O W  

is  i r r e d u c i b l e  by ( a ) ,  and U is by assumption.  Hence by Schurrs 

-,-,*, -: .,cw..~.~...-,--.- .. ., ,.., ..:r--. - . . ; .  . . < _i ' .  .. . . 



1 f 
Lemma ( s e e  l o c ,  c i - t . )  9 is an  isomorphism, If a = B @ X is 

a  second decolllposition of  t h e  r e q u i r e d  form, t h e n  r e s t r i c t i o n  t o  
? 1 

B y i e l d s  p Q 1 P @1 , i . e .  m u l t i p l e s  of P and a r e  

i somorphic ,  s o  t h a t  by t h e  Jordan-Holder o r  Krull-Schmidt theorems 
1 

@ and a r e  e l s o .  S i m i l a r l y  b. and d a r e  i s o m o r p h i c ,  which 

pr.oves t h e  uniqueness  i n  ( b ) .  

Co ro l l a ry :  ( a )  If K is an a l g e b r a i c a l l y  c l o s e d  f i e l d  and 

G = Tci is a d i r e c t '  product  of a f i n i t e  number of  g r o u p s ,  t h e n  

t h e  t e n s o r  product  V of  i r r e d u c i b l e  KGi-modules Vi is a n  ir- 

r e d u c i b l e  KG-module , and every  i r r e d u c i b l e  KG-module is  un ique ly  

r e a l i z a b l e  i n  t h i s  way. 

( b )  S i m i l a r l y  f o r  a  d i r e c t  sum k = C of L i e  
i 

a l g e b r a s  over  K . 

Proof :  We app ly  Lemma 68, extended t o  s e v e r a l  f a c t o r s ,  i n  ( a )  t o  .? 

group a l g e b r a s ,  i n  ( b )  t o  enveloping a l g e b r a s .  

- 
Exerc i s e  : lf t h e  d i r e c t  p roduc t  above i s  one of  a l g e b r a i c  groups 
P .-- 

over  K !of t o p o l o g i c a l  group: , of  L i e  g roups , .  . . ) , t h e n  V is 

r a t i o n a l  (conlir,uoi;s , ~ ~ a . 1 - y l ; i c ,  . . . j i f  and on ly  i f  each Vi is. 

Remark: If we a r e  i n t e r e s t e d  i n  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  

of a  Cheval ley  group G , we may a s  we l l  assume it i s  u n i v e r s a l .  

The c o r o l l a r y  t h e n  imp l i e s  t h a t  we may a s  w e l l  a l s o  assume t h a t  

G (i . e .  t h a t  C )  is indecomposab3.e. Th is  we w i l l  do whenever it 

is  conven ien t .  

Now we t a k e  up t h e  s t u d y  of r a t i o n a l  r e p r e s e n t a t i o n s  f o r  



I Chevalley groups over a l g e b r a i c a l l y  c lo sed  f i e l d s  viewed a s  a lge-  

I b r a i c  groups.  I n  such r e p r e s e n t a t i o n s  t h e  coord ina tes  of t h e  

I r e p r e s e n t a t i v e  ma t r ix  a r e  r e q u i r e d  t o  be r a t i o n a l  f u n c t i o n s  of 

I t h e  o r i g i n a l  coo rd ina t e s .  Whether t h i s  requirement  i s  t o  be  t a k e n  

e x i s t s  an open cover ing [Ui] of G , which may- be  t a k e n  f i n i t e  

J 

by t h e  maximal cond i t i on  on t h e  open s u b s e t s  of G (which holds  

l o c a l l y  ( e . g .  a s  i n  t h e  proof of Theorem 7 ,  Car. 1) o r  g l o b a l l y  

i s  immater ia l ,  i n  view of t h e  fo l lowing  r e s u l t .  

by H i l b e r t ' s  b a s i s  theorem i n  i i )  , and elements g i ,  hi i n  A 

such t h a t  f = gi/hi and hi + 0 on Ui f o r  a l l  i . Since  t h e  

Lemma 69: Let  G be a  Chevalley group viewed a s  an a l g e b r a i c  

group a s  above, and f : G -> k a  f u n c t i o n .  Then t h e  fo l lowing  

condi t ions  a r e  e q u i v a l e n t .  

I ( a )  f is e x p r e s s i b l e  a s  a  r a t i o n a l  f u n c t i o n  l o c a l l y .  

( b )  f is  e x p r e s s i b l e  a s  a  r a t i o n a l  f u n c t i o n  g l o b a l l y .  

( c )  f i s  e x p r e s s i b l e  a s  a  polynomial .  

Proof :  It w i l l  be  enough t o  show t h a t  ( a )  impl ies  ( c ) .  Let  A 

I be  t h e  a lgeb ra  of polynomial f u n c t i o n s  on G . By assumption t h e r e  

hi don ' t  a l l  van ish  t o g e t h e r ,  by H i l b e r t  ts N u l l s t e l l a n s a t z  t h e r e  

e x i s t  elements a i  i n  11 such t h a t  1 = Z a . h  on G . Let 
1 i 

U = fi U i  ; it i s  nonempty , i n  f a c t  dense., s i n c e  G i s  i r r e d u c i b l e .  
0 

On Uo we have f = Z aifhi  = Z aigi , a  polynomial ,  hence by den- 

s i t y  a l s o  on each U i  and on G , a s  r e q u i r e d .  

P r e s e n t l y  we w i l l  need t h e  fo l lowing  r e s u l t .  



Lemma 70: The a lgebra  A of polynomial func t ions  on G is  in t e -  

g r a l l y  c losed  ( i n  i t s  quo t i en t  f i e l d ) .  

Proof :  We observe first t h a t  il is an i n t e g r a l  domain ( s i n c e  G 

is i r r e d u c i b l e  a s  an a l g e b r a i c  s e t ,  t h e  polynomial i d e a l  de f in ing  

it is  p r i m e ) ,  s o  t h a t  it r e a l l y  has a quo t i en t  f i e l d .  Assume 

n f = p1/p2 (pi  E A )  is i n t e g r a l  over A :  f  + alf n-1 + ... + an = 0 

f o r  some ai  E . On r e s t r i c t i o n  t o  t h e  open s e t  U-HU of G 

t h e  pi and a i  become, by Theorem 7 ( b ) ,  polynomials i n  t h e  co- 

-1 o r d i n a t e s  (ta,ti,ti ] . Since such polynomials form a unique 

f a c t o r i z a t i o n  domain, we s e e  by t h e  above equa t ion  t h a t  f i t s e l f  

is such a polynomial ,  on U-HU . The same being t r u e  on each of 

t h e  t r a n s l a t e s  of U-HU by elements of G , we conclude t h a t  f 

is a polynomial on G , i. e .  f is i n  A , by Lemma 69. 

Two more lelnmas and t h e n  t h e  main theorem. 

Lemma 71: The r a t i o n a l  c h a r a c t e r s  of H (hqrnomorphisms i n t o  k*) 

a r e  j u s t  t h e  elements of t h e  l a t t i c e  L gene ra t ed  by t h e  g l o b a l  

weights of t h e  r e p r e s e n t a t i o n  d e f i n i n g  G . 
Proof:  Let  h be a c h a r a c t e r .  Then it is a polynomial i n  t h e  

diagonal  elements of H ( w r i t t e n  a s  a group of diagonal  m a t r i c e s ) ,  

i . e .  a  l i n e a r  combination of elements of L . Being m u l t i p l i c a t i v e ,  

it equals  some element of L . (Prove t h i s .  ) Conversely,  i f  

h E L , t hen  h i s  a power product of weights i n  t h e  r ep resen ta -  

t i o n  def in ing  G , and a l l  exponents may be taken  p o s i t i v e  s i n c e  

t h e  product o f  t h e  l a t t e r  weights ( a s  f u n c t i o n s )  is 1 , s o  t h a t  

h is a polynomial on H . 



1 A and t h e  corresponding w.eight spaces  Vh , r e l a t i v e  t o  . H , i n  

t h e  obvious way. 

Lemma '72:- Let V be a r a t i o n a l  G-module, h a weight ,  v a n  -- 
element of 

vA 
, and a a r o o t .  Then t h e r e  e x i s t  v e c t o r s  

I: vi E V h + i a ( i  = 1 , 2 ,  ...) s o  t h a t  x a ( t ) v  = v + P t i v i  f o r  a l l  

t E k .  

Proof :. Since  V is r a t i o n a l  and t -> xu($ )  i s  an isomorphism, 

i x,(t ) is a polynomial i n  t : x a ( t  ) v  = C t vi . If we apply  h 

t o  t h i s  equa t ion  and compare t h e  r e s u l t  wi th  t h e  equa t ion  go t  by 

r e p l a c i n g  x,(t) by hxa[t)h-' = x u ( a ( h ) t )  , we g e t  Vi " Vh+ia, * 

S e t t i n g  t = 0 ,. we g e t  v = v , whence t h e  lemma. 
0 

Theorem 39 (Compare wi th  Theorem 3 )  :: Let  G be a Chevalley group 

over an  a l g e b r a i c a l l y  c lo sed  f i e l d  k ( i  . e .  a  sernisirnple a l g e b r a i c  

group over k )  , and assume t h e  n o t a t i o n s  a s  above. 

( a )  Every nonzero r a t i o n a l  G-module V con ta ins  a nonzero 
+ 

element v which belongs t o  some weight h E L and is f i x e d  

by a l l  x E U . 
+ + - + 

( b )  assume V = kGv with  v a s  i n  ( a )  . Then V = kU v . 
Fur the r  diin V = 1 , every weight on V has  t h e  form 

h 

A - C a  (a p o s i t i v e  r o o t ) ,  and V = C V .. 
P 

( c )  I n  ( a )  Q,a> E z+ f o r  every p o s i t i v e  r o o t  a . 
( d )  If V i s  i r r e d u c i b l e ,  t h e n  t h e  weight h ( t h e  "highest  

weight1 ' )  and t h e  l i n e  kvC of ( a )  a r e  uniquely  determined.  
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( e )  Given any c h a r a c t e r  h on H s a t i s f y i n g  ( c )  , t h e r e  

e x i s t s  a unique i r r e d u c i b l e  r a t i o n a l  G-module V i n  which h 

is r e a l i z e d  a s  i n  ( a ) .  

Proof:  ( a  ) The proof i s  t h e  same a s  t h a t  of Theorem 3 ( a  ) with 

Lemma 72 i n  p l a c e  of Lemma 11. 

( b )  S ince  U B  i s  dense i n  G (Theorem 7 )  and V is 

r a t i o n a l ,  any l i n e a r  f u n c t i o n  on V which vanishes  on U-BV+ 

f + - + 
a l s o  vanishes  on Gv . Thus V = ku-Bv = kU v . The o the r  

a s s e r t i o n s  of ( b )  folLow from t h i s  equa t ion  and Lemma 72. 

f 
( c )  w,h i s  a weight on V (wi th  wav a corresponding 

weight v e c t o r ) .  S ince  w,h = A - a , a x  , it fo l lows  from ( b )  

t h a t  <h , a>  E Z+ . 
( d )  This fo l lows  from t h e  second and t h i r d  p a r t s  of ( b ) .  

( e )  We w i l l  u se  t h e  correspondence between l o c a l  weights 

(on L )  and g l o b a l  weights (on G )  ( s e e  p .  6 0 ) .  Le t  A be a s  

i n  ( e )  . By Lemma 71,  h E L . Let h a l s o  denote t h e  correspond- 

i n g  weight on , s o  t h a t  h (Ha)  = a , a >  E Z' f o r  a l l  a > 0 .. 

t 
Let (y,V ) be an i r r e d u c i b l e  L-module wi th  a s  i t s  h ighes t  

f 1 
weight ,  v a corresponding weight v e c t o r ,  and G a correspond- 

i n g  Chevalley group over k ( c o n s t r u c t e d  from and some 

choice  of t h e  l a t t i c e  M i n  v ' )  . Since h i s  i n  t h e  l a t t i c e  

gene ra t ed  by t h e  weights of t h e  r e p r e s e n t a t i o n  of k used t o  

c o n s t r u c t  G , it fo l lows  (Theorem 7 ,  Cor. 1) t h a t  t h e r e  e x i s t s  a 
t ? 

r a t i o n a l  homomorphism 9 :. G -> G such t h a t  xcl( t )  -> x,(t)  

o r  1 f o r  a l l  a and t , . i n  t h e  u s u a l  n o t a t i o n .  The r e s u l t i n g  



I r e p r e s e n t a t i o n  of G on V' need n o t  be i r r e d u c i b l e  {and i ts  

r e p r e s e n t a t i o n  Class may vary with  the  choice  of  M) , but  a t  
+ 

l e a s t  it con ta ins  t h e  v e c t o r  v  which is  of  weight h and is 
' 1  

f i x e d  by every x  E U . Le t  V be t h e  submodule of V' gen- 
f 1 '  f 1 1  

e r a t e d  by v  , and V a  maximal submodule of V . (v' ' 
t ? + 

is i n  f a c t  unique a s  fo l lows  from t h e  equa t ion  V = ku-v of 
1 1 1  I ( b )  . Check t h i s .  ) The G-module V = V' ' /v meets t h e  ex is -  

+ 
t e n c e  requirements  of ( e )  . For t h e  uniqueness ,  l e t  Vi , v i ( i  = 1 , 2 )  

+ 4- f + 
s a t i s f y  t h e  cond i t i ons  on V,v i n  ( e ) .  Le t  v  = vl + v2 E V1 ; V 2 ,  

I + + + 
and V = kGv . Then Vh = kv by ( b )  , s o  t h a t  v2 (: V . Consider 

t h e  G-homomorphism pl: V -> V , p r o j e c t i o n  on t h e  first fac- 1 
f 

t o r .  S ince  vl g e n e r a t e s  V1, pl is onto.  Since a l s o  

ker  pl C V2 A V  , which is 0 because V2 is i r r e d u c i b l e  and - 
+ 

v2 V it fo l lows  t h a t  pl i s  an isomorphism. Thus V i s  

I isomorphic t o  V1 , and s i m i l a r l y  t o  V2 , s o  t h a t  Y1 and V2 

I a r e  isomorphic,  a s  r e q u i r e d .  

A c o m p l e m e n t :  If char k  = 0 , t hen  i n  t h e  e x i s t e n c e  proof above 
1 1 1 t 1 1 1  

V is  i t s e l f  i r r e d u c i b l e ,  i . e .  V = V and V . . . = O .  I n  

I o t h e r  words, if t h e  Chevalley group G is  cons t ruc t ed  from an  

i r r e d u c i b l e  g - m o d u l e .  V and a  f i e l d  k  of c h a r a c t e r i s t i c  0 , 
t h e n  a s  a  l i n e a r  group it is i r r e d u c i b l e .  

I 

Proof :  R e c a l l  t h a t  V was o r i g i n a l l y  an  f a -module ( i r r e d u c i b l e  

by a s sumpt ion ) ,  and t h a t  a  l a t t i c e  M a s  i n  Theorem 2 ,  Cor. 1 was 

t h e n  used t o  s h i f t  t h e  c o e f f i c i e n t s  t o  k  . C l e a r l y  VQ i s  i r r e -  

d u c i b l e  r e l a t i v e  t o  . It fo l lows  t h a t  Vk i s  i r r e d u c i b l e  



I r e l a t i v e  t o  Lk: otherwise  t h e r e  would be a  p roper  i n v a r i a n t  

i + + 
subspace V1 , exc lud ing  kv s ince '  kv n Vg f 0 , t h e n  some 

nonzero v E V1 such t h a t  Xuv = 0 f o r  a l l  CL > 0 , s o  t h a t  

w r i t i n g  v  = C t m (mi E M, ti 
i i E k and l i n e a r l y  independent 

over 9 )  and choosing a s o  t h a t  Xami $ 0 f o r  some i , we 

would a r r i v e  a t  t h e  c o n t r a d i c t i o n  Z tiX,mi = 0 . Since  we can 

I .  r e cove r  each Xa from G by u s i n g  x,(t ) = 1 + t X a  + . . . f o r  

1 s e v e r a l  va lues  of t and t h e  X,'s g ene ra t e  , we conclude 

t h a t  V k  i s  i r r e d u c i b l e  f o r  G . 
I n  c o n t r a s t  t o  t h e  case  j u s t  cons idered ,  i f  char  k $ 0 , t h e n  

V'  $ V" and V' " $ 0 i n  g e n e r a l  and t h e  exac t  s i t u a t i o n  is  no t  

I 
a t  a l l  unders tood ,  except  i n  a  few s c a t t e r e d  ca se s  ( t y p e s  A1, A 2 ,  

B2 o r  when char  k i s  l a r g e  i1comparedh9 t o  h )  . However, t h e  

t fo l l owing  is t r u e .  

J 

E x e r c i s e :  - ( a )  For t h e  l a t t i c e  M of Theorem 2 ,  Cor. 1 (wi th  V 

t h e r e  assumed t o  be  i r r e d u c i b l e )  assume t h a t  c v + n  M i s  pre-  
I 

s c r i b e d .  Prove t h a t  t h e r e  is  a  unique minimal cho ice  f o r  M 

I ( con ta ined  i n  a l l  o t h e r s )  and a  unique maximal cho ice ,  

Assume ilow as i n  t h e  complement, except  t h a t  char  k $ 0 . 
1 1  

( b )  I f  H i s  maximal, t h e n  V" = 0 , i . e .  V is 

I - i r r e d u c i b l e .  
t ? 1.  

( c )  I f  M i s  minimal, t h e n  V = V . 
Example : If i s  of t y p e  :Il , char  k = 2  , ai-id t h e  a d j o i n t  

r e p r e s e n t a t i o n  is  used ,  t h e n  ( b )  ho lds  f o r  M lila x = a, H/2, Y> 

and ( c )  ho lds  f o r  DLin = a, H ,  Y> , but  not  v i c e  v e r s a .  
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The proof g iven  above f o r  t h e  e x i s t e n c e  i n  Theorem 3 9 ( e )  

b r ings  out  t h e  connection between t h e  r e p r e s e n t a t i o n s  of G and 

t h o s e  of % and shows t h a t  every i r r e d u c i b l e  r a t i o n a l  represen-  

t a t i o n  of a  Chevalley group i n  c h a r a c t e r i s t i c  p  f 0 can be con- 

s t r u c t e d  by t h e  r e d u c t i o n  mod p  of a  corresponding r e p r e s e n t a t i o n  

of a  group i n  c h a r a c t e r i s t i c  0 . It depends, however, on t h e  

e x i s t e n c e  of r e p r e s e n t a t i o n s  of % , which we have no t  proved 

h e r e ,  t h u s  i n  i t s  e n t i r e t y  i s  very  long .  We s h a l l  now develop an 

a l t e r n a t e ,  more i n t r i n s i c ,  proof .  

We s t a r t  wi th  t h e  connect ion between a  G-=module V and i t s  

dua l  V" , on which G a c t s  by t h e  r u l e  (xf) ( v )  = f (x- lv)  f o r  

a l l  x E G ,  f E V" , and v  E V . We r e c a l l  t h a t  wo i s  t h e  e l e -  

ment of t h e  Weyl group which makes a l l  p o s i t i v e . r o o t s  nega t ive .  

Lemma 73: Let  V be an i r r e d u c i b l e  r a t i o n a l  G-module, h  i t s  
+ .I. 

h i g h e s t  weigh t ,  v  a  corresponding weight v e c t o r ,  A". = -woh , 
- + 

and ff  t h e  element of v": de f ined  t h u s :  i f  we w r i t e  v  = w v 
0 - 

and v  E V a s  v = cv + terms of o t h e r  (hence h i g h e r )  weights ,  
+ 

t hen  f ( v )  = c  Then h '  and f +  a r e  h i g h e s t  weight and 
.I, 

h ighes t  weight vec to r  f o r  v.'. . 

Proof:  I n  t h e  d e f i n i t i o n  of f +  we have used t h e  f a c t  t h a t  

dim Vw = dim V h  = 1 . Here, and a l s o  i n  s i m i l a r  s i t u a t i o n s  
0 

l a t e r ,  we ex tend  h t o  B by t h e  r u l e  h ( h )  = h ( h )  if 
.I, 

b  = uh ( u  E U ,  h  E H )  , and s i m i l a r l y  f o r  h"' . If we w r i t e  

v  E V a s  i n  t h e  lemnia and use  Lemma 7 2 ,  we s e e  t h a t  

bv = c  (woh) (h )v r -  + higher  t e rms .  S ince  c  = f f  ( v )  and 



-1 + (w0h) ( h )  = hi"(b-l)  , we have f + ( b v )  = ~ ' " ( b  )f  ( v )  . On r e p l a c i n g  

b  by b-l  we g e t  b f+  = A* ( b ) f f  , a s  r e q u i r e d .  

Theorem 40: For A E L l e t  .iA be t h e  space  of  polynomial  func- - 
t i o n s  a  on G such t h a t  a ( y b )  = a ( y ) h ( b )  f o r  a l l  y  E G ,  

b  E B , made i n t o  a  G-module i n  t h e  obvious way. 

( a )  If V ,  A ,  vf a r e  a s  i n  Lemma 71, t h e n  t h e  map 
J, 

'P :: V q  -> A def ined  by ( ~ f  ) ( x )  = f (xv+)  f o r  f E v3' and 
A 

x  E G i s  a  G-isomorphism i n t o .  

( b )  Conversely,  i f  A is such t h a t  ,iA $ 0 , t h e n  A h  

c o n t a i n s  a  unique i r r e d u c i b l e  G-submodule. The l a t t e r  is f i n i t e -  
.I. 

dimensional  and r a t i o n a l  and i t s  h i g h e s t  wieght is hq. . 

Proof :  ( a )  The p o i n t s  t o  be -checked h e r e  w i l l  be  l e f t  a s  an 

e x e r c i s e  . 
( b )  We observe f i r s t  t h a t  a s  a  G-module A h  is l o c a l l y  

f in i t e -d imens iona l  ( i n  f a c t ,  it is f i n i t e -d imens iona l  , b u t  we s h a l l  

no t  prove t h i s ) ,  s i n c e  t h e  s e t  of polynomials of a g iven  degree 

i s .  Thus t h e r e  e x i s t  i r r e d u c i b l e  submodules and a l l  of them a r e  

f i n i t e -d imens iona l  and r a t i o n a l .  Let  p  be  t h e  h i g h e s t  weight of 
+ 

any one of them and a  a  corresponding nonzero weight  vector . .  We 

-1 + I 1 .  have ( " )  a + ( b x b l )  = p ( b  ) a  ( x ) A ( b  ) f o r  a l l  x E G ,  b ,  b  E B . 
. + + 

Since  Bw B is dense i n  G ,  a  ( w o )  + 0 . Since  a l s o  a  (bwo) 
0 

+ -1 
= a  (wo.wO bwo) , we g e t  from t h e  above equa t ion  t h a t  p ( b - l )  

.I, '0. 

= ~ ( w z ' b w ~ )  , s o  t h a t  p = A S ince  /I is  un ique ly  determined 
+ 

by A , t h e  f u n c t i o n  a  is determined by i t s  va lue  a t  wo by 
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( + )  with x = w and t h e  d e n s i t y  of BwoB i n  G , proving t h e  
0 

uniqueness i n  ( b ) .  

Remarks: ( a )  I n  c h a r a c t e r i s t i c  0 it e a s i l y  fol lows from t h e  

theorem of complete r e d u c i b i l i t y  t h a t  Ah i t s e l f  i s  i r r e d u c i b l e .  

( b )  T h e r e p r e s e n t a t i o n o f  G on B is, ,  i n t h e  con tex t  
h  

of polynomial r e p r e s e n t a t i o n s . ,  t h e  one induced by t h e  c h a r a c t e r  

h  on B . The f a c t  t h a t  it conta ins  a  r e p r e s e n t a t i o n  of  h ighes t  
.I. 

weight , i s ,  i n  view of  Theorem 3 9 ( a ) ,  a  form of Frobenius 

r e c i p r o c i t y .  

+ 
Lemma 74: Let  f +  be  a s  i n  Lemma 73 and a  = ~ f +  with .P as 

+ + + 
i n  Theorem 4 0 ( a )  s o  t h a t  xv = a  (x)wov + higher  t e rms .  Let WA 

be  t h e  s t a b i l i z e r  of A i n  W , and f o r  w E Wh assume t h a t  t h e  

corresponding r e p r e s e n t a t i v e  w E G has been chosen s o  t h a t  
+ + 1 

wv = v  . Then i f  x E G i s  w r i t t e n  uhw wul ( s e e  Theorem 4 ) 
0 

w e  have a + ( x )  = ~"(h- ' )  i f  w E W 
A .' 

= 0 otherwise .  

Proof:: A choice  f o r  w E G a s  above is  always poss ible : :  i f  

A = 0 , t h e n  V i s  t r i v i a l  s i n c e  G = BG , while  i f  h  + 0 , 
+ + 

t hen  wv has weight wh = h  , hence is  a  inu l t ip le  of  v  , s o  

t h a t  by modifying it by a  s u i t a b l e  element of H we can ach ieve  
+ + + + 

wv = v  . From t h e  d e f i n i t i o n s  and Lemma 72 we have a  (x)wov 

+ 
= hw wv . I f  w E W , t h e n  a + ( x )  = h"(hml) by t h e  choice  of o h  

w , whi le  i f  a + ( x )  + 0 , t hen  w f i x e s  kv+ by t h e  equa t ion  s o  

t h a t  w E Wh . 
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This b r i n g s  us t o  t h e  

Second proof - - ----.-. of t h e  -- e m o r e n  - a > . - - -  3 9 ( e l :  - -  

Proof :  Le t  h be a s  i n  Theorem 3 9 ( c ) ,  It w i l l  be  enough t.0 prove 

t h a t  t h e  f u n c t i o n  de f ined  by t h e  l a s t  equa t ions  of Lemma 74 is  

r a t i o n a l  on G . The e x i s t e n c e  w i l l  t h e n  fo l l ow  from Theorem 4 0 ( b )  
\I. 

with  A"' i n  p l a c e  of h . By Lemma 70 any power of  t h i s  f u n c t i o n  

w i l l  do,  s o  t h a t  by Lemma 7L+ it w i l l  be  enough t o  c o n s t r u c t  a n  

i r r e d u c i b l e  r e p r e s e n t a t i o n  whose h i g h e s t  weight is some p o s i t i v e  

power ( p o s i t i v e  m u l t i p l e  if we w r i t e  c h a r a c t e r s  on H a d d i t i r e l y )  

of h . This  we w i l l  do,  u s i n g  t h e  fo l l owing  i n t e r e s t i n g  r e s u l t .  

Lemma 75 (Cheva l l ey ) :  Le t  G be a  l i n e a r  a l g e b r a i c  group and P  

a  c l o s e d  subgroup.  Then t h e r e  e x i s t s  a r a t i o n a l  G-module V and 

a  l i n e  L i n  V whose s t a b i l i z e r  i n  G i s  P  . 

Proof:.  Le t  ii be t h e  a l g e b r a  of polynomials  i n  t h e  m a t r i c  e n t r i e s  

and I t h e  i d e a l  d e f i n i n g  P . By H i l b e r t f s  b a s i s  theorem I 

is gene ra t ed  by a  f i n i t e  number of i t s  e lements ,  s o  t h a t  t h e r e  

e x i s t s  a  f i n i t e -d imens iona l  G-invar iant  subspace B of such 

t h a t  B f i  I , s a y  C , g e n e r a t e s  I . For x  E G we have t h e  
-- 

fo l lowing  equ iva l en t  c o n d i t i o n s :  x  E P;  f ( x  ly) = 0 f o r  a l l  

f E I ,  y  E P;  x I C I ;  xCCC . If now c  = d i m C ,  V =  RB, v - - 
is  t h e  product  i n  V of a b a s i s  f o r  C , and L = kv , it fo l lows  

t h a t  t h e  s t a b i l i z e r  of L i s  e x a c t l y  P  . 
- 

We resume t h e  proof of e x i s t e n c e .  Let  I I = {u1 ,a2, .  . . ,aG ) 

be  t h e  s e t  of s i r ~ p l e  r o o t s .  For i = 2 , .  . , l e t  Pi be  t h e  

p a r a b o l i c  subgroup of G corresponding t o  - [ a i )  ( s e e  Lemma 



0 Li = kv t h e  corresponding l i n e  of L e m a  75,  pi i t h e  

corresponding r a t i o n a l  c h a r a c t e r  on Pi , hence a l s o  on B and 

H , and Vi = kGvi . I f  j f i , t h e n  w is r e p r e s e n t e d  i n  
j Pi , 

s o  t h a t  p i  = pi and <,u.,a.> = 0 . Since  wi does no t  f i x  
1 J 

Li , by choice ,  it fol lows from p a r t s  ( b )  and ( c )  of Theorem 39 

a p p l i e d  t o  Vi t h a t  <pi,ai> is a  p o s i t i v e  i n t e g e r ,  s a y  di . 
If now A is a s  be fo re  s o  t h a t  Q,ui> = c  E Z' , it fo l lows  

i 

t h a t  dh = Z e . p  wi th  d  = K d i  and ei = cid/'di . If we form 
1 i e  e  

t h e  t e n s o r  product  uvii , t h e n  n v i i  i s  a  vec to r  of weight 

dh f o r  B , s o  t h a t  we may e x t r a c t  an  i r r e d u c i b l e  component whose 

h i g h e s t  weight is dh , and t h u s  complete our second e x i s t e n c e  

p roo f .  

Remark: We a r e  indebted  t o  G .  D.  Mostow f o r  t h e  proof j u s t  g iven .  

The e x t r a  problems t h a t  a r i s e  when char  k  0 a r e  compen- 

s a t e d  f o r  by t h e  f a c t  t h a t  on ly  a f i n i t e  number of r e p r e s e n t a t i o n s  

has  t o  considered i n  t h i s  c a s e ,  a s  we s h a l l  now s e e .  

Lemma - 76: Assume char  k  = p  f 0 . Let  Fr  ( f o r  Frobenius  ) denote 

t h e  ope ra t ion  of r e p l a c i n g  t h e  ma t r i c  e n t r i e s  of t h e  elements of 

G by t h e i r  p  t h  powers. 
If P i s  an  i r r e d u c i b l e  r a t i o n a l  rep- 

r e s e n t a t i o n  of G , t h e n  s o  is  9 o  Fr  . If t h e  h i g h e s t  weight of 

9 i s  , t h a t  of f Fr is - 
Proof :  Exe rc i se .  

Theorem 4.1: Assume t h a t  G above i s  u n i v e r s a l  ( i . e .  G is a  

simply connected a l g e b r a i c  g roup)  , and t h a t  char k  = p  $ 0 . Let 



G 2 be  t h e  s e t  of p  i r r e d u c i b l e  r a t i o n a l  r e p r e s e n t a t i o n s  of G 

f o r  which t h e  h i g h e s t  weight  h s a t i s f i e s  0  < - Q,ai> < p  - 1 

(ai s i m p l e )  . Then every  i r r e d u c i b l e  r a t i o n a l  r e p r e s e n t a t  i o n  of  
m 

G can be  w r i t t e n  un ique ly  @ fj o  F r J  pj E 2 ) 
J = O  

Ske tch  of proof :  - - , We observe  f i rs t  t h a t  s i n c e  G i s  u n i v e r s a l  
4- 

L  = L1 , s o  t h a t  a l l  A ' s  w i t h  a l l  <A , L ~ >  E occur  a s  h i g h e s t  

we igh t s ,  i n  p a r t i c u l a r  t h o s e  u sed  t o  d e f i n e  . Consider  

JI = Ofj o  F r J  Let  A be  t h e  h i g h e s t  weight  of  
j S j The 

produc t  of t h e  cor responding  weight  v e c t o r s  y i e l d s  f o r  

j 
9 "  

h i g h e s t  weight  v e c t o r  of weight  A = X p  h j  , by Lemma 76. If we 

va ry  t h e  pj ts  i n  n, we o b t a i n ,  i n  view of  t h e  uniqueness  of 

t h e  expans ion  of a number i n  t h e  s c a l e  of p  , each p o s s i b l e  

h i g h e s t  weight  A e x a c t l y  once .  Thus t o  prove t h e  theorem we 

need o n l y  show t h a t  each P above is  i r r e d u c i b l e .  The proof  of 

t h i s  f a c t  depends e v e n t u a l l y  on t h e  l i n e a r  independence of t h e  

d i s t i n c t  automorphislns F ( j  = O , , . .  . ) of k . We omit t h e  

d e t a i l s ,  r e f e r r i n g  t h e  r e a d e r  t o  R .  S t e i n b e r g ,  Nagoya Piath. J . 22 
/ (1963) , o r  t o  P. C a r t i e r ,  Sem. Bourbaki  255 ( 1 9 6 3 ) .  

C o r o l l a r y ;  assume t h a t  one of t h e  s p e c i a l  s i t u a t i o n s  of Theorem 

28 h o l d s .  Le t  f L  ( r e s p .  /? - )  b e  t h e  s u b s e t s  of  /C d e f i n e d  
2 

by <A,ui> = 0 f o r  a l l  i such  t h a t  a i s  l o n g  ( r e s p .  s h o r t ) .  

Then every  element of f can be  w r i t t e n  un ique ly  96 OfS with 

P r o o f :  Given f E k? , w r i t e  t h e  cor responding  h i g h e s t  weight  A 



and ps a r e  i n  and Rs  We have t o  show t h a t  p-t BPS 
is  i r r e d u c i b l e .  I f  we d e f i n e  cp a s  i n  Theorem 26 b u t  wi th  G 

.*, .I, 

I and G" i n t  erclianged, and s e t  pi = cp o  p4 , = w 0 yS , we haqe 
.I. -8 .  

t o  show t h a t  t h e  r e p r e s e n t a t i o n  ap; of G?. i s  i r r e d u c i b l e .  

<h:,a"> = p a s  ,a> i f  a. is  l o n g  

= 0 i f  n o t ,  

. 

. .  

.I. 

we s e e  t h a t  hi and / correspond t o  elements of 2 "' , s o  
.I. 

t h a t  t h e  c o r o l l a r y  fo l l ows  from Theorem 41 a p p l i e d  t o  Gel- . 

. 
Since  t h e  corresponding h i g h e s t  weights s a t i s f y  

.b 

. <A;,av> . . = QL?a> i f  u, i s  s h o r t  

= 0 i f  no t  

Examples : ( a )  SL2 . Here t h e r e  a r e  p  r e p r e s e n t a t i o n s  

Pi ( i  = 0 1 ,  . , = 1) i n  R , t h e  i th  be ing  r e a l i z e d  on t h e  

space  of polynomials  homogeneous of degree i over  k2 . 

I ( b )  Sp4,  p  = 2 . Here t h e r e  a r e  4 r e p r e s e n t a t i o n s  i n  

. If V i s  t h e  graph autornorphisrn of Theorem 28  t h e n  

f s o  t h a t  by t h e  above c o r o l l a r y ,  t h e s e  4 a r e ,  i n  o V =  

terms of t h e  d e f i n i n g  r e p r e s e n t a t i o n  p , j u s t  1 ( t r i v i a l ) ,  

J"P 0 9  , and  pB(~o.0  9 )  . 
The r e s u l t s  we have ob t a ined  can e a s i l y  be extended t o  t h e  

I case  t h a t  k i s  i n f i n i t e  ( b u t  perhaps n o t  a l g e b r a i c a l l y  c l o s e d ) .  

I We cons ide r  r e p r e s e n t a t i o n s  on v e c t o r  spaces  over K , some a lge-  

b r a i c a l l y  c lo sed  f i e l d  con ta in ing  k , and c a l l  them r a t i o n a l  i f  



I, t h e  coo rd ina t e s  of t h e  s o u r c e .  The preced ing  t h e o r y  is  then  a p p l i -  

c a b l e  a lmos t  word f o r  word because of t h e  fo l l owing  two f a c t s  bo th  

coming from t h e  denseness of G i n  GK ( t h i s  i s  G w i th  k 

extended t o  K )  . 
( a )  Every i r r e d u c i b l e  polynomial r e p r e s e n t a k i o n  of G ex- 

t ends  un ique ly  t o  one of 
G~ 

( b )  On r e s t r i c t i o n  t o  G every i r r e d u c i b l e  r a t i o n a l  r ep re -  

s e n t a t i o n  of GK remains i r r e d u c i b l e .  

Exe rc i s e :  Prove ( a )  and ( b ) .  

The s t r u c t u r e  of a r b i t r a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n s  is  

g iven  i n  t e rms  of t h e  polynomial  ones by t h e  f o l l o w i n g  g e n e r a l  

theorem. Given an  isomorphism Y of k  i n t o  K , we s h a l l  a l s o  

w r i t e  cp f o r  t h e  n a t u r a l  isomorphism of G on to  t h e  group V G  

ob t a ined  from G by r e p l a c i n g  k  by Yk . 

Theorem 42 (Bore1 , T i t s  ) : Let  G be  an indecomposable u n i v e r s a l  

Chevalley group over an  i n f i n i t e  f i e l d  k  , and l e t  D- be an  

L a r b i t r a r y  ( n o t  n e c e s s a r i l y  r a t i o n a l )  i r reduc ib1 .e  r e p r e s e n t a t i o n  

I of G on a  f i n i t e -d imens iona l  v e c t o r  space  V over  a n  a l g e b r a i -  
f 

6 c a l l y  c l o s e d  f i e l d  K . Assume t h a t  c is  n o n t r i v i a l .  Then 
g 

t h e r e  e x i s t  f in i te ly-many isomorphisms iPi of k i n t o  K and 

corresponding i r r e d u c i b l e  r a t i o n a l  r e p r e s e n t a t i o n s  Ji of YiG 

over  K such t h a t  = @pi o  Y i  . , 

1 



imbeddable a s  a  s u b f i e l d  of K . I n  o t h e r  words, i f  k and K 

a r e  such t h a t  no such imbedding e x i s t s ,  e . g .  i f  c h a r  k  + c h a r  K , 
t h e n  every  i r r e d u c i b l e  r e p r e s e n t a t i o n  of G on a f i n i t e - d i m e n s i o n a l  

v e c t o r  s p a c e  over  K is n e c e s s a r i l y  t r i v i a l .  (Deduce t h a t  t h e  

same i s  t r u e  even if t h e  r e p r e s e n t a t i o n  is  n o t  i r r e d u c i b l e .  ) If 

k  i s  f i n i t e ,  t h e s e  s t a t e m e n t s  a r e ,  of  cou r se ,  f a l s e .  

( b )  The theorem can be  completed by s t a t e m e n t s  concern ing  

t h e  uniqueness  of t h e  decomposi t ion  and t h e  c o n d i t i o n  f o r  i r r educ -  

i b i l i t y  if t h e  f a c t o r s  a r e  p r e s c r i b e d .  S i n c e  t h e s e  s t a t e m e n t s  a r e  

a  b i t  compl ica ted  we s h a l l  omit them. 

( c )  The theorem was c o n j e c t u r e d  by u s  i n  Nagoya Math. 

J .  22 (1963). The proof  t o  f o l l o w  is ba sed  on a n  a s  y e t  unpub- 

l i s h e d  paper  by A. Bore1 and J .  T i t s  i n  which r e s u l t s  of a  more 

g e n e r a l  c h a r a c t e r  a r e  cons ide r ed .  

1 
Lemma 77: Le t  G ,  G be  indecomposable Cheval lep  groups  over  

1 
f i e l d s  k ,  k t  w i th  k i n f i n i t e  and k  a l g e b r a i c a l l y  c l o s e d ,  

1 
and  r : G > G a  homomorphism such  t h a t  o-G i s  dense  i n  G . 

1 
( a )  There  e x i s t s  a n  isomorphism 3 of k i n t o  k and 

a r a t i o n a l  hoinomor~~hism 9 of G i n t o  G '  s uch  t h a t  = P o " -  
( b )  If G i s  u n i v e r s a l ,  t h e n  9 can be  l i f t e d ,  u n i q u e l y ,  

1 
t o  t h e  u n i v e r s a l  cove r ing  group of G . 

Proo f :  ( a )  If t h e  r e a d e r  w i l l  examine t h e  proof of Theorem 31 

h e  w i l l  obse rve  t h a t  what is  shown t h e r e  i s  t h a t  o- can b e  nor-  
T 

mal ized  s o  t h a t  o-x,(t) = xar ( ~ ~ $ ( t )  q ( a ) )  w i t h  a -> a a n  



1 
ang l e -p r e se rv ing  limp of  1 on 1 , = - +1, V an isomorphism of 

t 
k o n t o  k , and q(a) = 1 on p  . Since  we a r e  assuming on ly  

t 1 
t h a t  o-G is  dense i n  G , not  t h a t  0-G = G , t h e  proof  of t h e  

cor responding  r e s u l t '  i n  t h e  p r e s e n t  c a s e  is  somewhat h a r d e r .  How- 

e v e r ,  t h e  main i d e a s  a r e  q u i t e  s i m i l a r .  We omit t h e  p roo f .  From 

t h e  above equa t i ons  and t h e  cor responding  ones on H , it fo l l ows  

f rom Theorem 7 t h a t  cr has t h e  form of ( a ) .  

( b )  From t h e s e  equa t i ons  we s e e  a l s o ,  e . g .  by c o n s i d e r i n g  

t h e  r e l a t i o n s  ( )  ( 3 )  , ( C )  of Theorem 8 ,  t h a t  S can b e  l i f t e d  
t 

t o  any cover ing  of G , u n i q u e l y  s i n c e  G = B G . 
- 

Proof of Theorem 42: Le t  A = O-ti , t h e  s m a l l e s t  a l g e b r a i c  sub- 

group of GL(V) c o n t a i n i n g  o-G . We c l a im  :i is  a  connected  

semis imple  g roup ,  hence a  Cheva l l ey  group.  A s  i n  t h e  proof  of 
__IC - 

Theorem 30, s t e p  ( 1 2 ) ,  o-U is connec ted ,  and  s i m i l a r l y  f o r  o-U- , 
s o  t h a t  A , be ing  g e n e r a t e d  by t h e s e  g roups ,  i s  a l s o .  L e t  R be  

l 
a  connected  s o l v a b l e  normal subgroup of  . By t h e  Lie-Kolchin 

I theorem R has  weights  on V , f i n i t e  i n  nu.nzber. a permutes t h e  

I cor responding  weight  s p a c e s ,  a n d ,  be ing  conilected,  f i x e s  them a l l .  

I S i n c e  V i s  i r r e d u c i b l e ,  t h e r e  is on ly  one such  s p a c e  and it is 

a l l  of  V , s o  t h a t  R c o n s i s t s  of s c a l a r s ,  of de t e rminan t  1 

s i n c e  A = 21 , s o  t h a t  R is f i n i t e .  S ince  R i s  connec ted ,  

1 R = 1 , s o  t h a t  A is  semis imple ,  a s  c la imed .  Let  A1 = n~~~ 
I be t h e  u n i v e r s a l  cove r ing  group of d w r i t t e n  as  a  p roduc t  of 

I i ts  indecomposable components, iio = Tiiio t h e  cor responding  

f a c t o r i z a t i o n  of  t h e  a d j o i n t  g roup ,  and a, B,  $' = r x i  t h e  



corresponding n a t u r a l  maps a s  shown: 

G 

0 

By Lemma 77 we can l i f t  8 6  conpsnentwise t o  g e t  a homomorphism 

6: G -> A1 of t h e  form 6 ( x )  = ro i cp i (x )  wi th  each cpi an  isomor- 

phism of k i l l to  K and E~ a  r a t i o n a l  hcmomor~hism of cpiG i n t o  

Ail . We have a6 = cr s i n c e  o therwise  we would have a  homomor- 

phism of G i n t o  t h e  c e n t e r  of a . By Lemma 6G, Cor. ( a ) ,  u , 
i n t e r p r e t e d  a s  an i r r e d u c i b l e  r a t i o n a l  r e p r e s e n t a t i o n  of A1 , may 

b e  f a c t o r e d  @ai wi th  ai an  i r r e d u c i b l e  r a t i o n a l  r e p r e s e n t a t i o n  
i 

of Ail . On s e t t i n g  Si = a. E , we s e e  t h a t  o- = u6 = O m .  ~ . c p  
1 i 1 1 i  

= , a s  r e q u i r e d .  
i 

C o r o l l a r E  ( a )  Every a b s o l u t e l y  i r r e d u c i b l e  r e a l  r e p r e s e n t a t i o n  

of a  r e a l  Chevalley group G is r a t i o n a l .  

1 ( b )  Every holomorphic i r r e d u c i b l e  r e p r e s e n t a t i o n  of a  

s emisimple coraplex L ie  group is r a t i o n a l .  

( c  ) Zvery continuous i r r e d u c i b l e  r e p r e s e n t a t i o n  of a  

s imply connected semisimple complex L i e  group i s  t l ie  t e n s o r  product  

of a  holomorphic one and an  ant iholomorphic  one. 



t r a n s i t i o n  t o  t h e  nonun ive r sa l  c a se  i s  an easy  e x e r c i s e .  

( b )  The proof  is s imilar  t o  t h a t  of ( a ) .  

( c  ) The on ly  cont inuous  isomorphisms of i n t o  a r e  

t h e  i d e n t i t y  and complex con juga t i on .  

Exercise. :  Prove t h a t  t h e  word ~ t a b s o l u t e l y l i  i n  ( a )  and t h e  words 

iTsimply connectedB1 i n  ( c )  may n o t  b e  removed. 

Now we s h a l l  t ouch  b r i e f l y  on some a d d i t i o n a l  r e s u l t s .  

I C h a r a c t e r s .  A s  i s  customary i n  r e p r e s e n t a t i o n  t h e o r y ,  t h e  charac-  - 
t e r s  ( i  .e .  t h e  t r a c e s  of t h e  r e p r e s e n t a t i v e  m a t r i c e s )  p l a y  a  v i t a l  

r o l e .  We s t a t e  t h e  p r i n c i p a l  r e s u l t s  i n  t h e  form of a n  e x e r c i s e .  

E x e r c i s e :  ( a )  Prove t h a t  two i r r e d u c i b l e  r a t i o n a l  G-modules a r e  

i somorphic  i f  and  on ly  i f  t h e i r  c h a r a c t e r s  a r e  equ.al. (Consider  

I . t h e  c h a r a c t e r s  on H . ) 
( b )  lissume t h a t  char  k = 0 and  t h a t  t h e  theorem of 

complete r e d u c i b i l i t y  has been proved i n  t h i s  c a s e .  Prove ( a )  f o r  
1 

I r e p r e s e n t a t i o n s  which need n o t  be  i r r e d u c i b l e .  

( c )  : i s s u m  char  k = 0 . Prove WeylTs formnu-las : Let  V ,  A 

be  a s  i n  Theorem 3 9 ( e )  , X t h e  corresponding c h a r a c t e r ,  and  6  

one-half t h e  sum of  t h e  p o s i t i v e  r o o t s ,  a  c h a r a c t e r  on H . S e t  

S  = C d e t  w . w ( h  + 6 )  , a  sum of  f u n c t i o n s  on H . Then 
A w c'iJ 
(1) ~ ( h )  = S h ( h ) / ' s 3 ( h )  a t  a l l  h  E H where S o ( h )  + 0 . 
( 2 )  dim V =  na + 6,(r>/<d,a> . 

u>o 
( H i n t .  u s e  t h e  cor responding  formulas  f o r  L i e  a l g e b r a s  ( s e e  ,-  e  .g.. ,. 

Jacobson ,  L i e  Algebras )  and t h e  complement t o  Theorem 3 9 ) .  
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Remark;- The forinula (1) determines X unique ly  s i n c e  it t u r n s  

out  t h a t  t h e  elements of G which a r e  con juga te  t o  t h o s e  elements 

of H f o r  which So $ 0 form a dense open s e t  i n  G . 
The u n i t a r i a n  t r i c k .  - . . The b a s i c  r e s u l t s  about  t h e  i r r e d u c i b l e  com- 

p l e x  r e p r e s e n t a t i o n s  of a compact semisimple L i e  group K , i . e .  

a maximal compact subgroup of a complex Chevalley group G a s  i n  

8 8 ,  can be deduced from t h o s e  of G because of t h e  fo l l owing  i m -  

p o r t a n t  f a c t :  ( K is  Zar iski -dense  i n  G . Because of Lemmas 

43 ( b )  and 45 ( K  is gene ra t ed  by t h e  groups rp2SU2) t h i s  comes 

down t o  t h e  f a c t  t h a t  SU2 is  Zar iski -dense  i n  S L ~ ( ~ )  , whose 

proof is  a n  easy  e x e r c i s e .  By ( )  t h e  r a t i o n a l  i r r e d u c i b l e  rep- 

r e s e n t a t i o n s  of G remain d i s t i n c t  and i r r e d u c i b l e  on r e s t r i c t i o n  

t o  K . That a complete se t  of cont inuous  r e p r e s e n t a t i o n s  of K 

is s o  ob t a ined  t h e n  fo l l ows  from t h e  f a c t  t h a t  t h e  corresponding 

c h a r a c t e r s  form a complete s e t  of cont inuous  c l a s s  f u n c t i o n s  on 

K . The proof of t h i s  u s e s  t h e  formula  f o r  Haar measure on K 

and t h e  o r t h o g o n a l i t y  and completeness p r o p e r t i e s  of complex ex- 

p o n e n t i a l ~ ,  and y i e l d s  a s  a by-product Weyl f s  c h a r a c t e r  formula 

i t s e l f .  Th is  i s  how -\ ieyl  proved h i s  formula i n  14ath. Z e i t .  24 

(1926)  and it is  s t i l l  t h e  b e s t  way. The theorem of complete r e -  

d u c i b i l i t y  can be  proved a s  f o l l o w s .  Given any r a t i o n a l  represen-  
I 

t a t i o n  space  V f o r  G and a n  i n v a r i a n t  subspace V , we can,  

by ave rag ing  over  K , r e l a t i v e  t o  Haar measure, any p r o j e c t i o n  
f 

o f  V on to  V and t a k i n g  t h e  k e r n e l  of t h e  r e s u l t ,  g e t  a corn- 

plementary subspace i n v a r i a n t  under K , t hus  a l s o  i n v a r i a n t  under 



G because of ( + ) .  It is t h e n  n o t  d i f f i c u l t  t o  r e p l a c e  t h e  complex 

f i e l d  by any f i e l d  of c h a r a c t e r i s t i c  0 . 
I n v a r i a n t  - b i l i n e a m m s  - . G denotes an indecoinposable i n f i n i t e  

Chevalley group,  V an  i r r e d u c i b l e  r a t i o n a l  G-module, and A 

its h ighes t  weight.  

Lemma 78:  The fo l lowing  condi t ions  a r e  equ iva len t .  

( a )  There e x i s t s  on V a  (nonzero)  i n v a r i a n t  b i l i n e a r  form. 

( b )  V and i ts  dual  $ a r e  isomorphic.  

Proof : Exerc ise  ( s e e  Lemma 73) .  

Exerc i se :  Prove t h a t  -w is t h e  i d e n t i t y  f o r  a l l  s imple  types  
0 

except An(n 2 2 ) ,  D2n+l, E6, and f o r  t h e s e  types  it comes from 

invo lu to ry  automorphism of t h e  Dynkin diagram. (Hin t  : f o r  a l l  of 

t h e  u n l i s t e d  cases  except f o r  DZn t h e  Dynkin diagram has  no sym- 

metry. ) 

Exerc ise :  -- If t h e r e  e x i s t s  an  i n v a r i a n t  b i l i n e a r  form on V , then 

it i s  unique up t o  m u l t i p l i c a t i o n  by a s c a l a r  and is e i t h e r  sym- 

m e t r i c  o r  skew-symmetric. (Hin t :  u s e  Schurrs  Lemma.) 

- 
Lemma -- 79 : Let h  = I (ha( -1  J , t h e  product over t h e  p o s i t i v e  r o o t s  . 

( a )  h  i s  i n  t h e  cen te r  of G and hz = 1 . 
( b )  If V possesses  an  i n v a r i a n t  b i l i n e a r  form t h e n  it is 

symmetric if h ( h )  = 1 , 
skew-symmetric i f  ~ ( h )  = -1 . 



Proof:  ( a )  S ince  ha(-1) = h (-1) (check t h i s ) ,  h  is f i x e d  
-U 

by a l l  elements of W . This implies  t h a t  h  is i n  t h e  c e n t e r ,  
1 2 

a s  e a s i l y  fo l lows  from Theorem 4  . Since ha(-1) = h,(l) = 1 , 
we have h2 = 1 . 

4. + 
( b )  We have an isomorphism 9 : V -> VeP , v -> f+  

with v+ and f C  a s  i n  Lemma 73; t h e  corresponding b i l i n e a r  form 
1 t 

on V i s  g iven  by ( v , v  ) = (cpv)(v ) . It fo l lows  t h a t  

-1 + + + 
( X V + , ~ V + )  = f C ( x  yv ) f o r  a l l  x ,  y  E G . T ~ U S  ( V  ,wov ) 

+ + 4- + -1 + 
= f (wov ) 0 by t h e  d e f i n i t i o n  of f+  , and (wov ,v  ) = f ( w o  v ) . 
If W o = W W W  a @ ?I*** is a  minimal product of s imple  r e f l e c t i o n s  i n  

W , t h e n  f o r  d e f i n i t e n e s s  we p i c k  wo = w a ( l ) w B ( l )  ... i n  G , s o  

t h a t  w i l  = . w - 1 ) - w - 1  We have w U ( - 1 )  = w U ( l ) h a ( l )  , 
and s i m i l a r l y  f o r  , . . . . S u b s t i t u t i n g  i n t o  t h e  expression f o r  

w and b r ing ing  a l l  t h e  h ' s  t o  t h e  r i g h t ,  by r epea ted  con juga- 
0 

t i o n  by w f s  , we g e t  t o  t h e  r i g h t  h  by Appendix 11 (25 )  and t o  

t h e  l e f t  . w ( l ) w ( l ) w ( l )  which is j u s t  wo by a  lemma t o  
+ +  

be proved i n  t h e  l a s t  s e c t i o n .  Thus w i l  = woh , and (wov ,v  ) 
3. + + 4- 

becomes A(h)f (wov ) = ~ ( h ) ( v  ,wov ) , a s  r e q u i r e d .  

Observation: h  a s  i n  Lemma 79 is 1 i n  each of t h e  fo l lowing  

c a s e s ,  s i n c e  t h e  cen te r  is of odd order .  

( a )  G is a d j o i n t .  

( b )  Char k = 2 . 

( c )  G is of type  A e n , E 6 ,  E8,  F 4 , G 2 .  

n 
Exerc ise :  I n  t h e  remaining cases  f i n d  h  , a s  a product ma(-1) (X. 

over t h e  s imple  r o o t s .  



Example :. - SL2 . For every V t h e r e  is an i n v a r i a n t  b i l i n e a r  form. 

Assume char  k = 0 , s o  t h a t  f o r  each i = l , , . .  t h e r e  is  

e x a c t l y  one V of dimension i , v i z .  t h e  space of polynomials 

homogeneous of degree i - 1 . Then t h e  i n v a r i a n t  form i s  symmet- 

r i c  i f  i is  odd, skew-symmetric i f  i i s  even. 

I n v a r i a n t  Hermitean .. forms.  Assume now t h a t  G is  complex, o- i s  

t h e  automorphism of Theorem 16 ,  K = G, is  t h e  corresponding max- 
+ 

irnal compact subgroup,  V and v a r e  a s  b e f o r e ,  and f: G -> 
+ + 

is de f ined  by xv = f ( x ) v  + terms of o t h e r  weigh ts .  

( a )  Prove t h a t  f(o-x-') = . ( F i r s t  prove it on U-HU , 
t h e n  u s e  t h e  d e n s i t y  of U-HU i n  G . )  

( b )  Prove t h a t  t h e r e  e x i s t s  a unique form ( , ) from 

V x V t o  which i s  l i n e a r  i n  t h e  second p o s i t i o n ,  con juga te  
+ + -1 

l i n e a r  i n  t h e  f i r s t ,  and s a t i s f i e s  (xv ,yv ) = f ( c x .  y )  , and 

t h a t  t h i s  form is Hermitean. 

( c )  Prove t h a t  ( , ) i s  p o s i t i v e  d e f i n i t e  and i n v a r i a n t  

under  K . 

Dimensions. Assume now t h a t  G is a Chevalley group over  an  in-  

f i n i t e  f i e l d  k , t h a t  V and h a r e  a s  b e f o r e ,  and t h a t  vz 
is t h e  u n i v e r s a l  a lgeb ra  of Theorem 2 ,  w r i t t e n  i n  t h e  form 
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( a )  Prove t h a t  t h e r e  e x i s t s  an antiautomorphism r of 

vZL such t h a t  6X, = X-, and o-Ha = Ha f o r  a l l  a . 
t 

( b )  Define a b i l i n e a r  form ( 0  ,u ) from q2! t o  a% t h u s :  



T 
w r i t e  r u . u  i n  t h e  above form and 

Prove t h a t  t h i s  forin i s  symmetric. 

( c )  Now d e f i n e  a  b i l i n e a r  form 

( , = h o  ( , ' ( i n t e r p r e t i n g  h 

t h a t  h(H,) E ZL+ f o r  a l l  a > 0 )  . 
i s  reduced  modulo t h e  c h a r a c t e r i s t i c  

is j u s t  t h e  dimension of V . 

t h e n  s e t  every Xu = 0 . 

from vz t o  2 t h u s :  

a s  a  l i n e a r  form on %- su 

Assuming now t h a t  t h i s  form 

of k , prove t h a t  i ts  r ank  



3 1 .  Represen t a t i ons  cont inued.  I n  t h i s  s e c t i o n  t h e  i r r e d u c i b l e  

r e p r e s e n t a t i o n s  of c h a r a c t e r i s t i c  p  ( t h e  c h a r a c t e r i s t i c  of t h e  

base  f i e l d  k )  of t h e  f i n i t e  Cheval ley groups  and t h e i r  t w i s t e d  

analogues  w i l l  be considered.  The main r e s u l t  i s  as  fo l lows .  

Theorem 43: Le t  G be a f i n i t e  u n i v e r s a l  Cheval ley group o r  one 

of i t s  t w i s t e d  ana logues  c o n s t r u c t e d  as  i n  811 as  t h e  s e t  of f i x e d  

p o i n t s  o f  a n  automorphism of  t h e  form x , ( t )  -> x (+ t d a ) )  . Then 
Pa 

J 

t h e  ll- q ( a )  i r r e d u c i b l e  polynomial  r e p r e s e n t a t i o n s  of t h e  i nc lud -  
a simple 

i n g  a l g e b r a i c  group ( g o t  by ex tend ing  t h e  base  f i e l d  k t o  i t s  

a l g e b r a i c  c l o s u r e )  f o r  which t h e  h i g h e s t  we igh t s  h s a t i s f y  

0 5 < h,a > <_ q ( a )  - 1 f o r  a l l  s imple  a remain i r r e d u c i b l e  

and d i s t i n c t  on r e s t r i c t i o n  t o  G and form a complete s e t .  

By Theorem 41 we a l s o  have a t e n s o r  product  theorem wi th  t h e  
C 3 

product  s u i t a b l y  t r u n c a t e d ,  f o r  example t o .  n3if G i s a  
0 0 

Cheval ley group over  a f i e l d  of pn elements.  

Exe rc i s e :  Deduce from Theorem 43 t h e  n a t u r e  of t h e  t r u n c a t i o n s  

f o r  t h e  v a r i o u s  t w i s t e d  groups.  

I n s t e a d  of proving t h e  above r e s u l t s  ( s e e  Nagoya Math. J 22 

( 1 9 6 3 ) ) ,  which would t a k e  t o o  l o n g ,  we s h a l l  g i v e  an  a p r i o r i  

development, s i m i l a r  t o  t h e  one of t h e  l as t  s e c t i o n .  

We s ta r t  wi th  a group of t w i s t e d  rank 1 ( i . e .  o f  t y p e  

A1, 2 ~ 2 7  2 ~ 2 ,  o r  2  G 2 ,  t h e  degene ra t e  c a s e s  A1(2), A1(3), ... 
no t  be ing  exc luded) .  The s u b s c r i p t  c on G r ,  Wb , ... w i l l  



hence fo r th  be omi t t ed .  We w r i t e  X ,  Y ,  w,  K f o r  y a ( a  > o ) ,  X-a , 
t h e  n o n t r i v i a l  element of t h e  Weyl group r e a l i z e d  i n  G , and a n  

a l g e b r a i c a l l y  c l o sed  f i e l d  of  c h a r a c t e r i s t i c  p  . We observe  t h a t  

U = X and U- = Y i n  t h e  p r e s e n t  case .  I n  a d d i t i o n ,  w i l l  

deno te  t h e  sum of  t h e  e lements  of X i n  KG . 

D e f i n i t i o n :  An element v  i n  a  KG-module V i s  s a i d  t o  be  a  

h i g h e s t  weight  v e c t o r  i f  it i s  nonzero and s a t i s f i e s  

(a) x v = v  f o r a l l  X E  U .  

( b )  h v = h ( h ) v  f o r  a l l  h e  H and some c h a r a c t e r  h o n H .  

- 
( c )  Xwv = ;l;v f o r  some p E: K . 

The couple  ( A , )  i s ' c a l l e d  t h e  cor responding  weight .  

Remark: The r e f i nemen t  ( c )  of  t h e  u s u a l  d e f i n i t i o n  i s  due t o  
F P  

C. W. C u r t i s  (111. J.  Math. 7(1963) and J. f u r  Math. 219 ( 1 9 6 5 ) ) .  

That such a re f inement  i s  needed i s  a l r e a d y  seen  i n  t h e  s i m p l e s t  

c a se  G = SL2(p )  . Here t h e r e  a r e  p  r e p r e s e n t a t i o n s  r e a l i z e d  on 

t h e  space s  of homogeneous polynomials  of deg ree s  i = 0,  1, ..., p - 1, 

w i t h  t h e  h i g h e s t  weight  i n  t h e  u s u a l  s ense  be ing  ihl . S i n c e  

t h e  group H i s  c y c l i c  of  o r d e r  p - 1 , t h e  we igh t s  0 and 

( p  - l )h l  a r e  i d e n t i c a l  on H , hence do no t  d i s t i n g u i s h  t h e  

cor responding  r e p r e s e n t a t i o n s  from each o t h e r .  

Theorem 44: Le t  G ( o f  r ank  1) and t h e  n o t a t i o n s  be a s  above. 

( a )  Every nonzero KG-module V c o n t a i n s  a h i g h e s t  

weight  v e c t o r ,  v  . For  such a v  we have KGv = KYv = KU-v . 



(b) If V i s  i r r e d u c i b l e ,  t h e n  it de te rmines  Kv a s  

t h e  unique l i n e  of V f i x e d  by U , hence it a l s o  de te rmines  t h e  

corresponding h i g h e s t  weight .  

( c )  Two i r r e d u c i b l e  KG-modules a r e  isomorphic if and o n l y  

i f  t h e i r  h i g h e s t  weigh ts  a r e  equal .  

The proof depends on t h e  fo l lowing  two lemmas. 

Lemma 8 0 :  Let  Y and K be a s  above,  o r ,  more g e n e r a l l y ,  l e t  Y - 

be any f i n i t e  p-group and K any f i e l d  of c h a r a c t e r i s t i c  p  . 
( a )  Every nonzero KY-module V c o n t a i n s  nonzero v e c t o r s  

i n v a r i a n t  under Y . 
( b )  Every i r r e d u c i b l e  KY-module i s  t r i v i a l .  

( c )  Rad ICY = ICc(y)y I C c ( y )  = 01 i s  t h e  unique maximal 

(one-s ided o r  two-s ided)  i d e a l  of KY . It i s  n i l p o t e n t .  

( d )  I i s  t h e  unique minimal i d e a l  of KY . 
Proof: ( a )  By induc t ion  on I Y I  . Assume I Y I  > 1 . Since  Y 

p-group, it h a s  a  normal subgroup of index  and 

t h e  subspace V1 of i n v a r i a n t s  of Yl on V i s  nonzero by t h e  

i n d u c t i v e  assumption.  Choose y  e Y t o  g e n e r a t e  Y / Y ~  , and 

v  i n  V1 and nonzero. Then (1 - y ) P  v = 0 . Now choose r 

maximal so t h a t  (1 - y) rv  0 . The r e s u l t i n g  v e c t o r  i s  f i x e d  by 

Y , whence ( a ) .  

( b )  By ( a ) .  



( c )  By i n s p e c t i o n  Rad KY i s  a n  i d e a l ,  maximal because  

i t s  codimension i n  KY i s  1 . B r i n g  t h e  k e r n e l  of  t h e  t r i v i a l  

r e p r e s e n t a t i o n ,  which i s  t h e  o n l y  i r r e d u c i b l e  one by ( b ) ,  it i s  t h e  

un ique  maximal l e f t  i d e a l ;  and s i m i l a r l y  f o r  r i g h t  i d e a l s .  On e a c h  

f a c t o r  of  a compos i t ion  s e r i e s  f o r  t h e  l e f t  r e g u l a r  r e p r e s e n t a t i o n  

of  KY on  i t s e l f  Y a c t s  t r i v i a l l y  by  ( b ) ,  hence  Rad KY a c t s  

as  0  , s o  t h a t  Rad KY i s  n i l p o t e n t .  

Lemma 81: F o r  x e X - 1 , w r i t e  wxw = f ( x ) ' h ( x ) w g ( x )  w i t h  

f ( x ) ,  g ( x )  e X and h ( x )  e H . 
( a )  f and g  a r e  p e r m u t a t i o n s  o f  X - 1 , 

Proof :  ( a )  If f ( x )  = 1  , we g e t  t h e  c o n t r a d i c t i o n  xw e B , 
0 

w h i l e  if f ( x  ) = f ( x )  , we s e e  t h a t  w -lx-1 '. x  w E B , s o  t h a t  
v 

x  = x . S i m i l a r l y  f o r  g  . 
- 2  ( b )  ( X W ) ~  = Xx + C X f ( x ) h ( x ) w g ( x )  . 

xex-1 
- 

Here f ( x )  g e t s  absorbed  i n  and h ( x )  nor rnz l i zes  X , whence 

( b ) .  

Proof  of  Theorem 44: ( a )  By Lemma 8 0 ( b )  t h e  s p a c e  o f  f i x e d  

p o i n t s  of  U = X on V i s  nonzero.  S i n c e  H n o r m a l i z e s  U and  

i s  A b e l i a n ,  t h a t  s p a c e  c o n t a i n s  a nonzero v e c t o r  v  such  t h a t  ( a )  

and ( b )  o f  t h e  d e f i n i t i o n  o f  h i g h e s t  weight  v e c t o r  h o l d .  L e t  



zwv = vl . If v1 = 0 ,  t h e n  ( c )  h o l d s  w i th  p = 0  . I f  n o t ,  we 

r e p l a c e  v by vl . Then ( a )  and ( b )  of t h e  d e f i n i t i o n  s t i l l  h o l d  - 

wi th  wh i n  p l a c e  of h , and by Lemmagl(b) s o  does  ( c )  w i th  

/L = C h ( h ( x )  ) . Now t o  prove t h a t  KGv = KYv it i s  enough, 

because o f ,  t h e  decornposi t ion G = YBuwB , t o  prove t h a t  wv e KYv . 
- 

By t h e  two p a r t s  of Lemma 81 we may w r i t e  X w v  = !:v , a f t e r  some 

s i m p l i f i c a t i o n ,  i n  t h e  form 

( ::: ) wv + C h ( ~ h - ' w ) ~ ( x ) v  = j sv  , 
xeX-1 

wi th  'y(x) = wxw -1 e Y , whence o u r  a s s e r t i o n . .  

F FP 
(b )  Let  V = Kv and V = Rad KY-v  . It f o l l o w s  from 

9 2 v 
Lemma 8O(c )  t h a t  t h e  sum V = V + V i s  d i r e c t .  Now assume 

t h e r e  e x i s t s  some vl E V ,  v 4 V '  , f i x e d  by X . We may assume 
1 

," 

t h a t  vl e V "  and a l s o  t h a t  vl i s  an  e i g e n v e c t o r  f o r  H s i n c e  
- - , s i n c e  Y(1-y) = 0 f b r  H i s  Abelian.  We have hl = wYvl = 0 ' 

any y  e Y . Thus vl i s  a  h i g h e s t  weight  v e c t o r .  By ( a ) ,  
. - , I  

V = KYvl - C KYV" = V , a  c o n t r a d i c t i o n ,  whence ( b )  . 

( c )  By ( b )  a n  i r r e d u c i b l e  KG-module de t e rmines  i t s  h i g h e s t  

weight  ( h , , )  un ique ly .  Converse ly ,  assume t h a t  V1 and V 2  

a r e  i r r e d u c i b l e  KG-modules w i t h  h i g h e s t  weight  v e c t o r s  vl and 

v2 of t h e  same weight  (x,,u) . S e t  v = v  1 + v2 E V1 + V 2  and 

t h e n  V = KGv = I(Yv . Now v2 4 V , s i n c e  o t h e r w i s e  we cou ld  w r i t e  

11 11 
= c v + v  dtr) c E K and v E Fiad KY. v 2nd t h e n  p r o j e c t i n g  on V1 

2 
and V 2  g e t  t h a t  c  = 0 and c  = 1 , a  c o n t r a d i c t i o n .  Thus we 



may complete t h e  proof  as i n  t h e  proof  o f  Theorem 39 i e ) .  

Theorem --A 45:  Let  ( b e  t h e  h i g h e s t  weight  of an  i r r e d u c i b l e  

KG-,module V. 

( a )  ~ f ' h S l ,  t h e n  r = O .  If & = I ,  t h e n  , u = ~  

( b )  Every weight  a s  i n  ( a )  can b e  r e a l i z e d .  Thus t h e  

number of p o s s i b i l i t i e s  i s  ( H I .  + 1. 

Proof:  (1) Proof of ( b  , I n  KG l e t  HA = C h ( h c * l )  h ,  t h e n  
- ~TEH 

u  = xi3hw% and v = XFh. A s  i n  t h e  proof  of Theorem 44 ( a ) ,  a 
- 

s imple  c a l c u l a t i o n  y i e l d s  ~ w ( u + c v )  = h(h(x)  ) u  + C Z W H ~ Z *  
XEX-1 

Here H a c t s ,  from t h e  l e f t ,  accord ing  t o  t h e  c h a r a c t e r s  

wh,h,wh on t h e  r e s p e c t i v e  terms.  Thus i f  wh f h,  we may r e a l - -  

i z e  t h e  weight ( h , O )  by t a k i n g  c  = 0. I f  w h  = h,  we t a k e  

c  = - C h ( h ( x ) )  i n s t e a d .  F i n a l l y  i f  h = 1, t h e n  ~ h ( h ( x ) )  = - 1 

and we g e t  ;$ = - 1 by t a k i n g  c  = 0.  To ach i eve  (h, , '~) i n  an 

i r r e d u c i b l e  module we s imply take KG(U+CV) modulo a maximal 

submodule. 

( 2 )  If dim V = 1, t h e n  V i s  t r i v i a l  and ( h , ~ )  = ( 1 , O ) .  

S ince  X and Y a r e  p--groups, t h e y  a c t  t r i v i a l l y  by Lemma gO(b ) ,  

whence ( 2 ) .  
T 71 

(3)  If dim V ,6 1, t h e n  h de te rmines  , Wri te  V = V + V 

a s  i n  t h e  proof  of  Theorem 4 4 ( b ) .  We have V" f 0 .  S i n c e  Y : :- 

f i x e s  vi7 i t  f i x e s  some l i n e  i n  i t ,  un ique ly  determined i n  V, 

by Theorem 44 ( b )  w i t h  Y i n  p l a c e  o f  X. S ince  Y c l e a r l y  
17 

f i x e s  wv, we conclude t h a t  wv & V . P r o j e c t i n g  (::.I o f  t h e  proof  



of  Theorem 44 ( a )  onto  v'., we g e t  

-1 ( 2  h(wh w) = , ! 5 ,  

whence ( 3 ) .  

4 Proof o f  ( a ) .  Combine (1) , (2 )  and (3 . 

o  Theorems 4.4 and 45 :: 

( a )  If h l t h e n  C h ( h ( x )  ) = 0 .  The number o f  
XEX- 1 

s o l u t i o n s  n ( h )  of  h(x)  = h with  h g iven  i s ,  modulo p,  

independent o f  h ,  i n  p a r t i c u l a r  f o r  each h i s  a t  l e a s t  1 

( c f .  Lemma 64, S t ep  (1)). 

( b )  The i r r e d u c i b l e  r e p r e s e n t a t i o n  of weight (h, ,u)  c a n  
- 

be  r e a l i z e d  i n  t h e  l e f t  i d e a l  genera ted  by X H ~ W X  + C ~ H ~  w i t h  

c  = 1 f o r  t h e  t r i v i a l  r e p r e s e n t a t i o n  (1 ,0)  

= 0  o therwise .  

( c )  I f  L C K i s  a  s p l i t t i n g  f i e l d  f o r  H ,  it i s  one 

f o r  G. 

( d l  D i m  V = 1x1 i f  (h , , :~)  = (1,-1) 

( 1x1 i f  no t .  

( e l  The number of p-regular  conjugacy c l a s s e s  of  G i s  

] H I  + 1. 

Proof:  ( a )  If h $ 1, then  9 = 0  by Theorem 45 (a), s o  t h a t  

C l  ( h ( x ) )  = 0  by ( above app l i ed  w i t h  h  r e p l a c e d  by wh . 
Then C n ( h ) h ( h )  = 0  f o r  every h  $ 1. By t h e  o r t h o g o n a l i t y  

r e l a t i o n s  f o r  t h e  c h a r a c t e r s  on H (which a r e  v a l i d  s i n c e  p $  /h I ) ,  
we conclude t h a t  n ( h )  , a s  an element o f  K, i s  independent o f  h.  

If n ( h )  were 0  f o r  some h ,  we w o u l d g e t  ) H ( = c ~ ( ~ ) = o  (mod p ) ,  

a  c o n t r a d i c t i o n .  
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( b )  Let V b e  a n  i r r e d u c i b l e  module whose d u a l  V" 

h a s  t h e  h i g h e s t  weight  h , .  We c o n s i d e r ,  a s  i n  Theorem 40 

t h e  isomorphism p of V" i n t o  t h e  induced r e p r e s e n t a t i o n  

space  o f  f u n c t i o n s  a  : G + K such  t h a t  a  (yb)  = a  (y )  h'"(b) 

f o r  a l l  y  E G ,  b  E B de f ined  by (cpf) (x)  = f (xv') w i t h  v+ 

a  h i g h e s t  weight  v e c t o r  f o r  V. Using t h e  decomposi t ion  

V = KW+ + Rad K X ~ W V ' ,  we may d e f i n e  f C  a s  i n  Lemma 73, p rove  

t h a t  it i s  a  h i g h e s t  weight  v e c t o r ,  and t h a t  a' = yf+ i s  g i v e n  

by t h e  e q u a t i o n s  of Lemma 74,  w i th  i n  p l a c e  of h  . 
Cover t ing  f u n c t i o n s .  on G t o  elements  o f  KG i n  t h e  u s u a l  way, 

a  rJ C a  ( x ) x ,  we s e e  t h a t  a +  becomes t h e  element o f  ( b )  , 
whence ( b )  . k t  t h e  same t ime  we s e e  t h a t  V may b e  r e a l i z e d  

i n  t h e  induced module Bh;: .--+ G ,  a s  t h e  unique i r r e d u c i b l e  

submodule i n  c a s e  h l a s  one o f  two i n  c a s e  h = 1. 

( c )  By ( b ) .  
- - 

( d l  If /I = 0 ,  t h e n  Xwv = 0 ,  whence Yv = 0  and 

dim V < I X  1 by Theorem 44 ( a ) .  Conversely i f  dim V 1x1, 
- 

t h e n  t h e  a n n i h i l a t o r  of v  i n  KY c o n t a i n s  Y by  Lemma 8 0 ( d ) ,  

s o  t h a t  ;(L = 0. 

( e l  By a  c l a s s i c a l  theorem o f  Brauer and N e s b i t t  

( U n i v e r s i t y  o f  Toronto S t u d i e s ,  1937) t h e  number i n  q u e s t i o n  

e q u a l s  t h e  number o f  i r r e d u c i b l e  KG-modules, hence equa l s  

I H I  + 1 by Theorem 4 5 ( b ) .  

Example: G = SL2(q ) .  Here ( H I  = q  - 1, s o  t h a t  / H I +  1 = q .  

- 
Remarks. ( a )  We s e e  t h a t  t h e  e x t r a  c o n d i t i o n  Xv = rn s e r v e s  

two purposes .  F i r s t  i t  d i s t i n g u i s h e s  t h e  s m a l l e s t  module ( I ,o )  
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f r o m  t h e  l a r g e s t  (1, - 1 Secondly ,  i n  t h e  proof  o f  t h e  k e y  

r e l a t i o n  KGv = KU? it t a k e s  t h e  p l a c e  of t h e  d e n s i t y  argument 

(U-B dense  i n  G )  used  i n  t h e  i n f i n i t e  case .  

( b )  The p r e c e d i n g  development a p p l i e s  t o  a wide c l a s s  o f  

doubly t r a n s i t i v e  p e r m u t a t i o n  groups  ( w i t h  B t h e  s t a b i ' l i e e r  

o f  a p o i n t ,  H o f  two p o i n t s ) ,  s i n c e  i t  depends o n l y  on t h e  

f a c t s  t h a t  H i s  A b e l i a n  and has  i n  B a normal  complement U 

which i s  a p-Sylow subgroup o f  G. 

Now we c o n s i d e r  g roups  o f  a r b i t r a r y  r a n k .  W ( = w ~ )  w i l l  

b e  g i v e n  t h e  s t r u c t u r e  o f  r e f l e c t i o n  g roup  a s  i n  Theorem 32  w i t h  

Z/R ( s e e  p .  177),  p r o j e c t e d  i n t o  Vo and s c a l e d  down t o  a s e t  

of u n i t  v e c t o r s ,  t h e  cor respond ing  r o o t  system. For  each s i m p l e  
- 

r o o t  a ,  we w r i t e  Y, f o r  X-a and  choose  wa i n  c X a  , Ya> 

t o  r e p r e s e n t  wa i n  W. If w E W i s  a r b i t r a r y ,  we choose a 

minimal  e x p r e s s i o n  w = wawb .. . a s  a p roduc t  o f  s i m p l e  re-  
- - - 

f l e c t i o n s ,  'and s e t  w = wawb . . . . Then F i s  independent  

o f  t h e  minimal  e x p r e s s i o n  chosen.  We pos tpone t h e  proof  of t h i s  

f a c t ,  which c o u l d  (and p r o b a b l y  s h o u l d )  have been  g i v e n  much 

e a r l i e r ,  t o  t h e  end o f  t h e  s e c t i o n  s o  a s  n o t  t o  i n t e r r u p t  t h e  

p r e s e n t  development .  A s  a consequance we have:  

Lemma 82 : If w = w,wb . . . i s  any minimal e x p r e s s i o n ,  t h e n  

- -- 
P r o o f :  S i n c e  w = wawb . . . t h i s  e a s i l y  f o l l o w s  by i n d u c t i o n  

on ~ ( w )  o r  b y  Appendix 11.25. 

We ex tend  t h e  e a r l i e r  d e f i n i t i o n  of h i g h e s t  weight  v e c t o r  
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by t h e  new requirement : 

- - 
( c )  X W v  = pav a  a  (pa E K )  f o r  every s imple  r o o t  a .  

Theorem 46: Let G b e  a (perhaps t w i s t e d )  f i n i t e  Chevalley 

group (of a r b i t r a r y  r a n k ) .  

a , ( b ( c  Same as ( a , b , c  of Theorem 44. 

(d )  Let  Ha = H n <Xa, Ya>  . If ( i s  t h e  h i g h e s t  

weight of  some i r r e d u c i b l e  module t h e n  ,ua = 0 i f  ~ J H ,  + 1, 

and ira = 0 o r  -1 i f  ~ I H ,  = 1. 

( e )  Every weight a s  i n  ( a )  can b e  r e a l i z e d  on some 

i r r e d u c i b l e  KGmodule. 

Proof: We s h a u  prove t h i s  theorem i n  s e v e r a l  s t e p s .  

( a l l  There e x i s t s  i n  V a  nonzero e igenvec to r  v f o r  B. 

This i s  proved as i n  Theorem 44 ( a ) .  
- - 

(a21 If v  i s  a s  i n  ( a l ) ,  t h e n  s o  i s  vl = X w v  a  a  

( a  s i m p l e ) ,  u n l e s s  it i s  0. 

t 
Proof:  Let x b e  any element of  U. Wri te  x = x x w i t h  a  a  

t ? 

xa E Xa and xa E Xa , t h e  subgroup o f  elements o f  U whose Xa 
t 

components a r e  1. We r e c a l l  t h a t  Xa and Fa normal ize  Xa 
I -  - 

( s e e  Appendix 1.11). Thus xvl = x X w v  = v l ,  s i n c e  Uv=v .  a a a  
- 

Since  H normal izes  Xa and i s  normalized by wa we s e e  t h a t  

vl i s a l s o  an e igenvec to r  f o r  H. 

(a31 Choose v  a s  i n  ( a l l ,  t h e n  w E W SO t h a t  ~ ( w )  
- 

i s  maximal s u b j e c t  t o  vl = ~ ' i S v  0. Then vl i s  a  h i g h e s t  

weight v e c t o r .  



240 

Proof :  By Lemma 82 and ( a 2 ) ,  vl i s  an e igenvec tor  f o r  B. 

Let a  be any simple r o o t .  If w-la > 0 ,  t hen  N (waw) = N (w) + l 
- - - by Appendix 11.19,  s o  t h a t  w w  = X w Xw by Lemma 82, 'waw a  a a  w 

- 
and XaFawl = 0  by. t h e  choice of  w. If w-la < 0 ,  t hen  we 

may choose a  minimal express ion  w = wawb . . . s t a r t i n g  wi th  , wa. 

Then 
- 2  - XaGavl = (Val XbFb . . v  by Lemma 82 

= ,!L Tava ?tb Fb . . . v , w i t h  ,u E K by Lemma 8 l ( b )  

By [ a l !  and (a31 we have t h e  f i r s t  s ta tement  i n  (a ) .  

Proof :  We have G = GoG C U % U-B by Theorem 4. Thus it i s  - W - 
enough t o  show each w f i x e s  KU-IT, and f o r  this we may assume 

t 
w = wa w i t h  a  simple.  Assume y  E U-. . Write  y  = yaya a s  

above, bu t  using nega t ive  r o o t s  i n s t e a d .  Then ya and t$ 
t 

normalize Y: , so t h a t  Gayv = Say,yav E U- Gayav C - KU-v by 

Theorem 44 ( a )  app l i ed  t o  c X a  ,Ya>  . 
91 ? 

( b l )  If V = v T + V  w i t h  V = Kv and V" = R a d  KU-v 
- 

a s  be fo re ,  t hen  V" i s  f i x e d  by every XaTj, . 
t 

Proof : Write y  = yaya a s  b e f o r e .  

Then zaijayv = Z y(x)xijav wi th  y (x)  E U - .  
xeXa 

- P ?  

Thus x , ~ ~ ( y - l ) v  = C (y(x)- l )xi jav E V . 
xeXa 

(b2)  Proof of ( b ) .  If t h i s  i s  f a l s e ,  t h e r e  e x i s t s  
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I 1 
v l  E V" , vl  0 ,  vl f i x e d  by X. A s  u s u a l  we may choose vl 

a s  a n  e i g e n v e c t o r  f o r  H ,  and t h e n  by ( b l )  and (a31 a l s o  a n  
- 

1 ft e i g e n v e c t o r  f o r  each XaGa Then, a s  b e f o r e ,  V = KGvl = K U - V ~  C V , 4 - 
1: 

3 
a c o n t r a d i c t i o n .  

( c )  Same proof  a s  f o r  Theorem 44 ( c ) .  

( d l  By Theorem 4 5 ( a )  a p p l i e d  t o  < Xa,Ya > . 
( e l  Let n b e  t h e  s e t  o f  s i m p l e  r o o t s  a  s u c h  t h a t  L = 0,  a 

P 

and W, t h e  c o r r e s p o n d i n g  subgroup o f  W. The r e a d e r  s h o u l d  have  

no t r o u b l e  i n  p r o v i n g  t h a t  t h e  l e f t  i d e a l  o f  KG g e n e r a t e d  by 

- 
C IJHh %Zw i s  a n  i r r e d u c i b l e  KG- module whose h i g h e s t  weight  " wnwo 
i s  (h,,ua) . 
C o r o l l a r y :  ( a )  A s p l i t t i n g  f i e l d  f o r  H i s  a l s o  one  f o r  G. 

(b ) Let V b e  i r r e d u c i b l e ,  of h i g h e s t  weight  (h,,ua). 

Then dim V = ) U  1 if h = 1 and a l l  , = -1. a 

< 1 ~ 1  i f  n o t  . 
( c )  F o r  each  s e t  p of s i m p l e  r o o t s ,  l e t  H, b e  t h e  

g r o u p  g e n e r a t e d  by a l l  Ha(a E n ) .  Then t h e  number o f  i r r e d u c i b l e  

5 KGmodules , o r ,  e q u i v a l e n t l y ,  o f  p - r e g u l a r  con jugacy c l a s s e s  o f  

P roof :  ( a )  C l e a r .  
- - 

( b )  W r i t e  UG,V = X  v = ... v , w i t h  
wo a - a b b  

- w0 - wawb .. . a s  i n  Lemma 82,  and t h e n  proceed as i n  t h e  p roof  

of Cor. ( d l  t o  Theor- 44 and 45. 

( c )  The g i v e n  sum c o u n t s  t h e  number o f  p o s s i b l e  w e i g h t s  

(h,pa)  a c c o r d i n g  t o  t h e  s e t  n. o f  s i m p l e  r o o t s  a  s u c h  t h a t  



Exerc i se  . . : I f  G i s  u n i v e r s a l ,  t h e  above number i s  

I4 - 
a s imple  ( I H a I +  l), = ~ ( a ) ,  i n  t h e  n o t a t i o n  of  'Theorem 

43. If i n  a d d i t i o n  G i s  no t  t w i s t e d ,  t hen  t h e  number i s  q* . 
It remains t o  prove t h e  fo l lowing  r e s u l t  used ( i n e s s e n t i a l l ~ )  

i n  t h e  proof o f  Lemma 82. 

Lemma $3: (a)  I f  w & W, t h e n  any two minimal express ions  f o r  

w a s  a product  of  s imple  r e f l e c t i o n s  can be  t ransformed i n t o  

each o t h e r  by  t h e  r e l a t i o n s  

(*) wawbwa . . = wbwawb .. (n terms on each s i d e ,  

n = o r d e r  wawb , w i t h  a  and b d i s t i n c t  s imple  r o o t s ) .  

( b )  Assume t h a t  f o r  each s imple  r o o t  a t h e  
- 

corresponding element wa o f  G (any Chevalley group)  i s  

chosen t o  l i e  i n  i Xa,X-a >. Let w = wawb ... b e  a minimal 
- --  

expres s ion  f o r  w E W. Then w = wawb . .. i s  independent o f  the 

minimal exp res s ion  chosen. 

Proof :  ( a )  T h i s  i s  a ref inement  o f  Appendix IV.38 s i n c e  t h e  

= 1 a r e  no t  r equ i r ed .  It i s  an easy  e x e r c i s e  t o  r e l a t i o n s  w, 

conver t  t h e  proof o f  t h e  l a t t e r  r e s u l t  i n t o  a proof of  t h e  former, 

which we s h a l l  l e a v e  t o  t h e  r eade r .  

( b )  Because of ( a )  we on ly  have t o  prove (b )  when w 

has  t h e  form of  t h e  two s i d e s  o f  ( For t h i s  we can r e f e r  t o  

t h e  proof o f  Lemma 56 s i n c e  t h e  e x t r a  r e s t r i c t i o n s  t h e r e ,  t h a t  
- 

G i s  un twis ted  and t h a t  wa = w a ( l )  f o r  each a ,  a r e  not  



e s s e n t i a l  f o r  t h e  proof .  

Remark: It would be n i c e  i f  someone could i n c o r p o r a t e  i n  t h e  

elementary development j u s t  g iven  t h e  t e n s o r  product  theorem 

mentioned a f t e r  Theorem 43 o r  a t  l e a s t  a proof t h a t  every 

i r r e d u c i b l e  K-module f o r  G can be  extended t o  t h e  i nc lud ing  

a l g e b r a i c  group,  hence a l s o  t o  t h e  o t h e r  f i n i t e  Chevalley groups 

conta ined  i n  t h e  l a t t e r  group. 



814. Represen ta t ions  conc1,uded. Now we t u r n  t o  t h e  complex 

r e p r e s e n t a t i o n s  of t h e  groups j u s t  considered4 Here t h e  t h e o r y  

i s  i n  poor shape. Only GLn (Green, T4A.M.S. 1955) and a few 

groups of low rank have been worked ou t  complete ly ,  t h e n  on ly  i n  

terms of t h e  c h a r a c t e r s .  Here we sha l l  c o n s i d e r  a few g e n e r a l  

r e s u l t s  which may l e a d  t o  a g e n e r a l  t h e o r y *  ' 

Henceforth K w i l l  denote  t h e  complex f i e l d *  Given a 

(one--dimensional) c h a r a c t e r  h on a subgroup B of a group G ,  

G r e a l i z e d  on a space  Vh , we s h a l l  w r i t e  Vh f o r  t h e  induced 

G module f o r  G. This  may be  def ined  by Vh = KG %Vh ( t h i s  

d i f f e r s  from o u r  e a r l i e r  v e r s i o n  i n  tha t  we have no t  swi tched t o  

a space  of f u n c t i o n s ) ,  and may b e  r e a l i z e d  i n  KG i n  t h e  l e f t  

i d e a l  gene ra t ed  by Bh = biB h(b-')b (and w i l l  b e  used i n  t h i s  

fo rm) .  I ts dimension i s  ( G / B ] .  

Exe rc i se  : Check t h e s e  a s s e r t i o n s .  

Lemma 84.: Let B ,  C be  subgroups of a f i n i t e  group G, l e t  

G , ,!L b e  c h a r a c t e r s  on B ,  C ,  and l e t  Vh , vG b e  t h e  correspond- 
,u 

i n g  modules f o r  G. 

( a )  I f  x E G ,  t h e n  Bh x C i n  KG i s  determined up P 
t o  m u l t i p l i c a t i o n  by a nonzero s c a l a r  by t h e  ( B , c )  double  c o s e t  

t o  which x belongs.  
G 

( b )  I4omC(e , v~:)  i s  isomorphic a s  a K-space t o  t h e  one 

gene ra t ed  by a l l  Bh x Cp . 
( c )  If B = C and h = ,!L , t h e n  t h e  isomorphism i n  ( b )  

i s  one of  a lgeb ras .  
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(d l  The dimension o f  ~ o r n ~ ( ~ f  , V i s  t h e  number of 
P  

( B , c )  double c o s e t s  D such t h a t  Bh x C $, 0 f o r  some, 
P 

hence f o r  every x  i n  D ,  o r ,  e q u i v a l e n t l y ,  such t h a t  t h e  

r e s t r i c t i o n s  of , h  and x y  t o  B n  x  Cx -1 a r e  equal .  

Proof :  ( a )  This i s  c l e a r .  

G G 
(b ) Assume T E  om^ (Vh , Vy ) . Since  Bh g e n e r a t e s  

a s  a  KG- module, TBh determines  T. Let TBh = C cx x  C - 
x  s G/C P 

Slnce  bBh = h(b)Bh,  we g e t  by averaging over  B t h a t  

TJ3, = C c  B x C/,. Thus T i s  r e a l i z e d  on Bh, hence on  
X.E B\G/C x h  

G -1 a l l  of  Vh , by r i g h t  m u l t i p l i c a t i o n  by ( B ]  C cxBh x C 
Y 

Conversely,  any such r i g h t  m u l t i p l i c a t i o n  y i e l d s  a  homomorphism, 

which proves (b ) . 
( c )  By d i s c u s s i o n  i n  ( b ) .  

(dl The f i r s t  s t a t emen t  fo l lows  from ( a )  and ( b ) .  

Let B 1 = B n x C x  - 1 and C1 = x - l ~ x  T\ C , and lyi ] and lzJ  ] 

systems of r e p r e s e n t a t i v e s  f o r  B ~ \ B  and C / C ~ .  S e t  
t 1 -1 

B = C h (y;l)yi and GI, = C p ( 2 .  ) z . .  Then 
h J J 

T T 
xC with ( x p ) ( x c x  

B?t. '9 = BhBlhBl ,xp ,LL -3 = i l ( c )  

s i n c e  x  clx-' = Bl . I f  h  $, x u  on B1, t h e n  BlhBl,xP = 0. 

1f h = x4 ,  t h i s  product  i s  I B ~  I B ~ ~  ? and t h e n  Bh x  Cfi $, 0 

s i n c e  t h e  elements yibl x  z - a r e  a l l  d i s t i n c t .  
J 

Remarks: ( a )  Th i s  i s  a s p e c i a l  ca se  o f  a  theorem o f  G. Mackey. 

(See,  e . g . ,  F e i t f s  n o t e s . )  

( b )  The a lgeb ra  of  ( c )  i s  a l s o  c a l l e d  t h e  commuting 



a l g e b r a  s i n c e  it c o n s i s t s  of  a l l  endomorphisms of  v t h a t  

I commute wi th  t h e  a c t i o n  of G. 

~ Theorem 4 7 :  Let G b e  a  (perhaps  t w i s t e d )  f i n i t e  Chevalley group.  

( a )  If h  .is a  c h a r a c t e r  on H extended t o  B i n  t h e  

G - u s u a l  way, t hen  Vh 1s i r r e d u c i b l e  i f  and on ly  i f  wh $ h  f o r  

every w E W such t h a t  w  $ 1 . 
( b )  If h ,  f l  both  s a t i s f y  t h e  cond i t i ons  of ( a ) ,  t h e n  

V: i s  isomorphic t o  if and on ly  i f  h = wfi f o r  some w E W. 

Proof:  ( a )  v i s  i r r e d u c i b l e  i f  and on ly  i f  i t s  commuting - 
a lgeb ra  i s  one-dimensional (Schurrs   ernm ma)., i . e . ,  by ( c )  and (d l  

o f  Lemma 84, i f  and on ly  i f  h  and w h  a g r e e  on B f~ WBW-', 

hence on H, f o r  e x a c t l y  one w E W ,  i . e .  f o r  on ly  w  = 1. 

G 
(b )  S ince  Vh and V: a r e  i r r e d u c i b l e ,  t h e y  a r e  i so-  

G G morphic i f  and on ly  i f  dim HomG(Vh, v,) = 1, which., a s  above, 

ho lds  e x a c t l y  when h  = WY f o r  some (hence f o r  e x a c t l y  one) w E W. 

G ~ x e r c i s e . :  ( a )  dim H O ~ ~ ( V :  , v ~ )  = 1~~ 1 if h  = w,u f o r  some w, 

= 0 otherwise .  

( b )  I n  Theorem 47 t h e  conclusion i n  ( b )  ho lds  even i f  

t h e  c o n d i t i o n  i n  ( a )  d o e s n ? t .  

Here Wh i s  t h e  s t a b i l i z e r  o f  h  i n  W. We see, ,  i n  

p a r t i c u l a r ,  t h a t  i f  h  = 1 tnen  t h e  commuting a l g e b r a  of V: i s  

1 w 1 - dimensional .  But more i s  t r u e .  

Theorem 48': Let V b e  t h e  KG-module induced by t h e  t r i v i a l  

one-dimensional Wmodu le .  Then t h e  commuting a l g e b r a  ~ n d ~  (v) 



i s  isomorphic t o  t h e  group a l g e b r a  KW. 

Reformulat ions  : 

( a )  The m u l t i p l i c i t i e s  o f  t h e  i r r e d u c i b l e  components of  V 

a r e  j u s t  t h e  deg ree s  o f  t h e  i r r e d u c i b l e  KW- modules. 

( b )  The suba lgeb ra ,  c a l l  it A ,  o f  KG spanned by t h e  
- - 

double  cose t  sums BwXw i s  isomorphic t o  KW. 

( c )  The a l g e b r a  of f u n c t i o n s  f : G -3 K b i i n v a r i a n t  under  
1 

B ( f ( b x b T )  = f ( x )  f o r  a l l  b , b  E 8) with  convo lu t i on  a s  mul t i -  

p l i c a t i o n  is  isomorphic  t o  KW. 

Proof:  The theorem is  e q u i v a l e n t  t o  ( a )  by S c h u r t s  Lemma and t o  

( b )  by Lemma 84, whi l e  ( b )  and ( c )  a r e  c l e a r l y  e q u i v a l e n t .  We 

4 
s h a l l  g i v e  a p roof  of  ( b ) ,  due t o  J. Tits. w w i l l  deno te  t h e  

ave rage  i n  KG o f  t h e  e lements  o f  t h e  double c o s e t  BwB. The 
A 4 

elements  w form a b a s i s  of  A and 1 i s  t h e  u n i t  element.  If 

a  i s  a  s imple  r o o t ,  ca w i l l  deno te  Ixa I-' . 
A 

(1) A i s  g e n e r a t e d  as an  a l g e b r a  by [wa I a s imp le ]  

s u b j e c t  t o  t h e  r e l a t i o n s  

" 2  A A 
( a )  wa = c a l  4 (1-ca)wa f o r  a l l  a .  

A A f '  A 4 A  
( P )  wawbwa . = wbwawb . .. , a s  i n  Lemma $3 ( a ) .  

P roo f :  We observe  t h a t  i f  each c  i s  r ep l aced  by 1 t h e n  t h e s e  a  

r e l a t i o n s  go over  i n t o  a  d e f i n i n g  s e t  f o r  KW, by Appendix 11.38. 

Since  B U BwaXa i s  a  g roup ,  we have (Fwaxa) = r 3  + sBwaXa w i t h  

r , s  E K. S ince  Bw X c o n t a i n s  w i t h  each o f  i t s  e h m e n t s  i t s  a  

i n v e r s e ,  we g e t  r = (BW,X, 1 ,  and t h e n  from t h e  t o t a l  c o e f f i c i e n t  

s = I B W ~ X , ]  - B .  Thus ( a )  ho lds  i n  A ,  and so  does ( P )  by 
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Lemma 25,Cor.  , which a l s o  shows t h a t  t h e  wa g e n e r a t e  A .  
A 

Converse ly ,  l e t  A1 b e  t h e  a b s t r a c t  a s s o c i a t i v e  a l g e b r a  ( w i t h  1) 

A g e n e r a t e d  b y  symbols wa s u b j e c t  t o  (a)  and (@I. For each 

w E W choose  a  minimal  e x p r e s s i o n  w = w w a  b  " *  
and s e t  

h A A  
w = wawb . . . . By Lemma 83 ( a )  and ( B )  t h i s  i s  independen t  of 

t h e  e x p r e s s i o n  chosen.  By ( a )  it  f o l l o w s  t h a t  

A 
Thus t h e  w form a b a s i s  f o r  A1, which ,  hav ing  t h e  same 

dimension a s  A ,  i s  t h e r e f o r e  i somorphic  t o  it. 

( 2 )  There e x i s t s  a  p o s i t i v e  number c  =: C ( G )  s u c h  t h a t  

C = c  na  
a  w i t h  n  a  p o s i t i v e  i n t e g e r  depending o n l y  on t h e  t y p e  a  

o f  G. The m u l t i p l i c a t i o n  t a b l e  o f  A i n  t e rms  o f  t h e  b a s i s  $1 
i s  g i v e n  b y  polynomials  i n  c  depending o n l y  on t h e  t y p e .  

2  P r o o f :  Cons ide r  2~ ( q  ) f o r  example. Here t h e  two 4 
p o s s i b i l i t i e s  f o r  Ixa( a r e  q2 and q3 by Lemma 6 3 ( c ) .  If we 

-' t h e n  t h e  c o r r e s p o n d i n g  v a l u e s  o f  na a r e  2  and  3 ,  s e t  c  = q , 

which depend o n l y  on t h e  t y p e .  For each o f  t h e  o t h e r  t y p e s  t h e  

v e r i f i c a t i o n  i s  s i m i l a r .  From t h e  f i rs t  s t a t e m e n t  o f  ( 2 )  and t h e  

e q u a t i o n s  o f  t h e  proof of (1) t h e  second s t a t e m e n t  f o l l o w s .  

(3) An a . s s o c i a t i v e  a l g e b r a  A w i t h  m u l t i p l i c a t i o n  t a b l e  
C 

g i v e n  by t h e  polynomials  o f  ( 2 )  e x i s t s  f o r  eve ry  complex number c .  

I n  p a r t i c u l a r  = A and A1 = KW . 

P r o o f :  S i n c e  t h e  t y p e  o f  t h e  g roup  G c o n t a i n s  a n  i n f i n i t e  number 
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o f  members, t h e  m u l t i p l i c a t i o n  t a b l e  i s  a s s o c i a t i v e  f o r  an 

i n f i n i t e  s e t  o f  v a l u e s  o f  c., hence f o r  a l l  v a l u e s .  

( 4 )  A i s  semis imple  f o r  c  = c ( G ) . ,  f o r  c  =1 ,  and 
C 

f o r  a l l  b u t  a f i n i t e  number of v a l u e s  o f  c .  

P roof :  Ac i s  f o r  c  = C ( G )  t h e  commuting a l g e b r a  o f  a  

KG-module and f o r  c  = 1 a group a l g e b r a  KW, hence  semis imple  

i n  b o t h  c a s e s .  The d i s c r i m i n a n t  o f  A c  i s  a  po lynomia l  i n  c ,  

nonzero a t  c  = 1 s i n c e  t h e n  Ac i s  semis imple ,  hence  nonzero 

f o r  a l l  b u t  a f i n i t e  number o f  v a l u e s  o f  c. 

( 5 )  Completion o f  p r o o f .  S i n c e  A i s  semis imple  and K 

i s  a n  a l g e b r a i c a l l y  c l o s e d  f i e l d ,  A i s  a d i r e c t  sum o f  comple te  

m e t r i c  a l g e b r a s ,  o f  c e r t a i n  d e g r e e s  over  K ( s e e ,  e . g . ,  

J a c o b s o n f s  S t r u c t u r e  o f  Rings o r  F e i t f s  n o t e s ) ,  and s i m i l a r l y  

f o r  KW. We have t o  show t h a t  t h e  d e g r e e s  a r e  t h e  same i n  t h e  

two c a s e s .  If a i s  any f i n i t e - d i m e n s i o n a l  a s s o c i a t i v e  a l g e b r a  

which i s  s e p a r a b l e ,  i. e .  which i s  semis imple  when t h e  b a s e  f i e l d  

i s  extended t o  i t s  a l g e b r a i c  c l o s u r e ,  we d e f i n e  t h e  n u m e r i c a l  

i n v a r i a n t s  o f  t o  b e  t h e  d e g r e e s  o f  t h e  r e s u l t i n g  m a t r i c  a lge -  

b r a s .  The proof o f  Theorem 48  w i l l  b e  completed by t h e  f o l l o w i n g  

lemma. 

Lemma 85 :. Let R b e  a n  i n t e g r a l  domain, F  i t s  f i e l d  o f  

q u o t i e n t s ,  and f a  homomorphism o f  R o n t o  a  f i e l d  K. Let 

a b e  a  f i n i t e - d i m e n s i o n a l  a s s o c i a t i v e  a l g e b r a  o v e r  R ,  and 

Q F  and aK t h e r e s u l t i n g  a l g e b r a s  o v e r  F  and K. If 

$ and aK a r e  s e p a r a b l e ,  t h e n  t h e y  have  t h e  same numer ica l  
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i n v a r i a n t s .  

I n  f a c t ,  from (3) and t h e  lemma w i t h  R =  K[c], d = A, , 
and f i r s t  f  ; c-> c  ( G )  and t h e n  f : c  + 1, it  fo l lows  

t h a t  A and KW have t h e  same numerical  i n v a r i a n t s ,  hence 

t h a t  t hey  a r e  isomorphic. 

Proof of t h e  lemma: 

( a )  Assume t h a t  0 i s  a  f i n i t e -d imens iona l  semisimple 

a s s o c i a t i v e  a lgeb ra  over an a l g e b r a i c a l l y  c l o s e d  f i e l d  L,  

t h a t  b l ,b2, .  . b  form a  b a s i s  f o r  @ / L ,  t h a t  xl,x2,. .  . ,xn 
2 n  

a r e  independent i nde t e rmina t e s  over  L ,  t h a t  b  = E xibi , and 

t h a t  ~ ( t )  i s  t h e  c h a r a c t e r i s t i c  polynomial o f  b  a c t i n g  from 

t h e  l e f t  on fi w r i t t e n  a s  ~ ( t )  = TT ~ ~ ( t )  Pi 
L(xl,.  . . : X n )  

w i t h  t h e  Pi d i s t i n c t  monic polynomials i r r e d u c i b l e  over 

L(xl, .  . . , xn) .  Then: 

( a l )  The pi a r e  t h e  numerical  i n v a r i a n t s  of 0 .  
(a21 pi = dgtPi f o r  each 1. 

i 

(a3  If ~ ( t )  = T Q ~ ( ~ )  J i s  any f a c t o r i z a t i o n  over  
J 

L(xl ) .  . . )xn )  such t h a t  q =- dg & f o r  each j, t h e n  it ag rees  
J t j 

w i t h  t h e  one above s o  t h a t  t h e  
q j  

a r e  t h e  numerical  i n v a r i a n t s  

Proof :  For ( a l l  and (a21 we may assume t h a t  63 i s  t h e  

complete mat r ic  a l g e b r a  End L' and t h a t  b  = Cx. E. . i n  
l j  1 3  

terms of  t h e  ma t r i c  u n i t s  E. .. I f  X = [x. -1 ,  t h e n  
1 3  1 3  

P  ( t )  = d e t  (tI - , so t h a t  we have t o  show t h a t  d e t  (tI - X) 
i s  i r r e d u c i b l e  over L(x. -1. T h i s  i s  s o  s i n c e  s p e c i a l i z a t i o n  t o  

1 J  



t h e  s e t  of companion ma t r i ce s  

PP 

y i e l d s  t h e  g e n e r a l  equa t ion  

o f  degree  p. I n  (a31 i f  some Q - were r e d u c i b l e  o r  equa l  t o  
J 

some Qk wi th  k j ,  t h e n  any i r r e d u c i b l e  f a c t o r  Pi of  
Q~ 

would v i o l a t e  ( a 2 ) .  
.I- I 

(b )  Let R'" b e  t h e  i n t e g r a l  c l o s u r e  of R i n  F 
( c o n s i s t i n g  o f  a l l  elements s a t i s f y i n g  monic polynomial  equa t ions  

- 
ove r  R ) . ,  and xl,x2,. . . x inde t e rmina t e s  over  F. Then n * 
R [xl,.. . x ] i s  t h e  i n t e g r a l  c l o s u r e  o f  R[xl,. . . x ] i n  n n - 
F (xl, -:,xn) 

Proof : See ,  e. g.  , Bourbaki , Commutative Algebra,  Chapter V., 

Prop. 13. 

( c )  I f  R* i s  a s  i n  ( b )  , t h e n  any homomorphism of R i n t o  
4- - 

K can b e  extended t o  one of  R- i n t o  K. 

-0. 

Proof:  By Zornts  lemma t h i s  can b e  reduced t o  t h e  c a s e  R*r = ~ [ a ] , )  
- 

where it i s  almost  immediate s i n c e  K i s  a l g e b r a i c a l l y  c losed .  

(d l  Completion of  proof.  Let {ai ]  b e  a b a s i s  f o r  & / R ,  

hence a l s o  f o r  U F / ~ ?  and ix i ]  independent i nde t e rmina t e s  over  
- - 
F and a l s o  over  K.  The g iven  homomorphism f : R -> K d e f i n e s  

a homomorphism f : -+ a . By ( c )  i t  extends  t o  a homo- 
.#. - 

morphism o f  R" i n t o  K and then  n a t u r a l l y  t o  one of  
>k - 

R [xl , .  .. ,xn] i n t o  K[xl,. . . x 1. If a = Z x. a .  and n 1 1  
P i  ~ ( t )  = r[ Pi ( t )  i s  i t s  c h a r a c t e r i s t i c  polynomial,  f a c t o r e d  ove r  

- 
F(x l ) .  . . ) x n )  a s  b e f o r e ,  t h e n  t h e  c o e f f i c i e n t s  o f  each Pi a r e  



pi = dgtPi = dgtPif ,  s o  t h a t  by ( a ? )  w i t h  6 = a t h e y  a r e  

a l s o  t h e  numer ica l  i n v a r i a n t s  o f  a K ,  which p roves  t h e  lemma. 

rn 

E x e r c i s e :  If h i s  a  c h a r a c t e r  on H extended t o  B i n  the 

u s u a l  way, t h e n  ~ n d ~ ( ~ ; )  i s  isomorphic  t o  KWh . (Observe t ha t  
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i n t e g r a l  polynomials  i n  i t s  r o o t s ,  hence i n t e g r a l  ove r  t h e  

c o e f f i c i e n t s  o f  P ,  hence i n t e g r a l  over  R[xl,x2, ..., xn], 
.fa 1. 

hence be long  t o  R [xl,. . . ,xn]  by (b 1. Thus i f  f ( a )  = Pxif ( a  1, 

t h e n  i t s  c h a r a c t e r  polynomial  has  a  cor responding  f a c t o r i z a t i o n  
P i  - 

Pf ( t )  = r[ Pif ( t )  over  K(xl, ..., xn) .  By ( a l l  t h e  pi a r e  

t h e  numer i ca l  i n v a r i a n t s  o f  Q , and by (a21 t h e y  s a t i s f y  

t h i s  r e s u l t  i n c l u d e s  bo th  Theorem 47 and Theorem 48.1 

Remark: Although A i s  i somorph ic  t o  KW t h e r e  does n o t  seem 

t o  b e  any n a t u r a l  isomorphism and no one h a s  succeeded i n  decom- 

pos ing  t h e  module V of Theorem 48 i n t o  i t s  i r r e d u c i b l e  com- 

ponen t s ,  excep t  f o r  some groups  o f  low rank .  We may o b t a i n  some 

p a r t i a l  r e s u l t s ,  i n  t e rms  o f  c h a r a c t e r s ,  by i nduc ing  f rom t h e  

p a r a b o l i c  subgroups and u s i n g  t h e  f o l l o w i n g  s imp le  f a c t s .  

Lemma 86: Let  n be a  s e t  o f  s imple  r o o t s ,  W, and G n  t h e  

cor responding  subgroups o f  W and G ( s e e  Lemma 3 ~ 1 ,  W and V n  

G and V n  t h e  c ~ r r e s p o n d i n g  t r i v i a l  modules induced  t o  W and G; 

and s i m i l a r l y  f o r  a' . 
( a )  A system of r e p r e s e n t a t i v e s  i n  W f o r  t h e  ( W n , W n ~ )  

doub le  c o s e t s  becomes i n  G a  system o f  r e p r e s e n t a t i v e s  f o r  

G ,  doub le  c o s e t s .  

G G W W 
( b )  dim H 0 m G ( V , ,  V,T ) = dim HomW(Vn , vnt 1. 



Proof:  ( a )  Exerc i se .  

( b )  By Lemma $&{dl and ( a ) .  

G G Coro l la ry  1: Let X denote  t h e  c h a r a c t e r  of  Vn and s i m i l a r l y  

W f o r  W. I f  In,] i s  a  s e t  o f  i n t e g e r s  such t h a t  X = ~ n & :  i s  

an  i r r e d u c i b l e  c h a r a c t e r  of W ,  t h e n  X = E nnX, i s , u p  t o  s i g n ,  

one of  G.  

- 
Proof :  Let (X, ) G  denote  t h e  average of X v  over  G. We have 

G ( X G , ~ G ~ ) G  n  n = dim H O ~ ~ ( V , ,  v z r ) ,  and s i m i l a r l y  f o r  W. s i n c e  xW 
i s  i r r e d u c i b l e ,  (x' ,xW ) = 1, it fo l lows  t h a t  (xG ,xG l G  = 1, 

s o  t h a t  - + X i s  i r r e d u c i b l e ,  by t h e  o r t h o g o n a l i t y  r e l a t i o n s  f o r  

f i n i t e  group c h a r a c t e r s .  

Remarks : ( a )  I n  a  b e a u t i f u l  paper  i n  B e r l i n e r  S i t z u n g s b e r i c h t e ,  

1900, Frobenius has  cons t ruc t ed  a complete s e t  o f  i r r e d u c i b l e  

c h a r a c t e r s  f o r  t h e  symmetric group S n ,  1 . e .  t h e  Weyl group of  

type An-1 a s  a  s e t  of i n t e g r a l  combinations o f  t h e  c h a r a c t e r s  

xW Using h i s  method and t h e  preceding c o r o l l a r y  one can de- n  

corgpose t h e  c h a r a c t e r  o f  V i n  Theorem 48 i n  c a s e  G i s  of  t y p e  

An- 1 . (See R. S t e inbe rg  T.A.M.S. 1951) .  

( b )  The s i t u a t i o n  of ( a )  does not  hold  i n  gene ra l .  

Consider ,  f o r  example, t h e  group W of t y p e  
B2 

i. e. t h e  d i h e d r a l  

group of  o r d e r  8. It has f i v e  i r r e d u c i b l e  modules (of  dimensions 

1 7 1 , 1 1 , 2 7  whi le  t h e r e a r e o n l y f o u r  X ; , S  t o  w o r k w i t h .  

( c )  A r e s u l t  of a  g e n e r a l  n a t u r e  i s  a s  fo l lows .  

Coro l la ry  2 :  I f  t h e  n o t a t i o n  i s  a s  above and (-1 i s  a s  i n  

Lemma 66 ( d )  , t h e n  x = Z ( -1 ) n ~ z  i s  an  i r r e d u c i b l e  c h a r a c t e r  



of G and i t s  degree  i n  ]u(. 

n W Proof :  Consider x = C ( -1) X, . By ( 8 )  on p. 142 ,  extended t o  

t w i s t e d  groups (check t h i s  u s ing  t h e  h i n t s  g iven  i n  t h e  proof o f  

Lemma 66) , ?: = d e t  , an i r r e d u c i b l e  c h a r a c t e r .  Hence 2 x 
i s  a l s o  one by Cor. 1 above. We have ~ ~ ( 1 )  = - ~ G G  . If 

G i s  un twis ted  and t h e  b a s e  f i e l d  has  q  e lements ,  t h e n  by 

Theorem 4'  a p p l i e d  t o  G and t o  G n  t h i s  can b e  cont inued 

N 
Z ( -1) % ( q ) / ~ n ( q )  = q  = I U I , a s  i n  (4 )  of  t h e  proof o f  Theorem 

26. If G i s  t w i s t e d ,  t h e  proof i s  s i m i l a r .  

We con t inue  w i t h  some remarks on t h e  a l g e b r a  A of  Theorem 

4 8 ( b ) .  

Lemma 87: The homomorphisms of  A on to  K a r e  g iven  by: 
4. 

f (wa) = 1 o r  - c f o r  each s imple  r o o t  a ,  s u b j e c t  t o  t h e  a  
4 

c o n d i t i o n  t h a t  f (wa) i s  cons t an t  on each W-orbit. 

Proof :  For  a  and b  s i m p l e ,  l e t  n ( a , b )  denote  t h e  o r d e r  o f  

wawb i n  W. We c la im t h a t  ( a  and b  belong t o  t h e  same 

W-orbit i f  and on ly  i f  t h e r e  e x i s t s  a  sequence o f  s imple  r o o t s  

a = a  o 2 '1 , , a r  = b  such t h a t  n (a i , a i+ l )  i s  odd f o r  every I. 

 he equa t ion  ) "  = 1 w i t h  n  odd can b e  r e w r i t t e n  t o  

show t h a t  w a -  and a r e  con juga t e ,  s o  t h a t  i f  t h e  sequence 
1 wai+l 

e x i s t s  t h e n  a  and b  a r e  con juga te .  If a  and b  a r e  con juga te ,  

t h e n  s o  a r e  wa and wb , and t h i s  remains t r u e  when we p r o j e c t  

i n t o  t h e  r e f l e c t i o n  group ob t a ined  by imposing on Tld t h e  a d d i t i o n a l  

2 
r e l a t i o n s  : (wcwd) = 1 whenever n  (c  , d )  i s  even. I n  t h i s  new 

group wa and wb must belong t o  t h e  same component, s o  t h a t  t h e  



r e q u i r e d  sequence e x i s t s .  By ( t h e  c o n d i t i o n  o f  t h e  lemma ho lds  
4 4 

e x a c t l y  when f (wa) = f (wb) whenever n ( a , b )  i s  odd,  i . e .  

e x a c t l y  when f p r e s e r v e s  t h e  r e l a t i o n s  ( $ 1  (of t h e  proof of 
A 

Theorem 4 8 ) .  S ince  f (wa) = 1 o r  - c  e x a c t l y  when f p r e s e r v e s  
a  

( a )  ( s o l v e  t h e  q u a d r a t i c ) ,  we have t h e  lemma. 

Remark: By f i n d i n g  t h e  a n n i h i l a t o r  i n  A o f  t h e  k e r n e l  o f  e a c h  o f  

t h e  homomorphisms o f  Lemma 87, we g e t  a  one-dimensional i d e a l  I i n  

A .  This  corresponds  t o  an  i r r e d u c i b l e  submodule o f  m u l t i p l i c i t y  1 

i n  V ,  r e a l i z e d  i n  t h e  l e f t  i d e a l  K G 1  o f  KG. By working o u t  t h e  

cor responding  idempoten t ,  t h e  degree  o f  t h e  submodule can b e  found.  

4 4 E x e r c i s e :  ( a )  If f (wa) = 1 f o r  a l l  a ,  show t h a t  I = K C  q w 
W 

w i t h  4, = l ~ l ,  and t h a t  t h e  cor responding  KGmodule is t h e  

t r i v i a l  one. (Hin t :  by w r i t i n g  W a s  a  union o f  r i g h t  c o s e t s  

h A r e l a t i v e  t o  [l,wa ] and w r i t i n g  ( a )  i n  t h e  form (wa-l)(w,+ ca) = 0, 

show t h a t  I i s  as i n d i c a t e d . )  
A 

( b )  If f(wa) = -c f o r  a l l  a ,  show t h a t  a  

I = K 1 ( d e t  w)$, and t h a t  i n  t h i s  c a s e  t h e  dimension i s  1 U 1 .  
-1 (Hint  : i f  e  i s  t i l e  g i v e n  sum and c  = qw , show t h a t  e2 =me 

W 

w i t h  m = C c  
W 

= J G / B I / I  u J . )  
( c )  For G = B ( q )  work o u t  a l l  ( f o u r )  c a s e s  o f  Lemma 

2 

87,  hence o b t a i n  t h e  deg ree s  of a l l  ( f i v e )  i r r e d u c i b l e  components 

(d l  Same f o r  A2 and f o r  G2 . 

Remark: It can  be  shown t h a t  t h e  module o f  ( b )  i s  i somorphic  t o  

t h e  one with  c h a r a c t e r  xG a s  i n  Lemma 86, Cor.2. I f  we reduce  
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t h e  element C(det  w ) I U / x w  l F w G  (which i s  I B I ] u (  e )  o f  I 

mod P,  we s e e  from t h e  proof o f  Theorem 46 ( e l  t h a t  t h e  g iven  

module reduces  t o  t h e  one o f  t h a t  theorem f o r  which h = 1 and 

every ,ua =-1. This l a t t e r  module can i t s e l f  b e  shown t o  be  

isomorphic t o  t h e  one i n  Theorem 43 f o r  which < h  ,a  > = q ( a ) - l  

f o r  every a. From t h e s e  f a c t s  and WeylTs formula t h e  c h a r a c t e r  

o f  t h e  o r i g i n a l  module can b e  found up t o  s i g n  and t h e  r e s u l t  used  

t o  prove t h a t  t h e  number of p-elements (of o r d e r  a  power of  p )  

o f  G i s  1u12 . For t h e  d e t a i l s  s e e  R. S t e inbe rg ,  Endomorphisms 

o f  l i n e a r  a l g e b r a i c  groups,  t o  appear.  

F i n a l l y ,  we should mention t h a t  t h e  a l g e b r a  A admits an  
4 4 

i n v o l u t i o n  g iven  by wa -> l - c  a -Wa f o r  a l l  a  (which i n  c a s e  

c, ---3 1 and A -> KW reduces  t o  w -+ ( d e t  w)w). 

The preceding d i scuss ion  p o i n t s  up t h e  fo l lowing  

Problem: Develop a  r e p r e s e n t a t i o n  theo ry  f o r  f i n i t e  r e f l e c t i o n  

groups and use  it t o  decompose t h e  module V ( o r  t h e  a l g e b r a  A) 

of Theorem 4 8 .  

It i s  n a t u r a l  t h a t  i n  s tudying  t h e  complex r e p r e s e n t a t i o n s  o f  

G we have cons idered  f i rs t  t h o s e  induced by c h a r a c t e r s  on B s i n c e  

f o r  r e p r e s e n t a t i o n s  of  c h a r a c t e r i s t i c  p  t h i s  l e a d s  t o  a  complete 

s e t .  I n  c h a r a c t e r i s t i c  0 ,  however, t h i s  i s  no t  t h e  c a s e ,  a s  even 

t h e  s imp les t  ca se  G = SL shows. One must d e l v e  deeper.  There- 
2 

f o r e ,  we s h a l l  cons ide r  r e p r e s e n t a t i o n s  o f  G induced by (one- 

d imens iona l )  c h a r a c t e r s  h on U . We can not  expect  such a  

r e p r e s e n t a t i o n  ever  t o  be  i r r e d u c i b l e  s i n c e  i t s  degree  ~ G / u (  i s  
l/ 2 

t o o  l a r g e  ( l a r g e r  t h a n  I G ]  , but  what we s h a l l  show i s  t h a t  

i f  h i s  s u f f i c i e n t l y  g e n e r a l  t h e n  a t  l e a s t  it i s  m u l t i p l i c i t y - f r e e .  



G I n  o t h e r  words, EndG(Vh) i s  Abel ian,  hence a d i r e c t  sum of  f i e l d s .  

(If h i s  no t  s u f f i c i e n t l y  g e n e r a l ,  we can expect  t h e  Weyl g roup  

t o  p l ay  a  r o l e ,  a s  i n  Theorem 4 8 .  ) 

Before s t a t i n g  t h e  theorem, we prove two Iemn1.a~. 

Lemma 88: Let k be a  f i n i t e  f i e l d  and h  a  n o n t r i v i a l  c h a r a c t e r  
.Ic 

from t h e  a d d i t i v e  group of k  i n t o  K Then e v e r y  c h a r a c t e r  can 

b e  w r i t t e n  uniquely  h : t ->h(c t )  f o r  some c  E k . 
C 

Proof :  The map c  -+Ac i s  a  homomorphism o f  k  i n t o  i t s  d u a l ,  

and i t s  k e r n e l  i s  c l e a r l y  0 .  

Lemma 89: For w E W t h e  fo l lowing  cond i t i ons  a r e  equ iva l en t .  

(a )  If a and wa art. p o s i t i v e  m o t s  r;nd one o f  thcrr, is  

s imp le ,  t h e n  s o  i s  t h e  o t h e r .  

( b )  If a  i s  s imple  and wa i s  p o s i t i v e ,  t h e n  wa i s  

s imple .  

( c )  w = w w f o r  some s e t  n of s imple  r o o t s ,  wi th  wo a s  o n 

u s u a l  and w, t h e  corresponding o b j e c t  o f  W, . 
There a r e  2' p o s s i b i l i t i e s  f o r  w. 

Proof :  ( c )  + ( a )  Because w, maps . n on to  - n  and (+) per- 

mutes t h e  p o s i t i v e  r o o t s  w i t h  suppor t  not  i n  n ( s ane  proof a s  

f o r  Appendix '1.11). 

( a )  + ( b )  Obvious. 

( b )  9 ( c )  Let n be  t h e  s e t  o f  s imple  r o o t s  kept  p o s i t i v e ,  

hence s imp le ,  by w. We c la im:  ( if a  > 0  and supp a  - rc , 
t h e n  wa 0 .  Wri te  a  = b  + c  w i t h  supp b  & n ,  supp c  GTT- n. 

Then wa = wb + wc. Here wc 0  by t h e  choice  of  n, and 
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supp  wc wn 2 supp wb. Thus wa c 0. If a  i s  a  s imp le  r o o t  

no t  i n  n t h e n  ww,a < 0 by (x )  and (:::k), w h i l e  if a  i s  

- i n  n t h i s  ho ld s  by t h e  d e f i n i t i o n  o f  n . Thus ww, - wo , 
whence ( c ) .  

Theorern 49: Let G b e  a  f i n i t e ,  perhaps t w i s t e d ,  Cheval ley  g roup  
J. 

and h  : U -> K' a  c h a r a c t e r  such t h a t  1 i f  a  i s  s imple ,  

= 1 i f  a  i s  

p o s i t i v e  b u t  no t  s imple .  Then V: i s  m u l t i p l i c i t y - f r e e .  I n  o t h e r  

G words, ~ n d ~  ( v ~ )  i s  Abe l ian ,  o r ,  e q u i v a l e n t l y ,  t h e  suba lgeb ra  A 

of KG spanned by t h e  e lements  Uh hGUh (h  E H , w E W) i s  Abel ian .  

- 
Here  Uh = Z h (u-')u 9 

and we assume t h a t  t h e  w  a r e  
UEU 

chosen ' a s ,  i n  Lemma Ef3 ( b )  . 
Remarks : ( a  ) If a  i s  no t  s imp le ,  t h e n  u s u a l l y  Xa c u , so  

t h a t  t h e  assumption h lxa  = 1 i s  s u p e r f l u o u s ,  b u t  this i s  n o t  always 

I t h e  c a s e ,  e .g .  f o r  B o r  F4 w i t h  k = 2  o r  f o r  
2  G2 

w i t h  

I ( k  ( = 3.  I n  t h e s e  l a t t e r  g r o u p s ,  t h e r e  a r e  o t h e r  p o s s i b i l i t i e s ,  

I which because  o f  t h e i r  s p e c i a l  n a t u r e  w i l l  no t  b e  gone i n t o  h e r e .  

( b )  The proof  t o  f o l l o w  i s  sugges t ed  by t h a t  o f  Gelfand 
1 1  

and Graev, Coalady, 1963, who have g i v e n  a  proof  f o r  SLn and 

I announced t h e  g e n e r a l  r e s u l t  f o r  t h e  un tw i s t ed  g roups .  T. Yokonuma, 

I C .  Renduss,  P a r i s ,  1967,  has  a l s o  g iven  a p roof  f o r  t h e s e  l a t t e r  

I g r o u p s ,  b u t  h i s  d e t a i l s  a r e  u n n e c e s s a r i l y  com.plicated.  

Proof o f  Theorem. 49: The f a c t  t h a t  A i s  Abel ian  w i l l  f o l l o w  from 

t h e  e x i s t e n c e  o f  an ( i n v o l u t o r y )  ant iautomorphism f of  G such 

t h a t  
( a )  f U = U . 
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( c )  For each double c o s e t  UnU such t h a t  Uhn Uh 0, we 

have f n  = n ( h e r e  n E N = X HB). 

For s i n c e  f extended t o  KG and ' then  r e s t r i c t e d  t o  A i s  an  

antiautomorphism and a t  t h e  same t ime  t h e  i d e n t i t y  (by ( a ) ?  ( b ) ?  

( c ) )  it i s  c l e a r  t h a t  A i s  Abelian.  The e x i s t e n c e  of  f w i l l  

be  proved i n  s e v e r a l  s t e p s .  

(1) I f  UhnUh $ 0 and n E H E ,  t h e n  w = wow, f o r  some 

s e t  n of s imp le  r o o t s .  

Proof :  By Lemma 89 we need on ly  prove t h a t  i f  a i s  s imple  and 

wa p o s i t i v e  t h e n  wa i s  s imple .  Wri t ing t h e  f i r s t  Uh above 

w i t h  t h e  X component on t h e  r i g h t ,  and t h e  second w i t h  t h e  Xa 
wa 

component on t h e  l e f t ,  we g e t  -I 
%a ,h "'a , h n  0.  Since  h i s  

n o n t r i v i a l  on Xa i t  i s  a l s o  s o  on \2, whence wa is  s imple  

by t h e  assumptions on h ,  which proves (1). 

The cond i t i on  i n  ( 1 )  e s s e n t i a l l y  f o r c e s  t h e  c o r r e c t  
.L ,. 

d e f i n i t i o n  o f  f .  We s e t  a '  = - wo a . If a i s  s imple ,  s o  i s  
4. 1. 

a . I n  o.rder t o  s i m p l i f y  t h e  d i s c u s s i o n  i n  one o r  two s p o t s  we 

assume hence fo r th  t h a t  G ( i . e .  i t s  r o o t  sys tem) i s  indecomposable. 

I f  G i s  un twi s t ed ,  we s t a r t  w i t h  t h e  graph automorphism correspond- 
.I, 

i n g  t o  ' ( s e e  t h e  Coro l la ry  on p. 1561, compose it w i t h  t h e  

-1 i n v e r s i o n  x ->x , and f i n a l l y  w i t h  a  d iagona l  automorphism so 

t h a t  t h e  r e s u l t  f s a t i s f i e s ,  not  on ly  f U  = U b u t  a l s o  hf = h 

on U. This  i s  p o s s i b l e  because of Lemma 89 aizd t h e  assumptions 

on h i n  t h e  theorem. I f  G i s  t w i s t e d ,  t h e n  we may omit t h e  
.L 

graph automorphism (because - ,  i s  then  t h e  i d e n t i t y ) ,  and use  

t h e  e x p l i c i t -  isomorphism xa/Bxa 2 k o f  ( 2 )  o f  t h e  proof of 

Theorem. 36 i n  combination w i t h  Lemma 89 t o  ach ieve  t h e  second 
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c o n d i t i o n .  We s e e  t h a t  

( 2 )  f i s  an i n v o l u t o r y  ant iautomorphism which s a t i s f i e s  

t h e  r e q u i r e d  c o n d i t i o n s  ( a )  and ( b )  . We must p rove  t h a t  it 

a l s o  s a t i s f i e s  ( c  . A s  consequences o f  t h e  c o n s t r u c t i o n  we h a v e  : 

f o r  every  h E H. 
.T, 1- 

(4) If a  = a ,  t h e n  f i s  t h e  i d e n t i t y  on xa/fix . a  
.I, -,- 

( 5 )  If a  = a ,  t h e r e  e x l s t s  a  n o n t r i v i a l  element o f  Xa 

f i x e d  by f .  

P roo f :  For  Xa of' t y p e  A1 t h i s  f o l l o w s  from ( 4 ) .  For Xa o f  

t y p e  2 ~ 2  we choose t h e  element ( t  ,u )  o f  Lemma 63 ( c )  wi th  

t = 2 ,  u  = 2  if p  $ 2 ,  and t = 0 ,  u  = 1 i f  p  = 2 ,  s i n c e  

8 f (t , u )  = (t , - tt u )  (check t h i s ,  r e f e r r i n g  t o  t h e  c o n s t r u c t i o n  o f  

f )  . For  t y p e s  and 2 ~ 2  w e m a y c h o o s e  ( 0 , l )  and ( 0 , 1 , 0 )  
C2 

s i n c e  f i s  t h e  i d e n t i t y  on { ( o , u )  ] and { ( o , u , o )  1.  
- 

(6)  The e lements  wa E G may b e  s o  chosen t h a t :  

- - ( 6 a )  f a  - w  f o r  every  s imp le  r o o t  a .  

(6b)  If a  and b  e r e  s imp le  and n  E N i s  such  t h a t  

--1 - n  Xan - Xb and h ( n x n  - l )  = h(x) f o r  a l l  x  E Xa , t h e n  

-1 - nGan = wb . 

P r o o f :  Under t h e  a c t i o n  o f  f and t h e  i n n e r  automorphisms in 

by e lements  n  a s  i n  (6b)  t h e  X ( a  s imp le )  form o r b i t s .  a  
.I< 

From each o r b i t  we s e l e c t  a n  element Xa . If a ' '  = a, we 

choose  xa E Xa a s  i n  ( 5 1 ,  w r i t e  it a s  (s) xa = x F x  w i t h  l a 2  

x1,x2 E X-a , and choose - wa acco rd ing ly .  S i n c e  f i s  an  
- 

ant iautomorphism and f i x e s  X-a , it a l s o  f i x e s  wa by t h e  
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uniqueness  o f  t h e  above form. If a" f a ,  we choose xa e Xa,xa $ 1, 
- - a r b i t r a r i l y .  We t h e n  u s e  t h e  equa t ions  fGa = 5;: and i w = wb 

n  a  
of (6a)  and (6b)  t o  extend t h e  d e f i n i t i o n  of  G t o  t h e  o r b i t  of  

a .  We must show t h i s  can b e  done c o n s i s t e n t l y ,  t h a t  we always 

r e t u r n  t o  t h e  same va lue .  Let a l , a2 , .  . . 
) an be  a  sequence of  

- s imple  r o o t s  such t h a t  al - an = a and f o r  each j e i t h e r  

= a :: 
a j + l  j o r  e l s e  t h e r e  e x i s t s  n .  such t h a t  t h e  assumptions i n  

J  
(6b)  ho lds  w i t h  a .  a  - n -  i n  p l a c e  of  a , b , n .  Let  g  denote  

J '  ~ + 1 '  J 
t h e  product  of  t h e  corresponding sequence o f  f t s  and in 's . 

- J 
We must show t h a t  g  f i x e s  ma . We have gXa - - Xa , = X -a ' 
and i n  f a c t  g  a c t s  on xa/65 X i d e n t i f i e d  w i t h  k ,  by a  ' 
m u l t i p l i c a t i o n  by a  s c a l a r  c  a s  fo l lows  from t h e  d e f i n i t i o n  of  

f and t h e  u s u a l  formulas f o r  in. Since  hg = h by  t h e  

corresponding c o n d i t i o n  on f and each in,  it f o l l o w s  from 

Lemma 89 t h a t  c = 1, s o  t h a t  g  is  t h e  i d e n t i t y  on x,/& X . a 

If X = 0 ,  t h e n  g  f i x e s  t h e  element xa a  above,  hence a l s o  
- 
w, by ( , whether g  i s  a n  automorphism o r  an antiautomorphism. 

-1, 

I f  & X  f 0 ,  t h e n  G i s  t w i s t e d  s o  t h a t  a" = a .  If  g  i s  a n  a  

automorphism, t h e n  by t h e  proof of Theorem 36 from ( 5 )  on i t s  
- 

r e s t r i c t i o n  t o  < Xa ,X-a  > i s  t h e  i d e n t i t y  s o  t h a t  i t  f i x e s  wa , 
whi le  i f  g i s  an  antiautomorphism t h e n  by t h e  same r e s u l t  i t s  

- 
r e s t r i c t i o n  co inc ides  w i t h  t h a t  of  f  s o  t h a t  it f i x e s  wa by 

- 
t h e  choice  o f  wa . 

Remark: I f  G i s  un twi s t ed ,  t h e  above proof i s  q u i t e  s imple .  

We assume hence fo r th  t h a t  t h e  wa a r e  a s  i n  ( 6 ) .  
- - -  -1 -1 (7)  I f  w =wawb  ... a s  i n  Lemma 83 (b )  and w: :=ww 

0 wo , 



C 
- - 

t h e n  f w  = w* . 

Proof :  S i n c e  wawb . . . i s  minimal ,  . . . wb:+ w .,* i s  a l s o .  
a  'I. 

(check t h i s . )  S i n c e  f  i s  an  ant iautomorphism it f o l l o w s  from 
- - - - - -0. ( 6 a )  t h a t  f w  = ... w , w  , - - ' -  Wb:: W a "  = W-I. . 

b " a 

(8) If  w i s  as: i n  (1) t h e n  f w  = %. 

- w i n  t h i s  c a s e  ( s e e  ( 7 ) )  P r o o f :  w" - 

( 9 )  If n i s  a s  i n  (1) t h e n  f n  = n. 

P r o o f :  By ( l ) ,  n e K H  wi th  w = w o w , .  Assume a c  x .  

Then wa i s  s i m p l e  and h ( n x  n-'1 = h(x) f o r  a l l  x e Xa , 
b y  t h e  i n e q u a l i t y  i n  t h e  p roof  o f  (1). Thus nGan 

-1 - - 
- Wwa 

b y  ( 6 b ) ,  f rom which we g e t ,  on p i c k i n g  a minimal e x p r e s s i o n  

f o r  w, , t h a t  ( ntj,n-' = s i n c e  
n 

~ ( w )  = N (wow,) = N (wo) - N (w,) , it f o l l o w s  t h a t  i f  we p u t  t- 

g e t h e r  minimal  e x p r e s s i o n s  f o r  w and w, we w i l l  g e t  one f o r  
- -- L - - 

wo Thus wo = ww, b y  Lemma 83 ( b )  , and s i m i l a r l y  wo = w + w , n 
so t h a t  (:;<::) -- WW,W = w :; . If now we w r i t e  n = Gh , t h e n  

71 

- by (::) and ( )  Hence h commutes w i t h  w, 
- 

f n  = f h - f  w s i n c e  f i s  an  antliautornorphism 

= Fi0h~i1 w b y  (3)  and ( 8 )  
4- - -  1 -. -- 

= ww, h w, s i n c e  wo = ww, 

= wh s i n c e  h commutes w i t h  w, 

= n .  

Thus f s a t i s f i e s  c o n d i t i o n  ( c )  and t h e  proof  o f  Theorem 49 

i s  complete.  
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Exerc i se :  ( a )  Prove t h a t  i f  { F ~ ]  i s  a s  i n  (6)  and w a s  i n  

(l), t h e n  U k w U k  0. 

( b )  Deduce t h a t  i f  H, denotes  t h e  k e r n e l  o f  t h e  s e t  

of s imple  r o o t s  .n t h e n  t h e  dimension o f  A ,  hence t h e  number of 

G i r r e d u c i b l e  components of  Vk , i n  Theorem 49 i s  C ] H ~ I  . 

Remark: The n a t u r a l  group f o r  t h e  preceding theorem seems t o  b e  

t h e  a d j o i n t  group extended by t h e  d iagona l  automorphisms, a group 

of  t h e  same o r d e r  a s  t h e  u n i v e r s a l  group,  bu t  wi th  something e x t r a  

a t  t h e  t o p  i n s t e a d  o f  a t  t h e  bottom. For t h i s  group,  G I ,  prove 
- - 

t h a t  t h e  dimension above i s  j u s t  I I ( 1~~ 1 + 1) = I I q ( a )  i n  t h e  

n o t a t i o n  of t h e  e x e r c i s e  j u s t  b e f o r e  Lemma 83. Prove a l s o  t h a t  i n  

G t h i  s c a s e  Vh i s  independent  of h . 

Remark: The problem now i s  t o  decompose t h e  a l g e b r a  A of Theorem 

49 i n t o  i t s  s imple  (one-dimensional) components. If t h i s  were done, 

it would be a m.ajor s t e p  towards a r e p r e s e n t a t i o n  t h e o r y  f o r  G. 

A s  f a r  a s  we know t h i s  has  been done only f o r  t h e  group A1 ( s e e  

Gelfand and Graev, Doklady, 1962) .  It would n o t ,  however, be  t h e  

complete s t o r y .  For no t  every i r r e d u c i b l e  G-module i s  conta ined  

i n  one induced by a c h a r a c t e r  o n  U ,  i . e. , by Frobenius  re-  

c i p r o c i t y ,  c o n t a i n s  a one-dimensional U-module, a s  t h e  fo l lowing ,  

o u r  f i n a l ,  example, due t o  1vI. Kneser, shows (a l though it i s  f o r  

some types  of  groups such a s  A,). 

A s  remarked e a r l i e r ,  r e d u c t i o n  mod 3 y i e l d s  an  isomorphism 

o f  t h e  subgroup W+ of elements o f  determinant  1 of t h e  Weyl 

group W of t y p e  E6 onto  t h e  group G = SO5 ( 3 )  , t h e  a d j o i n t  
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g r o u p  o f  t y p e  B 2 ( 3 ) .  If we r e v e r s e  t h i s  isomorphism and ex tend  

t h e  s c a l a r s  we o b t a i n  a  r e p r e s e n t a t i o n  o f  G on a  complex s p a c e  

V. The a s s e r t i o n  i s  t h a t  U ,  i. e .  a  3-Sylow subgroup of G ,  

f i x e s  no l i n e  o f  , V.  Consider  t h e  f o l l o w i n g  diagram. 

Th i s  i s  t h e  Dynkin d iagram o f  E6 w i t h  t h e  l o w e s t  r o o t  
a7 

ad j o i n e d  

(a7 
i s  t h e  unique  r o o t  i n  - D ( s e e  Appendix I I I . ~ ~ ) ,  unique  

because  a l l  r o o t s  a r e  c o n j u g a t e  i n  t h e  p r e s e n t  c a s e .  I t  i s  

connectled a s  shown b e c a u s e  o f  symmetry and t h e  f a c t  t h a t  each  

p r o p e r  subdiagram must r e p r e s e n t  a  f i n i t e  r e f l e c t i o n  g r o u p . )  We 
1 

choose a s  a  b a s i s  f o r  V t h e  a s w i t h  a o m i t t e d ,  a  union 
3 

o f  t h r e e  b a s e s  o f  m u t u a l l y  o r t h o g o n a l  p l a n e s .  w1w2 a c t s  a s  a 

r o t a t i o n  o f  12C0 i n  t h e  p l a n e  i a l , a 2 >  and a s  t h e  i d e n t i t y  i n  

t h e  o t h e r  two p l a n e s ,  and s i m i l a r l y  f o r  
w4W5 

and W6W7 . The 

group W+ a l s o  c o n t a i n s  an  element  permuting t h e  t h r e e  p l a n e s  

c y c l i c a l l y  a s  shown, because  o f  t h e  conjugacy o f  s i m p l e  sys tems 

and t h e  uniqueness o f  lowes t  r o o t s ,  and t h e  f o u r  e l ements  g e n e r a t e  

a  3-subgroup of W+ . It i s  now a  s i m p l e  m a t t e r  t o  p rove  t h a t  

t h i s  subgroup f i x e s  no l i n e  o f  V. 



APPENDIX ON FINITE REFLECTION GROUPS 

The r e s u l t s  (and some o f  t h e  terminology i n  what fo l lows )  

a r e  mo tma ted  by t h e  t heo ry  o f  semisimple Lie  a l g e b r a s ,  bu t  no 

knnowledge of  t h i s  t heo ry  i s  assumed. The main r e s u l t s  a r e  s t a r r e d .  

V w i l l  b e  a  f i n i t e -d imens iona l  r e a l  o r  r a t i o n a l  Eucl idean 

space. By a  r e f l e c t i o n  (on V )  i s  meant a  r e f l e c t i o n  i n  some 

hyperplane H. If . a  i s  a  nonzero v e c t o r  o r thogona l  t o  H,  t h e  

r e f l e c t i o n ,  denoted ca , i s  g iven  by 

1 )  = p - z ( p , a ) / ( a , a ) . a  ( y  EV). 

We observe  t h a t  i s  an  automorphism o f  V,  o f  o r d e r  2. 

A u s e f u l  f a c t  i s :  

(2)  If w i s  an  automorphism o f  V ,  t h e n  maw-' - - % a *  

To prove t h i s ,  apply bo th  s i d e s  t o  P V,  t h e n  use  (I) 

and t h e  i n v a r i a n c e  of  ( , under w. 

C w i l l  denote  a  f i n i t e  s e t  of nonzero elements o f  V such 

t h a t  : 

(3) a E Z  => - u E Z  and k a @ C  i f  k +  - + 1 .  

(4) a E Z  crZ = C .  a 

The elements  of C w i l l  b e  c a l l e d  r o o t s ,  and W w i l l  denote  t h e  

group gene ra t ed  by a l l  ra ( a  E Z )  . 
( 5 )  Lemma. The r e s t r i c t i o n  of W t o  C i s  f a i t h f u l .  



For ,  each w W f i x e s  po in twise  t h e  o r thogona l  complement 

o f  C. 

( 6 )  - Cor. W i s  f i n i t e .  

( 7 )  Examples. ( a )  If C i s  t h e  r o o t  system o f  a semisimple 

L ie  a l g e b r a  over  t h e  complex f i e l d ,  t h e n  W i s  t h e  corresponding 

Weyl group.  ( b )  If W i s  any f i n i t e  group gene ra t ed  by r e f l e c t i o n s ,  

e e g .  t h e  group of  symmetries o f  a  r e g u l a r  s o l i d ,  C may be  t a k e n  

as t h e  s e t  of  u n i t  normals t o  t h e  hyperplanes  i n  which r e f l e c t i o n s  

o f  W t a k e  p l ace .  

( 8  D e f i n i t i o n s ,  A s u b s e t  of r o o t s  i s  c a l l e d  a p o s i t i v e  system 

i f  it c o n s i s t s  of t h e  r o o t s  which a r e  p o s i t i v e  r e l a t i v e  t o  some 

o r d e r i n g  o f  V. (Reca l l  that  t h i s  i nvo lves  t h e  s p e c i f i c a t i o n  of  

a s u b s e t  V+ o f  V which i s  c l o s e d  under a d d i t i o n  and under  

m u l t i p l i c a t i o n  by p o s i t i v e  sca.l.2-s and s a t i s f i e s  t r i cho tomy.  ) A 

s u b s e t  of  r o o t s ,  s a y  , is  a s imple  system i f  ( a )  i s  a 

l i n e a r l y  independent s e t ,  and ( b )  every r o o t  i s  a l i n e a r  

combination of  t h e  elements of i n  which a l l  nonzero c o e f f i c i e n t s  

a r e  e i t h e r  a l l  p o s i t i v e  o r  a l l  nega t ive .  

:k (9 )  P ropos i t i on .  ( a )  Each s imple  system i s  conta ined  i n  a  unique 

p o s i t i v e  system. (b )  Each p o s i t i v e  system c o n t a i n s  a  unique 

s imple  system. 

11 
If i s  a s imple  system, t h e n  c l e a r l y  t h e  a l l  posi t ive '1  

r o o t s  i n  (8b)  form t h e  unique p o s i t i v e  system con ta in ing  , 
whence ( a ) .  Now l e t  P  b e  any p o s i t i v e  system. Let b e  

a s u b s e t  of  P which g e n e r a t e s  P under p o s i t i v e  l i n e a r  



combinations and i s  minimal r e l a t i v e  t o  t h i s  p roper ty .  Then 

(';') a ,  fl E r r ,  a $ . B  => ( c , ~ )  < - 0 .  Assume n o t ,  so  t h a t  

a I3 = p - ccr wi th  c  > 0 . Assume g p  E P , so  t h a t  
CI ' 

rap = I:c y ( y  s TT , c y  >_ 0 )  I f  cs < 1, t h e  l a s t  equa t ion ,  Y 
w r i t t e n  s u i t a b l y ,  exp re s se s  9 as a p o s i t i v e  combination of t h e  

o t h e r  e lements  of , a c o n t r a d i c t i o n  t o  t h e  min ima l i t y  of rr , 
whi le  i f  > 1 , it exp re s se s  0  a s  a p o s i t i v e  combination 

- 
of e lements  of rr , hence of P , e q u a l l y  a c o n t r a d i c t i o n .  

S i m i l a r l y  - d ; l P  E P l e a d s  t o  a c o n t r a d i c t i o n ,  whence (::) . 
Now a l i n e a r  r e l a t i o n  on rr may be w r i t t e n  I: aca = I: b  p 

B 
with  t h e  two sums over  d i s j o i n t  p a r t s  of rr and a,,bg >_ 0 . 
9 i r i t i ng  t h i s  a s  P = o- and u s i n g  ( )  we g e t  (e,f l  = ((' ,o- ) <_ 0 , 
whence (' = 0 and t h e n  every  

a~ = 0 because t h e  G ? S  a r e  

a l l  p o s i t i v e .  S i m i l a r l y  every bR = 0 . Thus i s  

independent ,  i s  a  s imple  system. From t h e  d e f i n i t i o n  of 

a  s imple  system any simple system conta ined i n  P c o n s i s t s  

of t h o s e  e lements  of P  which a r e  not  p o s i t i v e  cor ibinat ions  of 

o t h e r s ,  hence i s  un ique ly  determined by P . 
( 1 0 )  Lemma. Let  be a  s imple  system and P t h e  p o s i t i v e  

system con ta in ing  1-r . ( a )  c, p E , c f 0 => (c: 5) <_ 9 . 
( b )  p E P *  t h e r e  e x i s t s  c E so t h a t  ( e  ,a) > 0 . 

For ( b )  w r i t e  e = ~ c ~ n ( c  E ~ , c  CI >_ 0) a s  i n  (Ub) ,  and 

t h e n  use  0  < ( e , ? )  = I:ca( P , c )  . 
"(11) Main lemma. .-- Let rr , P be a s  i n  (10 )  and c~ rr . Then 

o o  a = - a and rcc:(P\c:) = P\ a . 

Pick P \ c 7  P = 2 c g ?  ( c g  >_ 0 ; 0 ~ n )  BY ( 3 )  some 



B > 0  ( B  a ) .  App l i ca t ion  of  Ca does no t  change t h i s  
' 

Hence % p E P  \ a. 

(12)  Theorem. Any, two s imple  ( o r  positive) systems a r e  con juga te  

under W. 

By (9) we need on ly  cons ide r  two p o s i t i v e  systems, say P  
t t 

and P  . W e u s e i n d u c t i o n o n  n = \ ~ n ( - ~  ) I .  If n = 0 ,  
t 

P  = P  . Assume n  > 0 .  Then t h e r e  i s  a  r o o t  a s imple  
t 

r e l a t i v e  t o  P such t h a t  a P  n (- P ) .  By (11) , 
t t I G ~ P  n ( - P  1 )  = n-1 ,  whence IP~-c-P I = n - 1 .  BY t h e  

t 
i n d u c t i v e  assumption cap i s  conjuga te  t o  P ; hence s o  i s  

1 
P .  . 

Henceforth n, P w i l l  b e  a s  i n  (10)  and f i x e d .  

(13) Def in i t i on .  If p E Z , p = Z ca G as i n  ($b) , t hen  
a Err 

i s  c a l l e d  t h e  h e i g h t  of a:ld 3 i r l t t e n  h t  . 

(&)  Lemma. Let lo be t h e  group gene ra t ed  by {ah la En ] . 
If p E P ,  t h e  minimum v a l u e  o f  h t  on t h e  s e t  W o f m  p i s  1 

and i s  t a k e n  on on ly  on Wo P nn. 
T 

Let p be a  minimum p o i n t  and assume, i f  p o s s i b l e ,  t h a t  

pt . By ( l o b )  t h e r e  i s  a En s o  t h a t  ( P , a )  > 0 ,  
T 

whence by (1) h t  G , - P ' ~  h t  P and by (11) rapf  > O ,  a  
t 

c o n t r a d i c t i o n  t o  t h e  choice  o f  p . 
(15 )  Coro l la ry .  ( a )  If P E P , P r, t h e n  h t  P > 1. 

( b )  Won = E .  i . e .  Every r o o t  p I s  c o n j u g a t e u n d e r  Wo t o  a 



s imple  r o o t .  

By (14 ) ,  ( a )  i s  c l e a r  and so i s  ( b )  i f  j' > 0. If f' 0 ,  

t h e n  - f >  0 ,  whence - f=' = wa ( w E W o ,  a En), s o  t h a t  

j' = (wras)a .  

(16) Theorem. W i s  gene ra t ed  by {ca la E TT 1. I. e. W = Wo i n  ( & I .  

If P i s  a  r o o t  we have p = wa (w E Wo , a E 1, by 

( l 5 b )  , whence cy = wbaw -1 ( s e e  ( 2 )  ) , an element o f  Wo . Hence 

WCW - and W = W o .  
0 

I1 The f u n c t i o n  N 

(17)  D e f i n i t i o n .  For w E W, ~ ( w )  w i l l  denote  t h e  number of  

r o o t s  p such t h a t  f' > 0  and w p 0. I n  o t h e r  words, 

Prove t h i s .  

(19)  Lemma. Assume w E W ,  a! E-j- . 
-I ( a )  If w a  > 0, t h e n  N(CT-W) = N ( W )  + 1. 

( a t )  If w-lo 0 ,  t h e n  N ( c a w )  = N ( w ) -  1. 

( b )  If w a >  0 ,  t h e n  N ( m a )  = N ( w ) + l .  
1 

(b ) If wu. < 0 ,  t h e n  N ( w r a )  = ~ ( w )  - 1. 

Let ~ ( w )  = P ~ w - ' ( - P ) .  Then S(craw) = w - l a  v S ( W ) ,  

whence ( a ) .  To g e t  ( a t )  r e p l a c e  w by caw i n  ( a ) ,  and t o  

g e t  (b )  and (b t  ) r e p l a c e  w by w- l  and u se  (18). 



1 1 1 
(20 )  Problem. ( a )  N ( w w )  ( _ N ( w )  + N ( w )  and N(ww ) = 

t 
N(w) + bI (wt )  mod 2. ( b )  d e t  w = ( -  l l N ( ~ )  . w w  E w). 

(21)  Lemma Assume w = wlw2.. .wn (wi= cr a .  ' a i E T I ) .  If 
1 

~ ( w )  q n ,  t h e n  f o r  some I ,  ( 1  - i - j - - 1 ,  we have:  

- ( a )  ai - W ~ + ~ W ~ + ~ . .  *wja j+ l  

( b )  Wi+1Wi+2.'.Wj+l = W.W.  ...W- . 
1 1+1 J 

t t 
( c )  W = W w 

1 2  * * *  * *  
. . . W  w i t h  y and w .  

J +l 
missing.  n 7  

By (19b) and N(w)  q n ,  W ~ W ~ . : . W ~ ~ ~ + ~  0 f o r  some 

j < - n - 1 .  S ince  ajcl > 0,  we have wi ( w ~ + ~ * .  .wja j+= )< 0 and 

wi+ l '  ' 'Wja j+ l  > O  f o r  some i &  j, whence W ~ + ~ . . . W C Z -  = a -  
j ~ + 1  1 

by ( 1 1 1 ,  which i s  (a ) .  Using ( 2 )  w i th  w = w ~ + ~  
* 'Wj  

and 

a = a j+ l  9 we g e t  (b )  , and t h e n  r e p l a c i n g  t h e  l e f t  s i d e  of ( b )  

by t h e  r i g h t  s i d e  i n  t h e  product  f o r  w and us ing  w: = 1, we 

g e t  ( c ) .  

Problem. Prove,  converse ly ,  t h a t  ( a ) ,  ( b )  o r  ( c )  i m p l i e s  

N ( W )  q n. 

(22 )  - Cor. If w E W, then  ~ ( w )  i s  t h e  number of terms i n  a 

minimal exp res s ion  of  w a s  a product  of r e f l e c t i o n s  correspond- 

i n g  t o  s imple  r o o t s .  

Let w = w w . . . w b e  a minimal express ion.  By (19) 1 2  n 
( ( a )  o r  ( b ) ) ,  ~ ( w )  5 n ,  and by (2  lc )  , N ( ~ )  > n. 

* (23)  Theorem. For w E W ,  i f  wP = P o r  w TI = o r  N ( w )  = 0 ,  

t h e n  w = 1. 

The t h r e e  assumptions a r e  c l e a r l y  equ iva l en t .  Now ~ ( w )  = 0 
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i m p l i e s  t h a t  t h e  minimal express ion  of  w i n  (22)  i s  empty, 

whence w = 1. 

* (24) Theorem. W i s  simply t r a n s i t i v e  on t h e  p o s i t i v e  systems,  

and a l s o  on t h e  s imple  systems. 

By (12)  and (23 ) .  

(25) Problem. ( a )  For w W ,  choose a minimal express ion  a s  

i n  (221, w = w w ... wn (wi = r , ai ~ n )  ( s o  t h a t  n = N(w)),  1 2  ai 

and s e t  pi = wlw2...wilai . Prove t h a t  9. (1 i ( n )  i s  a 
1 - 

complete l i s t  of a l l  r o o t s  f' such t h a t  P > 0 and w-l  P c 0.  

( b )  S ince  - P i s  a p o s i t i v e  system, t h e r e  e x i s t s  by (24)  a 

unique wo E W such t h a t  woP = -P. Wri te  wo = wlw2 * wn 

(n  = N(%) = I P I )  as above. Prove t h a t  ( 1  i - n i s  

a complete l i s t  o f  a l l  p o s i t i v e  r o o t s .  (Hint  : , (19) , (21) ) .. 

I11 A fundamental  domain f o r  W. 

(26)  Def in i t i on .  D w i l l  denote  t h e  r e g i o n  { f E ~ ] ( e  , a ) > O , a E n ] ,  

Thus D i s  a c l o s e d  convex cone,  and i f  TT spans V i t  i s  even 

a s i m p l i c i a 1  cone wi th  v e r t e x  a t  0. 
t 

(27)  Lemma. Every P E V i s  conjuga te  t o  some P E D ,  i n  
t 1 

f a c t  t o  some p i n  D such t h a t  p -- i s  a nonnegative 

combination of  t h e  elements o f  . 
Let S b e  t h i s  s e t  of  nonnegative combinations ( i n  o t h e r  

words, t h e  d u a l  cone of D )  . We i n t r o d u c e  a p a r t i a l  o rde r  i n  V 

by t h e  d e f i n i t i o n  5 2/ d T  i f  and on ly  i f  3 - E S. Among 
1 

t h e  conjuga tes  p t -  of p under W such t h a t  p , we 



p ick  one which i s  maximal r e l a t i v e  t o  t h i s  p a r t i a l  o rde r .  
7 Y 

Then a E =j, ca b, +yy ==> (y , a )  > 0  (by ( I ) ) ,  whence 

pT E D and (27 )  fo l l ows .  

(28)  Theorem. Assume w E W, YE V ,  p not  o r thogona l  t o  any 

r o o t ,  and wp - p .  Then w = 1. [Restatement:  w $ l j w F  =P=> ,p 
i s  o r thogona l  t o  some r o o t .  

By (27 )  we may assume P E D. For a E P ,  ( w a , ?  ) 

-1 
= (a,w p )  = ( a , ? )  > O .  Hence w a E P ,  f o r  a l l  a E P ,  

so  t h a t  wP = P .  Then w = 1 by ( 2 3 ) .  

(29)  me I f  p v i s  no t  o r thogona l  t o  any r o o t ,  i t s  

con juga tes  under W a r e  a l l  d i s t i n c t .  (And conve r se ly ,  o f  

course .  ) 

(30)  Core The on ly  r e f l e c t i o n s  i n  W a r e  t h o s e  i n  hyperplanes  

o r thogona l  t o  r o o t s ,  i . e .  t h o s e  of  t h e  form cp(f EX). 

Let u  be  any r e f l e c t i o n  i n  a  hyperplane H not  

o r thogona l  t o  any r o o t .  The r o o t s  be ing  f i n i t e  i n  number, 

t h e r e  e x i s t s  p H, p not  o r thogona l  t o  any r o o t .  Then 

u $1,  u p  - r -.> . C W ,  by ( 2 8 ) .  

(31)  Problem. Let S be a  s e t  of r o o t s  such t h a t  {cr, 1 a E 5 ] 
g e n e r a t e s  W. Prove t h a t  every r o o t  i s  con juga t e ,  under W ,  

t o  some a S, and every r e f l e c t i o n  i n  W t o  some ca (a E s ) .  

( 3 2 )  -- Lemma. Assume p ,FED,  w E W ,  w p  = c. Then ( a )  w 

i s  a  product  o f  s imple  r e f l e c t i o n s  ( i . e  r e l a t i v e  t o  s imple  r o o t s )  

f i x i n g  f .  ( b )  P = c .  

For ( a )  we use  i n d u c t i o n  on N(w)  . If N ( w )  = 0 ,  then  



w = 1 by ( 2 3 ) .  Assume N(w) > O .  P ick  a so t h a t  

w a c  0.  Then O >  (0-,wa) = ( p  : a ) > O ,  whence ( ? , a )  = O  

and f a y  = P a  Since  ( = o - ,  and N(WG,) = ~ ( ~ ) - l  
7 

by (19b ) , t h e  i n d u c t i v e  assumption a p p l i e d  t o  w, y i e l d s  ( a ) .  

C l e a r l y  ( a )  i m p l i e s  ( b ) .  

::: (33) Theorem. D i s  a  fundamental  domain f o r  W on V. I n  o t h e r  

words, each element of  V i s  con juga te  t o  e x a c t l y  one element 

of D. 

By ( 2 7 )  and (32b) -  

(34) Problem. If D and w E W ,  show t h a t  ? - w ?  i s  

a  nonnegat ive  combination of  p o s i t i v e  r o o t s .  

(35) Resta tement .  The r e f l e c t i n g  hyperplanes  ( t h o s e  o r thogona l  

t o  r o o t s )  p a r t i t i o n  V i n t o  c lo sed  chambers, each of  which i s  a  

fundamental domain f o r  W. For a  g iven  chamber, t h e  r o o t s  normal 

t o  t h e  w a l l s  and inwardly  d i r e c t e d  form a  s imple  sys tem,  and each 

s imple  sys tem i s  ob t a ined  i n  t h i s  way. Prove t h e s e  a s s e r t i o n s  

and a l s o  t h a t  t h e  a n g l e  between two w a l l s  o f  a  chamber i s  always 

1 a  submultnple  of  n . 
1 2% (36) Theorem. If S i s  any subse t  of  V ,  t h e  subgroup of  W 
1 
1 which f i x e s  S poin twise  1s a  r e f l e c t i o n  group. I n  o t h e r  words, 
t 

every w W which f i x e s  S poin twise  i s  a  product  o f  r e f l e c t i o n s  

1 which a l s o  do. 
I I 

Remark. (36) i s  an  ex t ens ion  of ( 2 8 ) .  Ve r i fy  t h i s .  

I 

For t h e  proof  o f  (36) we may assume t h a t  S i s  indepedent ,  1 
1 

i 
hence f i n i t e ,  and us ing  i n d u c t i o n ,  reduce t o  t h e  c a s e  where S 



I h a s  a s i n g l e  e lement ,  s ay  P , which may be  taken '  i n  D by 

( 2 7 ) .  Then (32a)  w i t h  CT = f y i e l d s  ou r  r e s u l t .  

(37) Prouern. For each subse t  fl of n l e t  W(n ' ) denote  t h e  

group gene ra t ed  by { 1 a ' ] Prove t h a t  W(n ' n n" ) = 

ITJ Generators and r e l a t i o n s  f o r  W. 

* (38) Theorem. For a , $  E , l e t  n ( a , $ )  denote  t h e  o rde r  

o f  0-0- i n  W. (So n ( a , a )  = 1, while  n ( a , $ )  > 1 i f  a $ $.) 
a B 

Then t h e  group W i s  de f ined  by t h e  g e n e r a t o r s  [6a 1 a En 

s u b j e c t  t o  t h e  r e l a t i o n s  {Ao- CT a B n ( a , b )  = 1 I a , $ ~ n  1 .  I n  

o t h e r  words, t h e  g iven  elements gene ra t e  W and t h e  g iven  

r e l a t i o n s  imply a l l  o t h e r s  i n  W. 

By (16) t h e  g iven  elements gene ra t e  W. Suppose t h e  

r e l a t i o n  (*)  wlw2. . . wr = 1 (wi = CJ- a. ai l7 ) holds  i n  W. 
1 

We w i l l  show it i s  a formal  consequence of  t h e  g iven  r e l a t i o n s ,  

by induc t ion  on r. By (20b) o r  by (19) r i s  even,  say  

r = 2s.  If s = 0 t h e r e  i s  nothing t o  show. suppose s > 0.  

We s t a r t  w i t h  t h e  obse rva t ion :  

( 0 )  ( 3 )  i s  equ iva l en t  t o  wi+lwi+2 ... w w w ... w = l ( l < i c  r ) .  r 1 2  i - - 
Case 1. Suppose al $ w2w3 ... w s a s+ l  . We have 

N (w1w2. . . ws +l ) = N ( w ~ ~ w ~ ~ - ~ -  - w s+2  ) s+ l ,  by (19a) .  

Hence by (21)  we have (21a)  and (21b) f o r  some i ,  j such t h a t  

1 < i <  - - jc - s.  S ince  i , j  = 1,s i s  excluded i n  t h e  p re sen t  c a s e ,  



b o t h  s i d e s  o f  (21b) have l e n g t h  < s.  By o u r  i n d u c t i v e  

assumpt ion  we may r e p l a c e  t h e  l e f t  s i d e  o f  (21b)  by t h e  r i g h t  

s i d e  i n  ( c ) .  I f  w: is t h e n  r e p l a c e d  by 1, t h e  i n d u c t i v e  

assumpt ion  can  b e  a p p l i e d  t o  t h e  r e s u l t i n g  r e l a t i o n  t o  comple te  

t h e  p r o o f ,  i n  t h e  p r e s e n t  case .  

Case 2 .  Suppose al $ a3. (If s = 1, t h i s  c a s e  d o e s n r t  occur .  ) 

By t h e  f i r s t  c a s e  we may assume al = w  w ... w a 
2 3 s s + l  

and t h e n  

by ( 0 )  a l s o  a 2  = w  w • . ~ ~ + ~ a ~ + ~  , whence 

(*:?I 
W2w3"'W s + l  = W3w4" ' Ws+2 by ( 2 ) .  

If ( )  i s  s u b s t i t u t e d  i n t o  ( we can s h o r t e n  ( )  a s  above. 

Thus we a r e  r educed  t o  showing t h a t  (2k:c;c) i s  a  consequence o f  t h e  

o r i g i n a l  r e l a t i o n s  i n  (38)  , i. e. t h a t  

W W W  3 , 2  ~ " ' W s + l w s + ~ w s + l * * * W ~  = 1 is. S i n c e  

a3 +- al = w  w ... w . " .  
2  3 6 s+l  , w e  a y e  back i n  Case 1. - 

Because of ( 0 )  above t h e  o n l y  c a s e  t h a t  r emains  is :  

Case 3 .  Suppose al - 
- a3 = a 5  

- - . . . and a 
2  

= G " 4 = a 6 = . . .  - 
Then ( has  t h e  form (o. 0- I S  = 1 w i t h  CL = a P = a B 1' 2  
Here s must b e  a  m u l t i p l e  o f  n ( a , ~ ) ,  t h e  o r d e r  o f  CT c 

a B ' .  
s o  t h a t  ( * )  i s  a  consequence o f  t h e  r e l a t i o n  (c cr) n ( a , ~ )  = 1. 

a B 
(39) Examples. ( a )  @J = Sn.  The symmetric group o f  degree  n 

a c t s  on a n  n-dimensional  s p a c e  b y  permuting t h e  c o o r d i n a t e s  

r e l a t i v e  t o  a n  orthomormal b a s i s  (1 c i c n ) .  The t r a n s -  
&-i - - 

p o s i t i o n  ( i j )  c o r r e s p o n d s  t o  t h e  r e f l e c t i o n  i n  t h e  h y p e r p l a n e  

o r t h o g o n a l  t o  E - E . We may t a k e  C = [ E ~ -  E- - / i $ j ] ,  and 
- j J 

- ,' r e l a t i v e  t o  a  l e x i c o g r a p h i c  o r d e r i n g  , = { E ~ -  E ~ + ~  11 5 i - n-11 
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i 
Thus S1; i s  gene ra t ed  by t h e  t r a n s p o s i t i o n s  wi = (i i+l) 

2 - - 3 (1 i i c n  - 1) s u b j e c t  t o  t h e  r e l a t i o n s  wi = 1, ( w ~ w ~ + ~ )  = 1) 
0, 

and (w.w.)  = 1 i'f li- jl > 1. ( b )  W = Octn . The 
1 J 

o c t a h e d r a l  group i n c l u d e s  s i g n  changes a s  w e l l  as permuta t ions  

o f  t h e  c o o r d i n a t e s ,  so has o r d e r  ! Here we may t a k e  

E ) l < i < n - l ] .  X = { + E -  ) + E - ~ I  i J ]  a n d  n = ! E . ~ - & ~ + ~ ,  - - 
J 

So,  comparing wi th  ( a )  , we have one more g e n e r a t o r  . wn and n  

2  w )4 = 1, ( w - w  l 2  = 1 i f  i ~ n - 2 .  more r e l a t i o n s  wn = 1, (wnm1 I n  - 
We observe  tha t  Sn and Octn  a r e  t h e  groups  o f  symmetries o f  

t h e  r e g u l a r  s implex and t h e  r e g u l a r  cube. 

(40 )  Problem. Prove t h a t  W i s  d e f i n e d  by t h e  g e n e r a t o r s  

{c 1 a E Z ] s u b j e c t  t o  t h e  r e l a t i o n s  3 

(Hin t .  Using (15b) and (16)  show tha t  t h e  g roup  s o  d e f i n e d  i s  

gene ra t ed  by {ca ( a E ] as a  consequence of (B) , and t h e n  

Using (21)  show tha t  any n o n t r i v i a l  r e l a t i o n  w1w2. . . w = 1 n 

(y = q; , ai ET ) which ho lds  i n  W can be  sho r t ened  a s  a  
I 

consequence of (A) and (B) 

We cons ide r  some re f inements  i n  ou r  r e s u l t s  which occur  

i n  t h e  c r y s t a l o g r a p h i c  c a s e ,  when 2 ( a , ~ )  / ( a , @ )  i s  a n  i n t e g e r  

f o r  a l l  a,B E c ,  which we hence fo r th  assume. (Th i s  c a s e  

occu r s  when we have r o o t  s y s t e ~ . :  o f  'Lie a l g e b r a s .  ) 

(41) Refinement of  .(8), I n  t h e  p r e s e n t  c a s e ,  a l l  c o e f f i c i e n t s  
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i n  (8b)  a r e  i n t e g e r s .  

Prove t h i s ,  by i n d u c t i o n  on h t  ( P C )  ( s e e  (13) 1. 

(42 )  *. h t  p i s  always a n  i n t e g e r .  

(43)  Problem. Under t h e  assumptions of  (341, assume a l s o  

t h a t  ( 2  p, a)/ ( a , a )  i s  a n  i n t e g e r  f o r  every a E n. Show 

t h a t  f' - tv p i s  a nonnegat ive  i n t e g r a l  combination o f  t h e  

e lements  o f  (7 . 
(44) Problem. If o! and B a r e  r o o t s ,  a $ - $  and ( a , ~ )  0 ,  

prove t h a t  a + p i s  a r o o t .  (Hint :  prove t h a t  a + 8 equa l s  

r a p  o r  cpa . 
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