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Preface

This is a dynamics textbook for graduate students, written at a moderately advanced level. Its
principal aim is to present the dynamics of particles and rigid bodies in some breadth, with
examples illustrating the strengths and weaknesses of the various methods of dynamical
analysis. The scope of the dynamical theory includes both vectorial and analytical methods.
There is some emphasis on systems of great generality, that is, systems which may have
nonholonomic constraints and whose motion may be expressed in terms of quasi-velocities.
Geometrical approaches such as the use of surfaces in n-dimensional configuration and
velocity spaces are used to illustrate the nature of holonomic and nonholonomic constraints.
Impulsive response methods are discussed at some length.

Some of the material presented here was originally included in a graduate course in
computational dynamics at the University of Michigan. The ordering of the chapters, with
the chapters on dynamical theory presented first followed by the single chapter on numerical
methods, is such that the degree of emphasis one chooses to place on the latter is optional.
Numerical computation methods may be introduced at any point, or may be omitted entirely.

The first chapter presents in some detail the familiar principles of Newtonian or vectorial
dynamics, including discussions of constraints, virtual work, and the use of energy and
momentum principles. There is also an introduction to less familiar topics such as differential
forms, integrability, and the basic theory of impulsive response.

Chapter 2 introduces methods of analytical dynamics as represented by Lagrange’s and
Hamilton’s equations. The derivation of these equations begins with the Lagrangian form
of d’Alembert’s principle, a common starting point for obtaining many of the principal
forms of dynamical equations of motion. There are discussions of ignorable coordinates,
the Routhian method, and the use of integrals of the motion. Frictional and gyroscopic
forces are studied, and further material is presented on impulsive systems.

Chapter 3 is concerned with the kinematics and dynamics of rigid body motion. Dyadic
and matrix notations are introduced. Euler parameters and axis-and-angle variables are
used extensively in representing rigid body orientations in addition to the more familiar
Euler angles. This chapter also includes material on constrained impulsive response and
input-output methods.

The theoretical development presented in the first three chapters is used as background
for the derivations of Chapter 4. Here we present several differential methods which have the
advantages of simplicity and computational efficiency over the usual Lagrangian methods
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in the analysis of general constrained systems or for systems described in terms of quasi-
velocities. These methods result in a minimum set of dynamical equations which are compu-
tationally efficient. Many examples are included in order to compare and explain the various
approaches. This chapter also presents detailed discussions of constraints and energy rates
by using velocity space concepts.

Chapter 5 begins with a derivation of Hamilton’s principle in its holonomic and nonholo-
nomic forms. Stationarity questions are discussed. Transpositional relations are introduced
and there follows a further discussion of integrability including Frobenius’ theorem. The
central equation and its explicit transpositional form are presented. There is a comparison
of integral methods by means of examples.

Chapter 6 presents some basic principles of numerical analysis and explains the use of
integration algorithms in the numerical solution of differential equations. For the most part,
explicit algorithms such as the Runge—Kutta and predictor—corrector methods are consid-
ered. There is an analysis of numerical stability of the integration methods, primarily by
solving the appropriate difference equations, but frequency response methods are also used.
The last portion of the chapter considers methods of representing kinematic constraints. The
one-step method of constraint stabilization is introduced and its advantages over standard
methods are explained. There is a discussion of the use of energy and momentum constraints
as a means of improving the accuracy of numerical computations.

A principal objective of this book is to improve the problem-solving skills of each student.
Problem solving should include not only a proper formulation and choice of variables, but
also a directness of approach which avoids unnecessary steps. This requires that the student
repeatedly attempt the solution of problems which may be kinematically complex and
which involve the application of several dynamical principles. The problems presented here
usually have several parts that require more than the derivation of the equations of motion
for a given system. Thus, insight is needed concerning other dynamical characteristics.
Because of the rather broad array of possible approaches presented here, and due in part to
the generally demanding problems, a conscientious student can attain a real perspective of
the subject of dynamics and a competence in the application of its principles.

Finally, I would like to acknowledge the helpful discussions with Professor J.G.
Papastavridis of Georgia Tech concerning the material of Chapters 4 and 5, and with Pro-
fessor R. M. Howe of the University of Michigan concerning portions of Chapter 6.
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1.1

Introduction to particle dynamics

In the study of dynamics at an advanced level, it is important to consider many approaches
and points of view in order that one may attain a broad theoretical perspective of the subject.
As we proceed we shall emphasize those methods which are particularly effective in the
analysis of relatively difficult problems in dynamics. At this point, however, it is well to
review some of the basic principles in the dynamical analysis of systems of particles. In
the process, the kinematics of particle motion will be reviewed, and many of the notational
conventions will be established.

Particle motion

The laws of motion for a particle

Let us consider Newton’s three laws of motion which were published in 1687 in his Prin-
cipia. They can be stated as follows:

I. Every body continues in its state of rest, or of uniform motion in a straight line, unless
compelled to change that state by forces acting upon it.
II. The time rate of change of linear momentum of a body is proportional to the force
acting upon it and occurs in the direction in which the force acts.
III. To every action there is an equal and opposite reaction; that is, the mutual forces of two
bodies acting upon each other are equal in magnitude and opposite in direction.

In the dynamical analysis of a system of particles using Newton’s laws, we can interpret
the word “body” to mean a particle, that is, a certain fixed mass concentrated at a point.
The first two of Newton’s laws, as applied to a particle, can be summarized by the law of
motion:

F = ma (1.1)

Here F is the total force applied to the particle of mass m and it includes both direct contact
forces and field forces such as gravity or electromagnetic forces. The acceleration a of
the particle must be measured relative to an inertial or Newtonian frame of reference. An
example of an inertial frame is an x yz set of axes which is not rotating relative to the “fixed”
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stars and has its origin at the center of mass of the solar system. Any other reference frame
which is not rotating but is translating at a constant rate relative to an inertial frame is
itself an inertial frame. Thus, there are infinitely many inertial frames, all with constant
translational velocities relative to the others. Because the relative velocities are constant,
the acceleration of a given particle is the same relative to any inertial frame. The force F
and mass m are also the same in all inertial frames, so Newton’s law of motion is identical
relative to all inertial frames.

Newton’s third law, the law of action and reaction, has a corollary assumption that the
interaction forces between any two particles are directed along the straight line connecting
the particles. Thus we have the law of action and reaction:

When two particles exert forces on each other, these interaction forces

are equal in magnitude, opposite in sense, and are directed along the

straight line joining the particles.

The collinearity of the interaction forces applies to all mechanical and gravitational forces.
It does not apply, however, to interactions between moving electrically charged particles for
which the interaction forces are equal and opposite but not necessarily collinear. Systems
of this sort will not be studied here.

An alternative form of the equation of motion of a particle is

F=p (1.2)
where the linear momentum of the particle is
p=mv (1.3)

and v is the particle velocity relative to an inertial frame.

Kinematics of particle motion

The application of Newton’s laws of motion to a particle requires that an expression can
be found for the acceleration of the particle relative to an inertial frame. For example, the
position vector of a particle relative to a fixed Cartesian frame might be expressed as

r=xi+yj+zk (1.4)

where i, j, k are unit vectors, that is, vectors of unit magnitude which have the directions
of the positive x, y, and z axes, respectively. When unit vectors are used to specify a vector
in 3-space, the three unit vectors are always linearly independent and are nearly always
mutually perpendicular. The velocity of the given particle is

v=r=xi+yj+zk (1.5)
and its acceleration is
a=v=7xi+yj+zk (1.6)

relative to the inertial frame.



Particle motion

A force F applied to the particle may be described in a similar manner.
F=Fi+ F,j + Fk (1.7

where (FY, Fy, F;) are the scalar components of F. In general, the force components can
be functions of position, velocity, and time, but often they are much simpler.

If one writes Newton’s law of motion, (1.1), in terms of the Cartesian unit vectors, and
then equates the scalar coefficients of each unit vector on the two sides of the equation, one
obtains

F, =mi
Fy =my (1.8)
F, =mZ

4

These three scalar equations are equivalent to the single vector equation. In general, the
scalar equations are coupled through the expressions for the force components. Further-
more, the differential equations are often nonlinear and are not susceptible to a complete
analytic solution. In this case, one can turn to numerical integration on a digital computer
to obtain the complete solution. On the other hand, one can often use energy or momen-
tum methods to obtain important characteristics of the motion without having the complete
solution.

The calculation of a particle acceleration relative to an inertial Cartesian frame is straight-
forward because the unit vectors (i, j, k) are fixed in direction. It turns out, however, that
because of system geometry it is sometimes more convenient to use unit vectors that are
not fixed. For example, the position, velocity, and acceleration of a particle moving along
a circular path are conveniently expressed using radial and tangential unit vectors which
change direction with position.

As a more general example, suppose that an arbitrary vector A is given by

A =Aje + Arer + Aszes (1.9)

where the unit vectors ey, e;, and e; form a mutually orthogonal set such that e; = e; X e,.
This unit vector triad changes its orientation with time. It rotates as a rigid body with an
angular velocity w, where the direction of w is along the axis of rotation and the positive
sense of w is in accordance with the right-hand rule.

The first time derivative of A is

A= Aje; + Are, + Ases + A &) + Aré, + Aszés (1.10)
where
é=wxe (i=1273) (1.11)

Thus we obtain the important equation
A=A, +wxA (1.12)

Here A is the time rate of change of A, as measured in a nonrotating frame that is usually
considered to also be inertial. (A), is the derivative of A, as measured in a rotating frame in
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which the unit vectors are fixed. It is represented by the first three terms on the right-hand
side of (1.10). The term w X A is represented by the final three terms of (1.10). In detail, if
the angular velocity of the rotating frame is

w = wie| + wre; + wses (113)
then

A = (A + 0As — w3Ar) e + (A + 0341 — w1 A3) e
+(As + w1 Ar — w0 A)) e (1.14)

Velocity and acceleration expressions for common coordinate systems

Let us apply the general equation (1.12) to some common coordinate systems associated
with particle motion.

Cylindrical coordinates

Suppose that the position of a particle P is specified by the values of its cylindrical coordi-
nates (r, ¢, z). We see from Fig. 1.1 that the position vector r is

r =re, +ze; (1.15)
where we notice that r is not the magnitude of r. The angular velocity of the e,.ege, triad is

w = de, (1.16)

X

Figure 1.1.
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so we find that é, vanishes and

¢ =w x e = de, (1.17)
Thus, the velocity of the particle P is
V=1 =ie +roes+ e, (1.18)
Similarly, noting that
6y = w X ey = —de, (1.19)
we find that its acceleration is
a=v=_>—ré>)e +(rd +2id)e, + e, (1.20)
If we restrict the motion such that z and Z are continuously equal to zero, we obtain the
velocity and acceleration equations for plane motion using polar coordinates.

Spherical coordinates

From Fig. 1.2 we see that the position of particle P is given by the spherical coordinates
(r, 0, ). The position vector of the particle is simply

r=re, (1.21)
The angular velocity of the e,ege, triad is due to 6 and ¢ and is equal to

w=qcosOe —dsind e +06 ey (1.22)

e,
o
P

r €o

X

Figure 1.2.
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We find that

¢ =wxe =0e + Psind e,

¢ = w x e = —0e, + hcosb e, (1.23)
¢y = w x e, =—¢sinf e, —Phcosh ey

Then, upon differentiation of (1.21), we obtain the velocity

v=1=re +riey +rdsind e, (1.24)
A further differentiation yields the acceleration

a=v=_ —r0>—ré*sin0)e, + (rd + 270 — r¢>sin6 cos H) ey
+(r¢ sin@ + 2i-¢ sin 6 + 2rf¢ cosb) e, (1.25)

Tangential and normal components

Suppose a particle P moves along a given path in three-dimensional space. The position
of the particle is specified by the single coordinate s, measured from some reference point
along the path, as shown in Fig. 1.3. It is convenient to use the three unit vectors (e;, e,, ;)
where e, is tangent to the path at P, e, is normal to the path and points in the direction of
the center of curvature C, and the binormal unit vector is

e, =€ Xe, (1.26)

X

Figure 1.3.
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The velocity of the particle is equal to its speed along its path, so
V=r=se (1.27)

If we consider motion along an infinitesimal arc of radius p surrounding P, we see that

s

€ = —e, (1.28)
o
Thus, we find that the acceleration of the particle is
52
a=v=>5e +5¢ =5e, + —e, (1.29)
o

where p is the radius of curvature. Here § is the tangential acceleration and §2/p is the
centripetal acceleration. The angular velocity of the unit vector triad is directly proportional
to §. Itis

w = w,e + wpey (1.30)

where w; and w, are obtained from

¢ = wpe, = ie,,

]
1.31
. de, (1.31)
€y, = —wi€,;, = SK

Note that w, = 0 and also that de;,/ds represents the torsion of the curve.

Relative motion and rotating frames

When one uses Newton’s laws to describe the motion of a particle, the acceleration a must
be absolute, that is, it must be measured relative to an inertial frame. This acceleration,
of course, is the same when measured with respect to any inertial frame. Sometimes the
motion of a particle is known relative to a rotating and accelerating frame, and it is desired
to find its absolute velocity and acceleration. In general, these calculations can be somewhat
complicated, but for the special case in which the moving frame A is not rotating, the results
are simple. The absolute velocity of a particle P is

Vp =Va+Vpsa (1.32)

where v, is the absolute velocity of any point on frame A and vp/ 4 is the velocity of particle
P relative to frame A, that is, the velocity recorded by cameras or other instruments fixed
in frame A and moving with it. Similarly, the absolute acceleration of P is

ap = ay + ap (133)

where we note again that the frame A is moving in pure translation.
Now consider the general case in which the moving xyz frame (Fig. 1.4) is translating
and rotating arbitrarily. We wish to find the velocity and acceleration of a particle P relative
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X
Figure 1.4.
to the inertial XYZ frame in terms of its motion with respect to the noninertial xyz frame.
Let the origin O’ of the xyz frame have a position vector R relative to the origin O of the

XYZ frame. The position of the particle P relative to O’ is p, so the position of P relative
to XYZ is

r=R+p (1.34)
The corresponding velocity is
v=ir=R+p (1.35)

Now let us use the basic equation (1.12) to express p in terms of the motion relative to the
moving xyz frame. We obtain

p=()r+wxp (1.36)

where w is the angular velocity of the xyz frame and (p), is the velocity of P relative to
that frame. In detail,

p=xi+yj+zk (1.37)
and
(P)r = i+ yj+ 2k (1.38)

where i, j, k are unit vectors fixed in the xyz frame and rotating with it. From (1.35) and
(1.36), the absolute velocity of P is

v=Fr=R+ (), +wxp (1.39)
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The expression for the inertial acceleration a of the particle is found by first noting that

%(p)r =(p)r +w X (P)r (1.40)
d . .

E(pr)=pr+wX((p)r+WXp) (141)
Thus, we obtain the important result:

a=v=R4+wx p+w x (wx p)+(p), +2w x (p), (1.42)

where w is the angular velocity of the xyz frame. The nature of the various terms is as
follows. R is the inertial acceleration of O’, the origin of the moving frame. The term
w x p might be considered as a tangential acceleration although, more accurately, it rep-
resents a changing tangential velocity w x p due to changing w. The term w X (w x p) is
a centripetal acceleration directed toward an axis of rotation through O’. These first three
terms represent the acceleration of a point coincident with P but fixed in the xyz frame.
The final two terms add the effects of motion relative to the moving frame. The term (p),
is the acceleration of P relative to the xyz frame, that is, the acceleration of the particle, as
recorded by instruments fixed in the xyz frame and rotating with it. The final term 2w X (p),
is the Coriolis acceleration due to a velocity relative to the rotating frame. Equation (1.42)
is particularly useful if the motion of the particle relative to the moving xyz frame is simple;
for example, linear motion or motion along a circular path.

Instantaneous center of rotation

If each point of a rigid body moves in planar motion, it is useful to consider a lamina, or
slice, of the body which moves in its own plane (Fig. 1.5). If the lamina does not move in
pure translation, that is, if w # 0, then a point C exists in the lamina, or in an imaginary

Figure 1.5.
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extension thereof, at which the velocity is momentarily zero. This is the instantaneous
center of rotation.

Suppose that arbitrary points A and B have velocities v4 and vg. The instantaneous
center C is located at the intersection of the perpendicular lines to v4 and vg. The velocity
of a point P with a position vector p relative to C is

V=wXp (1.43)

where w is the angular velocity vector of the lamina. Thus, if the location of the instantaneous
center is known, it is easy to find the velocity of any other point of the lamina at that instant.
On the other hand, the acceleration of the instantaneous center is generally not zero. Hence,
the calculation of the acceleration of a general point in the lamina is usually not aided by a
knowledge of the instantaneous center location.

If there is planar rolling motion of one body on another fixed body without any slipping,
the instantaneous center lies at the contact point between the two bodies. As time proceeds,
this point moves with respect to both bodies, thereby tracing a path on each body.

Example 1.1 A wheel of radius r rolls in planar motion without slipping on a fixed convex
surface of radius R (Fig. 1.6a). We wish to solve for the acceleration of the contact point
on the wheel. The contact point C is the instantaneous center, and therefore, the velocity of
the wheel’s center O’ is

V= roe, (1.44)

(2)

Figure 1.6.
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In terms of the angular velocity ¢ of the radial line O O’, the velocity of the wheel is

R+1rd=row (1.45)
so we find that
. ro
= 1.46
¢ R+r ( )
To show that the acceleration of the contact point C is nonzero, we note that
ac = ap + ac/o (147)

The center O’ of the wheel moves in a circular path of radius (R + r), so its acceleration
ao is the sum of tangential and centripetal accelerations.

ao = (R +r)dey — (R +r)p’e,
r2w2
R+r

Similarly C, considered as a point on the rim of the wheel, has a circular motion about O’,
SO

=roes — e, (1.48)

ac/o = —rcbed) + rwze, (1 49)
Then, adding (1.48) and (1.49), we obtain
2 R
ac = (r S )a)zer = ( d )a)zer (1.50)
R+r R+r

Thus, the instantaneous center has a nonzero acceleration.
Now consider the rolling motion of a wheel of radius r on a concave surface of radius R
(Fig. 1.6b). The center of the wheel has a velocity

Vo = roey, = (R — r)de, (1.51)
$0

, ro

e (152)

In this case, the acceleration of the contact point is

ac =aop +acjo (1.53)
where
ap = (R —r)de; — (R —r)d’e,
20?2
=rwey — e, (1.54)
—r
aco = —roey, — ro’e, (1.55)

Thus, we obtain

2 R
aC:—(r+Rr_r)wze,:—(R_rr)a)ze, (1.56)
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Figure 1.7.

Notice that very large values of ap and ac can occur, even for moderate values of w, if R
is only slightly larger than r. This could occur, for example, if a shaft rotates in a sticky
bearing.

Example 1.2 Let us calculate the acceleration of a point P on the rim of a wheel of radius
r which rolls without slipping on a horizontal circular track of radius R (Fig. 1.7). The plane
of the wheel remains vertical and the position angle of P relative to a vertical line through
the center O’ is ¢.

Let us choose the unit vectors e,, €y, k, as shown. They rotate about a vertical axis at an
angular rate @ which is the rate at which the contact point C moves along the circular path.
Since the center O’ and C move along parallel paths with the same speed, we can write

vor =rd = Rw (1.57)
from which we obtain
ro.
= —¢k 1.58
w R¢ (1.58)

Choose C as the origin of a moving frame which rotates with the angular velocity w.
To find the acceleration of P, let us use the general equation (1.42), namely,

a=R+wxp+wx(wxp)+ (P +2w x (p) (1.59)
The acceleration of C is

) r2g? .

R = —Rw’e, + Raey = et roey (1.60)

The relative position of P with respect to C is

p=rsing e+ r(l + cosp)k (1.61)
From (1.58) we obtain
W= gk (1.62)

"R
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Then
r2 .
wxp:—i(psinqbe, (1.63)
o
wx(wxp):—ﬁtﬁzsin(beg (1.64)

Upon differentiating (1.61), with ey and k held constant, we obtain

(p), =rdcosp ey —rgpsing k (1.65)
and

2w x (), = —2—,':& cos ¢ e, (1.66)
Also,

(D) = (rcos¢ —r¢’ sing)e; — (rdsing + r¢” cos p)k (1.67)

Finally, adding terms, the acceleration of P is

— _[Zising+ T +2 b1 (142 ) s
a_—[Eqﬁsmqﬁ—i—E(b( + cos¢)i|e,+ [rzb( +cos¢)—r¢( +ﬁ) sm¢:|e9

—(rdsing + ré?cos p)k (1.68)

Example 1.3 A particle P moves on a plane spiral having the equation
r=k60 (1.69)

where k is a constant (Fig. 1.8). Let us find an expression for its acceleration. Also solve
for the radius of curvature of the spiral at a point specified by the angle 6.

Figure 1.8.
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First note that the unit vectors (e,, eg) rotate with an angular velocity
w =6k (1.70)
where the unit vector k points out of the page. We obtain

¢ =wxe =0e

. (1.71)

é) = w X g = —be,
The position vector of P is
r=re, (1.72)
and its velocity is
V=r=re +reé =ie +rbe (1.73)
The acceleration of P is
a=v=jie +i¢ +rfe + ey +roeg

= (¥ — r6%)e, + (rfl + 276)ey

= (k6 — k06%)e, + (kOF + 2k6%)ey (1.74)

The radius of curvature at P can be found by first establishing the orthogonal unit vectors
(e/, e,) and then finding the normal component of the acceleration. The angle o between
the unit vectors e; and ey is obtained by noting that

v, 2 k6 1
tang = — = — = — = — (1.75)
) ro koo 6

and we see that

sing = ———
2

Vi ; 0 (1.76)
cos = ——

V1462
The normal acceleration is
a, = —a,cosa + ag sina (1.77)
where, from (1.74),
a, = kb — k06*

o (1.78)
ag = kOO + 2k6
Thus, we obtain

k6? 2

V1462
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Systems of particles

From (1.29), using tangential and normal components, we find that the normal accelera-
tion is
§2 2 2402 k2621 + 02
ot oY vty K46 (1.80)
PP 0 p
where p is the radius of curvature. Comparing (1.79) and (1.80), the radius of curvature at
Pis
_ k(l + 92)3/2
C2+6?

(1.81)

Notice that p varies from %k at 6 = 0 to r for very large r and 6.

Systems of particles

A system of particles with all its interactions constitutes a dynamical system of great gen-
erality. Consequently, it is important to understand thoroughly the principles which govern
its motions. Here we shall establish some of the basic principles. Later, these principles will
be used in the study of rigid body dynamics.

Equations of motion

Consider a system of N particles whose positions are given relative to an inertial frame
(Fig. 1.9). The ith particle is acted upon by an external force F; and by N — 1 internal

m;i

c.m.
T fii

mj
Ie

m—

rj

X

Figure 1.9.
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interaction forces f;; (j # i) due to the other particles. The equation of motion for the ith
particle is

N

m,"l",' = Fl' + Zf,‘j (182)
=1

The right-hand side of the equation is equal to the total force acting on the ith particle,

external plus internal, and we note that f;; = 0; that is, a particle cannot act on itself to

influence its motion.

Now sum (1.82) over the N particles.

N N
i=1 i=1

i— i=1 j=1

N

Because of Newton’s law of action and reaction, we have

£ = —f,

J ij

(1.84)

and therefore

N N
DY =0 (1.85)

i=1 j=1

The center of mass location is given by
| &
reo = — ir; 1.86
— ;m (1.86)
where the total mass m is
N
m=>"m; (1.87)
i=1

Then (1.83) reduces to
mf, =F (1.88)
where the total external force acting on the system is
N
F=)F (1.89)
i=1
This result shows that the motion of the center of mass of a system of particles is the same
as that of a single particle of total mass m which is driven by the total external force F.

The translational or linear momentum of a system of N particles is equal to the vector
sum of the momenta of the individual particles. Thus, using (1.3), we find that

N N
p=)_p =) mf (1.90)
i=1 i=1
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I
where each particle mass m; is constant. Then, for the system, the rate of change of mo-
mentum is
N N
p=) b=y mii=F (1.91)
i=1 i=1
in agreement with (1.88). Note that if F remains equal to zero over some time interval, the
linear momentum remains constant during the interval. More particularly, if a component
of F in a certain fixed direction remains at zero, then the corresponding component of p is
conserved.
Angular momentum

The angular momentum of a single particle of mass m; about a fixed reference point O
(Fig. 1.10) is

H,' =TI; X m,~1",~ =TI XPp; (192)

which has the form of a moment of momentum. Upon summation over N particles, we find
that the angular momentum of the system about O is

N N
HO = ZIH, = X;ri X m[l",- (193)
i= i=

Now consider the angular momentum of the system about an arbitrary reference point
P.1tis

N
H, =) p, xmp (1.94)
i=1

r; Pi
c.m.

p c
I,

rp

X

Figure 1.10.



18

Introduction to particle dynamics

Notice that the velocity p; is measured relative to the reference point P rather than being an
absolute velocity. The use of relative versus absolute velocities in the definition of angular
momentum makes no difference if the reference point is either fixed or at the center of mass.
There is a difference, however, in the form of the equation of motion for the general case of
an accelerating reference point P, which is not at the center of mass. In this case, the choice
of relative velocities yields simpler and physically more meaningful equations of motion.

To find the angular momentum relative to the center of mass, we take the reference point
P at the center of mass (p. = 0) and obtain

N
H. = Zpi X m; pi (1.95)
i=1

where p; is now the position vector of particle m; relative to the center of mass.
Now let us write an expression for H, when P is not at the center of mass. We obtain

N
He =" (p; — p) x mi(pi — pe)
i=1

N (1.96)
=Z pi X Mip; — P X mpc
i=1
where
N
> mip; =mp, (1.97)
i=1
Then, recalling (1.94), we find that
Hp =H,+ Pc X mpe (198)

This important result states that the angular momentum about an arbitrary point P is equal
to the angular momentum about the center of mass plus the angular momentum due to the
relative translational velocity p. of the center of mass. Of course, this result also applies to
the case of a fixed reference point P when p,. is an absolute velocity.

Now let us differentiate (1.93) with respect to time in order to obtain an equation of
motion. We obtain

N
HO = ZI‘,‘ X m,"l",’ (199)
i=l

where, from Newton’s law,
N
j=1
and we note that

N N
D33 rixf;=0 (1.101)

i=1 j=1
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since, by Newton’s third law, the internal forces f;; occur in equal, opposite, and collinear
pairs. Hence we obtain an equation of motion in the form

N
Hp =) r; xF; =M (1.102)

i=1
where M is the applied moment about the fixed point O due to forces external to the

system.
In a similar manner, if we differentiate (1.95) with respect to time, we obtain

N
H. =) p; x mip; (1.103)
i=1

where p; is the position vector of the ith particle relative to the center of mass. From
Newton’s law of motion for the ith particle,

N
mi(Ee + pi) =F; + Y 1 (1.104)

Jj=1

Now take the vector product of p; with both sides of this equation and sum over i. We find
that

i

N
> b xmite =0 (1.105)
i=1
since
N
> mip =0 (1.106)
i=1
for a reference point at the center of mass. Also,
N N
> pixt;=0 (1.107)

1 j=1

because the internal forces f;; occur in equal, opposite, and collinear pairs. Hence we obtain

N N
> pixmipi=Y p; xF; =M, (1.108)
i=1 i=1

and, from (1.103) and (1.108),
H. =M. (1.109)

where M, is the external applied moment about the center of mass.
At this point we have found that the basic rotational equation

H=M (1.110)

applies in each of two cases: (1) the reference point is fixed in an inertial frame; or (2) the
reference point is at the center of mass.
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Finally, let us consider the most general case of an arbitrary reference point P. Upon
differentiating (1.98) with respect to time, we obtain

Hp =H, + p. X mp,.

=M, + p, x mp, (1.111)
But, from Newton’s law of motion for the system,
m(t, + p.) =F (1.112)
so we obtain
H, =M, + p, x (F — mi,) (1.113)
The applied moment about P is
M,=M.+p, xF (1.114)
Thus, the rotational equation for this general case is
szMp—pcxmi‘p (1.115)

We note immediately that this equation reverts to the simpler form of (1.110) if P is a fixed
point (i, = 0) or if P is located at the center of mass (p. = 0). The right-hand term also
vanishes if p,. and ¥, are parallel.

Accelerating frames

Consider a particle of mass m; and its motion relative to a noninertial reference frame
that is not rotating but is translating with point P at its origin (Fig. 1.10). The equation of
motion is

mi(i"p"'p.i) =F; (1.116)

where F; is now the total force acting on the particle. Relative to the accelerating frame,
the equation of motion has the form

miﬁiZFj—Mjfp (]]]7)

The term —m;¥, can be regarded as an inertia force due to the acceleration of the frame.
Note that the same equation of motion is obtained if we assume that the frame attached to
P is not accelerating, but instead there is a uniform gravitational field with an acceleration
of gravity —¥,.

As another example of motion relative to an accelerating reference frame, consider again
the rotational equation given in (1.115). We can write it in the form

N
H,=M, - Y p, xmf, (1.118)

i=1
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since
N

mp. =y mip; (1.119)
i=1

gives the position p, of the center of mass. The last term of (1.118) can be interpreted as
the moment about P of individual inertia forces —m;i, that act on each particle m;, the
forces being parallel in the manner of an artificial gravitational field. The total moment of
these inertial forces, as given in (1.115), is —p,. x m¥,, which can be considered as a total
inertia force —mfi, acting at the center of mass.

The concept of inertia forces and an artificial gravitational field due to an accelerating
reference frame can be expressed as the following principle of relative motion: All the
results and principles derivable from Newton’s laws of motion relative to an inertial frame
can be extended to apply to an accelerating but nonrotating frame if the inertia forces
associated with the acceleration of the frame are considered as additional forces acting
on the particles of the system. This important result is particularly useful if some reference
point in the system has an acceleration that is a known function of time. Note that it applies
to work and energy principles relative to the accelerating frame without having to solve for
the forces causing the acceleration.

Work and energy

The kinetic energy of a particle of mass m; moving with speed v; relative to an inertial
frame is

1
T, = Em[v,-z (1.120)

The total kinetic energy of a system of N particles is found by summing over the particles,
resulting in

N
> mi} (1.121)

V=2 =11 (1.122)
and assume a center of mass reference point such that
ri=r.+p; (1.123)

The total kinetic energy can be written in the form

| i o
T=5 ) mif =53 miltc+p)- e+ pi)
i=1 i=1
IR (i H
= Emr(,—i-E; m; p7? (1.124)



22

Introduction to particle dynamics

where we recall that

N

> mip; =0 (1.125)
i=1

for this center of mass reference point. Equation (1.124) is an expression of Koenig's
theorem: The total kinetic energy of a system of particles is equal to that due to the total
mass moving with the velocity of the center of mass plus that due to the motion of individual
particles relative to the center of mass.

As a further generalization, let us consider a system of particles with a general reference
point P (Fig. 1.10). Here we have

ri=r,+p; (1.126)

and the total kinetic energy is

1 & 1 &
T =32 mif =33 miliy+p) - @+ pr)
i=1 i=1
T
= 3+ 5 ; mip? + ¥, - mp, (1.127)

We see that the total kinetic energy is the sum of three parts: (1) the kinetic energy due
to the total mass moving at the speed of the reference point; (2) the kinetic energy due
to motion relative to the reference point; and (3) the scalar product of the reference point
velocity and the linear momentum of the system relative to the reference point. Equation
(1.127) is an important and useful result. It is particularly convenient in the analysis of
systems having a reference point whose motion is known but which is not at the center of
mass.

Now let us look into the relationship between the work done on a system of particles
and its kinetic energy. We start with the equation of motion for the ith particle, as in (1.82),
namely,

N
mit; =F; + Y f; (1.128)
j=1

Assume that the ith particle moves over a path from A; to B;. Take the dot product of each
side with dr; and evaluate the corresponding line integrals. We obtain

B 1 Bd o, 1 PO
/, mif; - dr; = Zm; ft o (#) dr = Smi (v, —va) (1.129)

which is the increase in kinetic energy of the ith particle. The line integral on the right is

B; N
W; =/ (Fi—i-Zf,-j) - dr; (1.130)
A; =
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which is the total work done on the ith particle by the external plus internal forces. Now
sum over all the particles. The total work done on the system is

N N Bi N
W:Z W,:Zl:/ (Fi+2fij)~dri (1.131)
1= 1= i J=

and the increase in the total kinetic energy is

1 N
T — Ty = 5 Z m;(vg, —v3) (1.132)

i=1
Thus, equating the line integrals obtained from (1.128), we find that
Tg — Ty =W (1.133)

This is the principle of work and kinetic energy: The increase in the kinetic energy of a
system of particles over an arbitrary time interval is equal to the work done on the system
by external and internal forces during that time. Since this principle applies continuously
to an evolving system, we see that

=W (1.134)

that is, the rate of increase of kinetic energy is equal to the rate of doing work by the forces
acting on the system.
If we choose a center of mass reference point, we have

r=ro+p (1.135)

and the work done on the system can be written in the form

B. N B; N
W:/ F~drc+2/ (Fi+2 f,«j>~dp,- (1.136)
A i=1 YA j=1

where A, and B, are the end-points of the path followed by the center of mass. The equation
of motion for the center of mass is identical in form with that of a single particle; hence,
they will have similar work—energy relationships. Therefore, the work done by the total
external force F in moving through the displacement of the center of mass must equal the
increase in the kinetic energy associated with the center of mass motion, as given in the first
term of (1.124). Then the remaining term in the work expression, representing the work of
the external and internal forces in moving through displacements relative to the center of
mass, must equal the increase in the kinetic energy of relative motions, that is, in the change
in the last term of (1.124).

Gonservation of energy

Let us consider a particle whose position (x, y, z) is given relative to an inertial Cartesian
frame. Suppose that the work done on the particle in an arbitrary infinitesimal displacement is

dW =F -dr = F.dx + F,dy + F.dz (1.137)
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and the right-hand side is equal to the total differential of a function of position. Let us take

A% A% aVv
dW = —-dV = ——dx — —dy — —dz (1.138)
ax dy 9z

where the minus sig